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Monotonicity and regularity of the speed for
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Abstract

We introduce a method for studying monotonicity of the speed of excited random
walks in high dimensions, based on a formula for the speed obtained via cut-times and
Girsanov’s transform. While the method gives rise to similar results as have been or
can be obtained via the expansion method of van der Hofstad and Holmes, it may be
more palatable to a general probabilistic audience. We also revisit the law of large
numbers for stationary cookie environments. In particular, we introduce a new notion
of e; —exchangeable cookie environment and prove the law of large numbers for this
case.
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1 Introduction

1.1 Excited random walk with random cookies (ERWRC)

Excited random walks (ERW) were introduced in [2] by I. Benjamini and D. Wilson.
After that, M. Zerner generalized ERW when he introduced in [12], [13] cookie random
walks, which are also called multi-excited random walks. In our paper, we consider a
model of random walk called the excited random walk with m random cookies which we
denote by ERWRC or m-ERWRC when more explicitly needed. This is a generalisation
of multi-excited random walk and also a particular case of the excited random walk in
random environment introduced and considered in [10] and [9].

Let us describe m—ERWRC. Let m be a positive integer or m = +oc. We place m
cookies on every site of the lattice Z¢. Moreover, m random variables (Br(Y))1<k<m With
values in [—1, 1] are attached to each site y of Z?. The process 3 := {(Bk(y))1<k<m }yeza
serves as a random environment whose law is denoted by Q. Let B := ([-1, 1]’”"')Zd
be the set of random environments. The excited random walk with m cookies 8 =
{(Be(y))1<k<m}yeza is a discrete time nearest neighbor random walk (Y,,),>0 on the
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lattice Z? obeying the following rule: when the walk visits y for the k-th time, 1 < k < m,
then it eats one cookie and jumps with probability (1 + 8x(y))/2d to the right, probability
(1 — Bk(y))/2d to the left, and probability 1/(2d) to the other nearest neighbor sites. On
the other hand, when the walk is at a site y where there is no more cookie, then it jumps
uniformly at random with probability 1/(2d) to one of the 2d neighboring sites. When
m = 1 and the environment 3 is constant, we recover the excited random walk.

Throughout this paper, we denote by {Y,, ¢k} the event that Y,, has been visited fewer
than k times before time n and denote by {Y,, €*} the complement of {Y, ¢"}. When
k = 1 we also use the notations {Y,, ¢} := {Y,, ¢'} and {Y,, €} := {V,, €}. Moreover, the
event that Y, has been exactly visited k — 1 times before time n is denoted by {Y,, ¢}
and its complement is denoted by {Y,, €}.

From the description of m—ERWRC, when fj is fixed, the “quenched" law Ps of
excited random walk with m random cookies  is the probability on the path space (Zd)]N,
defined by:

s Pp(Yo=0)=1,
o Py[Yyq1 — Y, = +e]Yp, .., V,] = 55 for 2 <i < d,

« if Y}, has been visited exactly k — 1 times before time n, i.e. on the event {Y,, ¢}

1£6:(0M)  for1 <k <m
]PB[Y;H-l — Yn = :|:61|Y0,...,Yn] = { 1 2d - - ’
37 for k > m.

The “annealed" law P is then defined as the semi-direct product on Bx (Z4)N: P = QePg.
We say that the cookies are “identical" if

Vk such that 1 <k <m, Yy € Z¢, Br(y) = By). (IDEN)
In this model, the random cookie environment 3 = {$(y)},cza is assumed to be:

* stationary: B(y + ) fow f3 for any y in Z<,

* ej-exchangeable: to define this notion, we consider a family A = {0,},cza-1 of
bijective mappings from Z to Z. The mapping o : Z¢ — Z? defined by oa(z,2) =
(0.(z),2) for all z € Z,z € Z%!, is then a bijection from Z? to Z<, acting on
the set B of environments by oa(8)(y) = B(ca(y)). The environment is said to
be ej-exchangeable if and only if oa(3) aw B for any family A. In other words,
an environment is e;-exchangeable if its law does not change when performing
permutations of the environment on each horizontal line.

An i.i.d. cookie environment is of course stationary and e;-exchangeable. Another
simple example is provided by a stationary environment not depending on the horizontal
component: for all y = (v, 2) € Z x Z%~!, B(y) = B(z), where (3(2)).cza1 is stationary.

To describe our main result about this model, we introduce a partial ordering on the
laws of environments. Generally speaking, let @1, Q2 be two probability measures on a
partially ordered set (E, <). We say that a probability measure @ on E x E is a monotone
coupling of (); and @), if when denoting by /; and /> the coordinate maps from E x F to
E:

fori=1,2, forall Beventsof F, Q(l; € B) = Q;(B) and Q(l; <) =1.

When such a monotone coupling exist, we say that Q1 < Q.
The set B of environment is provided with the partial ordering:

B1 < B2 if and only if By x(y) < Box(y), 1 <k <m, y e Ze.
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Let (Z,)n>0 (resp. (X,)n>0) be the vertical (resp. horizontal) component of m—ERWRC
(Yn)n20:
Zn = (Yn + €2, "';}/n : ed)a Xn =TYpce7.

Then (Z,),>0 is a simple random walk on Z%1. We can extend this simple random walk
to times integer to obtain the simple random walk (Z,),cz (see (2.1) in Section 2.1).
For d — 1 > 5, E. Bolthausen, A-S. Sznitman and O. Zeitouni [4] proved the existence of
cut times, i.e. times splitting the trajectory into two non-intersecting paths. Moreover,
these cut times are integrable for d — 1 > 5. Let D be the set of cut times, write
D={.<T 2<T_1<Tp<0<T; <Ty<..}. We denote T :=T; and P= P(:|0 € D).
Our main result reads then as follows:

Theorem 1.1. Let Y = (Y,,) be m—ERWRC, assume that the random cookie environment
is stationary and e;-exchangeable. We denote X,, =Y, - ¢; the projection of the random
walk on the first coordinate.

* Law of large numbers:

For d > 6, )i converges P—a.s. to a random variable V, whose expectation under

P is denoted by v(Q) satisfying v(Q) = E[V] = EEEE;T)) In the particular case that

the cookie environment is i.i.d. then V is constant and V' = v(Q).

* Monotonicity:

1. If the cookies are identical i.e. Vy € Z¢, B1(y) = f2(y) = ... = Bm(y) = B(y)
then there exists dy € IN* such that v(Q) is increasing w.r.t. Q for d > dy (w.r.t.

the partial ordering <).
2. If the cookies are identical, there exists oy € (0,1) such that for any d > 10,

v(Q) is increasing w.r.t. Q on the set {Q such that Q(0 < |B(y)| < 0¢,Vy €
74) =1}.

About the law of large numbers (LLN):

To prove the law of large numbers, we use the technique of cut times as in [4], [8],
[7]. Our contribution is to use it for e; —exchangeable stationary environment. In the
i.i.d. setting, the LLN of Theorem 1.1 is a consequence of Theorem 1.1 of [8]. However,
the proof of the LLN for i.i.d. setting in our paper is not totally the same as in [4], [8]

(see Section 2.3.2). The formula v(Q) = %
the formula of the speed in [4]. To use cut times, the dimension d is required to be
not smaller than 6. This implies the existence of cut times of the projection Z of the
random walk Y on the d; last coordinates (d;y =d — 1 > 5). In [9], the LLN of Theorems
4.6 and 4.8 is proved for all dimension d > 1 using renewal structure. However, to use
this technique, the conditions of uniform ellipticity of the cookie environment and the
transience of the random walk in some direction [ € R? are needed.

About the monotonicity of the speed:

Our result is to prove for the case of e; —exchangeable and stationary cookie envi-
ronment. For the i.i.d. setting, M. Holmes and R. Sun [8] considered random walks in
partially random environment which is similar to random walks with an infinite number
of identical random cookies, m = +oo. In this model the probability of stepping in d;
last coordinates is random (i.e. this probability depends on the cookie environment) and
dyp = d —d; > 1. The question of monotonicity is considered under the assumption that
there is an explicit coupling of two laws of the random environments. In this case, the
laws of the random environments are allowed to take two values, say v; and v, with
probabilities 5 and 1 — 8 (where § is a constant in [0, 1]). They proved the monotonicity
of the speed with respect to .

obtained in our proof is different from
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In the paper, we prove the monotonicity for all 1 < m < 4oo. In fact, there is an
intersection between our model and the model used in [8] that the projected random
walk on Z% is a simple random walk, m = +oc and dy = 1. In this case, the monotonicity
can be easily proved by coupling argument for stochastic domination (see [8], page 5).

About the methodology, for the case of the probability of stepping in d; last coordi-
nates is not random, with the method cut times and Girsanov’s transform, the explicit
coupling of the laws of random environments used in [8] is not needed in our proof. We
notice that the lace expansion method can be applied to prove the monotonicity of the
speed of Theorem 1.1. More precisely, using the stationary coupling 8; = (1 — t)51 + tfa,
we can prove the existence of the speed by the law of large numbers. Together with
boundedness and convergence of the lace expansion series, the lace expansion formula
for the expectation of the speed then follows. These techniques can be found in [8].

In [7], M. Holmes asked about monotonicity of the speed with respect to stochastic
domination. He considered the model with 1 < m < 400, dy = 1 and the probability of
stepping in d; last coordinates is not random. The author proved the following result:

Theorem (Theorem 2.3, [7]). Set §; := E[3;(0)]. Let A be a finite set of integers A C N.
If 5,(0) is independent of (5;(0)),; for each i € A, then for each fixed joint distribution
of B4<(0) = (Bi(0))iga, the annealed speed v in dimension d is a continuous function of
(0;)ica when d > 6 and is differentiable in J; for eachi € Awhend > 8. If 1 € A, then v
is strictly increasing in §; when d > 12.

Under the conditions of this theorem, for i € A and 7 > 0, the speed depends on the
B; via the mean §; = E[3;(x)] where » € Z¢. This means that the law of the random
walk does not change when we replace 3;,i € A by the constant §;. Here the speed is
monotone in the first drift §; when the i-th cookie is independent of the others fori € A
and 1 € A. This is a special case of stochastic domination. The model in our paper is
quite similar to the model in [7] except the conditions of the random cookie environment.
We prove the monotonicity of the speed with respect to the law of the random cookie
environment Q) for the special case of m identical random cookies.

1.2 Excited random walk with m identical deterministic cookies (m-ERW)

This model is a partial model of m—ERWRC when the cookie environment is not
random and identical, i.e. the cookies are the same for every site:

Vk such that 1 < k <m, Yy € Z¢, Br(y) =B,

for some real number 3 € [0,1]. We see that the m—ERW is also a partial model of the
model called multi-excited random walk which was introduced in [12]. Let IP,,, 3 denote
the law of m-ERW. As m is large, the m-ERW is more and more like a simple random
walk with bias . Let v(m, 8) be the speed of the m-ERW whose existence is proven for
d > 2in[3], [10], [9]. We prove in Section 4 the following result:

Theorem 1.2. For d > 8, the speed v(m, 3) is differentiable w.r.t 8 in [0, 1). Moreover, the
derivative converges to é, uniformly in 8 on compact subsets of [0, 1): for any 5y € [0, 1),

lim sup
m— o0 ﬁE [O»BO]

Hence, there exists m(f5) such that for m > m(8) the speed of the m-ERW is increasing
in 8 on [0, By].

The differentiability of the speed was proved in [7] Theorem 2.3. The rest could also
be obtained by minor modification of the proof of Theorem 2.3 of [7].
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1.3 Excited random walk

Excited random walk is introduced in [2], this model is a partial case of m—ERW
when m = 1. Our main result for the excited random walk is the following:

Theorem 1.3. Let v(3) be the speed of ERW with bias f.

1. v(B) is differentiable in 8 € [0,1) for d > 8. For d > 6, the derivative at the critical
point 0 exists, is positive and satisfies :
ou(p) 1
lim ~2 = ~R(0),
BIH%J 15} d 0)
where R(0) := lim,, o (R, /n), R, is the number of points visited at time n by the
symmetric simple random walk on Z¢.

2. There exist dy € IN*, By € (0,1) such that the speed of the excited random walk is
strictly increasing in 8 € [0, 1] for d > dy and strictly increasing in 8 € [0, §y) for
d>8.

For the monotonicity of the speed in a neighborhood of 0, we need d > 10 in Theorem
1.1, but in Theorem 1.3 here, we need only d > 8. In the point 1 of Theorem 1.3, the
differentiability of v(3) on [0,1) for d > 8 is contained in Theorem 2.3 of [8]. However,
we add the differentiability at the critical point 0 for d > 6. The point 2 is proved in [6]
for dy = 9 by the lace expansion method.

In our paper, we prove the results by using cut times and Girsanov’s transform. Our
proof is based on two ingredients:

» Using stationary properties, it is possible to express the expectation of the speed
in the direction e; as follows:

. QEQ(XT‘O c D)

where g is the expectation under the “quenched” law Pz of ERWRC, D is the set
of cut times, and X1 = Yr - ;. In the case of i.i.d. cookies, v(Q) is also the speed
when the speed is deterministic.

 Starting from (1.1), we consider two random cookies 5; and (s, and a stationary
coupling 3; = (1 — t)B1 + tfa,t € [0,1]. We get the expectation of the speed for
random cookies f3; (see (2.20)) as follows:

_ QEg, (X7 loep)

f@t): BT locn) (1.2)

Where, E is the expectation w.r.t. P. We use Girsanov’s transforms to make
the dependence of f(t) w.r.t to ¢t more explicit. This enables us to compute the
derivative of f(¢) when d > 8 and to prove that this derivative is positive for d high
enough or if random cookie is small enough to 0.

All results of differentiability and monotonicity in [6], [7], [8] were proved by using
the lace expansion. We do not use this method in this paper. In [8], the authors used cut
times to prove the law of large numbers. The existence of the speed and the convergence
of the lace expansion series allow to express the speed by the lace expansion formula.
This formula was used in calculating the derivative and showing that the derivative
is positive. In this paper, to prove the law of large number we also use the cut times.
However, with different arguments, we obtain the formulas of the speed (see (1.1) and
(1.2)), which are more explicit than the formulas in the previous works.
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In other to prove the monotonicity of the speed, we do not use the lace expansion
formula, we use directly the formulas (1.1) and (1.2) of the speed via cut time 7. These
formulas have the advantage that the denominator Eg(7'|0 € D) does not depend on
random cookie 5. Girsanov’s transform gives an expression of the derivative %{ (t) via the
cut time T (see (2.23)). Using this formula, we estimate the derivative of the speed and
obtain that the derivative is positive when d large enough depending on the moments
of T. nge, the condition d > 6 is needed for the existence of cut time, and we have
SUpg>g LT = supge m < +o0.

In the proof of the monotonicity in Theorem 1.1, in the estimation of the derivative,
there is the appearance of the third moment of cut time 7T (see (2.30)). Therefore,
we need d > 10 to get sup,sqg E(T3) < +oo. For the particular case of ERW, the
second moment of cut time 7" appears (see (3.1)). Hence, we need d > 8 to have that
SUPg> g E(T?) < 4oo0.

Notice that the constant dy in our method depends on the moments of 7. While
by using lace expansion method, M. Holmes and co-authors gave a explicit integer dy,
example in [6] dy = 9, in Theorem 2.3 of [7] dy = 12.

The paper is organized as follows: in Section 2, we prove Theorem 1.1. First we give
a construction of m—ERWRC. We then prove the law of large numbers and obtain an
expression of the speed by using cut times for stationary and e; —exchangeable cookies.
In the particular case of i.i.d. cookies, we prove that the speed is deterministic. Using
Girsanov’s transforms, we get the derivative of the speed and estimate it to obtain the
differentiability and monotonicity of the speed. Section 3 is devoted to the proof of
Theorem 1.3 based on that of Theorem 1.1. In Section 4, we prove Theorem 1.2. The key
of the proof is Lemma 4.1. We use this lemma to show that the derivative of the speed
tends uniformly in the drift 5 to a positive constant when the number of cookies tends to
the infinity.

2 Proof of Theorem 1.1

2.1 A construction of m-ERWRC

We begin this section by constructing the m—ERWRC from some independent se-
quences of random variables. This plays an important role to prove the monotonicity. Fix
B(y) = (B1(W), B2(y)s s Bm(y)),y € Z4. First, we consider a simple random walk (SRW)
{Zn}nEZ on Z ! where Z, := 0. Let three sequences of random variables and ran-
dom vectors {1; }i>0,{&i}iz0 and {C1(y), .., Gm (y) }yeza such that every random variable in

these sequences is independent of each other, independent of Z and having distribution

ni ~ Ber (;) . &~ Ber (;) . Gely) ~ Ber ((By(y) +1)/2) where 1<k < m.
{Zn}@o will give the sequence of vertical moves of the excited random walk, 7; = +1
will mean that at time i, the excited random walk performs an horizontal move. The
direction of this move is given by &; when the m—ERWRC is at a site that has been visited
more than m — 1 times before the time i , and by (x(y), k € {1,2,...,m},y € Z% otherwise.
More precisely, set A" := {Z;.’;Ol(l —mn;) =1}, (0<i < n)forn>0and A := Q. Then
for every n > 0, we have |J;_, A} = Q and A} (A} = ) for i # j. We define the vertical
component Z of Y by:

Zo ifn=0,
Vn € Z, Zy = ?Z?:_Ol(l_m) ifn >0, (2.1)
Z_ s gy i <0.
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We now construct the horizontal component X of Y. Set Y, := 0 and assume that
(Y;,0 < j < i) are constructed. Let us define Y;;;. On the event Y; ¢, i.e. Y; has been
exactly VISIted k — 1 times before time 1, set

e JRGO) =) Tymy if1<E<m,
UG -1) T, ifk>m.
We then set X; 11 := X; + &;, and Y; 4 := (X;41, Zi+1). With this construction, we obtain:
Lemma 2.1. Y is a m—ERWRC of the quenched law Pg.

Proof. For the proof of Lemma 2.1, we need the following lemma:

Lemma 2.2. Let F and G be two sigma-algebras and C € F NG such that Fl¢ =
{ANC with A € F} C G. For any integrable random variable V, we get

E(Vic|F) = E[E(Vc|G)|F).
The proof of Lemma 2.2 is easy. Now, we return to the proof of Lemma 2.1. Set
FY i=0a(Y;,0<j < n)
Fn =0(Z;,0 < j <n,n;, &, CG(y), 0
Gni = 0(Z;,0 < j <0,&,15,C(y), 0

It is clear that 7Y C F,, and A? € F,, N G,,;. Moreover, Fnlan C Gni. Now, using Lemma
2.2, we have for j > 2,

P(Yny1 — Y = £e;|FY)

I

s
I
=)

P (Zi+1 —Z;i=+e;, A, = O|‘F2L/)

|

s
I
=)

P {IP (Zi-i-l —Z; = +ej, Ay, = 0\]'71) |fﬂ

|

N
Il
=)

P [P (Zis1 = Zi = e, A7 = 0(Gui) |FY |

P(Zip1 — Z; = e;)P(n = 0)P(A}|F,)

I
NIE

(

5 = 1 1 1
= P~ 2= e P =0) = gy (1) = 5

For the case e; = ¢;, on the event Y), ¢ where k < m
IP(Yn+1 =Y, = +61|‘Fr}:) = P(nn =1& = 1|'FV}L/)
=P(n, =1, (Yn) = 1FY) = P = 1).P(G(Yy) = 1|1FY)
d 2 2d '
The cases e; = —e; and k > m are treated similarly. Lemma 2.1 is now proved. O

.
Il

Now, set D := {n € Z such that Z(_ s n) N Zjn,100) = 0} to be the set of cut times of Z

and similarly let D be the set of cut times of Z. The sequence of cut times of Z is then
defined by induction:

Ty :=inf{n > 0 such that n € D},
T;+1 := inf{n > T; such that n € D} , for i >
T;—1 :=sup{n < T; such that n € D}, fori <

9

1
1
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By construction, T, < 0 < 77 and we set T := T;. We define similarly Ti and T for Z.
Observe that the laws of 7" and 7" do not depend on the environment B, since they depend
only on Z and Z. Moreover, it follows from (2.1) that

_ k—1
21—772 : and{T>k}:{T>Z(l—m)}. (2.2)
=0 =0

We consider W := {w € Q : Vj,Tj(w) < oo}. E. Bolthausen, A-S. Sznitman and O.
Zeitouni [4] proved that P(W) = 1 and P(0 € D) > 0 ford — 1 > 5. Let P := P(.|0 € D)
be the Palm measure.

Exactly in the same way, we can prove (see Lemma 1.1 of [4]) the following lemma:

Lemma 2.3. Let f be a non-negative measurable function, for d > 6 we have

S ~T—1 o
/deP _ [ ko Fo Ok AP 2.3)
[ TdP

with convention that one of two sides equals to +o0o so the other equals to +oo. A simple
instance of this formula is to take f = Tycp, so that ZZ;OI f o0, =1, leading to

P(0 € D) = (ET)~! and E[T1pep] = 1. (2.4)

Proof. Indeed, by Lemma 1.1 of [4], (2.3) is true for f.1;<. for some positive constant c.
Take c to tend to +o0o we get (2.3). O

It is proved in [4] that ET = 1/P(0 € D) < oo for d > 6, ET < +o00 when d 2 and

]E(TZ) < +oo when d > 10. Hence we can take f =T in (2.3). Observe that T o6y, —k
for k € {0,1,2,...,T — 1}, (2.3) reads
. T2 4+ T
ETIET:/[T+(T—1). )]dIP E( ;_ ) (2.5)

Now, we take f = T2, observe that 7?0, = (T —k)? for k € {0,1,2,...,T —1}, (2.3) reads

BT E(T?) = / (T2 + (T —1)%..+1%)]dP = {T(T + 1)6(2T i 1)} : (2.6)
Therefore,
B(T?) < 400 for d > 8, B(T?) < 400 for d > 10. (2.7)

Actually, Lemma 2.4 asserts the stronger result that

1 = supB(T?) < +o0.
d>8

To prove monotonicity of the speed, we need the moments of 7" are bounded as in the
following lemma:

Lemma 2.4.
c = supIE (T2) < 400

d>8
and
o := sup B(T?) < +o0
d>10
EJP 20 (2015), paper 72. ejp.ejpecp.org
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Proof. From (2.5), we have

2ET -1

E(T?) = 2BTET — BT = ————.
(") P(0 € D)

Because limy_, o P(0 € D) = 1 and P(0 € D) = <L P(0 € D) (see [5], remark 3, page
248), to show that ¢; < +00 (resp. ¢y < +00), it is enough to prove that SUPg>sg E(T) <
+00 (resp. supgs ;o E(T?) < +00).

Choose ¢ such that 0 < £ < 1. We consider a simple random walk Z¢ on Z% !'such that:

P (Z::;+1 . e|]—'55) _ ﬁ, for e € {%es, +eo, ..., tea},
P (Zf,,+1 —Zy, = 0\;55) =1-c. (2.8)

Note that, we can construct Z° from the sequences (Z,)nez, (15 )ncz, Where 1g ~
Ber(1l — ¢) as in the construction of Z. Set J := {n such that Z& # Z:_,} and write
J={.<j1<jo<0<j1<..}.Setp, :=Jn —jn_1 forn>1and p; := j;. Then, the
(tn)n>0 are ii.d. , Geometric(e) random variables. We call {T:},cz the cut times of Z¢,
T¢ := T¢ and D is the set of cut times. Then P(0 € D°) = ¢P(0 € D) converges to ¢

when d — oo and P(0 € D¢) is bounded by . We also have T° = Z?zl ;. Then

k
E(T) = S E(Y pu)P[T = K

k=1 =1
k.
= =PI =k
g
k>1
ET
== (2.9)
9

We compute similarly and get that

E(T?) + (1 — &)E(T)
€2 ’

E[(T°)*] =

T is T¢ with e = =% then ET = %]ET, so that ET' = £ 5(T*). Therefore, in order
to prove that sup,g ET" < +o0 (resp. sup;siq E(T?) < +0o0), it is enough to prove that
supsg B(T°) < +00 (resp. sup,s o E[(T¢)?] < +00) for some fixed e.

Now, repeating the proof of (1.12) in [4], we obtain for k; = 1+Lj, 52 0(L >1,J > 1

are two fixed integers),
P (T° > kyy) <SP0 € D7)’ + (27 +1) Y kP (Z; =0)
k>L

<l +(27+1)) kP (Z;=0). (2.10)
k>L

Using the fact that P (Z5 = 0) decreases with d > 2 (we delay the proof to the end), let
D > 6, we have

P[T* > kyy] (with d > D) <&’ + (2] +1) > _ kP (Z; =0) (when d = D)

k>L
<e! +(2J+1)const L™= . (2.11)
Choosing a large enough vy depending on ¢, and setting J = [ylogn], L = [3%] then
£ 14£=5 _ D=5
P[T* > n] < c¢(logn) T n 2z, nx1,d>D, (2.12)
EJP 20 (2015), paper 72. ejp.ejpecp.org
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and
D—7

nP[T® > n] < c(logn)l'*'?n_ z, n>1,d>D, (2.13)

where ¢ depends only on D and ¢. This implies that choosing D = 8 we get sup,~ s ET* <
oo and choose D = 10 we get sup, o E[(T¢)?] < occ.

Now, in order to finish the proof of Lemma 2.4, we have to prove that P[Z: = 0]
decreases with d > 2.
Remark that for n odd P[Z; = 0] = 0, so we consider n even. Using characteristic
functions, we obtain

d—1 "
. 1 T T €
P(Zn = O) = W /77r /771_ (d—]_ ;COSQZ' + 1-— 6) d91...d9d_1

1 o e &R 1-2\\
— W 1 Z cos 0; + . df...d0g_1
- - i=1

1

d— n
<d112(acos®i+l—5)> 1 . (2.14)

=E
i=1

where we consider a sequence {@i}?;ll of i.i.d. random variables having uniform dis-
tribution U[—7, 7|. Now, we consider the function f(z) = 2", n is even, f is a convex
function on R and

; (xl + @2+ ... +xd) o S@)+ f(xe) + . + f(za)
d = d ’

Va1, xo,...,xq € R.

For aq,as,...,aq € R, choose

a1 +az+ ... +aq—1 az +as+...+aq . aqg + a1+ ... +aq—o
d—1 ’

T1 = d_1 ) Ty = d—1 s g =

then we get

(a1 + a9 + ...Jrad)n
d

gl ay +ag+ ... +aqg—1 n as +as+ ... +aq N aqg+a;+...+a .
d d—1 d—1 d—1

(2.15)

Now, take a; = ecos©®; +1—cefori=1,---,d and take the expectation. It comes

d " d—1 n
( ;(Ecos@ﬁ-l—e)) (Clilz:(ecos@i—&-l—e)) ] (2.16)

i=1
It means that P[ZZ = 0] decreases with d > 2. O

E <E

SHR

2.2 Girsanov’s transform

This section is devoted to the Girsanov’s transform connecting Pz and Py where
B = {(B1, B2, ., Bm)(y) }yeza is fixed environment. We begin by introducing several o-
algebras. For n € Z, let FZ = 0(Zy,k < n). Forn >0, let F} =o(V,0< k< n), F, =
o(FZ,FY)=o(F%,FY), and G, = o(FY,0(Zk, k € Z)). We get F,, C G,,. Moreover T is
not a (F,)-stopping time, but is obviously a (G, )-stopping time, so that we can define
the o-algebra Gr of the events prior to 7. Recall that &; = (Yj41 — Yj).e; and {Y; &}

EJP 20 (2015), paper 72. ejp.ejpecp.org
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means that Y; has been visited exactly k times at time j. We define for n > 0, and

Be ([-1,1]™m)%"

= H [1+&B(Y))ly,¢,] »
0 k=
o (...

with the convention the product []’_,

Lemma 2.5. Forany 3 € ([-1,1]™)%",d > 6,n >0,
dPs|F, dPslg dPslg,

Mn - ~ s Mn =
B dPol 7, ) dPolg, r(f) dPolg,

Proof. Since F,, C G,, M,(B) is F,-measurable, and T is a finite (G, )-stopping time,
it is enough to prove that M, (8) = Z]]i’jlljn. Let A € F2,, y1,...,yn € (Z?)", and B €

0(Znik — Zn, k > 0) be fixed. Since (Z,,,. — Z,) is independent from F,,, we get:
IPg(A, YE) = O,Yl = Y1y ooy Yn = UYn, B) = IP@(A, YE) = O,Yl =YLy eeny Yn = yn)IPB(B)

Note that the law of Z does not depend on S, so that Pg(B) = Py(B). Now by the
definition of m—ERWRC,

1 m
]PB[Yn =UYn |A5YO =0,Y; = Y1y eeey Y1 = = Yn— 1 7d H 14+en- lﬂk' Yn— 1)1yn,1¢k]a

where €,,_1 = (yn — Yn—1).€1. Then we get by induction that for any 5 € ([-1, 1]m)Zd

nn—1

sl Yo =0.%1 =m0l = (5) TTTL 1+ 20k 1. Pl

7=0 k=1

( ) nl:[ﬁ [1+ 3B (i) 1y, 2] PolA],

where the last equality comes from the fact that A € F%,. Hence,

n

IPﬂ[A7Y0:07}/1 :ylv"'7Yn:yn7 1 M
1 . .
IPO[A’YE) = 07Y1 = y17"'7Yn = yn7 g 1:1 +€J5 yj yj%k]

We have just proved that for all A € FZ,, y1,...,yn € (Z)", and B € 0(Zp 1 — Zn, k > 0),
IPB[A YO - O le =, ,Y’I’L = Yn, B] = EO[IA 1YO:O,Y1:y1,..7Yn:yn 1B Mn(ﬁ)]
The result follows since G,, = o(FZ, FY ,0(Zpik — Zn, k > 0)). O

2.3 Existence of the speed.

2.3.1 e;-exchangeable and stationary environment

We begin with some notations used throughout the section. For z € (Z471)Z, and k,[ €
Z,k <1, 2 := (2k, 2641, -+, 21). The expectation w.r.t. the law Q of the environment
is still denoted by Q. We also use the notation P(-) = P(-|0 € D), and for 3 fixed,
Ps(-) = Ps(-|0 € D). Since P3(0 € D) does not depend on 3, we get P(-) = Q(Ps(-)). Let
A be any Borel set of (Z4)¥, then

P(Yr, —Yr e A) =Q[Ps(Yr, — Yr € A)]
=> YD Qs (Yey. — Vi € AT =k, Zjy sy = 21,09, X = @)

k21 2z, TEZ

X IAPﬁ(Xk = x\T = k, Z[l,k] = Z[l,k])]p(T = k, Z[l,k] = Z[l,k]) . (2.17)

EJP 20 (2015), paper 72. ejp.ejpecp.org
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Note that by the definition of the cut times, the trajectory of Y between 7,, and 7,11 — 1
does not intersect the trajectory of Y before T,,. Hence Pg(Yiy. — Y € A|T =k, Zig =
2115 Xk = x) depends only on {J(.,2)}.¢x, ,,, While Ps(Xy = z[T" = k,Zj1 ) = 2p1.1))
depends only on {f(.,2)}:ez, ,,- 211, @nd x € Z being given, we consider the mapping
§ : 7% — 7Z¢ defined by:

a1 | (u,v) ifv e zp,
Y(u,v) €EZ X Z ,6(u7v)—{ (W—20) oz

It follows from the preceding remark that:

Psg(Yiy. — Vi € AT =k, Zp 1y = 2p1,0), X = )
= IPG(,E)U)ﬁ(YkJr. -Y € A|T =k, Z[l,k} = Z[l,k]vXk = CC)
= ]Pe(o,zmﬁ(y. CAT 1= —k, Z_j 1) = Z[—k,—1]) ,

where 0, .)3(u,v) = B(u+x,v+2), and Z_x,_1] = (—2k, 21 — 2k, -+ , Zk—1 — 2 ). Moreover,
Psg(Xp = 2|T =k, Zy ) = 2p1,09) = Pp(Xe = 2|T =k, Zy g = 211,4)) -

The random environment being e;-exchangeable, 6(3) has the same law as 5. Hence,

P(Ypy —Yr e A
=3 > QPss(Yy. — Vi € AIT =k, Zjn gy = 2109 Xi = )
k21 z[1,k) TEZ
x Psg(Xp, = 2|T =k, Zn g = 20.0)IP(T =k, Zy gy = 200)
=> > D QlPo,.,,6(Y. € ATy =~k Zj 1) = Z(-p,1)

k>12z[1,k TEZ
x Pg(Xy = x|T = k, Lk = Z[l,k])]P(T =k, Zn5 = 20,8)
= Z Z Q[ﬁ)e(o,zk)ﬁ(Y € AT 1 =k, Zj_j—1) = Z|—p -1 )IP(T =k, Zp k) = 2p1.09)-

k>1 21,k
(2.18)

Using the stationarity of the environment, we get then

P(YT+. —Yre A)
= Z Z QPs(Y. € ATy = ~k, Z|_j 1) = Zj—p, 1))/ P(T1 = —k, Z|_k 1] = Z[—k,—1))

k212118

= P(Y € A). (2.19)

Now, set H,, = X1, — Xr,_, for n > 1. We have just seen that the sequence {H,},>1 is
stationary under P. Furthermore, E |H,| < ET < o ford > 6. By the ergodic theorem,

P —a.s.
. H{+Hy,+..+H,
lim

n—00 n

= E(H1|fH)7

where Fp is the o-algebra generated by the invariant sets of the sequence {H,,}. There-
fore lim,,_, oo Xy _ (X7|Fg). On the other hand, we also have P — as lim, % =
E(T), so that P — as, V := lim,,_yo0 )fL exists for d > 6, and

v B Fr)
E(T)

EJP 20 (2015), paper 72. ejp.ejpecp.org
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2.3.2 i.i.d random environment.

We consider now the case of an i.i.d environment with m cookies. In this situation, we
can prove that the speed is deterministic. To this end, we construct an ergodic dynamical
system on which the m—ERWRC is defined. Let x be the law of 3 = (81, B2, .-, Bm)(0) €
[_15 1]m

We consider the probability space

W =T x (Z¥ 1% x {0,1}%* x {{0,1}™}% where " = ([-1,1]™)%,
endowed with the probability semi-product P; := Q, x P, where Q, = 1®% and for

vyeT,
IP,Y ®Z & p ® ® ® pkn ;
nezZl<k<m

where
e ¢ is the law of the increments of 7,

* p; is a Bernoulli distribution of parameter 1/2,
* pen(7) is a Bernoulli distribution with py, {1} = 1+7"( . pen{0} = 1= 7”(’6)

Now, we take w = (y,u,l,h) € W withy €T, u € (Zd_l) ,1€{0,1}%, h € {{0,1}m}2.
Forn € Z, let (8, In, (n, &) be the canonical process on W:

Bn(w) ="7n € [_17 1]m’ In(w) = Uy € Zd_la Cn(w) =1, € {07 1}7 gn,j(w) = hn,j € {0, 1} .
From (I,,)ncz, we define Z, Z as follows:
L +..+ 1 ifk>0,
Zk: 0 ifk‘ZO, Nk = 1Zk::Zk+1'
7(Ik+1+...+fo) ifk <0,
Set U(k) := inf{n, Y (1 — ;) =k} and Zj, := Zy (k- It is clear that this definition of
Z, 7 satisfies (2.1). Once 7/ is defined, we construct the horizontal part’s increment

E=X,41— X, €{-1,0,1} for i > 0, as follows. Set Y, = 0 and assume that (Yp,...,Y;)
have been constructed. Then,

* On the event {Y; ¢x} (1 < k < m) (i.e. Y; has been exactly visited k times at time ),

&= 2%, vo,. vk — Dlzi=z,,,

where n1(Yp, ..., Y;) = inf{n < 4, such that Y,, = Y;}.
* On the event {Y; €™} (i.e. Y; has been visited more than m times at time 1),

& = (QCZ - 1) ]‘Zi:Zi+1 .

It is proved similarly as in Section 2.1 about the construction m—ERWRC to have that
the construction of Y above satisfies,

1+ ’}/k(nl(Yo, Y ))
2d

1
Py(Yps1 — Yy = tei| FY Yo 1) =55 fori>lork>m.

for k<m

Pfy(Yn—i-l - }/n = :|:€1| }/ﬂ ¢k)

Lemma 2.6. Under P, the sequence (Y,,),>¢ is an m-ERWRC with i.i.d environment
B = (B(y))yecz of common law .

EJP 20 (2015), paper 72. ejp.ejpecp.org
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Proof. We begin with giving an expression for the law of the m-ERWRC with i.i.d envi-
ronment (. Fix yg = 0,y1,...,yn € Z% and set &; = (y;41 — v;).e1 € {0,%1}. Then, for an
m-ERWRC with i.i.d environment 3, we have

QIPB[YO = 2/07Y1 = yla "'7le = Z/n]

(;d)" ﬁ ﬁ(1 + Br(yi)es 1%&] :

i=0 k=1

=Q

We decompose the first product according to the value of the first visit to y;.

QP3[Yo =40, Y1 =y1, -, Yo = ¥n)

1 n n—1 m n—1
= <2d> Q H H H [1 + 1yn1¢ ﬁk(ynl)&j 1yj:y"1 1y]¢k]

n1=0 k=1 j:n1

1 n n—1 m n—1
~(53) TTQ{TIIT [14 bone Bulom)es 1y, L]

n1=0 k=1 j=n,

The last equation comes from the independence of the random variables Sy (y;) for y; ¢ .
On the other hand, using the construction above,

P[Yo =90, Y1 =y1, -, Yo = yn) = QP [Yo =10, Y1 = w1, ..., Yo, = yn]

n n—1 m n-1
1
= (2d) Qs H H H |:1 + 1yn1¢7k(n1) € lyj:yi 1%64

n1=0k=1j5=n,
1 n n—1 m n—1

- (Qd) H Qs H H (14 Lyg me(m) €0 1y,=y, 1y,e, ]
n1=0 k=1j=n1

This finishes the proof of Lemma 2.6 since {1, ¢8(¥n,)}n =0,...n—1 and {1, ¢v(n1)}
n.1=0,....,n—1 are two sequences of i.i.d. random vectors with common law . O

Now, we denote by () )rcz the canonical shift on W, i.e. 0 (w.) = (wr4+.). We set
W =T x [(Z"1)%n{0eD}] x{0,1}% x ({0,1}™)%.

On W we define 6 : = 07 and Py(-) = P,(|0 € D).

= él
Lemma 2.7. (W,0, P;) is an ergodic system. As a consequence, (VAV,GA,PS) is also an
ergodic system.

Proof. The idea of proof comes from [4]. Firstly, we prove that 6 is a measure-preserving
transformation. Consider a measurable set A x B of W, where A C T, and B C
(Z4=1Z x {0,1}% x ({0,1}™)Z . We have that

0y o Ps(A x B) = Py(0,' A x 0,'B)

:/ PO B)AQ = | Pg,(B)dQs
oA 6.t A
- [ P e Q@) = [ P
= P,(A x B).
EJP 20 (2015), paper 72. ejp.ejpecp.org
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Now, we prove that  is ergodic. Let A be a measurable subset of W, invariant under ¢
and € > 0. There exists an integer m. > 0 and a measurable subset A. depending only
On (W) m|<m. such that

[Ep.[la—1a.]l <&

Then, for L > 0,
PQ(A) = EPS[IAIA OGL] = EPS[lAElAE OeL] + Cg,

with |e| < 2e.

Because that py,, () depends only on ,,, we prove that the sequence (v, I, Cuy&n)nez
is the sequence of independent variables under P;. Indeed, let i < j, 4,5 € Z, we
take two measurable sets A; x B; and A; x B;, where A;,A; C [0,1]™, and B;,B; C
7471 x {0,1} x {0,1}™. We have

P{[0 1.6 &) € As x BA[(3: 15 61,65) € A; x By}
= /FQs(d'Y)l'yi(v)eAi;yj('y)GAjIP’Y {[(%Cﬁ&) € B, ¢, &) € Bj]}
= /FQs(d'Y)lw(v)eAiqj(v)eAjIPw {(L;, G, &) € Bi} Py {[(1, G5, €5) € By}
= /FQs(dV)lwi(w)eAi]Pw {(I, G, &) € Bi}-/FQs(dW)lvj(v)eAﬂPw {3, ¢,€5) € Bj}
= P {[(vi: s> Gi &) € Ai x Bil} Ps {[(v5, 13, 5, &5) € Aj x Bjl}
So, for L > 2m., we get Ep,[14.14, 0 01] = Py(A:)Ps(A- 0 0r) = Ps(A.)?. Therefore

|Ps(A) — PS(A)2| < |Ps(A) - PS(AE)2| +2e < 4de.

Letting ¢ tend to 0, we have that P;(A) =0 or 1. O
Lemma 2.8. Let Y is a m—ERWRC such that the environment cookie is i.i.d., X is the
horizontal component X,, = Y,, - e;. For any d > 6 then P — as, lim,, .~ % =v(Q) :=
E(Xr)

E(T) *

Proof. The existence of the limit, the fact that it is deterministic and the expression of
v(Q) for d > 6 follow from the ergodicity of (W, 8, P;), and the integrability of T w.r.t P
when d > 6. O

2.4 Monotonicity and differentiability of the speed.
BE(Xr)
E(T)
Consider 81 = {f1(y)}yeze, B2 = {P2(y)}yeze defined on (2, A,Q) — B = ([-1, l]m)Zd
such that Q(8; < B2) = 1. It is proved in D. Aldous and R. Lyons [1], that if there exists a
monotone coupling of Q; and Q,, then there also exists a stationary monotone coupling

of @, and Q, as soon as Q; and Q- are stationary.
Therefore we can suppose that { (51, 82)(y) } yeza is stationary. Set f;(y) = (1—1)51(y)+
tB2(y) for t € [0,1]. B; = {B:(y)}yeze is a stationary environment . Consider

Now, we prove that the expectation v(Q) = E V] = is increasing in Q.

_ QEpg, (X1 loep)

t): (2.20)
7o) E(T 1oep)
Note that f; is not necessarily exchangeable, so that we can not assert that f(¢) is the

mean of the speed of the ERW in the random environment 3;. Nevertheless, 5, and 32
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being exchangeable, we get f(0) = v(Q1), f(1) = v(Q2), so that it is enough to prove
that f(t) is increasing in ¢. First of all, we need the Girsanov’s transform. We have

n—1

M, (B) = J] 1+ €Bu(Y))1ly,¢m]

Jj=0

where Y; ¢ denotes the event that Y; has not been visited more than m — 1 times before
time j. As in section 2.2, we have Girsanov’s transforms:

dPg,|F,  dPglg, dPg, |g,

= :Mn 5 _— :M .
dPoz, ~ dPyg, (Be) dPyg, r(Be)

2.4.1 Differentiability of f(¢).

We begin by giving another expression of the numerator in (2.20).
Lemma 2.9. For n > 1, then

Es, (Xrloep) = Eg, Z Be(Yj) Loep Ly, ¢m 17,22,

Z Be(Yj) Loep ly,¢gm 1z,=z,., M7(Bi)| - (2.21)
Proof. Observe that
1+ B 1
Pﬁt [5] = :I:1|gj] = %hfﬁf 1ZJ—ZJ+1 + 21Y Ele =Zj+1
1, B(Y;)
B (2 + 2J Lyygm | 12,2241 (2.22)
Hence,
“+o0 o0
B, (Xrloen) = g, (Y Elrs;loen) = Y B, (E1r>;l0en)
j=0 j=0

where the last equality follows from the integrability of 7" w.r.t IP for d > 6. Note that
{0 € D} and {T > j} belong to G,. Therefore,

Eﬂt (5j1T>j 10€D)
=Eg, 11> loep Pp, (€5 = 1|G))] — Eg, [11>; Loep Pg, (€; = —1|G;)]
1+4
= g, %hx loeply, gmlz]_zﬁl} — g, [ miits )1T>j loeply,¢mlz;=2; 4

=B, [8:(Y)) 1755 loep ly,¢m 12,=2,,,] -

Thus,
Eg, (Xrloep) ZE& Be(Yj) 1rsjloen ly,gm 1z,-2,.,, |
= I, Z Be(Y;) Loep ly,¢gm 12,=2,,,
7=0
T-1
Be(Y;) Loep ly,¢m 12,=2;,, Mr(Bt)

7=0
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This proves the first equality. The second one follows from the fact that ZjT:_ol Bi(Y;)
loep ly,¢m 12,=2,,, is Gr-measurable, and Lemma 2.5. O

We turn now to the derivative of f(t). We study now the sign of the derivative on the
(y) <o<1

a.s. for any y of Z? where o is a constant in (0, 1).
Lemma 2.10. For d > 8, the function ¢ € [0, 1] — Q[Eg, (X1 loep)] is differentiable and,

0 0

B(T10e0). 90 (1) = 5 QlEs, (Xrloco)
T-1

= QEg, 2(52 = B1)(Y;) Loep ly,¢m 12,=2;.,,
3=0

T-1
— Yi)Eily gm
+ QE,Bt Z ﬁt ]-OED ]-Y gm ]-Z]—Z]+1 Z (52 1i1)ﬁ(t(}z)ng¢ 1Zi:Zi+1

7=0 =1

(2.23)

Proof. We have My (f3;) = H [1 + &;B(Y})1y,¢m | then

0 Y;)E;
aMT(ﬂt) ;0 T)leg Mz (Bt)

&
)j1Y¢ mlz,=z,, | Mr(Bt)

I
M

= 1+5t

the last equality is followed by the fact that Z; = Z;,; when &£; # 0. Set

Z Be(Yj) loep ly;gm 12,22, .-

Then
T—1
*NT Z B2 — B1)(Yj) Loep ly,;¢m 12,22, ., -
7=0
and
U = 0 Nt (t) M = 8]\7 t) M N 4 M.
T(Bt) : = &[ ()M (B:)] = o T(t) M7 (Be) + Nr(t )é)t 7(Be)
T-1
= > (B2 —B1)(Y;) Loep ly,¢m 172,27, M7 (Bt)
=0
—1
+ NT(t) 2 (512_'_551()())]1)/ gm ]-Z]—ZJ+1 MT(ﬁt) (2.24)
We have
¢
Qo [No(t) M (3)] = QB[N (0)Mr (0] + Qo | [ Ur(6.)s]. (2.25)
EJP 20 (201 5), paper 72. ejp.ejpecp.org
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Since Np(t) < Tlgep, %NT(t) < 2T1gep and ‘lf—;gj‘ < ﬁ,Vx < o, we get

t t 20_ t
/ QEo|Ur(B:)|dr < 2/ QEy(T1loepMr(Bs))dx + 17/ QEo(T*1oep M7 (B:))dx
0 0 — 0 Jo

2

t t
=2 [(Bm)ie+ 27 [ QB (P h0en)is
0 1—0Jy

t
/ QEo(T?1pep)dz,
0

( since T and {0 € D} belong to ¢(Z), then they do not depend on x)

t
) 2
:2/ Bo(T)dz + —2
0 1

— 0

- 2t - .
= 2B, T + %EO(TQ) < +00 when o(T?) < +o0.
— 0
It follows from Lemma 2.4 that ]EO(TQ) < +oo for d > 8. Fubini’s theorem leads then to

QEo [Nr() M (51)] = QEo[Nz-(0) Mz (Bo)] + / QE, [Ur(3,)]de.  (2.26)

Now, we prove that QE [Ur(8;)] is continuous in € [0,1]. To this end, we recall a
general result about uniform integrability of positive random variables (see for instance
Theorem 5 page 189 in Shiryaev [11]).

Lemma 2.11. Let J be an interval of R, and (X(8),8 € J) be a family of positive
integrable random variables. Assume that {X(8)}gecy is a.s. continuous in 3. Then, the
function ¢(8) = E[X (0)] is continuous in j if only if the family {X(8)}ses is uniformly
integrable.

Observe from (2.24) that

20 4
[Ur(B)| < 20T Mr(Bs) Loep + O_TQMT(BI) Loep < ETQMT(/BI) loep. (2.27)

1—
For zy € [0, 1], we have:

1. hmr—)to T2MT(ﬂm)1OED = TQMT(/BmO)IOED a.s.,

2. T*Mp(Bz)loep =0,

3. Vax, QEO[T2 MT(,BL) 106D] = QE/@,I (T2 IOED) = Eo(T2 1Oe’D) < 400, since Eo(TQ) <
+oo ford > 8.

It follows then from Lemma 2.11 that the family {TQMT(Baz)loeD}xe[O,l] is uniformly
integrable. By (2.27), this is also true for the family {Ur(8.)}z— 4, in a neighborhood of
xo € [0, 1]. Therefore, we obtain,

wlggo QE(Ur(82)) = QEo(Ur(Ba,)) i-e. QEq(Ur(B,)) is continuous.
Then, we get

0
EQEO [N7(t)M7(B:)] = QEo [Ur(B:)] -
This finishes the proof of Lemma 2.10. O

2.4.2 Monotonicity of the speed

We remind the reader that Z is defined as the walk Z when it moves, and D denotes
the cut times of Z. Since T' > 1, the first term is bounded from below by its first item
corresponding to 5 = 0.

EJP 20 (2015), paper 72. ejp.ejpecp.org
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T—1
QEg, | Y (82— B1)(Yj) Loen Ly gm Lz,=z,., | = Q[(B2 = B1)(0)] P(0 € D, Zy = Z1)
7=0

= 2Q[(% - BO]POED).  (228)

The equality (2.28) follows, since D := {n € Z such that Z(_.. ) N Z}, 1) = 0} and,
therefor, {0 € D} = {Z_, # Z,,0 € D} = {n_, = 0,0 € D}. So we have P(0 € D, Z, =
Z1)=P0O€D,m=11n_1=0)=P0€D,n_1=0).Pn=1)=1P0 e D).

Now, we focus on the second term. Since Eg, [Exly, ¢m /(1 + B¢ (Y2)Er)|Gr] = 0, then

QEﬁt Z ﬂt(}/j) 1OE'D 1y.¢m 1Zj:Zj+1 W

; 1Yi¢m1Zi:Zi+1
o<jSmr ’ 1+ B:(Y3)Es

51‘1y.¢m
E Y) loen 1y gl —z. 1 B, [ Slvem o
A O<j<zi<:T—1ﬁt( i) Yoep ly,gmlz—z,,, (B2 — B1)(Yi)lz,=z,,, Eg, <1+5t(Yi)&'|Q>

(2.29)

=0.

Then the second term of (2.23) is equal to:

QEs | > B(Y) loep ly,gmlz—z,,, (B2 — B (V)&

—1Yi¢m 1Z’i:Zi+1
0<i<j<T—1 14 B:(Y3)E:

&
—oQIEg, Z Loep 1z;=2;,, (B2 — B1)(Y3) Eg, (Hg&)éﬂgz) ly,gmlz,=2,1,
[ 0<i<j<T—1 i\t

( since |B¢] < o)

> —oQEg, Z Loep 1z,=z, ., (B2 — B1)(Yi)lz,=z,,, lvigm 2,22,
| 0<i<j<T—1

> —0QEs, | Y (82— B1)(Yi)lz,=z,. 12,22, loenlrs; |
0<i<y

> —oQIEg, Z (B2 = B1)(Yi)1n,=11y, —110eD1T>Z o(1=m)

0<i<y

—0QEg, | Y (B2 —B1)(Yi)ly=11y,=11
| 0<i<y

g
— - ZQE; | 3 (8= B oenlanyy o

0<i<y

oep syt bes (1711

since 7); is independent of Z }' M1, .-, 1j—1 and n; is independent of Z,

:*%QE@, Z (B2 = A1) (Yi)loep g si—2(1_y,)

0<i<y

FY Ak bhti

with the convention that the sum over an empty set equals to 0
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=~ 5QEs, | > (B2 = A)(Y)loeplrsjm | | (EQ)

0<i<y

“+oo
= _% Z QEg, [(B2 — A1) (Yi)(T —i)1rsiloep) »
i=1

“+ o0
o (B —ﬁ : .
=% E QEg, E E 2= lZi:lei::v(T —i)lrsiloep | withy = (z,2),
i—1

2€Z-1 z€Z

= dQZQ (B2 = B1)(0) > > Eo,p,(ly,=y(T — i)1rsiloep)

i>1 z€Z4-1 xz€Z

because f is stationary,

> —% ZQ (B2 — B1)( Z Eg,p,[(2i +1)(12,=-(T — i)17>iloep)]

i1 zeZd—1

for X; =z = |z| <i

> ZQ (B2 = B1)(0) > Bo[(2T + 1)1z,—-(T — i)1rsiloen)] ¢

i1 zeZd—1

. (2T + 1)T(T + 1)
> - 25 - o) By | I )

Therefore, we get

E(T) 5 110) > 50062~ 500 |1 - 305 |

(2T+1)2T(T+1)” |

This implies that % (t) > 0whend > ok [%] Lemma 2.4 asserts that

do := max{ {sup E {(QT + DT(T + UH +1, 10} < 4o00. (2.30)
d>10 2

Then, for d > dy > ody, we have (9/0t) f(t) > 0, which implies that f(0) < f(1) so that
v(Qp,) < v(Qp,) on the set of probability measures on bounded environment. Choose
op = %, then we have the monotonicity for environments bounded by o for any d > 10.
For d > dy, we have proved the monotonicity on the set of environments bounded by
o < 1, take ¢ tending to 1, this finishes the proof.

3 Proof of Theorem 1.3
The proof of Theorem 1.3 is based on that of Theorem 1.1.

3.1 The differentiability of the speed v(5)

In the proof of Theorem 1.1, Section 2.4.1 about the differentiability of f(¢) for d > 8,
we consider m = 1,81(y) = 0,82(y) = Ba, Bt = tB2,t € [0,1] for all y € Z¢ and S, is
constant in (0, 1). The function f(¢) is difined by the couple of the environments /31, 82 so
we denote f.(t) to be the function defined by 5, = 0, 82 = ¢ for some constant ¢ € [0,1).
Then we have v(8) = ng(%), moreover f(t) is differentiable in ¢ € [0, 1], this implies
that v(8) is differentiable in 8 € [0, 82) for all 53 < 1 i.e. it is differentiable in [0,1) when
d>8.

EJP 20 (2015), paper 72. ejp.ejpecp.org
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We are now interested in proving the existence and computing the derivative at the
critical point 0. By Lemma 2.9, with N, :=d Z?:_Ol ly,¢lz;=z;.,, we get

v(B8) _ 1Eo(NrloepMr(5))
5 d  Eo(Tloep)

= %EO(NT].QGDMT(B))'

Note that

* TloepMr(5) 20,

¢ limg_,0(TloepMr(B)) = Tloep,
* Eo(TloepMr(B)) = Eg(Tloep) = Eo(Tlgep) = 1 for d > 6.

Therefore, by Lemma 2.11, {T'1oepMr(8)}s is uniformly integrable in a neighborhood of
0. This is also true for {Nploep M7 (5)}s—0 since Ny < dT. Therefore, we get

gig%) Eo(NrloepMr(B)) = Eo(N7loep)-

On the other hand, with R, is the range of the simple symmetric random walk on Z? and
denote {Y; ¢} :={Y; ¢ {Yy,Y1,...,Yi_1}} then

R, RTn RT] + (RTQ - RTl) +o+ (RTn - RTn—l)

ROY= i = BT = T,
_ (lyyg + ... + 1YT1_1¢) + (1YT1¢ + ..+ 1YT2_1¢) + ..+ (1YT,H¢ + ...+ 1YT71—1¢)
= it T,
Eo(Rrl R
_ EolRrleen) _ Eo(Rrloep), (because Eo(T1oep) = Eo(T)Py(0 € D) = 1).
Eo(T1oep)

Similarly, with N,, = d Z;L;Ol ly,¢lz then

i=Zj4+1

Ny Eo(Nrloep)

li = = Eo(Nt1 .
nooo n Eo(Tloep) 0(Nrloep)
Note that
n—1 n—1
Eo(No) =d Y Eo(ly,glz=z,,.) =d Y _ Eo(ly,¢)Po(Z; = Zj11)
j=0 j=0
n—1
=Eo | > lv¢ | =Eo(Rn).
Jj=0
Therefore

n—oo N n—oo n—oo

N,
n n

3.2 Monotonicity of v(53)

In Section 2.4.2, we consider the particular case m = 1 and 51 (y) = f1, 52(y) = P2
for all y € Z?, where (3, and 3, are two constants in [0, 1) such that 3; < 82 < ¢ < 1. By
(2.28) and (EQ) we get that

E(T)%f(t) Z é(ﬂz —f) |P(0eD)— %QE&, Zj10€D1T>j—1

Jjz1
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1 o .
3(62 —B1) |[P(0€ D)~ EE 23106D1T>j*1
j>1

1 o~ (T?*+T

- — - -F . 1

d(ﬁQ £1) { ] ( 5 )} (3.1)
Set dy = max{{supng( )J +1 } then 6tf > 0 i.e. f(t) is increasing in
t € [0,1] and v(p) is increasing in 5 € [0,1] when d > dy or o < for alld > 8.

4 Proof of Theorem 1.2

For m—ERW, we denote the function f(¢) by f.(m,t) in the case of the couple environ-
ments such that 5; = 0, f2 = ¢ where c is a constant in [0, 1) and 3; = tc,t € [0, 1].
Set

n—1

Ny = dz Lyjgmlz;=2;.. -
§=0

Then, from the formula (2.21) we get

B (X7 lcp) = DBy s (VF Loe).

m—ERW is the particular case of m—ERW with i.i.d. random cookies, then the law of
large numbers gives the following formula of the speed when d > 6:

(m, B) = B (X1 loen) _ B Eo(N7' loen)

= = . (4.1)
E,, 3(T loep) d FEo(T loep)

We see that v(m, 8) = f.(m, g) (where t = g), then

dv _0fe, Bl
and combine with the formula (2.23) we obtain the derivative of the speed:
v 1 Eo[Nm M7 (B) loep] | BE[NF M7 (B) UF(8) loep]
m = ,forg€0,1) (4.2)
5( H) = Eo(T loep) d Eo(T 1oep) peloh)
where
T-1 £,

Ur'(B) = Z _‘_76513’ ¢ {Yo,-. j—l}lZJ:Zj-H )
Jj=

T-1
= H [1+¢;Bly,gm vy v, 1)) -
j=0

In order to prove the uniform convergence of (9v/93)(m,3) as m goes to +oo, we
use the following lemma, whose proof is given below:

Lemma 4.1. Let J be an interval of R, and {X,,(8)}secsn>1, {X(8)}ses be families of
non-negative random variables. Assume that

1. for every n, {X,(8)}ses is uniformly integrable,
2. {X(B)}pes is uniformly integrable,
3. X,.(B8) converges in probability to X (), uniformly in §: for any ¢ > 0,

lim supP(|X,(8) — X(B)] >¢e)=0.
TL—>+OOI(.]6J
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Then, lim,,, 1o supge s [E(Xn(8)) — E(X(8))| = 0 if and only if {X,,(8)}nen e is uni-
formly integrable.

Set
. T-1 - T-1 g —
Np” = dz lz,-2,.,, Ur'(B) = Z T+ 6, lz,-2,0» M7 (B H (1+¢e;8) .
Jj=0 Jj= Jj=0

One can check that the following inequalities hold: ¥m € NU {400}, V3 € [0, Bo) (8o < 1),

T

N < T M7 (5) <27, Vi(9) < 1=

INF' = Np7| < d(T = m),

sup | M7 (8) — M (B)| < 2T(T —m)y,
B€[0,1]

- 1
sup |V (B) = Vio(B)] < 1_
BE[0,B0] Bo

(T —m)+

We deduce from these inequalities that supgeo 1) [N7* M7 (8) — Ng° Mp°(B)| converges
a.s. to 0 when m tends to co. The same is true for

sup [Np'M7"(B)Vi'(B) — Np" Mz (B)Vr® (B)] .-
BE€[0,Bo]

Using Lemma 2.11, we can also show that for every m > 1 the family {TM7*(8)1loep}
sefo,1] is uniformly integrable w.r.t. index 3 for d > 6. Indeed, it is a.s. continuous in j3
for every m > 1, and for d > 6,

Eo(TM7'(B) Lloep) = En (T loep) = Eo(T1loep) = 1.

Since Nj' < dT, for every m > 1 the family {N}' M7 (3)loep}pseo,) is uniformly inte-
grable for d > 6.

In the same way, Lemma 2.11 implies that for every m > 1 the family {T?M7(3)
loep} pefo,1) is uniformly integrable for d > 8. Since N3 < T and V() < 1 =5, 1 for 0 <
B < Bo < 1, for every m > 1 the family { N7'V*(8) M7 (8)loep } seo,8,] 1S also unlformly
integrable. To apply Lemma 4.1, it remains to prove that {NZFMz(B)loep}sefo,1), (resp.
{NZF M (B)Vi°(8)loep }pejo,1)) are uniformly integrable. This is true for d > 6 (resp.
d > 8) using again Lemma 2.11.

By Lemma 4.1, we conclude that ford > 8, and 0 < 5y < 1,

ov Ov
m o |9 (m, B) aﬁ(oo B)| =
Note that P g is the law of simple random walk with drift 3. Therefore, v(c0, ) = 8/d
and (0v/95)(c0, ) = 1/d, leading to the statement in Theorem 1.2. This in turn implies
that for d > 8, for all 5y € [0, 1) there exists m(5y) such that for m > m(Sy) the speed of
ERW with m cookies is increasing in 3 on [0, fy].

To finish the proof of Theorem 1.2, we prove Lemma 4.1.

Proof of Lemma 4.1.
(<) We prove the sufficiency. Since {X,,(8)}, s and {X(8)}s are uniformly integrable,
for all € > 0, there exists ¢y such that for all ¢ > ¢y, we have:

SUEE[Xn(ﬁ)lxn(ﬁ)gc] <e, s%pIE[X(B)lx(ﬁ)>c] <e.
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Therefore
IE[X,.(8)] — E[X(B)]] (4.3)
<e+ E[Xn(B)Ilx,8)-x(8) <) + EIX(B)1x, (8- x(8)|><]
e+ EXL(B)1x, 8)2c) + E[Xn(B)1x, (8)<co L1 X, (8)— X (8)|>)

+ E[X (8)1x(8)zc0] + E[X(B)1x(8)<co L X, (8)-X (8)|>¢]
< 3e + 2¢o sup P[| X, (8) — X(B)] > €. (4.4)
B

By assumption 3, we get that for all € > 0,

lim sup sup |E[X,,(8)] — E[X(8)]] < 3¢.

n—-+oo f

(=) We prove now the necessity. For any C > 0,

E(X.(8) 1x, 8)>c)
= E(Xn(8) — X(8)) + E(X(B) 1x@)>c—1) + E(X(B) 1xgy<c—1 — Xn(B) 1x,8)<c) -

Using the positivity of X,,(3), for any ¢ € (0, 1),

X(B) 1xgy<c—1 — Xn(B) 1x, (3)<c
< [X(B) = Xn(B))lxgy<c—1,x,(8)<c + X(B) 1x(g)<c—11|x,(8)— X (8)| 2=
<e+201x,@)-x(8)| -

Therefore, for any C' > 0 and any ¢ € (0, 1),
Sup E[X,(8) 1x,(8)>c]

< SI;P IE[X,(8) — X(B)]| + Slgp E[X(8) 1X(B)>C—1] +e+ 2CSlﬁ1p P(|X.(8) — X(B)] = ¢).

Taking the limit n — oo, then € — 0 leads to

lim sup sup E[X,(8) 1x, (5)>c] < Sgp E[X(8)1x@p)>c-1]- (4.5)

n—oo f3
Let ¢ > 0. Using the uniform integrability of the family {X(3)}3, one can find Cy(e)
such that supg E[X (3) 1x(8)>cy(e)-1) < €. By (4.5), there exists no(¢) such that for all

n = nole),

sup E[Xn(8) 1x,(8)>co(e)] < 2¢.

For n < ny(e), we use the uniform integrability of the family {X,(8)}s to get Ci(¢)
such that for any C' > C1(g), Sup,<py ()5 E[Xn(8)1x, (5)>c] < €. Now, choosing C3(¢) =
max{Cy(g),C1(¢)}, we get sup,, 5 E[X,,(8)1x,(s)>c] < 2¢ forall C > Cy(e) .

O
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