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Consider a reflected random walk W, , = (W, + X,)", where X,
Xj,... are iid. with negative mean and subexponential with common
distribution F. It is shown that the probability that the maximum within
a regenerative cycle with mean u exceeds x is approximately uF(x) as
x — , and thereby that max(W,...,W,) has the same asymptotics as
max(X,,..., X,) as n — . In particular, the extremal index is shown to
be 0 = 0, and the point process of exceedances of a large level is studied.
The analysis extends to reflected Lévy processes in continuous time, say,
stable processes. Similar results are obtained for a storage process with
release rate r(x) at level x and subexponential jumps (here the extremal
index may be any value in [0, «]); also the tail of the stationary distribu-
tion is found. For a risk process with premium rate r(x) at level x and
subexponential claims, the asymptotic form of the infinite-horizon ruin
probability is determined. It is also shown by example [r(x) = a + bx and
claims with a tail which is either regularly varying, Weibull- or
lognormal-like] that this leads to approximations for finite-horizon ruin
probabilities. Typically, the conditional distribution of the ruin time given
eventual ruin is asymptotically exponential when properly normalized.

1. Introduction. This paper deals with reflected random walks, storage
processes and risk processes under the assumption that the jumps in the
opposite direction of the drift are heavy-tailed (for the precise definition, see
Section 1.3). For a reflected random walk or a storage process, we determine
the extremal behavior, in particular the asymptotic form of the distribution of
the maximum up to time 7" as T' — . For the storage process, we in addition
find the tail of the stationary distribution (which is known for the reflected
random walk). By duality, this result gives the asymptotic form of the
infinite-horizon ruin probability for the risk process, which turns out to give
also the finite-time ruin probabilities or, equivalently, the asymptotic distri-
bution of the ruin time.

1.1. Reflected random walks. Consider a reflected random walk
{W,},_o,1,... (Lindley process) given by the recursion W, ,, = (W, + X, )",
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SUBEXPONENTIAL ASYMPTOTICS 355

where X, X;,... are i.i.d. with common distribution F' with mean —m < 0.
We are interested in the extreme value behavior of {W, }, that is, we want to
exhibit constants a,, b, such that

(11) an(Mn - bn) g H

for some distribution H where M, = max,_, , W,. More generally, we
seek conditions on a real sequence {u,} for P(M, < u,) to have a limit and we
want to study the properties of the random set {k¢ = 0,...,n: W, > u }.

It is well known that {W,} is Harris ergodic and hence strongly mixing.
Thus, by classical extreme value theory ([26]) and the fact that the stationary
distribution 7 has unbounded support, it follows that, up to trivial scaling
transformations, only two types of limits in (1.1) can occur: either H is the
Frechet distribution H(x) = @ (x) = exp{—x~“}, x > 0, for some « > 0, or H
is the Gumbel distribution H(x) = A(x) = exp{—e ¥}, —© < x < . When F
is light-tailed such that exponential moments Ee*¥ exist, the solution of the
problem (1.1) has long been shown ([22]): (1.1) holds with H = A and «, =
O(1), b, = O(log n). Our contribution here is to deal with the heavy-tailed
case where Fe*X = « for all s > 0.

We will see that the behavior in the heavy-tailed case is intrinsically
different. In the light-tailed case, M, behaves asymptotically like the maxi-
mum of 6n ii.d. copies of a random variable W, with distribution 7 (see [22]
and [28]). Here 6 > 0 is the extremal index (a precise definition is given
below). In contrast, in the heavy-tailed case, § = 0. This situation is some-
what uncommon in extreme value theory and comparatively less general
theory has been developed than when 6> 0 (cf. [26], pages 71-72). The
extremal behavior of W, is indeed like that of an ii.d. sequence, but the
governing distribution is F, not 7. More precisely, we will show that M, is
close to max;_, ., X,. This is in accordance with the common folklore that
in the heavy-tailed case, large values occur as a consequence of one big jump;
for further results in this vein, see, for example, [13], [1], [5, 6] and [4].

The extreme value results are obtained via the regenerative structure of
{W,} w.rt. the renewal process formed by the visits to 0. In fact ([10], [22],
[28]), the problem of establishing (1.1) is essentially equivalent to finding the
asymptotic form of the tail of the cycle maximum. This is carried out in
Section 2.1; the extreme value results (incorporating also limit results for the
point process of exceedances) themselves are then derived in Sections 2.2—-2.3.
One crucial ingredient of the proof is the availability of the asymptotic form
of the tail of the stationary distribution 7 or, equivalently, the random walk
maximum ([16]):

1 o _
(1.2) 7(x) = P(M>x) = P(r(x) <®) = fo F(y) dy.

Here and in the following, 7(x) = m(x, *) denotes the tail [similar notation is
used for F(x), etc], S, =X, + - +X,, M=max,_,, S, and 7(x) =
inf{n: S, > x}; in (1.2), we used the standard fact that W,, =, M. The analysis

©
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illustrates once more the role of big jumps: a large cycle maximum occurs as
consequence of one big jump, whereas in the light-tailed case, it is preceded
by a build-up period where the random walk evolves according to an exponen-
tially twisted distribution ([2]).

Similar results hold for reflected Lévy processes in continuous time; we
comment briefly upon this in Section 2.4.

1.2. Storage processes and ruin probabilities. The storage process {V,},.
has i.i.d. upwards jump with common (heavy-tailed) distribution B at Poisson
times, say, with intensity 8. Level 0 acts as reflecting barrier and in between
jumps, the process moves downwards according to the (deterministic) ODE
x(¢) = —r(x(t)), where r(x) is the release rate at level x. A sufficient (and
often close to necessary) condition for the existence of a limiting stationary
distribution is that, for some a < © and & > 0,

(1.3) r(x) > Bug + &, x> a,

where uy is the mean of B, and this will be assumed throughout. For more
background see [20], [11] or [3], Chapter XIII.

The extremal behavior will be seen to be similar to that for the reflected
random walk: the maximum of {V,} up to time T' behaves like the maximal
jump in [0, T']. The extremal index 6 depends on the asymptotic form of r(x)
and B(x); in some cases, we get 6 = % . The proofs of these results are again
based upon the asymptotics of the cycle maximum. The difference from the
random walk case is that there the asymptotic form of the stationary distri-
bution 7 was known (and played a crucial role), but that this is only true for
storage processes in some quite special cases. Instead, we use a random walk
comparison and auxiliary results proved in Section 2 for random walks and
go the other way round: using a level crossing argument, the behavior within
a cycle will be used to get the tail asymptotics of 7. For light tails, this is only
known for the special case of B being exponential (here, in fact, an exact
expression for 7 is available; for various partial asymptotic results for more
general light-tailed B available via (1.4) below, see [7] and [29, 30]). For
regularly varying B and r(x) = a + bx, our result on 7 is equivalent to a
recent one of Kliippelberg and Stadtmiiller [25].

The risk process {R,}, . , has ii.d. downwards jump (claims) with common
distribution B at Poisson times, say, with intensity 8, and in between jumps,
the process moves upwards according to x(¢) = +r(x(¢)), where the interpre-
tation of r is now the premium rate; in particular, when r(x) = a + bx, one
can interpret a as the pure premium and b as the interest rate. The case
a = 0 is not purely academic: it arises in the “absolute ruin” problem consid-
ered by Dassios and Embrechts [12], and hence we will treat that as well,
though it requires some extra effort. The infinite-horizon ruin probability is
Y(x) = P(p(x) < ), where p(x) = inf{z: R(¢) < 0|R(0) = x} is the ruin time.
It is known ([21], [8]) that the risk process and the storage process are
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connected by the formulas

Y(x) =PV, >x),

14

(14) y(x,T)=P(p(x) <T) =P(V; > x|V, =0).

Thereby our results on storage processes apply to () as well [in fact, the
result of [25] is formulated in terms of (u)]. In addition, we will also show
for the case r(x) = a + bx that the conditional distribution of p(x) given
p(x) < o has an exponential limit when properly normalized. Combining
with the approximation for /(x) provided by (1.4) and what was shown for
storage processes, this yields an approximation for the finite-time horizon
probability (x, T') (which in this setting is not even known for B exponen-
tial; considering also that finite-time ruin probabilities are much harder to
study than infinite-time ones in the classical case b = 0, the proof to be given
is, however, notably short).

1.3. Preliminaries. For the reflected random walk, we will assume
throughout that F(x) = B(x), x — «, for some distribution B on (0, ®) which
is subexponential, that is, satisfies B**(x)/B(x) — 2, x — o; see, for exam-
ple, [14] or [15] [the reason for introducing B is the traditional setup of the
subexponential area where one most often only works with distributions
concentrated on (0,«)]. For example, this covers all F with a tail which is
regular varying, F(x) = L(x)/x¢ with « > 1 and L(x) slowly varying, or
Weibull- or lognormal-like. Let F®)(y) = (F(x +y) — F(x))/F(x) be the
overshoot distribution. A basic fact is that subexponentiality implies

(1.5) lim F®(y) =0 uniformlyin y € [0, y,]

for any y, < =, that is, the overshoot X — x|X > x converges in distribution
to .

In part, we will assume also that F € MDA(H) (maximum domain of
attraction) with H either Frechet or Gumbel. This yields a more precise
asymptotic form of the overshoot distribution ([9], [17], [19D,

F(x + y(x)y)

(1.6)  lim F®(y(x)y) = lim F(x)

=P(P,>y),

where y(x) = F[ X — x|X > x] and P, has a generalised Pareto distribution,

1+x/(a— 1))_a, a < o,
I]:D( Pa > x) = x > 0.
e, a =,
Here a < « corresponds to the Frechet case and a = « to the Gumbel case.
Note that a different scale is used in much of the literature when a < o; the
present scale ensures that the mean is 1.
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For the storage/risk process, the basic assumption is that the jump size
distribution B is subexponential. The relevance of heavy-tailed assumptions
in risk theory is sometimes argued quite strongly; see, for example, [15].

2. Reflected random walks.

2.1. The cycle maximum. The process {W, } is regenerative with regenera-
tive cycle

7= 1inf{n > 0: W, = 0} = inf{n > 0: S, < 0}

(the descending ladder epoch). Write w = Er and M_= max{S,: n =0,...,
r— 1}

THEOREM 2.1. Assume that (1.5) holds. Then

P(M,>x) =P(r(x) <7) = uF(x), x — .

It follows readily from (1.2) and (1.5) that 7(x)/F(x) — . Thus, Theorem
2.1 and (1.2) show that (in contrast to the light-tailed case) the tail of M_ is
lighter than the tail of M = max,_, , S, or, equivalently, the stationary
r.v. W, with distribution 7. Using the expression

P(M, > x)
(2.1) 0= lim — =
x— ® [.,L7T( x)
([28], page 380) for the extremal index, we get the following.

COROLLARY 2.1. The extremal index of {W,} is 6 = 0.

For the proof of Theorem 2.1, we first introduce some notation. Define

Ny(x,xy) =#{n<71:8, <x,,8,,1>x},
pi(x, %) =P(S,.; > x forsomen < 7 with S, <x,),
Po(x,%0) = P(r(x) <7, %<8, <x).

[Note that the definitions of p,(x, x,) and p,(x, x,) are not symmetric in the
sets [0, x,] and (x,, «).] Then,

(2.2) pi(x, x0) < P(M, > x) <py(x, %) +py(x,%).
Let further R denote the occupation (renewal) measure of the random walk,

R(A) = Z3P(S,, € A). It is well known that R[y,y + x] < a; + a,x for all
x,y. Write further m , = EX,, m_=EX_ (thus, m = -EX=m_—m,).
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LEmMA 2.1. EN(x, x,) = pwr(x,)F(x).

ProoF. Define C(A) = EX7_LI(S, € A). By regenerative process theory,
C(A) = uw(A) and we get

-1
Nl(x, xo) =[ Z I(Sn San‘Sn+1 >JC)

n=0
7—1

EY I(S, <x)F(x—8,)
n=0

fOxOF(x - ¥)C(dy) = M]:OF(X —y)m(dy).

Now just divide by F(x) and use dominated convergence justified by (1.5). O
LEMMA 2.2. p(x, xy) = pm(x))F(x).
Proor. After 7(x), the expected time {S,} spends in (0, x,) before hitting

(—,0] is bounded by a, + a,x,. Hence, with a(x, x,) = (a; + ayx,)F(x —
x,), we have

P(Ny(x, xg) >k + 1Ny (x,x0) = k) < a(x,x,),
P(Ny(x,x) >k + 1) <py(x,x)a(x, xo)k,

. X , a(x, x,)
. > <
[Ni(x, 20)5 Ny, x9) = 2] < py(x, %) 1—a(x,x)’
a(xy‘xo)
pi(x, x0) SENy(x, xy) < py(%, %) +p1(x’x°)m.
» 0

Now just note that a(x, x,) = 0. O

Letting first x — © and next x, — « in (2.2), the following estimate will
complete the proof of Theorem 2.1.

LEmMMA 2.3. lim, _. limsup, . py(x, x)/F(x) = 0.

The proof is based upon a downcrossing argument. Define

=1
D(x)=EY I(8,>x,8,., <),

n=0

D(x)=EY I(S,> —x,8,,; < —x).

n=0
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LemmA 2.4. lim, ., D(x) =m_/m.

PROOF. Assume first that F' is nonlattice. It is well known that R(dz — x)
converges vaguely to Lebesgue measure normalized by m. Combining with

the upper bounds for R given above, similar estimates as in the proof of the
key renewal theorem yield

D(x) = [ R(dy)F(~x =) = [ R(dz ~x)F(~2)
1 m_
- Z/;) F(—z)dz=7.

The lattice case is similar, though easier. O

ProoOF OoF LEMMA 2.3. By regenerative process theory,

D (x
a )= lim P(W, >«x,W,,, <x)

I_L n—ow

[ m (@) F(x —)

= ifml'*_’(y)<JlJNVf3H1V(6iZ)

) () * pan [

=~ ( ) |z|F(dz)—F(x)—

)d
(x)

using dominated convergence and (1.5) in the fifth step.

On the other hand, the overshoot over x after an upcrossing from a level
less than or equal to x, converges in distribution to « by (1.5), so that the
expected subsequent number of downcrossings of level x before [0, x,] is hit
is approximately m _/m by Lemma 2.4. Hence, we get asymptotically that

,uF(x)—~D(x)>[EN1(x xo) — + py(x, %)

= Mﬁ(x)w(xo)? +p2(x, xO)’

m_
lim sup le(m(—) < um(xy)—. d
x m

x—> ®© )

For later use, we recollect some further auxiliary results on the behavior
within a cycle. Let ||-|| denote the t.v. (total variation) distance between
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probability measures and define
F.(A) =P(Xe€AlX>x)

=F(x)(A_x)=W‘

PROPOSITION 2.1. Let K™ be the conditional distribution of (S, 1,
M.~ S, X, ) given 7(x) < 7. Then |[K™ — 7 X 7« X F,|| - 0.

ProOF. Let x, be fixed. It is easy to see from (1.5) and the definition of F,
that

(2.3) IF, — Fx,yll — 0 uniformlyin y < x,.
Define 7(A) = EX§ 'I(W, € A, 7(x) > n)/p and 7,(A) = P(max, ., S, €
A), where 7, = inf{n: S, < —z}. Then
(2.4) lw — 7@ - 0, |, — 7l < P(7(x) <) = 0.
Indeed, the second estimate follows by noting that M and max,_, S, €A
only differ if {S,} upcrosses level 0 after downcrossing level —x. For the first,
note that

=1

pw(m(A) — 7®(A)) =E ) I(W, €A)
7(x)
<E[r—7(x);7(x) < 7] <E[r;7(x) <7],
which goes to 0 (uniformly in A) by monotone convergence.
Now let A c[0,*)3 so that we can write

1 % =
K(A) = goarsay Jy #m ) [ Fldy)

X-/;) 7Ty1+y3(dy2)1((y17y27y3) EA)

Define

A, =An ([0, x,] x[0,%)?),

Ay = AN ((x0,%) X[0,2)%).
Using (2.3) and (2.4), it is easy to see that K“(A,) — 7 X # X F.(A)) > 0
uniformly in A,. Hence,

limsupl|K™® — v X 7 X F.|| = limsup sup|K®(A,) — 7 X 7 X F (A,)]

x— © x— A

< limsup sup (K™ (A,) + 7 X 7 X F,(A,))

x> A
pol X, X
< lim sup M + (%)
v\ HF(x)

< ?T(xo)(% 4 1).

Let x, » . O
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COROLLARY 2.2. [P(M.€ ) — mxm*F,| - 0.

[The result is not used in the sequel but is of some independent interest as
a sharpening of Theorem 2.1.]

LEmMMA 2.5. Pmax; . ;.. X; > X, ,)|M, > x) - 0.

Proor. By Proposition 2.1, the conditional probability that X ) > x goes
to 1. Hence,

IP( max X, > X,,[M, > x) - 0.

I<7(x)

Furthermore,

[P’( max X, > x) < (a; +ayx)F(x) >0,

T(x)<l<T

since m, < . O

2.2. Extremal behavior. Define F™(x) = P(M, < x), where M, =
77777 W, G(x) =P(M_<x), and let ||| denote the supremum norm
between distributions. The following lemma is valid for any regenerative
process {W,} (only part (i) is needed at present). We recall the following basic

estimate ([26], page 13): if F is any distribution and 7 € [0, =], then
(2.5) F'(u,) > e " nF(u,) > .

LEMMA 2.6. () [|[F™ — G"/#| - 0.

(ii) Assume that {W,} is regenerative wrt a different renewal process, say,
with generic cycle 7, with mean .. Then G, (x) = (u, /wG(x).

(iii) Let A, | D be a sequence of events depending only on {W,}, .., A, (k)
the event corresponding to A, but defined in terms of the kth cycle rather than
the first and p,, = P(A)). Then if a,, o, are the times at which the first cycle k
in which A, occurs starts, resp. ends, it holds that both p, o,/ and p, o,/
have a limiting standard exponential distribution as n — oo,

ProOOF. Part (i) is given on page 375 of [28]. Part (ii) is an easy conse-
quence of (i). Indeed, assume that w,G(u,)/uG,(u,) —> 8+ 1 for some
sequence {u,} with u, — . Then we can choose first 7 € (0, %) arbitrarily and
next, {n,} such that

n, _ n, _
_G*(uk) d T, _G(uk) d 67.
* 12
By (i) and (2.5), this implies that P(M, < u,) has limits both e™" and e™*", a
contradiction.

Part (iii) is standard (e.g., [18] or [23]). O

Now return to the reflected random walk.
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THEOREM 2.2. Let 0 < k < ». Then, for any sequence u, 1, F"(u,) —
e " if and only if F"(u,) = e™*.

Proor. Using Lemma 2.6(1) for (a), (2.5) for (b) and (d) and Theorem 2.1
for (¢), we get

(a) b N _
F™(u,) »e ™ =G/ (u,) >e o LG, >«

© = (@
e nF(u,) > ke F'(u,) »e " |

COROLLARY 2.3. For any sequences {a,},{b,} of constants, F"(x/a, + b,)
— H(x) for all x if and only if F*(x/a, + b,) = H(x) for all x.

THEOREM 2.3. Assume that F is continuous. Then
M, - max X - WY+ w®
k=0,...,
in total variation where W, Wf’ are independent with common distribu-
tion .

ProOOF. Define X as the maximal jump in the ith cycle and write the
cycle maximum as M X + V.. Then, by Proposition 2.1 and Lemma 2.5,
the conditional dlstrlbutlon of V given M, > x converges in t.v. to that of
W(l) + W(Q)

For K < =, choose a sequence {z'%)} such that n(1 + &)F(u%X) - K, let
I(n, K) be the set of indices i < n(1 + &)/u of cycles with M_ > u'®) and
k = k(n, K) the index of the cycle with the maximal M, . Then, by Theorem
2.1 and Lemma 2.63iii), the number |I(K,n)| of elements of I(K,n) is
asymptotically Poisson(K), and thus by choosing & small enough, K, L large
enough, we can obtain that, for n large enough, we have P(F;) > 1 — §,
where

F,={2<|I(K,n)| <L, M, =M,
Next we note that P(X, > uX)) — 1 by Proposition 2.1. Thus cycles with
i & I(n, K) cannot contribute to max, _, X,. For the ones with i € I(n, K),

Lemma 2.5 shows that the only contrlbutlon comes from X It follows that
we have P(F,) > 1 — 26 for n large enough, where

F2=Flﬂ{ max X—maxXk} F3=Fzﬁ{ max Xi=Xk}.
i€Il(K,n) k<n i€l(K,n)

To show that we have also P(F;) > 1 — 36 for n large enough, it suffices

to show that, if M, >u,,...,M, >u, and M, =max,_; , then
P(X, = max;_; X) - 1 Deﬁne M =max;_; L1 M. . Then the con-
ditional dlstrlbutlon of M. given M_,..., M, 1s P(M, € -IM,>M ), and

since M > u, — =, it follows by Theorem 2.1 and (1.5) that M - M - .
Since VL has a ﬁnlte limit, we have also X, — M — » and hence X, -
max;_ L1 X, > .

.....
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Now just note that on F;, M, — max,_, , X, =1V,, and it was noted
above that V, has the desired asymptotic distribution. O

2.3. Exceedances. The random set {¢ =0,...,n: W, > u,} is one of the
classical objects of study of extreme value theory. The traditional situation
with extremal index 6 > 0 is that {¢ =0,...,n: W, > u,} is contracted to
[0,1] and that one gets a compound Poisson limit with the compounding
distribution depending on the process in question (see [26], Chapter 5; [28],
pages 377-378). Here we will need an additional scaling involving y(x) =
E[ X — x|X > x] and obtain a compound Poisson limit with the compounding
distribution only depending on the maximum domain of attraction. To this
end, define a point process N, on [0, 1] by

N,(A)=#{k=0,....,n:k/necA,W,>u,l}.

THEOREM 2.4. Assume that F € MDA(H) with normalizing constants
a,,b, and u, =x/a, +b,. Then mN, /y(u,) converges in distribution to a
compound Poisson process with intensity —log H(x) and compounding dis-
tribution P(P, < x), where a < « corresponds to the Frechet case and a = © to

the Gumbel case.

Proor. Define
T(x,y) =#{n <7:W,>xlS,,, =x+y},
T(x) = #{n < 7: W, >x|M, > x}.
Then T(x,y)/y > 1/m as y — %, and hence by Proposition 2.1 and (1.6),
mT(x)/y(x) =, P,. The result follows by letting x = u, and invoking that
cycles with M, > u, occur asymptotically according to a Poisson process (cf.

Lemma 2.6(iii) or [28]); the asymptotic intensity for N, is the expected
number of events in [0, 1], that is,

P(M,>u,)

"
as asserted [the last = follows from F"(u,) — H(x)]. O

n =~ nF(u,) =~ —log H(x),

2.4. Reflected Lévy processes in continuous time. Assume now that {S,},. ,
is a Lévy process in continuous time, that is, S, = at + o B, + J,, where {B,}
is standard Brownian motion and {J,} a pure jump process with Lévy
measure ¢(dx). Assume further that the paths are right-continuous, that

m = —a—foo xe(dx) > 0,

and that ¢(x) = G(x) for some subexponential G. This covers, for example,

stable processes of index less than 2, where ¢(x) is regularly varying. Let

W,=S8, —inf,_,_, S, be the reflected Lévy process and define the cycle as
inf{¢t > 0: S, <inf,_,_,S,,sup,., W, > 1}, ¢(—=,0) >0,

2.6 =
(2:6) 7 inf{¢ >0: S, <inf,_,_,S,,sup,., W, > 1}, ¢(—»,0) =0,
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(note that taking the cycle as inf{z > 0: W, = 0} may lead to 7= 0; the
distinction between the two cases in (2.6) is needed to ensure the estimate
hu, | p below).

COROLLARY 2.4. P(M, > x) = ug(x).

Proor. It follows exactly as in discrete time that
. P(M, > x)
liminf —— > pu.
x>0 o(x)
For limsup <, we use a discrete approximation via W =S , —
’’’’’ 2 S Let 7, = inf{k: kh > 7, W™ = 0}. Considering the two cases
in (2.6) separately shows that ht, | 7 a.s. as £ |0 and hence Ay, | u.
Decomposing {S,} into an independent sum of Lévy processes with Lévy
measures ¢(A N (—o, 1)), resp. ¢(A N (1,)), the first term has an exponen-
tially bounded tail at time ~ and the second one a tail which is asymptotically
hg(x), so that
(2.7) P(S, >x) = ho(x).
Noting that W, = (W™ + S, ), = S,,)", the proof in discrete time car-
ries easily over to show [P’(M > x) = ,uhhgo(x) (the modification of the cycle
plays no role in the argument) Let 8 > 0. Then, for all sufficiently small A,
P(S,> —1) > 1 — 6 for all ¢ < A, so that

P(M">x) = P(MP >x~1)>P(M,>x)(1-8). i

Given Corollary 2.4, the analysis and results of the rest of Sections 2.1-2.3
carry easily over to continuous time. The form of the results is obvious and we
omit a formal statement.

Representing the stationary distributions as

W, =maxS,, W™= max S,,,
£>0 E=0,1,...
we have W, > W.», so that (1.2) and (2.7) yield

1 ) 1 «©
P(W, > %) > P(W" > x) = — [ h(y)dy = — [ @(y) dy.
hox x

The converse inequality follows as in the proof of Corollary 2.4, and hence we
obtain the following result for which we have no reference (note that the
argument of [16] crucially relies on the ladder height renewal process, which
may not make sense in continuous time for reasons similar to why we could
not take 7 = inf{¢: W, = 0}).

COROLLARY 2.5. P(W,, > x) = (1/m)[7 o(y) dy.
It may also be noted that the analysis of Section 2.1 yields certain

refinements and sharpenings of the study of Asmussen and Klippelberg [6] of
the excursions of the M /G/1 workload process, corresponding to a = —1,
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02 =0and ¢ = BB, where B is the arrival intensity and B the service time
distribution. More precisely, the analysis of the upcrossings of level x within
a cycle, expressed through the study of p,(x, x,) and py(x, x,), shows that:

1. The assumption of [6] that B belongs to the class .#* introduced in [24] is
not necessary; it suffices that B is subexponential.

2. In the classification of excursions over a large level x into two types, the
ones starting with a jump from a level which is O(1) and the ones where
this level is close to x, one can view the last type of excursions as
aftereffects of one of the first type: within a cycle, the first upcrossing of x
occurs asymptotically from a O(1) level, and the remaining upcrossings
after the subsequent downcrossing from a level which is x — O(1). By
regenerative process theory, this description of the cycle carries over to the
stationary setting considered in [6].

3. Storage processes. Consider the storage process {V,} and define

t( ) forz 1 d
xX,2) = y
= r(y)
as the time needed for the solution of x%(¢) = —r(x(¢)) to reach level x

starting from x + z.

3.1. The cycle maximum and extremal behavior. If t(0,z) < « for all
z > 0, the natural choice of the regenerative cycle is the first return to 0 after
an excursion in (0,%) (thus, it starts with an exponential period where
V, = 0),

r= inf{t >0:sup V, > 0,V, = 0|V, = 0}.
s<t
Otherwise, we choose &> 0 such that (e, z) <« for all z > 0, start the
storage process with V, = ¢ and let 7 be the time of the first downcrossing of
level &g,

T= inf{t >0:supV,>¢,V, =6V, = 3}-
s<t

Note, however, that by Lemma 2.6(ii), the particular choice of the regenera-
tive cycle is unimportant for the study of the tail of the cycle maximum
M_= max,__V, Write again u = E7, 7(x) = inf{t: V, > x}.

THEOREM 3.1.

P(M,>x) =P(r(x) <7) = uBB(x), x— .

Given Theorem 3.1, the following result on extremal behavior of {V,} is
obtained by minor variants of arguments of Sections 2.2-2.3. Let U,, U,,...
be the jumps (i.i.d. governed by B).
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COROLLARY 3.1.  For any sequence u, 1%, Pmax,_,V, <u,) - e “ifand

only if Pmax,_;  |pr Uy <u,) —>e ™

Proor. Let M, be the number of jumps (Poisson events) before T.
Applying Lemma 2.6(1)) to the regenerative process formed by the next
jump, it is easily seen that we can approximate max,_;  , U, by
max;_; | pr) Us- The rest of the proof is as for the reflected random walk
case. O

,,,,,

We return to further aspects of extreme value theory in Section 5.

ProoF oF THEOREM 3.1. We first consider the case where r(x) > b for all
x [not only for all sufficiently large x as in (1.3)], where b is a constant with
b > Bug. As in the proof of Theorem 2.1, define

Ni(x,xy) = #{t <7:V,_<x4,V,>x},
pi(x, xy) = P(V, > x for some ¢t < 7 with V,_< «x,).

Since the expected passage time from x to 0 is bounded by x/(b — Bug), it
follows as in Lemma 2.2 that p(x, x,) = EN(x, x,). But by dominated
convergence and (1.5),

ENy(x, xo) = Mfoxoﬁl_?(x — y)m(dy) = uBB(x)7(x,),

and thus, liminf P(M_ > x)/uBB(x) > 1.

For the converse inequality, we use a comparison with a process {V, ,} with
the constant release rate r,(x) = b (we use obvious notation like w,, etc.).
This process is (up to a time change) the M/G/1 virtual waiting time
process, that is, a continuous-time reflected Lévy process. Since V, <V, , for
all ¢, {Vb’t} regenerates as well in state 0 at time 7: thus,

P(M,>x) <P(M, ,>x) = uBB(x),

using Lemma 2.6(ii) and Corollary 2.4 in the last step. _

Now consider the general case (1.3). Again, liminf P(M_ > x)/uBB(x) > 1
is easy: the only modification from the case r(x) > b which is needed, is to
bound the expected passage time from x to 0 by (x — a)/& + E(s|V, = a). The
proof of limsup < utilizes the comparison V, < a + V;*, where a is as in
(1.3) and {V,*} is a storage process with r*(x) = r(x + a). Denote the cycle
means by u, u, and the distributions of the cycle maximum by G,G.. Let
T = T(x) vary with x in such a way that T(x)G.(x) - w,k for some
k € (0,); since it has been shown that G ,(x) = u, BB(x), we have T(x) =
k/( BB(x)). Then also T(x)G .(x — a) > u,k by (1.5), and by Lemma 2.6(i),

[P’(max \% Sx—a) —e ", liminf[P’(maXVtgx) >e "~
t<T x—>®© t<T
liminf GT/#(x) > e™*, limsup TG(x) < uk.

X —> ®©
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Inserting the asymptotic form of T'= T'(x) shows that wBB(x) is an asymp-
totic upper bound for G(x) = P(M_ > x). O

3.2. The tail of the stationary distribution. Our second application of
Theorem 3.1 is to obtain the tail behavior of the stationary distribution; more
precisely, the asymptotics of the density f(x).

THEOREM 3.2. (1) Assume that r(x) — r(®), x — », where Bup < r(») < «,
Then

B _
=~— B .
M= B )
(i) Assume that r(x) — «. Then
BB(x)

ProoF. Define D(x) as the steady-state rate of downcrossings of level x
and D_(x) as the expected number of downcrossings of level x during a cycle.
Then D(x) = D(x)/u, D(x) = f(x)r(x). Further, the conditional distribu-
tion of the number of downcrossings of x during a cycle given 7(x) < 7 is
geometric with parameter p(x) = P(v(x) < 7|V, = x). Hence,

D.(x)  P(M.>x) BB(x)
m(1-p(x)) 1-p(x)’
If r = r(x) does not depend on x, it is standard that the extension {V,*} of
{V,} to (—o,») obtained by deleting the reflection at 0 has probability Bug/r
of ever upcrossing 0 when V =0, and hence p(x) = Bug/r. The same

conclusion is easily seen to hold if 7(x) — r. Letting r = r(x) and inserting in
(3.1), (@) follows. Case (ii) is similar though slightly easier [here p(x) — 0]. O

(31)  f(x)r(x) =D(x) =

4. Ruin probabilities. Consider the risk process {R,} and define the
ruin time p(x) as inf{¢: R, < O|R, = x}. Combining (1.4) and Theorem 3.2
yields the following.

COROLLARY 4.1. (1) Assume that r(x) — r(®), x = ©, where Buy < r(®) <
o, Then
P(x) =P(p(x) <)
B ©
=~—— | B(y)dy, x — o,
") Ban e B
(1) Assume that r(x) — «. Then

=~ BB
b(x) = P(p(x) <) = [ L2

i —r(y) dy.
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From now on, we concentrate on the case r(x) =a + bx with b > 0, so
that by (i), ¢(x) = G(x), where

B . 1 _ o1
G(x) = B[ By = 4 [ B dy

a + by
We will impose a slightly stronger condition on B than just being subexpo-
nential: in addition, we require that either B(x) is regularly varying [which
is equivalent to B € MDA(®,)] or that B € MDA(A). In the regularly vary-
ing case, the constants y(x) in (1.6) satisfy y(x) = x/(a — 1), while if B €
MDA(A), it is easy to see from results of [9] that y(x)/x — 0. We note the
following analytical properties of G.

PROPOSITION 4.1. (1) In the regularly varying case,

_ BL(x) B —
G = e = @ P
(ii) if B € MDA(A), then
_ By(x) —
G(x) = — —B(x);

(i) G(x + y(x)2)/G(x) > P(P, > 2).
ProoOF. Part (i) is straightforward. For (ii), we first recall ([27], Proposi-

tion 1.17) that the integrated tail B,(x) = [“B(y)dy = y(x)B(x) again satis-
fies (1.6), with the same y(x). Using y(x)/x — 0 in the first step, we then get

x+y(x)z 1— 1
/ ) ;B(y) dy ;(Bo(x + y(x)z) — By(x))

1 xX) _
;Bo(x)[P’(Pw <z)= ¥B(3C)I]3’(Poc <z),

0

U

[© Bya

x+y(x)z Y

1_ 1
—By(x + 7(%)2) = —By()P(P. > 2)

IA

@E(x)P(Pw > z).

0

Let first x — «© and next z — o,
Part (iii) follows immediately from (i) in the regularly varying case. If
B € MDA(A), use (i1) and

Eo(x + y(x)z) _ Eo(x)P(Pw > z) _
B(x +v(x)z) B(x)P(P.>z)

y(x+ y(x)z) = x). O

We next consider the distribution of the ruin time and will exhibit con-
stants 5(x) such that the conditional distribution of 8(x)p(x) given p(x) <
has an exponential limit. Let d_(¢) be the solution of d(¢) = r(d(t)) satisfying
d, (0) = x.



370 S. ASMUSSEN

LEMMA 4.1. Define
T=T(x)=d*(x+ v(x)y)

1 1
x+y(x)y
= —dz=—1
'/; a + bz ‘ b 8

Then y(x,T) = P(p(x) < T) = y(x)P(P, < y).

1+

v(%)y )

x+a/b

ProoF. In the absence of claims in [0,¢], R, = d () when R, = x, and
hence always R, < d,(¢). This yields immediately that

g(x) — ¢(x,T) =P(T < p(x) <) =E[¢(Ry); p(x) > T]
= ¢(d.(T))P(p(x) =)
= ¢(x+v(2)y)(1 - ¥(x)),
, y(x,T) Wt y(x)y) L Gt y(x)y)
T TR T e T AW
=1-P(P,>y) =P(P, <y).

For liminf > | consider the point process M whose only possible epoch is at
p(x). The predictable intensity of M is

A(t) =I(p(x) =t)BB(R, ) = I( p(x) = =) BB(d(t)),

and hence

W(x,T) = EM(T) = E[" A(t) dt
0

> P(p(x) =) [ BB(d.(1)) d
x+y(xX)y 1
= (1= () [ BB(2)
(1= ¢(x){G(x + y(x)y) — G(x)},
p B T) Gt y(0)y) — (%)
Ty T ¥ (x)

dz

=P(P,<y). |

The analytic reduction of Lemma 4.1 is carried out in the next section.
5. Examples.

5.1. The storage process: more on extremal behavior. Whereas there is no
established universal definition of the extremal index 6 in continuous time,
we shall take a shortcut and simply adapt the characterization (2.1) as a
definition.
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COROLLARY 5.1. (1) Assume that r(x) — r(®), x = ©, where Buy < r(x) <
w. Then 6 =0 and max,_,V, —max,_; U, > V. + M in tv., where
V.., M are independent and M is distributed as the stationary workload in a
M /G /1 queue with arrival intensity B/r(») and service time distribution B.

(i) Assume that r(x) > ». Then max,_,V,—max,_; zr,U, > V.
in t.v.

,,,,,

ProoF. Part (i) is shown with minor variants of the reflected random
walk case. The only difference in (ii) is that the storage process decreases
rapidly after a jump to a large value x so that the probability of exceeding x
shortly after the jump [causing the term W,? in the reflected random walk
case and M in (i)] is negligible. O

We will see later that in case (ii), the value of 6 depends both on the form
of B(x) and r(x).
For A [0, 1], define

Np(A) = fAI(VtT > up) dt.

COROLLARY 5.2. Assume that B € MDA(H) with normalizing constants
a,,b, and let ur = x/a gp, + b gr) Then:

@ if r(x) - r(o), x —» o, where PBug < r(x) < «©, then (r(o) —
Bug)Ny/v(up) converges in distribution to a compound Poisson process with
intensity —log H(x) and compounding distribution P(V,, < x);

(i) if r(x) = a + bx, then [b/log y(us)IN; =, N, where N is a Poisson
point process with intensity —log H(x).

The proof is easy and omitted.

5.2. Regularly varying tails. Assume for the rest of this section that
r(x) = a + bx. Consider first the case B(x) = L(x)/x* with L(x) slowly
varying. Then we have the following corollary, part (i) of which is the main
result of [25] (proved there via Laplace transforms).

COROLLARY 5.3. In the regularly varying case:

@ PV, > x) = ¢(x) = BL(x)/abx®;
(i1) the extremal index is 0 = ab;
(iii) the conditional distribution of p(x) given p(x) < © converges to the
exponential distribution with rate ab.
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ProoOF. Part (i) is immediate, and (ii) follows then by inserting in (2.1).
For (iii), note that, if 7" and y are connected as in Lemma 4.1, then
y = (e’ — D(a — 1). Hence,

P(p(x) > Tlp(x) <) = P(P,>y)

_ 1 — = fabT. 0
(1+y/(a—1))

5.3. Lognormal tails. When vy(x)/x — 0, we have T = y(x)y/(xb) in
Lemma 4.1, and Lemma 4.1 means that §(x)p(x) has a limiting standard
exponential distribution where 8(x) = bx/y(x) — .

Assume in particular that B is lognormal, that is, the distribution of eV
where U is standard normal. Then

_ 1 5
B(x) = m—logxexp[—(log x) /2],

— B 9
G(x) =~ W exp[—(log x) /2],
v(x) = lo;x’

and we get the following.

COROLLARY 5.4. In the lognormal case:

1) P(V, > x) = ¢(x) = [ B/bV2m (log x)*]exp[ —(log x)? /2];
(i1) the extremal index is 0 = =;
(iii) the conditional distribution of blog xp(x) given p(x) < » is limiting
standard exponential.

_ 5.4, Weibull tails. Let now B be DFR (decreasing failure rate) Weibull,
B(x) = exp(—x) with 0 < @ < 1. Then

al B a 1 1-a
G(x) = e exp(—x?), v(x) = ;x ,

and we get the following.

COROLLARY 5.5. In the DFR Weibull case:
@ PV, > x) = ¢p(x) = (B/abx*)exp(—x%);

(i1) the extremal index is 0 =
(iii) the conditional distribution of abx%(x) given p(x) < «© is limiting
standard exponential.

It may be noted that the above results for (x), y(x,T) are much more
complete than what is known for the light-tailed case where the only avail-
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able exact asymptotics is for ¢/(x) when B is exponential. We conjecture
that when B(x) = cx% ~"*, then the conditional distribution of xp(x) given
p(x) < o is asymptotically exponential.
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