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In [1], [3] and [2] the Euler coordinates were used to study the motion of an incompressible fluid
on compact manifolds. Following the ideas of [1], [2] and [3] we find in a small time interval the
classical solutions of Euler equation with random forcing in the whole space (We have the first
order SPDE in this case). Then we perturb randomly (using an independent Wiener process)
the position of individual particles and derive the corresponding second order SPDE. In this case
SPDE is completely degenerated in [7] sense. As random perturbation goes to zero we obtain
the deterministic velocity fields. In the case d = 2, classical solutions exist in an infinite time
interval. In [8] no random forcing was considered and the second order SPDE was derived by a
different method for d > 2.

1 Euler equation with random forcing

Let us consider the stochastic Euler equation in R (d > 2)

Opu + uldyu + Vp = €Wy, in [0, 00) x R,
(1)
u(0, z) = h(z), div u(t, -) =0,
where Wi = (Wk)1<k:<d
u (t,x) represents the velocity of the fluid particle at position z, at time ¢, and p (¢, ) is the

pressure of the fluid at the same time and place. The right hand side of (1) represents a random
force. Let n (t) = n(t,x) be a flow associated to u, i.e. i is a solution of differential equation

{ ot (t) =u* (t,n(t), k=1,....d
77(0790) =,

is a standard Wiener process. If u (t,z) and p (¢, z) are solutions, then

(2)

If n (¢, z) is the solution of (2), then 7 (¢,z) is the position at time ¢ of the fluid particle which
at time zero was at x. In the language of fluid mechanics, 71 (¢, x) is the Euler coordinate of the
particle whose Lagrange coordinate is x. If for any ¢ the map z — n (¢, z) is a diffeomorphism,
then the equation (2) can be used to recover u (t,z) (see [3]). If e = 0, we have

u(t.x) = O (0 (1,2),

where o (t) = o (t,x) is the inverse of 1 (t) = n (t,z) . Following [3], we will find an equation for
7 (t) which is equivalent to (1). In [3] the case of a compact manifold with e = 0 was considered.

1.1 Function spaces and decomposition of vector fields
1.1.1 Function spaces

In order to state our result precisely, we shall introduce some function spaces and their decom-
positions. For [ = 0,1, ..., € (0, 1), § € R we introduce the Banach spaces Cé’a(Rd) of 1
times continuously differentiable functions v on R? with finite norm

- l — _
[ul o = supy, , 2 = y7* Xy |(1+ [2)°~H*0 u() — (1 + [y])°* = 0 u(y)| +

+sup, Yp_o(1 + [z])0 R | OFu(a)| .



Remark 1 The norm |uf .« is equivalent to any of the following norms (cf. Proposition 2.3.16
6

in [5]):

}5 |0bu(z)— 0 u(y)|

lz—y|*

1 .
[ul{"). 5 = sup,, , min{1 + |z|, 1 +|y| +

tsupy Yo (1 + [a])* T [0Fu(z)

17) |0 u(2)—0 u(y)|

‘“’l( o5 = Sup, (1 + EDR SUPycE(x) — To—g®

)

+sup, (1 + [])° == Ju(2)]
where v € (0, 1], and

E(z) = Ey(z)={y e R : |z —y| <1V (|lz| A |y])}.

By interpolation inequalities |u|l(1gl s 1s equivalent to

z) — 0u(y)]
|z —y[*

Olu(
2 :
[ul.s = supmin{l+|af, 1+ |y|}5|
x?y
+sup(L+ [2[)° 7 Ju(z)] -
x

Remark 2 Notice that |z — y| < 41V (|| A |y|) implies that for each point a on the segment
connecting x and y

(I+1fyh/4 < 1+ laf <2(1+ Jy]),

(I +[z))/4 < 14 [a] <2(1 + |z]).
The inequality |z —y| > 1V (Jz| A |y|) implies that
g
e =yl = g1+ fz[ +[y]).
Remark 3 (Proposition 2.3.19 in [5]) For any function u € C(lg’a there exists a sequence u,, of
functions from C{)’O(Rd) whose partial derivatives up to the order [ converge to the corresponding

derivatives of u at every point of R?, and

T}eréo\un\céa = ]u\cé,a.

Let D = {¢ € C5° (R?) and ¢ = 1 in some neighborhood of 0} . Fix § € (24 o, 3+ a), o €
(0,1). For d = 2 and fixed ¢ € D we introduce the space

Criv® =G R = {a=ut A(1- ¢ (@) nfal, u e C[T7(RY), A e R}



Notice that C’;iga does not depend on a particular ¢ € D. Also, given

i=u+A1-¢(x)lnlz| € O3,
necessarily
1
A=— [ Au(y)d
27T/ u(y) dy,

where A is the Laplace operator. Indeed, applying the Laplace operator to the representation
of 4 and integrating by parts,

2
i d
/Aﬂ,(y) dy = —)\/Qvi(y) ’3‘2 dy = —)\/O /%¢(T cosT,rsinT)drdr = 2w,

For fixed ¢, we introduce the norm in C’;iga by
U] gi2,0 = [A| + [uf 12,0, if G =u+ A (1 —¢(z))In]|x].
+6 +6

Notice that the norms corresponding to different ¢ are equivalent.

In the Appendix, we prove the following statement, regarding the solutions of the Laplace
equation in R%.

Proposition 1 Let § € (2+ o, 3+ «a), a € (0,1). Then for each I =0, 1, ...

a) the Laplace operator A is a continuous bijection from C’l%:%l’a onto C(l;fl, if d > 2;

b) the Laplace operator A is a continuous bijection from C’fjéla onto C’fgfl, if d =2.

Corollary 1 In the case d = 2, the Laplace operator is a continuous bijection from
CIQJ:SI’Q ={u e C’fjéla : /Aud:): =0} onto {f € C’llf(S : /fd:r = 0}.

Remark 4 Given f € C’llfé,

A f = u(x) = / Iz~ y)f(y) dy,

where I' is the Laplace operator Green’s function (see Appendix 1).

1.1.2 Decomposition of vector fields

Using Proposition 1 we can decompose a vector field into its divergence free (or solenoidal) and
gradient parts.

Proposition 2 For each § € 2+ a,3+ ), a € (0,1)

ci = vt e {he it aivh =0}, d>2,

Coy™ = V{ue G /Audx =0l @ {h € O™ divh = o} ,d=2.



Proof 1 Indeed, for each f = (fj)1<j<d € Céﬂ’a there is a sequence f™ = (f™)1<;<q € C’lljrrllfé

whose partial derivatives up to the order [ + 1 converge to the corresponding derivatives of [ at
every point of R4, and

llm " a = «@
A oty = Wty
(see Remark 3). According to Proposition 1, for each f™ there is a unique v" = (v"’j )1 <j<a €

C’éi?fl (v € C’éfl)’fl in the case d = 2) such that Av™/ = f%J. Let
P = ( i( n,’j— n,l)) )
f 2, (Ve ~ v 1<j<d

Gf" = V(div o).

Obviously,
J" = AV = PL G
and
div Pf" = 0.
By Remark 4,

I = (L [T -0 W) - 0 dsyea )

= (X [Tl — )20 - S W) o)

Since v} () = [T(z — y)fi: (y) dy, we have
AV = V1% I IV et = ¥ oy

and corresponding derivatives of f™ are converging (Notice that [V f(y)dy = 0, if d = 2).

Therefore by Proposition 1, Vo™ € Cllig , sup,|Vo"| ci+2 < 00. Also the corresponding deriva-
1+6

tives of Vo™ are converging at each point of R?. So,

Prm = PE= (Y g [T 0.0 - £, ) dissea € CLLL,

01" = V(dive") =V [ Tla - y)div ) dy — G,

where

Gf = V/F(:c —y)div f(y)dy € O3
Let d =2, g"(z) =div v" = [T'(z — y)div f"(y) dy. Then, obviously,
/g”(:):) dx =0 and ¢"(z) — g(x) = /F(IL’ —y)div f(y)dy € Czljrrg’a-

Since § € (2 + a,3 + a) and sup,, [¢"| 2.« < 00, we have [ g(z)dr = 0. So, the statement is
46

true.



Remark 5 It follows from the proof that

Pf() = (Z o [T (7 0)- 1, ) dy> , @)

1<j<d

Gfx) = ¥ / P(x — y) div f(y) dy,

where
lz —y[*4/d(2 — d)wq, d>2

T(z—y)=T% -y =TYz—y|) =
(@ =) =P =) =T =y = { 0 i

and wy is the volume of a unit ball in R?.

1.1.3 Spaces of diffeomorphisms

Fix 1 > 0. Let B;ii’a ={ne C;ié’a : 1 is a diffeomorphism and inf, |det Vn(z)| > 0}.

Remark 6 a) Letn € C;I;’a and inf, |[det Vn(z)| > 0. Then there exist some constants C, ¢ > 0

such that for all z, y € R?

Clo —y[ = In(z) —ny)| = clz—y|.
So,n,o=n"te B;ii’a and B;ii’a ={ne C’llj:oll’a s inf, |[det Vn(z)| > 0}.
b) Obviously, B;ii’a is an open subset of C}ié’a;

LemmalLet D = {n € BIY : sup, (@) (1 + |2 < co, sup, [Vn(@) <

c1, inf, |det Vn(z)| > ¢ > 0}. Then
a) there exists a constant ¢ = ¢(¢q, ¢2) such that for all n € D

clz —yl = n(x) —n)| = clz —yl. (5)
b) there exist some constants ¢ = &(co, c1, c2), C = C(co, 1) such that for all n € D

(L +al) <1+ n(@)] < C(A+|al). (6)

Proof 2 Obviously there exists a constant ¢ = ¢(c1, ¢2) such that for all n € D
sup,, |(Vn) ™' (z)| < c. So the first part of the statement follows.

Denote |n|, = sup, (1 + |z]|) 7! |n(z)]. It follows from (5) applied for y =0
clz| = n(0) < [n(z)] < e lz| + 0 (0)]
for all n € D. Since ||, > |n(0)| we have for all n € D
nly = (1/2)e, 1+ In(z)| < C(1+|z]), and

clzl +Inlo < In(x)] +21nlo -
where C' = max{cy, 1+ cp}. Thus for all n € D
e+ Jzl) < 1+ In(x)],
where ¢ = (1/2)cmax{1, 2¢q} !



Using this Lemma and Remark 1 we derive easily the following two statements.

Corollary 2 Let D = {n € Bﬁi’a :osup, (@) (1 + |z))™t < o, sup, |Vn(z)| <

c1, inf, |[det Vn(z)| > co > 0}, D™ = {0 = n=! : n € D}. Then there exist some constants
ki = ki(co, c1,¢2) > 0,3 =0, 1, 2 such that for all o € D!
sup|o(x)| (1 + |z)™! < ko, sup |Vo(z)| < ki, inf |det Vo (z)| > ko.
T T z
Corollary 3 Let B,, = {v € CL-h* : o <}, Dy = {n € CTH 2 |y <
y = st F Weitte S T Pryr = 7] lta Mgl =

ro, inf, |[det Vn(z)| > r > 0}. Then there exists R = R(r1, 2, r) such that B, 0 D,, , = {von:
v € By, n€ Dy, ,} CBg.

1.2 Derivation of a new equation

Assume u (¢, x) satisfies (1) and 7 (¢, x) is its flow, i.e. (2) holds. Then

{ ok, () =ub (t,n@)ny(t), kil=1,....d @®
nk, (0,z) = ..

We now derive an equation for n () = n (£, z) equivalent to (1). We have by chain rule and (8)
i (WF (8,0 (1) — Wk, (2) = (Qpu® (8,1 (2)) +uk,, (.0 (2) O™ (2) —
—eWlnk, () + (u* (t,n (1) — eWF) O, (t) = —pay, (8,0 (1) 1%, (1) +
(b (8 (8) — eWEyul (o ()i (1) = 32 (=p (1 (8) + 3 [u (7 () — eWi[?).

Taking solenoidal projection of both sides of this equality we have

S (G (6 () — Wt (1)) = 0.

Since P (u* (0,7 (0)) n];l (0)) = Ph = h, it follows that for some scalar field G (¢, z)
(uk (t7 n (t7 ‘T)) - EWtk)nI;l (t7 ‘T) = hl (‘T) + GIZ (ta CC) :
Denote o (t) = o (t,x) =71 (t) =~ (t,2) . Then
(u* (t,2) — eW[)s, (8,0 (8)) = h' (o (1)) + G (10 (1)),

and therefore
ul (t,2) = h* (0 (1)) 0%, (£) + Gy (£, (1)) 0%, () + eW; =

— ¥ (o (£)) 0%, (8) + (G (t,0 (£))ay + €W

£

Since divu = 0, we have
u(tr) =P (W (o (1) o, (t))) + W 9)

7



Given h € C/f;*, consider the following function w : Bj2® — €} defined by

+5
nr—w(n) = (Vn(y) V'Vh(y) Vo) " Iny),

where Jn (y) is the Jacobian determinant of 7 (y) . So, according to (2), (9) and (4) (see Remark
5), the following equation for 7 (¢) holds:

O (t) = F (n(t)) + Wy,
(10)
n(0,z) =z,

where F' = (Fl)
F) =Y [ To @) = nw) o 0) ()~ (0) ()] . (1)

Indeed, by (4) (see Remark 5),

P (W @)k ®) )

= (X [T ) (0 (0 ) o, ()i~ 0 (0 () 0%, () ) )
il

_ / Ty (2 — ) (RS (o (t.9)) o (t.1) 0, (1.)
i#l

_h];m (U (tv y)) U:Tv’ll (tv y) U]:;i (tv y)) dy)
= / {[(Vo (1))"Vh (0 (1)) Vo (B):

=[(Vo (£))"Vh(o () Vo (D)]a}la; (z —y) dy)
= (/{[(VU (t,n (8,9))*Vh(y) Vot y)

—[(Vo (t,n(t,y) Vh(y) Vo (tn(ty)]a}le; (=1t y)) Jn(t,y) dy.

So, (10) follows from (9) and (2).

The above derivation shows that if u (¢,x) satisfies (1) with u (0,2) = h(x), and if 7 is the flow
of u, then n satisfies (10) with 7 (0), the identity. Reading the same derivation backwards, we
find that 7 satisfies (10) implies that in order for u to verify (1) it must be defined by

u(t,x) = H (t,z) + €Wy, (12)
where

H'(t,z) = Z/Fx (@ —n(ty)[w @) W)y —w @)yl dy. (13)

Thus solving (1) is equivalent to solving (10).



Remark 7 According to Proposition 7 F(n) is C’lliél’a—valued function on B;ii’a

is continuous and locally bounded.

. Obviously it

Remark 8 If ¢ = 0, then the equations are deterministic. Denote ug, 19 the corresponding
solutions of (1) and (10). The formulas (10) and (11) show that

0O =m0+ [ "W, ds. (14)

Notice the trajectories of particles in this case are nice functions (7 (t) is differentiable in t),
Vn (t) = Vo () is deterministic, o (¢t,2) = oy (t, x — efg W ds). Also,

t
u(t,z) = ug (t,:c—e/ W ds) + eWy. (15)
0
So, it is not true that u (t,z) = ug (t,z) + €Wy

Indeed, F(n+ a) = F(n) for each a € R%. So, n(t) — ¢ fg Wy ds is a solution of (10) with € = 0,
and (14) holds. Let Hy (t,z) be a function defined by (13) with ¢ = 0. By (14)

t t
H (t,z) = Hy (t,:c—e/ Wsd.s),u(t,:c):uo <t,x—e/ W5d8> + eW;.
0 0

1.3 Local result: solving (10)

The last Remark and trivial formulas (14), (15) determine that we start with deterministic
equation (10), i.e. € =0.

Proposition 3 Let [ > 0,0 € (2+a,3+a), h € 1"
interval (—A\, k) such that (10),e = 0, has a unique solution 7 (t) € Béié’a, t € (—A, k) such
that ng (0) is the identity. Moreover, it depends smoothly on h.

,divh = 0. Then there exists a time

Proof 3 We consider (10), ¢ = 0, as deterministic ODE in Banach space C;ié’a. We mentioned
already (see Remark 7) that F'(n) is continuous Cllj:;’a-valued function on C’llj:oll’a (notice C’llj:;’a C
C’llj_rcly’a. The local existence and uniqueness follow from the smoothness of F' (). Indeed, given

h e Clljrrg’a the following function w : Bﬁii’a — C’llfé defined by

n—w(n) = (Vn(y) " )Vh(y) Vo) Iny),

is smooth. Tt is smooth (linear) in h as well. The function G(n, w) = (G'(n,w))1<1<q defined by

wr—s Gl(nw) — / Ty, (n/(x) — 0 () 0" (y) dy

“ to CT1 (by Proposition 7, Appendix

is linear in w = (wli)lgmgd and bounded from C’llJr(S s
. Differentiating G(n,w) with

+1,«

1). Now we show that G(n,w) depends smoothly on n € B,



respect to ) in direction v € C;ié’a we get:

0,G(n,w) v =
— [ Lo, @) = 1) () — et () dy

= /ij (n(2) = y) (VY (0 (y)) — v (@))w" (0(y) In(y) dy = H' (n(«)),

where
H'(z) = /Txixj (x —y) (W (a(y)) — v/ (o(x))w" (o(y)) In(y) dy.

By Appendix 2 Proposition 8 [H| i1, < Clv oo it1.a|lwoatn| e, if d> 2, and
1446 4o 1+
H a < C et J [ 'f d - 2.
Hlctzie < Cloodlgpialwe oy, §

Since

') =Y [ o @) = 0 0) o () (0~ (1) ()]

the function F (n) from Béi;’a into Cllfé (or Cllfa, if d = 2) is smooth, and the statement follows.

Remark 9 Notice that the function

 plt+la I+1,c, |
K:B,, =B, in—o=n

is smooth as well.

Indeed, (n+v)™" (1) =07 (n) = (n+v)" (n) = (p+v)" (n+v) = =D+ v)" (v ~
— (Vi ()~ v. So,

m+v)H =t = (V)T (7Y,
and the first derivative DK () -v = —(Vn)~ v (p~1) . Similarly the higher derivatives formulas
can be obtained.

Having in mind Remark 8 and formula (14), we derive easily the following obvious statement.

Corollary 4 Let [ >0, € 24+ o,3+a), h e Cllj:;’a,divh = 0. Let (—\, k) be a time interval
specified in Proposition 3.

Then for each € (10) has a unique solution 7 (t) € Béii’a, t € (—A, k) such that 7 (0) is the

identity. Moreover, it depends smoothly on h, and (14) holds.
Now, form the equivalence of (1) and (10) we have obviously

Proposition 4 Let [ > 0,0 € 2+ «o,3+a), h € Cl+1’a,divh = 0. Then there exists a time

I+4
interval (—A\, k) such that (10), e = 0, has a unique solution Cllig’a—solution uo (t, ), t € (—\, k).

Corollary 5 Let [ > 0,0 € 24+ a,34+a), h € Cllj:;’a,divh = 0. Let (=\, k) be the time
interval specified in Proposition 4.

Then for each € (1) has a unique solution Clliél’a—solution u(t,z),t € (=\K).

10



1.3.1 The case d = 2. Global result
Now we prove that for d =2, A = k = .

Proposition 5 Let d = 2,1 > 0,6 € (2+a,3+a), h € CT;* divh = 0. Then (10),¢ = 0,

has a unique solution 7 (t) € Bﬁi;’a defined for all ¢ € (—o0, 0) .

Proof 4 Since (10) is a deterministic ODE on B;ii’a, to show that a solution exists for all ¢,
it is enough to show that the solution 7 (¢) remains bounded in C;i;’a—norm on any finite time
interval. To do this we will need again some estimates of F'(n). First of all we notice that the

Jacobian determinant Jn (t) = 1 for all ¢. It simply satisfies a linear ODE

d

Ejn (t) =divu(t,n (t)) Jn(t)

with the initial condition Jn (0) = 1. Then Jo (t) = 1 as well. So,

FY(n) = [Tay (n—y) hy, (0 (t,y) — b2, (0 (t,y)) dy

(16)
= [Tu, (n(t, ) = (t,y)) (b3, (y) — k2, (y)) dy,
and similarly
F2 (1) = [ Ty (1(00) = 0 (t.9) (02, () ~ B, () dy. (1)
Basic estimates:
1) Denoting HY (y) = hftj (y) — b3, (y), we find that
|F2 ()| <1 [Tay (n(x) —n(y) H* (y) dy| <
<CfIn@) - Q+Iy)* " dy <
-1 a—§
< iy nyi<r 1@ =0 @ dy + Jiyay i1 (1) dy <
<C flya 2l de+ [ (1 +1y)* ™ dy < oo.
Thus for each T there is C' such that for all t < T
0 (t)]g = sup, [n (t,2)| (1 + |2z)) " < C,
(18)
sup, [n (t,) — 2| < C.
Then for the same constant C
0 (t)]o = sup, x| (1 +|o (t,2)]) "' < C,
(19)

sup, |o (t,z) —z| < C.

2) Estimate of VF' (n).

11



Since by chain rule V (F'(n)) = VF (n) Vn and F is defined by (16), (17), we need a ”good”
estimate of the second derivative of w (z) = [T'(z —y) g (o (y)) dy, where g € Cllf5. By Lemma
4.2 in [6] we have

Gu = [ G- [0+lew) @ w) -9 @]+

clo@) et [ @+

T

+1o )" N)g (0 (y) L+ o (y) )" dy

~9(0@) [ Tuyla = pnily) S,
OE(x)

where E(x) = {y : |z — y| < max {1, min {|z|, |y|}}.
Notice, |z — y| < max {1, min {|z|, |y|}} implies that

(T+lyh) /2 <14zl <2(1+yl). (20)
(From the opposite inequality |z — y| > max {1, min {|z|, |y|}} it follows

[z =yl = (2] + [y]) /8 + 1/2. (21)

By (18), (19), (20), (21)

8%11)‘ < C o yi<max{tminglzl i} 1T — yI 2o (y) — o @) (L+|y)~° dy + C1,
f\:v—y\gmax{l,minﬂx\,\y\}} ’.CU B y’72 ‘0— (y) -0 (x)‘a (1 + ‘y’)ia dy <
< [Vl J, e —y [T dy+ (22)
< Viloo Jfomyigomzr 12 =91 dy

- o -4
+ S 2 <o yi<mas minga iy 12~ Y1 (C 2= yl™) (L4 [y) ™ dy <

—2
< Jwnzgo—y 12 =977 W+ figoyi<mingialyy - < O+ (1 +[Vnly,)),

where |Vn (t)|, = sup, |Vn (t,z)|. This estimate is "good” enough (see [3]) in order to obtain
that for each T there is C' such that for all ¢ [Vn (t)|, < C. Since Jn (t) =1, |Vo (t)|, < C as
well. So,

n(t,z) —n(ty)| < Cle—yl,

o () — o (t,)] < Clz — g,
and
CHz —y| < |n(t,x) —n(ty| < Clz—yl,
(23)
CHz—yl<l|o(t,z) —o(t,y)| < Clz—yl.

3) Using (18), (19), (23), the estimate of |9 (¢)| .i+1,« is now straightforward (by induction).

o+
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2 Stochastic Euler equation

Let u,p be a solution of (1) and 1 be a solution of (10) in some deterministic interval [0, ).
Define

ﬁ(t7 .’/U) = n(tv {L‘) + uB, (1)

where B is a standard Wiener process independent of W. It means that besides the random forces
acting by the second Newton law there are some other reasons deflecting individual trajectories
away. Instead of u (t,z) = H(t,n (t,0 (t,x)) + eW; = u(t,n(t,o (t,z))), we go with u (t,x) =
u(t,n(t,7(t,z))),where & (t,x) =771 (t,z).

Proposition 6 Let I > 1,6 € (2+a, 3+a), h € C;75®, divh = 0. Then in the interval [0, «)
a(t, =) is a solution of the following SPDE:

oyu(t, x) = ' ]
= —a"(t, v)Opul(t, x) — poyu(t, x)BF — Vp(t, x) + (1/2)u?Au(t, z) + eWy, @)
(0, x) = h(z), diva = 0.
Proof 5 For the inverse (¢, ) of 7(t,-) we have
= n(t, 3(t, ©)) + B,
ie. n(t, a(t, z)) = x — puBy. Thus u(t, x) = u(t, © — uBy), and by Ito formula we have
o(t, z) + a"(t, )0pu(t, x) + pdpa(t, z)BF — (1/2)u>Ad(t, x) + Vi(t, x) = eW;,
where p(t, x) = p(t, x — eW;). Also, obviously diva = 0, u(0,-) = h(z).

Corollary 6 Let [ > 1,0 € (2+a,3+a), h € Clliél’a, divh =0, and @ = 4" be a solution of

(2) constructed in Proposition 6. Then P-a.s. for each ¢ € [0, k)

lim sup |a“"(s, v) — u(s, z)| =0,
MHOSSt,x

where v is a solution in [0, k) of (1).
Proof 6 Indeed, as we noticed u‘(t, ) = u(t, r — eW;), and the statement follows immediately.

Remark 10 Denote ug, 19 the corresponding solutions of (1) and (10) with e = 0. By Remark
8 and definition of 77 we have

70 =m O+ [ Weds+ B, )

Note that the trajectories of particles in this case are not as regular as in (14) (77 (¢) is not
differentiable in t), V77 (t) = Vo (t) is deterministic. Also,

t
u(t,z) = ug (t,x — e/ Wsds — uBt> + eWy. (4)
0

13



3 Appendix 1: Laplace equation in R?

Consider the following equation in the whole space R?, d > 2,
Au(z) = f(a), = € RY, (1)

where f € C§°(RY). It is well known that

is a solution of (1), where

T(z—y) = T4z —y) = Tz — y)

|z —y[*74 /d(2 — d)wq, d>2

It is rather straightforward to show that

Bruw(z) = / T (z — y)f(y) dy.

We notice here also that

(1 + )Mol (@ — ) (1 +]y)) ™7 <

SO+ o -y~ (14 |y d = 2

(2)
(L4 |22 D@ =)l (1 + Jy)) =7 <
<O+ | =y~ (14 |y ™%, d > 2.
Introduce the space C’é’a(Rd) (see [5]),l=10,1,...,a€(0,1), 0 € R,of [ times continuously

differentiable functions u on R? with finite norm

- l — _
[ul o = supy, , 2 =y~ Xy |(1+ )2~ H*0u(z) — (1 + [y])* = 0 u(y)| +

+sup, Yp_o(1 + [z])o R | OFu(a)| .

Remark 11 It is easy to see (cf. Proposition 2.3.16 in [5]) that the norm |u| .« is equivalent
5
to the norm
|8lu(x)781u(y)|
|z —y[*

|uly 5 = SUD, , min{1 + 2], 1+ [y[}° +

+sup, o1+ z])0 R | 9Fu ()|

Notice that obviously
! ke
U} ;5 = SUPR>0 SUP 2| <R D_k—o(l + )0 R ‘8%("’0)‘ +

}5 |0 u(z)—0"u(y)|

+ SUP R~ SUP|g < R,jy|<r {1 + |z[, 1+ [y] =k

14



Let D = {qf) € C§° (RQ) and ¢ = 1 in some neighbourhood of O} Fixde (24+a,3+),a €
(0,1). For d = 2 and ¢ € D we introduce the space

ChoR2) = {u —u+A(1—¢ @)z, ue CH (R, A e R} ,

with a norm
il = ulge + 1A

Notice that C’é’a(RQ) does not depend on a particular ¢ € D and all norms are equivalent.

Proposition 7 Let § € (2+ «, 3+ ), a € (0,1). Then for each [ =0, 1, ...

2+,

L5 onto Cé’fl, if d > 2;

a) the Laplace operator A is a continuous bijection from C

b) the Laplace operator A is a continuous bijection from CQJr 'Y onto C’é’fl, if d =2.
Proof 7 Let
d .
- -d w? (z), ifd>2,
W (z) = 0% (z) = : :
@ =@ ={ () 1010 10 02

and (@)

son_Fdn_ ) F@), if d > 2,

fl@)=f (x)_{f(:c) A(T2 (z) 2)) [ f(y) dy, ifd=2.

Notice (for large z)
@2 (z)| < [|In]z —y| = (1= ¢ (z) In|z[)]|f (v) |dy =
= |z [|In]z| ¢ (x) +In|z — y|[|f (jz|y)| dy < (4)
< [JaP 1216 (@) | s dy + S gy] 1] o

where z = z/ |z| . So,

sup (1+ [])" 7 [2* ()] < Csup (14 |a])~* |F (). (5)
T x
Let
Uy = {z:|z| <2}, Vo ={z:|z| <4},
U = {x:1)2<|z| <2}, V={z:1/4 <|z| <4}.
By inner Holder estimates for each [ = 0, 1, ... there exist some constants C' such that
~ < re ~
[0 < O], o+ 1o,
(6)
1,000 < T, 10lo10)
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where )
’g‘k,a;B - ’g‘o;B + <8 g>a;B’

9l0: 5 = SUPer [9(2)], (9) 0y 5 = SUP,, ye s LE=HL

Let U; = 21U, V; = 21V, j = 1,... , @j(z) = @(2z), fj(z) = f(2/z), x € V. Then
Atj(x) = 2% f;(x) in V.
Also O%ij(x) = 2Mw(Vx), 2 € V, k=0, 1, ..., and (0Fw;)_,, = 25+ (ok@) . By (6)
) L)
we obtain

2+1+a)j 241, ~ 24+l+a)j l 27 | 7 ~
2 <a w>0,a; ' + ’w‘o U 0(2 <a f>a,Vj + 2 ‘f‘O,VJ + ‘w’(]’VJ)

Multiplying both sides by 200=2=®)7 we have

9(8+0); (921 o+ 9(0-2-a)j |1D|0,Uj < C(20+Di <alf>

0, a; Uj 0,07V
(7)
9(6-a)j ‘ ‘ 9(6=2-a)j |5l ).
+ f 0.V, + @lo,v;)
According to Remark 2.3.17 in [5] it follows from (7) that
@] 20 < C (f o sup(1+ [2))720 (). ®)
o+l

6+l z

According to (5) and Theorem 1.3.5 (generalization of Hardy-Littlewood inequality) in [5] (for
B=0—a,0€(24+a,3+a)andd>2)

9

sup(1 -+ |22 i(x)| < Csup, (1 + o))~ | (@)

(9)
sup, (1 + |2[)°~'=*|0sw(x)| < Csup,(1 + |z[)°~*

f@)].

Thus by (8) and (9) for each I = 0, 1, ... there exists a constant C independent of f € C$°(R?)
such that
|w|Cz+2 «a<C ‘f

< Wl

6+l

By Theorem 2.3.19 in [5] we can extend this inequality to the whole Cé et

4 Appendix 2: Holder norm estimate

The Hélder norm estimate of the following function H = (H¥(z))i<<q is important. Let

v = (vj)lgjgd € Clljrrolla, w = (wki)lgivkgd € Cllf5, d € (2+ a, 3+ a). We consider the function

H = (Hk(x))lgkgd deﬁned by

/ iy (7 — 1) (0 () — 07 () )i () dy

/ iz, ( YV (& — 2) — 0 (2)wk (z — 2) d=.
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We assume [wkidz = 0 for all k, 4, if d = 2.
Proposition 8 There is a constant C independent of v, w such that

H a < « « f 2
Hleggre < Clolgprelvlop, 1Hd> 2

|H|Clzjrr;a S C|U|Clzjrr;,a|w|clzf6, if d = 2.

Proof 8 For each multiindex ( of length [
Ptz = 3 / Tya, ()@ (2) — 0709 (2 — 2))0w (x — 2) d

Y+u=8

- ¥ / Tya, (2 — )(0709 () — 0709 ()00 () dz

Y+u=8

- X %(rxxx—y)(awy)—mv%x)))a“w’“‘(y)dz

Y+u=8

- / T, (z — )00, ()0 ¥ (y) dz]

= I'(x)+ ().

Notice
i ki
2 o= _/ij(x—y)aﬁ(vii(y)w (y)dy =

= 8,3ng (x)v

where Ag = —v, (y)w* (y) € C’llfa. If d > 2, by Proposition 7

N
[ (1)

) _ ,
1 |Czl-s’-% < |g|Czli§’a < Chlw Z|Czl'+a5 < C|vii|czl’+aa I+s

If d = 2, we have a decomposition g = g+ F, where § € C’llig’a, F(z) = AIn|z|(1 — ¢(x)), and

2 . j ki
[Flope < glgrze + |Flgiza < O] gra [w™gpa - (2)

Choose Z and  so that & = |z — Z| < 55[1V (|z| A |Z])]. Let £ = 3(z + 2),

E@€)={yeR": [~y <1V (¢ AlyD}

17



In a standard way (see Lemma 4.2 in [6]), we have the following representation

B = X[ SO e @) - @) @)

Y+u=8

—0Mw® (x)) dy

S R e e

Y+u=0

; 0 . ,
Pt (z — (T (y — 2) (0 () — v (2)))n; (v) S(d
£ 2 )] e 0z o= 2@ 0) = 0 @)) S

= Al(z) + A%(z) + A%(w),

where OE(§) ={y : £ —y| =1V (|{| A ly|]) and n = (n;(y)) is exterior unit normal at y € E(&).
Similar formula holds for I, (z) as well. Now,

L) = = [ Tone, o= 9@ 00 ) dy (3)
E(§)¢°
+ / Ty, (2 — )07 (), (y) 0™ () dy
E(¢)e
+00) [ T o= 000
40700, (@) [ Ty o= )00 ) dy

E()°

We have the estimate

(1 +[z)"T0]A%(z) — A%(2)] < Clo—z|*|grielw] e, if d> 2 (4)
I+a 146
(1 + |z))Fe|A2%(z) — A%(2)] < Clz— Z|*|v| pr4 v || pra, i d =2
I+a 146
For example, integrating by parts (applying divergence theorem) the first term of RHS of (3)
[ T, (@~ )00 () () dy
E(¢)°
= o°r — )l (y)w*(y) d
oL (2 = y)v7 (y)w™ (y) dy
B(&)°

+ Z /BE(g) 8?5F$ixpxj (z — y)aT(’l}j (y)w"“(y))nm(y) S(dy)

mAT+p=0

— B'() + B(a),

18



where m is a unit vector whose m-th component is 1. By Remark 2

(1 +[2)"*°|BY(2) — B'(z)|

< OO+ ) ) - 4°@)
dy
U DT = 20 | g = yrartra(i T s
< il

C]x—a‘c]a(l—i-/ _ ),
Ge) |€ — ylFdrira(jg]=t 4 Jy[)o—1-e

where 5 =&/El, G(§) = {y - ’5 —y| > €71V (1 A Jy)), ly] < 1} and the integral is uniformly
bounded in ¢. Similarly we estimate B? and the remaining terms of A2. Let B(§) = B.(€) =
{y:|y— €& <e}, e=|z—Z|. Then

02 }
Al = g / T, (z —y)(0"0)
v g BENB(©) 5y¢8xp( i (@ =)0 (y)

—970 (2))) (0" w* (y) — 8w (2)) dy

E 0? ‘
I (2 — ) (0]
+'y+u=ﬂ /E(E)ﬁB(E)c 3yi8xp( z; (@ —y) (07 (y)

—07 (2))) (0w (y) — 0w (2)) dy

= CYxz)+ C?%(x).

Since on E(§) the distances (1 + |z|), (1 + |Z|), (1 4 |£|) are equivalent (see Remark 2), we can
simply follow the proof in [6]. It is straightforward that

(1+ 2|0 @) = CH @) < A+l (CH @) +ICH@))

IN

(07
06 |U|Clljrri,a |w|cllf5'
Now,

) - = Y (@) - @) [ 50Ky
Y+u=0 &yiaxp 7

+ / L ki) -
dy;0xy, Y

82
 Oyidz,

K7 (,))(0"w* (y) — 0"w™ (2)) dy],

where K7 (z,y) = Iy, (z — y)(870 (y) — 0707 (x)). Then we have the estimate by repeating the
proof of Lemma 4.4 in [6].
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