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Abstract

We consider the stochastic recursion X, 1 = Mn11Xn + Qni1 on RY, where (M, Qn)
are i.i.d. random variables such that @),, are translations, M,, are similarities of the
Euclidean space R?. Under some standard assumptions the sequence X,, converges
to a random variable R and the law v of R is the unique stationary measure of the
process. Moreover, the weak limit of properly dilated measure v exists, defining thus
a homogeneous tail measure A. In this paper we study the rate of convergence of
dilations of v to A

In particular in the one dimensional setting, when (M,,,Q,) € R* x Rand X, € R,
the Kesten renewal theorem says that t*IP[|R| > ¢] converges to some strictly positive
constant C;. Our main result says that

[t*P[|R| > t] — C| < C(logt) ™7,
for some o > 0 and large t. It generalizes the previous one by Goldie.
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convergence; renewal theorem; spectral gap.
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1 Introduction
We consider the stochastic difference equation on R?

where (M,,,Q,) is a sequence of i.i.d. (independent identically distributed) random
variables with values in GL(RY) x R? and X, € R is the initial distribution. The generic
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element of the sequence (M, Q,,) will be denoted by (M, Q). Under mild contractivity
hypotheses the sequence X, converges in law to a random variable R, which is the
unique solution of the random difference equation

R=¢ MR+ Q, R independent of (M, Q). (1.2)

Moreover, the solution R can be explicitly written as

R= Z My . MyQpr. (1.3)

n=0

Existence of R is related to the contraction properties of M expressed in terms of the so
called top Liapunov exponent of M. Following work by Furstenberg, Kesten [32], Vervaat
[55] and Brandt [17] definitive sufficient and necessary conditions for convergence of
the above series were achieved by Bougerol and Picard [14] and by Goldie and Goldie,
Maller in the one dimensional case [33, 34]

There is a considerable interest in study various aspects of the iteration (1.1) and,
in particular, the tail behavior of R. The story started with the seminal paper of Kesten
[42] who formulated reasonable conditions for R to have a heavy tail in the case when
the matrices M,, have positive entries. For one dimensional situation this means that

lim t°P[|R| > t] = Cy, (1.4)
t—o0

exists, where « is the Cramér coefficient, i.e. the unique positive number such that
E|M|* =1 (see Lemma 2.1). Later on the proof was essentially simplified and improved
by Goldie [33] who also studied the rate of convergence in (1.4). (1.4) found an enormous
number of applications both in pure and applied mathematics, see [12, 24, 49] and the
comprehensive bibliography there. For this reason it is important to study this result
further and to describe both the limiting constant (this is a subject of recent work, see
[22, 29]) and the rate of convergence in (1.4). Here we consider the second problem and
we prove that

[t*P|R| > t] — C4| < C(logt)™ (1.5)

for some o > 0 and large t (see Theorem 2.2 for the one dimensional situation). (1.5)
should be compared with the result of Goldie [33] that says

[t°P[|R| >t] — Cy| < Ct7,

but under assumption that the law of (M, Q) is spread out. We have a slower rate
of convergence but the law of (M, Q) may be much less regular which is of interest
nowadays.

Goldie studied not only recursion (1.1) but also more general iterative one dimensional
systems i.e. recursions of the type

Xn:fn(Xn—l), n = 1,2,..., XO =z

for certain affine like functions (in particular Lipschitz) and he adopted to them the
approach working for (1.1). Beginning from the early nineties the general Lipschitz
iterative systems have attracted a lot of attention: Alsmeyer, Arnold and Crauel, Diaconis
and Freedman, Duflo, Elton, Henion and Hervé, Mirek [7, 8, 11, 24, 27, 28, 39, 47] and
they still do. In particular, it seems that modeling them after (1.1) has been very fruitful
Alsmeyer [8], Mirek [47]. Therefore, studying asymptotic properties of multidimensional
R may be of a broader impact.

In parallel the matrix recursion (1.1) was studied in various contexts (not always
fitting into the Diaconis-Freedman Lipschitz scheme) and appropriate sharp estimates
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have been proved: de Saporta, Guivarch, Le Page [23, 36, 37, 35, 44], Kluppelberg,
Pergamenchtchikov [43] Alsmeyer, Mentemeier [10], Buraczewski, Damek, Mirek, Urban
[19, 20].

However nobody has approached the corresponding rate of convergence i.e. a
multidimensional analog of (1.5). So we are trying to take the first step.

We consider here matrices M being similarities, when the precise asymptotics of the
tail of R is known due to our paper with Y. Guivarc’h [19]. More precisely, we consider
the d-dimensional Euclidean space R¢, endowed with the scalar product (z,y) = Z’f TiYi
and the corresponding norm: |z|? = Z‘f |z;|%. The norm of a linear transformation g
of R? is denoted |g|. An element g € GL(RY) is a similarity in the sense of Euclidean
geometry, if

gz = |g||z|, =€ R (1.6)

If g is a similarity, then IT}Ig preserves the norm on R?. Hence the subgroup G C GL(R?)
of all the similarities is isomorphic to the direct product of the multiplicative group of
real positive numbers R* and the orthogonal group O(R?). The isomorphism map is
given by g + (|g|,9/|9]). We shall identify G = R* x O(R?). We consider the group
H = R x G of transformations

R? > 2 — ha = gz + g € RY,

where h = (q,g) with g € G, ¢ € R? and study the stochastic recursion defined in (1.1).
Then (Q.,,, M,,) is an H valued i.i.d. sequence with distribution . (Here @Q,, € R? and
M, € G.)

If Elog|M| < 0 and Elog® |Q| < oo, then the sequence X, converges in law to a
random variable R, which is the unique solution of the random difference equation (1.2).
The main result of [19] shows that under appropriate assumptions the random variable
R is regularly varying, i.e. if v denotes the law of R, then for some class of functions
(containing e.g. bounded continuous functions supported outside 0),

i gl e =l " [ flgoutdn) =A@
|g|—0,9€G, lg|—0,9€G, Rd
for a Radon measure A on R¢\ {0}, see Theorem 4.1. (Here G, = R x K is the closed
subgroup of G generated by the support of the law x of M i.e. the image of i under the
map (q,9) — ¢.) (1.7) is the right analogue of (1.4) here.
The goal of this paper is to study the rate of convergence of |g|~*(gv) to A on natural
function spaces like the Holder space or the Zolotarev space, Theorem 4.5 being our
main result (see also Theorems 4.2, 4.3). We obtain

llgl~*gv(f) — A(f)| < C|log|g||~7 (1.8)

for small |g|, g € G,, and C independent of a function f. Again, as in (1.5), regularity of x
is very mild.

In (1.8) the spectral gap of the measure |g|*u(dg) = na(dg) as the convolution
operator on L3(G,) = {¢ € L*(G,) : [} #(g9k) dk = 0} is crucial. Let U = >, u. We
write

gl (gv)(f) = ¥1 x U(g) +¥2 + U(g)
as the sum of two potentials of very good functions 1, )2 on G with additional properties:
U1 € Li(Gp), va(gk) =va(g), (9€G, k€K). (1.9)

To U x 15, which reduces to the one dimensional situation, we apply the Implicit Renewal
Theory as developed by Goldie in [33]. To handle U * 1); we need a spectral gap i.e. that

191 % pall L2 < Al |z (1.10)
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fora A < 1andall ¢y € L(G,). Inequality (1.10) is clearly satisfied if x is spread out
(see paragraph 5.2), but due to the action of K much less is needed. If we disintegrate u
as

1(dg) = pa(dk)pm+ (da).

then the existence of a spectral gap for p, on L§(K) = {¢ € L*(K) : [} ¢(k) dk = 0} for
a in a set A with ug+(A) > 0 is sufficient (Proposition 5.4). In particular, if

u(dg) = pa(dk) x pgr+(da)

is a product measure and y; has a spectral gap then (1.10) holds.

For a measure on K to have a spectral gap it is sufficient to be spread out but much
less will do. This phenomenon has been intensively studied by a number of authors. The
most important are the measures

1 k
7{2 8g, +0,-1)

on SU(d) Bourgain, Gamburd ([15, 16]) or SO(d) HeeOh, Lubotzky, Phillips, Sarnak ([48,
45, 46]), related to so called Hecke operators (T'f = f*v). Also there are other examples:
measures supported by special rotations Diaconis, Saloff-Coste, Janvresse, Rosenthal
([25, 41, 50]) or n being a measure uniformly distributed on the set of reflections
(elements of O(d), SU(d), Sp(d)) leaving one hyperplane fixed, Porod[53], [54]). So our
result applies e.g. to the situation when, say “K part” of the measure is of this kind.

The structure of this paper is as follows. In Section 2 we state the one dimensional
result and explain the scheme of the proof. In Section 3 we introduce notation and
definitions needed to consider the multidimensional situation. Section 4 contains state-
ments of our main results preceded by some discussions concerning distance between
measures on appropriate function spaces. The rest of the work is devoted to proofs. In
Section 5 we collect some auxiliary results concerning the spectral cut off and discuss
conditions implying existence of the spectral gap. (A part of this discussion is postponed
to Appendix A.) Main steps of the proofs are contained in Sections 6 and 7. In Appendix
B we describe relations between two different metrics on compact groups.

Finally let us mention that we separate the one dimensional arguments from the
technically more involved multidimensional case. Thus, if the reader is interested only in
the one dimensional situation, the complete proof is contained in Section 2, Lemmas 6.1,
7.1 and Proposition 7.2 and this part can be read independently of the rest of the paper.

2 The main result in the one dimensional case

The asymptotic behavior of R in the one dimensional case was described by Goldie,
who proved the following result.
Theorem 2.1 (Kesten [42], Goldie [33]). Assume that

e there exists o > 0 such that EM* =

e E[M“|log M|] and E|Q|* are both finite;

e the law of log M is nonarithemetic;
e foreveryz € R, PIMz+Q =z] < 1.

Then there exist nonnegative constants C;. and C_ such that

lim z°P[R > z] = C4, EIEI |z|*P[R < x] = C_. (2.1)

Tr—r00

Moreover Cy + C_ > 0.
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In his paper Goldie considered also rate of convergence in (2.1). He proved that
if EM**® < oo, E|Q|*"® < oo and the law of log M is spread-out (i.e. some of its
convolution powers have a positive absolutely continuous component), then the rate of
approach is of the order o(|z| %), for some § > 0.

Theorem 2.1 is a consequence of the classical two-sided renewal theorem for the
probability measure pu, viewed as a measure on R, via the logarithm. Under additional
hypotheses stated above the measure pu, has finite exponential moments and it is
spread out. Thus Stone’s decomposition theorem [52] provides also control of the
rate of convergence of the renewal measure U = >~ , u”, where . denotes the nth
convolution power of y,, to the Lebesgue measure.

In this paper we study the rate of approach of t*P[R > ¢] to C, however under
weaker assumptions. We develop here Goldie’s remarks that the control of the rate
of convergence in (2.1) is a consequence of a description of the distance between the
renewal measure and the Lebesgue measure. More precisely, according to the classical
Renewal Theorem, [30, Theorem 1, Chapter XI, S1], for any directly Riemann integrable
function (dRi) F

1 N s

— /]RF(S) ds = lim Z:Oua * F(t) = lim A F(t—s)U(ds), (2.2)
where m = [ xpq(dzr). Let H(x) = U(—o0,z] be the “distribution function” of U. It is
well known that if the measure pu,, has finite second moment ms then

H(z) = Az + B+ o(1)

mo

as  goes to +oo. (Here A = L= and B = %)
In short, our main result, Theorem 2.2 below, says that if the term o(1) is of the order
O(z~?), then the speed of convergence in (2.1) is of logarithmic order.

Theorem 2.2. Assume the conditions of Theorem 2.1 are satisfied,

wor={ Gy 7RI
for some § > 0 and
E[M*|log M|"] < oo, (2.4)
E[(M® +[Q|%)(|log M|X + |log Q¥)] < oo (2.5)
for some v > 2 and x > 1. Then
2*P[R>z] = Ci+o(logz|™) asz— oo,
|z]°P[R <x] = C_+o(logl|z||™") asz— —o0,

where 1
= —mi —1,vy—2,6¢}.
n = 5 min {x—1,7-2,6}
Hypothesis (2.3) is quite natural. It is satisfied e.g. when the measure p,, is absolutely

continuous, but it is valid also in more general settings. Carlsson [21] proved (2.3) for
nonlattice measure of p-type, i.e for measures satisfying

liminf [tP(1 — Fia(t))| > 0,

[t|—
where Ji,(t) is the Fourier transform of iq: fia(t) = [ € " pq(dz). Then, assuming also
(2.4), expansion (2.3) holds for § = min {v — 2, %}.

Assuming some technical lemmas, that are presented in the latter sections, the proof
of Theorem 2.2 is immediate. We include it here in order to clarify our presentation.
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Proof of Theorem 2.2. We proceed as in [33]. Define
r(t) = e*P[R > €'].

We intend to consider r as a solution of a renewal equation. (We would like to apologize
in advance that later we shall also use the same letter r to denote a positive number -
the radius of a sphere.) Clearly, » does not have to be dRi. Hence we need to study its

smoothed version, i.e. its convolution with K () = 1 o) (t)e™":

Ft) = 1+ K(t) = /_ " K (= w)r(u) du. 2.6)

First let us sketch the idea of the proof of Theorem 2.1. After a number of calculations
one proves that

F(t) = g=U(t), (2.7)
where U is the potential of i, and
g(t) =e*"(P(R>e") —P(MR > ¢€")), (2.8)

see [33, (9.8)]. Next, since g belongs to Ll(]R), g is dRi, see [33, Lemma 9.2]. Then by
the renewal theorem

lim #(t) = %/}Rg(u)du _ %/}Rg(u)du

t—o00

and finally unsmoothing the function, [33, Lemma 9.3], one deduces

. 1
tlggo r(t) = - /Rg(u)du =:Cy.
In order to prove Theorem 2.2 one has to proceed more carefully.

Our goal is to control the rate of approach in the last limit. For this purpose some
further properties of functions g and r are needed. First, applying (2.5), one has to
prove that [p |g(t)[|t[*dt < oo and this is done in Lemma 6.1. Secondly, in view of
(2.1), g is bounded. Moreover g is continuous because R has no atoms. This follows
immediately from the result of Alsmeyer, Iksanov and Rosler [9] and was also proved
in [19] (Proposition 2.4) in a much more general setting. Next we need to prove that r
satisfies some Tauberian condition. Namely, for ¢ > s, by (2.1),

r(t)—r(s) = (e —e*)P[R> €'l +e*(P[R > €] — P[R > €°])
< (e"‘(tfs) —1)e™P[R > €'] < C(t —s)

for s <t < s+ ng provided sq sufficiently big and 7y sufficiently small.

The conclusion follows now from Proposition 7.2, being the main part of Section 7. In
this Proposition one uses the asymptotic expansion of the potential U given by (2.3) to
estimate the difference

F(t) — % d(u)du
R

and here all the properties of the function g stated above are essential. Finally thanks to
the Tauberian property of » we can use a result due to Frennemo [31] to unsmooth the
estimates. O
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3 Some preliminaries

Before we state our main results in the multidimensional case we recall some standard
notation concerning function spaces on groups.

Let K be a compact group and let G = R x K be the direct product of the mul-
tiplicative group of the real numbers R™ and K. We shall write the elements of G as
g = ak, where a € R" and k € K and set |g| = a. Let da denote the Haar measure on R
normalized so that ff da = 1 and let dk be the Haar measure on K normalized so that
the volume of K is 1. The resulting direct product dg = da dk is a Haar measure on G.

The group G acts on the space C(G) of the continuous complex valued functions via
the left regular representation

Ah)o(g) = ¢(htg)  (9.h € G; ¢ € C(Q))
and by the right regular representation
p(h)o(g) = ¢(gh)  (g9,h € G; ¢ € C(G)).

If 11 is a bounded measure on G, define the convolutions of ¢ and p on the right and on
the left by

b+ u(g) = p()olg) = /G 6(gh) u(dh),
(3.1)

1% 6(g) = MR) (1)d(g) = /G s(h~tg)p(dh) (g€ G).

(If i is absolutely continuous with respect to the Haar measure then we use the first
or the second formula, whichever is more convenient.) In particular, if ¢ denotes the
reflection of ¢ with respect to the , ¢(g) = ¢(g!), then

pxpu(g ) =pxdlg) (9€Q). 3.2)

The reflected measure fi is defined by fi(¢) = ,u(z/VJ) For an integer n = 1,2,3,... the
n-fold convolution u™ of p is defined by

/G (g) du™ (g / /- / Grgs - g0) pldgn) - p(dg2) pldg)).  (3.3)

Then p(u™) = p(p)™ and A(u") = A(u)". Also, we shall adopt the convention that x° is the
Dirac delta at the identity of the group.

The convolution with the Haar measure on K defines the projection onto the space of
the K-invariants:

C(G) 3 6 — 6K € C(Q) /wk (g€ Q). (3.4)

Lemma 3.1. If i is a bounded measure on G then

(xS =0"xp (p€0C(Q).
Proof. This is straightforward:

(6% )¥(g) = /K /G 6(ghkh) pu(dh) dk = /G /K o (gkh) dk u(dh)

- /G /K d(gh(h™ kh)) dk p(dh) = /G /K d(ghk) dk p(dh)
B /G/K¢K(gh) p(dh) = ¢ * p(g),

where the forth equality follows from the fact that G normalizes K and that the Haar
measure on K is invariant under the conjugation action of G. O

EJP 20 (2015), paper 22. ejp.ejpecp.org
Page 7/35


http://dx.doi.org/10.1214/EJP.v20-3708
http://ejp.ejpecp.org/

On the rate of convergence in the Kesten renewal theorem

If F(G) is a space of complex valued functions on G, which are integrable over K, we
shall denote by F(G)o C F(G) the subspace of all the functions whose average over K is
zero. Thus

F(G)o = {¢ € F(G); ¥ =0}. (3.5)

(Later we shall use this definition for very particular function spaces L*°, L3, C)
For a bounded measure p on G, let up+ denote the projection of p onto R+:

ur+(B) = u(B x K) (B a Borel subset of R™).
Equivalently, for ¢ € C(G)¥X,
¢ * p(ak) = glr+ * pr+(a)  (a € RT, k € K),

where ¢|r+ is the restriction of ¢ to R¥, that is ¢|g+ (a) = ¢#(al), where 1 is the identity
of K. (In fact ¢(al) = ¢(ak), for every k € K.) Indeed, the left hand side is equal to

[ otamyen) anti) = [ ofavkt) dute) = [ otat) du(e) = [ otab) - 0

which coincides with the right hand side. Hence, Lemma 3.1 together with the induction
on n show that

¢ * u"(ak) = dlr+ * g (a) (6 C(G)X, aeRY, k€K, n=1,2,3,...). (3.6)

4 Main results in the multidimensional case

4.1 Behavior of the tail of v

In the multidimensional case we have the following description of the tail of v. Let
i be the marginal law of M i.e the image of i under the map (¢,g) — g. Let G, be the
closed group generated by the support of 4 and let K, = G, N O(R%). For g € G, set

ve(f) =gl (gv)(f) = lg|™* /m flgz)v(dr) = |g|~"Ef(9R), (4.1)

where R is the solution to (1.2). Denote by R the projection of R onto the unit sphere,
i.e. R = R/|R|. From now on we shall denote by R, R;, M, Q; the random variables
such that

R =M R, + Q, a.s.

and M, @, are independent of R;.

The following theorem describes the tail of v, [19].
Theorem 4.1. Assume that the action of suppu on R? has no fixed point,

E(log|M|) <0

e there is o > 0 such that E|M|* =1

e my, = E(|M|*log |M|) and E|Q|* are both finite
e n is not arithmetic.

Then there is a Radon measure A on R\ {0} such that for every bounded continuous
function f that vanishes in a neighborhood of zero

lim <f’ Vg> = <f7 A>a (42)

lg|—0,9€G,

where, given a measure w, {f,7) denotes the integral of a function f with respect to the
measure .
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Moreover, there is a finite K,, - invariant measure o, on S9=1 such that, in radial
coordinates,

(f,A) = / f(rcu)g droy,(dw).
R+ x§d-1 re
The family of measures o, on S?~! defined by
o (W) = t°P{|R| > t, R € W},

for W C S4=1, converges weakly to o, ast — +oc.
Finally, (4.2) holds for every function f such that 0 ¢ suppf, the measure A of the set
of discontinuities of f is 0 and for some € > 0

sup (2]~ log ]| f ()] ) < oo. (4.3)
z#0

4.2 Function spaces

We are interested in the rate of convergence of (f,v,) to (f, A) in terms of a distance
between measures v, and A. Traditionally, in order to define a distance between bounded
measures of the same mass one takes some family F of functions and computes

pr(v1,v2) = sup{|[(f,v1) — (f,)|: f € F} (4.4)

Typically, more than just the continuity of functions f € F is required. We are going to
use here the so called Zolotarev distance [56, 57] between two probability measures v
and v,. It is defined, as in (4.4), by fixing € > 0 and taking

F=F= {f € HE(Rd)7 ”fHE < 1}7
where H¢(R?) is the Hélder space consisting of all the functions f : R? — C for which

the seminorm
= YA J AT
ety T —Y[®

is finite. Clearly, locally PF., < C’p]rs1 if £1 < 9, so ideally we would like to be able to
estimate pr, for any € > 0. It is essential here for the measures to have the same mass.
Otherwise the supremum is infinite.

In our situation we have two specific issues to address. First, A is unbounded. Second,
v,(R?) varies with g, although for any » > 0 the function v,(R¢\ B,(0)) approaches
A(R?\ B,(0)) as |g| — 0. Therefore we fix » > 0, restrict measures to R\ B,(0) and
take a class of functions supported away from 0. This eliminates the main obstacle, the
constants, so that the definition makes sense.

Specifically, we fix ¢ > 0, denote by H; the space of Holder functions on R supported
in R?\ B,(0) and consider (4.4), with

F=Fre={f€H [[flle <1}

Then pg, _(v4, A) is indeed a distance between v, and A restricted to R? \ B,(0).
We are able to estimate pz, , (v4, A) only (the space of Lipschitz functions) and under
some more assumptions ! we obtain the following inequality

PF., (vg, A) < Clloglg|| ™ (4.5)

'In particular o > 1. For o < 1 we need a further restriction: supports of functions f must be contained in
a compact set.
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for |g| < 1. See Theorem 4.5. This will be more carefully discussed at the end of this
section. It is interesting that with this choice of functions vanishing around zero we can
make the quantity sup{|(f,v,) — (f,A)|} finite even without the requirement of equality
of total masses. Finally, together with Theorem 4.2 we have (4.5) also for v, and A
restricted to R? \ B,.(0) and normalized.

Notice that v,, unlike A, are not K, invariant so (4.5) has an additional value of
showing how fast v, become K, invariant. The existence of the spectral gap on K, or
G,, is vital here. See Proposition 4.7.

For e < 1the distance pr, . (v, A) is difficult to estimate. We impose further restriction
on the class F. More precisely, let

Fret+ ={f € H:|flle <1, f(kz) = f(z), f(arz) < f(agx),for 0 < a; < ag}.

Then
PF.. 4 (Vg A) < Clloglg||™7  (lg] <1).

This is formulated in Theorem 4.3 and leads directly to an approximation of the measure
o,, which is interesting as a straightforward generalization of Theorem 2.2. In the one
dimensional case the measure o, is determined by the constants C',C_.

For a > 1 we may also think of other Zolotarev distances, namely those defined in
terms of functions growing faster at infinity. Letm € N, 0 < ¢ <1 and m + ¢ < a. The
point of this assumption is that under the conditions of Theorem 4.1

E|M|™Te < 1. (4.6)

Let H™* be the space of functions such that for every multiindex I of length m, 9’ f is a
Hoélder function, 87 f € H®. Define

|07 f(x) — 0" f(y)|

[ fllm,e = sup sup = (4.7)
T|=m 2y |z -yl
and let
‘Fm;E = {f € Hm7€a Hf”m,s S ]-}
Then pgr,, . (v1,12) is well defined provided all the moments of v, v, of order at most m

are equal. This latter condition is not satisfied in our situation, but we take functions
supported outside a ball of radius r, H™*¢ = {f € H™* : suppf N B,-(0) = 0} and set

Fmire ={f € H" || fllm.e <1}

This kills polynomials, px,,...(v1,12) is well defined and again we have,

PF v (V1,v2) < Cllog|g||™, (4.8)

for small |g|. See Theorem 4.5.

4.3 Main results for K-invariant functions

Now we are going to formulate our results more precisely and show how do they
follow from more technical theorems and lemmas contained in later chapters. All the
theorems stated below require slightly different assumptions and provide estimates in
different metrics. However the schemes of the proofs are similar.

We start with estimating the difference

Vg(]Rd \ B-(0)) — A(]Rd \ B:-(0)),
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On the rate of convergence in the Kesten renewal theorem

as|g| — 0, i.e.
t°P[|R| > 1] - 0,,(S*7), (4.9)

as t — +o0. This is in full analogy with Theorem 2.2. Indeed, the proof is as in the one
dimensional case. Let i, be the measure on G, defined by du.(g9) = |g|*du(g) and let
U= ZZOZO (e be its potential on G. In order to estimate (4.9) we need only the image
Ur of U on R via g — log|g|-

Theorem 4.2. Assume that the conditions of Theorem 4.1 are satisfied and that
E(|Q* + M%) ((log(1 + Q)X + (log(1 + |M]))X) < o0 (4.10)

holds with xy > 1 as well as (2.3) holds for Ug. Then there are constants C, o such that

vy (R*\ B,(0)) = A(R*\ B, (0))| < Cllog gl (4.11)

for|g| < 1, i.e.
[t*PR| > t] — 0,(ST )| < C(logt) ™7, ¢t > 1. (4.12)

Proof. We are going to apply Proposition 7.2 to the function
F(t) = e (IP[|R| > ¢'] - P|MR| > et]).

Proceeding as in the one dimensional case, following Goldie, we prove that F' is bounded,
r(t) = U * F and 7(t) = U * F' are well defined and

UxF(t) = e™P[|R| > €]

Moreover F is continuous because, as shown in [19, Proposition 2.4], v(S) = 0 for every
sphere S. The condition (7.4) is satisfied by Lemma 6.1 and (7.6) can be checked as in
the proof of Theorem 2.2. O

We can approximate the measure o,, not just its total mass, as follows. Take a
continuous function f of the form

f(rw) = fi1(r)f2(w),0 ¢ suppfi. (4.13)

Then
(fiA) = fils)—= ds/ fo(w)ou(dw) = C(f1)(f2,0u)-
R+ gd—1

SO(

Suppose we fix f; such that C(f;) # 0 and for a class of functions f, we have

[(f,vg) — (f,A)] < C|loglgl| 7. (4.14)

Then
[(fas0) = UM (Fv)

Clearly taking f, in (4.14) invariant under K, does not change anything because o, is
K,, invariant. In order to get (4.14) we need to impose some more regularity on f,. Being
Holder is fine.

< C|loglg||~°. (4.15)

Theorem 4.3. Assume that the conditions of Theorem 4.2 are satisfied. Let f € H;,
I flle <1, f(kx) = f(x), k € K, and f(a1z) < f(asz), if a1 < as. Then there are constants
C, o such that

<f,l/g>—<f7A> SC|1Og|g||_Ua (416)

for every f as above and |g| < 1.
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Hence for product functions we have the following Corollary.

Corollary 4.4. Assume that the conditions of Theorem 4.2 are satisfied. Let f € H: be
as in (4.13) with f, is non-decreasing, fo(kw) = fo(w), k € K and ||f||c < 1. Then there
are constants C, C(f1),o such that

(fay00) — C(f1) " {f,vg)| < Clloglgl| ™7, (4.17)

holds for every f- as above and |g| < 1.

The measure o, represents the weight of the tail of v in various directions. Indeed, if
0, (0W) = 0 then
o, (W) = lim t*P{|R| > t,R € W}.
t—o0

Suppose we could take in (4.15) f1 = 1p,«), f2 = 1w, then we could estimate
o (W) —t*P{|R| > t,R € W}.

We cannot do that, but taking Holder functions f1, f> close to functions 1jg o), 1w, we
obtain something analogous.

Proof of Theorem 4.3. Let
¥(g) = |9l “E[f(9R) — f(gM1Ry)]. (4.18)

Then, by [19],
ve(f) =+ Ul(g). (4.19)

Let f(g) = v,(f). Notice that with our assumptions f and 1 are K-invariant, i.e. abusing
slightly the notation, for g = e’k we have

flg) = f(e"), and ¢(g) = ¢(e).

Moreover, for F'(t) = (e"*) we have

mﬂ=4w€wﬂww=4ﬂ%mmwﬁﬂhwm-

So |g| — 0 corresponds to t — oo. Since

£ = o [ vl o= o [ POy

where m,, is the mean of . (see Theorem 4.1), we have

() = (£ A) =V Plt) = = [ F(o)at.

Ma JR

We are going to apply Proposition 7.2 to F. Clearly F is continuous. In view of
is dRi and so is |F|. Therefore, Ug % F' = ¥ is well defined, where F is the
smoothing operator defined in (2.6). In particular F' is bounded. The condition (7.4) is
satisfied by (6.5). Since f € H: and since f is radially non-decreasing, it is real valued
and non-negative. Hence, for s < t,

FxUg(t)— FxUgr(s) = fle")— f(e™®)
= e %R ~EJ(e"* )+ (6" = €S (e F),
(=9 — e Ef(e*R)

IN
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On the rate of convergence in the Kesten renewal theorem

because
e (Ef(e”'R) —Ef(e”*R)) <0.

Hence

F«Ug(t) — F «Ugr(s) < e*™a(t — s)eEf(e”°R)
assoonas s <t <s+ny. Now

0 < e™Ef(e°R)=e™E|f(cR) - f(0)
< T FILE[IRIFLRiz ey < OOt S

To get the last inequality we apply Theorem 4.1 to s > 0 and to function |x|51{|x‘21}.
Finally,
FxUg(t) — FxUg(s) < Cr=*"=(t — s)||f|

and so (7.6) is satisfied. Hence the conclusion follows. O

4.4 Main results for general functions

Our results for the general functions (not necessary K-invariant) require further
assumptions on the measure p. Recall the definitions of the function spaces L*°(G)y,
L?(G), given in (3.5). We are going to assume that

¢ pil| oo < Al|@]|Loe, ¢ € LZ(G)o (4.20)

for some A\ < 1.
Alternatively, we are going to assume that

¢ pllzz < M@z, ¢ € L*(G)o, (4.21)

for some A\ < 1.

In Section 5 we discuss these assumptions in more detail and present conditions
ensuring that (4.20) and (4.21) are satisfied. Moreover we have to restrict our attention
to compactly supported functions. Our next main result is the following theorem.

Theorem 4.5. Assume that the hypotheses of Theorem 4.1 are fulfilled, y satisfies (4.20)
or (4.21) and (4.10) with x > 1. Let (2.3) hold for Ug. Fix7 >r > 0. Ifa < 1 let

F={feH> :suppf C B;(0) : || f]1 < 1}.
Ifo>landm+e<lore=1andm =0, let
F=A{feH"" :|[fllme <1}
Then there are C,o > 0 such that
pF(ve, A) < Clloglgl[~” (4.22)

for small |g|.

The proof of this Theorem is similar to the proof of Theorem 4.2, but is technically
more involved.

Notice first that definitions (4.18) and (4.19) can be extended to any function f €
H™*¢. Indeed we have the following lemma.
Lemma 4.6. Let f € H™<. Then the functions 1) and f given by

¥(9) = 9| “E[f(gR) — f(gM1R:)] (4.23)
and )
flg)=v¢*Ul(g) (4.24)
are well defined.
EJP 20 (2015), paper 22. eip.ejpecp.org

Page 13/35


http://dx.doi.org/10.1214/EJP.v20-3708
http://ejp.ejpecp.org/

On the rate of convergence in the Kesten renewal theorem

Proof. The function v x U is well defined in view of Lemma 6.3 and
> b pb(g) = Flg) = gl (f = 1t )(9).
k=0

It is enough to prove that for every g

lim f g (g) = 0.

n— oo

But this follows from (4.6) via a straightforward computation. O

Next, we need to extend the concept of dRi functions to the group G,. We say that a
bounded Borel function ¢ is dRi (directly Riemann integrable) on G, if

* the set of discontinuities of ¢ is negligible with respect to the Haar measure of G;
* 20 SUP{geG,: n<loglgl<n+1} [9(9)] < o0
A continuous function satisfying the second condition on G, is dRi on any subgroup of
Gp.
Proposition 4.7. Assume that the potential Uy satisfies (2.3) and (4.10) is satisfied for

some x > 1. Let F be as in Theorem 4.1. Suppose v is a dRi function such that for some
constant D

Y% ™ (g)] < C1inPl]| L (1 + | log|gl])~"*, n >0, (4.25)

and
[( — %) % p(g)| < Co()A", n > 1 (4.26)

for some \ < 1. Then

ortg) - - [ vy an
< (200 + Cali)(1 — N~ +C5(0)) (log g ] Lok g

for|g| < e~ ¢ and some f3.

The Proposition follows from Proposition 7.2 and its proof will be given in Section 7.

Proof of Theorem 4.5. We are going to apply Proposition 4.7 to u, and ¥. By Lemma
6.3, ¥ is dRi.

Our next step is to justify that hypothesis (4.26) is satisfied. Assume first that (4.20)
holds. Then (4.26) follows from Lemma 5.3 and Corollary 6.4.

Under the condition (4.21) this follows from Proposition 5.1 if we know that the
norms ||| 2y and ||[¢|| g<(q) (see (5.3) are finite. The first norm is bounded by Corollary
6.4. For the Holder norm we apply the property

|k — k1| S CT(]C7]€1),

where | | is the operator norm as in (1.6) and 7 is the Riemannian distance on K (see
Appendix B). Therefore, by Lemma 6.5, there is C' such that for all f € F

[p(e'k) — (k)| < O([t — s + 7(k, k1))*
i.e.

191 (@) < C.
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Finally we have to check (4.25). By Lemma 6.3 there is C; such that

[v(g)] < Ca(1 + |log|gl|)~X.

On the other hand (4.10) implies

[ 1oglgll a(d) < .
G
Therefore, by Lemma 6.6 there is D such that for every f € F

|t * pit(g)] < Cin® (1 + |log |g]|) ™ (4.27)

and so (4.25) is satisfied. Thus, by Proposition 4.7 we conclude the Theorem. O

5 Spectral cut off

5.1 Some more preliminaries and auxiliary results

Suppose that K is a compact Lie group with the Lie algebra ¢. Then both are
Riemannian manifolds. There is ry > 0 small enough such that the Jacobian of the
exponential map (see [38, Theorem 7.4, page 139] for the precise formula) is bounded
away from zero on the ball of radius ry centered at zero in ¢ and every ball of radius
r < ro centered at zero in ¢ is mapped bijectively onto the ball of radius r centered at the
identity in the connected identity component of K, see [38, Proposition 9.4 and Ch.IV].
Let us denote by v(r) the volume of the last ball. Then there is a constant ¢ such that

v(r) > (er)dimE) (0 <r < 1p). (5.1)

By taking direct products, the group G = R* x K is also a Riemannian manifold with
the bi-invariant distance d( , ) and that there is ry > 0 and a constant C' such that the
volume V' (r) of the ball of radius r in G satisfies

V(r) > (C’T)dim(G) (0 < r <rg). (5.2)

(Recall [40, (8.6)] that there is an invariant distance on every compact group whose
identity is equal to the intersection of countably many open sets, but we shall need an
explicit estimate (5.2). Therefore we restrict our attention to compact Lie groups.)

We shall say that a function ¢ € C(G) satisfies Holder condition of order e > 0 if there
is a finite constant ||¢|| g<(q) such that

() = (@) < [¥llnec dlg.9) (9.9 €G). (5.3)

The space of all such functions is denoted by H¢(G).
Notice that if we equip Rt with the usual Riemannian structure then

d(a,b) = [log(ab™1)| = |log(a) — log(b)|  (a,b e R*).

Also, if || || is the norm defined by the K invariant scalar product on £, which determines
the Riemannian structure on K, then

d(k,1) =d(ki™",e) = | log(ki™ )]

if k,1 € K are close enough.
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Proposition 5.1. Suppose p is a probability measure on G and 0 < )\ < 1 is a constant
such that

6% pllaa) < M@z (¢ € L2H(G)o). (5.4)
Then there is a constant C' such that fore > 0
2e n
[ 1" ey < € max{|e ey, Iblleaay} (A )
(Y € H(G)y, n=0,1,2,...). (5.5)
Remark 5.2. The idea of the proof comes from [25].

Proof. Let yu, denote the Haar measure on G multiplied by the indicator function of the
ball of radius r centered at the identity of G and divided by the volume of that ball. Then
W is a probability measure supported on the ball. Clearly

[U(g) — pr x0(g)] < /|¢ (h~"g)| pr(dh) /IIwIIH«(G d(g, h~"g) pr(dh)
= /GIIwHHe(G)d(e,h’l)éur(dh):/GHwIIHe<c>d(h,e)6ur(dh)
< rYllae )
Hence,
19 — pr * YllLe @y < 1Yl Ee (@) (5.6)
On the other hand, Cauchy’s inequality, the assumption (5.4) and Lemma 3.1 show that
n -1 n
i 51 5 1™ Loy < V)72 10 i [agay < V) 72N [l ) (5.7)
Hence,
% p™ L@y < (0xp™ — pr kb % p™|lLoe @) + 1 * ¥ % 1" [ ()
< [ = e x Pl|ee(ay e Y * " || (@)
€ —i\n
< ol ey F V)TN Yz ()
€ —iyn
< max{|[[Y]| geq), 1YLz Hre + V()72 A™).

dim(G) 2 n dim(G)

Let r = O Ztdim(@ (Aze+dim<c>) . Then r¢ = (Cr)~ "2 A"
If n is large enough then r» < ry and we have the estimate (5.2). Hence,

dim(G)
2

e+ V(r)_%)\" <r +(Cr)” AP = 2p€ = 20— (Aﬁm(@) _

Therefore
n _ _dim(G) 2¢ n
|9 p1" [Lee (@) < maz{[|[¥]|ae(q) 1¥]lL2(q) 20 2Fam© (/\“d““(G)) . (5.8)
The estimate holds with the constant “C” equal to the supremum over ¢ > 0 of
ezl O

Lemma 5.3. Let i be a bounded measure on G. Suppose )\ > 0 is such that

[V % plloe S A[Yllee (¥ € C(G)o). (5.9)

Then
195 1l < Nlblle (4 € C(G)oy n=1,2,3,...). (5.10)

Proof. We see from Lemma 3.1 that

(W ™) = P w p™

Thus if ¥ = 0 then (¢p * u”)¥ = 0 for any n = 1,2,3,.... Therefore (5.9) implies
(5.10). O
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5.2 Examples

Let us discuss some conditions that imply (4.21). By Lemma A.2 it is enough for u to
have density. This assumption can be relaxed because instead of ;1 we may consider p".
Indeed, v is the stationary measure also for the recursion (1.1) with (@, M) having the
law p™. Also, if the measure p is of the form

p=sp1+ (1 —s)u2

for an s such that 0 < s < 1 and p; satisfies (4.21) then so does p. This means that the
assumption for u to be spread out is sufficient.

We can formulate still weaker hypotheses. Let i be a probability measure on G and
let /i be the push-forward of y via the projection G — R™. We deduce from the theory of
the conditional probability, as in [30], that there are probability measures u,, a € R,
such that

[ otontds) = [ [ slakjna@nitda) (@€ C(G). (5.11)
G R+ JK

In our settings, if i is the law of M, then [ is the law of |M| and p, is a version of the

conditional law of M, given |M| = a. We want the operators

[M]
T = ¢ * pta
to have good properties on L?(K)g.
Proposition 5.4. Let || T,/ .2(k), be the norm of T, on L*(K), and let

5= [ Iulzzao, i(da).
R+

Then for every ¢ € L?(G)g

16 pll 2 < Bl ze-
Remark 5.5. In particular, if § < 1 then (4.21) holds. This assumption is clearly satisfied
when there is a set A C R of positive measure ji(a) such that ||T,| < 1. For instance p,
being spread out for a € A is sufficient. The same can be applied to (u"), that is to the
measure obtained from disintegration of n™.

Proof. Let ¢, ¢ € L?(G)o and let ¢, (k) = ¢(ak) and similarly for ¢. Then the absolute
value of the L?(G) - scalar product of ¢ * ;1 and ¢ is equal to

(&% p, §)| =

/ / Baa, * fia, (k)da(k)dkfi(day)da
RtxRt JK

S/ T, | 2210 | Bac | 2100 1B | 215, £i(dar)da.
Rt xR+

Integrating first with respect to a and then with respect to a;, we get the conclusion. O

Remark 5.6. The same proof holds for the L*° norm i.e. we may replace the norm
ITall 22 k), wih the norm ||T, | 1~ ), in Proposition 5.4 and Remark 5.5.

6 Properties of ¢

In this section we collect all the lemmas describing the behavior of the function
1 defined in 4.18. Recall that the function ¢ depends on some function f. Thus the
behavior of ¥ is determined by the properties of f. We consider here pointwise and
integral estimates as well as finiteness of norms discussed in Section 4.

We begin with a very particular case considered in Theorems 2.2 and 4.2, where the
function f is of the form f(z) = 1(1 o) (%) or f(z) = 1ga\g, (0)(®)-
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Lemma 6.1. Let
g(t) = e*(P[R > €' - P[MR > ¢'])
in the one dimensional case and
g(t) = e*(P[|R| > €'] — P[[MR| > €'])
in general. If (4.10) holds, then

/ lg(®)][txdt < oo,
R
Here g(t) = ¢(c'k), if we take f(x) = 1ga\ g, (0)(=) in (4.18).

Proof. 1t is sufficient to study the integral for large positive values of ¢, since for negative
t:

lg(t)] < 2e7M.
Let X =MR+Q,Y=MRorX=|MR+Q| Y =|MR
Given a real number z we denote z. = max{z,e}. Then

, for R independent of (M, Q).

o0 o0
/ () [Xdt = / U [PIX > ] — PIY > ]|t
1 1

IA

/ so‘*l(logs)xE[l{XZSZy}]ds+/ safl(logs)XE[l{y>s>X}]ds

Xe Xe
= E[l{x>y}/ sa_l(logs)xds] +E{1{X<y}/ s"‘_l(logs)xds}

e e

IN

1 1
“E[1xay log X)X (X = V)| + —E[1pxay) (log Vo)X (v = X2)]
1
< —E[(log X)* + (logYo)¥) | X2 — v = 1.
«
Assume first that o < 1. Then using inequalities
l[a® —=b%] < |a—0b|%, a,b >0,
log(z +y)e < logze +logye,
log(zy)e < log(1+ |z|) +log(1 + [y[) + 1,
we obtain that I can be estimated by
B|(1 +log(1 + |M|) + log(1 + Q]) + log(1 + | R)M@QI°]
which is finite by (4.10) and the fact that E|R|B < oo for any 8 < «, see [19, Lemma D.8].
For a > 1 we apply the inequality
la® — b*| < ala — bl max{a, b}*~*
and we dominate I by
E|(1+log(1 + |[M]) +log(1 +|Q|) +log(1 + [R))X|Q|(|M|*"HR[*™ +]Q|*™)|.

To prove that the latter expression is finite we use independence of R and (Q, M), (4.10)
as well as the Holder inequality. For instance, by the Holder inequality with p = «,
q = 7%, we estimate

E[(1 +log(1 + [M|)*|Q[[M|*~"]

N o 1/« N o (a—1)/c

< (B[(1+10g(1+[MDXIQI])  (B[(1+1og(1 + [MPYM])
which is finite, by (4.10). O
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The following lemma concerns functions f € H™° and provides the control of their
derivatives. It will be used in Lemma 6.3.

Lemma 6.2. Let I be a multiindex, |I| < m. Then for every f € H™*° and v € R?

107 £ (@) < Copy |1 fllm e+, (6.1)

m—|I| m—|I| . -

where C|j = d (szl (j+ 5)) )
Moreover, if m > 1, then there is C = C(m,¢,d) such that for every f € H™° and

every z,y € R?
1) = f@W)] < Cllf llme(lz] + [y) ™ o — gl (6.2)

Proof. Notice that 9! f(0) = 0 so for |I| = m (6.1) follows from the definition of the
seminorm (4.7). Let |I| < m. Then

1y 1 .d
8If(x):61f(x)—61f(0):/ 0! f(ta) dt:/ S (0., 0 f) (1) dt.
0 0 =
Hence, by induction,
1
01w < Cinadlal™ = N e [ et at
0

and (6.1) follows for an arbitrary I.

Next, since
10 - 10 = [ pe o a
- /Oljfl@jf)(wt(y @)y — ) db
we have

1
|f(x) = f(y)] < Clllfllm,ed/ |z +t(y — )|y — ] dt
0
< Co| fllm,cdmax{1, 272} (|| + [y[)" "y — af,
which implies (6.2). O

The following lemma is crucial. It implies that if f € H™*, then the corresponding
function v is dRi and provides also its estimates.

Lemma 6.3. Assume (4.10). Let 0 < € < 1, m be a nonnegative integer and let &« > m+-«.
Then there is a constant C' = C(«, m,e,d, [i,v) such that for any f € H™*,

sup  [P(g)] < Crm T | e (6.3)
nez n<log |g|<n+1
Also,
sup [¢(g)|(1 + |log|g][)¥ < Cr= =™ max (r/%,r=/2) || f e (6.4)
geG
and
[ 1@+ g gl dg < Com D mae (172, f e (69
G
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Corollary 6.4. Suppose that the assumptions of Lemma 6.3 are satisfied. Then there is
a constant C' = C'(«a, m,e,d, i,v) such that for every f € H™*®

1ol Il [l ze < Crm @™ max (r/2,775/2) | f .

Proof of Lemma 6.3. In the proof we will denote by C' a constant, that may vary from
line to line, but depends only on o, m, ¢, x, ii, v and d.

Step 1. Proof of (6.3). Suppose first that m > 1. Notice that since R = Q1 + M1 Ry,
f(gR) — f(gM1Ry) # 0 implies |gQ1| + |gM1R1| > r. Let 1, be the indicator function of
the event {|Q1| + |M;Ry| > s}. Then for n < log|g| <n+ 1 by Lemma 6.2 we have

[6(9)] < CUFllm.clgl B[ (1gRI + oM Ra )™ 1gQu 1,151

< O fllmce™ 7B [ (1Qu] + 21M1 B )™ Qu Ly .

Therefore, taking ng = |—log(|R| + |M1R1]|) + logr — 1], we have

sup  [(g)] < 0||f||m,5E[<|Q1| +2MR )™ Q Y e‘“’“’”‘a’"}

nez n<loglg|<n+1 n>ngp
< OO £ B[(Q1] + MR Qul].

Now a standard argument using (4.10) and based on the Holder inequality proves
finiteness of the last expectation. Thus (6.3) follows.
If m = 0 then in the first step of the proof we write

9(0)] < 1Flmclol B[ l9@1 1,15+

and the rest of the argument caries over.

Step 2. Proof of (6.4). We proceed as in the first step. Let m > 1. Since for |g| > 1 we
can dominate (1 + |log|g||)X by C|g|° for any positive §, we have

[6(9) (1 + 10g1gll)* < Cllfllm,clgl =B (1@ + M| Ry )™= Q1 111 1]

< Cro T £ B[ (1Qu] + [Ma|Ra )™ 1Qul .
For the last inequality we have used r|g|~! < |Q1] + |M1]||R1|. For m = 0, we write

[9(9)I(1 + [Log |gI)X < Ol fllm.clgl = E[|Q1[71y5)-1]
< Orm 0 flln B [(1Qu] + M| R 701Qu ]

Again, Holder inequality implies that both expectations in the last and in the previous
formulae are finite. Hence we get the bound (6.4) for |g| > 1.

For |g| <1 and m > 1, we write

[%(9)I(1+ | loggl)*
< O fllm gl (1t og gl VB [(1Qu] + 1M | Ra )™+ @u 1,911

Since for 1 < |g|7! <r=1(|Q1] + |M1||R1]) we have
|log |g]| < log (1+771(|Q1] + [ Mi||R:]))

<log(1+77") +1log(1+|Q|) + log(1 + |Mi]) + log(1 + |Ry]),
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and we estimate
[9(9)|(1 + [log [g])X < O fllmer™aFmTe E[(\Ql\ + My |[R )@
(log(1 + =) 4 log(1 + |Q1]) + log(1 + |M;]) + log(1 + |R1D)X].
Now using (4.10), independence R; of (Q1, M) and the fact that E|R;|* ! log(1+|Ry|)X <

oo we prove that the last expectation is finite. To indicate how to do it let us estimate for
instance

|11 Q| (log(1+ Q1) |= B[l B {131 1@al (log(1 +1QuD)']
< Bl (B[l (ost + i) ) (B30 et + 100 ])

The factor log(1 4 7~') gives an extra factor max{r—°/2,1} and (6.4) follows for |g| < 1
too. If m = 0, we proceed similarly starting with

[9(9)I (1 +[log |g[)* < C|flIm.e

glm = (1 + [og [g] Y E[|Q|7Ly g1 ]. (6.6)

Step 3. Proof of (6.5). For m > 1 we write

/ ()] (1 + [log gl ¥dg < C / o(9)llal’ dg
lg|>1 lg|>1

< C||f||m,s/| - \9|7a+m+5+5E[(\Q1\ + |M1||Rl|)m+€71|Ql|17‘|g|*1:|dg
gl>

o0

— —a+m ds
<C|f||m,sE{|Q1I(Q1+|M1||R1|)m“ 1/ smatmrero ]
= (|1Qu |+ M:]| Ry ) s

< O fllmer™ 4B |Qu(|Q1| + M | Ra )2

and

/| _ )1+ 108 ol g

<Clflme [ oS oglg ) B[(1Q1 MR Qale | do
9=

[ QM Ra) ds
< CIIfIIm,eE{IQll(IQI i ramet | 57751+ | log )X ]
1

Integrating by parts we notice that

QM R )
/ $TMTE(1 + | log s])X ds
1 S
< Cr= T (1Qu| + | M| Ra)* ¢ (log(1 + 77 (|@u| + [Ma || Ra]))) ™.
Hence
[ @I+ Noglgldg
lgl<1
< CIf lmer™ @ IB(Qu] + [Mu]| Ra ) (log(1 + 771 (|Qu] + |M1||R1|)))X]-

And the rest follows as in the previous step. O
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The following lemma will be used to justify the Tauberian condition (7.6) in Proposition
7.2.

Lemma 6.5. Let0 < ¢ < 1,a > e+m andr > 0. There is a constant C = C(a, m,e,d, i, V)
such that for every f € H™*

[(e'k) — (e*hn)| < Cmax{L,r= @™ N flluc(lt = s + |k — ki), (6.7)
where |k — k1| is norm of k — k1, as in (1.6).
Proof. In view of Corollary 6.4 we may restrict our attention to |t — s| < 1. We have
Y(e'k) — e k) = (€7 — e *)E[f(e'kR) — f(e'kMiRy)]

+ e *E[f(e'kR) — f(e’k1R)] — e “E[f(e'kMiRy) — f(e’ki M1 Ry)]
=hL+L+1s

To estimate I;, by Corollary 6.4, we write
L] < ae®[t — s|[g(e'k)| < Cr= ™= max (r/%,77/2)|| fllme.|t — s|°
For I, assume s > t. Then, if m =0
I < 67a5||fHo,sE[|€th - esk1R|51{\R\>re*5}}

<e S

0<E[((e = e*)RI +[e*(k = k) RI)Ljmjs res)]

= e fllo, B | (e = 1IRI + [k = k| [RI¥) (s e
< e o (1t = sl + k= Kt VB[ |RIFL g ryspe-s

< max{1, 7=} flloe (1t — 5| + [k — k1),

where for the last inequality we used Theorem 4.1.
If m > 1 then by Lemma 6.2

E[|f(e%R) - f(esklR)\] < O f (e + es)m“’lE[\RW“’l\eth - esklRﬂ
< Clf e+ e + 1) B[R (= 8| + [k — i) RI|.
But again we may assume that |t — s| < 1, also |k — k1| < 2. Therefore,

12|

IN

Ol ™t = 5[+ — kY[ RI™ L sy
a1, | o (1 = sl + [k — k).

A

O

Lemma 6.6. Suppose p is a probability measure on G and x > 1 is a constant. Let
¥ € C(QG) be a function such that, for some constant Cy ,,,

[h(g)] < Cy (1 +loglgl)™ (g€ G).

Then
WJ * /u’n(g)| § C"»%Z’-,X (1 + ‘ IOg ‘9”)7)( (g € Ga n= 1>2733 e )7
where
oy =27 (ot [l | loglall” u(an)).
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Proof. Fix any number 0 < 7 < 1. Suppose |g| < 1, so that log|g| < 0. Since

/G|log|h||Xdp”(h) = /G/ ]log|h1...hn||Xu(dh1)...u(dhn)

Ay
/G.../nxlz|log|h|| (dhy) ... p(dhy,)

nX / | log |h|‘X w(dh).
G

IN

we have

(1-+ oglgl)X0 = " ()] = [ 101+ 1og gt~ ) *wlh) du" ()
= 101+ Dol + o 1l o] di” (1)

<27 ([ (1-+10g]gh)) ulgh) du” () + [

(1+ log B]) X[ (gh)| du ()
G

< 2! (cm +ulln® [ fog Al du(h))

O

The next two lemmas will be used in the proof of Proposition 4.7, which is the main
step in the proof of Theorem 4.5.

Lemma 6.7. Suppose « > 1 and f € H?''. Consider the function

nt) == [ B R (6.8)
Then there is C = C(«,v) such that for every s,t € R,

[n(t) = n(s)| < Cmax{1,r=**1}

(6.9)

Ifa <1, f € H! and additionally suppf C Bz(0), r < 7. Then there is C = C(a,v) such
that for every s,t € R,
In(t) = n(s)] < Cr=7 || flloalt — s (6.10)

Proof. Assume first a > 1. Notice that for every ¢t € R,
In(t)] < Cmax{1,r~*T}|fllo.1- (6.11)

Indeed, we have

n(®)|

IN

_at/E|f(e kER) (O)‘ dk <e |R|1{\R\27-e*t}

e @V fllo 1 E|R|.

IA

The last expectation being finite. For ¢ < 0, applying Theorem 4.1 with f(z) = |z[-1{4/>1}
we obtain
E|:|R|1{\R\Zre*t} < CT_OH_le(a_l)ta
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completing thus proof of (6.11). Hence we may restrict our attention to |t — s| < 1.
Assume s > t. Then we have

n(t) = n(s)|l =

eat/Ef(eth)dk—eO‘S/Ef(eSkR)dk’

S |6foct o efas|

/Ef(eth)dk‘ +e

/ [Ef(eth) - Ef(eSkR)}dk‘
<1 = eI ne)] + ¢ floaE[le R — ¢ R risre-e) |

< Cmax{L,r =t = s{[|flo. + eVt = sl f o1 B[ | RITg ey

< Cmax{1,r T}t — s[[| fllo.1 + Cmax{L,r >}t — s|[| fllo.1
< Cmax{1,r~*"}t — sl fllo,1.

Hence (6.9) follows.

In the second case, when o < 1, we have

()] < eiO‘tE[|etR\1{T€4§‘R‘geft}} < e FP[R| > re ] < Cir||fllos.

Again we may restrict our attention to |t — s| < 1. Proceeding as above, we obtain

[n(t) = n(s)] < [1 = e=*C=0 ()] +e=**| f|

<Ot = sl flloa +e |1 f]

0’1E |:|€tR — esR|1{7‘6—5—1§\R\§7~'e—5+1}]

0,1/t — S|E “eSR‘1{,67571§|R|S7~,675+1}} .

Finally,
E|:|eSR|1{re*5*1§\R|SF8*3+1}:| S BFIPUR| > 7"67871] S Cr=%re*®

and (6.10) follows. O

Lemma 6.8. letm >1,e <1,m+ec<a, f € H™* and let

Mﬂ=A¢@M%~

Suppose that (4.10) is satisfied. Then there is C = C(a, e, m, x,d,r, u,v) such that

‘Awwm+mwwscwm$

Proof. We have

d

& (t) = —ap(t) +e Z/E[gj(eth) — gj(etleRl)] dk,

j=1
where
9;i(®) = ;- Oy, f ().
Consider first the case m = 1. Then

|95(2) = 95 (W) < [0x; f (@) = Oy f W)|25] 4 [0n; f(y) = Ou; F(O)] |25 — ]
S A fllm.cle = ylF |2l + ([ fllm elyl*lz =yl
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Hence, for x = ¢'kR and y = e*kM; R;, we have

16" ()] < a|p(t)]
+ de“"tllme,aE[(e““\lem + e€t+t|M1R1|EIQ1I)l{\Q1|+|MlRl|zm*‘}]'

Thus, we need to prove that
W = / (1 + |t|)X€_(a_E_1)tE{|Q1|€|R‘ + |M1R1|E|Q1|)1{|Q1\+|N11R1\2re*t}} dt < oo.
R
Let tg = —log(r~1(|Q1| + | M1 R1])). Since R = Q; + M R;, we see that

W< E[(Q1" + QuF DR+ MBI - [ (L ee e ).
to
Let t; = —log(1 +771(]Q1| + |[M1Ry])). Notice that there is a constant C(x) such that

> 0
/ (1+ |t‘)X6*(a7€71)t dt < C(x) -|—/ (1+ |t|)X67(0‘75*1)t dt.

to tl
Integrating by parts the second integral we conclude that

/ (1+[t])Xe™ =70 dt < O, r, x) (log(1 + [Qu] + My Ra ) (@1 | + [My R )

to

Therefore,
W < C(r B[ (1Qu[™ + QI IM [ R + My Ry ] Qul)

(log(1+1@u] + MR ) X (1Q1] + My Ry )™,
which is finite by the Holder inequality and (4.10).

Notice that [0, fllm-1, < || fllm,e. If m > 2 then by Lemma 6.2 applied to 0, f €
Hm™ 1< we have

|0, f(2) = 0, F )| < CIlf llme(|2] + [y))™ 2]z — y]

and so

|95 () — g3 (W) < Cllfllme(z] + )™ 2|2 = yllz] + Cl fllm.clyl™ |z —yl.
Then for x = e*kR, y = e'k M R,

8/(1)] < @lg(0)] +de™ Ol e
.E[((IQll 2| MRy )™ Qy | + |M1R1|m+e—1|Q1|)1{‘Q1,+|M1R1|2Wt}].

As before, we estimate

/ (14 [t))Xe@7==m gt < C(r,x) (log(L + |Q1| + [MiR1|))* (|Q1] + [My Ry [)* 57"

to

Finally

[ gyt
R
E[((|Q1| + 2| My Ry )" Qu | + |M1R1|m+€_1|Q1|)1{\Q1|+|MlR1|Zre*f}]dt
< B[((1Qu] + 2AM1 R ) @Qu] + (11| + 2/ R )*~|Qu )

- (log(1 + Q1] + \MlRlD)X]

is finite as, before. O
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7 Rate of convergence in the renewal theorem.

The main goal of this section is to prove Proposition 7.2, which says that under the
assumption (2.3) for some class of functions F' one can control the rate of convergence
in the classical renewal theorem (2.2). After that we provide a proof of Proposition 4.7.
We show first an auxiliary Lemma giving the same result but for differentiable functions.

Lemma 7.1. Let U be a potential on R satisfying (2.3) Let F' be a bounded differentiable
function on R satisfying for some > 1 the following conditions

/ IF(s)|(1+ |s]) ds < oo, / F/(&)|(1+[s)? ds <00, lim_sF(s) = 0.
R R S — 00
Then, ast — —oo,
]/ F(t—s)U(ds)—A/ F(s)ds| < Oft|~ (51,
R R

Proof. Notice that for M > 0 we can write
M M
/ F(t—s)U(ds):/ F(t—s)dH(s),
-M -M

where the right hand side is the Riemann-Stieltjes integral. Integrating by parts, [51,
Theorem 6.30], we have

M M
/ F(t—s)dH(s):H(M)F(t—M)—H(—M)F(tJrM)Jr/ F'(t—s)H(s)ds. (7.1)
M —M
Since,
M M
/ F'(t—s)sds=—MF(t—M)—MF(t+M)—|—/ F(t—s)ds
-M -M
and u
/ F'(t—s)ds=F(t—M)—F(t+ M),
we have

M M M
/ F(t—s) dH(s)—A/ F(s) ds:/ F'(t —s)(H(s) — As — B)ds + W (M), (7.2)

-M -M -M
where
W(M)=(H(M)—-AM —B)F(t—M)— (H(-M)+ AM — B)F(t+ M)
and by our assumptions

lim W (M) = 0.

M—o0

Therefore, taking the limit, we obtain

/]R’F(t—s) dU(s)—A/}RF(s)ds:/]RF’(t—s)(H(s)—As—B)ds. (7.3)

We would like to estimate the last integral as ¢ — co. Thus from now on let ¢t > 0. We
split the integral on the right hand side in (7.3) into the following sum

t/2 0o
/ F'(t— 8)(H(s) — As — B)ds + | F'(t—s)(H(s) — As — B) ds.
—00 t/2
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H(s)—As—B| < C(1+]s|) forall s € R,

‘/_t:jF’(t—s)(H(s)—As—B)ds

—t/2 —t/2
=/_ |F’<s>\<1+\s—t|>dss3/ F/()[(1 + |s]) ds

oo — 00

3.2,6—1 —t/2
< S [ IP@Ia ) as
— 00

/2
s/ F/(t— 8)|(1+ |s]) ds

— 00

Also, by (2.3) applied to s > t/2 we have

F'(t—s)(H(s) — As — B)ds

‘ oo

g/ |F’(s+t)||s|—5dsg26|t|—6/ F/(s)] ds.
R

t/2 t/2

O

Proposition 7.2. Fix Cy,n9 > 0. Let I’ be a bounded continuous function on R satisfying
the following conditions

/ﬁF (1+|s])? ds < Cy, (7.4)
= U « F(t) is well defined and #(t) = U * F(t) (7.5)
and there is sy such that

UxF(t)—U=xF(s) < Co(t—), forsg <s<t<s+ng. (7.6)

Let U be a potential satisfying (2.3). Then, ast — oo,
UxF(t ,A/17 @y<0urmM51“”) (7.7)

where the last estimate depends only on Cy and the bounds in (2.3).

Proof. We are going to prove that F satisfies assumptions of Lemma 7.1. Since

F'=F—F,
it is enough to prove that
/ E(s)|(1+ |s) ds < c/ IF(s)|(L+ |s])° ds (7.8)
R R
with C independent of F' and
lim sF(s)=0. (7.9)
S——00

The left hand side of (7.8) is equal to

/OO e—s(/s 1P| ) (1 -+ [s))° ds du = /OO e“F(u)du/uoo e~ (1 + |s])? ds.

— 00 — 00 — 00

Consider first

0 [
/ e“|F(u |/ 1+||ﬁ®du—/‘eﬂFWWM/'eﬂﬂ+ﬁ$B%
—o00 0

0 0
+/ e“|F(u)|du/ e=*(1 + |s])? ds.

— 00
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The first integral is clearly finite. The second one is dominated by
0 0
[ er@le = du< [ @I+ ) du<oc.

For the integral on the positive half-line notice that for every v > 0 there is C(v) such
that for every u > 0,

/ e (1+8)"ds <C(y)e (1 +u). (7.10)
Indeed, integrating by parts we have
/ e *(1+s)"ds=e 1 +u) + ”y/ e (1435 1ds (7.11)

and so (7.10) holds fory < 1. If vy > 1 and vy — 1 < 1, then
/ e (1458 ds <e “(14+u) +yC(y— e (1 +u)?!

and (7.10) follows inductively from (7.11). Therefore,

/ ¢t |F(u |/ 1+ 1s))? ds du < / | FW)C(B)e (1 +u)f du< oo (7.12)
0
and (7.8) follows.
For (7.9) we consider first ¢t < 0. Then
t

F@| < et [ epw) du

—0o0

= \tle_t/ e (1+ [u) ™7 (1 + [ul)?| F (u)| du

— 00

< Jt[(1+ Ilﬁl)fﬂ/ﬁ(1 + [u))?|F (u)] du < Colt] (1 +[t]) ™"
Hence lim;_, _ tﬁ’(t) = 0. If t > 0 then we write

t/2 t/2
e_t/ e'|F(u)| du < ||F||Ooe_t/ e du < Ce t/?

— 0o — 00

and

t t
et [Pl du=e [ et )P I du
t/2 t/2

< P24 1)F / (1+ [u)?|F(w)| du < CCo(2 + )P
R
Hence again lim,_, o tF'(t) = 0. Notice that
/F(s) ds:/F(s) ds
R R
Applying now Lemma 7.1 to F we have

< Ot~ min{A=19} a5t — 0o (7.13)

’U*F(t)A/]RF(u)du
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where C' depends only on the bounds in (2.3).

Finally we have to unsmooth inequality (7.13). For this purpose we need to apply a
Tauberian remainder theory. However we are not able to apply the Beurling - Ganelius
Theorem as in [33] (Theorem 9.6). Instead, we refer to the following Tauberian remainder
theorem due to Frennemo (Theorem 2 in [31]). For that we need to introduce the notion
of a weight function. p is a weight function on R™ if p(z) > p(0), p(x + y) < p(z)p(y),
p(sz) > p(x) for s > 1. The following result was proved by Frennemo [31]:

Theorem 7.3. Let K be an integrable function on R such that IA((G) does not vanish for

real arguments and that the function g(0) = ﬁ can be holomorphically extended to a

strip —a < Im 6 < 8 and
lg(@)] < C1Pi(|0]), 19'(0)] < C1Pa(10]), —a<Imf<p (7.14)

for some weight functions P, and P
Let p be a weight function such that limsup,_, % < f and let S be the inverse

of x2 (Pl(z)PQ(x))%. Fix positive constants dy,d; and suppose that ¢ be a measurable
function satisfying

¢llL= < do,  and  |K x¢(x)| < dip(z)~".
Assume moreover, there are C, xo such that
o(t) = d(x) = ~CS(p(x)) " forzg <z <t <w+ S(p(x) ™"
Then there is a constant d» independent of ¢ such that
|6(2)] < d2S(p(2))™", @ — oo

In our situation K (t) = 1(g ) (t)e”" and K(9) = 7 is nonzero for all real 6. Next
g(0) = 1 — 46 is holomorphic on the whole complex plane and (7.14) holds with P, (z) =
x + 1 and Py(z) = 1. Finally, ¢ = —r + Af]R F, which by (7.6) satisfies the Tauberian
condition. Hence p(z) = Cy(1 4 z)™»(#~19) and §(z) behaves like 22 at oo i.e. S(z)z "2
is between two positive constants.

Therefore,
‘U x F(t) — A/ F(u)du| < C|t|*min(ﬁ71,5)/2
R
uniformly for all F' satisfying assumptions the Lemma. .

Proof of Proposition 4.7. Step 1. First we prove that the required estimates hold for
the function ¥*:
K 1 K — B
Y x Ug+(a) — - P (b) db| < Cs(y)|log |al| =72, for |a| < 1. (7.15)
R+

Step la. Assume o < 1. Let F(t) = ¢/ (e!). We are going to apply Proposition 7.2. Its
assumptions are satisfied by Lemmas 6.3 and 6.7. Namely, notice that

0(t) = U+ * " (e"),

for n as in (6.8). Hypothesis (7.6) is satisfied by (6.10) with a constant C, independent of
F asfaras f € F. Choose ¢ < a. Then || f|lo. < #17¢. Now (6.5) implies (7.4) with with
Cy independent of F' and (6.4) implies (7.5). Hence (7.15) follows.

Step 1la. Assume o > 1.
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For m = 0 we proceed as in the previous case applying Proposition 7.2 to F' defined
as above. (7.6) is satisfied by (6.9) with a constant C; independent of F, (6.5) implies
(7.4) with with C independent of ¢ and (6.4) implies (7.5). Hence (7.15) follows.

For m > 1 we apply Lemma 7.1 to function F'. To justify that its hypotheses are
fulfilled in our case we use (6.5), (6.4) and Lemma 6.8. Hence

|1l sy ds
R

is bounded uniformly for f € F. So we obtain (7.15)
Step 2. We estimate for |g| < e™°.

IN

1 1
vetlo) = [ e ar] < |w=v U]+ [0V - - [ v i
= I+1II
Next, by (4.25) and (4.26), we estimate

I < Yoo 1@ =)@l D @ =) e

n<log|log |gl| n>log | log |gl|
< Ci(log|loglgl)P [l — S|~ (14 [loglgl) ™™ + Y Ca(e)A”
n>log|log |gl|
< Ci(log|log |gl))P2l[¢] L= (1 + [log|g||) =" + Ca(v)[ log g||'*#* (1 = A)~*
< 2C1[[Y] L + Ca(w)(1 = X)~")(log |log |gl])”1og |g]|~*

and finally by (7.15)

1< et (o) - 3 [ 050 @ < cato)los ol

< Cs(¥)(log|loglgl)?|log gl ="

A Spectral gap

Let G be a locally compact group and let G denote the unitary dual of G. For a
bounded measure ;. on G and for an irreducible unitary representation p of G realized
on a Hilbert space V, let

(o) = [ o) nd) € End(V,)

denote the Fourier transform of u at p, as in [26, 18.2]. In particular if i is of the form
f(g) dg, where dg stands for a Haar measure on G and f € L*(G) then

fo) = [ #0)ds.
G
The dual measure dp on G is such that the following Plancherel formula holds

2 o Ny 2
/G Fg)Pdg = /@Hf(p)llzdp

for f € L}(G) NL2(G), see [26, 18.8.2]. Here || - ||» stands for the Hilbert-Schmidt norm
on End(V,). Denote by || - || the operator norm on End(V).
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Lemma A.1. Assume that every irreducible unitary representation of G is finite dimen-
sional. Let i be a probability measure on G such that suppu generates G. Then the only
representation p such that

1)l = 1 (A1)

is the trivial representation.

Proof. Let p be as in (A.1). Since dim V, < oo, there are unit vectors u,v € V, such that

11(p)lloo = (i(p)u, v)-

Also, there is be a unitary transformation 7' of V, such that T'v = v. Hence,

1= (A(p)u, v) = (lp)u, T~ ) = (Th(p)u, u) = /G (Tp(g)u,w) p(dg),

which implies that (Tp(g)u,u) = 1 for g € suppu. Thus we have the equality in Cauchy’s
inequality |(Tp(g)u,u)| < ||Tp(g)ul - |lu]| = 1, which shows that there are complex
numbers ¢, such that T'p(g)u = t,u. Since the representation p is irreducible, the span of
the vectors Rp(g)u, g € G, equals V,. Therefore dimV, = 1.

Now we see that the transformation 7' is equal to the multiplication by a complex
number ¢ of absolute value 1 and that there is a unitary character x, : G — C* such that
p(g) coincides with the multiplication by x,(g). Furthermore,

= /G (txp (9, ) pu(dg) = /G tx,(9) 1(dg).

which implies that tx,(g) = 1 for g € suppu. But suppy generates G. Hence, tx,(g) =1
for all g € G. In particular 1 = tx,(e) = t. Hence p is the trivial representation. O

Recall the right regular representation, p, (3.1).

Lemma A.2. Let K be a compact group and let G = R x K. Suppose 1 is a probability
measure on G which is absolutely continuous with respect to the Haar measure and such
that suppu generates G. Then

sup{[|¢ * pil[12(q); ¥ € L*(G), /K/\(k‘W dk =0, [|¢|lr2@) <1} < 1. (A.2)

Proof. Since G consists of the tensor products p = x @, where x € RT and N € K, we
have an identification of the topological spaces G = Rt x K and (A.2) may be rewritten
as

sup{[[¥ * pll2(cy: ¥ € L2(Q), suppy C E, [[9[|pzq) < 1} < 1, (A.3)
where Z = G \ (ﬁ? x {triv}). Since,
(@ 1) () = V(p)7ilp),

where j(g) = p(g~!), Plancherel formula shows that the square of the quantity on the
left hand side of (A.3) is equal to

sup{/: 1 () E(P)3 dp; /:Hz?(p)H%dp <1, ¢ € L}(GQ)}. (A4)

However a moment of thought shows that the quantity (A.4) is equal to
sup{[|7i(9)|5%; p € E}. (A.5)
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Suppose (A.5) is equal to 1. Then

. _ . _ s 1
sup{[[7i(p)lloc; p € E} = sup{[[1(p)llc; p € = and [|i(p)]loc > 5}

Since p is absolutely continuous with respect to Haar measure, Riemann-Lebesgue
Lemma [40, (28.40)] shows that the set

1

Sy = {p € G [A(p)]|oe > 5}

is compact. Then =N =y is compact and
sup {[|7i(A) e p€ENZp} = 1.
Hence, there is p € ZN = such that
[E(P) |0 = 1.

Lemma A.1 implies that p is trivial, which contradicts the fact that the trivial representa-
tion does not belong to =. O

B Two metrics on a compact group

Let K be a compact connected Lie group with the Lie algebra . Choose a Killing
form (-,-) on x and let d(-, -) denote the corresponding Riemannian distance on K. There
is a neighborhood of identity U C K on which the logarithm log : U — & is well defined
and such that

d(k,1) = d(kl™,e) = (log(kl™), log(kI™1)) s (kI™* € U). (B.1)

Lemma B.1. Let (p, V) be faithful representation of K on a finite dimensional Hilbert
space V over C or R. Denote by | || the operator norm on End(V). Then there is a
constant C such that

lo(k) = p(D)]| < Cd(k,1) (k1 € K).

Proof. Notice that for A € End(V),

[l exp(A III—IIZ A”\—HZ A" Al

e exp(||A4]]) —1
<Z 4l 1||A||<'|A'|'|>|A.
n= 1

Since any two norms on a finite dimensional vector space are equivalent, there is a
constant C such that
1
[p(X)]| < Co(X, X)2 (X €r).

By combining the above two facts with (B.1) we see that there is a constant C' such that
[p(k) — p(e)|| < Cd(k,e)  (ke€U).

For two arbitrary elements k,[ € K choose points | = kg, k1, ..., k, = k on the geodesic
from [ to k such that kjkj_fl € U. Then

llo(k) Z ) = plkj 1)l —lep kik; 1) = p(e)

Jj=1

gCZn:d (kik; "y e) CZd = Cd(k,1).
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