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Abstract

The focus of this work is on local stability of a class of nonlinear ordinary differential
equations (ODE) that describe limits of empirical measures associated with finite-state
exchangeable weakly interacting N-particle systems. Local Lyapunov functions are
identified for several classes of such ODE, including those associated with systems
with slow adaptation and Gibbs systems. Using results from [5] and large deviations
heuristics, a partial differential equation (PDE) associated with the nonlinear ODE
is introduced and it is shown that positive definite subsolutions of this PDE serve as
local Lyapunov functions for the ODE. This PDE characterization is used to construct
explicit Lyapunov functions for a broad class of models called locally Gibbs systems.
This class of models is significantly larger than the family of Gibbs systems and several
examples of such systems are presented, including models with nearest neighbor
jumps and models with simultaneous jumps that arise in applications.
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1 Introduction

In this paper we consider local stability properties of the nonlinear ordinary differen-
tial equation (ODE)
d
Sp(t) = p(OT (). 1
where p(t) takes values in P(X'). Here X is a finite set that we denote by X = {1,...,d},
P(X) is the space of probability measures on X' equipped with the topology of weak
convergence, which we identify with the unit (d — 1)-dimensional simplex S = {r € R% :
re > 0,2 € X, 17, =1} and for each p € P(X), I'(p) is a rate matrix for a Markov
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Stability of Nonlinear Markov Processes

chain on X'. Such ODEs describe the evolution of the law of so-called nonlinear Markov
or McKean-Vlasov processes that arise as limits of weakly interacting Markov chains.
Specifically, consider an N-dimensional time-homogeneous X-valued Markov process
XN = {X"N},_, N, where fort >0, X"V (t) represents the state of the ith particle at
time ¢t. The jump intensity of any given particle depends on the configuration of other
particles only through the empirical measure

N
1
MN(t):N;@@,N(t), t € [0,00), (1.2)

where ¢, is the Dirac measure at a. More precisely, the transitions of X N are determined
by a family of matrices {I'N(r)},cp(x), where for each r € P(X), IV (r) = {T'Y, (r),z,y €
X'} is a transition rate matrix of a continuous time Markov chain on X, in the following
manner. Given X" (¢t) =« € XV, an index i € {1,..., N} and y # x;, the jump rate at
time ¢t for the transition

(Ila"'vxi—lvxivxi-‘rl)"'71:N) — (‘Tla"'7xi—17y7xi+17"'7xN)

is TV, (" (z)), where " (z) is the empirical measure given as r¥ (z) = + S 1, _.y,

z € X. The jump rates for transitions of any other type are zero. If I'’V converges to
a Lipschitz function I', uniformly on S, and 1"V (0) converges in probability to ¢ € P(X)
then 1V converges uniformly on compact time intervals, in probability, to p(-) given as
the unique solution of (1.1) with initial condition ¢q (see Theorem 2.2 of [5]). It can be
shown that there is a X'-valued stochastic process whose law at time instant ¢ is given
by the solution p(¢) of (1.1) and the ODE (1.1) is referred to as the forward equation
of this nonlinear Markov process. The focus of the current paper is local stability (see
Definition 2.3) of the ODE (1.1), and therefore of the corresponding nonlinear Markov
process, for several families of models.

As usual in the study of stability of dynamical systems, the basic approach is to
construct a suitable local Lyapunov function (see Definition 2.5). It is known that for an
ergodic linear Markov process on & (i.e., the case where I' is constant) the mapping
q — R(q||w), where R is relative entropy and = is the unique stationary distribution,
defines a Lyapunov function for the associated linear Kolmogorov equation. The proof
of this result uses the fact that if p(¢) and ¢(t) denote the law of the Markov process
with two different initial conditions, then the forward equations for p(-) and ¢(-) are
governed by the same fixed rate matrix I'(see, for example, [12, pp.I-16-17] and [5,
Section 3]). For nonlinear Markov processes, since the rate matrices at time ¢ depend on
the law of the process at that time instant, one does not expect this property to hold in
general. However, in Section 3 we consider a family of models, which we call systems
with slow adaptation, for which relative entropy is in fact a Lyapunov function when
the adaptation parameter is sufficiently small. This result says that relative entropy
continues to serve as a Lyapunov function for suitably small non-linear perturbations of
linear Markov processes, but it does not yield Lyapunov functions for general nonlinear
Markov processes. For one particular family of models whose stationary distributions
take an explicit form and which we call systems of Gibbs type, Section 4 of [5] proposed a
candidate local Lyapunov function defined as the limit of certain scaled relative entropies
that involve the stationary distributions of the associated N-particle weakly interacting
Markov processes. Specifically, denoting the unique invariant measure of the /N-particle
Markov process X by wy € P(X"), the candidate Lyapunov function F : P(X) — R is
defined by

F(q) = lim Fy(¢) = lim 1r (@Vq|7n), g€ P(X). (1.3)
N—oo N

N—o0
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Stability of Nonlinear Markov Processes

The paper [5] shows that for systems of Gibbs type the function defined in (1.3) has
a simple closed form expression. In Section 4 of the current work we show that this
function is in fact a local Lyapunov function in the sense of Definition 2.5 under suitable
positive definiteness assumptions.

For non-Gibbs families, stationary distributions usually will not take an explicit form
and thus a different approach is needed. One such approach was developed in Section 5
of [5], where instead of considering limits of Fy, we consider the limits of

L R@Vqlp™ (#)).

FtN(Q) = N

where p? (t) is the (exchangeable) probability distribution of X () with some exchange-
able initial distribution p™¥(0) on XV, as N — oo and t — co. We then identify the
limit as N — oo of FN(q) as J;(q), where J; is the large deviations rate function for the
collection of P(X)-valued random variables {u (t)} yen. The limit of J; as t — oo was
proposed in [5] as a local Lyapunov function for the ODE (1.1), though the question of
when these limits exist and how they can be evaluated was not tackled. In this work
we approach this question as follows. We begin by formally deriving a nonlinear partial
differential equation (PDE) for {.J;(¢),t > 0,¢ € S}. We next show that classical sense
positive definite subsolutions of the stationary form of the PDE (see (5.7)), which is
formally the equation governing the limit of J; as ¢ — oo, are local Lyapunov functions
for (1.1). With this result, the problem of constructing Lyapunov functions reduces
to finding suitable subsolutions of (5.7). Although finding explicit subsolutions can be
challenging in general, in Section 6 we introduce an interesting family of models, which
we call locally Gibbs systems, for which one can in fact give an explicit solution for
(5.7). As shown in Section 6.1, these models contain, as a special case, the Gibbs type
systems studied in Section 4. Moreover, in Sections 6.2 - 6.5 we present other examples
of locally Gibbs systems, including models with nearest neighbor jumps and models with
simultaneous jumps that arise in telecommunications applications. Finally we give an
example to illustrate that solutions to the PDE (5.7) can be found for systems that are
not locally Gibbs as well.

The paper is organized as follows. Section 2 collects some definitions and basic
results related to stability of the ODE (1.1). In Section 3 we study systems with slow
adaptation. Section 4 considers the setting of systems of Gibbs type. We then study
more general models than the Gibbs systems of Section 4. In Section 5, we present
the formal derivation of a nonlinear time-dependent PDE that is satisfied by the large
deviation rate function {J;(¢)}. The main result of this section shows that a positive
definite subsolution of the stationary version of this PDE is a local Lyapunov function of
(1.1). Finally, in Section 6 we identify a broad family of models, referred to as locally
Gibbs systems, for which a non-trivial subsolution of (5.7) can be given explicitly and
thus under suitable additional conditions that ensure positive definiteness, one can
obtain tractable Lyapunov functions for such systems, ensuring local stability. We also
present several examples that illustrate the range of applicability of these results.

2 Local Stability and Lyapunov Functions

In this section we will collect some definitions and basic results related to stability
of the dynamical system (1.1). The following condition will be assumed on several
occasions.

Condition 2.1. The function p — I'(p) is a Lipschitz continuous map from S to R.

Some results, such as the main result of this section (Proposition 2.6), only need that
I" be continuous, which is sufficient to ensure the existence of a solution for any initial
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condition. Denote by S° the relative interior of S:
S°={peS:p;>0foralli=1,...,d}.

We first recall the definition of a locally stable fixed point of an ODE.

Definition 2.2. A point 7* € S is said to be a fixed point of the ODE (1.1) if the
right-hand side of (1.1) evaluated at p = 7* is equal to zero, namely,

7*T'(7*) = 0.

Definition 2.3. A fixed point m* € §° of the ODE (1.1) is said to be locally stable if
there exists a relatively open subset D of S that contains n* and has the property that
whenever p(0) € D, the solution p(t) of (1.1) with initial condition p(0) converges to 7*
ast — oo.

Our approach to proving local stability will be based on the construction of suitable
Lyapunov functions. In order to state the Lyapunov function property precisely, we begin

with some notation. Let J
H1i{v€Rd:Zvi:1}
i=1

be the hyperplane containing the simplex S, and let

d
’Hoi{veRd:Zvizo}
i=1

be a shifted version of this hyperplane that goes through the origin.

Given a set D C #4, a function U : D — R will be called differentiable (respectively C')
if it can be extended as a differentiable function (respectively, continuously differentiable
function) to some relatively open subset D’ of #; such that D c D’. In particular, for
a differentiable function U on a relatively open subset D of H,, for every r € D, there
exists a unique vector D**U(r) € H,, called the gradient of U at r, such that

. U(r+h)—=U(r)—(D=U(r),h)
lim
heHo, ||h]|—0 2|

=0.

Note that if {h;,i = 1,...,d — 1} is an orthonormal basis of the subspace #,, we can

write
d—1

D=U(r) = > (D™U(r),hi)hi;, r€D.
i=1
Finally, we say that the differentiable function U : D — R is C! if the mapping r
D=U(r) from D to H, is continuous. Frequently, with an abuse of notation, we write
DU simply as DU.
We introduce the following notion of positive definiteness.

Definition 2.4. Let 7* € S° be a fixed point of (1.1) and let D be a relatively open
subset of S that contains w*. A function J : D — R is called positive definite if for some
K* € R, the sets M = {r € D: J(r) < K} decrease continuously to {r*} as K | K*.

In Definition 2.4, by “decrease continuously to {7*}” we mean that: (i) for every
€ > 0, there exists K, € (K*,00) such that Mk, C B.(7*) N D, where B.(7*) is the open
Euclidean ball of radius ¢, centered at 7*, and (ii) for every K > K*, there exists ¢ > 0
such that B.(7*) NS C Mg. Note that if J is a uniformly continuous function on D which
attains its minimum uniquely at 7* then J is positive definite. A basic example of such a
function is the relative entropy function p — R(p||7*) introduced in the next section.
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Definition 2.5. Let 7* € S° be a fixed point of (1.1), and let D be a relatively open subset
of S that contains *. A positive definite, C* and uniformly continuous function J : D — R
is said to be a local Lyapunov function associated with (D, 7*) for the ODE (1.1) if,
given any p(0) € D, the solution p(-) to the ODE (1.1) with initial condition p(0) satisfies
4 J(p(t)) <0 forall 0 < t < 7 such that p(t) # n*, where 7 = inf{t > 0 : p(t) € D}. In
the case D = S°, we refer to J as a Lyapunov function.

The following result shows that, as one would expect, existence of a local Lyapunov
function implies local stability. The proof is standard, but is included for completeness.

Proposition 2.6. Let 7 € S° be a fixed point of (1.1) and suppose that Condition 2.1
holds. Suppose there exists a local Lyapunov function associated with (D, 7*) for (1.1)
where D is some relatively open subset of S that contains 7*. Then n* is locally stable.

Proof. Let J be a local Lyapunov function associated with (D, 7*) for (1.1). Since J is
positive definite, there exists K* € R such that the sets Mx = {r € D : J(r) < K}
decrease continuously to {7*} as K | K*. In particular, there exists L € (K*,o0) and a
relatively open subset Dy of S such that 7* € Dy C M C D.

We will prove that (1.1) is locally stable on Dy, namely

whenever p(0) € Dy, the solution p(¢) of (1.1) converges to 7* as t — oo. (2.1)

Note that (2.1) is clearly true if p(0) = 7*. Suppose now that p(0) # 7*. If p(¢t) € D then

L 1p(t)) = (DI W), pOT (1),

dt
Let 7 = inf{t > 0 : p(t) € D¢}, and assume that 7 < oco. Since ¢ — (DJ(q),qI'(q))
is a continuous function on D and 4.J(p(t)) < 0 whenever p(t) € D\ {r*}, we have
4 J(p(t)) < 0forallt € [0,7). Combining this with the fact that J extends continuously
to D due to uniform continuity, we have J(p(7)) < L and consequently p(t) € M, C D.
This contradicts the assumption 7 < co. Hence 7 = oo and

%J(p(t)) < 0 for all ¢ > 0 whenever p(t) # 7*. (2.2)

Let K,, € (K*, L) be a strictly decreasing sequence such that K, | K* as n — oo. Let
T, = inf{t > 0: p(t) € Mk, }.

Note that if 7, < oo, then p(t) € Mk, for all t > 7,. Since the sets Mg, decrease
continuously to {7*}, it suffices to show that 7,, < oo for every n.

Consider n = 1. If p(0) € Mk,, 11 < o is immediate. Suppose now that p(0) & Mk, .
Let €g > 0 be such that B.,(7*) NS C Mg, C M. From (2.2), for every ¢ € (B,)° N M,
4 J(p?(t))|t=0 < 0 where p?(t) is the solution of (1.1) with p(0) = ¢q. Recalling the
continuity of ¢ — (D.J(q),qI'(¢)) and observing that (B.,)¢ N M|, is a closed subset of D
we have that

sup  (DJ(q),ql'(q)) <0.
q€(]Bio)CmML

Also, since B, (7*) NS C Mk,, for all t < 7, p(t) € (B, )° N M. Thus we have that
sup, .., 4 J(p(t)) < 0. This shows that 7; < co. By repeating this argument we see that
Tn, < oo for every n, and the result follows. O
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3 Systems with Slow Adaptation

Here we consider the case where the ODE (1.1) exhibits a structure we call slow
adaptation, for which the strength of the nonlinear component is adjusted through
a small parameter. The long-time behavior of systems of this type, in the context of
nonlinear diffusions arising as limits of weakly interacting It6 diffusions, is studied in
[14] based on coupling arguments and hitting times (and not in terms of Lyapunov
functions).

Suppose that Condition 2.1 holds and 7* € P(X) is a fixed point of the ODE (1.1).
The rate matrix I'*(p) = T'(A(p — 7*) +7*) corresponds to a version of the original system
but with slow adaptation when A > 0 is small. With A € (0, 1] fixed, the rate matrices
I'*(p), p € P(X), determine a family of nonlinear Markov processes. The corresponding
forward equation

L0 (1) = P (O (1) 3.1
has a unique solution given any initial distribution p(0) € P(X). Note that for any
A € [0,1], 7* is also a fixed point for (3.1). We are interested in the question of when the
fixed point 7* is locally stable for sufficiently slow adaptation.

Recall that given p, 7* € P(X), the relative entropy of p with respect to 7* is given by

R(p|r*) = > pulog (?) . (3.2)

reX

It is known (see, e.g., [12, pp. [-16-17] or [5, Lemma 3.1]) that the mapping
F(p) = R(p|7), (3.3)

serves as a Lyapunov function for finite-state linear Markov processes. The forward
equation of a finite-state linear Markov process has the form (1.1), but with a constant
rate matrix I', and the proof of the Lyapunov function property of relative entropy for such
Markov processes crucially uses the fact that I' is constant. In contrast, since in general
the rate matrix in the ODE (1.1) depends on the state, one does not expect R(:||7*)
to serve as a Lyapunov function for general finite-state nonlinear Markov processes.
Nevertheless, in this section we will show that for systems with slow adaptation with
A sufficiently small, the function R(-||7*) does in fact have the desired property. The
following is the main result of the section. Note that the function F in (3.3) is positive
definite (in the sense of Definition 2.4) and is uniformly continuous on S§°. Thus the
Proposition below, together with Definition 2.5, says that F' is a Lyapunov function
associated with 7* for the ODE (3.1).

Proposition 3.1. Suppose Condition 2.1 holds. Let p*(-) be defined by (3.1) and F by
(3.3). Suppose that I'(r*) is irreducible. Then there is \g > 0 such that if A\ € [0, Ao|, then

forallt >0
d -
—F(p*t)) <0,
2 pp(0) <
with a strict inequality if and only if p*(t) # 7*.

Proof. By construction and hypothesis, there exists C' € (1,00) such that for all z,y € X,
all A >0, and all p € P(X),

’F;)w (p) = Tya(m™)

< ACllp =77,

where |p — 7*| = >, cx [po — m;|. Recall that since 7* is stationary 7*I'*(7*) = 0. Using
the definition (3.2) of relative entropy, the ODE (3.1), and the relation Zx yeX pyl“gm (p) =
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Zx,yex pylya(7*) =0,

A
GREOI) = X 20 (1o (20) 1) A
)
Y

T, YyEX xHyY

A
+ 3 mog (29 (m0A0) - 1)

z,y€EX x
A * A *
pa(t)m pa(t)m, .
= Z p;‘(t) <log < 5 t)7r2> - /\(t)wi +1 | Dya(m®)
T, YEX xHY py z py z
A *
P () )
+ Y pyMlog | 52 | (T, (0 () — Tya(x™)) ,
py(t)m
T, YyEX :x#Yy Y z

where we use the convention that 0log0 = 0. For z,y € X with « # y and p € P(X), set

) PaTy PaTy .
'Vyx(p) = Py (10g <y> - 7?: + 1) Fy:}c(7T )7

pyﬂ'; PyTy

A KR pl'ﬂ-;; A - *
P) =y to (272 ) (T ) = Ty()

*
Ytz

To complete the proof we will show that there is A\ > 0 such that for every p € P(X),

> (we(p) +pp.(p) <0 forall A€ [0, Ao], (3.4)
T, yeEX :xF#y

with equality if and only if p = 7*.

It is straightforward to check that p + 7,.(p) is concave. However we will need more
than that, namely a uniform estimate on its second derivative. Let r € Ho with ||r|| = 1.
Evaluation of the derivatives gives

d
ds Z Vya (T + 57) =0,
T, yeEX :x#y s=0
d2 * [Ty Tz ’ *
=Y e s == Y om (o) D). 39
z,y€X :xAY s=0 T,y€EX 1 xty Y z

If the expression in (3.5) is zero then, since 7, > 0 for all y and all states communicate,

Ty Ty
* - *
T, T

for all + # y. However this is impossible, since r € Hy requires that at least one
component be of the opposite sign of some other component. Hence the expression in
(3.5) is negative. Using that {r : ||r|| = 1} is compact and continuity in r show that (3.5)
is in fact bounded above away from zero on this set, which shows the matrix of second
derivatives is negative definite. Using the fact that P(X) is compact, we find that there
is ¢ > 0, not depending on p, such that

Z Yy (P) < —C||p—7T*H2,

T, YEX xHFY
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which is equivalent to

c 9 1
Yo @< —glp =Pt g Y we). (3.6)
T, yEX :x#y T, YEX xHY
Set Ymin = min{Ty,(7*) : Tye(7*) > 0} > 0 and note that max,cx -~ < oo since
pmﬂ';

PR We distinguish two cases.
Yyix

Case 1: z > 5 or Iy, (p) — T'yx(7*) > 0. Suppose first that p, # 0 and z > 1/2. Since
|logs| <2|s— 1| forall s > 3,

*
min

T = Minger i > 0. Letx,y € X,  # y, and set z =

pye(p) = pylog (L), (p) — Tye(n™))
DT .
" 1] [T ) - Ty

Yz

< 2py

2 * * *
= 7*|pm7'('y - pyﬂ—z| ’F;z(p) - FyI(ﬂ- )
Ty

2 *
< —— (mylpe — 73| + 73lmy — pyl) CAllp — 7.

min

This inequality is trivially true if p, = 0 or if z < 1/2 and T, (p) — I'y.(7*) > 0, and thus
is always valid for Case 1.
Case 2: T, (p) — Tye(7*) <0 and z € [0, 3). Since logs —s+1 < 0 forall s > 0,

3we () + Pye(0) = py (5 (log 2 — 2 + 1) Ty () + log 2 (I, (p) — Ty (7))
< py (3 (logz — 2+ 1) Ymin + | log 2[2C)
< 1py (—110g 2| (Ymin — 4CA) + (1 = 2)Yain) -

This quantity is non-positive for z € [0, %) whenever A < \; = 22 Al. Recalling inequality
(3.6), we have for A € [0, \;] that

ST (el®) + 2. ()

c * QOA * * * * *
<—5lp=m 1P+ ===l 32 (wlpe = m |+ milm; = pyl)
min T,yeEX :xAty

c N 20\ N
<—5lp—7 ||2+7r* lp =71 [ D Ipe = mpl + > |7 — pyl
min zEX yEX
c . 4C'A .
—5lp =7 + ——=lp— ="

min

IN

This last quantity is strictly negative if A < Ay = min{\;, c”é*nci,“} and p # 7*, and zero for
p = m*. Choosing A\ € (0, A2), we find that (3.4) holds, with equality if and only if p = 7*.

The bound on )\ obtained in the proof is obviously conservative, and better bounds
that depend on I'(7*) and 7* can be found.

4 Systems of Gibbs Type

In this section we revisit the class of Gibbs models introduced in Section 4 of [5]. We
begin by recalling the basic definitions. Let K : X x RY — R be such that for each x € X,
K (z,-) is a continuously differentiable function on R?. We sometimes write K (z,p) as
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K*(p). One special case we discuss in detail is given by

K(z,p) =V(z)+ B8 Y W(x,y)py, (x,p) € X x R? 4.1)
yeX

where V: X - R, W : X xX = Rand g > 0.
Let (a(z,y))s,yex be an irreducible and symmetric matrix with diagonal entries equal
to zero and off-diagonal entries either one or zero. Define H : X x R? — R by

0
Opz

H(z,p) = H*(p) = K"(p) + ) <

zEX

(Z K Z(p)pz) (4.2)

zeX

K* (p)) P-

0
 Ops
and V: X x X x R = R by

\P(I7yap) = Hy(p) - Hx(p>7 (‘ray7p) €X XX x Rd'

Let
T,y (p) = e Y@V o(2,y),  #y, p e P(X), (4.3)

where recall that we identify P(X’) with the simplex S. Then for p € S, I'(p) is the
generator of an ergodic finite-state Markov process, and the unique invariant distribution
on X is given by 7 (p) with

m(p)s = % exp (~H*(p)), (4.4)

where
Z(p) =Y exp(—H"(p)).
zeX
By studying the asymptotics of certain scaled relative entropies, the following candi-
date Lyapunov function was identified in Theorem 4.2 of [5]:

F(p) =Y (K"(p) + log p)pe (4.5)
reX

for p € S. We note that in [5] K(z, ) was taken to be twice continuously differentiable
(this property was used in the proof of Lemma 4.1 of [5]), however here we merely
assume that K (z,-) is Cl. Also note that in the special case of (4.1),

Fip)=>_[V(@)+8> W(x,y)p, +logps | pa- (4.6)

reX yeX

Since ) . x P» log p, is the negative of the entropy of p, F' is the sum of a convex function,
an affine function and a quadratic function on P(X). This fact is useful in determining
whether or not the fixed points of (1.1) are stable.

Recall the set Hy introduced in Section 2 and note that forp e S°={pe S :p, >
Oforallz=1,..., d} the directional derivative of the function F' in (4.5) in any direction
v € Hy is given by

2F(p) = (DF(p),v) = Z vg | logp, + K% (p) + Z]@%Ky(p) , 4.7)

ov
zeEX yeX

where we have used that cx Uz = 0. The following result shows that the fixed points
of (1.1) can be characterized as critical points of F'.
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Theorem 4.1. Let " be as defined in (4.3) and p € P(X). Then p is a fixed point for (1.1)
if and only if p € §° and 8%F(p) =0 for allv € H,.

Proof. Recall that «(p) is the unique invariant probability associated with I'(p), and
hence 7(p)I'(p) = 0. Also note that p is a fixed point for (1.1) if and only if pI'(p) = 0,
which, since I'(p) is a rate matrix of an ergodic Markov process, can be true if and only
if p = 7(p). Since 7 (p) € S° for every p € S we have that any fixed point of (1.1) is in S°.
Forz,y € X, x # y, let v*¥ = ¢, — ¢,, where e, is the unit vector in direction x. Then by
(4.7), (4.2) and (4.4), for any p € §°

8 n
oy F(0) = logps — logp, + K (p) = K¥(p)
9 B,
+ K* _ Y9 k- ]
ZEE;Y (apl. (p) Ay (P)) D
=logp, — logp, + (H"(p) — H(p))
= log (m) —log (W(ph) . s
Dy 7(p)y

If p is a fixed point of (1.1) then p = n(p), and so %F(p) =0foral z,y € X, x # y.
From this it follows that %F (p) = 0 for all v € H,.
Conversely, suppose p € S° and %F(p) =0 for all v € Hy. Then from (4.8)

Po_ "W g0 vy e x.

py  w(D)y

Thus p = 7(p), which says that p is a fixed point of (1.1). O

According to Theorem 4.1, the equilibrium points of the forward equation (1.1) are
precisely the critical points of F' on P(X’). Note that although for each p, I'(p) is a rate
matrix of a Markov process with a unique invariant measure, the dynamical system (1.1)
can have multiple stable and unstable equilibria. Here is an example.

Example 4.2. Assume that X = {1,2}, and K is given as in (4.1) with V =0, W(1,1) =
0=W(2,2), and W(1,2) =1=W(2,1). Then F(p) = f(p1) with

f(z) =zlogr+ (1 —x)log(l —z) +28(1 —x)z, x€][0,1].

The critical points of F' on P({1,2}) are in a one-to-one correspondence with the critical
points of f on [0,1]. We have f(0) =0 = f(1), and for z € (0,1)
! 1 1 1
fi(z) =logx —log(l — z) + 26 — 48z, f"(x) = EJ“E —4p.

Moreover, f'(x) — —oo as z tends to zero, and f'(x) — oo as x tends to one.

If B <1 then f has exactly one critical point, namely a global minimum at x = % If
B > 1 then there are three critical points, one local maximum at x = % and two minima
at x and 1 — xg, respectively, for some zg € (0,%), where x5 — 5 as 11, x5 — 0 as
B goes to infinity. The two minima of f correspond to stable equilibria of the forward
equation, while the local maximum corresponds to an unstable equilibrium.

4.1 Lyapunov function property

Suppose that the function F' defined in (4.5) is positive definite (in the sense of
Definition 2.4) in a neighborhood of a fixed point 7* of (1.1) which contains no other
fixed point of (1.1). In this section we show that F'is a local Lyapunov function for the
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ODE (1.1) (associated with the neighborhood and the fixed point 7*), with I defined by
(4.3). This result is an immediate consequence of the theorem below and Definition 2.5.
Together with Proposition 2.6 this will imply 7* is locally stable.

Theorem 4.3. Let p(-) be a solution to the forward equation (1.1) with T’ as defined in
(4.3) and some initial distribution p(0) € P(X). Then for allt > 0,

d d

SF) = &

<0. 4.9
pr 0 (4.9)

q=p(t)

R (p(t)7(q))

Moreover, & F(p(t)) = 0 if and only if p(t) = 7(p(t)).
Proof. We will show that if p(-) is the solution to (1.1) with p(0) = ¢ then

= SR((0)In(0) (4.10)

t=0

In view of the semigroup property of solutions to the ODE (1.1), and since q is arbitrary,
the validity of (4.10) implies the first equality in (4.9).
Let p(0) = ¢. By the definition (4.5) of F' and since }___, %(0) =0,

Zlogqx pz )+ ZKI dpz Z Qo= s dg: (0).

t=0 rzeX reX z,yeX

On the other hand, by the definition of relative entropy, (4.4) and (4.2), and again using
the relation > dp= (0) = 0, we have

zeX dt
d
2 | 22 pe(®)logpa(®)

zeX

=Y Do) logma(g)  (A.11)

t=0 2€X dt

dpz z dpw
Zm%gm+zK@ﬁ@
rzeX

zeX

dpx

z,2€EX Pz

SR (p(0)Ir(0)

t=0

Comparing the right sides of the last two displays we see that (4.10) holds.

The rest of the assertion follows from the observation that 7(¢) is the stationary
distribution for the (linear) Markov family associated with I'(¢) and from the Lyapunov
property of relative entropy in the case of ergodic (linear) Markov processes; see Lemma
3.1in [5]. O

Remark 4.4. Consider the slow adaptation setting of Section 3 for the Gibbs model
with K as in (4.1). Thus we start from a family of rate matrices I'(p), p € P(X), defined
according to (4.3). Suppose that n* is a fixed point of the mapping p — w(p). For
A€ [0,1], p€ P(X), set T*(p) = T'(7* + A(p — 7*)). The rate matrices I'*(p) are again of
Gibbs type, that is, T*(p) satisfies (4.3), but with ¥ replaced by ¥*, where U* is defined
exactly as ¥ is with K as in (4.1), but with different potentials in place of V and W. In
particular, the potentials V*#, W* are given by

VA (z) = V(z) +26(1 — Z Wz, 2)wr, W z,y) = A\W(z,y).
zeX
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Fix A > 0. Then (4.6) and Theorem 4.3 imply that if the function
/\p)izprl()gpm+zv)\’ﬁ( +ﬂ Z W ;yprpy

reX reX T,yeX
—prlogpz-&-Z( )+28(1-X)> W(z,2)r )
reX reX zeX
+AB Y W@, y)pepy,
z,yeX

is positive definite in some neighborhood of 7*, then it is a local Lyapunov function for
(3.1) (associated with that neighborhood and the fixed point 7*). Proposition 3.1, on
the other hand, implies that F(p) = R (p||7*) is also a local Lyapunov function when X is
positive but sufficiently small. By the definition of relative entropy, (4.4), (4.2) and (4.1),

F(p) = R(pll7™)

= palogp. — Y palogm;

zeX zeEX
= Z Py logpg + log Z(m Z < ) +28 Z W (x, z)wj) Da
xEX reEX zeX

which is equal to F*(p) + log Z(7*) for A\ = 0. Observe that the term log Z(7*) has no
impact on the Lyapunov function property as it does not depend on p. Thus, the function
F* includes “correction terms” (that vanish when A = 0) and serves as a Lyapunov
function(when positive definite) not just for small A but rather for all A € (0,1].

4.2 Comparison with existing results for Ito diffusions

A situation analogous to that of this section is considered in [13], where the author
studies the long-time behavior of “nonlinear” It6-McKean diffusions of the form

dX(t) = — <VV(X(t)) +28 V1W(X(t),y)),ut(dy)) dt +V2dB(t), (4.12)

Rd
where i is the probability law of X (¢), B is a standard d-dimensional Wiener process, V
a function R? — R, the environment potential, and W a symmetric function R x R — R
with zero diagonal, the interaction potential. Here V; denotes gradient with respect
to the first R%valued variable. Signs and constants have been chosen in analogy with
the finite-state models considered here. Solutions of (4.12) arise as weak limits of the
empirical measure processes associated with weakly interacting Ito6 diffusions. The
N-particle model is described by the system

N
dXPN(t) = VYV (XN (1)) dt — % S OVaW (XN (1), XIN (1)) dt + V2dB' (#),

wherei € {1,...,N}, B!, ... , BN are independent standard Brownian motions.

In [13] a candidate Lyapunov function F: P(R%) — [0, ], referred to as the “free
energy function”, is introduced without explicit motivation, and then shown to be in fact
a valid Lyapunov function. The same function is also considered in [6] and plays a key
role in their study of convergence properties of y; as ¢ — co. The function takes the
following form. If i is a probability measure that is absolutely continuous with respect
to Lebesgue measure and of the form f,(z)dz, then

Fw = [tos @ fule)de + [V + [ [ W gn@oudy.  @13)
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In all other cases F'(u) = oo. This function is clearly a close analogue of the function in
(4.5), which was derived as the limit of scaled relative entropies. There are, however,
some interesting differences in the presentation and proof of the needed properties. The
most significant of these is how one represents the derivative of the composition of the
Lyapunov function with the solution to the forward equation. In [13] the descent property
is established by expressing the orbital derivatives of F' in terms of the Donsker-Varadhan
rate function associated with the empirical measures of solutions to (4.12), when the
measure g, is frozen at ;1 € P(R?). In contrast, in our case the orbital derivative of the
Lyapunov function is expressed as the orbital derivative of relative entropy with respect
to the invariant distribution 7 (p) that is obtained when the dynamics of the nonlinear
Markov process are frozen at p. The latter expression also applies to the diffusion case
in the sense that for all ¢t > 0,

d d
—F(pe) = — R (pellmy),—,, » (4.14)

dt dt
where p; is the law of X (¢), X being the solution to (4.12) for some (absolutely continu-
ous) initial condition, and 7, € P(RY) is given by

m(dz) = Zi exp (—V(x) -2 » W(x,y)u(dy)) dx, (4.15)
with Z, the normalizing constant. Clearly, the probability measures given by (4.15)
correspond to the distributions 7(p) € P(X) defined in (4.4). The relationship (4.14)
can be established in a way analogous to the proof of Theorem 4.1. On the other hand,
the representation for the orbital derivative of the Lyapunov function in terms of the
Donsker-Varadhan rate function as established in [13] for the diffusion case does not
carry over to the finite-state Gibbs models studied above. Because of this, we argue that
(4.14) is the more natural and general way to demonstrate that F' has the properties
required of a Lyapunov function.

To make this more precise, consider the case of linear Markov processes. Let I" be the
infinitesimal generator (rate matrix) of an X'-valued ergodic Markov family with unique
stationary distribution = € P(X). Let p(-) be a solution of the corresponding forward
equation (1.1). Then

GROOID = [ 0 Gog fi)dr =~ (f1og 1),

where f; = dg—f) is the density of p(t) with respect to = and £r (-, ) is the Dirichlet form

associated with I' and its stationary distribution 7, that is,

&r(f,g9) = — /X fL(g)dr == f@) | D 9y | ™

TeX yeX

for test functions f,g: X — R. On the other hand, the Donsker-Varadhan /-function
associated with I' is given by

Ir(p) = sup (—Ar(f)(x)u(dw)>, € P(X).

F:X—(0,00) f(z)

If T is also reversible (i.e., I'yym, = I'y,m, for all z,y € X), then I takes the more explicit

form
[dp  [dup
I = —_— —_— M
F(:U’) gr ( dﬂ', d’/T) )

EJP 20 (2015), paper 81. ejp.ejpecp.org
Page 13/30



http://dx.doi.org/10.1214/EJP.v20-4004
http://ejp.ejpecp.org/

Stability of Nonlinear Markov Processes

see, for instance, Theorem IV.14 and Exercise IV.24 in [10, pp.47-50]. In general, the
functions f +— &p (\/T , \/7) and f — &r (f,log f) with f ranging over all non-degenerate
m-densities are not proportional. As a counterexample, it is enough to evaluate the

Dirichlet forms for ' = (11 _11> and 7 = (1/2,1/2).

5 A PDE for Limits of Relative Entropies

In the last section we saw that the scaling limits of relative entropies with respect
to stationary distributions of certain N-particle Markov processes X N yield candidate
Lyapunov functions for (1.1). In this section we consider the case where closed form
expressions for the stationary distributions are not available and consequently these
limits cannot be evaluated explicitly. Recall from the discussion in Section 5 of [5] that
in such cases our basic approach to constructing Lyapunov functions is to take limits
of the scaled relative entropy FtN specified in equation (1.4) of [5] (see also equation
(5.5) in this section), first as N — oo and then as t — oo. Theorem 5.5 of [5] shows that
under some basic assumptions, the limit as N — oo coincides with the large deviation
rate function J;(-) : § — [0,00) for a certain sequence of empirical measures of N-
particle systems that converge to the solution of the ODE (1.1). This large deviations
result[11, 4, 8] is recalled in Section 5.1. Next, we formally derive a time-dependent
PDE for the associated large deviation rate function J;(r) in Section 5.2, and present the
stationary version of this PDE in Section 5.3. These formal calculations simply motivate
the form of the PDE - the main result presented in Section 5.5 that subsolutions to the
stationary PDE serve as local Lyapunov functions for the ODE (1.1), does not rely on
this derivation. The proof of the main result relies on certain properties that are first
established in Section 5.4.

5.1 A large deviation result

Let, as in Section 2 of [5], X" = (X1V ..., XN:N) be a XN -valued Markov process
with transitions governed by the family of matrices {I'(r),r € P(X)}, where for each
r e P(X), I'(r) = {Tyy(r),z,y € X} is a transition rate matrix of a continuous time
Markov chain on X (here for simplicity we assume that 'V = I'). Specifically, the
transition mechanism is as follows. Given XN(t) =z e X"V, anindex i€ {1,...,N} and
y # x;, the jump rate at time ¢ for the transition

(lﬂl,...,xi_l,l'i,l'i+1,... ,%N) > (lEl,...,$i_1,y7xi+1,...,l’]\])

is Iy, (rN (z)), where
1 N
ri¥(z) = N S lamyy  YERX (5.1)
=1

The jump rates for transitions of any other type are zero. Under the assumption of
exchangeability of the initial random vector { X% (0)}i=1,....~ we have that the processes
{X LN }i=1,....n are also exchangeable. From this, it follows that the empirical measure
process p = {uV(t)}4>0 is a Markov chain taking values in Sy = S N +Z%, where S is
the unit simplex which is identified with P(X'), with the generator L given by

LY f(r) = Z NryTay(r) [f <T + %(ey - eI)> - f(r)} (5.2)
T, yeX :x#Yy
for real-valued functions f on Sy.
We recall the following locally uniform LDP for the empirical measure process. The
LDP has been established in [11, 4] while the locally uniform version used here is taken
from [8].
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Theorem 5.1. Suppose that for each p € S, I'(p) is the transition rate matrix of an
ergodic Markov chain and that Condition 2.1 holds. For t € [0,00) let p™ (t) be the
distribution of X~ (t) = (XN (t),...,XNN(t)). Recall the mapping " : XN — Py (X)
given by (5.1), i.e., rN(:I:) is the empirical measure of x . Assume that the initial random
vector {Xi’N(O)}izL,__,N is exchangeable and assume that " under the distribution
pN(O) satisfies a large deviation principle (LDP) with a rate function Jy. Then for each
t € [0,00), "V under the distribution p” (t) satisfies a locally uniform LDP on P(X) with
a rate function J;, thus given any sequence {qn }nen, gv € Sn, such that gy — q € S,

Jim % logp™ (1) ({y € XN : vV (y) = an}) = —Ji(9).

Furthermore, Ji(q) < oo for all ¢ € P(X).
We will now formally derive a PDE solved by J;(gq).

5.2 A time-dependent PDE

For notational convenience, throughout this section for ¢t > 0 and r € S we write J(r)
as J(r,t). Fort > 0, let vV (¢) denote the distribution of ;" (¢), that is, for r € Sy, let
ul(t) = P (u™(t) =r). Then, vV satisfies the Kolmogorov forward equation

T

duN
dt

where £V is as in (5.2). For r € Sy, substituting into (5.3) the approximation

(t) =u™N ()L™, (5.3)

ui\/(t) ~ e—NJ(r,t)

that follows from the LDP stated in Theorem 5.1, and recalling the form of the generator
LV from (5.2), we obtain

o _ T - r—-2 (e, —e, 1
5e = Y0 e MR (N + 1) T, <’°N(eyez>)

T, yEX, xH#Y:
1
r—+(ey—ez)ESN

— Z e_NJ(T’t)Nerw(r).

z,YyEX ,xH#Y:
7'+%(ey—em)681\/

Observing that the left-hand side of the last display equals —Ne~N7("Y) (9.J (r, t)/0t), and
multiplying both sides by eV/("*) /N, we obtain
0

_aj(’l’, t)

“N[J(r—L (ey—ew),t)—J(r, 1 1
= Z € =& (ev=ea)t)=J 1) (Tw‘i'N) Loy <7"_N(ey_ew)>

'fr,yeX,m#y:
r—«(ey—es)ESN

- > 2Dy ().
T, yEX , xFY:

r+ 4 (ey—es)ESN

If J is smooth and N is large, we can use the approximation

1 1
J (7’— N(ey —egc),t) —J(rt)~ ——

N (DJ(r,t), ey — ez) +0(1/N).
Substituting this approximation into the previous display, sending N — oo and recalling
that I'; ,(-) is continuous, we obtain the following PDE for J(r,¢): forr € S and ¢t € [0, o0),

0J )
- = Y [P0 eme) 1] 1, Ty (1), (5.4)
z,yeEX xF#y
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As mentioned earlier, this derivation is not rigorous because we did not establish the
smoothness properties of J assumed in the calculations. In fact, in general one does not
expect this smoothness property to hold and one would have to interpret J as a viscosity
solution to the PDE (5.4) with appropriate boundary conditions. However, the derivation
simply serves to motivate the form of the stationary PDE and the proof of the main result
given in the next section does not rely on this derivation.

5.3 The stationary PDE and Lyapunov functions

We now introduce our main tool for constructing local Lyapunov functions for (1.1).
Recall

o1
F'(q) = 5 R@"q|p™ (1), ¢ € S. (5.5)
Formally writing
. . N T _rx
AR B @) = fig M@ = T, g€ 60

one expects from the formal derivation of the last section that the function J* solves the
following PDE:

H(r,—DJ(r)) =0, (5.7)
where for (r,a) € S x R,
H(r,a) = - Z T35y (1) e (mey—ea) _q (5.8)
T, yEX :x#Yy

(we use H to distinguish from H(x,p) as used in the section on systems of Gibbs type).
In the introduction of [5] it was discussed why the limit function J* may serve as a
(local) Lyapunov function for (1.1). This suggests solutions of the stationary PDE (5.7) as
candidates for a Lyapunov function. The main result of this section makes this precise
by proving that positive definite subsolutions of (5.7) give local Lyapunov functions for
(1.1). To state the precise result we begin by recalling the definition of a subsolution.

Definition 5.2. Let D be a relatively open subset of S. AC! function J : D — R is said
to be a subsolution of (5.7) on D if

H(r,—DJ(r)) >0, forallr €D. (5.9)

Moreover, J is said to be a solution to the PDE if (5.9) holds with equality.

Recall the definition of positive definiteness given in Definition 2.4. Theorem 5.3
below says that a positive definite subsolution of the PDE (5.7) is a local Lyapunov
function.

Theorem 5.3. Suppose Condition 2.1 holds. Let 7* € §° be a fixed point of (1.1), and
let D be a relatively open subset of S that contains 7*. Let J : D — R be a C! positive
definite function that is a subsolution of (5.7) on D. Then J is a local Lyapunov function
for (1.1) associated with (D, 7*).

Before proceeding with the proof of the theorem we note some basic properties of
the function H introduced in (5.8).

5.4 Properties of H
Lemma 5.4. Fixr € S and o, & € R?.

(a) If & — a = c1 for some ¢ € R, then H(r,«a) = H(r,&).

(b) H(r,-) is smooth and concave on R,
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(c) Suppose that for each p € S, I'(p) is the rate matrix of an ergodic Markov chain.
Then givenr € S°, & —a € R4\ {c1:c € R} and any p € (0,1),

H(r,pa+ (1 —p)a) > pH(r,&) + (1 — p)H (r, o).

Proof. The definition of H in (5.8) immediately implies part (a), and (b) follows since the
map a > e~ {*¥) — 1 is smooth and convex for any vector v € R% and 7, (r) > 0 for all
x#y, r€S. Toprove (c), fix r € S° and o, & € R? suchthatw =a—a & {c1:c€ R}.
Then there exist Z,7 € {1, ...,d} such that wz # wj;. Due to the smoothness and concavity
of H(r,-), it suffices to show that

2 2
a7 H(r,pa+ (1—p)a) = d—pzﬂ(r, pw~+ ) < 0. (5.10)
Note that
d? d? ( )
pHrpta) =05 = 30 (e 1) ()
z,yeEX :xF#y
- Z (wy — w:c)2 €<7aipw’eyiez>rxrwy(7’)-
z,yeX :xF#y
Since I' is ergodic there is a sequence of distinct states T = x1,x2,...,x; = ¥ such that
Iz, (r) > 0. Also, since wz # wy, for some i we have w,, # w,, ,, and so (5.10)
follows. O

For z € [0, 00) let
Uz)=zlogz—z+1.

Given r € S, 3 € RY, define

L(r,B)
U
= inf 12l gy (1)L Iy): E €y — €g)Upy = . (5.11)
Uay ER+ Y7 mye;méy y( ) (Txrxy(r) zyEX:a:;éy( ! ) ! 5

The following lemma establishes duality relations between L and H.
Lemma 5.5. Fixr € S. For 3 € R?

L(r,8)=— inf [{«o,B8) — H(r,a)], (5.12)
acRd
and for o € R
H(r,a) = Bi€n]§d [{a, B8) + L(r, B)] . (5.13)

Proof. Fix r € S, and define H(r,a) = —H (r, —a) for « € R% Let V = {e, — e, : 2,y €
X,r # y}. Then note that for a € RY,

H(r,a) =) hy(r,a), (5.14)

veY

where forv=-e¢, —e; €V,

hy(r, @) = [e<“’”> - 1} relgy(r), a€ R4,
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Forv €V, let ¢,(r,-) be the Legendre transform of h,(r,-):

Ly(r,8) = sup [{a, B) — hy(r,a)], B € RY.
a€eR?

ﬁr}leIl \th}l 1\4;(T) = Tm]jau/(r) ‘N}lell v = €y — €,

v(r)
00 otherwise.

0u(r, ) = { Ay (r)l (AL) if 8 = v for some 0 > 0,

From (5.14), it follows using standard properties of Legendre transforms (see, e.g.,
Corollary D.4.2 qf [7]) that the function L(r, -) defined in (5.11) is the Legendre transform
of the function H(r,-), that is,

L(?‘,ﬂ) = Ssup <O‘75> —I:I(T,Oé) )
acRd

which is easily seen to be equivalent to (5.12). Finally, since H is convex and continuous
by Lemma 5.4(b), the duality property of Legendre transforms shows that

H(r,a) = ;;1@ (v, 8) — L(r, B)] .

This is clearly equivalent to the relation (5.13), and so the proof is complete. O
We now return to the proof of Theorem 5.3.

5.5 Proof of Theorem 5.3
We begin by noting that, for any r € S, (r) = rI'(r) satisfies

H(r,0)= inf [L(r.6)] = Lir.6(r) = 0. (5.15)

By (5.12), for any a € R¢
H(r,a) < L(r, B(r)) + (o, B(r)).
We next prove for any a # 0, o € Ho, that
H(r,a) < L(r, 8(r)) + (o, B(r)). (5.16)

We argue via contradiction, and thus assume that (5.16) holds with equality. Note that
we must have o, # o, for some z,y € X, since otherwise a € H, implies

O=a-1=da,, r€ X,

and then o = 0. Since o, # a, for some z,y, by Lemma 5.4 (c) it follows that H (r, pa) >
pH(r,a) for p € (0,1), and thus

H(r, pa) — (pa, B(r)) > pL(r, B(r)).
Then from (5.15)
0= pL(r, B(r))

< H(r,pa) = (par. B(1)
< - inf [(o,B(0)) — H(r,)

= L(r,B(r))
=0,
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which is a contradiction. This proves (5.16).

Recall that by assumption J is positive definite, and thus in particular DJ(r) # 0
whenever r # 7*. Applying (5.16) to « = —DJ(r) (recall DJ(r) € Hy), where r # 7*, we
get

0< H(r,—DJ(r)) < —(DJ(r), B(r)) + L(r, B(r)) = =(DJ(r), B(r)),
where the first equality is a consequence of the fact that J is a subsolution of (5.7) on

D, while the last equality follows on noting that L(r, 3(r)) = 0. Thus (DJ(r), 5(r)) < 0
whenever r # 7*. Finally, note that

d

27 (@) = (DI (p(1)), ()T (p(t))) = (DI (p(t)), B(p(1))) <O,

for all 0 < t < 7 such that p(t) # n*, where 7 = inf{t > 0 : p(t) € D¢}, which establishes
the claimed result. m

6 Locally Gibbs Systems

The PDE characterization of Section 5 gives an approach for constructing local
Lyapunov functions for (1.1). Although in general explicit solutions of (5.7) are not
available, there is an important class of nonlinear Markov processes introduced below
for which solutions to the PDE (5.7) can be constructed explicitly, and which generalizes
the class of Gibbs systems.

Definition 6.1. A family of transition rate matrices {I'(r)},es on X is said to be locally
Gibbs if the following two properties hold:

(a) for each r € S, I'(r) is the rate matrix of an ergodic Markov chain on X, whose
stationary distribution we denote by 7 (r);
(b) there exists a C' function U on S such that for every x,y € X, v,

”(T)y
m(r)e

where forv € Ho, D,U = (DU, v).

=exp (—De,—e,U(r)) (6.1)

The function U is referred to as the potential associated with the locally Gibbs family.

The following result gives a local Lyapunov function for the ODE (1.1) associated
with a locally Gibbs family.

Theorem 6.2. Suppose the transition rate matrices {I'(r)},cs are locally Gibbs with
potential function U, and let the function J be defined by

J(r) = Zrmlogrm—i—U(r), res. (6.2)
reX
Then J is a solution to the PDE (5.7) on §°. Suppose in addition that Condition 2.1
holds and J is positive definite in a relatively open (in §) neighborhood of any fixed
point m* € §° of the ODE (1.1). Then J is a local Lyapunov function for the ODE (1.1)
associated with m* and the neighborhood.

Proof. Let {I'(r)},es, U and J be as in the statement of the theorem. Let {n(r)},cs be
the corresponding collection of stationary distributions on S. Since U is C! on S° by
assumption, .J is clearly also C' on S°. We now show that .J is a solution to the equation
(5.9). First note that, due to the locally Gibbs condition (6.1), for r € S and z,y € &,
T #y,
J(r) _ Ty (r)s

ram(r)y

D

e ey—ex
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Moreover, since 7 (r) is the stationary distribution for the Markov chain with transition
rate matrix I'(r), for any y € X,

Z T(r)alay(r) = —m(r)yLyy (7).

TEX:xHY

Therefore,

—H(r,=DJ(r)) = 3 [P0 — 1Ly (r)

z,yEX zAY
_ ryT(r)e — ramy(r)
= Z ) Lyy(r)
z,yeX :x#y Y
T
=3 Y AT X Tal)
yexXx v zeX:x#yY reX yeX y#x
== Z ryLyy (r) + Z Talaq (1)
yeX reX
= 0.
Thus J solves the PDE (5.7) on §°. The result now follows from Theorem 5.3. O

In the rest of this section we will describe several examples that correspond to locally
Gibbs systems and also give an example that falls outside this category, and show that
for the latter setting in some cases, the PDE (5.7) can still be used to construct local
Lyapunov functions. In what follows we will not discuss the positive definiteness property,
and instead refer to a function that satisfies (5.9) as a candidate Lyapunov function, with
the understanding that if positive definiteness is added such a function will in fact be a
local Lyapunov function.

The rest of the section is organized as follows. Section 6.1 considers a class of models
that are a slight extension of the Gibbs systems studied in Section 4. A particular case
of locally Gibbs that appears in several contexts is introduced and discussed in Section
6.2. Section 6.3 presents two examples of three-dimensional systems which in particular
illustrate that Gibbs systems are a strict subset of locally Gibbs systems. In Section 6.4
we consider models with nearest neighbor transitions. Section 6.5 studies an example
from telecommunications [1] for which the associated N-particle system has the feature
of “simultaneous jumps.” We show that an explicit construction of a Lyapunov function
carried out in [1] follows as a special case of Theorem 6.2. All examples in Sections
6.1-6.5 are locally Gibbs systems. Section 6.6 considers an example that demonstrates
that the class of models for which a non-trivial solution to the PDE (5.7) can be obtained
is strictly larger than that of locally Gibbs systems.

6.1 Gibbs systems

Recall the empirical measure functional rV : XV — S defined in (5.1). Also recall
that throughout we assume r — I'(r) is Lipschitz continuous. We now introduce a
class of models that slightly extend those studied in Section 4 which, with an abuse of
terminology, we once more refer to as Gibbs systems.

Definition 6.3. Let K : X x RY — R be such that foreachz € X, K(x,-) = K*(-) is a

continuously differentiable function on R?. We say a family of rate matrices {I'(r)},cs
on X is Gibbs with potential function K, if

(a) For eachr € S, I'(r) is a rate matrix of an ergodic Markov chain with state space
X.
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(b) For each N € N there exists a collection of rate matrices {T'N (r)},cs such that
I'N — T uniformly on S and the N -particle Markov process X N for which the jump
rate of the transition

(xl,---7$i—1,$i,$i+1,---7$1\f) — ($1,---7$i—1,y79€i+17~-~,IN)

isTY  (r™(x)), is reversible with unique invariant measure

N
N (z) = %exp (— ;K(xi,rjv(w))> , xecxN, (6.3)

where 7 is the normalization constant:

N
Iy = Z exp (—ZK(wi,rN(w))> .

zeXN

From Section 4 of [5] it follows that the family of rate matrices in equation (4.3) is
Gibbs in the sense of Definition 6.3. Note however that Definition 6.3 allows for more
general forms of rate matrices than (4.3).

The following lemma shows that a Gibbs system is locally Gibbs in the sense of
Definition 6.1.

Lemma 6.4. If {I'(r)},cs is Gibbs with some potential K, then it is locally Gibbs with
potential U(r) = 3 K*(r)r..

Proof. Since XV is reversible, the following detailed balance condition on X N must
hold:
'l (X)szy(TN(X)) =l (Tij) | (rN (T3x)) (6.4)

for every x € XV, y € X and j € {1,...,N}, where Tgx has jth coordinate value
equal to y, and all other coordinates having values identical to those of x. Since
rN(Tix) = rV(x) 4+ % (ey — €,), by (6.3) and (6.4), it follows that for x € X~

N N 1
exp |— ZK(CL’Z',TN(X)) + ZK (:vi,rN(x) + N(ey - ew].)>
i=1 i=1

+K (y,rN(Tgx)) — K(xj,rN(x)) I‘gy(rN(x)) =¥ (T‘N(zj)). (6.5)

Yz Y

Fixz,y € X,z #yand j € N. Given r € S, let {z1,z2,---} be a sequence in X such
that z; = x and with x¥ = (z1,...,2n), 7V (x) — r as N — oo. Since K is continuously
differentiable, as N — oo

N N
1
;K (zi, NV (xN) + N(ey — ex)) - ; K (zs, 7N (xM))
1
=N (K <z,rN(xN) + ey eT)> - K(Z,TN(XN))) Y (xM)
zeX
—>Z iK(z r)— K(z,r) |7,
ar, Ory
ex
Now, for r € S, define
1
= —— —H” X
m(r)e 70 exp ( (r), reX,
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where H was defined in (4.2) and Z(r) is a normalization constant to make 7 (r) a
probability measure. By sending N — oo in (6.5) (with x replaced by x”), using the
uniform convergence of I'"V to I' and the fact that K is C', we have

—— Ly (r) =Tyu(r), xyeX,z#uy. (6.6)

This shows that 7(r) is the stationary distribution for the rate matrix I'(r), and thus
verifies condition (a) of Definition 6.1. Condition (b) holds because U is C' due to the
assumptions on K, and (6.1) is verified by combining the last display with the fact
that U(r) = >, . K*(r)r. and (4.4) imply —(DU(r),e, — e;) = logm(r), — logm(r)s,
x,y € X,z # y. Thus, the family {I'(r) },.cs is locally Gibbs with potential U. O

Given a Gibbs family of matrices {I'(r)},cs, it follows from Lemma 6.4 that the
function J : § — [0, 00) defined in (6.2) solves the stationary PDE (5.7) and thus serves
as a candidate Lyapunov function. Example 4.2 shows that in general multiple fixed
points of the forward equation (1.1) exist and that the function J may be positive definite
in the sense of Definition 2.4 for some of the fixed points and not positive definite for
others.

The locally Gibbs condition is significantly weaker than the Gibbs property. Indeed,
it follows from (6.6) that Gibbs systems satisfy the detailed balance condition for their
corresponding rate matrices, but systems with the locally Gibbs property need not satisfy
this property. The simplest example is as follows. Let 7 be the invariant distribution
for the ergodic rate matrix I', and assume that detailed balance does not hold, so that
it cannot be a Gibbs family. However, it is still locally Gibbs, with U(r) = (r,v) ,v; =
—log 7. Note that in this case, the proposed Lyapunov function J(r) in Theorem 6.2 is
just the relative entropy R(r ||7). Example 6.11 below will also illustrate this point.

6.2 A class of locally Gibbs systems

We now introduce a family of ergodic rate matrices {I'(r)},cs that describe limits of
particle systems whose dynamics need not be reversible for each N, (and hence may
not be Gibbs systems), but nevertheless have a structure that has some similarities
with Gibbs systems. We show that they are locally Gibbs, and then give two concrete
examples where they arise.

Condition 6.5. For a family of transition rate matrices {I'(r)},cs on X the following two
properties hold.

(a) For each r € S, I'(r) is the rate matrix of an ergodic Markov chain on X with
stationary distribution m(r).

(b) There exist R : X x [0,1] - R and K : X x R? — R such that for each x € X,
R*(-) = R(z,-) is a continuous function and K®(-) = K (x,-) is a C* function on S,
and such that for each r € S, w(r) has the form

exp[—H (z,r) — R(x, )]
Z(r) ’

w(r), = T e X, (6.7)
where H is defined in terms of K as in (4.2), and Z(r) is, as usual, the normalization
constant

2(r) = 3. expl—H(x,r) — R(x,r,)].
TEX
Note that the Gibbs systems from Section 6.1 satisfy Condition 6.5 with R(z,¢) = 1,
(x,t) € X x [0,1].
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Remark 6.6. Given a family {I'(r) },cs, suppose there exist R and K as in Condition 6.5
such that for every z,y € S, x # vy,

exp[H (y,7) + R(y,ry)|Tay(r) = exp[H(z,7) + R(x, ry)]Tyz(r). (6.8)

Then, for fixed r € S, T'(r) satisfies the detailed balance conditions with stationary
distribution = (r) given by (6.7), and so {I'(r)},cs satisfies Condition 6.5.

Lemma 6.7. Let {I'(r) },cs satisfy Condition 6.5. Then {I'(r)},cs is locally Gibbs with
potential

Uy =% UO R(z,w) dw + K(z,r)r. | . (6.9)

zEX

Proof. First, note that the conditions on R and K ensure that U is a C' function on S.
Thus, it suffices to verify equation (6.1) of Definition 6.1, namely to show that for every

reSandz,yc X,
m(r)
—1 Y) =D, _ .
og (w(r)g) ey—eU(T)

But this is a simple consequence of the identity

0 /”
— Z R(z,w)dw
8% LEX 0

the fact that from (4.2) we have

= R(x,rw), T e Xa

0
Br (;K(Z,T)TZ> = H(z,r), z€kX,

and the definitions of 7(r) and U in (6.7) and (6.9), respectively. O

We now provide two classes of models that satisfy Condition 6.5. The first class is a
system with only nearest-neighbor jumps.
Example 6.8. Leta;, i =1,2,...,d—1,andb;, i =2,3,...,d, be continuous maps from
S to (0,00). Suppose that forr € S, T'(r) is associated with a birth death chain as follows:

Liit1(r) =ai(r), i=1,2,...,d—1,
Tiioa(r) = bi(r), i=23,....d,
I;;(r)=0, forallotheri # j.
As usual, set I';;(r) = —>_, ., I'ij(r), so that I'(r) is a rate matrix.

Denoting by m(r) the stationary distribution associated with I'(r), the {m(7);}i=1, .4
satisfy
W(T)jaj(T) = W(T)jJrlijrl(?"), for a]]] = ]., 2, ey d—1.

The following is a sufficient condition for Condition 6.5. Suppose that there are measur-

able functions ¢; : S — (0,00), i =0,...,d — 1, that are bounded away from 0, and, for
i=1,...,d, continuous functions ¢; : [0,1] — (0,00), such that
ai(r) = d)Z(T’)QZ(T’Z), bi(T’) = 1,[)1'_1(7‘)¢1'(T1‘), 7= 1, A ,d, res. (6.10)

Then, forj=1,...,d—1,

m(r);  _ bia(r) _ $i(1)8ja(rjrn) _ dir(rie)

m(r)j+1 ai(r) Y (r)9;(ry) ¢;j(r;)
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It follows that {I'(r) }res satisfies Condition 6.5 with R(i,-) = log ¢;(-),i = 1,...,d, and
K =0. By Lemma 6.7, it follows that {I'(r)},cs is locally Gibbs with potential

d
U(r):Z/ log ¢ (w)dw, u € [0,1],7 € S.
j=1"9

Example 6.9. This example can be viewed as a generalization of the Glauber dynamics
introduced in Section 4, in which the rate at which a particle changes state can depend
both on the state of the particle and on the fraction of particles in that state. Suppose
that we are given R and K as in Definition 6.5, let H be defined as in (4.2), and as in
Section 4, let U : X x X x S — R be given by ¥ (z,y,r) = HY(r) — H*(r), z,y € X, r € S,
and let (a(x,y))s yex be an irreducible and symmetric matrix with diagonal entries equal
to zero and off-diagonal entries equal to either one or zero. Then, forr € S, define

Lyy(r) = exp[—¥(z,y,7) — R(z,ry)]a(z,y), x,yeX,z#y.

Then the equality in (6.8) clearly holds and thus {T'(r)},cs satisfies Condition 6.5 by
Remark 6.6.

Next recall that Theorem 6.2 shows that J(r) = U(r)+)_, .y 7. logr,, with U defined
by (6.9), is a candidate Lyapunov function for the associated ODE (1.1). In the present
example, consider the case when there exists a common Ry : [0,1] — R such that
R(z,-) = Ro(-) for every x € X and K(x,r) = —log(v,R(z,v,)) for some probability
measure v € P(X) (and hence K (z,r) does not depend on r). Setting Ro(u) = ue’fo(®
foru € [0, 1], we then have (up to a constant),

o5 ()

zeX

which is non-negative if R, is non-decreasing. An analog of this functional for nonlinear
diffusions living in an open subset ) of a Riemannian manifold appears in [2], where
it was shown to be equal to the large deviation functional of the so-called zero range
process. Moreover, under the condition that R, is strictly increasing, it was shown in [3]
that this functional (and a slight generalization of it, where the logarithm in the integrand
is replaced by the derivative of a more general C? function) serves as a Lyapunov function
for the associated nonlinear PDE.

6.3 Some three-dimensional examples

Both classes of locally Gibbs families studied so far had the property that for each
r € §, I'(r) is associated with a reversible Markov chain for which the detailed balance
condition (6.6) holds. This leads to two natural questions: (a) does every locally Gibbs
family have the property that I'(r) satisfies detailed balance for each r € S? (b) if
I'(r) satisfies detailed balance for each r € S, then does it correspond to a locally
Gibbs family? To address these questions, we consider some simple three-dimensional
examples; specifically, Example 6.11 answers questions (a) in the negative while Example
6.10 gives a partial answer to (b) by showing that I'(r) may satisfy detailed balance for
each r € S, but it may fail to be a locally Gibbs family with any C2-potential.

Example 6.10. Suppose thatd =3, fixa;,b; >0,i=1,2,j=2,3,andlet B: S — (0,00)
be some given function. Forr € S, consider the matrix

—ay al 0
boB(r) —boB(r)—az ax |, (6.11)
0 bs b3
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Note that for any fixed r € S, the matrix (6.11) corresponds to an ergodic transition
matrix with stationary distribution

7T(’I") = % (bgbgB(T),dlbg,a1a2)7 (612)
where Z(r) is, as usual, the normalization constant. Note also that the detailed balance
condition (6.6) is satisfied for this model. However as see below, in general this is
not locally Gibbs system with a C%-potential. Let T be the transition matrix in (6.11)
when B(r) is replaced by 1, and let r* be the associated stationary distribution. Fix
c=(c1,c2,c3) € R® and k € R. Also, forr € S, let I'(r) be the matrix in (6.11) with

B(r) = efr=re, (6.13)

A simple calculation shows that if k # 0 and ¢, # c3, there is no C? function U that
satisfies the equality in (6.1) for all x # y and r € S. Indeed, such a function should
satisfy for suitable real numbers «, 8

(DU, ery, —er,) = k{c,7) + , (DU, e, —€rq) = . (6.14)
Taking second derivatives we see that

eu_ U PU U
87'% 87’287"1 - 2 8r38r2 (97"387’1 o

KC3

and
PU U
or3  Oredrs

Adding the last two equations and subtracting from the first, we have

O (W _OUN
6r1 87‘3 (97"2 - 2 3/

However, from (6.14) the left side equals 0. Thus we must have c; = c3 or kK = 0.
Consequently when ¢, # c3 and k # 0 the model is not locally Gibbs. On the other hand,
if ¢ = c3, one can check that (6.1) is satisfied with

U(r) =wry (r* —r,c) + log 192 r1 + log a2 ro + 1/ﬂ“f(cl —c2). (6.15)
b2b3 b3 2

Thus, when c; = c3, the model is a locally Gibbs system with potential U.
Example 6.11. Let d = 3 and for r € S, define the rate matrix T'(r) by

727”27"3 TroTs T2T3
F(T) = 27“17“3 —47“17“3 27“17“3
0 3rirg —3rirs

Then clearly rT(r) = 0.

As in Example 6.10, for r € S let I'(r) be the matrix defined by (6.11) with B(r)
given by (6.13), and let w(r) be the associated stationary distribution specified in (6.12).
Suppose that co = ¢35 = c. It was noted in Example 6.10 that «(r) satisfies (6.1), with U
asin (6.15). Forr € S, define

L(r) = I(x(r)),

which takes the explicit form

72&%(12[)3 a%agbg a%agbg
f(T) = Z_l(’l“) 2a1a2b2b33(r) —4@1&2[)2()33(7“) 2@1&2[)2[)33(7“)
0 3a1bab3B(r) —3a1b2b3B(r)
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Since rT'(r) = 0, 7(r)['(r) = 0. Thus for each r € S, I'(r) is the rate matrix of an
ergodic Markov chain with stationary distribution w(r). Also, as noted earlier, 7(r)
satisfies (6.1). Thus, the family {I'(r)},cs satisfies the local Gibbs property. However,
note that the detailed balance condition (6.6), which must hold for every Gibbs model,
fails. Indeed,

Flg(T’) - aq 7& aq ’/T(T‘)Q
Coi(r)  2b2B(r) " beB(r)  m(r)1’

Thus {T'(r)},cs is not Gibbs.

6.4 Systems with nearest neighbor jumps

The nearest neighbor model in Example 6.8 imposed certain symmetry conditions
(see (6.10)) on the rate parameters. In the following example we consider a more general
family of near neighbor models with certain monotonicity conditions on the rates.

Example 6.12. Let X = {1,...,d} and for r € S, suppose there exist ‘cost’ vectors
¢ €RYi=1,...,d -1, and continuous functions a' : R — (0,00) and b* : R — (0,0),
i=1,...,d, such that for every r € S, I'(r) is the rate matrix of a birth-death chain that
satisfies

Fz’,iJrl(r):ai T,Ci>), 7;:1,27...,(1—]_,
Li1i(r) =0 ((r, ")), i=1,2,...,d—1,
Ii(r) =0, for all other i # j,
and, as usual, set I';i(r) = — 37, ; .,; T'4;(r), so that I'(r) is a rate matrix. Let 7(r) denote

the stationary distribution of the chain with rate matrix I'(r). Since «(r)['(r) = 0, we
have fori=1,...,d—1,

m(r)it1 _ b ((r, ")
m(r)i a'((r,c’))
where ¥ (u) = bt (u)/a’(u), u € R.

Consider the specific case when the cost vectors have the form ¢/ = Zz:jH €k,
j=1,...,d—1. Then fori,j =1,...,d — 1,

='((r,c")), (6.16)

da-d={ o b (6.17)

0 otherwise.
Then we claim that {I'(r) } ,es is a locally Gibbs family with potential

r,ct)

d—1 ({ ‘
Ur) = — Z/O log (¢7 (w)) duw.

Indeed, for everyr € Sandi=1,...,d—1, using (6.17)

d—1

~Depy—e,U(r) = Y log (7 ((r.))) (clyy = €]) = log (¢7((r,¢"))) -

j=1
Together with (6.16) this shows that condition (6.1) is satisfied, and thus {I'(r)},cs is
locally Gibbs.
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6.5 Models with simultaneous jumps

Weakly interacting particles systems with “simultaneous jumps” are described in
[1, 8]. For our purposes here we need only know that the nonlinear Markov process
associated with such models can also be interpreted as the limit process for an ordinary
single jump process, with an effective rate matrix that is defined in terms of various
rate matrices used in the definition of the original process. We describe one model with
simultaneous jumps that arises naturally in telecommunications and which was studied
in [1], and show that the associated family of effective rate matrices is locally Gibbs.

In this model there are N nodes, each with capacity C € IN, and there are M € IN
classes, each with parameters \,,, ttm, vm > 0, and, in addition, a capacity requirement
A,, € IN. The state of node 7 is the number of calls of each class present at that node in
an N-node network, and thus the state space takes the form

M
X:{erf:meAmSC}.
m=1

Let a,,(r) denote the average number of customers in class m under the distribution 7:

(1) = (Z rm:cm) : (6.18)

rzeX

It was shown in Theorem 1 of [1] that the associated sequence of empirical measures
satisfies ™ (-) = p(-), as N — oo, where p(-) satisfies the ODE (1.1), with I taking the
following form: forr € Sand z,y € X, x # vy,

)\7n+’)/mam(r) ify:$+fm€X,m:1,...7M,

Lypy(r) = Ton (P + Yim) fy=az—fn,eX ,m=1,..., M, (6.19)
0 otherwise,
and, asusual, ['yo(r) = = >_ c v 2, [ya(r). Moreover, it is easily verified (see Proposition

1 of [1]) that for each r € S, T'(r) is the rate matrix of an ergodic Markov chain with
stationary distribution 7 (r) given by

1 Ty ()™
Z(r) H%ﬂ T

w(r)y = , x=(x1,...,20) EX,

where Z(r) is the normalization constant and p : S — (0,00) is given by

Am 4 Ymam (7
p(r) = 2 2mnlr)
/"Lm + ,‘Y'"L

It was shown in [1] that when M = 1 there is a unique fixed point for the ODE (1.1), but
when M =2, A; =1 and A, = C for C sufficiently large, there exist parameters A, tm
and 7, for which (1.1) has multiple fixed points.

Lemma 6.13. The family of rate matrices {I'(r)},cs defined in (6.19) is locally Gibbs
with potential

M am (7)
U(r) = Z Z [rzlog(@m!) — Tmre log(Am + fom)] +/O log (Am + ymw) dw

m=1 LxeX

Proof. The function U is clearlyC! on S. Forr € Sand x = (z1,...,23),y = (Y1,---,Ynr) €
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X, we have

Siten

=
=

[(ym — Ty log (pm (7)) + log(zm!) — log(ym!)]
1

m

[(ym - xm) log ()‘m + ’Ymam(r)) - (ym - xm) IOg(Mm + 'Ym)

-

3
ﬂ‘

+log(2m!) — log(ym!)]

which is easily seen to coincide with D., . U(r), thus establishing that (6.1) is satisfied.
O

By Theorem 6.2, it then follows under positive definiteness that J(r) = U(r) +
> wcx Telogr, is a local Lyapunov function for (1.1). Using the definition a,,(r) =
Y wex TmTe, it is easily seen that .J coincides with the Lyapunov function g constructed
in Proposition 4 of [1].

Remark 6.14. Features of the last example are that the state space X ¢ RM and
the rate matrix depends on r only through the mean values a,,(r),m = 1,..., M. The
example can be generalized slightly. Indeed, consider a family of ergodic rate matrices
{T'(r)},es on X C RM, with the property that for each r € S, T'(r) has a stationary
distribution 7(r) of the form

M Tm
w(r)e = I [@(@n()] " exp(~H(z.7)), zeXres,

m=1

where H is the function defined in (4.2) for some K : X xR? — R, a,, is defined by (6.18)
and for eachm = 1,...,M, ®™) : R — (0,00) is continuous. Then, using arguments
exactly analogous to those used previously in this section, one can show that {I'(r)}rcs
is locally Gibbs with potential

vin- ¥ |%

am(r)
/ log @) (w) dw + K (z,7)r.
z€X Lm=1 0

The last example presented then coincides with the case ®,,(w) = Ay, + ymw, w € R,
and forr € S

M
K(xa ’I“) = H(l‘,?“) = Z (xm IOg(/fLm + 'Ym) + 1Og(xm')) .

m=1

Remark 6.15. Another example of a model with simultaneous jumps is the model of
alternative routing in loss networks introduced in Gibbens, Hunt and Kelly [9]. It can
be shown that the family of jump matrices {I'(r)}rcs associated with this model is not
locally Gibbs with any C? potential U. This may explain why this problem has withstood
analysis for more than a decade. It is an interesting open problem to see if the PDE
characterization introduced here can be used to construct Lyapunov functions for this
model and related ones.

6.6 A candidate Lyapunov function for a model that is not locally Gibbs

The example in this section demonstrates that the class of models for which explicit
non-zero solutions of (5.7) can be found is larger than that of locally Gibbs models. Let
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d = 3, and for r € S define the rate matrix I'(r) by

—aq(r) ay(r) 0
L(r)=|{ b2(r) —(a2(r)+0b2(r)) a2(r) |,
0 bg(T) 7()3 T’)

where a; and ay are measurable functions from S to (0,1) and by, b3 are given as follows.
Let ¢ : [0,1] — (0,1) be a continuous function that is bounded away from 0. We set

ba(r) = (1 + (r2 — r39(r3))az(r)) ai(r), b3(r) = ¥(r3)az(r) (1 + (r2 —r1)ai(r)).

Note that for each r € S, I'(r) is an ergodic rate matrix and the corresponding unique
invariant measure 7 (r) satisfies

= = (14 (ro — r32(r3))az(r)) ,

- =1(rs) (1 + (r2 — r1)ai(r)).

Since a1, a» are arbitrary functions, there may be no C! function U for which equation
(6.1) is satisfied, and so the family {I'(r) },es is not locally Gibbs in general.
Define

U(r) = /(:3 logy(z)dx, €S,

and let J be defined through (6.2). Then, as shown below, J satisfies the PDE (5.7) on &°
and hence is a candidate Lyapunov function. Indeed, note that

log(:2)  if (y,2) = (2,1),
De, e, J(r) = { log(™4r)y if (y,z) = (3,1),

T1

log(mLUsd) if (y,x) = (3,2).

Thus,
—H(r,—DJ(r)) = (r2 — r1)a1(r) + (ra3)(r3) — r2)az(r) + (r1 — r2)ba(r)
(ro — ratp(rs))
+ T ol bz (r)
= (r2 —r1)a(r) + (r3y(rs) — r2)az(r)
+ (r1 —12) (1 + (r2 — r39(r3))az(r)) a1 (r)
+ 2y an(r) (14 (2 = r)r (1)
=0.
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