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Viscosity methods giving uniqueness
for martingale problems”
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Abstract

Let E be a complete, separable metric space and A be an operator on Cy(E). We
give an abstract definition of viscosity sub/supersolution of the resolvent equation
Au — Au = h and show that, if the comparison principle holds, then the martingale
problem for A has a unique solution. Our proofs work also under two alternative
definitions of viscosity sub/supersolution which might be useful, in particular, in
infinite dimensional spaces, for instance to study measure-valued processes.

We prove the analogous result for stochastic processes that must satisfy boundary
conditions, modeled as solutions of constrained martingale problems. In the case of
reflecting diffusions in D C R¢, our assumptions allow D to be nonsmooth and the
direction of reflection to be degenerate.

Two examples are presented: A diffusion with degenerate oblique direction of re-

flection and a class of jump diffusion processes with infinite variation jump component
and possibly degenerate diffusion matrix.
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1 Introduction

There are many ways of specifying Markov processes, the most popular being as
solutions of stochastic equations, as solutions of martingale problems, or in terms of
solutions of the Kolmogorov forward equation (the Fokker-Planck equation or the master
equation depending on context). The solution of a stochastic equation explicitly gives
a process while a solution of a martingale problem gives the distribution of a process
and a solution of a forward equation gives the one dimensional distributions of a process.
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Viscosity methods giving uniqueness for martingale problems

Typically, these approaches are equivalent (assuming that there is a stochastic equation
formulation) in the sense that existence of a solution specified by one method implies
existence of corresponding solutions to the other two (weak existence for the stochastic
equation) and hence uniqueness for one method implies uniqueness for the other two
(distributional uniqueness for the stochastic equation).

One approach to proving uniqueness for a forward equation and hence for the
corresponding martingale problem is to verify a condition on the generator similar to
the range condition of the Hille-Yosida theorem. (See Corollary 2.14.) We show that the
original generator A of our martingale problem (or a restriction of the original generator
A, in the case of martingale problems with boundary conditions) can be extended to a
generator A such that every solution of the martingale problem for A is a solution for A
and A satisfies the range condition of Corollary 2.14. Our extension is constructed by
including viscosity solutions of the resolvent equation

A — Au = h. (1.1)

Viscosity solutions have been used to study value functions in stochastic optimal
control and optimal stopping theory since the very beginning (see the classical references
[6], [24], as well as [12]). It may be interesting to note that, in the context of Hamilton-
Jacobi equations, the idea of studying a parabolic equation by solving a resolvent equation
in the viscosity sense appears already in [7], Section VI.3, where it is applied to a model
problem. The methodology is also important for related problems in finance (for example
[26], [3], [18], [1], [5] and many others).

Viscosity solutions have also been used to study the partial differential equations
associated with forward-backward stochastic differential equations ([23],[9]) and in the
theory of large deviations ([11]).

The basic data for our work is an operator A C C,(E)xCy(FE) on a complete, separable
metric space E. We offer an abstract definition of viscosity sub/supersolution for (1.1)
(which for integro-differential operators in R? is equivalent to the usual one) and prove,
under very general conditions, that the martingale problem for A has a unique solution
if the comparison principle for (1.1) holds.

We believe the interest of this result is twofold: on one hand it clarifies the general
connection between viscosity solutions and martingale problems; on the other, there are
still many martingale problems, for instance in infinite dimension, for which uniqueness
is an open question.

We also discuss two alternative abstract definitions of viscosity sub/supersolution
that might be especially useful in infinite dimensional spaces. All our proofs work under
these alternative definitions as well.

The first alternative definition is a modification of a definition suggested to us by
Nizar Touzi and used in [9]. Being a stronger definition (it allows for more test functions),
it should be easier to prove comparison results under this definition.

The second alternative definition appears in [11] and is a stronger definition too.
Under this definition, a sort of converse of our main result holds, namely if 2 belongs to
R(A — A) (under uniform convergence), then the comparison principle for semisolutions
of (1.1) holds (Theorem 4.8). When FE is compact, this definition is equivalent to our main
definition, hence the comparison principle holds for semisolutions in that sense as well.

Next we consider stochastic processes that must satisfy some boundary conditions,
for example, reflecting diffusions. Boundary conditions are expressed in terms of an
operator B which enters into the formulation of a constrained martingale problem (see
[19]). We restrict our attention to models in which the boundary term in the constrained
martingale problem is expressed as an integral against a local time. Then it still holds
that uniqueness of the solution of the constrained martingale problem follows from
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the comparison principle between viscosity sub and supersolutions of (1.1) with the
appropriate boundary conditions. Notice that, as for the standard martingale problem,
uniqueness for the constrained martingale problem implies that the solution is Markovian
(see [19], Proposition 2.6).

In the presence of boundary conditions, even for Ré-valued diffusions, there are
examples for which uniqueness of the martingale problem is not known. Processes in
domains with boundaries that are only piecewise smooth or with boundary operators that
are second order or with directions of reflection that are tangential on some part of the
boundary continue to be a challenge. In this last case, as an example of an application of
our results, we use the comparison principle proved in [25] to obtain uniqueness.

The strategy of our proofs has been initially inspired by the proof of Krylov’s selection
theorem for martingale problems that appears in [10] and originally appeared in unpub-
lished work of [14]. In that proof the generator is recursively extended in such a way
that there are always solutions of the martingale problem for the extended generator,
but eventually only one. If uniqueness fails for the original martingale problem, there is
more than one way to do the extension. Conversely if, at each stage of the recursion,
there is only one way to do the extension and all solutions of the martingale problem
for the original generator remain solutions for the extended generator, then uniqueness
must hold for the original generator.

Analogously, assuming the comparison principle for (1.1) (or (1.1) with the appropriate
boundary conditions) holds for a large enough class of functions h, we construct an
extension A of the original operator A (of a restriction of the original operator A, in
the case of constrained martingale problems) such that all solutions of the martingale
problem (the constrained martingale problem) for A are solutions of the martingale
problem for A, and such that uniqueness holds for A. Actually, in the case of ordinary
martingale problems the extension, although possible, is not needed, because the
comparison principle for (1.1) directly yields a condition ((2.9)) that, if valid for a large
enough class of functions h, ensures uniqueness of the one-dimensional distributions of
solutions to the martingale problem, and hence uniqueness of the solution. The extension
is needed, instead, for constrained martingale problems.

A few works on viscosity solutions of partial differential equations and weak solutions
of stochastic differential equations have appeared in recent years. For diffusions in R?,
[2], assuming a comparison principle exists, show that the backward equation has a
unique viscosity solution, and it follows that the corresponding stochastic differential
equation has a unique weak solution. For Markovian forward-backward stochastic
differential equations, [23] also derive uniqueness of the weak solution from existence of
a comparison principle for the corresponding partial differential equation. In the non-
Markovian case, the associated partial differential equation becomes path dependent. [9]
propose the notion of viscosity solution of (semilinear) path dependent partial differential
equations on the space of continuous paths already mentioned above and prove a
comparison principle.

The rest of this paper is organized as follows: Section 2 contains some background
material on martingale problems and on viscosity solutions; Section 3 deals with martin-
gale problems; the alternative definitions of viscosity solution are discussed in Section 4;
Section 5 deals with martingale problems with boundary conditions; finally in Section
6, we present two examples, including the application to diffusions with degenerate
direction of reflection.
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2 Background

2.1 Martingale problems

Throughout this paper we will assume that (E,r) is a complete separable metric
space, Dg[0, c0) is the space of cadlag, F-valued functions endowed with the Skorohod
topology, B(Dgl0,00))) is the o-algebra of Borel sets of Dg[0,0), Cy(E) denotes the
space of bounded, continuous functions on (F,r), B(E) denotes the space of bounded,
measurable functions on (F,r), and P(E) denotes the space of probability measures on
(E,r). || - || will denote the supremum norm on Cy(F) or B(E).

Definition 2.1. A measurable stochastic process X defined on a probability space
(Q, F,P) is a solution of the martingale problem for
A C B(F) x B(E),

provided there exists a filtration {F,} such that X and f(.)g(X(s))ds are {F;}-adapted,
for every g € B(F), and

Mf(t):f(X(t))*f(X(O))*/o 9(X(s))ds 2.1

is a {F,}-martingale for each (f,g) € A. If X(0) has distribution u, we say X is a solution
of the martingale problem for (A, u).

Remark 2.2. Because linear combinations of martingales are martingales, without loss
of generality, we can, but need not, assume that A is linear and that (1,0) € A.

We do not, and cannot for our purposes, require A to be single valued. In particular,
the operator A defined in the proof of Theorem 5.11 will typically not be single valued.

In the next sections we will restrict our attention to processes X with sample paths
in DE [0, OO)
Definition 2.3. A stochastic process X, defined on a probability space ({2, F,P), with
sample paths in Dg|0, ) is a solution of the martingale problem for

A B(E) x B(E),

in D0, 00) provided there exists a filtration {F;} such that X is {F;}-adapted and

My (t) = f(X (1)) = fF(X(0)) */0 9(X(s))ds (2.2)

is a {F,}-martingale for each (f,g) € A. If X(0) has distribution yu, we say X is a solution
of the martingale problem for (A, ) in Dg[0, o).

Remark 2.4. Since X has sample paths in Dg[0,00), the fact that it is {F;}-adapted
implies that [, g(X(s))ds is {F;}-adapted, for every g € B(E).

Remark 2.5. The requirement that X have sample paths in Dg[0, o) is usually fulfilled
provided the state space F is selected appropriately. Moreover, if A C Cy(F) x Cy(E),
D(A) is dense in Cp(E) in the topology of uniform convergence on compact sets and for
each compact K C E, € > 0, and T > 0, there exists a compact K’ C F such that

P{X(t) e K',t <T,X(0) € K} > (1 —)P{X(0) € K},

for every progressive process such that (2.1) is a martingale, then every such process
has a modification with sample paths in Dg[0,o0) (See Theorem 4.3.6 of [10].)
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Remark 2.6. The martingale property is equivalent to the requirement that
t+r
BIAX(t+1) = FOX(0) ~ [ g(X(5)ds) [T (X)) =0
¢ i

for all choices of (f,g) € A, h; € B(E), t,r >0, and 0 < ¢; < t. Consequently, the property
of being a solution of a martingale problem is a property of the finite- dimensional
distributions of X.

In particular, for the martingale problem in Dg[0, 00), the property of being a solution
is a property of the distribution of X on Dg[0,00). Much of what follows in the next
sections will be formulated in terms of the collection II C P(Dg[0, o)) of distributions of
solutions of the martingale problem. For some purposes, it will be convenient to assume
that X is the canonical process defined on (Q, F,P) = (Dg[0,0), B(Dg[0,0))), P), for
some P € I

In view of Remark 2.6 it is clear that uniqueness of the solution to the martingale
problem for an operator A is to be meant as uniqueness of the finite-dimensional
distributions.

Definition 2.7. We say that uniqueness holds for the martingale problem for A if, for
every p, any two solutions of the martingale problem for (A, ;1) have the same finite-
dimensional distributions. If we restrict our attention to solutions in Dg[0,c0), then
uniqueness holds if any two solutions for (A, 1) have the same distribution on Dg[0, c0)
One of the most important consequences of the martingale approach to Markov
processes is that uniqueness of one-dimensional distributions implies uniqueness of
finite-dimensional distributions.
Theorem 2.8. Suppose that for each u € P(FE), any two solutions of the martingale
problem for (A, 1) have the same one-dimensional distributions. Then any two solutions
have the same finite-dimensional distributions. If any two solutions of the martingale
problem for (A, 1) in Dg[0,00) have the same one-dimensional distributions, then they
have the same distribution on Dg|0, ).

Proof. This is a classical result. See for instance Theorem 4.4.2 and Corollary 4.4.3 of
[10]. O

For € P(E) and f € B(FE) we will use the notation

uf = /E f(@)u(da). 2.3)

Lemma 2.9. Let X be a {F;}-adapted stochastic process with sample paths in Dg[0, c0),
with initial distribution i, f,g € B(E) and A > 0. Then (2.2) is a {F;}-martingale if and
only if

M7 (t) = e MF(X (1) — F(X(0)) + /0 e (Mf(X(5)) — 9(X(s))ds (2.4)

is a {F;}-martingale. In particular, if (2.2) is a {F;}-martingale

uf = B[ e OSX() - g(X(5))as] (2.5)

Proof. The general statement is a special case of Lemma 4.3.2 of [10]. If f is continuous,
as will typically be the case in the next sections, M; will be cadlag and we can apply
It6’s formula to obtain

t

eNF(X (1) — F(X(0)) = / (—F(X()Ae™ + e g(X(5)))ds + / e MdM (),
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where the last term on right is a {#;}-martingale. (Note that, since all the processes
involved are cadlag, we do not need to require the filtration {F;} to satisfy the “usual
conditions’.) Conversely, if (2.4) is a {F;}-martingale, the assertion follows by applying

1to’s formula to f(X (1)) = M (e*M f(X(t))).
In particular, if (2.2) is a {F;}-martingale

E[f(X(0)] - Ble™ f(X(1))] = E[/O e M (Af(X(s)) — g(X(s))ds],
and the second statement follows by taking ¢t — co. O

Lemma 2.10. Let X be a solution of the martingale problem for A C Cy(E) x Cy(E) in
Dg[0, 00) with respect to a filtration {F;}. Let 7 > 0 be a finite {F,}-stopping time and
H > 0 be a F,-measurable random variable such that 0 < E[H|] < co. Define P™ by

E[H1c(X (T + )]
E[H] ’

pPmH(C) = C € B(Dg[0,0)). (2.6)

Then P™! is the distribution of a solution of the martingale problem for A in Dg|0, 00).

Proof. Let (2, F,P) be the probability space on which X is defined, and define P¥ on
(€2, F) by

E¥[H1(]
H _
PRO) = EP[H] ’

Define X™ by X7 (t) = X (7 +t). X7 is adapted to the filtration {F,;} and for 0 < ¢; <
o<ty <tpiiand fi,---, fn € B(E),

CekF.

B2 ({100 ) = 170 = [ AF ()5} T 0]
1

i [H{ (X (7 + tay1)) = F(X (7 + )

THtn+1

_/ Af(X(s))ds}HlLlfz-(X(Tthi))}
T+tn

=0

by the optional sampling theorem. Therefore, under P¥, X is a solution of the martin-
gale problem. P, given by (2.6), is the distribution of X” on Dg[0, o). O

Lemma 2.11. Let A > 0. Suppose u, h € B(FE) satisfy
i = E[/ e Mh(X (1)), 2.7)
0

for every solution of the martingale problem for A in Dg[0, co) with initial distribution u
and for every u € P(E). Then

w(X (1) - /O (Wu(X () — h(X(s)))ds 2.8)

is a { F{* } -martingale for every solution X of the martingale problem for A in D0, c0).

Proof. The lemma is Lemma 4.5.18 of [10], but we repeat the proof here for the
convenience of the reader.
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Let X be a solution of the martingale problem for A on a probability space ({2, F, P).
Fort > 0 and B € F; with P(B) > 0, define Q on (2, F) by

_ E"[114]

Q(C) = PB) CelF.

Then

P e)\t o e—)\s s s = P * e—)\s s s
EP[15 / h(X(s))ds] = EP[15 / B(X(t + 5))ds]

= IP(B)EQ[/OOO e Mh(X (¢ + s))ds].

By the same arguments as in the proof of Lemma 2.10, X (¢ + -) is a solution of the
martingale problem for A on the probability space (2, F, Q) with respect to the filtration
{Fi+.}, with initial distribution v(C) = Q(X(t) € C) = P(X(t) € C|B). Hence, by the
assumptions of the lemma,

E¥[1p¢! /Oo e Mh(X(s))ds] = P(B)vu = E¥[1pu(X(t))].
Therefore
ooe_)‘s $))ds|F] = e Mu te_’\s s))ds
B[ e MhX()ds| (¥O)+ [ e nx()as

and the assertion follows from Lemma 2.9 with f = v and g = A\u — h. O
Our approach to proving uniqueness of the solution of the martingale problem for
(A, ) relies on the following theorem.

Definition 2.12. A class of functions M C C(E) is separating if, for y,v € P(E),
uf =vf forall f € M implies yn = v.

Theorem 2.13. For each A > 0, suppose that

E[/ e Mh(X (s))ds] = E[/ e Mh(Y (s))ds], (2.9)
0 0

for any two solutions of the martingale problem for A in Dg[0,c0) with the same initial
distribution and for all h in a separating class of functions M. Then any two solutions

of the martingale problem for A in Dg|0, o) with the same initial distribution have the
same distribution on Dg|0, c0).

Proof. The proof is actually implicit in the proof of Corollary 4.4.4 of [10], but we give it
here for clarity. For any two solutions of the martingale problem for A in Dg|0, co) with
the same initial distribution, we have, for all h € M,

/OC e M E[h(X(s)))ds = /OO e M Eh(Y (s))]ds. (2.10)
0 0
Consider the measures on (F, B(E)) defined by
X _ [ e s))]ds, mY = - e s))|ds.
w0 = [ e EeX s m (€)= [N Be )

Then (2.10) reads
mXh=mYh,
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and, as M, is separating, (2.10) holds for all h € B(FE). Since the identity holds for each
A > 0, by uniqueness of the Laplace transform,

E[Rh(X(s))] = E[R(Y (s))], for almost every s > 0,

and by the right continuity of X and Y, for all s > 0. Consequently, X and Y have
the same one-dimensional distributions, and hence by Theorem 2.8, the same finite-
dimensional distributions and the same distribution on Dg[0, c0). O

Corollary 2.14. Suppose that for each A > 0, R(\ — A) is separating. Then for each
initial distribution p € P(E), any two cadlag solutions of the martingale problem for
(A, 1) have the same distribution on Dg|0, ).

Proof. The assertion follows immediately from Lemma 2.11 and Theorem 2.13. O

Martingale problems and dissipative operators are closely related.
Definition 2.15. A linear operator A C B(E) x B(FE) is dissipative provided

IAf =gl = All£;

for each (f,g) € A and each A > 0.

Lemma 2.16. Suppose that for each x € E, there exists a solution of the martingale
problem for (A, d,). Then A is dissipative.

Proof. By Lemma 2.9,

@)l < B[ e M) - g(X(6)las] < 117 = gl

2.2 Viscosity solutions
Let A C Cp(E) x Cp(E). Theorem 2.14 implies that if for each A > 0, the equation

Au—g=h (2.11)

has a solution (u, g) € A for every h in a class of functions M) C C},(FE) that is separating,
then for each initial distribution p, the martingale problem for (A, 1) has at most one
solution. Unfortunately in many situations it is hard to verify that (2.11) has a solution
in A. Thus one is lead to consider a weaker notion of solution, namely the notion of
viscosity solution.

Definition 2.17. (viscosity (semi)solution)
Let A be as above, A > 0, and h € Cy(E).

a) u € B(F) is a viscosity subsolution of (2.11) if and only if u is upper semicontinuous
and if (f,g) € A and z¢ € E satisfy

sup(u — f)(z) = (u — f)(xo), (2.12)

then
Au(zg) — g(z0) < h(xp). (2.13)
EJP 20 (2015), paper 67. ejp.ejpecp.org
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b) u € B(E) is a viscosity supersolution of (2.11) if and only if u is lower semicontinu-
ous and if (f,g) € A and z( € E satisfy

inf(u — f)(x) = (u~ f)(xo), (2.14)

then
Au(zo) — g(xzo0) > h(xo). (2.15)

A function u € Cy(E) is a viscosity solution of (2.11) if it is both a subsolution and a
supersolution.

In the theory of viscosity solutions, usually existence of a viscosity solution follows
by existence of a viscosity subsolution and a viscosity supersolution, together with the
following comparison principle.

Definition 2.18. The comparison principle holds for (2.11) when every subsolution is
pointwise less than or equal to every supersolution.

Remark 2.19. To better motivate the notion of viscosity solution in the context of
martingale problems, assume that there exists a solution of the martingale problem for
(A, ¢,) for each x € E. Suppose that there exists v € C,(E) such that

e Mu(X (1) + /t e Mh(X(s))ds (2.16)
0

is a { F{X }-martingale for every solution X of the martingale problem for A. Let (f,g) € A
and x( satisfy

sup(v — f)(@) = (v = f)(z0).

Let X be a solution of the martingale problem for (A, §,,). Then

e Mu(X (1) — FIX (1) + /0 e (h(X(s) = Mf(X(5)) + 9(X(5)))ds

is a {F;* }-martingale by Lemma 2.9, and
E[/ e M (M(X(s)) — g(X(s)) — h(X(s)))ds]
0

= L[ N - X))
+Ele™ M (0(X () = f(X(1))) = (v(wo) = f(0))]
<0.
Dividing by ¢ and letting ¢t — 0, we see that
Av(zo) — g(zo) < h(xo),

so v is a subsolution for (2.11). A similar argument shows that it is also a supersolution
and hence a viscosity solution. We will give conditions such that if the comparison
principle holds for some h, then a viscosity solution v exists and (2.16) is a martingale
for every solution of the martingale problem for A.

In the case of a domain with boundary, in order to uniquely determine the solution of
the martingale problem for A one usually must specify some boundary conditions, by
means of boundary operators B ..., B,.
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Let Ey C FE be an open set and let
OEy = UzlzlEk,

for disjoint, nonempty Borel sets E,..., E,,.

Let A C Cy(Ey) x Cy(Ey), Br C Cy(Eo) x C(Ey), k = 1,...,m, be linear operators
with a common domain D. For simplicity we will assume that E is compact (hence the
subscript b will be dropped) and that A, By, ..., B, are single valued.

Definition 2.20. Let A, B; ..., B,, be as above, and let A > 0. For h € Cy(E,), consider
the equation

Au—Au = h, on Ey (2.17)
—Byu = 0, onFEy, k=1,--- m.

a) ue B(Eg) is a viscosity subsolution of (2.17) if and only if u is upper semicontinuous
and if f € D and x¢ € E, satisfy

sup(u — f)(z) = (u— f)(x0), (2.18)
then

)\U(IEQ) — Af(Io) S h(l‘o), if o € Eo, (219)

(Au(zo) — Af (o) — h(x)) A min (=B f(z0)) <0, if o € 0E(2.20)

k:xoEFE}

b) u € B(Ey) is a viscosity supersolution of (2.17) if and only if u is lower semicontin-
uous and if f € D and zy € E satisfy

inf(u — f)(z) = (u— f)(z0), (2.21)
then
Au(wo) — Af(wo) > h(wo), if 2 € Ep, (2.22)
(Xu(wo) = Af(z0) = h(zo)) v max (~Bif(@0)) 20, if 2 € OF,.

A function u € C(E)) is a viscosity solution of (2.17) if it is both a subsolution and a
supersolution.

Remark 2.21. The above definition, with the ‘relaxed’ requirement that on the boundary
either the interior inequality or the boundary inequality be satisfied by at least one among
—B;yf,--+,—B,,f is the standard one in the theory of viscosity solutions where it is used
in particular because it is stable under limit operations and because it can be localized.
As will be clear in Section 5, it suits perfectly our approach to martingale problems with
boundary conditions.

3 Comparison principle and uniqueness for martingale problems
In this section, we restrict our attention to
AC Cb(E) X Cb(E)

and consider the martingale problem for A in Dg[0,00). Let IT C P(Dg[0,00)) denote the
collection of distributions of solutions of the martingale problem for A in Dg[0, o), and,
for p € P(E), let II,, C II denote the subcollection with initial distribution p. If © = 4,
we will write II, for ITs,. In this section X will be the canonical process on Dg[0, c0).
Assume the following condition.

EJP 20 (2015), paper 67. ejp.ejpecp.org
Page 10/27


http://dx.doi.org/10.1214/EJP.v20-3624
http://ejp.ejpecp.org/

Viscosity methods giving uniqueness for martingale problems

Condition 3.1.

a) D(A) is dense in C,(E) in the topology of uniform convergence on compact sets.
b) Foreach € P(E), I1,, # 0.
c) If K C P(F) is compact, then Upexll, is compact. (See Proposition 3.3 below.)

Remark 3.2. In working with these conditions, it is simplest to take the usual Skorohod
topology on Dg[0,00). (See, for example, Sections 3.5-3.9 of [10].) The results of this
paper also hold if we take the Jakubowski topology ([17]). The o-algebra of Borel sets
B(Dg[0,00)) is the same for both topologies and, in fact, is simply the smallest o-algebra
under which all mappings of the form = € Dg[0,00) — z(t), t > 0, are measurable.

It is also relevant to note that mappings of the form

x € Dgl0,00) — / e Mh(x(t))dt, he Cy(E),\>0,
0

are continuous under both topologies. The Jakubowski topology could be particularly
useful for extensions of the results of Section 5 to constrained martingale problems in
which the boundary terms are not local-time integrals.

Proposition 3.3. In addition to Condition 3.1(a), assume that for each compact K C F,
€ >0, and T > 0, there exists a compact K' C E such that

P{Xt) e K',t<T,X(0)eK}>(1-¢e)P{X(0)e K}, VPell
Then Condition 3.1(c) holds.
Proof. The assertion is part of the thesis of Theorem 4.5.11 (b) of [10]. O

Let A > 0, and for h € Cy(E), define

Ut (z) =uq(z, h) = sup EP[/OC e Mh(X (t))dt], (3.1)
Pell, 0
u_(x) =u_(z,h) = pié%, EP[/O e Mh(X (t))dt]. (3.2)
(I, h) = sup EP[/OC e MA(X (1)), (3.3)
Pell, 0
(I, h) = Pienl_f[u EP[/O e Mh(X (t))dt]. (3.4)

Lemma 3.4. Under Condition 3.1, for h € Cy(FE), us(z,h) is upper semicontinuous
(hence measurable), and

my (I, h) = /Eu+(;v,h)/¢(d;v) Vu e P(E). (3.5)

The analogous result holds for u_ and 7_.

Proof. For 7., the lemma is a combination of Theorem 4.5.11(a), Lemma 4.5.8, Lemma
4.5.9 and Lemma 4.5.10 of [10], but we recall here the main steps of the proof for the
convenience of the reader. Throughout the proof, h will be fixed and will be omitted. In
addition we will use the notation 7 (II,, h) = mq (u).

First of all let us show that, for u, — p,

limsup 4 (pn) < 74 ().

n—oo
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In fact, by the compactness of I, there is P € II,, that achieves the supremum. Moreover,
by the compactness of 11, UU,II,, , for every convergent subsequence {7 (un,)} =

{ FPn, e Mh(X(t ))dt]}, we can extract a subsequence {ij } that converges to some
Pe H,L. Since [ e~ *h(z(t))dt] is continuous on Dg[0, c0), we then have

lim 7y () = lim B / T eM(x ()] = BT / T e MR(X (0)dt] < 4y (1)
j—o0 0 0

17— 00

This yields, in particular, the upper semicontinuity (and hence the measurability) of

Ut () = 74 (6z).
Next, Condition 3.1 (b) and (c) implies that, for 1, e € P(E), 0 < a <1,

Ty (o + (1= a)pz) = amy () + (1 — a)my(p2),

(Theorem 4.5.11(a), Lemma 4.5.8 and Lemma 4.5.10 of [10]. We will not recall this part
of the proof). This yields, for {y;} C P(E), & >0, Y, a; = 1:

N o)
7T+(Zoéiui)=zaﬂ+ Zazuz + Zalﬂ--i- Z Qifli),
i 1 N+1 N+1 o N+1
and hence
[|h
‘7r+ Zal,ul chu i) < 27— 1 || Z VN.
N+1

Finally, for each n, let {E"} be a countable collection of disjoint subsets of E with
diameter less than X and such that F = J, EI". In addition let 2" € E! satisfy u, (z}) >
supgn ut(x) — =. Define u,(z) = 3, uy (2] )lEn( ) and ju, = > u(E})dzn. Then {u,}
convzerges to uy4 pointwise and boundedly, and {pn} converges to u. Therefore

/ +(r)p(de) = hm/ up () pu(dz) = hmZ7r+ w(EM) = hm T4 (pn) < i (p0).

To prove the opposite inequality, let p?(B) = w(B N EM)/u(EP), for p(EF) > 0, and
un(z) = Y, ™y (4 )1En (). For each x € E, for every n there exists a (unique) i(n) such
that z € Ejf,,. Then u,(z) = m4(p,,)) and pj,,) — d5, hence limsup, un(z) < uy(z).
Therefore

=y (3 WD) ) = /E wn(@)pu(d) < /E lim sup un (z) pu(de) < /E wp (@)l de),

n

where the last but one inequality follows from the fact that the u,, are uniformly bounded.
To prove the assertion for m_ use the fact that 7_(II,,, h) = —m (II,, —h). O

Lemma 3.5. Assume that Condition 3.1 holds. Then u, is a viscosity subsolution of
(2.11) and u_ is a viscosity supersolution of the same equation.

Proof. Since u_(x,h) = —uy(x,—h) it is enough to consider u. Let (f,g) € A. Suppose
xo is a point such that u4 (z) — f(zo) = sup, (uy(x) — f(z)). Since we can always add a
constant to f, we can assume u4 (zo) — f(zg) = 0. By compactness (Condition 3.1(c)), we

have
ws (z0) = EP { /0 h e‘Ath(X(t)dt]

for some P € II,,.
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For ¢ > 0, define
o= e Anf{t > 0 r(X(8),20) > € or (X (t=), z0) > €} (3.6)
and let H, = e~*"<. Then, by Lemma 2.9,
0 =uy(zo) — fzo)
=57 | [T e X 0) - M) + g 0) e

=57 | [ e bx @) - Ax0) + (X @) |

L { 0°° M (WX (4 72)) — MK (E+72)) + g(X(E+ 7)) dt}

_gP '/T‘ e (WX (1) — M(X (1) + g(X (1)) dt

L/ 0

CEPHEP [ / TN (WX (1) - MX(®) + 9(X (1)) dt} .

Setting p.(-) = P™H<(X(0) € -), by Lemma 2.10 and Lemma 2.9, the above chain of
equalities can be continued as (with the notation (2.3))

< EP[[5T e (WX (1) = Af(X (1) + g(X (1)) dt] + BV [He)(my (W, h) = pef)

and, by Lemma 3.4,
=gt /Ore e~ M (h(X () = A (X(®)+9(X())dt| + EP[He](ueu+ —uef)

_p*| / e N (A(X (1)) = M(X (1) + g(X (1)) de| + BP [ (uy (X(7)) = F(X ()]

< 57| [ e x () - e + ox ) ar].
where the last inequality uses the fact that v, — f < 0. Therefore
o o EOLT e (hX(®) — MX (1) + 9(X (1) ]
e—0 EP[TE}
= h(xo) — Af(20) + g(x0)
= h(zo) — Aduy(z0) + g(z0).

O

Corollary 3.6. Let h € C(E). If in addition to Condition 3.1, the comparison principle
holds for equation (2.11), then u = uy = u_ is the unique viscosity solution of equation
(2.11).

Theorem 3.7. Assume that Condition 3.1 holds. For \ > 0, let M) be the set of h € Cy(E),
such that the comparison principle holds for (2.11). If for each A\ > 0, M), is separating,
then uniqueness holds for the martingale problem for A in Dg[0, o).

Proof. If the comparison principle for (2.11) holds for some h € C,(E), then by Lemma
3.5, uy = u_. Then, by the definition of u; and u_ and Lemma 3.4, for any two solutions
Py, P, € 11, we must have

P [ e Py [ en
B /0 WX ()dt] = B[ /0 h(X (£))dt].

Consequently, if M) is separating, Theorem 2.13 implies P; = Ps. O
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Remark 3.8. Another way of viewing the role of the comparison principle in the issue of
uniqueness for the martingale problem for A is the following.

Suppose the comparison principle holds for some h and let uy = u_ = u. By Lemmas
3.4 and 2.11,

U(X(t))—/o (Au(X(s)) = h(X(s)))ds,

is a {F* }-martingale for every P € II. Then, even though u,; and u_ are defined in
nonlinear ways, the linearity of the martingale property ensures that A can be extended
to the linear span A* of AU {(u, A\u — h)} and every solution of the martingale problem
for A will be a solution of the martingale problem for A*. By applying this procedure
to all functions h € M), we obtain an extension A of A such that every solution of the
martingale problem for A will be a solution of the martingale problem for A and such that
R(A— E) D M, and hence is separating. Therefore uniqueness follows from Corollary
2.14.

Notice that, even if the comparison principle does not hold, under Condition 3.1, by
Lemma 4.5.18 of [10], for each p € P(E), there exists P € II,, such that under P

uy (X (1)) */0 (Auy (X (s)) — h(X(s)))ds
is a {7 }-martingale.

Remark 3.9. If, for some h, there exists (u,g) € A such that \u — g = h (essentially u is
the analog of a stochastic solution as defined in [27]), then, by Lemma 2.9 and Remark
2.19, u is a viscosity solution of (2.11).

4 Alternative definitions of viscosity solution

Different definitions of viscosity solution may be useful, depending on the setting.
Here we discuss two other possibilities. As mentioned in the Introduction, the first,
which is stated in terms of solutions of the martingale problem, is a modification of
a definition used in [9], while the second is a stronger version of definitions in [11].
We show that Lemma 3.5 still holds under these alternative definitions and hence all
the results of Section 3 carry over. Both definitions are stronger in the sense that the
inequalities (2.13) and (2.15) required by the previous definition are required by these
definitions. Consequently, in both cases, it should be easier to prove the comparison
principle.

T will denote the set of { F;X }-stopping times.

Definition 4.1. (Stopped viscosity (semi)solution)
Let A C Cy(E) x Cp(E), A > 0, and h € Cy(E).

a) u € B(F) is a stopped viscosity subsolution of (2.11) if and only if u is upper
semicontinuous and if (f,g) € A, zo € E, and there exists a strictly positive 7o € T

such that
EP[e 20 (u — f)(X (1 A 19))]
su = (u— o), 4.1)
PeHxOI,)TET EP[e=ATATo] (= f)zo)
then
Au(zg) — g(zo) < h(xp). (4.2)
EJP 20 (2015), paper 67. ejp.ejpecp.org
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b) uw € B(FE) is a stopped viscosity supersolution of (2.11) if and only if u is lower
semicontinuous and if (f,g) € A, z¢ € E, and there exists a strictly positive 1o € T

such that
) EP [ef)\'r/\‘ro (’U, — f)(X(T A 7—0))] _
PenlzrolfTeT EP[e—AAm0] = (u— f)(z0), (4.3)
then
Au(zo) — g(xo) = h(zo). (4.4)

A function u € C(E) is a stopped viscosity solution of (2.11) if it is both a subsolution
and a supersolution.
Remark 4.2. If (u — f)(zg) = sup, (v — f)(x), then (4.1) is satisfied. Consequently, every
stopped sub/supersolution in the sense of Definition 4.1 is a sub/supersolution in the
sense of Definition 2.17.

Remark 4.3. Definition 4.1 requires (4.2) ((4.4)) to hold only at points z, for which (4.1)
((4.3)) is verified for some 7y. Note that, as in Definition 2.17, such an zy might not exist.

Definition 4.1 essentially requires a local maximum principle and is related to the
notion of characteristic operator as given in [8].

For Definition 4.1, we have the following analog of Lemma 3.5.

Lemma 4.4. Assume that Condition 3.1 holds. Then u. given by (3.1) is a stopped
viscosity subsolution of (2.11) and u_ given by (3.2) is a stopped viscosity supersolution
of the same equation.

Proof. Let (f,g) € A. Suppose x is a point such that (4.1) holds for u for some 75 € T,
7o > 0. Since we can always add a constant to f, we can assume u, (z9) — f(z¢) = 0. By
the same arguments used in the proof of Lemma 3.5, defining 7. and H. in the same way,
we obtain, for some P € II,, (independent of ¢),

0 =uileo) ~ flao)
< B [ / e (h(X(t))—Af(X(t))+g(X(t)))dt]
+EP [N (uy (X (re A o)) — F(X (e A 7o)

< [ [T e mex o) - ax o)+ ocxen ]

0

where the last inequality uses (4.1) and the fact that u, (z¢) — f(xz¢) = 0. Then the result
follows as in Lemma 3.5. O

The following is essentially Definition 7.1 of [11].

Definition 4.5. (Sequential viscosity (semi)solution)
Let A C Cp(E) x Cp(E), A >0, and h € Cyp(E).

a) u € B(F) is a sequential viscosity subsolution of (2.11) if and only if u is upper
semicontinuous and for each (f, g) € A and each sequence y,, € E satisfying

nh_)néo(u - f) (yn) = Sup(u - f)(x)v (4.5)
we have
lim sup(Au(yn) — 9(yn) — h(yn)) < 0. (4.6)
n—oo
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b) u € B(E) is a sequential viscosity supersolution of (2.11)

if and only if u is lower semicontinuous and for each (f,g) € A and each sequence
Yyn € E satisfying

Tim (u— f)(ya) = inf(u— (), 7
we have
linrggf()\u(yn) = 9(yn) — h(yn)) = 0. (4.8)

A function u € Cy(E) is a sequential viscosity solution of (2.11) if it is both a subsolu-
tion and a supersolution.

Remark 4.6. For E compact, every viscosity sub/supersolution is a sequential viscosity
sub/supersolution.

For sequential viscosity semisolutions, we have the following analog of Lemma 3.5.
Ch.(E) denotes the space of bounded, uniformly continuous functions on E.

Lemma 4.7. For ¢ > 0, define
Te = e Anf{t > 0: (X (t), X(0)) > e or (X (t—), X (0)) > €}.

Assume A C Cy, ,(E) x Cy(E), for each € > 0, inf pert EX[7:] > 0, and that Condition 3.1
holds. Then, for h € Cy,(F), us given by (3.1) is a sequential viscosity subsolution of
(2.11) and u_ given by (3.2) is a sequential viscosity supersolution of the same equation.

Proof. Let (f,g) € A. Suppose {y,} is a sequence such that (4.5) holds for u. Since
we can always add a constant to f, we can assume sup, (u; — f)(z) = 0. Let H, = e~ ™.
Then, by the same arguments as in Lemma 3.5, we have, for some P, ¢ II,, (independent
of €),

(us = F)(yn) < B UO e (X (1)) — AF(X() + g(X(2))) dt |
where we have used the fact that sup,(u+ — f)(z) = 0. Therefore

(us = Hya) _ BT [f77 7 (MX(0) = M (X(1) + 9(X (1)) dt]
EFn [Te} - EFn [7’5]

Replacing ¢ by ¢, going to zero sufficiently slowly so that the left side converges to
zero, the uniform continuity of f, g, and h implies the right side is asymptotic to

h(yn) — Af(yn) + 9(yn) giving

0 < liminf(h(yn) — M (yn) + 9(yn))

n— oo

= liminf(h(yn) — Mt (Yn) + 9(yn).
O

The following theorem is essentially Lemma 7.4 of [11]. It gives the intuitively natural
result that if h € R(A — A) (where the closure is taken under uniform convergence), then
the comparison principle holds for sequential viscosity semisolutions of \u — Au = h.

If F is compact, the same results hold for viscosity semisolutions, by Remark 4.6.
Theorem 4.8. Suppose h € Cy(E) and there exist (f,,g,) € A satisfying sup, |\ f,(z) —

gn(x)—h| — 0. Then the comparison principle holds for sequential viscosity semisolutions
of (2.11).
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Proof. Suppose u is a sequential viscosity subsolution. Set h,, = Af, — ¢g,. Fore, > 0,
€, — 0, there exist y, € F satisfying w(yn) — fn(yn) > sup, (u(x) — fu(x)) — €,/X and
AU(Yn) = gn(yn) — h(yn) < €n. Then

sgp(/\ﬂ(ir) — Afn(z))

IN

)‘@(yn) - Afn(yn) +€en

< h(yn) + gn(yn) - )‘fn(yn) + 2¢,
= h(yn) - hn(yn) + 2¢,
— 0.

Similarly, if w is a supersolution of A\u — Au = h,

lim inf inf (u(x) — f,(z)) > 0,

n—r oo xT

and it follows that u < u. O

5 Martingale problems with boundary conditions

The study of stochastic processes that are constrained to some set E; and must
satisfy some boundary condition on JF, described by one or more boundary operators
Bi,..., B, is typically carried out by incorporating the boundary condition in the
definition of the domain D(A) (see Remark 5.12 below). However, this approach restricts
the problems that can be dealt with to fairly regular ones, so we follow the formulation
of a constrained martingale problem given in [19]. (See also [20, 22]).

Let Ey C FE be an open set and let

0FEy = UznzlEk,

for disjoint, nonempty Borel sets Ey, ..., E,,. Let A C Cy(Ey) x Cy(Ey), Br € Cy(Ep) X
C’b(Fo), k =1,...,m, be linear operators with a common domain D such that (1,0) € A,
(1,0) € By, k = 1,...,m. For simplicity we will assume that F is compact (hence the
subscript b will be dropped) and that A, By, ..., B,, are single-valued.

Definition 5.1. A stochastic process X with sample paths in D [0,00) is a solution
of the constrained martingale problem for (A, Ey; By, E1;...; By, Ey,) provided there
exist a filtration {F;} and continuous, nondecreasing processes 71, . . .,%vm Such that X,
1,--.,7m are {Fi}-adapted,

() = / 15 (X(s—))d(s).

and foreach f € D,
My (t) = f(X (1)) — f(X(0)) —/ Af(X(s))ds — Z/ By f(X(s—))dvk(s) (5.1)
0 =170

is a {F;}-martingale.

Remark 5.2. v, ..., v, will be called local times since - increases only when X is in
). Without loss of generality, we can assume that the 7, are {F;* }-adapted. (Replace
vk by its dual, predictable projection on {F;* }.) Definition 5.1 does not require that the
v, be uniquely determined by the distribution of X, but if 7} and fy,%, k=1,...,m, are
continuous and satisfy the martingale requirement with the same filtration, we must
have

1;/0 Brf(X(s—))dv}(s) kZl/O Brf(X(s=))dv2(s) = 0,

since this expression will be a continuous martingale with finite variation paths.
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Remark 5.3. The main example of a constrained martingale problem in the sense of
the above definition is the constrained martingale problem that describes a reflected
diffusion process. In this case, A is a second order elliptic operator and the B;, are first
order differential operators. Although there is a vast literature on this topic, there are
still relevant cases of reflected diffusions that have not been uniquely characterized as
solutions of martingale problems or stochastic differential equations. In Section 6.1,
the results of this section are used in one of these cases. More general constrained
diffusions where the B} are second order elliptic operators, for instance diffusions with
sticky reflection, also satisfy Definition 5.1.

Definition 5.1 is a special case of a more general definition of constrained martingale
problem given in [22]. This broader definition allows for more general boundary behavior,
such as models considered in [4].

Many results for solutions of martingale problems carry over to solutions of con-
strained martingale problems. In particular Lemma 2.9 still holds. In addition the
following lemma holds.

Lemma 5.4. Let X be a stochastic process with sample paths in Dg_ [0,00), Y15+ -+ Vm
be continuous, nondecreasing processes such that X, v1,...,vm are {F;}-adapted. Then
for f € D such that (5.1) is a {F; }-martingale and A > 0,

t

Mp(t) = 6_”f(X(t))—f(X(O))+/,6_“(/\f(X(8))—Af(X(S)))dS

0
m

=S /O eV By f(X (5—))di(s)

k=1
is a {F; }-martingale.

Proof. Since D C C(E), M; is cadlag, we can apply Itd’s formula to e~ f(X(¢)) and
obtain

e MF(X (1) — f(X(0) = /O(—f(X(S))Ae_AS+6_“Af(X(S)))d8

+k§_:1/0 e—“ka(X(s—))d%(sH/o e N dM;(s).

O

Lemma 2.10 is replaced by Lemma 5.5 below.

Lemma 5.5. a) The set of distributions of solutions of the constrained martingale
problem for (A, Ey; By, E1; . ..; By, En) is convex.

b) Let X, v1,...,7m satisfy Definition 5.1. Let 7 > 0 be a bounded {F,}-stopping time
and H > 0 be a F,-measurable random variable such that 0 < E[H] < co. Then the
measure P™ € P(Dg[0,00) defined by

_ EH{1:(X(1 +))]

PT’H(C) = E[H] R Ce B(DET[O, OO)), (5.2)

is the distribution of a solution of the constrained martingale problem for (A, Ey; By, E1;
eo; B,y Em).

Proof. Part (a) is immediate. For Part (b), let (2, F,P) be the probability space on which
X, Y1,...,7m are defined, and define P by

_ EP[H1,]

IPH(C)_ETH}, CeF.

EJP 20 (2015), paper 67. ejp.ejpecp.org
Page 18/27


http://dx.doi.org/10.1214/EJP.v20-3624
http://ejp.ejpecp.org/

Viscosity methods giving uniqueness for martingale problems

Define X7 and ] by X7 (t) = X(7+t) and 7 (t) = v (T +t) — (7). X™ and the 7] are
adapted to the filtration {F,;:} and for 0 < t; < -+ < ¢, < t,y1 and f1, -+, fn € B(E),

[0 ) - s - [ araconas = [ B o)
t k=1"tn

n

I f(X7 (1))
1

= gop & [H{/ X0 + 1) — (X )

. /TTH”H AR ()ds i /r+tﬂ+1 ka(X(s—))d’Vk(s)}

+tn o1/ T Htn

I fi(X (7 + 1)

=0
by the optional sampling theorem. Therefore, under P, X7 is a solution of the con-
strained martingale problem with local times ~7,--- ,77,. P™, given by (5.2), is the
distribution of X™ on Dz-[0, 00). O

As in Section 3, let IT denote the set of distributions of solutions of the constrained
martingale problem and II, denote the set of distributions of solutions with initial
condition p. In the rest of this section X is the canonical process on Dg[0,00) and
Y1, - -,Ym are a set of {F;X }-adapted local times (see Remark 5.2). We assume that the
following conditions hold. See Section 5.1 below for settings in which these conditions
are valid. Recall that we are assuming F is compact.

Condition 5.6.

a) D is dense in C(Ey) in the topology of uniform convergence.

b) For each i € P(E), II,, # 0 (see Proposition 5.13).

c) Il is compact (see Proposition 5.13).

d) For each P € Il and A\ > 0, there exist 71, ...,V Satisfying the requirements of
Definition 5.1 such that E¥ [fooo e‘“d%(t)} < o0, k=1,---,m (see Proposition
5.13).

Remark 5.7. For P € II, Condition 5.6(d) and Lemma 5.4 give

m

uf =B O ) - A s - 3 [T e Bl 63
k=1

Remark 5.8. We can take the topology on Dg[0, o) to be either the Skorohod topology
or the Jakubowski topology (see Remark 3.2).

The definitions of uy, u_, 7y and 7_ are still given by (3.1), (3.2), (3.3) and (3.4).
With Condition 5.6 replacing Condition 3.1, the proof of Lemma 3.4 carries over (Lemma
5.5 above guarantees that Lemmas 4.5.8 and 4.5.10 in [10] can be applied).

Lemma 5.9. Assume Condition 5.6 holds. Then u, is a viscosity subsolution of (2.17)
and u_ is a viscosity supersolution of the same equation.

Proof. The proofis similar to the proof of Lemma 3.5, so we will only sketch the argument.
For f € D, let xg satisfy sup .5, (ut — f)() = u+(20) — f(x0). By adding a constant to f
if necessary, we can assume that u (xo) — f(x0) = 0.
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With 7. as in the proof of Lemma 3.5, by Lemmas 5.4, 5.5 and 3.4, and the compactness
of II;, (Condition 5.6(c)), for some P € II,, (independent of €) we have

0< B’ [ / " e (X (1)) — MX () + AR (D)) db
+Z/TE e M By f(X (t=))dw(t)|,
k=1 0

Dividing the expectations by EX[A71 (1 — e ) + 37" | [ e *dy,(t)] and letting € — 0,
we must have

0 < (h(wo) = Af(20) + Af(20)) vV max By f(xo),
k:xo€E)

which, since f(z¢) = uy(x), implies (2.20), if g € OEy, and (2.19), if ¢ € Ey. O

Corollary 5.10. Let h € C(E)). If, in addition to Condition 5.6, the comparison principle
holds for equation (2.17), then u = uy = u_ is the unique viscosity solution of equation
(2.17).
The following theorem is the analog of Theorem 3.7.

Theorem 5.11. Assume Condition 5.6 holds. For A > 0, let M), be the set of h €
C(E,) such that the comparison principle holds for (2.17). If for every A\ > 0, M) is
separating, then the distribution of the solution X of the constrained martingale problem
for (A, Ey; By, E1;...; By, En) is uniquely determined.

Proof. The proof of this result is in the sp1r1t of Remark 3.8. Let A be the collection
of (f,g) € B(Ep) x B(EO) such that f(X(t)) — [, g(X(s))ds is a {F }-martingale for all
P € 1II. Denote by 11 the set of the dlstrlbutlons of solutlons of the martingale problem
for A, and by ﬁu the set of solutions with initial distribution p. Then, by construction, for
each i € P(Ey), I, C ﬁ By the comparison principle, Lemmas 5.9, 3.4 and 2.11, for
each h € M, and u = uy = u_ given by (3.1) (or equlvalently, (3.2)), (u, du— h) belongs
to A, or equivalently the pair (u, h) belongs to A — A. Consequently R(\ — A) D M, is
separating and the thesis follows from Corollary 2.14. O

Remark 5.12. Differently from Remark 3.8, the operator A is not an extension of A
as an operator on the domain D, but it is an extension of A restricted to the domain
Do ={f €D: Brf(x) =0 Ve € E, k = 1,--- ,m}. The distribution of the solution
X of the constrained martingale problem for (A, Ey; By, E1;...; By, Em, 1) is uniquely
determined even though the same might not hold for the solution of the martingale

problem for (A| ,p).
Do

5.1 Sufficient conditions for the validity of Condition 5.6

In what follgws, we assume that £ — Fy = U;"Zlﬁk, where the Ek are disjoint Borel
sets satisfying F, D Ex, k=1,...,m
Proposition 5.13. Assume Condition 5.6(a) and that the following hold:

i) There exist linear operators A Bl, e Bm D C C(E) — C(F) with D dense in
C(E), (1,0) € A, (1,0) € By, k = 1,...,m, that are extensions of A, By,...,B,, in

the sense that for every f € D there exists fe D such that f= ﬂﬁ ,Af = gﬂﬁ ,
0 0

and B, f = Ekﬂf , k=1,...,m, and such that the martingale problem for each of
0

g, El, ‘e ,Em with initial condition §, has a solution for every x € F.
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i) If E # E,, there exists ¢ € D such that o =0 on Eg, ¢ >0 on E — Eg and Ap =0
onEg, Byp<0onEy, k=1,...,m

iii) There exists {¢,}, ¢n € D, such that sup,, , |¢n(z)| < co and By, (x) > n on Ey,
forallk=1,...m

Then b) c) and d) in Condition 5.6 are verified.

Proof. Condition 5.6(b). We will obtain a solution of the constrained martingale
problem for (A, Ey; By, Ex;...; Bm, En) by constructing a solution of the constrained
martingale problem for (j Ey; El, El, . Em, E ) and showing that any such solution
that starts in E, stays in E, for all times. Following [19], we will construct a solution

of the constrained martingale problem for (A Ey; Bl, El, o Bm, Epm ) from a solution of
the corresponding patchwork martingale problem.
A, By,---, B, are dissipative operators by i) and Lemma 2.16. Then, by Lemma

1.1 in [19], for each initial distribution on FE, there exists a solution of the patchwork
martingale problem for (A EO,Bl,El, .. Bm,E ). In addition, if E # E,, by ii) and
the same argument used in the proof of Lemma 1.4 in [19], for every solution Y of the
patchwork martingale problem for (A, FEoy; Bl, El, .. Bm, E ) with initial distribution
concentrated on Ej, Y(t) € FEy for all ¢+ > 0. Therefore Y is also a solution of the
patchwork martingale problem for (A, Ey; By, E1; ... ; Bm, Er). By iiil) and Lemma 1.8,
Lemma 1.9, Proposition 2.2, and Proposition 2.3 in [19], from Y, a solution X of the
constrained martingale problem for (A, Ey; B1, E1;...; By, E,,) can be constructed.

Condition 5.6(c). If X is a solution of the constrained martingale problem for (A, Ey;
Bi,Ey;...; B, Ey) and 1, ..., v, are associated local times, then n(¢) = inf{s : s+
71(8) 4+ ...+ ym(s) > t} is strictly increasing and diverging to infinity as ¢ goes to infinity,
with probability one, and Y = X o is a solution of the patchwork martingale problem for
(A, Eo; B1,Ev;...; By, Em), o, = Y1070, - - -, hm = Ym ©7o are associated increasing pro-
cesses (see the proof of Corollary 2.5 of [19]). Let {(X™,~,...,~%)} be a sequence of so-
lutions of the constrained martingale problem for (A, Ey; B1, E1;...; By, E,,) with initial
conditions {p"}, u™ € P(FE), with associated local times. Since P(F) is compact, we may
assume, without loss of generality, that {¢"} converges to u. Let {(Y"™, n§,n},...,n%)}
be the sequence of the corresponding solutions of the patchwork martingale problem
and associated increasing processes. Then by the density of D and Theorems 3.9.1 and
3.9.4 of [10], {(Y"™,ny,n},...,nn)} is relatively compact under the Skorohod topology
on Dgygm+1[0,00).

Let {(Y"™*, ng*,ni*, ..., n)} be a subsequence converging to a limit (Y, 79,71, .. ., 7m)-
Then Y is a solution of the patchwork martingale problem for (A, Ey; By, E1;...; By, Em)
with initial condition wx and 79,1, ..., n, are associated increasing processes. By iii) and
Lemma 1.8 and Lemma 1.9 in [19], 7 is strictly increasing and diverging to infinity as ¢
goes to infinity, with probability one. It follows that {(ng*)~*} converges to (n9)~* and
hence {(X™, 7", ..., 9} = {(Y™ o (ng") '™ o (™) ™", mj o (g*) ") } converges

o (Yo mo(m)™t,....,nmo(n)~ ') and Y o (n9) ! with associated local times
n o (o)™t ...,mm o (no)~! is a solution of the constrained martingale problem for
(A, Ey; By, Eq;...; By, Ey,) with initial condition u.

Condition 5.6(d). Let ¢, be the function of iii) for n = 1. By Lemma 5.4 and iii) we have

{Zk 1 Jy e S)}
< e M B (X (1))~ Eler (X ()] + Jg e EA1(X(s)) — A (X (s))]ds.
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6 Examples

Several examples of application of the results of the previous sections can be given
by exploiting comparison principles proved in the literature. Here we will discuss in
detail two examples.

The first example is a class of diffusion processes reflecting in a domain D C R?
according to an oblique direction of reflection which may become tangential. This case
is not covered by the existing literature on reflecting diffusions, which assumes that the
direction of reflection is uniformly bounded away from the tangent hyperplane.

The second example is a large class of jump diffusion processes with jump component
of unbounded variation and possibly degenerate diffusion matrix. In this case uniqueness
results are already available in the literature (see e.g. [15], [13], [21]) but we believe it
is still a good benchmark to show how our method works.

6.1 Diffusions with degenerate oblique direction of reflection
Let D C R%, d > 2, be a bounded domain with C3 boundary;, i.e.

D={xcR%: ¢(x) >0}, 0D ={xcRe: ¢(x)=0},
|V (x)] >0, forxzedD,

for some function ¢ € C3(Rd), where V denotes the gradient, viewed as a row vector.
Let!: D — R be a vector field in C?(D) such that

[l(z)] > 0and ({(x),v(z)) >0, Vxe€dD, (6.1)
v being the unit inward normal vector field, and let
00D ={x € 9D : (l(z),v(z)) = 0}. (6.2)

We assume that dy D has dimension d — 2. More precisely, for d > 3, we assume that dyD
has a finite number of connected components, each of the form

{z €dD: ¢(zx) =0,9(z) =0}, (6.3)

where 1 is the function above and J is another function in C?(R%) such that the level set
{x € 8D : ¢(x) = 0} is bounded and |V (z)| > 0 on it. For d = 2, we assume that dyD
consists of a finite number of points. In addition, we assume that /(z) is never tangential
to 80D.

Our goal is to prove uniqueness of the reflecting diffusion process with generator of
the form

Af(@) = 3tr (D*f(R)o()o(@)") + V F()b(a), (6.4)

where ¢ and b are Lipschitz continuous functions on D, and direction of reflection
[. We will characterize this reflecting diffusion process as the unique solution of the
constrained martingale problem for (4, D; B,9D), where A is given by (6.4),

Bf(z) = Vf(x)l(z), (6.5)

and the common domain of A and B is D = C?(D). Our tools will be the results of
Section 5 and the comparison principle proved by [25].

Proposition 6.1. Condition 5.6 is verified.
Proof. Condition 5.6a) is obviously verified. Therefore we only need to prove that the

assumptions of Proposition 5.13 are satisfied. Let 0 < r < 1 be small enough that for
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d(z,0D) < 3r the normal projection of z on 9D, ,(z), is well defined and |V (z)| > 0.
Set U(D) = {x: d(z, D) < r}. Let x(c) be a nondecreasing function in C*(R) such that
0<x(c) <1, x(c)=1forc> %, x(c) = 0 for ¢ < £. We can extend [ to a Lipschitz

continuous vector field on U(D) by setting, for z €U(D) — D,

l(z) = (1= x(d(z,0D))) l(m, ().

We can also extend o and b to Lipschitz continuous functions on U(D) by setting, for
x €U(D) - D,

Clearly, both the martingale problem for A, with domain C?(U (D)), and the martingale
problem for B, with the same domain, have a solution for every initial condition J,,
x € U(D). Since every f € C%(D) can be extended to a function f € C?(U(D)) and

w= ()], o (49)],,

D
Condition (i) in Proposition 5.13 is verified.
Next, consider the function ¢ defined as

() =0, forz € D,
T _ — —
¥ :eXp{d(T(‘;D)}’ forx € U(D)—D,

where U(D) is as above. Since 9D is of class C3, ¢ € C*(U(D)). Moreover

Vo(z) = —|Ve(x)|v(n,(z)), forxe U(D)- D.

Therefore ¢ satisfies Condition (ii) in Proposition 5.13.

Finally, in order to verify iii) of Proposition 5.13, we just need to modify slightly the
proof of Lemma 3.1 in [25]. Suppose first that dy D is connected. Let 1:[; be the function
in (6.3). Since I(z) is never tangent to dyD, it must hold V+)(z)l(z) # 0 for each = € 8y D,
and hence, possibly replacing ¢ by —1, we can assume that

U(x) =0, Vo(z)l(z)>0, VazedD. (6.6)

Let U(9yD) be a neighborhood of 9D such that inf5a 5y Vi (x)l(z) > 0, and for each
n € N, set
wD = {:c cdDNT@D): |9(x)] < L},
5 = %
" infap p Vip(z)l(x)’

C o 571 Supsp |Va(z)l(x)‘+1
n - infaD_agD Vip(x)l(z) *

Let x,, be a function in C*(R) such that x,,(c) = nc for |¢| < 5=, xn(c) = —1forc < -1,
Xn(c) =1forc> % 0 < x/,(¢) < n for every c € R, and define

on(T) = Xn(Cnib(v)) + 5',1)(,1(1;(33))

Then |¢, ()| is bounded by 1 + -

S S n
oD VI and we have, for z € 9} D,

Von(2)l(z) = n|CoVi(z)l(z) + Cu Vi (2)l(z)| > n,

EJP 20 (2015), paper 67. ejp.ejpecp.org
Page 23/27


http://dx.doi.org/10.1214/EJP.v20-3624
http://ejp.ejpecp.org/

Viscosity methods giving uniqueness for martingale problems

and for x € 0D — 0 D,
Veon(@)l(z) = nCpVi(@)l(x) + Coxy ((2)) Vi (@)i(@) = n.

If 0y D is not connected, there is a function 12’“ satisfying (6.6) for each connected

component 95D. Let U*(95D) be neighborhoods such that infmv{/;k(:c)l(x) > 0.
0

We can assume, without loss of generality, that U*(95 D) C V*(9D), where V(95 D)
are pairwise disjoint and ¢/* vanishes outside V*(9} D). Then, defining 85" D and C* as
above, _ _
o Chsupgy [VIF@)I()] +1

" infyp_ 08D Vip(x)l(x) ’

and ¢* as above, ¢, (z) = Y, ¢F () verifies iii) of Proposition 5.13. O

Theorem 2.6 of [25] gives the comparison principle for a class of linear and nonlinear
equations that includes, in particular, the partial differential equation with boundary
conditions

Mu(z) — Au(x) = h(z), in D,
—Bu(z) =0, on 0D,
where h is a Lipschitz continuous function, and A, B are given by (6.4), (6.5) and verify, in

addition to the the assumptions formulated at the beginning of this section, the following
local condition on JyD.
Condition 6.2.

For every zo € 0yD, let ¢ be a C? diffeomorphism from the closure of a suitable
neighborhood V of the origin into the closure of a suitable neighborhood of o, U(xg),
such that ¢(0) = x¢ and the dth column of J¢(z), Jap(z), satisfies

(6.7)

Jad(z) = —1(6(2)), Vze ! (aD n U(xo)) . (6.8)

Let /T )
Af(z) = 5tr (D()5(2)F (2)) + VF()(2),

be the operator such that

A(fo9)(z) = Af(8(2)), Vz€¢7 (DNU)).

Assume

dfl)

a) Ez i=1,...,d— 1, is a function of the first d — 1 coordinates (', ..., z only, and

bq is a function of z4 only.
b) 9,i=1,...,d—1,j=1,...,d is a function of the first d — 1 coordinates (2!, ..., z471)

only.

Remark 6.3. For every xy € dyD, some coordinate of I(xz(), say the dth coordinate, must
be nonzero. Then in (6.8) we can choose U(z) such that in U(zg) I4(z) # 0 and we
can replace [(z) by I(z)/|l%(z)|, since this normalization does not change the boundary
condition of (6.7) in D NU(xg) (i.e. any viscosity sub/supersolution of (6.7) in D N U(x)
is a viscosity sub/supersolution of (6.7) in D N U(xy) with the normalized vector field and

conversely).
Moreover, since (6.8) must be verified only in ¢! (6‘D NnNU (x0)>, in the construction

of ¢ we can use any C? vector field | that agrees with [, or the above normalization of /,
on 9D N U (xg).
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Therefore, whenever Condition 6.2 is satisfied Theorem 5.11 applies and there exists
one and only one diffusion process reflecting in D according to the degenerate oblique
direction of reflection .

The following is a concrete example where Condition 6.2 is satisfied.

Example 6.4. Let
D = B1(0) C R

and suppose the direction of reflection [ satisfies (6.1) with the strict inequality at every
x € D except at zy = (1,0), where

1(1,0) = [ Y } .

Of course, in a neighborhood of zy = (1,0) we can always assume that | depends only on
the second coordinate z5. In addition, by Remark 6.3, we can suppose

lg(l‘) = —1.

Consider
(@) 1 0
olx)=0= 0 ol

and a drift b that, in a neighborhood of 2y = (1,0), depends only on the second coordinate,
ie.
b(x) = b(xs).

Assume that, in a neighborhood of zy = (1,0), the direction of reflection [ is parallel to b.
Then we can find a nonlinear change of coordinates ¢ such that Condition 6.2 is verified,
namely

d2(2) = 22
$1(2) = — [2 1(G)dCa + 21 + 1,

which yields N _
o(z) =0, bi(z) =0, ba(z) = ba(22).

6.2 Jump diffusions with degenerate diffusion matrix

Consider the operator
Af=Lf+Jf

Lf(z) = %tr (a(z)D*f(z)) + Vf(2)b(z) (6.9)

g5@ = [ [fa ) - 1) - Vi@ ] mdo),
R — {0}

where Vis viewed as a row vector. Assume:
Condition 6.5.

a) a =ooc’, o and b are continuous.
b) n(-,z) is continuous for every z, n(z,-) is Borel measurable for every z,

sup|,<1 [n(z, 2)| < +oo for every x and

(2, 2)|1z1<1 < p(2) (1 + &))<,

for some positive, measurable function p such that lim,|_,q p(z) = 0.
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c) m is a Borel measure such that

/ [P(Z)Qf\z|<1 + 1\2\21] m(dz) < +o0.
R% —{0}

Then, with D(A) = {f +c: f € C>(R%),c € R}, A C Cy(E) x Cy(E) and A satisfies
Condition 3.1.

A comparison principle for bounded subsolutions and supersolutions of the equation
(2.11) when A is given by (6.9) is proven in [16], as a special case of a more general
result, under the following assumptions:

Condition 6.6.

a) o and b are Lipschitz continuous.
b)
In(z,2) = n(y, 2)121<1 < p(2)|lz = yl1)2<1-

c) h is uniformly continuous.

Then, under the above assumptions, our result of Theorem 3.7 applies and uniqueness
of the solution of the martingale problem for A is granted.
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