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Limit laws for functions of fringe trees for binary
search trees and random recursive trees
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Abstract

We prove general limit theorems for sums of functions of subtrees of (random) binary
search trees and random recursive trees. The proofs use a new version of a represen-
tation by Devroye, and Stein’s method for both normal and Poisson approximation
together with certain couplings.

As a consequence, we give simple new proofs of the fact that the number of fringe
trees of size k = k,, in the binary search tree or in the random recursive tree (of total
size n) has an asymptotical Poisson distribution if £ — oo, and that the distribution
is asymptotically normal for k = o(y/n). Furthermore, we prove similar results for
the number of subtrees of size k£ with some required property P, e.g., the number of
copies of a certain fixed subtree T'. Using the Cramér-Wold device, we show also that
these random numbers for different fixed subtrees converge jointly to a multivariate
normal distribution.

We complete the paper by giving examples of applications of the general results,

e.g., we obtain a normal limit law for the number of /-protected nodes in a binary
search tree or in a random recursive tree.
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1 Introduction

In this paper we consider fringe trees of the random binary search tree as well as
of the random recursive tree; recall that a fringe tree is a subtree consisting of some
node and all its descendants, see Aldous [1] for a general theory, and note that fringe
trees typically are "small" compared to the whole tree. (All subtrees considered in the
present paper are of this type, and we will use 'subtree’ and 'fringe tree’ as synonyms.)
We will use a representation of Devroye [10, 11] for the random binary search tree, and
a well-known bijection between binary trees and recursive trees, together with different
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Limit laws for functions of fringe trees

applications of Stein’s method for both normal and Poisson approximation to give both
new general results on the asymptotic distributions for random variables depending
on fringe trees, and more direct proofs of several earlier results in the field. We state
the main results in this section: More precisely, we identify two main results that we
present in Section 1.3, one on Poisson approximation and one on normal approximation,
for general functions of fringe trees for the random binary search tree, as well as for the
random recursive tree. In Section 1.4 we then give some important consequences and
extensions of these results.

In Section 2 we describe the representation of the binary search tree by Devroye,
we explain how it can be extended to the random recursive tree, and we also extend
it to a cyclic version. Furthermore, in Section 3 we state and prove general results on
means and variances of functions of fringe trees. Proofs of the results in Section 1 are
given in Sections 4-7. We also give some examples of applications of the general results
on functions of fringe trees in Section 8, for example to the number of protected nodes
in the random binary search tree or in the random recursive tree studied by Mahmoud
and Ward [35, 36] and to the shape functionals for the random binary search tree or the
random recursive tree.

1.1 Binary search trees and random recursive trees

A binary search tree is the tree representation of the sorting algorithm Quicksort, see
e.g. [33] or [14]. Starting with n distinct ordered numbers called keys, we associate the
first key to the root. The second key is then compared with the root, and is associated
to the left child if it is smaller than the key at the root, and to the right child if it is
larger. We continue to add the remaining keys to the tree until the set is exhausted.
The comparison for each new key starts at the root, and at each node the key visits,
it proceeds to the left/right child if it is smaller/larger than the key associated to that
node; eventually, the new key is associated to the first empty node it visits. In the final
tree, all the n ordered numbers are sorted by size, so that smaller numbers are in left
subtrees, and larger numbers are in right subtrees. A binary tree with such a labelling
of the nodes is called a binary search tree.

The random binary search tree with n nodes, which we denote by 7., is the binary
search tree constructed from a (uniformly) random permutation of n keys. For conve-
nience, we slightly abuse the notation and follow the custom of writing just “ binary
search tree” also for this random version.

We use the representation of the binary search tree by Devroye [10, 11]. We may
clearly assume that the keys are 1,...,n. We assign, independently, each key k a uniform
random variable Uy, in (0, 1) which we regard as a time stamp indicating the time when
the key is drawn. (We may and will assume that the U, are distinct.) The binary search
tree constructed by drawing the keys in this order, i.e., in order of increasing Uy, then is
the unique binary tree with nodes labelled by (1,U3),. .., (n,U,) with the property that it
is a binary search tree with respect to the first coordinates in the pairs, and along every
path down from the root the values U; are increasing. We will also use a cyclic version of
this representation described in Section 2.3.

Recall that the random recursive tree is constructed recursively, by starting with
a root with label 1, and at stage ¢ (¢ = 2,...,n) a new node with label i is attached
uniformly at random to one of the previous nodes 1,...,7— 1. We let A,, denote a random
recursive tree with n nodes. We may regard the random recursive tree as an ordered
tree by ordering the children of each node by their labels, from left to right.

There is a well-known bijection between ordered trees of size n and binary trees of
size n — 1, see e.g. Knuth [32, Section 2.3.2] who calls this the natural correspondence
(the same bijection is also called the rotation correspondence): Given an ordered tree
with n nodes, eliminate first the root, and arrange all its children in a path from left to
right, as right children of each other. Continue recursively, with the children of each
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Figure 2: The corresponding binary
search tree. The first and second labels
are the keys and time stamps, respec-
tively, using the time stamps 1,...,10
for convenience.

Figure 1: A recursive tree. The root has
label 0 instead of 1, to better illustrate
the bijection.

node arranged in a path from left to right, with the first child attached to its parent
as the left child. This yields a binary tree with n — 1 nodes, and the transformation is
invertible. As noted by Devroye [10], see also Fuchs, Hwang and Neininger [24], the
natural correspondence extends to a coupling between the random recursive tree A,, and
the binary search tree 7, _1; the probability distributions are equal by induction because
the n possible places to add a new node to A, correspond to the n possible places
(external leaves) to add a new node to 7,,_1, and these places have equal probabilities
for both models.

Note that a left child in the binary search tree corresponds to an eldest child in
the random recursive tree, while a right child corresponds to a sibling. We say that a
proper subtree in a binary tree is left-rooted [right-rooted] if its root is a left [right] child.
Thus, for 1 < k < n, subtrees of size k in the random recursive tree A,,, correspond to
left-rooted subtrees of size £ — 1 in the binary search tree 7, _1, while subtrees of size
1 (i.e., leaves) correspond to nodes without left child. (Alternatively, we can say that
subtrees of size 1 in the recursive tree correspond to empty left subtrees in the binary
tree.)

An example of a bijection obtained from the natural correspondence is illustrated in
Figures 1-2. Note that the labels in the random recursive tree correspond to the time
stamps in the binary search tree (replaced by 1,2,... in increasing order), while the
keys in the binary search tree are determined by the tree structure and thus redundant.

Remark 1.1. The binary search tree with its time stamps and the random recursive
tree with its labels are both increasing trees, i.e., labelled trees where the label of a
node is greater than the label of its parent. We allow the labels in an increasing tree
to be arbitrary real numbers, but we are only interested in the order relations between
them and consider two increasing trees that are isomorphic as trees and with labels in
the same order to be the same; hence we may freely relabel (preserving the order), for
example by 1,2,....

Note that the binary search tree yields a uniformly distributed increasing binary
tree, and the random recursive tree a uniformly distributed (unordered) increasing tree,
see e.g. [14, Sections 1.3-1.4]. Note also that the natural correspondence extends to a
bijection between increasing binary trees and increasing ordered trees that have the
children of each node ordered according to their labels.

Remark 1.2. We may consider a subtree of the binary search tree in two different ways;
either we regard it as an (unlabelled) binary tree by ignoring the time stamps (and keys),
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or we may regard it as an increasing binary tree by keeping the time stamps (perhaps
replacing them, in order, by 1,2,..., see Remark 1.1).

Similarly, there are three different ways to look at a subtree of a random recursive
tree: as an increasing tree, as an unlabelled ordered tree (ignoring the labels but keeping
the order defined by them), or as an unlabelled unordered rooted tree (by ignoring both
labels and ordering).

The theorems and other results below, and their proofs, apply (unless explicitly stated
otherwise) to all these interpretations. (The different interpretations may be useful
in different applications.) For convenience, we state most results for the unlabelled
versions (which seem to be more common in applications), and leave the versions with
increasing trees to the reader. Recall also that an ordered tree can be regarded as
unordered by ignoring the orderings.

1.2 Properties and functionals of fringe trees

Our main theorems are stated in terms of a property P or a functional f of trees.

By a property P, in the binary tree case we formally mean any set of binary trees; we
let Py, be the set of binary trees of size k in P and we let py p := P(7}, € P). Similarly, in
the random recursive tree case, a property P is any set of ordered (or unordered) trees,
and pi p := P(A; € P). (As said in Remark 1.2, we may also, more generally, let P be a
set of increasing binary or unordered trees.)

Let X f; . be the number of subtrees of size £ with some given property P in the binary

search tree 7,, and similarly let Xf;  be the number of subtrees of size k¥ with some
given property P in the random recursive tree A,,. As a special case (with P the set of
all trees), we let X,, ;. be the number of subtrees of size & in 7,,, and ka be the number
of subtrees of size k in A,,. Another important example of X Tﬁ i is the number of subtrees
of the binary search tree 7, that are copies of a fixed binary tree T', which we denote by
X;{ ; similarly we denote by X{l\ the number of copies of an ordered (or unordered) tree
A in the random recursive tree A,,.

Example 1.3. Further examples come from evolutionary biology, where it is important
to study such tree patterns in phylogenetic trees. A phylogenetic tree, more precisely a
cladogram, is a (non-ordered) tree where every node has outdegree 2 (internal nodes)
or O (external nodes). A binary tree of size n yields a phylogenetic tree with n internal
nodes by adding n + 1 external nodes. An important model for a random phylogenetic
tree is the Yule model, which gives the same distribution as the correspondence just
described applied to a binary search tree, see e.g. [2] and [5]. Hence, fringe trees in
random phylogenetic trees under the Yule model correspond to fringe trees in binary
search trees, and our results can be translated. (Note that the size of a phylogenetic
tree usually is defined as the number of external nodes; a phylogenetic tree of size k
thus corresponds to a binary search tree with £ — 1 nodes.) Some important examples of
tree patterns that have been studied are k-pronged nodes (trees of size k), k-caterpillars
(trees of size k such that the internal nodes form a path) and minimal clade size k
(trees of size k with either left or right subtree of the root empty); see e.g., [7] and the
references there.

Remark 1.4. If Akp is the set of permutations of length k that give rise to binary search
trees of size k with the property P, then p, p = |A,‘;D |/k!. In particular, if P, is nonempty,
then 1 > py p > 1/k!. Similarly, 1 > p, p > 1/(k — 1)! unless p p = 0.

A functional is any real-valued function, of (binary, ordered or unordered) rooted
trees. (Again, we may also, more generally, consider functionals of increasing trees.)

Given a functional f and a rooted tree T, let T'(v) be the fringe tree rooted at the node
v € T, and define the sum over all fringe trees

F(T) = F(T: f) = Y (T (). (1.1)

veT
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Remark 1.5. Functionals F' that can be written as (1.1) for some f are called additive
functionals. They can also be defined recursively by

FT)=fT)+F(Ty)+ -+ F(Ta), (1.2)

where T1,...,T, are the subtrees rooted at the children of the root of 7. In this context,
f(T) is often called a toll function.

We consider the random variables F(7,) and F(A,), where as above 7, and A, are
the binary search tree and the random recursive tree, respectively.

Note that the formulations using properties and functionals are closely related. In
fact, if P is a property and we choose f(7T') as the indicator function 1{T € Py}, then
X[ = F(T,); in particular, X, = F(T,) with f(T) = 1{|T| = k} and X} = F(7,,) with
f(T") = 1{T" = T'}. Conversely, for any f,

=> (DX, (1.3)
T

summing over all binary trees 7. The recursive tree case is similar.

Generally speaking, the formulation with properties is more convenient for results
with an asymptotic Poisson distribution, while the formulation with functionals is more
general and flexible for cases with asymptotic normality. For example, by the Cramér-
Wold device, it implies immediately also multivariate results as Theorem 1.22 below, see
Remark 1.27.

We refer to Devroye [11] for several other examples showing the generality of the
functionals F(T,).

1.3 Main results

In this subsection we state two main results: Theorem 1.7 on Poisson approximation
for ka and XP .. for a property P, and Theorem 1.14 on normal limits for F(7,) and
F(Ay) for a funct1ona1 f (under some conditions).

We let £(X) denote the distribution of a random variable X. Let Po(x) denote the
Poisson distribution with mean p, and let A/(0, 1) denote the standard normal distribution.

Convergence in distribution is denoted by —4,. We recall also the definition of the total
variation distance between two probability measures.

Definition 1.6. Let (X, .4) be any measurable space. The total variation distance drv
between two probability measures p; and ps on X is defined to be

drv (p1, p2) = sup |pu1(A) — pa(A4)|.
AcA

Chang and Fuchs [7] studied fringe trees in random phylogenetic trees. The following
theorem (the binary search tree case) improves the convergence rate in their Theorem 9
and yields in a simple way the rate stated in their Remark 1.

Theorem 1.7. Let X f: . be the number of subtrees of size k with some given property

P in the binary search tree 7T,, and similarly let X P .., be the number of subtrees of
size k with some given property P in the random recursive tree A,,. Let p; p be the
probability that a binary search tree of size k has property P, and similarly let pj p be
the probability that a random recursive tree of size k has property P. Let k = k,, where
k < n. Furthermore, let un k= E(Xn ) and [i ,un = B(XP ). Then

2(n + L)py,p
P P
=EXP,)= " A8E 1.4
npx, p
=K X = —. 1.5
EJP 20 (2015), paper 4. ejp.ejpecp.org
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Then, for the binary search tree, ifk # (n —1)/2,

P\l
dTv(ﬁ(Xf:,k),PO(ﬂik)) =z Z‘P Xn k= _“5"“%
>0 ’
(1.6)
o kaP) if g > 1
o o '/Lik) if gy, <1,
and ifk = (n—1)/2,
2
i
dTV(E(Xik)vPO(uS,k)) = O(%)- (1.7)
For the random recursive tree,
. . (AF )
drv (L(X,, 1), Poliin, 1) = 5 Z‘IP wk =1)— e l;
>0 ’
(1.8)

(%) if @, >1

O(B= i, ) if i, <1.

Consequently, if n — oo and k — oo, then dry (L(X][,),Po(u) ;) — 0, and similarly
dpy (L(X] ), Po(al’ ) = 0.

Remark 1.8. Theorem 1.7 implies asymptotic normality in all cases when £ — oo and
un L — 00 OT u x — oo. Asymptotic normality holds for k = O(1) too, see Examples
1.24 and 1.28 below. For the binary tree, the asymptotic normality in these cases
was proved by Devroye [10, Theorem 1] (k fixed) and [11, Theorem 5] (at least for
k = o(logn/loglog n) which implies that ufik — oo for every P unless Py is empty).

Before stating Theorem 1.14, we give (exact) expressions for the covariances between
Xg and XZ " (i.e., the number of subtrees that are copies of a fixed tree T respectively
T’ in the binary search tree), and similar expression for the random recursive tree. (The
variances, i.e. the special case T' = T, in the binary case were found by [21].) As said
in Remark 1.2, these results hold also if T or A is a given increasing tree, and for the
random recursive tree we may let A be either an ordered or unordered tree; the results
are valid for all cases, but note that e.g. p; A and (j,’}, depend on the version. (In particular,
for increasing trees T"and A, pyr = 1/k! and pp A = 1/(k — 1)!)

Proposition 1.9. Let T be a binary tree of size k and let T’ be a binary tree of size m
where m < k. Let px v := P(T;, = T) and p,, 17+ := P(T,,, = T"), and let ¢%, be the number
of subtrees of T that are copies of T’; further, let

4(k +m+3)
(k+1)(k+2)(m+1)(m+2)
4(k? + 3km + m? + 4k + 4m + 3)

B(k,m) :=

Skt D) (mF+)(k+m+1)(k+m+2) (k+m+3) (1.9)
If n > k +m + 1, then the covariance between X' and X" is equal to
Cov(XT, X"y = (n+ Vor.v, (1.10)
where
orT = WQ(qu%pk’T — B(k, m)pk, TPm,T"- (1.11)
EJP 20 (2015), paper 4. ejp.ejpecp.org
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We note also the corresponding result for X, ,, combining all subtrees of the same
size. (The variances oy, are given by Feng, Mahmoud and Panholzer [16], as well as
higher moments, and the covariances are given by Dennert and Gribel [9].)

Proposition 1.10 (Dennert and Gribel [9]). Let k,m > 1 and supposen > k+m + 1.
The covariance between X,, , and X,, ,, is equal to

Cov(Xn ks Xnm) = (0 + 1)0km (1.12)
where oy, = 04, @and

4m (2k +m + 3)
k+1)(k+2)(k+m+1)(k+m+2)(k+m+3)’
2k (4k® 4+ 5k — 3
Ok.k = ( ) ) . (114)
(k+1)(k+2)"(2k+1)(2k+3)

For the random recursive tree we have similar results.

m < k, (1.13)

Ok,m = —

Proposition 1.11. Let A be an ordered [or unordered] tree of size k, and let A’ be an
ordered [or unordered] tree of size m where m < k.
Let py a :=P(Ar = A) and P, ar := P(A,,, = A'), and let zjj}, be the number of subtrees
of A’ that are copies of A; further, let
B +km+m?2+k+m

Blk, m) := k(k+ Dm(m+ D)(k+m+1) (1.15)

If n > k + m, then the covariance between )A(,’l‘ and X{l\/ is equal to

Cov(X2, X2') = népa, (1.16)
where 1
N AN A A A A
o b — Bk , .. 1.17
GAA A 1)(]A Dk,A — Bk, M) D ADm,A ( )

Remark 1.12. Note that using the natural correspondence between ordered trees and
binary trees, if A corresponds to the binary tree T of size k — 1, then py A = pr—1,7.

Proposition 1.13. Let k,m > 1 and suppose n > k + m. The covariance between Xn’k
and Xnﬁm is equal to

COV( n,k» Xn,m) = na’kﬂn (1.18)
where 6y, = 6,1 and
1
Om = — ., m<k, 1.19
h k(k+1)(k+m+1) (1.19)
2k% — 1
Ok = . (1.20)

k(k+1)%(2k+1)
We are now ready to state our general limit theorem for F(7,,) and F(A,,).
Theorem 1.14. Let F' be given by (1.1) for some functional f.

(i) For the binary search tree, assume that

[ee]
Var f(Tz))'/?
3 % < o0, (1.21)
k=1
lim M =0, (1.22)
k—o0 k
(E
Z f 77“ < oo0. (1.23)
k=1
EJP 20 (2015), paper 4. ejp.ejpecp.org
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Then, as n — oo,

o0

2
E(F(T))/n — pp = ; ) E f(T5), (1.24)
Var(F(Tn))/n = of = lim > f(T)f(T)orr < oo (1.25)
N e
and
F(Tn) = EF(Tn) ~4 N(0,02). (1.26)

n

(ii) For the random recursive tree, assume that

i (Var f(Ay))'/2

e <o (1.27)
k=1
lim VS A) (1.28)
o 2
AN (1.29)
k2
k=1
Then, as n — oo,
E(F(An))/n — fip Z - k+ 0 f(Ag), (1.30)
Var(F(T,))/n — 6% := Jim > FM)F(A)oan < oo (1.31)
T ALIM<N
and F(A,) —EF(A
(An) = B F(An) 45 N(0,62). (1.32)

NG

Corollary 1.15. Let F be given by (1.1) for some functional f such that f(T) = O(|T|%)
for some o < 1/2. Then the conclusions (1.24)-(1.26) and (1.30)—(1.32) hold. Further-
more, the asymptotic normality (1.26) can be written as

F(Tn) — npr

7 ~4 N(0,0%) (1.33)

and similarly, (1.32) can be written

FAn — nfl ~
w ~4 N(0,6%). (1.34)

Remark 1.16. For the binary search tree and f(7T) depending on the size |T| only,
Corollary 1.15 was proved by methods similar to the ones used here by Devroye [11,
Theorem 6] (under somewhat stronger hypotheses), and also by Hwang and Neininger
[28] using the contraction method (somewhat more generally, and with a somewhat
different expression for 0%); Hwang and Neininger [28] also show that, for example,
f(T) = |T|~ with « > 1/2 yields different limit behaviour. See further Fill and Kapur [20]
for similar results (extended to general m-ary search trees). Cf. also Fill, Flajolet and
Kapur [18, Theorem 13] for related results for the mean.

A well-known case when f grows too rapidly for the results above to hold is f(T") =
when F(T) is the total path length in the tree. In this case, for the binary search tree,
the expectation grows like 2n logn and the limit is non-normal, see Régnier [39], Rosler
[40], Fill and Janson [19].
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Remark 1.17. Of course, (1.25) means that (summing over all binary trees)

op =Y D) )orr, (1.35)

T,T"

provided this sum is absolutely convergent. However, this fails in general, even if f is
bounded, since, as is shown in the appendix,

> oz = . (1.36)

T’

Similarly, for the random recursive tree in (1.31),

> [Gan| = oo (1.37)

AN/

Hence, in general, we need the less elegant expressions in (1.25) and (1.31). The same
applies to the special cases in (1.52) and (1.55) below.

Note that if f(7') depends on the size |T'| only (a case considered in [28] and [20]), so
f(r) = 7| for some sequence py, k > 1, then (1.25) implies

oF =Y HklmOkm, (1.38)
km>1

where it is easily shown that the sum is absolutely convergent as a consequence of
(1.13)-(1.14) and the assumption (1.23), i.e. Zk ,uﬁ/k2 < 0. The analogous result for
the random recursive tree holds too for such f, now using (1.19)-(1.20).

The asymptotic means pr and /i in (1.24) and (1.30) can also be written as follows.
Let 7 be the random binary search tree 7y with random size N such that P(|T| = k) =

P(N = k) = gyrigeray > 1. Similarly, let A be the random recursive tree Ay with

random size N such that P(|A| =k) =P(N =k) = ﬁ k > 1. Then, by definition,
pr =Ef(T), (1.39)
ir =E f(A). (1.40)

Moreover, as shown by Aldous [1], 7 is the limit in distribution of a uniformly random
fringe tree of 7, as n — oo, and similarly A is the limit in distribution of a uniformly
random fringe tree of A,, as n — oo, see also [10] and [12]. (In fact, this is an immediate
consequence of (1.4) and (1.5).)

Aldous [1] gave also direct constructions of 7 and A using branching processes. For
A we consider a tree A; growing randomly in continuous time, starting with an isolated
root at time ¢ = 0 and such that each existing node gets children according to a Poisson
process with rate 1. For 7 we similarly grow a random binary tree 7; by letting each
node get a left and a right child after waiting times that are independent and Exp(1). In
both cases, we stop the process at a random time 7 ~ Exp(1), independent of everything
else; this gives A and 7, see [1]. This construction often simplifies the calculation of yp
and [ir, see [12] and examples in Section 8. (A and 7 can be regarded as increasing
trees, using the birth times of the nodes as labels.)

1.4 Some consequences and extensions

An important special case of Theorem 1.7 is to consider all trees of size k, i.e., X, i
and )A(m k. This yields Theorem 1.18 below. We give also an accompanying Theorem 1.19
on normal convergence. Note that in both theorems, k£ = k,, may depend on n. The
results in the Theorems 1.18-1.19, except the explicit rate in (1.43)-(1.44), were shown
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by Feng, Mahmoud and Panholzer [16] and Fuchs [22] by using variants of the method of
moments. Theorem 1.19 was earlier proved for fixed k by Devroye [10] (using the central
limit theorem for m-dependent variables), and the means (1.41)-(1.42) are implicit in
[10], see also [11] and Flajolet, Gourdon and Martinez [21]. (The corresponding, weaker,
laws of large numbers were also given by Aldous [1] by another method.) The part
(1.45) for binary search trees was extended to k£ = k,, (for a smaller range than here) by
Devroye [11] using Stein’s method for normal approximation. In the present paper we
continue and extend this approach, and use Stein’s method for both normal and Poisson
approximations (these are two completely different methods) to provide simple proofs
for the full range.

Theorem 1.18. Let X,, ;, be the number of subtrees of size k in the binary search tree
T, and similarly let )A(m 1 be the number of subtrees in the random recursive tree A,,. Let
k = k,, where k < n. Furthermore, let u,, 1, := E(X,, ) and fi, , = E(X,, ). Then

2(n+1)
ki =EX, 5) = — 1.41
N n
ip k= E(Xp k) = —————. 1.42
fim 3= (X 1) (k+ 1) (1.42)
Then, for the binary search tree,
k) 1
drv (L(Xnr), Po(tinr)) Z‘]P - _e—unk(ﬂl'k) ’:O(E)’ (1.43)
1>0
and for the random recursive tree,
drv (LX), Po(fin 1)) Z‘IP ) eiini { ’— (f) (1.44)

1>0
Consequently, if n — oo and k — oo, then dpy (L(Xp k), Po(tnk)) — 0, and similarly
drv (L(Xn k), Po(ftn k) = 0.

Theorem 1.19. Let X, ;. be the number of subtrees of size k in the binary search tree

T, and similarly let Xn,k be the number of subtrees of size k in the random recursive
tree A,,. Let k = k, = o(y/n). Then, as n — oo, for the binary search tree

Xn,k - E(Xnk)
Var(Xn,k)

and similarly, for the random recursive tree

45 N(0,1), (1.45)

Xn,k - E(Xn,k)
Var(X,,.1)

~4 N(0,1). (1.46)

Remark 1.20. If k/\/n — oo, then tn.k, fnk — 0, and the convergence result in The-
orem 1.18 reduces to the trivial X, j 250 and Xnk L2, 0; the rate of convergence
in (1.43)—-(1.44) is still of interest. Dennert and Griibel [9] considered instead the sum
2_k>(1—t)n Xn,x and obtained a functional central limit theorem.

If k/\/n — c € (0,00), then p, ;. — 2¢72 and fi,, , — ¢~ 2; and we obtain the Poisson
distribution limits X,,  — Po(2¢~2) and X,, » — Po(c~2) [16, 22].

Remark 1.21. The proofs yield immediately, using the classical Berry-Esseen estimate
for Poisson distributions, also the estimate O(k/+/n + 1/k) of the convergence rates in
(1.45) and (1.46) for the Kolmogorov distance; however, for slowly growing k this is
inferior to the bound O(k/+/n) given by Fuchs [22]. (We have not investigated whether
this bound can be shown by a more careful application of Stein’s method.) Other
distances might also be studied, but we have not done so.
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Next we consider the subtree counts X! and X{L\ for subtrees of different sizes
together, giving result on joint asymptotic normality for several sizes and properties;
however, now we do not allow the sizes to depend on n. Theorem 1.22 below shows that
these numbers are asymptotically normal, and moreover, jointly so for different trees T'
or A. (For a single binary tree T this was shown by Devroye [10, 11], and by another
method by Flajolet, Gourdon and Martinez [21]; for a single unordered tree A this was
shown by Feng and Mahmoud [15].)

Theorem 1.22. (i) Let T",...,T% be a fixed sequence of distinct binary trees and let
X, = (X" XT° ... XT"). Let
w, =EX, = (]E(XTI),E(XTZ)7...,E(ng))

n n

and let I' = (v;;)¢ ,_, denote the matrix with elements

1 i y
Yij = lim *COV(XE an )= oriTi, (1.47)

n—,oo M

with notation as in (1.10)-(1.11). Then T is non-singular and

nV2(X, — py) — N(0,T). (1.48)

(il) Similarly, let AL A% be a fixed sequence of distinct ordered (or unordered)
trees and let X,, = (XA", X2, XM, Let

f, =EX = (E(Xj}l),IE(X,,‘L\2), o ,E(ijd))
andlet I' = (3i5)¢ ;=1 denote the matrix with elements

1 s
435 = lim — Cov (X2, XA) = 6pi 05 (1.49)

n—oo n

with notation as in (1.16)—(1.17). Then I'is non-singular and
n (X — i)~ N(0,1). (1.50)

For binary search trees, (1.48) can be proved as the univariate case in Devroye [10],
but the formula (1.11) for the covariances seems to be new. For random recursive trees,
as said above, Feng and Mahmoud [15] showed the univariate case d = 1 of (1.50) (for
unordered A), together with formulas for the mean and variance.

Remark 1.23. Since the covariance matrices I and I" in Theorem 1.22 are non-singular,
the limiting multivariate normal distributions A/(0,T") and A(0,T') are non-degenerate.
Furthermore, let Cov(X,,) denote the covariance matrix of X,,. Since n~! Cov(X,,) —» T’
as n — oo, Cov(X,,) is non-singular for large enough n and thus Cov(X,,)~'/? exists and

the conclusion (1.48) is equivalent to Cov(X,,)~/2(X,, — ,,) —— N(0, I;), where I, is the
d x d identity matrix and N(0, I) is the d-dimensional standard normal distribution with

diid. N(0,1) components. Similarly, (1.50) is equivalent to Cov(X,)"V/2(X,, — p,,)
N0, I).

Example 1.24. For any property P of binary trees and any fixed k, Xf;k = ETGPk XxT,
summing over all trees T € Pj; hence the joint asymptotic normality in Theorem 1.22
implies asymptotic normality of Xf - as asserted in Remark 1.8. Moreover, this also
yields joint asymptotic normality for several properties P and several (fixed) k; in
particular, we obtain joint asymptotic normality of X, ;, for any finite set of k, as earlier

shown by Dennert and Griibel [9]. The random recursive tree case is similar.
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Example 1.24 generalizes immediately to any finite linear combination of subtree
counts X! or Xg ; in fact, this is equivalent to the joint asymptotic normality.

Next, consider again functionals. Corollary 1.15 shows, in particular, that F(7,,) or
F(A,) is asymptotically normal for any bounded f, unless 0% = 0 or 6% = 0. Letting f
be the indicator function of a set of trees, we obtain the following general result. (In the
binary case, Devroye [11, Theorem 2] showed (1.51) and the corresponding weak law of
large numbers, which is a consequence of (1.53). See also Devroye [11, Lemma 4] for a
result similar to (1.53).)

Corollary 1.25. Let P be any property of binary trees and let X! be the number of
subtrees of T,, with this property. Then, as n — oo,

EXF/n— pp:=P(T € P), (1.51)
P 2 .1 ,
Var X, /n — op := J\;gnoo T’T,EP:%’T/QVUT’T < 00, (1.52)
and XP_ExP
% = N(0,0%). (1.53)

Similarly, if P is any property of ordered (or unordered) trees and X’f is the number
of subtrees of A,, with this property, then, as n — oo,

EXP/n— jip :=P(A € P), (1.54)
Var XP /n — 62 = Jim > Gan < 00, (1.55)
AN EP: |ALIN|SN
and ) .

XP-EXP 4 .
”T =5 N(0,6%). (1.56)
Furthermore, we can replace ]EXf in (1.53) and ]EX',}LD in (1.56) by nup and njp,
respectively. O

Note that, unlike Theorem 1.7, we do not count subtrees of a given size only; we have
XF =3, XP, and similarly for X/[.

Problem 1.26. Is the asymptotic variance ¢% or 6% in Theorem 1.14 always non-zero
except in trivial cases when F(7,,) or F(A,) is deterministic? (We conjecture so, but
have no general proof.) Note that by (1.3) and the non-singularity of the finite covariance
matrices in Theorem 1.22, this holds for any f such that f(7') is non-zero only for finitely
many 7. Another special case where this holds is given in Theorem 1.30 below.

In particular, can 0% = 0 or 6% = 0 occur in Corollary 1.25 except in trivial cases
when Var X = 0 or Var X’ = 0, respectively, for every n?

Note that F' may be deterministic also when f is not; for example, if f(T') equals
the degree of the root of T’ minus 1, then F(T) = —1 for any rooted tree 7. (See also
Remark 8.9 for a related example where different functionals f yield the same F for
binary trees.)

Remark 1.27. Theorem 1.14 extends immediately to joint asymptotic normality for
several functionals f and F' by the Cramér-Wold device. Hence Corollaries 1.15 and
1.25 too extend to joint asymptotic normality.

Example 1.28. For any property P, Corollary 1.25 applied to Py, or taking f(T) =
T € Pk}Ain Corollary 1.15 or in Theorem 1.14, yields again the asymptotic normality of
X[, and X7, for fixed k, obtained more directly in Example 1.24.
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Remark 1.29. Similar results for conditioned Galton-Watson trees are given in [30].
Note, however, that for the result corresponding to Theorem 1.14 there, stronger condi-
tions on the size of f are required than for the results above; in particular, Corollary 1.15
holds in that setting only for a < 0. We believe that, similarly, the analogue of Corol-
lary 1.25 does not hold for conditioned Galton-Watson trees for arbitrary properties,
although we do not know any counter example.

We note a special case where we can give an alternative formula for the asymptotic
variance o or 6% and prove the conjecture in Problem 1.26. (Theorem 1.30, for the
binary search tree, is essentially the same as the case treated by Hwang and Neininger
[28, Theorem 2'], with an equivalent formula for the variance, except for the extra
randomization allowed there. It includes the case when F(T') only depends on the size
|T'|, where the formula is the case m = 2 of Fill and Kapur [20, (5.3)]. In this case, a
very similar result was also proved by Devroye [11, Lemma 5]. Another example where
Theorems 1.30-1.31 apply is provided by the 2-protected nodes in Section 8.2.)

For a rooted tree T, let vy, ...,v4 be children of the root (in order if 7" is an ordered
tree), where d = d(T') is the degree of the root. We call the subtrees T'(v1),...,T(vq)
principal subtrees of T. In the case of a binary tree T, we let T, and Tr by the subtrees
rooted at the left and right child of the root, and call these the left and right subtree;
these are thus the principal subtrees, except that Ty, and Tk may be the empty tree (.
(We define 7o = () and F'(0) = 0.)

Theorem 1.30. Suppose, in addition to the hypotheses of Theorem 1.14(i), that the
functional f(T) = f(|T|,|T¢|, |Tr|) depends only on the sizes of T and of its left and right
subtrees. Let vy, := E F(Ty), let I, be uniformly distributed on {0, ...,k — 1} and let

Yy = Var(vp, + vk—1—1, + f(k, I,k — 1 — 1))

, (1.57)
:]E(V]k + V11, +f(k,[k,k;—1—l;€)—yk) .
Then
> 2
2 = _ . 1.58

Moreover, 0% > 0 unless Var F(T,) = 0 for every n > 1; this happens if and only if
f(n,k,n—1—k) =a, — ap — ap—1— for some real numbers a,, n > 0.

Note that |T'| = |T|+|Tr|+1, so two of [T’
we write f(|T|,|TL],|Tr|) for emphasis.

Tz,

’

Tr| determine the third; nevertheless

Theorem 1.31. Suppose, in addition to the hypotheses of Theorem 1.14(ii), that the

functional f(A) = f(|A[,d(A), Ay, ], .., [Av,,,|) depends only on the size |A| and the
number and sizes of the principal subtrees. Let v, := IE F(Ay), and let
d(Ax)
1y = Var (f(k’, d(Ak), ‘Ak’1|7 . ) + Z VAk,zi|)
i=1
1.59
d(Ax) 2 ( )
= E(f(k, d(Ak), |Ak,1‘, .. ) + Z VA | — Vk) .
i=1
Then
i 1
)
= ) 1.60
oF ’;k(k+1)wk<oo (1.60)
Moreover, 6% > 0 unless Var F(A,,) = 0 for every n > 1; this happens if and only if
f(n,d,ny,...,ng) = an — Ele an, for some real numbers a,, n > 0.

The distribution of (d(Ag), Ak, |,---) in (1.59) is the same as the distribution of the
number of cycles in a random permutation of length k£ — 1 and their lengths (taken in the
order of their minimal elements), see Drmota [14, Section 6.1.1].
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2 Representations using uniform random variables

In this section we describe the representation of the binary search tree by Devroye
[10, 11], and extend it to the random recursive tree. Finally, we give a new cyclic
representation for both of the random trees, which leads to simpler calculations in later
sections.

2.1 Devroye’s representation for the binary search tree
We use the representation of the binary search tree 7,, by Devroye [10, 11] described

in Section 1, using i.i.d. random time stamps U; ~ U(0, 1) assigned to the keysi =1,...,n.
Write, forl1 <k <nandl<i<n-—-k+1,
o(i, k) ={0,U;),...,(i+ k= 1,Uiyr-1)}, (2.1)

i.e., the sequence of k labels (j, U;) starting with j = . For every node u € 7y, the fringe
tree T, (u) rooted at u consists of the nodes with labels in a set o(i, k) for some such 4
and k, where k = |7,(u)|, but note that not every set o(i, k) is the set of labels of the
nodes of a fringe subtree; if it is, we say simply that o (i, k) is a subtree. We define the
indicator variable

I i, :=1{o(i, k) is a subtree in T, }.

It is easy to see that, for convenience defining Uy = U, 4+1 =0,
Ii x = 1{U;_1 and U, are the two smallest among U;_1,. .., Ui }. (2.2)
Note thatif ¢ =1 or7 =n — k + 1, this reduces to

I p = 1{Uj41 is the smallest among Uy, ..., Upt1}, (2.3)
I—k41,k = 1{U,_y is the smallest among U, g, ..., Uy, }. (2.4)

For k = n, when we only consider ¢ = 1, we have I, ,, = 1.
Let f(T') be a function from the set of (unlabelled) binary trees to R. We are interested
in the functional, see (1.1),

Xy = F(T) = > f(Taluw), (2.5)

uET,

summing over all fringe trees of 7,.

Since a permutation (o1, ...,0y) defines a binary search tree (by drawing the keys
in order oq,...,0%), we can also regard f as a function of permutations (of arbitrary
length). Moreover, any set (i, k) defines a permutation (01,09, ..., 0;) where the values
j, 1 <j <k, are ordered according to the order of U;;;_;. We can thus also regard f
as a mapping from the collection of all sets o (i, k). Note that if o(i, k) corresponds to
a subtree 7, (u) of T, then 7,,(u) is the binary search tree defined by the permutation
defined by (i, k), and thus f(7,(u)) = f(o(i,k)). Consequently, see [11],

n n—k+1
Xo= Y f(Ta@)=>_ > Lif(o(ik)). (2.6)
u€T, k=1 1i=1

2.2 The random recursive tree

Consider now instead the random recursive tree A,,. Let f(7') be a function from the
set of ordered rooted trees to R. (The case when f is a functional of unordered trees
is a special case, and the case when f is a functional of increasing trees is similar.) In
analogy with (2.5), we define

Y, = F<An) = Z f(An(u))7 (2.7)

uEA,
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summing over all fringe trees of A,,.

As said in the introduction, the natural correspondence yields a coupling between
the random recursive tree A,, and the binary search tree 7,_1, where the subtrees in
A, correspond to the left subtrees at the nodes in 7,,_; together with the whole tree,
including an empty left subtree () at every node in 7,,_; without a left child, corresponding
to a subtree of size 1 (a leaf) in A,,. Thus, as noted by [10], the representation in
Section 2.1 yields a similar representation for the random recursive tree, which can be
described as follows.

Define f as the functional on binary trees corresponding to f by f(T) := f(7"), where
T’ is the ordered tree corresponding to the binary tree T by the natural correspondence.
(Thus |T’| = |T| + 1.) We regard the empty binary tree ) as corresponding to the (unique)
ordered tree e with only one vertex, and thus we define f() := f(e).

Assume first 1 < k£ < n and recall that subtrees of size k in the random recursive tree
A, correspond to left-rooted subtrees of size £ — 1 in the binary search tree 7,_1. As said
in Section 2.1, a subtree of size k — 1 in 7,,_; corresponds to a set o(i, k — 1) for some
i€{l,...,n—k+ 1}. The parent of the root of this subtree is either i — 1 ori+ &k — 1;
itis ¢ — 1, and the subtree is right-rooted, if U;_1; > U;4,—1 and it is ¢ + k£ — 1, and the
subtree is left-rooted, if U;_; < U;4,—1. Thus, if we define

Ity = 1{o(i,k — 1) is a left-rooted subtree in T;,_1}, (2.8)
then, using (2.2),

1Yy =1{Uisy < Uipp-1 < igjgliifk_zUj}. (2.9)
Note that, since we consider 7,_;, we have defined Uy = U,, = 0, and the argument
above holds also in the boundary cases i = 1 and ¢ = n — k + 1. Furthermore, in the case
k = n, we define the whole binary tree as left-rooted, so I 1L7n_1 = 1 and (2.9) holds also for
k = n (and thus ¢ = 1). (This is the reason for using a weak inequality U; 1 < U;;x—1 in
(2.9); for k£ < n we might as well require U;_; < U;4+—; since Uy, ...,U,_; are assumed
to be distinct.)

Finally, consider the case k = 1. Subtrees of size 1 in A,, correspond to nodes without
left child in 7,_1, and it is easily seen that a node i lacks a left child if and only if
U; > U;_,. Hence, defining 12%0 := 1{i has no left child}, (2.9) holds also for k = 1 (with
the empty minimum interpreted as +o0).

Consequently, (2.9) holds for all £, and the fringe trees in A,, correspond to the sets
o(i,k—1) with1 <k <nand1<i<n—Fk+1such that I};,_, = 1. It follows that, in
analogy with (2.6),

n n—k+1
Ve S fa@) =3 ST 15 Foik - 1)). (2.10)
u€EA, k=1 1i=1

Note that (for £ = 1) o(i,0) = (), the empty set corresponding to the empty subtree 0,
and thus f(o(4,0)) = f(@) = f(e). Note also the boundary cases, because Uy = U,, =0,

I{'_, = 1{U}, is the smallest among Uy, ..., Uy}, (2.11)
and
0, 1<k<n,
Iy 11 = {1 e (2.12)

2.3 Cyclic representations

The representation (2.6) of X,, using a linear sequence Uj,...,U, ofii.d. random
variables is natural and useful, but it has the (minor) disadvantage that terms with ¢ = 1
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ori =n — k + 1 have to be treated specially because of boundary effects, as seen in
(2.3)-(2.4). It will be convenient to use a related cyclic representation, where we take
n + 1 i.i.d. uniform variables Uy, ..., U, ~ U(0, 1) and extend them to an infinite periodic
sequence of random variables by

Uz' = Uimod (n+1)» S Z7 (2.13)

where i mod (n + 1) is the remainder when i is divided by n + 1, i.e., the integer ¢ € [0, n]
such that i = ¢ (mod n + 1). (We may and will assume that Uy, ..., U, are distinct.) We
define further I, ;, as in (2.2), but now for all ¢ and k. Similarly, we define o(i, k) by (2.1)
for all 7 and k. We then have the following cyclic representation of X,,. (We are indebted
to Allan Gut for suggesting a cyclic representation.)

Lemma 2.1. LetUy,...,U, ~ U(0,1) be independent and extend this sequence periodi-
cally by (2.13). Then, with notations as above,

n n+l
d o .
Xpo= Y f(Ta(w) = Xn =D Linflo(i, k). (2.14)
u€Th k=1 i=1
Proof. The double sum in (2.14) is invariant under a cyclic shift of Uy,...,U,. If we
shift these values so that U, becomes the smallest, we obtain the same distribution of
(Uo,...,Up,) as if we instead condition on the event that Uy is the smallest U;, i.e., on
{Up = min,; U;}. Hence,
X, L (X, | Uy =minl). (2.15)
7

Furthermore, the variables I; ;, depend only on the order relations among {U;}, so if
Uy is minimal, they remain the same if we put Uy, = 0. Moreover, in this case also
Un+1 = Up = 0 and it follows from (2.2) that [; , =0if ¢ <n +1 < i+ k — 1; hence the
terms in (2.14) with n — k + 1 < ¢ < n + 1 vanish. Note also that in the remaining terms,
f(o(i,k)) does not depend on Uy. Consequently,

n n—k+1
%, 4 (kZ > L f(oli, k) | Uy =0) = X, 2.16)
=1 i=

by (2.6), showing that the cyclic and linear representations in (2.6) and (2.14) are
equivalent. O

Remark 2.2. In terms of the tree 7,, the construction above means that we find
ip € {0,...,n+ 1} such that U;, is minimal and then construct the tree 7, from the pairs
(1,Uig41)s - - -5 (n, Uiy 4n) by Devroye’s construction.

For the random recursive tree A,, we argue in the same way, now using (2.10). We
start with n i.i.d. uniform random variables Uy, ..., U, _1 and extend them to a sequence
with period n; we then define o (i, k — 1) and Il-L‘kf1 by (2.1) and (2.9) for all 7 and k. This
yields the following; we omit the details. '

Lemma 2.3. Let Uy,...,U,—1 ~ U(0,1) be independent and extend this sequence

periodically by U; := U; mod n- Then, with notations as above,
Yo=Y fAn(w) £ Yo=Y S IE  Flolik —1)). (2.17)
ueA, k=1 1i=1

O
We may (and will) assume that the equalities in distribution in the lemmas above are

equalities.
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3 Means and variances

In this section we prove general results on means and variances for functions on fringe
trees for binary search trees and random recursive trees. The cyclic representations in
Section 2.3 lead to simple calculations.

3.1 Binary search tree

We begin by computing the mean and variance of X,, ;, the number of subtrees of
size k in the random binary search tree 7,,. This has earlier been done using the linear
representation in Section 2.1 by Devroye [10] (implicitly) and [11] (explicitly); our proof
is very similar but the cyclic representation avoids the (asymptotically insignificant)
boundary terms. Explicit expressions have also been derived by other (analytic) methods,
see Feng, Mahmoud and Panholzer [16], Chang and Fuchs [7], Fuchs [22, 23]. We give a
detailed proof for completeness, and as an introduction to later proofs. (The lemma is a
special case of later results, but we find it convenient to start with the simplest case.)
For completeness, note also that X, ;, = 1 when £ = n and X,, ;, = 0 when k£ > n.

Note that X, j is given by (2.5) with f(T') = 1{|T| = k}, and thus by (2.6) with
f(o(i,0) = 1{t = k}, i.e., X, = 7" I, . However, we prefer to instead use the
cyclic representation (2.14), which in this case is

n+1
Xog = Tik, (3.1)
=1

where now I; ;, are defined by (2.2) with U; given by (2.13). Recall that U; thus is defined
for all © € Z and has period n + 1; it is thus natural to regard the index ¢ as an element of
2y +1; similarly, I; ;, is defined for all ¢+ € Z with period n + 1 in 7, so we can regard it as
defined for ¢ € Z, 4. When discussing these variables, we will use the natural metric on
Z., 4, defined by

li — Flnt1 = rlpei%\i—j—ﬁ(n—klﬂ. (3.2)

Lemma 3.1 (Cf. Devroye [10, 11] and Feng, Mahmoud and Panholzer [16]). Let1 < k <
n. For the binary search tree T,

2(n+1)
EX,y)=——7——"— 3.3
k) = G DR+ 2) (3.3)
and
k% 44k n—
EXng—(n+1) (k+1)(?c2+2)4;(12k111)2(2k+3)’ k< 7,
Var(X, 1) = EXpp + % — ﬁ, k= ”517 (3.4)
n 2 n—
E Xk — (BXop)? =EXok — gy b > "5
Hence,
n
Var (X, 1) = E(Xn k) + 0(5), (3.5)
except when k = (n — 1)/2; in this case
2 1
Var(Xp ) = E(Xnu) + - + O(%) = E(Xpp) + O(ﬁ). (3.6)

Another, equivalent, expression for the variance in the case k < (n — 1)/2 is given in
Proposition 1.10 with m = k. (It is easily checked that when n > 2k + 1, (3.4) and (1.12)
with (1.14) are equivalent.)
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Proof. We use (3.1). By (2.2) and symmetry, for any s and 1 < k < n,

2

HI) = Ty

(3.7)
and thus (3.3) follows directly from (3.1).

We now consider the variance. Note that by (2.2), I; ; and I;; are independent
unless the sets ¢ — 1,...,¢ +kand j — 1,...,5 + k overlap modulo n + 1, i.e., unless
|i — jlnt1 < k + 1. Furthermore, if 0 < |i — j|p41 < k, then (2.2) implies I; xf;r = 0
(this says that two distinct subtrees of size k are disjoint and, moreover, have their
corresponding intervals of k indices non-adjacent, which is obvious). Hence, by (3.1) and
symmetry, if £k < (n —1)/2,

Var(X,, ;) = Z Z Cov(Lik, I k)

i=0 j=0
k+1 (3 8)
= (n+ 1) Var(Iox) +2(n+1) > Cov(Iox, I ) '
j=1

=(n+ 1)(1'5 Tog +2E(Io gk lpy1,k) — (2k + 3)(E Io,k»)2>-

If k = (n—1)/2 (and thus n is odd) this has to be modified since —(k + 1) = k + 1
(mod n + 1), so the terms for j — i = £(k + 1) coincide and should only be counted once;
thus

Var(Xn,k) = (n + 1)(E Tox + ]E(IO)k]kJrl,k) — (2k + 2)(E Io)k)z). (3.9)

Finally, if £ > (n — 1)/2, then always I; ;I = 0 unless i = j (there is no room for two
distinct subtrees of size k£ > n/2) and

Var(X,p) = (n + 1)(113 Tos — (n+ 1)(E 107,6)2). (3.10)

This can also be seen directly, since in this case X, < 1, so X,, x ~ Be(un, ) with
Mk = EXn,k = (’I’L + 1) EIO,JC.

It remains to compute E(Io Ixt1.5) = E(l1 g lkt2k). By (2.2), I1 ;Ixy2 = 1 when Uy
and Uy, are smaller than Uy, ..., Uy and Uy and Usg42 are smaller than Ugo, . .., Usg41.
Consider first £ < (n — 1)/2 and condition on Ui4+; = u. Then the first condition is
satisfied if either Uy < w and Uy,...,U; > u, which has probability u(1 — u)¥, or if
Uy, ...,Ur > uand Uj is the smallest among them, which by symmetry has the probabil-
ity 745 P(Uo, ..., Ux > u) = 155 (1—u)*'. The second condition has the same probability,

E+1
and by independence we obtain, letting x =1 — u,

! 2
E(I1,klk+2,k):/ (u(l_u)k_*_%ﬂ(l_u)k-i-l) du
0

1 2 1
:/O (Ik _ k%lka) da :/0 <z2k _ %xzkﬂ n (k-lf-21)2x2k+2) de
_ 1 2k N k2
B ) T (k+1)2(2k + 3)

(3.11)

2%k +1  (k+1)(2k+2
5k + 3
(k+1)2(2k +1)(2k + 3)°

(This can alternatively be obtained by a combinatorial argument, considering the 6
possible orderings of Uy, Uj.+1, Uak+2 separately.)
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In the case k = (n — 1)/2, Usg12 = Up41 = Uy, and thus [ ylx42,% = 1 if and only if Uy
and Uy, are the two smallest among Uy, ..., U,; hence

2

E(L plito,k) = D)

(3.12)
The result (3.4) now follows from (3.7)-(3.10) by elementary calculations. Finally,
(3.5)-(3.6) follow. O

Lemma 3.1 is easily extended to X P, the number of subtrees of size k with some
property P. (The mean and estimates of the variance are given by Devroye [11]. The
special case when we count copies of a given tree 7" was given by Flajolet, Gourdon and
Martinez [21].)

Lemma 3.2. Let P be some property of binary trees. Let1 < k < n and let p; p :=
P(7x € P). For the binary search tree T,

2(n + Dpk,p
E(XP)= " 3.13
Kok) = T D+ 2) (3.13)
and
22k% +44k+12 n—1
EX7) —(n+1) (k+1)(k+2)-g(2kj-_1)(2k+3) Pi.p: k<3,
Var(X, ) = ¢ EX, + (% - (,1%)2) Pips k=2l (3.14)
4(n+1 2 n—
EXy, — (EX7 ) =EX], - mpﬁp, k> st
Hence,
n
Var(xX[,) = B(X[y) + O( 5wk ). (3.15)
except when k = (n — 1)/2; in this case
Var(X[) = B(XE,) + 0(2af ). (3.16)

Proof. Let I; P be the indicator of the event that the binary search tree defined by the
permutation deﬁned by o(i, k) belongs to P. Then the cyclic representation Lemma 2.1
with f(T) = 1{T € P} yields

n+1
nk*ZIzklipk (317)
By (2.2), conditioning on I; , = 1 says nothing about the relative order of U;, ..., U;yx—1;

hence I, , and I . are independent. Consequently, by (3.7),

E(141f3) = B BUL) = Gy PR e P) =

_ 3.18

2
(k+1)(k+2
and (3.13) follows immediately.

Similarly, for the variance we use (3.17), (3.18) and the argument in the proof of
Lemma 3.1. Note that I(fk and I,fﬂ}k are independent of Iy ;. I;11 ; and of each other;
thus

E(I(),kI()F:ka+1,kIlf+1,k) = E(I(),klk+1,k)pz,P'

The result follows by simple calculations. O

To further extend this, we consider a real-valued functional f(7") of binary trees and
the sum F(T) defined by (1.1). We begin with two such functionals of a special type.

EJP 20 (2015), paper 4. ejp.ejpecp.org
Page 19/51


http://dx.doi.org/10.1214/EJP.v20-3627
http://ejp.ejpecp.org/

Limit laws for functions of fringe trees

Lemma 3.3. Let 1 < m < k. Suppose that f(T) and g(T') are two functionals of binary
trees such that f(T) = 0 unless |T| = k and g(T') = 0 unless |T| = m, and let F(T') and
G(T) be the corresponding sums (1.1) over subtrees. Let

pr:=Ef(Ty) and pg:=Eg(Tm). (3.19)
(i) The means of F'(7,) and G(7,,) are given by

2(n+1)

(VLA
EF(Tn) = q uy, n=k, (3.20)
0, n <k,

and similarly for E G(T,,).
(i) If n > k+m + 1, then

Cov(F(T,),G(T)) = (n +1) ( FTG(TR)) - ﬂ(lﬁm)ufug)

2
(k+1)(k+2) I(

where ((k,m) is given by (1.9).
(iii) If n=k+ m + 1, then

Cov(F(T).G(Ta)) = (n +1) ( E(f(T)G(T5)) - /3l<k,m>wug)

2
E+1)(k+2)

where 4(k+m+2) 2
Bulkm) = G ) m Tt Vm+2) 1) (3:21)

(iv) If k<n < k+m+1, then

Cov(F(T2). G(T) = (n+ 1) ( E(/(T)G(TL)) - Bz(k,m)ufug>

2
(k+1)(k+2)

where A 0
n -+
Balksm) = T ) m+ D 1 9) (3.22)
(v) If n =k, then
Cov(F(Tn), G(Tn)) = B(f(Te)G(Tr)) — (n+ 1)Bs(k, m) s g
where
2
Ba(kym) = {(”f“)(m”)’ ek (3.23)
r_,’_l7 m = k

(vi) If n <k, then F(T,,) = 0 and thus Cov(F(T,),G(T,)) = 0.

Proof. (i): The result is trivial for k& > n since F(7,) = F(Tx) = f(Tx) if kK = n and
F(7,) =0if k > n.
Hence, assume k < n. Using the cyclic representation (2.14), we find

BE(T.) = 3 B(Lif (0 k) = (0 + 1) B(Lkf (o, 1)), (3.24)

=0

Recalling (2.2) and noting that f(o(¢,k)) depends only on the relative order of U, .. .,
Uitk—1, we see that I, ;, and f(o(i, k)) are independent. Thus, using (3.7),

2

Gk G2

E(Lirf(o(i k) = B(Lik) B(f(0(i k) = B(Li5) B(f(Tr)) =
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and thus
2
showing (3.20) in the case k£ < n.
(ii)-(@iv): The cyclic representation (2.14) similarly yields
Cov (F(Tx ZZCOV Lk f(0(i, k), Img (0 (5, m))), (3.27)

=0 j=0

where I; , f(o(i, k)) and I; ,g(o(j,m)) are independent unless the sets {i — 1,...,i+ k}
and {j — 1,...,j5 + m} overlap (as subsets of Z, 1). Furthermore, as a consequence of
(2.2), if these sets overlap by more than one element but none of the sets is a subset of
the other, then I; 1;,, = 0, exceptinthecase k+m=n—landj—-1=i+k,i—1=j+m
(mod n + 1) (again, this says that two subtrees cannot overlap or be adjacent unless one
is contained in the other).

(ii): We now assume k +m < n — 1 and £ > m. Then (3.27), symmetry and the
observations just made yield

Cov(F(T,), G(T,) ( (To s f(0(0, ENT -1 mg(o(=m — 1,m)))

3 BT 000 sl om)

(IO kf 0 ]{3 Ik—i—l mg( (]C + 1, m)))
— (k +m +3) E(Io s f(0(0, k) E(lo,mg((0,m)) ).
As seen in the proof of (i), I; ;; is independent of f(c (i, k)), and thus (3.25) holds. Similarly,

2

E(Ijmg(o(j,m))) = S (3.28)

and
E (1o, f(0(0, k) Irs1,mg(o(k+1,m))) = BE(lo g lrr1,m)tifiig- (3.29)

Furthermore, the argument for (3.11) generalizes to
1
E(Io kIt 1,m) = /O (w0 = w)* + g (1= ) ) (= w)™ + Sl (1= w)™*) du

1
o k_ _k k+1 m _ _m m—+1
_/O (ac g )(az T )dx

1 k m
T k+m+1 (k+D)(k+m+2) (m+1)(k+m+2)
km

TR Dm Dk rmt3)
_ 2(k? + 3km + m? + 4k + 4m + 3)
S k+D)(m+ ) (k+m+1)(k+m+2)(k+m+3)

(3.30)

(Again, this can also be obtain by a combinatorial argument.)
The term E (1o 4 f(0/(0,k))I—m—1,mg(c(—m —1,m))) is calculated in the same way, and
yields the same result.
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Finally, for convenience shifting the indices,

k—m
> B(lokf (o0, k) jmg(o(j,m)))
7=0

kE—m+1

_ E(Il,k) ( Z I; mg(o ‘ Ly = 1) (3.31)

- 2
(k+1)(k+2)

where the last equality follows because the conditioning on I; ;, = 1 yields the same
result as conditioning on Uy = Ug4+1 = 0, and the linear representation (2.6) shows that
then the sum is G(7%). The result follows by collecting the terms above.

(iii): In the case k + m = n — 1, we argue in the same way, but as in the case
k = (n —1)/2 of Lemma 3.1 (a special case of the present lemma), there are only
k+m+ 2 =mn+ 1 terms to subtract and (3.30) is replaced by the simple

2
n(n+1)’

E(f(Te)G(Tr)),

E(Iolkt1,m) = (3.32)

cf. (3.9) and (3.12).
(iv): In the case k +m > n — 1, there cannot be two disjoint subtrees of sizes k and m.
Hence the arguments above yield

Cov(F(T).G(T2)) = (n + 1) (ZE Toif (00, k) Ly mg(o(j.m)))

(0 + D E (I f(0(0, £))) E (I mg(o (0, m)>))

and the result follows from (3.31) and (3.25), (3.28).

(v): In the case k = n we have F(7,) = F(Tx) = f(Tx), and the result follows from
(3.20).

(vi): Trivial. O

This leads to the following formulas for a general functional f. (Note that Lemmas
3.1-3.3 treat special cases. The mean (3.35) is computed by Devroye [11].)

Theorem 3.4. Let f(T) be a functional of binary trees, and let F(T') be the sum (1.1).
Further, let

k= I f(Tx) (3.33)
and
wneE k<,
Ty = n%rl, k=mn, (3.34)
0, k> n.

Then, for the random binary search tree,

n

EF(T,) = (n+1)) @i (3.35)
k=1
and
Var(F(Ty)) = (n+ 1) (Z Thn ( 1) (2F(Ty) — f(Tk))) - Z Xn: B (k, m)ukum>
e (3.36)
EJP 20 (2015), paper 4. ejp.ejpecp.org
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where, using (1.9) and (3.21)-(3.23),

Bk,m), k4+m+1<n,
Bi(k,m), k+m+1=n,
B*(k,m) :== < Ba(k,m), max{k,m}<n<k-+m+1, (3.37)
Bs(k,m), k=n>m,
Bs(m, k), m=mn>k.

Proof. Let fi(T) := f(T)1{|T| = k}, and let F}, be the corresponding sum (1.1). Then
F(T) =3 fu(T) and F(T) = >, Fr(T). Hence, using Lemma 3.3(i),

ZIEFk = (n+ D)7k nptr, (3.38)
k=1

which shows (3.35).
Similarly, using symmetry and Lemma 3.3(ii)~(v), noting & fx(7%) = E f(Tx) = ux,

n k
Var(F(Tn)) = > > (2= 6km) Cov(Fi(Tn), Fin(Tn))
k=1m=1
n k
=3 3" @ )0+ 1) (e B (T Fon(T2) = B e, )i
k=1m=1

(where 0y, denotes the Kronecker delta). Furthermore, F,,,(7;) = 0 for m > k, and
Fi(Ti) = f(Tx) = f(Tx), and thus

k

D 2= Fn(Ti) =2 Y Fn(Th) = Fu(Ta) = 2F(Ty) — f(Tr)

m=1 m=1
and (3.36) follows, noting that 5*(k,m) by definition is symmetric in k& and m. O

The formula (3.35) for the expectation is also easily obtained by induction, using a
simple recurrence, see Hwang and Neininger [28, Lemma 1].

The notation above is a little cheating, since not only 7, ,, but also §*(k, m) depends
on n; however, if n > k + m + 1, neither depends on n, and we obtain the following.

Define 5

and recall that 7 is the random binary search tree 7y with random size N such that
P(|T|=k) =P(N =k) = 7.

Corollary 3.5. In the notation above, assume further that f(T') = 0 when |T| > K, for
some K < oo. Ifn > 2K + 1, then

EF(T,) =n+1)Ef(T) (3.40)
and

Var(P(T)) = (0 +1) (E(f(’f) CrT) - 1)) -3 ﬁ(k,mmum) )

k=1m=1
O

We can now prove Propositions 1.9 and 1.10 as two special cases of the results above.
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Proof of Proposition 1.9. Apply Lemma 3.3(ii) with f(71) := 1{Ty = T} and ¢(T1) :=
1{Ty = T'}. Then X! = F(T,) and X! = G(T,). We have ps = pyr and piy = pp.1-
Furthermore, if f(7;) # 0, then 7 = T and G(Tx) = G(T) = ¢~,. Hence,

E(f(Th)G(Tk)) = a1 E f(Tx) = q1pr.r- O

Proof of Proposition 1.10. In principle, this follows from Proposition 1.9 by summing
over all trees of sizes k and m, and evaluating the resulting sum; however, it is easier
to give a direct proof. By symmetry we may assume k > m. We apply Lemma 3.3(ii)
with f(T) := 1{|T| = k} and ¢(T) := 1{|T| = m}. Then X,, , = F(7,) and X,, ,, = G(T»).
Furthermore, f(7;) =1, ¢(Tm) = 1 and G(7x) = Xj . Hence uy = pg = 1, and, using
(3.3),

2(k+1)
Doy M<Kk,
E(f(ﬁ)G(ﬁ)) _ EXk,m _ (m+1)(m+2) m (342)
1, m = k.
Hence, Lemma 3.3(ii) yields (1.12) with
4
oo, — ) TG — Alkm), m <k, (3.43)
T ey — Bk k) m=k '
(k+1) (k+2) V) J
which yields (1.13)-(1.14) by elementary calculations. O
Lemma 3.6. LetT,..., Ty be a finite sequence of distinct binary trees. Then the matrix

(aTi’Tj)ﬁ\fj:l in Proposition 1.9 is non-singular and thus positive definite.

Proof. Let K := max; |T;|. For any real numbers ay,...,ay and any n > 2K + 1, Proposi-
tion 1.9 yields

N N N
Var <Z aiX,,Ti> = Z a;a; Cov(X, X10) = (n+1) Z a;a;oT, T, - (3.44)
i=1

ij=1 4,j=1

Since a variance always is nonnegative, it follows that the matrix (aT,L.,Tj)f\fj=1
semi-definite.

Suppose that the matrix is singular. Then, using (3.44), there exist a1,...,ay, not all
0, such that if Z,, := Ei]\il a; XTi, then Var(Z,) = 0 for every n > 2K + 1. Hence Z,, is a
constant, i.e., it takes the same value (possibly depending on n) for every realization of
T.. We shall see that this leads to a contradiction.

We may assume that a; # 0 for every ¢ (otherwise we just ignore the remaining
trees T;). We may further assume that 771, ...,Tx are ordered with k := |T}| = min; |T;].
Forn > K + k + 1, let Ty ,, be the tree consisting of a path to the right from the root
with n nodes, and let T ,, consist of a path to the right from the root with n — k nodes
together with a left subtree 77 at the root. The subtrees of T;, with size in [k, K]
are paths to the right, one each of each length ! € [k, K], and in addition one copy of
T1; Ty, have the same paths as subtrees but no other subtrees of these sizes. Thus,
denoting the values of Z,, for a realization T of 7,, by Z,(T), and similarly for X1,
we have X' (Ty,) = XI'(To,,) + 1 and X1(Ty,,) = XTi(Ty,) for i > 1, and hence
Zn(T1 ) = Zn(Ton) + a1. This exhibits two possible realizations of 7, with different
values of Z,,. Hence Var(Z,) > 0, a contradiction which completes the proof. O

is positive

Lemma 3.7. For every N > 1, the matrix (oy )y ,,—; of the values defined in Proposi-
tion 1.10 is non-singular and thus positive definite.

Proof. This can be proved in exactly the same way as Lemma 3.6. Alternatively, it is an

easy corollary of Lemma 3.6, since X, , = Zm:k XT for every k. O
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In the finitely supported case in Corollary 3.5, both I F(7,) and Var F(7,) grow
linearly in n + 1. Asymptotically, this is true under much weaker assumptions. We begin
with the mean. (The binary tree case (3.45) was shown by Devroye [11, Lemma 1].)

Theorem 3.8. Under the assumptions in Theorem 3.4, assume further that I | f(T)| < oo
and p, = o(n) as n — oo. Then

EF(T,) =nEf(T)+ o(n). (3.45)

More generally, if E|f(T)| < oo and u, = o(n®) for some « € (0,1], then

EF(T) =nE f(T) + o(n®), (3.46)
and if E|f(T)| < oo and p, = O(n®) for some « € [0, 1), then
EF(T,) =nEf(T)+ On®). (3.47)
Proof. We have - -
>l <Y mELf(Ti)| = EIf(T)] < oo (3.48)
k=1 k=1
and similarly . .
Ef(T) =Y mEf(T) =Y T, (3.49)
where the sum converges absolutel;jc b; (3.48). Thusk(3%35) implies
T EF - BIT)] < Ylrn led < 5 5wl (350

which tends to 0 by the assumption u,, = o(n) and (3.48). This implies (3.45).
This is the case a = 1 of (3.46). For a < 1, (3.50) similarly implies (3.46) and (3.47)
under the stated assumptions. O

For the variance we begin with an upper bound that is uniform in n and f.

Theorem 3.9. There exists a universal constant C such that, under the assumptions
and notations of Theorem 3.4, for alln > 1,

00 2 e8]
Var(F(T,)) < Cn ((Z W) +SQPW+ZZ§> . (3.51)
k=1 k=1

Proof. We split f(T) = fO(T) + f@(T), where for a tree T with |T| = k we define
fONT) == Ef(T) = u and fON(T) := f(T) — px; thus B f)(7;) = 0. This yields a
corresponding decomposition F(7,,) = F(T,) + F?)(T,), and it suffices to estimate
the variance of each term separately. For convenience, we drop the superscripts, and
note that the two terms correspond to the two special cases f(7T) = ui when |T| = k (i.e.,
f(T) depends on |T'| only), and ux = E f(7;) = 0, respectively.

Case 1: f(T) = pyr|. Inthis case, f(T) = >, o, ul{|T| =k} and F(T,) = > peXo ki
furthermore, X,, ,, = 1 is deterministic. Hence,

n—1 n—1

Var(F(ﬁL)) = Z Z Cov(Xn ks Xn,m ) ok o - (3.52)

k=1 m=1

These covariances are evaluated by Lemma 3.3(ii)—(iv), as in the special case n > k+m+1
treated in Proposition 1.10; this yields, assuming m < k < n and recalling (3.42),

2

1
[ X X =

E X, — B (k,m). (3.53)
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Suppose first that m < k < n. If n > k+ m + 1, then Cov (X, &, Xn,m) < 0 by (1.13).
If n = k+ m + 1, then, similar calculations as in the proof of Proposition 1.10, now using
(3.42) and (3.21), yield

%-H Cov(Xnss Xnm) = = (k+1)(k j Nm+2) n(n2—|— 1) = n(n2—|— 1)’ (3.54)
and when k£ < n < k 4+ m + 1, (3.22) similarly implies,
%H Cov(Xn: Xom) =~y f(;;(mkl Dmr2) <" (3.55)
In the case m = k < n we obtain similarly, or simpler from (3.5)-(3.6),
L Var(xX) = 0(%). (3.56)
n+1 k

Suppose now that all p; > 0. The (3.52), (1.13) and (3.54)—(3.56) yield, for some C1,
using the Cauchy-Schwarz inequality,

1 n—1 M2 Lo o1k — 2 n—2
+1Var(F(7;:,))§Cl k’2€+227 Z—k 2Zui
n k=1 . 2k 1 k=1 k= (357)
<@+23 4

This proves (3.51) in the case f(T') = |, if we further assume ux > 0, i.e., f(T)) > 0.
For a general sequence p, we split f (and thus u;) into its positive and negative parts,
and apply the estimate just obtained to each part. This yields (3.51) in general for Case
1.

Case 2: u, =0,k >1. Let
1
ai := Var(f(Tr)) and b2 = i Var(F(Ty)). (3.58)

Then (3.36) implies, since we assume p = 0, using the Cauchy-Schwarz inequality and
recalling (3.34),

me 7o) (2F(Ty) — ) < 22m )E(Ti)

(3.59)

<2 Zm,nak(k + 1)1, <4 Z k3 aby, + 207 2agb,.

k=1 k=1

Now let A := max{} ;| axk=3/2,sup, k~/%a; }. We find from (3.59)

b2 < 4A max by + 24b, (3.60)
<n
and thus (b, — A)? < 4Amaxy, by + A2, which by induction implies b,, < 6A.
In other words,
2 ag

Var(F(T,)) < 364%(n+1) < 36(n + 1 ((Z ark™ 3/2> + sup ;) (3.61)

k
which proves (3.51) in Case 2. O
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Remark 3.10. In the proof of Case 1, it was convenient to reduce to the case p; > 0 in
order to require only upper bounds for Cov (Xnyk, Xn_,m). This is not necessary, however.
An alternative is to note that by (1.13) and (3.54)-(3.55), whenever m < k < n,

1 8
—— Cov( Xk, Xnom) > ——— 3.62
— ov (X, Xpm) > 2 ( )
Hence, the proof can be concluded (for general p) by the additional estimate
| 4scbtom | ] o~ M
< C = 3.63
szmmax{km}_ ZZ (k+m)km — 2Zk2’ (3.63)

=1m=1 =1m= 1 k=1

which (by the substitution x; = |ux|/k) is an application of Hilbert’s inequality saying
that the infinite matrix (1/(k 4 m));°,_, defines a bounded operator on (2, see [26,
Chapter IX].

Remark 3.11. In order for the estimate in Theorem 3.9 to be useful, the three terms
in the right-hand side of (3.51) have to be finite. These conditions are the best possible
that imply Var(F(7,)) = O(n) in general, as is seen in the following examples. (We do
not claim that these terms have to be finite in all cases for Var(F(7,)) = O(n) to hold,
but at least in some examples they have to.)

Consider first the case f(7) = p7|. By (3.52) and the estimates above,

%=Z(k2+0 )Hzﬂrz Slkfn-1-k+ Y ( )ukum (3.64)

k=1 m<k<n

Note that the factor 2/k? + O(k;—?’) > 1/k? unless k < ko, for some k;o, and suppose for
simplicity that j, = 0 for k < ko. Then the first sum is at least 31— u2/k2.

Now consider instead of the sequence (u) a random thinning (u},) obtained by letting
K}, = i with some small fixed probability p > 0, and py, = 0 otherwise, independently for
all k. Replacing py by 1, in (3.64) and taking the expectation over the thinnings yields,
using the Cauchy-Schwarz inequality and (3.63),

n—2

Var F(7, - 1
E— ZZ +> Qp Pkfin1-k+ Y (kzm)pzukum
k=1 k=1 m<k<n (3 65)
n—1 2 n—1 l,L2 :
k 2 k
= Z* PO
k=1

Choose p < 1/2Cs; then the right-hand side of (3.65) is at least § /', uk/kQ. Suppose
now that Y7, u?/k* = co. By choosing n large we then can make E Var F(7,)/n
arbitrarily large, so there exists an n and a thinning with Var F(7,,)/n arbitrarily large.
This holds also if we fix a finite number of the elements yj of the thinning, and it follows
by using this argument recursively that there exists a (deterministic) thinning (x},) and a
sequence n, — oo such that Var F(T,,)/n — oo as n — oo along this sequence.

For the case p, = 0, suppose that (a)$° is a given sequence of positive numbers.
Define f; = fo := 0 and let g5(T) := #{leavesin T} — 4/3 when |T| = 3, where the
constant 4/3 is chosen such that Eg3(73) = 0, cf. (1.41). Let f3(T) = c395(T) for a
constant ¢z > 0 such that Var f3(73) = a3. Continue recursively as follows: If we have
chosen fi,..., fi—1, let for a tree T with |T| = k, gx(T) := Zi)eT fir()|(T'(v)), where
3" denotes summation over all nodes except the root. Define f(T) = crgi(T) for
a constant ¢, > 0 such that Var fi.(T;) = ai. Note that, by induction using (3.35),
E f1(Ti) = Egi(Ts) = 0 for every k.
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Consider f := )", fr and the corresponding F'. By construction, for k > 3, F(T) =
fe(T) + gi(T) = (14 cx)gx(T) for every tree T with |T'| = k. If we let di := Var gi(Ty), we
have a} = c}d? and

E(f(Tx) 2F (Te) — f(Tk))) = E(crge(Te) (ck + 2)gk(Tr)) = crlck + 2)di = ax(2dy + ax).
(3.66)
Similarly,
Var F(Tx) = (1 + cx)? Var gp (To) = (1 + cx)?b; = (ay + dy)*. (3.67)

(For k =3, F(T3) = f5(T3), and (3.66)-(3.67) hold if we redefine ds := 0.)

Note first that we have Var F(T;) = (ax, +di)? > a} = Var f(Ty); hence, if Var F(T,,) =
O(n), then a2 = Var f(7,) = O(n), i.e., sup;, Var f(Tx)/k < oo.

Next, (3.36) and (3.66)—(3.67) yield

(dn + an)® = Var F(Tp) = (n+1) Y 7k nax(2dx + ax)
k=3

, 1 2n+1) (5:69)
= 2a,d, + a2 + ;;, mak(dk + 2a)
and thus -
2 = kZ:S mak@dk + ag). (3.69)

It follows that, for n > 4, d2 > na?/10, and thus d,, > ¢;n'/? for some ¢; > 0. Using this
in (3.69) we obtain

n—1
42 > k™ ay. (3.70)
k=4

Hence, if 3", | k=*/%a;, = oo, then Var F(T,,)/n — oo as n — .

3.2 Random recursive tree

For the random recursive tree we similarly compute mean and variance using the
cyclic representation (2.17). Again, these have earlier been computed using the linear
representation (see Section 2.2) by Devroye [10], and also by other (analytic) methods,
see Feng, Mahmoud and Panholzer [16], Fuchs [22].

The representation (2.17) gives, recalling that subtrees of size k£ correspond to
subtrees of size £ — 1 in the corresponding binary tree,

Xop = ZfiL,k_u 1<k<n. (3.71)
=1

Lemma 3.12. Let 1l < k < n. For the random recursive tree,

5 n

EXny) = —+ 3.72
and
~ EX — TLL7 k < 27
Var(X,) = § o0 FEFDRCRD 2 2 (3.73)
Hence, for1 <k <n,
~ ~ n
Var(Xnx) = E(Xnr) + O(E). (3.74)
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Proof. We use (3.71) and argue as in the proof of Lemma 3.1, replacing k and n by k£ — 1
and n — 1. By (2.9) and symmetry, forany i and 1 < k < n,
E(I, ) = - (3.75)
i,k—1 k(k I 1) .
and thus (3.72) follows from (3.71).
For the variance, we obtain as in the proof of Lemma 3.1, if £ < n/2,

Var(X,) = n(]E Ty + 2 BTN T y) — (2K + 1)(1E10L,k,1)2). (3.76)
If k > n/2, then I}, % = 0 unless i = j and thus, or because X, ; < 1,
Var(Xnz) = n(Efak_l — (B I&k_1)2) =EXn,— (BX)" (3.77)

(There is no exceptional case when k = n/2, since I&k71]£7k71 = 0 in this case.)
It remains to compute E(Iy, I, ;) = E(I7,_ I}, ,_,). We can argue as in the
proof of Lemma 3.1, recalling also the condition U;_; < U;y,—1 in (2.9), which yields

1
1 1
B(hThan) = [ ull = 0 =0 du

(3.78)
1 1

1
— (1 — 2k—1 - -
/0 p O A = T

Alternatively, it is this time easy to use a combinatorial argument; Iy, I}, ,_;, = 1if
Uy is the smallest of Uy, . .., Usy, Uy is the smallest of the rest, and Uy is the smallest
of U1, ..., Us; these events are independent and have probabilities 1/(2k + 1), 1/(2k)
and 1/k.

Finally, (3.73)-(3.74) follow by simple calculations from (3.75)-(3.78). O

Lemma 3.13. Let P be some property of ordered rooted trees. Let 1 < k < n and let
Pr,p := P(Ay € P). For the random recursive tree A,

& NPk, p
E(XP, )= —2 . 3.79
Furthermore,
CP 3k+2 2 n
Var(X7,) = § Sk EEDOE T A CE)
EXpx— BX0)? =BX0) - wiirne Phes k23,
and hence
A2
A A np
Var(XF,) = B(XF,) + O( ’“’P). (3.81)

Proof. Let I}, _, be the indicator of the event that the binary search tree defined by
the permutation defined by o (i, k — 1) belongs to P, where P is the property of binary
trees corresponding to (by the natural correspondence) the property P of ordered rooted
trees. Then the cyclic representation Lemma 2.3 with f(A) = 1{A € P;} and thus
f(T) =1{T € P,_,} yields

n
Xop =D I dh s (3.82)
i=1
The rest of the proof is analogous to the proof of Lemma 3.2. O
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Lemma 3.14. Let1 < m < k. Suppose that f(A) and g(A) are two functionals of ordered
rooted trees such that f(A) = 0 unless |A| = k and g(A) = 0 unless |A| = m, and let F/(A)
and G(A) be the corresponding sums (1.1) over subtrees. Let

Ar=Ef(Ar) and A, :=Eg(A,). (3.83)

(i) The means of F(A,) and G(A,,) are given by

k:(kL-Q—I)Af’ n > k',
EF(A,) = { Ay, n—k, (3.84)
0, n <k,

and similarly for E G(A,,).
(i) If n > k +m, then

1 R
COV(F(An), G(An)) =n <k(k+1) E(f(Ak)G(Ak-)) — B(k, m)>\f/\g>
where ((k,m) is given by (1.15).
(iii) If k <n <k -+ m, then
1 R
where . _ n 285
52(’m)'_k(k+1)m(m+1)' (3.85)
(iv) If n =k, then
Cov(F(An), G(A,)) = B(f(Ar)G(Ar)) — nBs(k,m)AsA,
where )
B (k,m) := {Q"(m“” Z - : (3.86)
k> -

(v) If n < k, then F(A,,) = 0 and thus Cov(F(A,),G(A,)) = 0.

Proof. The proof is similar to the proof of Lemma 3.3.

(i): The result is trivial for k > n since F(A,,) = F(Ax) = f(Ax) if k =nand F(A,) =0
if K > n. Hence, assume k < n. Using the cyclic representation (2.17), we find by similar
calculations as in (3.25), using (3.75),

EF(A,) = Y B(lh 1 f(olk = 1) = nB(I  Floli k- 1)

(3.87)
n

= nB(IE ) B(f() = b

showing (3.84) in the case k£ < n.
(ii)—(iii): The cyclic representation (2.17) similarly yields

Cov(F(An),G(An)) =D Cov(Ily  floli k= 1)), I}, 1g(c(j,m—1))), (3.88)

i=1 i=1

where 1T, f(o(i,k — 1)) and I}, ,g(o(j,m — 1)) are independent unless the sets {i —
1,...,i+k—1}and {j — 1,...,57 + m — 1} overlap (as subsets of Z,). Furthermore, as a
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consequence of (2.2), if these sets overlap by more than one element but none of the
sets is a subset of the other, then Iiljk_l.f %m_l = 0. (Note that there is no exception with
k + m = n; there is not room for two disjoint subtrees of sizes k and m.)

(ii): We now assume k+m < n and k > m. Then (3.88), symmetry and the observations
just made yield

Cov(F(An), G(An)) = n(E <0L Vo0, k = 1)I%,, 0 1g(o(—m,m — 1))
k—

(IOk o0,k = 1)1 19(0(k,m — 1))
— (k+m+ 1) B(Lfy - 1f( (ovk—n))E(I&m_la(o(o,m—1)))).

As seen in the proof of (i), IOLJC?1 is independent of f(o(i,k — 1)), and thus, cf. (3.87),

7y 1
(L1 flolik = 1) = pr=g3hrs (3.89)
similarly,
. 1
E(I},,_19(0(j,m — 1)) = m(m + 1) Ags (3.90)

E(I5 1 f(o(0,k — D) _1G(o(k,m — 1)) = E(I§ k1 Iy 1) A Ag- (3.91)
Furthermore, the argument for (3.78) generalizes to

1 1 1
E(IY, _ I- :/ 1—)F 121 —2)"de = . 3.92
( 0,k—1 k,m—l) 0 .Z‘( l‘) m( 33) dx m (k + m) (1 +k+ m) ( )

(Again, this can also be obtain by a combinatorial argument.) By analogous calculations
we obtain

E(I5 k1 f(@(0.k =)L, o 15(o(=m,m —1))) =

1
E(k+m)(1+Ek+m)
(Note that this differs from (3.91)-(3.92), unlike the corresponding terms for the binary

search tree case where (3.30) is symmetric in £ and m.) Finally, for convenience shifting
the indices,

AfAg-

ZE L5510,k = D)) 1g(0(ym = 1))
7=0

k—m+1
= (1) B(flo(1, k- 1) Z b sa(olom - 1) [ =1) G99
1
= pr ) BUA0G@),

where the last equality follows from the linear representation in (2.10). The result
follows by collecting the terms above.

(iii): In the case k + m > n, there cannot be two disjoint subtrees of sizes k and m.
Hence the arguments above yield

k—m
Cov(F(A,). G(A,)) =n(Z (1, f(o(0.k — 1)I%, 1g(o(,m — 1)))

Jj=0

B Fo(0.k — 1) B 1 g(o(0.m - 1>>))
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and the result follows from (3.93) and (3.89), (3.90).

(iv): In the case k = n we have F(A,) = F(A;) = f(Ag), and the result follows from
(3.84).

(v): Trivial. O

Theorem 3.15. Let f be a functional of ordered rooted trees, and let F' be the sum
(1.1). Further, let

/\k =K f(Ak;) (394)
and
1
m, ]{i < n,
T 1= 4 1, k=n, (3.95)
0, k> n.
Then, for the random recursive tree,
EF(An) =1 e (3.96)
k=1

and

Var(F(A,)) = (i E(f(A) (2F(A) = f(Ar) ) — Z (K, 1) A A ) (3.97)

k=1 k=1m=1

where, using (1.15) and (3.85)-(3.86),

B(k,m), k+m <n,
R k k <k
B (km) = 62( ,m), max{k,m}<n<k+m, (3.98)
Bs(k,m), k=mn>m,
Bs(m, k), m=n>k
Proof. Analogous to the proof of Theorem 3.4, using Lemma 3.14. O

Recall that A is the random recursive tree Ay with random size N such that P(JA| =
k) =P(N =k) =7, :=1/(k(k+1)).

Corollary 3.16. In the notation above, assume further that f(A) = 0 when |A| > K, for
some K < co. Ifn > 2K, then

EF(A,) =nE f(A) (3.99)
and
K K R
Var(F(A,)) =n (]E(f(A)(?F(A ) Z 3 Bkm) A ) . (3.100)
=1m=1
O

We can now prove Propositions 1.11 and 1.13 as two special cases of the results
above. The proofs are analogous to the proofs of Propositions 1.9 and 1.10, but we
include them for completeness.

Proof of Proposition 1.11. Apply Lemma 3.14(ii) with the functionals f(A,(u)) := 1{A,(u) =

A} and g(A,(u)) := 1{A, (u) = A’}. Then X2} = F(A,) and X2 = G(A,). We have \; =
Pr,a and Ag = P, ar. Furthermore, if f(Ag) # 0, then Ay = A and G(Ag) = G(A) = k.
Hence,

E(f(Ax)G(Ar)) = Gy E f(Ar) = GpPra- O
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Proof of Proposition 1.13. In principle, this follows from Proposition 1.11 by summing
over all trees of sizes k£ and m, and evaluating the resulting sum; however as noted for
the binary search tree, it is easier to give a direct proof. By symmetry we may assume
k > m. We apply Lemma 3.14(ii) with f(A) := 1{|A| = k} and ¢g(A) := 1{|A| = m}. Then
)A(nyk = F(A,) and X,L,m = G(A,). Furthermore, f(Ax) =1, g(A,) = 1and G(Ag) = )A(;wn.
Hence Ay = A\; = 1, and, using (3.72),

k

"y mlm—+1)° < ka
E(f(An)G(AR)) = E Xppp = § 700> " (3.101)

1, m = k.

Hence, Lemma 3.14(ii) yields (1.18) with
L R
Ch = 4 FEDMOED ~ Blk,m), m <k, (3.102)
m*ﬂ(kak)a m =k,

which yields (1.19)-(1.20) by elementary calculations. O
Lemma 3.17. Let Aq,..., Ay be a finite sequence of distinct ordered or unordered

N

rooted trees. Then the matrix (6, a,); ;—; in Proposition 1.11 is non-singular and thus

positive definite.

Proof. The proof is analogous to the proof of Lemma 3.6. O

Lemma 3.18. For every N > 1, the matrix (&k,m)kN,mﬂ of the values defined in Proposi-
tion 1.13 is non-singular and thus positive definite.

Proof. The proof is analogous to the proof of Lemma 3.7. O

In the finitely supported case in Corollary 3.16, both IE F'(A,,) and Var F(A,,) grow
linearly in n. Asymptotically, this is true under much weaker assumptions.

Theorem 3.19. Under the assumptions in Theorem 3.15, assume further that E | f(A)| <
oo and A\, = o(n) as n — oo. Then

EF(A,) =nE f(A) + o(n). (3.103)
More generally, if E|f(A)| < oo and A\, = o(n®) for some o < 1, then
EF(A,) =nE f(A) + o(n®), (3.104)
and if E|f(A)| < co and A\, = O(n®) for some « < 1, then
EF(A,) =nE f(A) +O(n®). (3.105)
Proof. The proof is analogous to the proof of Theorem 3.8. O

Theorem 3.20. There exists a universal constant C' such that, under the assumptions
and notations of Theorem 3.15, foralln > 1,

> (Var f(Ag))/2\? Var f(Ar) o= A2
Var(F(A,)) < Cn ((Z ) s (3.106)
k=1 k=1
Proof. The proof is analogous to the proof of Theorem 3.20. O
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4 Poisson approximation by Stein’s method and couplings

To prove Theorems 1.7 and 1.18 we use Stein’s method with couplings as described
by Barbour, Holst and Janson [3]. In general, let A be a finite index set and let (1, a € A)
be indicator random variables. We write W := 3 _ . I, and X := [E(IW). To approximate
W with a Poisson distribution Po()), this method uses a coupling for each a € A between
W and a random variable W, which is defined on the same probability space as W and
has the property

LWo) = LW =1, | I, =1). (4.1)

A common way to construct such a coupling (W, W,,) is to find random variables (Jg,, 8 €
A) defined on the same probability space as (I,, o € A) in such a way that for each
a € A, and jointly for all 8 € A,

L(Jsa) = L(I5 | In = 1). 4.2)

Then W, = Zﬂ;ﬁa Jsa is defined on the same probability space as W and (4.1) holds.
Suppose that Jg, are such random variables, and that, for each a, the set A, :=
A\{a} is partitioned into A7 and A? in such a way that

Jga < I if e A, (4.3)

with no condition if 5 € Ag. We will use the following result from [3] (with a slightly
simplified constant). ([3] also contain similar results using a third part Aj; of A, where
(4.3) holds in the opposite direction; we will not need them and note that it is always
possible to include A} in AY and then use the following result.)

Theorem 4.1 ([3, Corollary 2.C.11). Let W =3 I, and A = E(W). Let A, = A\{a}
and A, A° be defined as above. Then

dryv (L(W), Po(N)) < (L AAY) ()\ ~Var(w) +23 Y E(Ialg)).
acA BeAY O

4.1 Couplings for proving Theorems 1.7 and 1.18

Returning to the binary search tree, we use the cyclic representation X, ;, = Z;fll I;

in (3.1). Recall the construction of I;  in (2.2) and the distance |i — j|,4+1 on Z, 11 given
by (3.2).

Lemma 4.2. Letk € {1,...,n — 1} and let I, ;, be as in Section 2.3. Then for each i €
{1,...,n + 1}, there exists a coupling ((I;x);, (Z};);) such that L(Z};) = L(I; | Iir = 1)
jointly for all j € {1,...,n + 1}. Furthermore,

ZJIZZIJ‘JC if |j—i|n+1 >k’+1,
ngi > Ik if |J - Z.|n+1 =k+1,
Zj]‘ci =0< Ij,k if 0< |] *7;|n+1 <k.

Proof. We define Z J’“L as follows. (Indices are taken modulo n + 1.) Let m and m' be the
indices in ¢ — 1,...,7 + k such that U,, and U,/ are the two smallest of U;_1,...,U;4x;
if one of these is i — 1 we choose m = i — 1, and if one of them is ¢ + k£ we choose
m’ = i + k, otherwise, we randomize the choice of m among these two indices so that
Pim < m') = % independently of everything else. Now exchange U;_; < U,, and
Uitk < Upy, ie, let Ul := Uy, U}, := Uiy, Ujy, i= Uy, Uy = Uiy, and U} := U for
all other indices [. Finally, let, cf. (2.2),

Z}; =1{U}_, and U}, are the two smallest among U} _,,...,U} ;}. (4.4)
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Then, L(U},...,U;,) = L((U1,...,Uy) | Iix = 1) and thus £(Z};) = LIk | Lix = 1)
jointly for all j.

Note that U/ = U if ¢ {i—1,...,i+k} and thus ZJ; = I, ; if [j —i|n41 > k+1. On the
other hand, if 0 < j —i < k+1, then Z}, = 0 since i + k liesin {j,...,j+k—1} and U/, ,
is smaller than U]’-,1 by construction; the case —k — 1 < j — i < 0 is similar. (This says
simply that two different fringe trees of the same size cannot overlap, which is obvious.)

Finally, if j = i+ k+1with j+k+1 <i+n+1@Ge, k+1<(n+1)/2), thenj—1=i+k
and thus U], < U;_; while U] = U, for | € {j,...,j + k}; hence Z}, > I;;. The cases
j:z+k+1w1th]+k+1=i+n+1andj:i—kz—lwithj—k—l>i—n—1are
similar. O

Figures 3-4 show an example of this coupling, illustrated by the corresponding binary
search trees; in this example : =4, k=3, m=:—1=3, m' =6 and Uy = 0.

Figure 3: A binary search Figure 4: A coupling forcing a
tree with no fringe subtree of fringe subtree of size three con-
size three containing the keys taining the keys {4,5,6} in the
{4,5,6}. tree in Fig. 3.

For proving the Poisson approximation result in (1.44) for the random recursive tree
there is a similar coupling using the representation (3.71) where I Lk 1 is defined by
(2.9) and the indicators U; have period n: U; := U; mod n-

Lemma 4.3. Letk € {1,...,n — 1} and let I, _, be as in Section 2.3. Then for each
i € {1,...,n}, there exists a coupling ((I%,_,);,(Z7");) such that L(Z};") = L(IF,_, |
IF, | =1) jointly for all j € {1,...,n}. Furthermore,

?,
Sh— . . .
Zh =1 if |j—il, >k,
Zk Y=0< Iy 0 0<|j—iln <k
In contrast to Lemma 4.2, there is no monotonicity (in any direction) between Z f[l

and IjL’kf1 when |j — i|, = k, as easily is seen by simple examples.

Proof. We use the same construction as in the proof of Lemma 4.2 except that if U/_, >
U;,, then we make a final additional interchange U; , < U/, ,. Denote the result by

Uy,...,Ul_,. The rest of the argument is as above, now defining
ZEt =1{uy, < min U/} 4.5
{ Ui j<I<jth—2 } (4.5)
O
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Theorem 1.18 is a special case of Theorem 1.7. However, we prefer to prove The-
orem 1.18 first, to show the main ideas of the proof more clearly, and then give the
modifications needed for Theorem 1.7.

Proof of Theorem 1.18. The means are given in Lemmas 3.1 and 3.12.
We prove the Poisson approximation result first for the binary search tree, using the

representation X, = Z;fll I 1 in (3.1). Let A:={1,...,n+ 1}. From Lemma 4.2 we

see that for each i € A we can apply Theorem 4.1 with
A7 = AN\{i it (k+ 1)}, AV = {it(k+ 1)}

this yields, using Lemma 3.1 and (3.11), provided k # (n — 1)/2,

dpy (L(Xn1), Po(pni)) < (1A py,}) (Mn,k — Var(X,x) +4 Z E(Ii,k1i+k+1,k))

1<i<n+1
=0 i) =0():

which shows (1.43); the case k = (n — 1)/2 follows similarly from Lemma 3.1 and (3.12).
For the random recursive tree, we argue similarly, using the representation X, ; =
S IiL,kq in (3.71) and Theorem 4.1 together with Lemmas 4.3 and 3.12, and (3.78). O

Lemmas 4.2 and 4.3 can be extended to include a property P. We state only the
binary search tree case, and leave the random recursive tree to the reader. Recall that
If & 1s the indicator of the event that the binary search tree defined by the permutation
defined by o (i, k) belongs to P.

Lemma 4.4. Letk € {1,...,n—1}, andlet I}, :=1I,,IF,. Then foreachi € {1,...,n+1},
there exists a coupling ((IF,), ,(WE), ) such that L(W}) = L(IF, | IF, = 1) jointly for
allj € {1,...,n+ 1}. Furthermore,

leg.:ffk if |§ =iy > k+1,
wk > 1P, if |j—ilp =k +1, (4.6)
Wh=0<IP if 0<[j—iln <k

Proof. We use the same notations as in the proof of Lemma 4.2. (In particular, indices
are taken modulo n + 1.) Let m and m’ be the indices ini — 1,...,7 + k defined in proof
of Lemma 4.2, and exchange U,_; +> U,, and U,y <+ U,,,. So far we have used exactly
the same coupling as in Lemma 4.2. However, since we want o (i, k) to have the property
P, we also exchange the values U/, ..., Uj,,_1 with each other so that this property is
fulfilled (choosing uniformly at random between the orderings satisfying P). We abuse
notation and write U, ..., U/, _, for the new values after this exchange. Write

Ui(j7 k) = {(]7 U]/)a ey (] + k - 1a U]/'-Hc—l)}
and note that o?(j, k) = o(j, k) if |j — i| > k + 1. Finally, let
Wﬁ- = ijl -1{0"(j, k) has property P}, (4.7)

where Z¥, is defined by (4.4). Then, L(U{,...,U}) = L((Uy,...,Uy) | I} = 1) and thus
L(WE) = L(IF,, | Il = 1) jointly for all j. To see that (4.6) holds, we argue as in the
proof of Lemma 4.2. O

Proof of Theorem 1.7. We prove the result for X f; «» the result for X’f: i follows by similar

calculations.
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The mean ,uf’k = ]E(Xf;k) is given by Lemma 3.2. By Theorem 4.1 together with
Lemma 4.4, Lemma 3.2 and (3.11)-(3.12), we deduce that for k # (n — 1)/2,

dTV('C(XrILD,k)7PO(M5,k))
< (A Gulr )™ (0l = Var(XE) +4 > (BUEI 1)

1<i<n+1

z
O( P55 ) b i gy <1

o2t if uf, >1

and for k = (n—1)/2,

2
p
dTV(E(X’r]LD,k)>PO(MTILD,k)) = O( ]Z,P)7

which shows Theorem 1.7 in the binary tree case. O

5 Normal approximation by Stein’s method

In this section we will prove Theorem 1.19 and Theorem 1.22. As in [11, Theorem 5]
we use Stein’s method in the following form, see e.g. [31, Theorem 6.33] for a proof, and
for the definition of a dependency graph.

Lemma 5.1. Suppose that (S,,){° is a sequence of random variables such that S,, =
ZaeVn Zn«, Where for each n, {Z,,} is a family of random variables with dependency
graph (V,, E,,). Let N(-) denote the closed neighborhood of a node or set of nodes in this
graph. Suppose further that there exist numbers M, and @), such that

S B Zual) < M,

Oée‘/n

and for every a, o €V,

Z E(|Znﬂ| | ZnouZna’) <Qn -

BEN (a,’)
Let 02 = Var(S,,). If
M, Q>
lim ?" =0, (5.1)
n—oo O
then
Sn — E(Sy)

4 N0, 1).
Var(Sy,)
Proof of Theorem 1.19. We consider the binary search tree. The random recursive tree
is similar.
From Lemma 3.1 we have

2 +1)
E(Xnk) = (k+2)(k+1) (5.2)
and
Var(X,x) = B(Xox) + 0(%). (5.3)

By the usual argument with subsequences, it suffices to consider the two cases
k — ooand k= O(1).
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If K — oo and k = o(y/n), then Theorem 1.18 shows that X, ;, can be approximated
by a random variable with a Po(IE(X), )) distribution, where by (5.2)~(5.3), Var(X,, ;) ~
E(X, ) — oo as n — co. Thus, from Theorem 1.18 and the central limit theorem for

Poisson distributions, it follows that %ﬁ(x;) —4, N(0,1) as n — oo.
r n,k

Thus, it remains to only show Theorem 1.19 for k¥ = O(1). We repeat the arguments
used in [11, Theorem 5], but using the representation (3.1). (In fact, it suffices to
consider a fixed k£ and then the result follows by Theorem 1.22. However, we prefer to
give a direct, and somewhat more general, proof.)

We define the dependency graph (V,,, E,,) for the collection of random variables
{Ii ks, 1 <i<n+ 1} by taking

Vo=A{1,...,n+1}
and E,, :={(4,7) : 0 < |i—j|n+1 < k+1}. Then |[N(«, )| < 2(2k+3) forall a,a’ € V,,, and
thus we may take @,, = 4k + 6 in Lemma 5.1. We further take M,, = E X,, , = O(n/k?).
Thus, M,,Q? = O(n), and to show (5.1) and thus Theorem 1.19 for the binary search tree
it is enough to show that

n n—0o

S —— ) 5.4
Var(X, )2 >4

For k = O(1), Proposition 1.10 shows that Var(X,, ;) > cn, and (5.4) follows, which
completes the proof.

More generally, Proposition 1.10 shows that Var(X,, ;) > cn/k? forall k < (n —1)/2.
Thus n/ Var(X,, )%/? = O(k®/n'/?), and it follows that (5.4) holds if k = o(n'/9). O

Proof of Theorem 1.22. We show the result for the binary search tree, for the ran-
dom recursive tree the proof follows by analogous calculations. Recall that X,, =
(XT" XT* . XT"Yandlet Z, = (Z4,...,Z,), where Z, is multivariate normal with the
distribution A/(0,T), where T is the matrix with elements v;; = lim,_, = Cov(X!", X17),
see (1.47). Note that I' is non-singular by Lemma 3.6.

By the Cramér-Wold device [4, Theorem 7.7], to show that n~ 2 (X,, — ) converges

in distribution to Zg, it is enough to show that for every fixed vector (¢4,...,tq) € R? we
have
J . g .
S X7 B (S X)) S 1,z (5.5)
- 345 :
vn =~
where Y9, t;Z; ~ N'(0,72) with
d
’}/2 = Z titkYik- (5.6)
J,k=1
Let S, := Z?Zl th,?j. Proposition 1.9 implies that, as n — oo,
d d
Var(Sn) ~Mn Z tjtkO'Ti)Tj =n Z titgyi; = TL’}/2. (5.7)
J.k=1 j,k=1

In particular, if 72 = 0, then (5.5) is trivial, with the limit 0.

To show that (5.5) holds when 72 > 0, we will use the same method as was used in
[11, Theorem 5] for proving this theorem (in a more general form) in the 1-dimensional
cased = 1. Let |Tj| = k;, 1 < j < d. We use the cyclic representation (2.14), which in
this case can be written as, see (3.17),

n+1

Xy =31
i=1
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for some indicator variable I =1 kj I k depending only on U;_1, ..., Ui+kj. We define
Ve={(i,j):1<i<n+1,1<j<d}

and let for each (i,j) € V,,, A;; be the set {i — 1,...,7 + k;}, regarded as a subset of
Zipy1. Thus Iij depends only on {Uj : k € Ai,j}, and thus we can define a dependency
graph L, with vertex set V,, by connecting (i,j) and (¢, ;') when A4; ; N A/ j» # 0.

Let K := max{ky,ka,...,kq} and M := max{t1,ta,...,tq}. It is easy to see that for
the sum

' - n+l d
n-—ZfX =2 D uli= ) 4l
=1 j=1 (4,5)€EVn,

we can choose the numbers M,, and @,, in Lemma 5.1 as M,, = (n + 1)dM and

Qn=2M sup |N((i,j))| <2Md(2K + 3).
(i-)€Va

Since o, ~ n'/? by (5.7), (5.1) holds and Lemma 5.1 shows that (5.5) holds. 0O

6 Proof of Theorem 1.14

We prove Theorem 1.14 by combining Theorem 1.22 with a truncation argument to
deal with more general additive functionals.

Proof of Theorem 1.14. We consider again the binary search tree. The random recursive
tree is similar.
Note first that (1.21)-(1.22) imply

=, Var f(T Var £(T) \ /% < (Var £(T5))Y/2
Zaf;(k)<(sgpaf£(k)> Z arig/f) < o0, (6.1)
k=1 k=1
and thus, using also (1.23),
= Ef(Te)|? Var f(Tr)  ~= (E T
3 BUTRIE _ 5~ Var S() +z T < . 6.2)

k=1 k=1

H

It follows that ) .-, w < oo, and thus, see (3.48) and (3.39), that E |f(7)| < oo.
Since (1.23) also implies E f(7x)/k — 0 as k — oo, (1.24) follows by Theorem 3.8 and
(3.49).

Next, define the truncations fV(7T) := f(T)1{|T| < N}, and the corresponding sums
FN(T). Then

= 3 Xl (63)
IT|<N
and thus Proposition 1.9 yields, as n — oo,
Var FN(T,) /n — oF, = Z () f(Tor . (6.4)
IT),| T <N

Moreover, Theorem 3.9 applied to f — fV yields

1
—Var(F(T,) = FY(T,)) < Con (6.5)
where 2 2
(Var f(Ti))* 2> Var f(Tk) 1
Sy = (Z +sup — 4 Y LR (6.6)
k>N k372 k>N k k>N ?
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Note that dy is independent of n, and by the assumptions (1.21)-(1.23), 6y — 0 as
N — oo. It follows by Minkowski’s inequality that the sequences (Var(FY(T,))/n)n>1
converge uniformly to (Var(F(7,))/n),>1. This and (6.4) imply (1.25) (including the
existence of the limit in (1.25)).

For the convergence in distribution (1.26), we use again the truncation f N and FV,
and note that Theorem 1.22 implies

FN(T.) —EFN(T,) a

NG —>N(07o%7N) (6.7)
as n — oo, for each fixed N. This together with the uniform bound (6.5) where §y — 0
as N — oo implies (1.26), see e.g. [4, Theorem 4.2]. O

Proof of Corollary 1.15. The assumption f(7) = O(|T|*) with « < 1/2 implies (1.21)-
(1.23) and (1.27)-(1.29). The result follows by Theorem 1.14. The version (1.33) of the
asymptotic normality (1.26) follows by (3.47) and (1.39), and similarly for the random
recursive case (1.34). O

7 Proofs of Theorems 1.30-1.31

Finally, we prove Theorems 1.30 and 1.31, beginning with exact formulas for finite n.

Lemma 7.1. Let F(T) be given for binary trees T by (1.1), and assume that the func-
tional f(T) = f(|T),|T¢|,|Tr|) depends only on the sizes of T and of its left and right
subtrees. Let 1, be as in Theorem 1.30. Then

1

3
|

2

Var(F(T) = (0 +1) 2 )

Vi + Yp. (7.1)

>
Il

1

Proof. We use the notation in Theorem 1.30, and let 02 := Var(F(7,,)).

Condition the random tree 7,, on having a left subtree of size |7, 1| = k; then the two
subtrees 7, ; and 7, r are independent random trees with the distributions 7, 1, 4 Tr
and 7, r 4 Trn—1-k. Hence, (1.2) implies that the conditional distribution of F(7,) is
given by

where 7, 4 Tn—k—1 is independent of 7.
Taking the expectation in (7.2) we obtain the conditional expectation of F'(7,) as

E(F(E) [T, | = k) =g(k):=f(n,k,n—1—k)+vp + vp_1-k. (7.3)
Since |1, 1| 4 I,,, it follows that

E(F(Ty) | |Tar]) £ g(1). (7.4)

Consequently,
Var(E(F(T,) | |Tn.1])) = Var(g(In)) = ¢n (7.5)

by (1.57); the last equality in (1.57) follows because taking the expectation in (7.4) yields
Eg(l,) = EF(T,) = va. (7.6)
Furthermore, taking the variance in (7.2) we obtain the conditional variance

Var(F(T,) | |Tn,1| = k) = Var(F(Tx)) + Var(F (T, _1_;)) = 0p + 0o_1_}. (7.7)
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Consequently, by a standard variance decomposition formula (“the law of total
variance”), see, e.g., [25, Exercise 10.17-2], together with (7.5) and (7.7),

oy = Var(F(Ty,)) = E(Var(F(Ty) | |Tn,L])) + Var (E(F(T,) | |Tn,l))

(7.8)

= E(U?n + 07217171”) + Yn.
If we define ¥(7') by (1.2) using the toll function (T) := ¥y, it follows from (7.8) and
induction that E(¥(7,,)) = 02, and thus (7.1) follows from (3.35). O

Lemma 7.2. Let F(A) be given for rooted trees T by (1.1), and assume that the func-
tional f(A) = f(|A[,d(A), Ay, ..., Ay, ,,) depends only on the size |A| and the number
and sizes of the principal subtrees. Let i, be as in Theorem 1.31. Then

n—1

Var(F(An)) =n Z mwk + Y. (7.9)
k=1

Proof. Similar to the proof of Lemma 7.1 with mainly notational changes, now condition-
ing on the degree d = d(A,) and the sizes of the principal subtrees A, ,,,...,Anv,, and
using (3.96). O

Proof of Theorem 1.30. By Theorem 1.14, Var(F(7,))/(n+ 1) — 0% < co. Since ¢, > 0,
this and (7.1) imply that

= 9
[CEE A 7.1
;(kﬂ)(mz)’”"“‘) (7.10)
and
2 = 3 # 3 wn
UF_Z(k+1)(k+2)¢k+7}Lnéon+17 (7.11)

k=1

where the limit has to exist. However, if lim,,_, o ¥, /(n + 1) # 0, then (7.10) cannot hold.
Hence lim,, o 9, /(n + 1) = 0 and (1.58) follows from (7.11).

It follows from (1.58) and (7.1) that 0% = 0 <= ¢y = 0Vk <= Var(F(T,)) = 0Vn.
The final conclusion follows by (1.57). (If f(n,k,n — 1 —k) = a, — ax — an—1—k, then
F(T) = ajp| — (|T| + 1)ao is deterministic.) O

Proof of Theorem 1.31. Similar. O

8 Applications

In this section we give some simple examples of applications of the results above.

8.1 Outdegrees

First we consider the number of nodes in 7, or A,, of a certain outdegree (number
of children) d > 0; we denote these numbers by D, 4 and ﬁn’d, respectively. These
equal X" and X’f , where P is the property that the root has degree d. Consequently,
Corollary 1.25 immediately yields convergence of the expectation and variance divided
by n, and asymptotic normality provided the asymptotic variance does not vanish. By
Remark 1.27, this extends to joint convergence for several outdegrees d.

The case d = 0 is simple; the vertices with outdegree 0 are the leaves, and thus
D, o= X, and lA)n,o = )A(ml with means given by (1.41)-(1.42) and variances given
in Propositions 1.10 and 1.13. (In this case, the asymptotic normality also follows by
Theorem 1.19 or 1.22.) To find the asymptotic variances for d > 0 (and covariances)
directly from Corollary 1.25 seems much more difficult. However, as noted already
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by Devroye [10], for the binary search tree, when the only outdegrees are 0, 1,2, it is
possible to reduce to the case d = 0, because

Dpo+Dp1+Dpa2=n and Dp1+2Dp2=n-1, (8.1)
and hence
Dpo=Dpo—1 and Dp1=n+1-2D,. (8.2)
Hence we recover the result by Devroye [10, Theorem 2]:

Example 8.1 (Devroye [10]). D,, 4, the number of vertices with outdegree d in the binary
search tree, d = 0, 1, 2, has expectation (for n > 1)

n+1 n—2
E(Dn,O) - E(Dn,l) - 3 3 E(Dn,2) - 3 (83)
and variance (for n > 3)
2 8
VarD,, o = Var D, o2 = 4—5(71 +1), VarD,, 1 = E(n +1) (8.4)
and for each d € {0, 1,2}, as n — oo,
D, 4 —E(D,
Dug —B(Dna) 4, N(0,1). (8.5)
Var(Dy, 4)

Remark 8.2. The asymptotic means yp 4 := lim,_,o E D, 4/n can also be calculated
by (1.51) or (1.24). For (1.51), we note that the growing binary tree 7; has root degree
distributed as Bin(2,1 — e™!), and thus, by the definition of 7 := 7,

0 1
UD.d = / (2) (1—eHd(e )2 detdt = (2) / (1—2z)%2? 1dz = %, (8.6)
0 0

for each d = 0, 1, 2, see Aldous [1]. If we instead use (1.24), we obtain

> 2
HUD,d = ; mpk,da

where p;, 4 is the probability that the root of 7; has degree d. For d = 0 we have p; o =1
and pyo = 0 for k > 1; hence pupy = 5% = +. For d = 1 we have p;,; = 0 and pi,1 = 2/k

for k > 2, since the binary search tree generated by a sequence of keys has root degree
1 if and only if the first key is either the largest or the smallest. Hence (1.24) yields

> 2 2 1
= gi(km)(m R (8.7)

We can similarly show pp 2 = + too by (1.24).

For the random recursive tree, Corollary 1.25 yields the following, which was proved
(using an urn model) by Janson [29], extending earlier results by Mahmoud and Smythe
2

[34]. In fact, [29] gave also a generating function for the variances Th (and the

covariances), enabling us to calculate them; as said above, it seems difficult to obtain
‘712:5,01 by the methods of this paper except for d = 0, when U%,o =011 = % by (1.20). (The
asymptotic formula (8.8) for the expectation was shown earlier by Na and Rapoport [38].
The convergence in probability ﬁnyd /n BN 2-d-1 which follows from (8.9), was shown
by Meir and Moon [37].)
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Theorem 8.3. For ﬁmd, the number of vertices with outdegree d > 0 in the random
recursive tree, it holds that, as n — oo,

E D,
n

— 9741 (8.8)

and furthermore

 o—d—1
D"vd\/%” NV (070—% ) (8.9)
for some constant or% .20

Proof. By Corollary 1.25, it remains only to calculate pp , = limn_)oo]EDmd/n. We
use (1.54) and note that the growing random tree A; has root degree with the Poisson
distribution Po(t). Since we stop the process at a random time 7 ~ Exp(1) it follows that

% glet t d-1

iy :/ e tdt =277,
D’d 0 d!

as calculated by Aldous [1]. O

Remark 8.4. An alternative approach for finding u b is to use the the natural corre-
spondence between the recursive tree and the binary search tree. A node of outdegree
d in the recursive tree (except the root of the whole tree) corresponds to a left-rooted
subtree in the binary search tree with a rightmost path of length d — 1, and thus to a
left-rooted right path of length d — 1, considering here only paths that cannot be contin-
ued further to the right. By symmetry, the expected number of such paths equals the
expected number of rightrooted right paths of length d — 1, but these paths are the right
paths of length d. By symmetry again, on the average half of these paths (except paths
from the root) are left-rooted, and thus ]EDn,dH = %EDn,d + O(1). Hence, Hpa= 9—d-1
follows by induction since Bpo = % (see (1.42)).

8.2 Protected nodes

We proceed to use fringe trees to study the so-called protected nodes that recently
have been studied in several types of random trees, see, e.g., [6, 8, 12, 35, 36] and the
references there. A node is ¢-protected if the shortest distance to a descendant that is a
leaf is at least £. The most studied case is £ = 2: a node is two-protected if it is neither a
leaf nor the parent of a leaf.

Remark 8.5. The case ¢ = 1 is a bit trivial, at least for the random trees studied here:
a node is 1-protected if and only if it is a non-leaf. Hence, for binary search trees and
random recursive trees, where the number of nodes is given, it is equivalent to study the
number of leaves, which was done in Section 8.1. (However, for random trees with a
random number of nodes, for example the ternary search tree studied in [27], this case
too is interesting.)

Corollary 1.25 implies immediately that for any ¢, the number of /-protected nodes
is asymptotically normal in both the binary search tree and the random recursive tree,
at least provided the asymptotic variances below are non-zero, which is an obvious
conjecture although we have no rigorous proof for ¢ > 3, cf. Problem 1.26.

Theorem 8.6. Let/ > 1 and let Y, ,, denote the number of {-protected nodes in a binary
search tree T,. Then, for some constants uy, = IP(the root of T is {-protected) > 0 and
o3, > 0, with at least 03, > 0,

E(Ye.n
% — liv,e, (8.10)
Var(Yy
ar(Yen) _}0%@, (8.11)
n )
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and
}/Z,n — Uy, YVE,n - E(n,n)
vnoo Vn
Similarly, let Z, ,, denote the number of ¢-protected nodes in a random recursive tree
A,.. Then, for some constants uz, = P(the root of A is {-protected) > 0 and U%,e >0,

with at least 0% , > 0,

L N(0,0%,). (8.12)

Y — M1z, (8.13)
Zs,
Var(Zen) _, 52 (8.14)
- :
and
Z n*]E Z n Z n - C
0 (Zem) Zen —npize LN (0,0%,). (8.15)

NN

Proof. Let P be the class of trees such that the root is {-protected and apply Corol-
lary 1.25, noting that Y, = X" and Z,,, = X

That 0%, > 0 and 0% , > 0 follows from Theorems 1.30 and 1.31. O

By Remark 1.27, we also obtain joint normality for several .

Theorem 8.6 includes several earlier results, proved by several different methods:
(8.10) was shown by Mahmoud and Ward [35] for ¢/ = 2 and by Béna [6] and Devroye
and Janson [12] in general; [35] also shows (8.11)-(8.12) for ¢ = 2; (8.13) was shown by
Mahmoud and Ward [36] for £ = 2 and by Devroye and Janson [12] in general; [36] also
shows for ¢ = 2 the weaker version of (8.14) that Var(Z,,) = O(1/n).

To calculate the asymptotic means and variances is more complicated, however. For
the binary search tree, the asymptotic means py, were calculated for ¢/ < 4 by Béna
[6] (using generating functions) and Devroye and Janson [12] (using the formula (1.51)
as here) to be yiy,1 = 3, py2 = 55, v,z = %' Hy.4 = 212[1934386059519413105276612380201070; the methods in
these papers apply to arbitrary ¢ (and yield rational numbers) but explicit calculations
quickly become cumbersome.

For the random recursive tree, puz; = 1 as a consequence of Theorem 8.3 (with

d=0)and pzs = % — e~ ! by Mahmoud and \?Vard [36] and Devroye and Janson [12]; the
method in [12] is based on (1.54) as here and yields (recursively) a complicated integral
expression for every ¢, but we do not know any closed form for ¢ > 3.

For the asymptotic variances, the formulas (1.52) and (1.55) do not seem to easily
yield explicit formulas (although they might be useful for numerical approximations).

The only value that we know, except for £ = 1 when 032,_’1 =011 = 4—25 (cf. (8.4)) and
0%, = 611 = 13, is 0y, = 55&. In fact, for the binary search tree and / = 2 we can
compute the mean and variance of Y5 ,, exactly by a special trick; the result is stated in
the following theorem earlier shown by Mahmoud and Ward [35, Theorems 2.1, 2.2 and
3.1] (using generating functions and recurrences), which is a more precise version of
the special case ¢ = 2 of Theorem 8.6 for the binary search tree. (See also [27, Theorem

1.2] for a different proof of the asymptotic normality using Pélya urns.)

Theorem 8.7 (Mahmoud and Ward [35]). Let Y5, denote the number of two-protected
nodes in a binary search tree T,,. Then

11 19
]E(}/Q,n) = %n — %, for n 2 4, (816)
and
29
Var(ngn) = ﬁ(n + 1), for n > 8. (817)
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Furthermore, as n — oo,
Y2 n — %n d 29
22~ 50" —)N(O,*). 8.18
NG 225 (8.18)
We provide a simple proof of this theorem using our results on fringe trees. Moreover,
our approach using fringe trees also allows us to provide a simple proof of the following
result which was conjectured in [35, Conjecture 2.1].

Theorem 8.8. For each fixed integer k > 1, there exists a polynomial p;,(n) of degree k,
the leading term of which is (3)*, such that E(YY,) = pi(n) for all n > 4k.

Proof of Theorem 8.7. In a binary tree (with at least 2 nodes), the number of nodes that
are not two-protected equals two times the number of leaves (counting all the leaves
and all the parents of the leaves) minus the number of cherry subtrees, i.e., subtrees
consisting of a root with one left and one right child that both are leaves (since these are
the only cases when a parent is counted twice). Thus, writing L for a tree that is a single
leaf and C for a tree that is a cherry,

Yo, =n—2XE+XC. (8.19)
Hence,
E(Ya,) =n - 2EXE) + E(XY) (8.20)
and
Var(Ya,,) = 4 Var(XE) 4+ Var(XS) — 4 Cov(XE, X9). (8.21)

By (1.4), the expected number of subtrees of 7,, isomorphic to a tree T of size |T| = k
is

2(n+1)
k+2)(k + )T

where py, 7 = P(T, = T) = |A]|/k! where A} is the set of permutations of length k that
give rise to the binary search tree 7. Evidently p; ; = 1, and for the cherry C' we have
|C| =3 and p3 ¢ = =. Thus E(XL) = (n +1)/3 (for n > 2), as already seen in (8.3), and
IE(XnC) =(n+ 1)/30 (for n > 4). Hence (8.20) yields (8.16).

To calculate Var(Ys,,,) we use Proposition 1.9. Using the notations there ¢ = qg =1
and ¢¢ = 2, and simple calculations yield (for n > 8) Var(XL) = 42—5(11 + 1) (as shown in
(8.4)), Cov(XL, XG) = i3 (n+1) and Var(X{) = 722-(n + 1), which together with (8.21)
yield (8.17).

Since any linear combination of the components in a random vector with a multivari-
ate normal distribution is normal, the asymptotic normality (8.18) follows from (8.19)
and Theorem 1.22. O

E(X,)) = (8.22)

IOJ

Remark 8.9. Alternatively, (8.19) shows that Y, ,, = F(T,) for the functional
fM)y=1-2-1{T=L}+1{T =C} (8.23)
and the results follow by Theorem 1.14 (with the same calculations as above).

Proof of Theorem 8.8. We use again (8.19) and the cyclic representation (2.14), which
show that

n+1
—”+Z (i —1,4)) (8.24)
for some functional g defined by g(c(i — 1,5)) = —2I;1 + I, 3fc(0(i,3)) where fc is

the indicator that the permutation defines a cherry. Thus ]EYQIfn can be calculated by
substituting (8.24) and expanding, and the result follows easily by collecting terms that
are equal since the random variables g(o(i — 1,5)) are i.i.d. and 4-dependent. O
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Remark 8.10. The asymptotic mean py, in (8.10) can also be directed directly from
(1.24) in Theorem 1.14. We give this alternative calculation to illustrate our results,
although in this case (1.39) (see [12]) or (8.20) yield simpler calculations. Let p; be
the probability that the root of 7; is two-protected. Since the complement of the two-
protected nodes consists of the leaves and the parents of the leaves we obtain (for £ > 2),
that the root is not two-protected if and only if it has a child that is a leaf, which going
back to the construction of the binary search tree by a sequence of keys means that the
first key is either the second smallest or the second largest key. Hence, p,, = 1 — 2/k for
k > 4. Furthermore, p; = p = 0 and p; = 2/3. Consequently, (1.24) yields

2 2 & 2 2 11

Mahmoud and Ward [35] also discuss the two-protected nodes in the extended binary
search tree. Recall that an extended binary search tree is a binary search tree where
the n + 1 external children are added. The leaves in the extended binary tree are the
external vertices; hence the two-protected nodes are those that have at least distance
two to an external vertex, i.e., the internal vertices that have no external children. In
other words, the two-protected nodes are precisely the nodes in the binary search tree
that have outdegree 2. Thus Example 8.1 directly implies the following theorem in [35].

Theorem 8.11 (Mahmoud and Ward [35]). Let Z,, denote the number of two-protected
nodes in an extended binary search tree. Then

2
E(Z.) = » - 2, for n>2, (8.26)
3 3
and
2
Var(Z,) = g(n +1), for n>4. (8.27)
Furthermore, as n — oo,
Zn — % d 2
4 N (o, f). 8.28
NG V(055 (8.28)

We can also show the following result which was conjectured in [35, Conjecture 4.1].

Theorem 8.12. Let Z, denoted the number of two-protected nodes in the extended
binary search tree. For each fixed integer k > 1, there exists a polynomial py(n) of

degree k, the leading term of which is 3, such that E(Z)) = py(n) for all n > 2k. O
Proof of Theorem 8.12. By the comments above, (8.2) and (3.1),
n+1
Zyn=Dpa=Dpo—1=X,,—1= Z Iy — 1. (8.29)
=1

The result follows from the fact that the indicator functions I; ; are 2-dependent, cf. the
proof of Theorem 8.8. O

8.3 Shape functionals

8.3.1 Binary search trees

Consider first a binary tree 7" with |T'| = n, and define P(T) := p, v = P(7, =T). Itis
easy to see that
P(T):=P(T,=T) =[] IT()™", (8.30)
veT
see e.g. (more generally for m-ary search trees) Dobrow and Fill [13]. The functional
P(T) is known as the shape functional for binary trees.
By (8.30), the functional F(T) := —log P(T) is given by (1.1) with f(T) = log|T|.

EJP 20 (2015), paper 4. ejp.ejpecp.org
Page 46/51


http://dx.doi.org/10.1214/EJP.v20-3627
http://ejp.ejpecp.org/

Limit laws for functions of fringe trees

Example 8.13 (Fill [17]). Theorems 1.14 and 1.30 apply to F(T) = —log P(T), and it
follows immediately that, as shown by Fill [17] (with some further details), see also Fill
and Kapur [20] for m-ary search trees, as n — oo,

> 2logk
— Elog P(T;) ~ S e L 8.31
08 P(Tn) n};(k+1)(k+2) (8.31)
and ) |
0g P(Tn) = Blog P(Tn) _a, yrg 2 (8.32)

Vn
for some o2 > 0 which can be computed from (1.58). (We have ¢2 > 0 by Theorem 1.30,
since e.g. P(73) is not deterministic.)

8.3.2 Unordered random recursive trees

For an unordered rooted tree A with |A| = n, we similarly define P(A) := p, o = P(A, =
A) (regarding A,, as an unordered tree).. Then, see Feng and Mahmoud [15],

P(A) :=P(A, = A) =n [ s(A, ) [A@)[, (8.33)

vEA

where s(A,v) is the number of permutations of the children of v that can be extended
to automorphisms of the tree A, i.e., if v has v; children vy; such that A(vy;) & A; for
some rooted tree A1, v children vo; such that A(ve;) = Ao for some different rooted tree
Ao, ..., then s(A,v) = ][, v;!. This functional P(T) is the shape functional for unordered
rooted trees.

By (8.33), the functional —log P(A) = F(A) — log|A|, where F(A) is given by (1.1)
with f(A) = log|A| + log s(A, 0), where o is the root. Note that this functional is more
complicated that the corresponding one for binary trees, and that f(A) no longer depends
only on the size |A| (nor only on the size of A and of the principal subtrees as in
Theorem 1.31). Nevertheless, Theorem 1.14 applies and yields the following. (It seems
obvious that 42 > 0, but we have no rigorous proof. We have not attempted any numerical
estimate.)

Theorem 8.14. Asn — oo, A
—Elog P(Ay,) ~ nj (8.34)
and

log P(A,) — Elog P(A,) ~2
7 — N(0,57) (8.35)

for some [i > 0 and 62 > 0 which in principle can be computed from (1.30)—=(1.31).

Proof. Let d(A) be the degree of the root o of A. Then, crudely, s(o, A) < d(A)! and thus
log s(o,A) < d(A)logd(A) < d(A)log|Al. (8.36)

From the definition of the random recursive tree, d(Ay) 4 Zif:ll I;, where I; ~ Be(1/1)

are i.i.d., and a simple calculation shows that
Ed(A)? = O(log” k). (8.37)
By (8.36) and (8.37) we have, rather crudely,

E(f(Ar)?) = E((log s(o, Ax) +logk)?) < 2E(d(Ax)? log® k) + 2log” k

(8.38)

= O(log* k).
Hence, (1.27)-(1.29) hold, and Theorem 1.14(ii) applies. O
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8.3.3 Ordered random recursive trees

Now consider the random recurgive tree A,, as an ordered tree. For an ordered rooted
tree A with |A| = n, we define P(A) := p,.ao = P(A, = A). It is easily seen that if we
denote the children of a node v by vy, ..., vg(,), then

d(v) [d(v) -1

P(A) =P =TI I D Aw) (8.39)

veEN i=1 \ j=i

This functional P(T) is the shape functional for ordered rooted trees.
By (8.39), the functional — log P(A) = F'(A), where F'(A) is given by (1.1) with

d d
A) =) "log» Al (8.40)
i=1  j=i
where d is the degree of the root and A4, ..., A4 are the principal subtrees. This functional

is of the type in Theorem 1.31, and we obtain the following.

Theorem 8.15. Asn — oo, A
—Elog P(Ay,) ~ nj (8.41)
and . .
log P(A,) — Elog P(A,)
vn

for some [ > 0 and 62 > 0 which in principle can be computed from (1.30) and (1.60).

4 N(0,62) (8.42)

Proof. Let again d(A) be the degree of the root of A. Then, f(A) < d(A) , and (8.37)
shows that (8.38) holds in the ordered case too; thus the result follows by Theorems 1.14
and 1.31. O

A Appendix: proof of (1.36)-(1.37)
Let |T| =k and |T'| = m < k. By (1.9),

4 1
blksm) = G D+ 2) +0( ) A1)
and thus (1.11) yields
__ 2 v 2k+1) P, TPm, T
I = G k2T (QT/ m+ 1)(m+2)pmvT’> ro (M), a2

Note first that we may ignore the O term in (A.2), since
> Pk, mPm,T" Tpm T’ .
DD Y - < 0o (A.3)
m=1k>m |T|=k|T'|=m m=1k>m

hence it suffices to show that

:ZZ 2. Z (k+1) k+2)p’“T

m=1k>m |T|=k |T'|=

QT/ -

2k +1) B
mpmj’ =o00. (A4)

Note that q%, is an integer. Thus, if %pm T g =, then
2(k+1) 2(k+1)
T/ _ T >~ 7 T - (AS)
T s Dm+ 2™ = e Dm+ 2"
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Hence,
o m? /(4P 1)
2(k+1)
S>>y >y Pr,T Pm, T/
m=1|T'|=m k=m+1 |T|= k k + 1 k + 2> (m + 1)(m + 2)
[e%s} m? 4p,, 77
= 7 o\ Pm, T’ —
1 ,
m=1|T'|=m (m +1)(m +2) k=m-+1 k+2 (A.6)
o0
4 m2
2 AN o Um, T log—————
= mz—:lm-m (m+1)(m+2)p a g4pm,T,(m+3)
— m, T 10 = — Elo
- m=6 m* |T|= ot g gpm,Tm

However, we saw in (8.31) that Elog p;;Tm ~ um as m — oo for some constant p > 0,
and thus the sum in (A.6) diverges, which as said above implies (1.36) by (A.2)-(A.3).
The proof of the random recursive case (1.37) is similar, using (1.17), (1.15) and
(8.34). (It suffices to consider the versions with unlabelled binary trees and unordered
rooted trees, since the versions with increasing trees or ordered trees have larger
Elogp,,'s and Elogp,', ) D

Remark A.1. The proof above needs only lower bounds for E log p:an and Elog f)_l
We can use the simple bounds logp T = Xm,2log?2 and 1ogp A, 2 Xm 2log2 — logm
see (8.30) and (8.33), together with (1 41) (1.42) instead of (8. 31) and (8.34).

Remark A.2. Recalling the notation in Section 1, ¢%, is the value of X" when 7 = T
and it follows, using (1.4), that

2(k+1) T T
S — DT :]E‘X -EX ’ A7
TE kka ar ot (m £ 2)P™T k k (A.7)
and thus, dropping the prime,
2
S — _E|XI -EX} A.8
b ;pZITI (k+1)(k+2) ’ ' ' o

A similar sum appears in the proof for the random recursive tree.
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