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1. Introduction. Let (S, ;,S, ), 1 < j < ky, be measurable spaces, where {k,}52 is a se-
quence of positive integers converging to infinity. Let {X,, ; : 1 < j < k,} be S, j-valued independent
r.v.’s defined on (Hfll Sn.js H?gl Spn,j)- Let fn (-, t) : Synj — IR be a measurable function for each
1<j<k,andeacht €T. Let ¢,(t) be a real number. Let

(11) an,j ,]7 _Cn(t)‘

We study the weak convergence of the sequence of stochastic processes {Z,(t) : t € T'}. Observe that
Zy(t) is a sum of independent random variables minus a shift. As usual, we will use the definition
of weak convergence of stochastic processes in Hoffmann—Jgrgensen (1991).

As a particular case, we consider normalized sums of ii.d. random processes. Let {X;}32;
be a sequence of i.i.d.r.v.’s with values in a measurable space (5,S), let X be a copy of X, let
f(,t) : S — IR be a measurable function for each ¢t € T, let {a,}32; be a sequence of positive
numbers converging to infinity and let ¢, (t) be a real number. The sequence of processes

(1.2) Zn(t) = (a;l zn:f(Xj,t)) —cp(t):teTy, n>1,
j=1

is a particular case of the sequence of processes in (1.1).
Let {X;}32, be a sequence of independent r.v.’s. with values in (S;,S;). Let f;(-,t) : S — IR
be a measurable function for each 1 < j and each ¢t € T. Define

(13) (Zu(t) = 3 F(X,0) st e T,
j=1

This sequence of stochastic processes is another particular case of the processes in (1.1). We call the
process in (1.3) a random series process.

We present weak limit theorems for sums of general triangular arrays of independent random
variables with an arbitrary limit distribution. Usually limit theorems for sums of triangular arrays of
independent r.v.’s are studied for infinitesimal arrays (see for example Gnedenko and Kolmogorov,
1968). For infinitesimal arrays, the limit distribution is infinitely divisible. In general, random series
are not infinitely divisible. The considered set—up allows to have limit distributions which are a
mixture of an infinitely divisible distribution and a random series. In Section 3, an application of
the presented limit theorems is given. In this example, the limit distribution of certain triangular of
empirical processes is a mixture of a Gaussian processes and a random series process.

In Section 2, we prove the weak convergence of the process {Z,(t) : t € T'}, as in (1.1), for classes
of functions satisfying a uniform bound on packing numbers. Given a set K C IR", the packing
number D(u, K) is defined by

(1.4) D(u, K) := sup{m : there exists v1,...,vy, € K such that |v; — v;| > u, for i # j},
where |v| is the Euclidean norm. The interest of this concept hinges on the following maximal
inequality:

n
(1.5) E[sup | Z (v | < 9/ (log D(u, K))'/? du,



for any K € IR™ and any vy € K, where {¢;} is a sequence of Rademacher r.v.’s, v = (v(l), e ,v(”))
and D = sup,cx |v| (see Theorem I1.3.1 in Marcus and Pisier, 1981; see also Pollard, 1990, Theorem
3.5). We consider triangular arrays of functions satisfying the following condition:

DEFINITION 1.1. Given a triangular array of sets {Sn; : 1 < j < ky,1 < n}, a parameter set
T and functions {fn ;(-,t) : 1 < j < kp,1 <n,t € T}, fni(-,t) is defined on Sy ;, we say that the
triangular array of functions {fn ;(-,t) : 1 < j < k,,1 < n,t € T} is manageable with respect to the
envelope functions {Fy j(-) : 1 < j < kyp,1 < n}, where F, ; is a function defined on S, ; such that
supser | fnj(@nj, t)| < Frj(xn;) for each xy,; € Sy j, if the function M(u), defined on (0,1) by

1/2
— 2
M(u):= sup D |u (Z Tn]FnJ T ) LG (Tn s Tk Tl o Trkn) |

T Tn,j5Tn,j
where

Gr(Tnts s Tk Tuds -+ > Trkn) = A (Tt fat (T 15 ), - o s Ten Pk Tk, 1)) € IRF™ 2t € T

and the the sup is taken over n > 1, Tp1,...,Tpp, € {0,1} and xp1 € Spi,. . Tpk, € Snkns
satisfies that [y (log M (u))"/? du < oo.

The last definition is a slight modification of Definition 7.9 in Pollard (1990). The difference
between his definition and ours is that he allows 7, 1,...,7,, = 0. Definition 1.1 is a generalization
to the triangular array case of the concept of VC subgraph classes, which has been studied by several
authors (see for example Vapnik and Cervonenkis, 1971, 1981; Dudley, 1978, 1984; Giné and Zinn
1984, 1986; Pollard 1984, 1990; and Alexander, 1987a, 1987b). We refer to Pollard (1990) for ways
to check Definition 1.1. Observe that by (1.5), for a manageable class and a sequence of Rademacher

r.v.’s {ej}] 1>

kn

(1.6) Elsup | Z €iTn,j fm] (xnm t) — fn,j(xn,jv to))|]

teT 5

1/2
<9/ (log M (u))"/? du (ZTn]st Tn,j ) )

for each 7,.1,..., Tk, € {0,1}, each 1 € Sp1,..., Ty k, € Snk, and each ¢y € T. This inequality
will allow us to obtain the pertinent weak limit theorems.

Triangular arrays of empirical processes have ben considered by several authors. Alexander
(1987a) and Pollard (1990, Theorem 10.6) consider triangular arrays of empirical processes whose
limit distribution is a Gaussian process. More work in triangular arrays, mostly in their relation
with partial-sum processes, can be found in Arcones, Gaenssler and Ziegler (1992); Gaenssler and
Ziegler (1994); Gaenssler (1994); and Ziegler (1997).

Triangular arrays of empirical process with a Gaussian limit appear in statistics very often (see
for example Pollard, 1984, 1990; Le Cam, 1986; Kim and Pollard, 1990; and Arcones, 1994). For



an application to M-estimation of the presented results see Arcones (1996). In this reference, the
convergence of M—estimators to a stable limit distribution is considered. These results are not
possible without the contribution in this paper.

2. Weak convergence of row sums of a triangular array of empirical processes indexed
by a manageable triangular array of functions. In this section, we give sufficient conditions for
the weak convergence of the stochastic processes in (1.1) when the class of functions {fy j(znj,t) :
1 <j <k te T} is manageable with respect to some triangular array of envelope functions
{Fnj(xn;) : 1 <5 < ky}. Every F, j(z,;) is bigger than or equal to supycr | fn j(2n,j,t)|, but it is
not necessarily the smallest r.v. satisfying this property. We call a finite partition m of T to a map
7w : T — T such that w(7(t)) = w(t) for each ¢t € T, and the cardinality of {7 (¢) : ¢ € T'} is finite.

THEOREM 2.1. With the above notation, let b > 0, suppose that:

(i) The finite dimensional distributions of {Z,(t) := (Z?gl Jni(Xnjs t)) —cn(t) : t € T} converge
to those of {Z(t) : t € T'}.

(11) The triangular array of functions {fn;(-;t) : 1 < j < ky,1 < n,t € T} is manageable with
respect to the envelope functions {F, ;(-) : 1 < j <k,,1 <n}.

(iii) For each t € T', sup, >, E?gl Pr{|fn.;(Xn,t)| > 2710} < .

(iv) For each n > 0, there ezists a finite partition © of T such that

(v) sup,>1 B[S0 F2 /(X0 ) F, ,(X,5)<b) < 00
(vi) For each n > 0, there ezists a finite partition © of T such that

kn
limsupsup Y B[(fu,j(Xnj,t) = faj (X 7(0)*IE, ;(x, y<b) < 1.

n—oo €T ;2

(vii) For each n > 0, there exists a finite partition © of T such that

lim sup sup |E[Sy(t,b) — Sp(7(t),b)] — cn(t) + cn(m(t))] < n,
n—oo teT
where S, (t,b) = Zj?;l fn,j(Xn,jat)IFn,j(Xn’j)gb-
Then,
{Z,(t) :t €T}y 5 {Z(t): t €T}

PrOOF. By Theorem 2.1 in Arcones (1998), it suffices to show that for each n > 0, there exists
a finite partition 7 of T" such that

kn
(2.1) lim sup Pf{sug 1D €i(fni(Xngs t) = frg(Xngs MO I, (x,0)<b] = 1} < 4n.
j=1

n—o0 te



Take a > 0, 6 > 0, 7 > 0 and a finite partition 7 of 7', in this order, such that

kn
(2.2) h?rznasolip E[z:l Fn](Xn,j)IFn,j(Xn,j)gb] <a
=
9-1/2,-1/25
36a1/2/ (log M (u))*/? du < n?,
0
kn 1
1447 lirrﬁS;pE[(Z FR (X )5, (X <p) ]/0 (log M (u))"/* du < n®,
j=1

kn
limsupsup Y E[(fnj(Xnjst) = fuj(Xng 7(0))IE, (x,,)<b] <6

n—oo tel ;74

and

lim sup 6~ 28b? Z Pr{sup |fn j(Xnj,t) = fn;(Xn 7)) = 7} <.
teT

Observe that by taking a refinement of partitions, we can get a partition so that both conditions (iv)
and (vi) hold simultaneously. We have that

kn
Pr{ileljg ’ Z ej(fn,j(Xn,ja t) - fn,j(Xn,ja W(t)))IFn,j(Xn,j)gb‘ > n}
j=1
< Pr{z FT%J IF (X )b Z a}

+Pr{§g¥2(fn7j(Xn7jvt) - fn,j(Xn,jvW(t)))QIFn,j(Xn,j)gb > 252}
=1

kn
FPRAN (D] D 65 (Ko 0) = Fng (Ko w0, x,p] = 0}
7j=1
= I+I11+1I1,
where
kn
A= {ZF37j(Xn,j)IFn,j(Xn,j)<b < a,
j=1
fl%’z Jnj(Xngt) = fnj( njv”(t)))QIFn,j(Xn,j)Sb < 252} .
€
By (2.2),
kn
I<a "By FLj(Xu )k, (x, )<b] <,
j=1

for n large enough. We have that

I < PT{SU; | Z Frg(Xngot) = frg(Xn g 7)) I, (x,)<b
te j=1



[(fn,]( 7,5 t) — fnj( n]ﬂr( )))QIFn,j(Xn’j)Sb])’ 252}

< 207°E| iuglzej Frg(Xnjit) = fg(Xngs 7)) I, (x0)<b]
J=1

< 867677 Z Pr{sup | fnj(Xnj:t) = foj(Xnj,m(t)] > 7}

=1 teT

252 Bfsup | 3 65 (Fni(Xinijs ) = fng (X W0 T8, 5 (X512, supser g Ko it)= s gl <r |
=1
<7

+2672E)] i?ﬁlzg Frg(Xngst) = Fug (Xngs m0)) 2 Ih, (X0 )b, suprer s (Xog i) fns Xy (@) <]
7j=1

By (4.19) in Ledoux and Talagrand (1991) and (1.6),

2" 2E ilelp|zej fn,] ’j7t) _fn,j(Xn,j, ())) IF 5 (Xn,5)<b, supierp [fn,i (Xn,j:t) = fn,j (Xn,j,7(¢)) ‘<7'|]
j=1

< 8710° 2E %)\ng fri(Xnjst) = fj(Xn g, m(t ))IFn,j(Xn,j)ng
j=1

<1670~ 2E§”¥‘Z€J fri(Xnjst) = foj(Xn g, to))IF, ;(x,. )<bl]
j=1

Dy,
< 144762 E] / (log D(u, F,))'/2 dul,
0

where ty € T,

Fn = {(fn,l(Xn,lyt)IF 1(Xn1)<br- - 7fn kn( n,kn s )IFn’kn(kan)Sb) € Rkn te T}

and .
_?el%)zf”] nijst Xnj)<b Sz:: ni ) F, (X ) <b-
By (ii), k
D(u, F,) < M(u(zn:l F2 (X )r s y8) ).
=
So,

207 E| fug\zﬁa (Frj(Xngst) = frg(Xngs 7)) Ip, (x5 <bl]
j=1

1 kn
< 144762 [ (log M ()" du BI(Y F2 (X )i, , 0, <02 <1
j=1

for n large enough.



By (1.5),

/

111 <0 BlLs [ (log D(w, F,))"/* dul,

where

= {(fn,l(Xn,lu t) - fn,l(Xn,ly 7T(t)), cee 7fn,k:n (Xn,k:nut) - fn,kn(Xn,kn77T(t))) € Rkn HEAS T}
and

DIQ - Supz fn,] n,Js ) fn]( n]aﬂ( ))) IF 3 (Xn,)<b
In A, D? <25%. We have that
(log D(u,]—";L))l/2 < 21/2(log D(271u,.7:n))1/2 < 21/2(10g M(271a71/2u))1/2.

So,
21/25
ITT < 18p71 / (log M (27 a™2u))/2 du

—1/24-1/2§
< 36a'/? _1/ (log M (u))? du < 7

From all these estimations, (2.1) follows. O

Condition (i) in previous theorem is a necessary condition. Condition (iii) in Theorem 2.1 is a
very weak condition. Under some regularity conditions, conditions (iv) and (vii) in Theorem 2.1
are also necessary (see Theorem 2.2 in Arcones, 1998). Observe that by the Hoffmann—Jgrgensen
inequality, (v) is equivalent to

kn
sup E| Z €jFn i (Xn )IFn,j(Xn,j)Sb” < 00.
n>1 j=1
So, using the second moment, we are not imposing a stronger condition. Under some regularity
conditions, the following condition is also necessary: for each 1 > 0, there exists a finite partition 7
of T such that

lim sup E*[sup |S,, (¢,b) — Sn(m(t),b) — E[S,(t,b) — Sp(7(t),b)][] < 7.

n—00 teT
So, for each 1 > 0, there exists a finite partition m of T" such that
kn

limsupsup > Var((fn,j(Xnj,t) = foj(Xnj T(O)IF, (X, ,)<b) < 1-
n—oo teT ;5

This means that condition (vi) in the previous theorem is close to be a necessary condition. It is a
necessary condition when the r.v.’s are symmetric (under some regularity conditions).

Next, we consider the case of random series processes.

THEOREM 2.2. With the notation in (1.3), let b > 0. Suppose that:



(i) For eacht € T, 374, fj(Xj,t) converges in distribution.

(11) The triangular array of functions {f;(-,t) : 1 < j < n,t € T} is manageable with respect to
the envelope functions {Fj(-) : 1 < j <n}.

(iii) For each m > 0, there exists a finite partition m of T' such that

> Pr{sup|f;j(X;,t) — f;( X, 7m(t)] = n} <n.
= teT

(iv) 32724 E[FJZ(Xj)IFj(Xj)gb] < 0.
(v) For each n > 0, there exists a finite partition © of T such that

up S Bl (450t) — £5(5,7(0)) Ty (1] < 1.

(vi) For each n > 0, there ezists a finite partition © of T such that
o0
sup | > EI(f5(X5,1) = £5(X5, (O Ik (x;)<b)] < 1
j=1

Then, {3771 fj(Xj,t) : t € T} converges weakly.

PrROOF. We apply Theorem 2.1. Conditions (i), (ii), (iv) and (v) in Theorem 2.1 are assumed.
Condition (iii) follows from the three series theorem. As to condition (vi), we have to prove that for

each n > 0, there exists a finite partition 7 of ¢ such that

sup > E[(fi(Xj,t) = f3(X5,m())* I, (x,)<b) < 1
teT 52

Take m < oo such that
(2.3) > E[FF (X)) x,)<s] <2770,
j=m+1

Take a finite partition 7 of 7" such that
o0
) Pro{sup |£;(X;, ) = f(X;, m(#)] = m~ 2Tyl 2y <272,
j=1 <

Then,

sup Y E[(f5(Xj,t) = f3(X;5,m()* Ir, (x,)<b) <271,
teT =3

By (2.3),

sup Y E[(f5(X,t) = f5(X5,m() pyxy<p] <27 1.

Hence, the claim follows. O



By the Ito-Nisio theorem in loo(7") the convergence of {377 f;(Xj,t) : t € T'} in the previous
theorem holds outer almost surely. A proof of this fact can be found in Proposition A.13 in van der
Vaart and Wellner (1996). We must notice that this proposition in van der Vaart and Wellner (1996)
is wrong: it is not true that the outer a.s. convergence of {3>>7_; f;(Xj,?) : t € T'} implies the weak
convergence of this sequence (see the remark after Theorem 2.3 in Arcones, 1998).

The proof of Theorem 2.1, above, and Theorem 2.5 in Arcones (1998) give that:

THEOREM 2.3. With the above notation, let b > 0, suppose that:
(i) For each n > 0,

o
> Pr{F,;(Xp;) 20} — 0.
j=1

(ii) For each s,t € T, the following limit exists

Fon
Jim Y 7 Cov(fa i (Xngs ), 5 (X g9 <00 Frd (Xings 5 (X ,001<0)-
j=1

(111) The triangular array of functions {f, ;j(-,t) : 1 < j < ky,1 < n,t € T} is manageable with
respect to the envelope functions {F, ;(-) : 1 < j <k,,1 <n}.

(v) sup,>1 E[Z?& Fg,j(Xn,j)IFn,j(Xn,j)Sb] < 00.

(v) For each n > 0, there exists a finite partition © of T such that

kn

lim sup sup > E[(fng(Xngst) = frg(Xngs T L1 (X s )= s (X (1)) <5) < 70
— c =1

Then,

o
{Za(t) =D (faj(Xnjst) = Blfuj(Xng ), s x0m1<e]) 1t € Ty == {Z(t) : t € T},

J=1
where {Z(t) : t € T'} is a mean—zero Gaussian process with covariance given by

kn

E[Z(s)Z(t)] = lim > Cov(fun;(Xnj»$)|f, ;X091 Frg(Xn s g, (X, 5,01 <0)-
j=1

Under regularity conditions (i) and (ii) in Theorem 2.3 are necessary conditions for the weak
convergence of {Z,(t) : t € T'} to a Gaussian process. Last corollary is related with Theorem 10.6 in
Pollard (1990) (see also theorems 2.2 and 2.7 in Alexander, 1987a). Observe that under condition
(i), (v) is equivalent to:

(v)’ For each n > 0, there exists a finite partition 7 of T" such that

kn

limsup sup > E[(fnj(Xnj: ) = foj(Xn g, 7(8)*Ip, ,(x, )<b) <7

The following corollary follows directly from Theorem 2.3.



COROLLARY 2.4. Let {X;}52, be a sequence of i.i.d.r.v.’s with values in a measurable space
(S,S), let f(-,t) : S — IR be a measurable function for each t € T, let {a,}5>, be a sequence
of positive numbers regularly varying of order 1/2, let F(x) be a measurable function such that
F(X) > super |f(X,t)| and let b > 0. Suppose that:

(i) For each n >0,

nPr{F(X) > a,n} — 0.

(ii) For each s,t € T, the following limit exists

lim na;QCov(f(X, 3)I|f(X,s)\§bana f(Xa t)I|f(X,t)\§ban)'

n—oo

(iii) The triangular array of functions {(f(x1,t),..., f(xn,t)) : 1 <n,t € T} is manageable with
respect to the envelope functions {(F(x1),...,F(zy)) 1 <n}.

(iv) supp>1 nay, *EIF*(X)Ip(x)<pa,] < 00

(v) For each n > 0, there exists a finite partition © of T such that

lim sup sup na,, ' B[(f(X, ) = f(X. 70 Tjoxo-soeatoizon] <0

Then,
{an' Y _(F(X5,1) = BIf(Xj,0)]) s t € Ty == {Z(t) : t € T},
j=1

where {Z(t) : t € T} is a mean—zero Gaussian process with

E[Z(s)Z(t)] = lim na, *Cov(f (X, )1 4(x,s)<ans F (X )| 1(x.0)|<an )

n—oo

for each s,t € T.

When a,, = n'/2, Alexander (1987b) obtained necessary and sufficient conditions for the CLT of
empirical processes indexed by VC classes.
Next, we consider the weak convergence of {Z,(t) : t € T} to an infinitely divisible process

without Gaussian part.

THEOREM 2.5. With the notation corresponding to the processes in (1.1), let b > 0, suppose that:
(i) The finite dimensional distributions of {Z,(t) :t € T'} converge.
(ii) For each n >0,

22 $up Pri| fnj(Xnj, )] = 1} = 0,

(iii) For each m > 0, there exists a finite partition © of T' such that
kn
limsup ) Pr*{iug [fn.i(Xnjrt) = foj(Xnj, m(£))| Z 0} <.
€

() The triangular array of functions {f, ;(-,t) : 1 < j < ky,1 < n,t € T} is manageable with
respect to the envelope functions {F, ;(-,t) : 1 < j < k,,1 <n}.

10



(v)

En
lim limsup E[Y  Fy (X )15, (x,,)<s] = 0.

5—>0 n—oo .
J=1

(vi) For each n > 0, there ezists a finite partition © of T such that
lim sup sup |E[Sy(t,b) — Sp(7(t),b)] — cn(t) + cn(m(t))] < 7.

n—oo  teT

Then,
{Z,t):teT} 2 {Z(1):teT}.

PRrROOF. By Theorem 2.9 in Arcones (1998), we have to prove that

lim lim sup E*[sup |Sy(t,0) — E[Sn(t,9)]|] = 0.
6—0 n—oo teT

By (1.6) and conditions (iv) and (v),

E* [flg [Sn(t,0) — E[Sn(t,9)][]

kn

< 2E[Sup | Z Ejfn,j(Xn,j7 t)IFn,j(Xn,j)SJH

kn 1 kn
< 2E[| Y € fnj(Xn g, to)IF, ; (x, ,)<sll + 18/0 (log M (u)"/? du E[(>" F3 j(Xn )IF, ;(x,)<6)"]
j=1 j=1

1 En
< (2418 | (og M()2 du) (B[S F2 (X ) Ir, 3, ) 2 = 0.
j=1

where ty € T'. So, the claim follows. O
As to the case of stable limits, we have that:

COROLLARY 2.6. With the notation corresponding to the processes in (1.2), let 1 < a < 2 and

let b > 0, suppose that:

(i) an /' 00 and a, is regularly varying of order a~!.

(ii) For each A1, ..., Ay € IR and each ty, ... t, € T, there exists a finite constant N(A1,..., A\, t1,. ..

such that

m
JeréonPr{lz; NF(X 1) > uan} = TN At et
for each u > 0.
(iii) For each m > 0, there exists a finite partition = of T' such that

limsup n Pr{sup |f(X,t) — f(X,7(t))] = ann} < n.
n—oo teT

(iv) The triangular array of functions {(f(x1,t),..., f(zn,t)) : 1 < n,t € T} is manageable with
respect to the envelope functions {(F(x1),...,F(zy)) : 1 <n}.

11



(v) sup,,>; n Pr{F(X) > ba, } < occ.
Then, the sequence of stochastic processes

(Z0(t) = a7 S (F(X0) — ELF(X,0]) st €T, n> 1,
j=1

converges weakly.

PrROOF. We apply Theorem 2.5. It is easy to see that conditions (i)—(iv) in this theorem are
satisfied. By Lemma 2.7 in Arcones (1998),
lim lim sup na;QE[FQ(X)IF(X)S(;an] =0

—0 n—oo

and condition (iv) follows. Condition (vi) in Theorem 2.5 follows similarly. O

Observe that (i) and (iii) are necessary conditions for the weak convergence of {Z,,(t) : t € T'}.
Also note that if F'(z) = sup;er | f(z,t)|, then (v) is implied by (ii) and (iii). Last corollary is related
with the work in Romo (1993). Among several differences, Romo (1993) only considered the case
an = n"/®. Observe that it is not clear from the work in Romo (1993) when the sequence of functions
{nﬁ(nl/a5xl)I||x||f25}$f:1 is tight (see Theorem 2.1 in the cited reference). Instead, Corollary 2.6
has conditions ready to use. The proof of the following corollary is similar to that of the last corollary
and it is omitted.

COROLLARY 2.7. Let b > 0. Under the notation corresponding to the processes in (1.2), suppose
that:

(i) an, /" 00 and ay, is reqularly varying of order 1.

(ii) For each A1, ..., Am € IR and each ty, ... ty,, € T, there exists a finite constant N (A1, ..., A, t1,. ..

such that

nlLI%onPr{Z MNfF(X ) > uan} =u "N Ayt tm),
=1

for each u > 0.
(iii) For each Ai,...,A\pm € IR and each ty,...,t, €T, the following limit exists

nlLIgo naglE[Z Af (X, ), Z;L)\zf(X,tz)\Sban] - Z Aicn(tr).
=1 =1

(iv) For each n > 0, there ezists a finite partition © of T such that
limsup n Pr{sup |f(X,t) — f(X,7(t))] = ann} < n.
n—o0 teT

(v) The triangular array of functions {(f(z1,t),..., f(zn,t)) : 1 < n,t € T} is manageable with
respect to the envelope functions {(F(x1),...,F(zy)) : 1 <n}.

(vi) sup,,>1 n Pr{F(X) > ba,} < co.

(vii) For each n > 0, there exists a finite partition w of T' such that

g Sup Inag  BI(f(X,t) — f(X, 7)) F(x)<an] = en(t) + cal@(®))] < 1.

12



Then, the sequence of stochastic processes
n
{la' Y- f(Xjot) —ealt) :t €TY, n 21,
j=1

converges weakly.

3. An application to linear regression. In this section, we give an application of Theorem
2.1 to linear regression. We consider the simple linear regression model without a constant term,
that is we assume that: Y, ; = 2,300 + Uj, 1 < j < n where {U;}32; is a sequence of i.i.dr.v.’s;
{2n; : 1 < j < n} are real numbers and 0y € IR? is a parameter to be estimated. As it is well known,
this model represents a linear relation between the variables y and z, where U; is an error term. z, ;
is called the regressor or predictor variable, and usually it can be chosen arbitrarily. Y; is called the
response variable. The problem is to estimate 6y from the data (z,1,Yn.1),. .-, (Znns Yan)-

The usual estimator of 0y is the least squares (LS) estimator (see for example Draper and Smith,
1981). The problem with the least squares estimator is that it is not robust. A common alternative
to the LS estimator is the least absolute deviations (LAD) estimator. The LAD estimator 0, is
defined as

n n
Y; — 20, = inf Y, — 20|
;’ 1 7 n‘ GGRd;’ 1 7 ’

A nice discussion on these estimators is in Portnoy and Koenker (1997).

In this section, we obtain the asymptotic distribution of the LAD estimator for a particular choice
of the regressor variables 2, 1,..., Znn-

We will need the following lemma:

LEMMA 3.1. Let © be a Borel subset of IR?. Let {G,(n) : € ©} be a sequence of stochastic
processes. Let {1j,} be a sequence of IR%valued random variables. Suppose that:

(1) Gn(n) < inf,co Gn(n) +op(1).

(i) 1n = 0p (1)

(iii) There exists a stochastic process {G(n) : n € IR%} such that for each M < oo,

{Gn(n) - Inl < M}

converges weakly to {G(n) : |n| < M}.
(v) With probability one, the stochastic process {G(n) : n € IR?} has a unique minimum at 7;
and for each § > 0 and for each M < oo with || < M,

Jnf - G(n) > G(@).
[n—|>6

Then, 7, % 7.
The proof of the previous lemma is omitted. Similar results have been used by many authors.

THEOREM 3.2. Suppose that the following conditions are satisfied:

13



(i) Fuy(0) = 271, Fyy(u) is differentiable at u = 0 and F;(0) > 0, where Fy;(u) = Pr{U < u}.
(i) U]} < oo.

(iii) For each j > 1, limy,— 00 ynj =: y; exists, where y,, j = a,, 'z, ; and a2 = i1 22
(iv) hmm_)Oo lim sup,,_, o, maxy,<j<n |Yn,;| = 0.

(v) 22521 [y5] < oo

Then, an(ﬁ — 6p) converges in distribution to 77, where 77 is the value of 1 that minimizes

G(n) = ogn + o> F;(0)n* + > _(1U; — yin| — [U;]),
j=1

where 02 =1 — ] y? and g is a standard normal r.v. independent of the sequence {U;}.

PROOF. We apply Lemma 3.1 with Gn(n) = YX)—,(|U; — ynjnl — |U;|) and @, = an(én — 6p).
Observe that since 6, is the value that minimizes > (|Y; — 2n ;0| — |Uj|) = ;L: (|Uj = zn (0 —
00)| = [Uj]), an(0n — 6o) is the value that minimizes 3°7_ (|U; — ynjn| — |Uj).

First, we prove by using Theorem 2.1 that for each M < oo, {G,(n) : |n| < M} converges weakly
to {G(n) : n| < M}.

The set of IR", {(U1 —yn17,...,Upn — Ynan) : 7 € IR} lies in a linear space of dimension one. So,
it has pseudodimension 1 (in the sense of Pollard, 1990). Since |U; — yy jn| = max(U; — yn ;n,0) +
max(—U; + yn jn,0) and these operations maintain the pesudodimension bounded, we conclude the
manageability of the triangular array {(U1 — yn17,...,Un — Ynnn) : 0 € IR}.

To prove convergence of the finite dimensional distributions, we need to prove that for each
MyeosMps M-y Ap € IR,

n p
(3.1) log Elexp(i ZZ = YngMk| — U;1))]
0 p
— Y log Elexp(it > \e(|U; — yjme| — |U;1)) +th i (0) — 273 Z i) 2o,
j=1 k=1
We have that 0 p
log Elexp(i ZZ — Yn,jmk| — |Uj))]
m p
= Z log Elexp(it Z k(IUj = yngmel = [U;1))]
D
Z log Elexp(it > A(IUj — yngmel — [U;1))]-
j=m+1 k=1

By condition (iii)

m p m p
> log Blexp(it Y M(|U; — yn gkl — [U;D)] — > log Elexp(it Y M (|U; — yyme| — [U;])];
j=1 k=1 7j=1 k=1

14



which if m large enough is approximately equal to

S log Elexp(it Y- M(U; — gyl — 103)]

j=1 k=1

It is easy to see that

(3.2) E(U +t| — |U|] = t*F},(0) + o(t?)
and

(3.3) E[(JU +t| = U])’] = £* + o(t?),

as t — 0. Now, using (3.2) and (3.3),

n p
> log Elexp(it > A(IU; — yn gkl — [U;]))]
j=m+1 k=1

n p
~ Z Elexp(it Z Me(|Uj = ynjne| — |U;])) — 1]
j=m+1 k=1

n

p
~ > Elit Y M(Uj — yngmel — U;]) +27 thAk Uj = yngmel — [U;1)?]
j=m+1 =1

—>’LtZO‘2’I7]%FU ~1? Z)\knk o2
k=1

The checking of the rest of the conditions in Theorem 2.1 is trivial.

Let &, = | 22721 Yn,gsign(Uy)|+3 32721 ly;]- Let §o = log+3252, y;sign(Uy)[+3 32524 |y;l. Tt is easy
to see that &, converges in distribution to £y and that this convergence is jointly with the weak con-
vergence of G, to G. Hence, G,,(072(Fy(0))~1&,) convergence in distribution to G(o=2(Fy(0))~1&).
We have that

“2(Fy (0)) Gl 2 (Fr(0))60) = —olglléol + € — €0l S [ys]
=1

o0 o0
> (algl + 2> 1y Y lyjl-
j=1 j=1

We also have that G,,(—o=2(Fy(0))~1¢,) converges in distribution to a r.v. wich can be bound
by below by o?Fy(0)(olgl + 2232 |y;l) X232 |yl Now, Gn(0) = 0, Gn(o~?(Fy(0))~'&,) and
Gn(—072(Fy(0))71&,) converging to positive r.v.’s. and the convexity of G, imply that |n,| <
o 2(Fy(0))71|¢,]| for n large. Hence, |n,| = Op(1).

We have that

G(n) = —alglinl + o*n*F(0) — In| > |y;l-

So, limyy o0 G(n) = oo. Hence, in order to check condition (iv) in Lemma 3.1, it suffice to prove
that for each a,b € Q), a < b,

P{G'(n) =0, for each n € (a,b)} = 0.
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Now, if G'(n) = 0, for each n € (a,b), then yj_lUj € (a,b) for infinitely many j’s. By the Lemma of
Borel-Cantelli,
P{yj_lUj € (a,b) for infinitely many j's} = 0.

Therefore, Lemma 3.1 applies. O

There are possible choices of {2, ;} satisfying the conditions in Theorem 3.2. For example, if n
is even, let 2, ; = 2n=J for 1 < j <27 'n; and let Znj = n=1/297 for 271n + 1 <j <n. Ifnisodd,
let 2, ; = 2", for 1 < j <27 Y(n+1); and let 2, ; = (n +1)~/227 for 271 (n +3) < j < n. Then,
if n is even, a2 = (5/3)4™ — 3712"; and if n is odd, a2 = (5/3)4" — 3712"1; y; = (3/5)Y/2277 and
o? =1/5.

Acknowledgement. I would like to thank Professor Klaus Ziegler for pointing out several typos
and for general comments which improved the presentation of the manuscript.
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