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Localization and number of visited valleys for a
transient diffusion in random environment*
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Abstract

We consider a transient diffusion in a (—x/2)-drifted Brownian potential W,, with
0 < Kk < 1. We prove its localization at time ¢ in the neighborhood of some random
points depending only on the environment, which are the positive h;-minima of the
environment, for h: a bit smaller than logt. We also prove an Aging phenomenon for
the diffusion, a renewal theorem for the hitting time of the farthest visited valley, and

provide a central limit theorem for the number of valleys visited up to time t.

The proof relies on a decomposition of the trajectory of W, in the neighborhood of
h:-minima, with the help of results of Faggionato [25], and on a precise analysis of
exponential functionals of W, and of W, Doob-conditioned to stay positive.
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1 Introduction and notation

1.1 Presentation of the model

We are interested in a diffusion (X (¢), ¢ > 0) in a random cadlag potential (V(x), x €
R). It is defined informally by X (0) = 0 and

AX (1) = dB(t) — ZV' (X (D)at,

where (5(t), t > 0) is a Brownian motion independent of V. More rigorously, X is a
diffusion process, starting from 0, and whose conditional generator given V is

vy d (v d
2¢ <6 dz /-
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Localization, number of visited valleys for a transient diffusion in random environment

These diffusions in random potentials are considered as continuous time analogues of
random walks in random environment (RWRE) (see e.g. P. Révész [38], B.D. Hughes [31],
Z. Shi [43] and O. Zeitouni [51] for reviews on RWRE).

The study of such a process starts with a choice for V. A classic one, originally
introduced by S. Schumacher [41] and T. Brox [10], is to choose V as a Lévy process. In
fact only a few papers deal with the discontinuous case, see for example P. Carmona
[11] or A. Singh [46, 45]. Most of the results concern diffusions in a continuous Lévy
potential V, that is,

V(z) = Wa(z) = W(z) — gac z€R,

where x € R and (W(z), = € R) is a two sided Brownian motion. We denote by P the
probability measure associated to W,. The probability conditionally on the potential W,
is denoted by P"= and is called the quenched probability. We also define the annealed
probability as

P(.):= /PWH(.)P(WK, € dw).

We denote respectively by EV+, IE, and FE the expectations with regard to P"~, P and P.

In the case « = 0, the diffusion X is a.s. recurrent. More precisely, T. Brox [10] shows
that it is sub-diffusive with asymptotic behavior in (logt)?, and that it is localized, at time
t, in the neighborhood of a random point bj,,+ depending only on ¢ and W, similarly as
Sinai’s walk (see Ya. G. Sinai [44]). More precisely, this result can be written:

Theorem 1.1 (Brox [10]). Assume k = 0. Then, for all ¢ > 0,

tl}iinOOIP (X (t) € [bogt — (log t)?, biog s + £(logt)*]] = 1. (1.1)
The limit law of bj,e+/(logt)? and therefore of X (¢)/(logt)? was made explicit indepen-
dently by H. Kesten [33] and A. O. Golosov [29]. For recent results for this recurrent
case, see for example P. Andreoletti et al. [3], and R. Diel [18].
In the case k # 0, the diffusion X is a.s. transient, with a wide range of limiting
behaviors, depending on the value of . It was first studied by K. Kawazu and H. Tanaka.
Let us denote by H(r) the hitting time of »r € R by X:

H(r) :=inf{s >0, X(s) =r}.

Kawazu et al. [32] proved in particular that under the annealed probability P, H(r)/r'/*
converges in law to a stable distribution when 0 < k¥ < 1, whereas H(r)/(rlogr) con-
verges in probability to 4 when x = 1, and H(r)/r converges almost surely to 4/(k — 1)
if K > 1 (see also Y. Hu et al. [30], and H. Tanaka [49]). More recently we mention the
results for large and moderate deviations, by M. Taleb ([47] and [48]), A. Devulder [14]
and G. Faraud [26].

In this paper we study the case 0 < k < 1. We follow a different approach from Y. Hu
et al. [30] and K. Kawazu et al. [32]. Indeed we focus on a quenched study, which has
attracted much interest for transient RWRE in the last few years, see for example the
works of N. Enriquez et al. [21], [22], [23], [24], D. Dolgopyat et al. [19], and ]J. Peterson
et al. [35], [36], [37]. Heuristically, the diffusion X goes to locations where the potential
is low, hence it goes to +oo, but it is slowed by "valleys" of the potential, which trap the
diffusion for some time. The diffusion even spends most of its time in these valleys. We
will prove this more in details in the present paper.

1.2 Main results

The goals of this paper are to localize the diffusion X, when 0 < k < 1, in some
valleys of the potential W,;, to understand the differences with Brox’s result given by
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(1.1), and to prove an Aging phenomenon, corresponding to results obtained by Enriquez
et al. in their papers [22], [23] and [24] for transient zero-speed RWRE. We moreover
obtain a central limit theorem for the number of valleys visited up to time ¢. We also
prove some intermediate results, which we think will be useful for obtaining new results
about the maximum local time of X, as explained later in this introduction.

Let t — ¢(t) be a positive increasing function, such that ¢(¢) = o(logt) and loglogt =
o(¢(t)) as t — +oo, where f(t) = o(g(t)) means lim;, . f(t)/g(t) = 0. We prove the
following aging phenomenon:

Proposition 1.2 (aging). Assume 0 < k < 1. For all o > 1, we have

. sin(km) Ve el s
t_l}+mooIP(|X(at) —X(t)] < ¢>(t)) e /0 w11 — w) " du.

More generally, aging usually denotes dynamical out-of-equilibrium physical phe-
nomenons, which appear in some disordered systems. It refers to the existence of a limit
for a given two-time correlation function of the system as both times diverge but keep a
fixed ratio between them. This subject has received a considerable attention in physics.
For a physical or a mathematical point of view on aging, see e.g. respectively Bouchaud
et al. [8] and Zindy [52], and references therein.

Proposition 1.2 is actually a consequence of Theorem 1.3. Before stating it, we first
recall the notion of h-extrema, which was first introduced by J. Neveu et al. [34], and
studied in the case of drifted Brownian motion by A. Faggionato [25]. For h > 0, we
say that z € R is an h-minimum for a given function f, R — R, if there exist u < x <w
such that f(z) = infycjy ) f(y), f(u) > f(z) +h and f(v) > f(x) + h. Moreover, x is an
h-maximum for f iff x is an h-minimum for — f. Finally, x is an h-extremum for f iff it is
an h-maximum or an A-minimum for f.

Since we want to study the diffusion X until time ¢ > 0, we are more especially
interested in the h;-extrema of W,.,, where

hy :=logt — ¢(t).

It is known (see [25]) that almost surely, the h;-extrema of W, form a sequence indexed
by Z, unbounded from below and above, and that the h;-minima and h;-maxima alternate.
We denote respectively by (m;, j € Z) and (M;, j € Z) the increasing sequences of
hi-minima and of h;-maxima of W,, such that my < 0 < m; and m; < M; < mj4, for
every j € Z. These hy-minima m;, ¢ € Z, can be considered as the bottoms of some
valleys of the potential W, of height at least h;, that will be defined more precisely in
Section 2. We also introduce

N, = max{k eN, sup X(s) ka:}7

0<s<t
so that my, is the largest h;-minimum visited by X until time ¢ if N; > 0 (and so that

lim; 4o P(N; > 0) = 1 as proved later, see Proposition 1.6 or Lemma 5.2). The main
result of this paper concerns the localization of the diffusion. It is stated as follows:

Theorem 1.3 (localization). Assume 0 < k < 1. There exists a constant C; > 0, such that

Jim P(1X(0) = my,| < C1o(t)) = 1.

We first recall that X(¢) is asymptotically of order ¢t* (see Kawazu et al. [32]),
and that the typical distance between two h;-minima of W, is asymptotically of order
et = trer9(t) (see Faggionato [25] Prop. 1, partly recalled in our Fact 2.2 below). So,
the size 2C;1¢(t) of the intervals in which X is localized in Theorem 1.3 is very small,
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since it is o(logt) and can be as small as, for example, (loglogt)!*¢, ¢ > 0. Notice that
it depends on the minimum height A; of our valleys. We could not say however if it the
best interval size that can be obtained.

The main difference with the result of Brox (1.1) is the appearance of the (random)
integer N, which is the number of typical valleys of height h; visited before time ¢. In
the recurrent case of Brox, the diffusion X is, with a large probability, localized near the
bottom of a unique valley of the potential, whereas in our transient case, the diffusion is
localized near the bottom of one among several valleys of the potential. This, and the
absence of scaling for the potential in the case 0 < x < 1, contrarily to the case x = 0,
makes the study much more involved technically.

We also prove a renewal theorem for hitting time of the bottom my, of the last valley
visited by X before t:

Proposition 1.4. Assume 0 < k < 1. We have the following convergence in law under
the annealed probability PP,

H(mp,) H(mn, C Ksin(mk
( (tN), (;”1)) —>H+0077r( Ly

— )" g 4y (2) 1)1 00y (y) dady.

This unables us to get the following results, which are useful for the proofs of
Proposition 1.2 and Theorem 1.3:

Corollary 1.5. Assume (0 < x < landlet 0 <r <s<1andv > 0. Then,

H : 1—r
lim P(l—ss H(ma) §1—r) = Sm(”)/ 21— 2) e, (1.2)
t——+o00 t T 1—s
H .3 +o0
lim P(WZHU) - sm(’”‘)/ (1+2) 'z "dz.  (1.3)
t—-+oo t s v

Moreover;, the total time spent in the last valley of height at least h; visited before time
t renormalized by t, that is [H(mp,+1) — H(mn,)]/t, converges in law under P to a r.v.
with density sin(mk)r 2" (1 — (1 — 2)")1,1)(x) + L1 400y ()]

Let |x] denote the integer part of z, for any « € R. We introduce 0 < § < 1 and

ng = [rPO0F) (1.4)

We will see in Section 4 and 5 that Proposition 1.4 is a consequence of the fact that
for any integer 1 < k < ny, the hitting time H(my) can approximated by a sum of i.i.d.
random variables having the law of a r.v. U. This r.v. U is an approximation of the time
the diffusion X spends in a typical valley of height at least h; before escaping this valley.

These results are in accordance with those obtained by Enriquez et al. in their three
papers [22], [23] and [24] for transient RWRE. Compared to their study, we have the
advantage of being able to use some powerful stochastic tools. However, some other
technical difficulties appear in continuous time: for example local time and excursions
are more complicated to deal with in continuous time than in discrete time. The present
paper is self contained, in particular we provide in this same paper the technical study
of the Laplace transform of the first exit time U of a typical valley. The study of the
environment mainly requires continuous arguments of stochastic calculus, starting by
a decomposition of the trajectory of W, near its h;-minima, which mainly comes from
results of A. Faggionato [25].

The number N, of valleys having height at least &;, visited before time t by the
diffusion X, goes to +o0o0 as t — +oo. However, we prove that P(N; < n¢) =400 1,
which explains why we study the potential W, (x) only for < m,,,, and the hitting times
H(my) only for k < n;. More precisely, we prove the following central limit theorem for
N, with renormalization e"®®).

EJP 20 (2015), paper 56. ejp.ejpecp.org
Page 4/58


http://dx.doi.org/10.1214/EJP.v20-3173
http://ejp.ejpecp.org/

Localization, number of visited valleys for a transient diffusion in random environment

Proposition 1.6 (number of visited valleys). Assume 0 < x < 1. Then Nye (") —, .
N in law under the annealed law P; the law of N is determined by its Laplace transform:

+oo J
1 —u
Yu > 0, E (e*“N) = - () ) (1.5)
jz:;) I'(kj+1) \Ck

where C,, > 0 is explicitly known (see Proposition 4.1). This r.v. N' has then a Mittag-
Leffler distribution of order k.

Moreover we expect that the results of this paper will be useful to study other
properties for the diffusion. In particular, let (Lx(¢,z), ¢t > 0, z € R) be a bicontinuous
version of the local time of X. It is known that the maximum local time of X at time ¢,
that is L% (t) := max,cr Lx (¢, ), satisfies limsup,_, | . L% (t)/t = +oo a.s. in the cases
k =0 (see Z. Shi [42] and R. Diel [18]) and even in the transient case 0 < Kk < 1 (see A.
Devulder [16]). Hence the maximum local time of X exhibits very interesting properties,
that contrast with those of the maximum local time of RWRE at time ¢, which is naturally
bounded by ¢/2.

We especially think that the better understanding of the localization of X and some
intermediate results provided in this paper will be useful to prove new results about £%.
Indeed, in a work in progress with G. Vechambre [2], we use the methods and results
of the present paper to study the local time of the diffusion. In particular we expect
to obtain the limit law of the maximal local time after suitable renormalization in the
case 0 < k < 1. Note that the local time plays a crucial role for estimation problems
for random walk in random environment, recently studied e.g. in [1], [4] and [13]. In
particular in [13], the limit law of the local time process in the neighborhood of the
minima, obtained previously by [28], is used. In the same way a better understanding
of the local time of X may be useful to study estimation problems for diffusions in a
random potential.

1.3 Sketch of the proof and organization of the paper

We now give a general idea of the proof and provide, at the same time, the organiza-
tion of the paper. This subsection contains some non rigorous heuristics which will be
made rigorous and explained in details in the following sections.

First, in Section 2, we build some valleys (L; ,7;, L;) of the potential, of height at
least h; (see Figure 1 page 11). The -th valley is the potential W,,, restricted to some
interval [Ei_ , L—] ; the minimum of W, in this interval is attained at a location called
;. The height of this valley is at least h,, and more precisely, W, (L) — Wi () > hy,
W, (f/;) — Wy () > (14 K + 26)hy, These valleys, when recentered at 7;, are i.i.d. We
prove in Lemma 2.3 that with probability nearly 1, m; = m; for 1 < i < n,, that is, the m,,
1 <i < n, are in fact the n; first positive h;-minima. We also provide in this Section 2
different tools to study the law of W, near m; or m;, and in particular drifted Brownian
motions Doob-conditioned to stay positive.

Then in Section 3, we prove (see Lemma 3.2) that with probability nearly 1, after
hitting the bottom 7i; of the each valley (L; 7, L;) the diffusion X leaves this valley
on the right, that is, on L,. Moreover, we prove (see Lemma 3.3) that with probability
nearly 1, the diffusion X visits successively the valleys (L; 71, L1), (Ly,7a, La), ...,
(i;, mi, L), ..., and does not come back to previously visited valleys. Moreover, we
show in Lemma 3.7 that the time spent outside these valleys up to time ¢ is negligible
compared to ¢. That is, the hitting time H(m,,) of the bottom m,, of each valley number
n < n; can be approximated as

Hmy)~Uy +Us+ -+ Up_1, (1.6)
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where U; can be seen as the time spent in valley number ;. We also prove in Lemma 3.4
that these r.v. U; are "nearly" independent under the annealed and quenched probabilities
P and P"~. Moreover, we prove that they have (under the annealed probability P) the
same law as some random variable U, defined by
Ly
U:= [ e Wr(W)=Wi(m2)l o o [TB (1212 (ig)),fig(u)]du,
Ly
where Ay (z) := frfm eWr(@)=Wi(m2)dy, ~ € R, and £ and 72 denote respectively the local
time and hitting time of some Brownian motion B independent of W,,. This r.v. U, which
depends on t, can be seen as the time spent by X in a typical valley, which X leaves on
its right.
So, this reduces the study of H(m,,) to the study of a sum Uy + Uz + -+ + U,,—; of
independent random variables having the same law as U under P.

The main goal of Section 4 is to study the asymptotics of the Laplace transform of U.
More precisely, we prove in Proposition 4.1 that for all A > 0,

E(e™U/t) = 1 — CuAfe ™0 4 o(e=¢0) 1.7)

as t — +oo. To this aim, we first approximate U by a more tractable expression, which is
done in Proposition 4.4 and Lemma 4.7. First, by scaling, U is equal in law to

i/z - - - - -
/ 6_[W”(u)_W”(m2)]A2 (LQ),CB [TB(l),AQ(U)/AQ(LQ)]du (18)

Loosely speaking, for u "close" to 1y, Ay(u)/As(Ls) ~ 0, and so (using our Lemma 4.3)
we have L [77(1), A>(u)/A2(L2)] ~ L5[7P(1),0] =: e, which is by the first Ray Knight
theorem an exponential variable of mean 2, and is independent of W,.

One the other hand, 77, is the minimum of the potential W, in (L5, L] so for u "far"
from 1y we have e~ We(W=Ws(m2)] ~ (0. Moreover, Ay(Ls) f 2he/2) € W (@) =W (m2) q g
where 79(h) is the first hitting time of h > 0 by W, — W, (1h2) after moy, because

eWr(@)=Ws(m2) ig negligible compared to Ay (Lg) for my < x < 7o(hy/2) < 2(hy) < Lo. All
this leads to the approximation

ma TZ(hf/2) T2 (ht) Ly
/ / (Wi ()= W (m2)] g / Jr/ W@ =Wali2) gy | o,
mo T2 (he/2) T2 (ht)

(I +I5)(Z + 15 e,

U

Q

which is the product of 5 independent random variables, the first 4 depending only on
the potential W,;, and e; being independent of W,,. This approximation, the asymptotics
of the Laplace transforms of Z;, Z,, Z;" and Z, provided by Lemma 4.2, and some
technical calculations help us to prove (1.7) as claimed in our Proposition 4.1.

Section 5 is devoted to the proofs of the main results of this paper. First, using
the asymptotics (1.7) of the Laplace transform of U as well as (1.6), we prove the
renewal results Proposition 1.4 and Corollary 1.5, using the same kind of techniques as
in Enriquez et al. [24], inspired by Feller [27]. We also show Proposition 1.6 about the
number of visited valleys with a similar method. We prove before, in Lemma 5.2, that
with probability nearly 1, the number N, of valleys visited by X up to time ¢ is less than
ng, which explains why we only consider the first n; valleys.

We then turn to the proof of the localization, that is, our Theorem 1.3. To this aim,
using the previous renewal results, we prove that with probability nearly 1, at time
t, the diffusion X has already spent a quite large amount of time in the last valley
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visited, that is, on [Ii;,f , Ly,], and that X (¢) still belongs to this interval. This allows us to
prove that, knowing N(¢) = j, the quenched law of X (¢) is nearly equal to the invariant
probability ji; of a diffusion Y} in the potential W, starting inside [f/jﬂ L] and reflected
at ij_ and Ej. This is a kind of convergence to the invariant probability measure,
which we prove as in Brox [10], by using a coupling between Y; starting from Y;(0)
distributed as its invariant measure [i;, and X (. + H(7;)). Since [i; is proportional to
exp(—[Wy(x) — W, (ﬁzj))]l[ 55 (z)dz, it is highly concentrated on a small neighborhood
of m;, which leads to the localization of X at time ¢ in this small neighborhood of m;.

We then prove the Aging, that is, Proposition 1.2. For this, we apply the localization
(Theorem 1.3), first at time ¢ with function ¢, and second at time ot but with another
function ¢, defined by log(at) — ¢q(at) = logt — ¢(t), so that the r.v. m; are the same in
both cases.

Our hypothesis 0 < k < 1 is used many times in this paper. We recall that the typical
distance between two h;-minima of W, or valleys of depth at least h;, is asymptotically
of order e = t®e="¢(!) Moreover, the time spent by the diffusion X in such valleys is
approximatively proportional to the exponential of the depth of such valleys. So X is
trapped a long time, of order at least te~®®*), in such valleys, and then is slowed by these
valleys if (and only if) it hits some of them.

In particular, the first h;,-minimum, or valley, appears at a distance of order e =
t*e~%¢() which is much smaller than ¢ if 0 < x < 1, and much larger than ¢ if x > 1.
Heuristically, if 0 < x < 1, there are many h;-minima in [0,""¢], 0 < € < 1 — , which trap
and slow the diffusion X, which explains why X is zero-speed. However if x > 1, loosely
speaking, the first positive h;-minimum is very far from the origin, at a distance much
large than ¢, and then at time ¢ the diffusion X has not yet reached it; X has then not
been trapped nor slowed by such deep valleys, and in this case X has a positive speed.

In all the paper, 0 < k < 1 is fixed, and C; and ¢, (resp. C_ and c_) denote positive
constants that may increase (resp. decrease) from line to line and may only depend
on our fixed constant k. Moreover some events are denoted by Sf'k for some 1, j, k; for
example £57 is the event number 3 introduced in the proof of Lemma 4.7.

2 Standard valleys and path decomposition of the potential

2.1 3-dimensional drifted Bessel processes

In this subsection, we introduce 3-dimensional drifted Bessel processes as drifted
Brownian motions conditioned to stay positive. These processes are helpful to de-
scribe the law of the potential W, near the h;-minima m,; and then to estimate relevant
quantities depending on this potential W, mainly with formulas (2.3) and (2.4) below.
For any process (U(¢), t > 0) and any a € R, we denote the hitting time of a by U as

7Y(a) := inf{t > 0, U(t) = a},

with the convention inf ) = +c0. We denote by (Ly (¢, x), t > 0, x € R) the bicontinuous
version of the local time of U when it exists, which is the case for X and for Brownian
motions. We also denote by U® the process U starting from a, with the notation U = U°.
We sometimes write P*(U € .) :== P(U® € .). In particular, forz € R, ( # 0, W¥ is a
(—(/2)-drifted Brownian motion starting from .

Let ¢ # 0. We recall the definition of a (—(/2)-drifted Brownian motion W, Doob-
conditioned to stay positive (see [25], 5. p. 1783, or [6], Chapter VII.3 and references
therein for more details). We consider the o-fields F; defined on C([0,0),R) by F; :=
a(Y(s), 0<s<t),t>0,and F := (Y (s), s > 0), for a generic element (Y (s),s > 0)
of the path space C([0,),R). Following ([25], p. 1783), for z > 0, the probability
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measure P¢/>" is defined on C([0, +0),R) by

1 z
PERT(A) 1= = eCZE[[l —exp(CWE ()], WE € A, t < 7'V° (0)}, AeF, t>0. (2.1)

This induces a unique probability measure P/*" on (C(]0,),R), Fx ). Moreover, pe/At
converges weakly as z — 0T, in the space of Skorokhod D([0,c0),R) (see [6] VIL.3
Prop. 14 and comments below) and in C([0, ), R) (see [25] p. 1784) to a probability
measure on C([0,00), R) denoted by POC /2T The canonical process, which we denote by
(R(s), s > 0), takes values in R under P¢/*" for z > 0. It is a Feller process for the

family (PZC/ 2’T, z > 0), and then it is strong Markov. Its infinitesimal generator is given
for every x > 0 by

1d> ¢ ¢\ d
——— 4+ 2coth | 2z ) —. 2.2
2ds2 2% <2$) do (2.2)

This infinitesimal generator is given by Lemma 6 of [25], which is true in the case of
positive or negative drift (/2.

This process R can be thought of as a (—(/2)-drifted Brownian motion W, Doob-
conditioned to stay positive, with the terminology of [6], which is called Doob conditioned
to reach 400 before 0 in [25]. We notice in particular that, by (2.2), or by ([25], eq. (5.4)),
or directly by (2.1) combined with Girsanov theorem, the law of R is the same if { is
replaced by —(. That is, W, Doob-conditioned to stay positive has the same law as W_
Doob-conditioned to stay positive. This is the case in particular in ([25], Thm. 2) and
then also in ([25], eq. (1.1)), where the sign should be a + in every case.

This process R is also shown in Rogers et al. ([40], Thm. 3 and eq. (13)) to be equal
in law to the euclidian norm of a 3-dimensional drifted Brownian motion, with drift (/2 in
some direction given by a unit vector of R®. We do not use this result in this paper, but
for this reason, in the rest of the paper, we call for z > 0 the process R with law PZC/Q’T a
3-dimensional |(/2|-drifted Bessel process starting from z. As in [40], its law is denoted
by BES?(3,|¢/2|), and by BES(3, |¢/2|) = BES"(3,|¢/2|) if it starts from z = 0.

In the rest of the paper, it is often useful to consider a process (R(s), s > 0) with law
BES*(3,x/2) for some z > 0. We have by the previous remark, when R starts from z > 0,

P*(Re A) = P2 (A) = P72 (A) = P(WZ, € AlrV"+(0) = o0), 2> 0, A € Fu,
(2.3)
where the last equality is noticed in [25] just before its Lemma 6 for A € F;, t > 0 since
—£/2 < 0 and then W_,, has a positive drift /2, and so this is true for all A € 7. As a
consequence, when R starts from 0, that is, when the law of (R(s), s > 0) is BES(3,x/2),
we have for all A € F such that P(R € 9A) #0,

P(R e A) = P> (A) = P21 (A) = lim P22T(A) = lim P2, € Al7™2+(0) = o0).
(2.4)

2.2 Path decomposition of the potential I, in the neighborhood of the h;-
minima m;

The point of view of h-extrema has been used recently in some studies of random
walks or diffusions in random environment in the recurrent case, see e.g. Cheliotis [12],
Bovier et al. [9] and Devulder [17]. We now recall some results for h-extrema of W,,. Let

VO () := We(z) = We(mi), z€R,ieN,
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which is the potential W, translated so that it is 0 at the local minimum m;. We also
define

77 (h) := sup{s < m;, VO (z) = h}, 7i(h) := inf{s > m;, VO (z) = h}, h > 0.

The following result has been proved by Faggionato [25] for (i) and (ii).

Fact 2.1 (path decomposition of W, around the h;-minima m;).
(i) The truncated trajectories (V¥ (m; —s), 0 < s <m; — 1, (hy)), (V@ (m; +s), 0< s <
7i(ht) —m;), i > 1 are independent.
(ii) Let (R(s), s > 0) be a process with law BES(3,k/2). All the truncated trajectories
(V@ (m; —s), 0< s <m; —7; (h)) fori>2and (VO (m; +s), 0 < s < 1j(h) —m;) for
j > 1 are equal in law to (R(s), 0 < s < 71(hy)).
(iii) For i > 1, the truncated trajectory (V" (s + ;(h;)), s > 0) is independent of
(We(s), s < 7;(ht)) and is equal in law to (W}(s), s > 0), that is, to a (—r/2)-drifted
Brownian motion starting from h;.

We point out that for reasons linked to renewal theory, the first trajectory in (ii) for
1 = 1 has a different law, which we will not use in this paper.

Proof of Fact 2.1. Notice that M;_, < 7; (ht) < m; < 7;(hy) < M;, i € Z. Moreover the
h;-extrema of W, are the r.v. m; and M;, ¢ € Z. So (i) follows from the independence of
the truncated trajectories between consecutive h;-extrema proved by Faggionato ([25],
Theorem 1; notice in particular the comment about independence just before its equation
(2.26)). Result (ii) is proved in Faggionato ([25], Theorem 2 p. 1785), since, as explained
in the paragraph after (2.2) of the present paper, a Brownian motion starting at 0 with
drift x/2 Doob conditioned to reach +oo before 0 has the same law as a Brownian motion
starting at 0 with drift —x/2 Doob conditioned to reach +oo before 0, and the same law
as BES(3,k/2).

Finally, let ¢« > 1. For every z > 0, 7;(h;) < « if and only if the function s —
Wi (8)1(Zo0,21(8) + Wi ()1 (5,+00) (5) has at least i h;-minima in (0, z]. Consequently, 7;(h;)
is a stopping time for the o-field o(Wy(s), s € (—o0,z]), > 0. Hence the strong Markov
property gives (iii). O

We now introduce
71 (h) :=inf{u > 0, W (u) — [%nf] W, > h}, h>0. (2.5)

We gather here some other results proved by Faggionato [25] that will be useful in the
following:

Fact 2.2 (Faggionato [25]). The random variables W, (M;)—W,(m;11)—hy and W,,(M;) —
W, (m;)—hy, © > 1, are independent. They are exponential variables of mean respectively
(2/rk) sinh(khy/2)e/? and (2/k) sinh(kh; /2)e~""/2. Moreover fori > 1,

e~ r"ht/2, [0 + K2/4

E(emetmin=M) - ; a>0,
V2a + k2[4 cosh(hy\/2a + K2 /4) — & sinh(hy/2a + K2 /4)
(2.6)
2 2/4sinh(kh/2
B (emetn-mo) 2 VI g, o oats @)
ksinh(hy/2a + K2 /4)
P(0 < My < my) = P(0 € [mg, My)) ~¢—sto0 khee " (2.8)

Also, the random variable — inf[oﬁ*(h)] Wy is, for h > 0, exponentially distributed with
mean 2k~ ' sinh(kh/2)e"/2. So if 0 < k < 1, for large h for all z > 0,

P(inf[oﬂ*(h)] W, > —x) < e rhy. (2.9)
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Finally,
E(r{(h)) < Cye™,  h>0, (2.10)

Proof of Fact 2.2. All this is proved in Faggionato [25] with ¢ = k/2, so we just explain
where these results are stated in this paper [25].

Thanks to ([25] Thm. 1 and the remark before its (2.26)), (W, (M; +x) — W, (M;), 0 <
x <mip1 — M;) and (Wi (m; + x) — We(m;), 0 <2 < M; —m;), i > 1, are independent,
and their laws are respectively P*/? and Pi/ % which are defined in ([25] p. 1769),
with h = h; in our case. In particular, the lengths m;;; — M; and M; — m; of these
truncated and translated trajectories, called h;-slopes in [25], and their excess heights
Wi (M;) — We(mit1) — hy and Wi (M;) — Wi (m;) — h; are denoted respectively by ¢_, £,
(- and (4 in ([25], Prop. 1, formulas (2.11), and (2.14) with A = 0, see also (2.1)), which
provides their law, and in particular this proves the present fact up to (2.6).

For 0 < h < h¢, m; is a h-minimum, so for ¢ > 1, by ([25], Thm. 1), (Ws(x + m;) —
We(m;), 0 <z < 7;(h) — m;) has the law defined as Pf/Q for this A in ([25], eq. (2.9)).
Hence 7;(h) — m; has the same law as the r.v. called 7 — o in ([25] eq. (2.9), see also
(2.2)). Its Laplace transform is given in ([25] eq. (2.3) of Lem. 1). This gives (2.7).

Now, 0 < My < mg if and only if 0 € [mg, Mp), that is, the translated trajectory
between the two consecutive h;-extrema surrounding 0 belongs to the set of slopes
starting at an h;-minimum and ending at an h;-maximum, denoted by W, in ([25] after
eq. (2.10)). The probability of this event is given in ([25], Thm. 1 and eq. (2.25) in the
case W, h = h;), which leads to (2.8).

We turn to (2.10). For h > 0, 71 (h) is denoted by 7 in ([25], eq (2.2)). Let /_ and
{4 be as in ([25], Prop. 1), thatis, ¢ £ T—o0c+0d > 71— 0 by ([25], eq. (2.9)) and
Lo + 0 > o by ([25], eq. (2.10)), where the values of ¢’ > 0 and 7/ — ¢/ > 0 are
not important here. Applying ([25], eq. (2.17)) gives E(77 (h)) = E(1) = E[(1 —0) + 0] <
E(f_ + [J,-) < 2k 2N,

Finally, inf{g ,»(ny Wi is denoted by 3 in ([25], eq. (2.2)); its law is given by ([25], eq.
(2.4) in its Lem. 1), which leads to our (2.9). O

2.3 Definition of valleys, and standard h;-minima m,;, + € IN*

We would like to consider some valleys of the potential around the h;-minima m;, i € IN*,
which would be intervals containing at least [7; ((1 + x)h:), M;]. However, these valleys
could intersect. In order to define valleys which are well separated and i.i.d., we
introduce the following notation. This notation is later used to define valleys of the
potential around some m;, which are shown in Lemma 2.3 to be equal to the m; for
1 <1 < n; with large probability.

Let

hi = (1+ K + 20)hy.

We define ESL := 0, mg := 0, and recursively for i > 1 (see Figure 1),

L' = inf{z> L] |, We(z) < Wu(LE,) - hi},
7ilhe) = inf {z > Lf, Wi(e) - infize g Wi = Ry}, (2.11)
~ L . ~jj .
m; := inf {x >L;, We(z) = mf[i?,ﬂ;(ht)] VV,.Q}7
LF = if{z > 7i(h), We(x) < Wa(Fi(he)) — he — b}

We also introduce the following random variables for i € IN*:
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M; := inf{s > m;, We(s) = max;, it + Wi (u)},

Li = inf{z > 7(h), We(z) — We(iy) = he/2}, (2.12)
#(h) = inf{s>m, We(z) — Wa(is) =h},  h>0, (2.13)
7. (h) = sup{s <m;, Wi(z) — We(m;) = h}, h >0,

N; = %ii(h;r)-

Figure 1: Schema of the potential between L;” , and L], in the case i§ <L

We stress that these r.v. depend on ¢, which we do not write as a subscript to
simplify the notation. Notice also that 7;(h;) is the same in definitions (2.11) and (2.13)
with h = h;. Moreover by continuity of W, W (7;(h)) = Wx(m;) + hi. So, the my,
i € IN*, are h;-minima, since W, (m;) = inf[ijil,ﬁ(hf,)} Wi, We(7i(he)) = Wi (m;) + hy and

W,.(Lj ) > Wy(i;) + hy. Moreover,
Ly <L} <y <7i(h) <Li <Ly, ieNN* (2.14)
Li | <Ly <m; <7i(hy) < My <Lf, i€~ (2.15)
Furthermore by induction the r.v. L, 7i(ht) and L}, i € N* are stopping times for the
natural filtration of (W, (x), > 0), and so L;, i € IN*, are also stopping times. Also by
induction,
WL = inf We, We(m)= inf W,  We(L])= inf W, =W.(m)—h{,

[0.L¢] (0,7 (he)] (0,071

(2.16)
for i € IN*. We also introduce the analogue of V() for 7, as follows:

‘N/(l)(x) = W,{(LL') - Wn(mi)’ z € R’ i e IN*

We call ¢ th valley the translated truncated potential (f/(i)(x), i; <z< L-), fori > 1.

We show in the following lemma that, with an overwhelming high probability, the
first n; + 1 positive h;-minima m;, 1 < i <n; + 1, coincide with the r.v. m;, 1 <i <n; + 1.
We introduce the corresponding event V,; := ﬂ"’“{ml =m;}.
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Lemma 2.3. Assume 0 < § < 1. Fort large enough,

P (V) < Cynye /2 = el=r/ZHo(Mlh

Moreover, the sequence ((V(i) (x+Lf,),0<z< Iii* — ﬂf_l), i> 1), isi.i.d.
We notice that consequently, the valleys (f/(")(:zc)7 i; <z< I:i), 3> 1, are also i.i.d.

Proof of Lemma 2.3. Since m; is an h;-minimum for W,, for every i > 1, we have {m;, i €
IN*} C {m;,i € N*}. We now assume that we are on the complement V; of V;. So the
smallest j > 1 such that m; # m; satisfies 1 < j < n; + 1. Due to the previous inclusion
and since my = 0, we have m;_1 < m; < m;. If for this j, ig- < m; < my, there would be

av>m; > E§- such that

We(m;) = inf W, > 1nf Wi,
[m;,v] [L ]
We(v) > We(mj)+h > 1nf W, + he, 2.17)
ARy
since m; is an h;-minimum. The definition of 7;(h:) and (2.17) would give 7;(h:) < v,
and then Lg- <mj; < mj < 7j(hs) < v, by definition of ;. Then W, (m;) = infp,, ,) Wi <
Wi.(1;), which contradicts the definition of ri;. ) )
Hence, 1j_1 < m; < L%. Thus by (2.16), W, (m;) > W, (L!) = W,.(L]_,) — h =
W, (mj_1) — 2k if j > 2, whereas W, (m;) > W, (L) = —hi if j = 1. Consequently,
Vi C{Wa(my) > =hf } UUTE W, (m;) > We(mj_1) — 2k }. (2.18)
For 7 > 2, we have by the start of Fact 2.2,
PWy(mj) = Wyo(mj-1) — 2h{]
< P[We(Mj_1) — We(my) < e™/?] + P[W,.(Mj_1) — We(mj_1) > /% — 2h]
Cy
< PR (2.19)
For j = 1, notice that either 0 < My < my, which has probability
P(0 < My < my) < 2he "M (2.20)

for large t by (2.8), either there is no h;-maximum in (0,m4], and so My < 0.

In this last case we show that m; < 7{(h;), which we defined in (2.5). Indeed,
assume 7 (h;) < m;. We consider u = inf {x > 0, Wi(x) = infjo =, W,Q} and y =
inf{z > 0, Wi(z) = supi.=(,)m,) We}. It follows from the definition of h-extrema
that W, (m1) = infiazym,) We. Since My < 0 < u < 7{(h) < my, this would give
Wi(ma) < Wi(u) = Wlr{ (ht)] — by < Wi(y) — he, and Wi (y) = supy, ,,,) Wi, S0 y is an
hi-maximum and belongs to (0, m;], which contradicts this case. So my < 75 (hy).

Hence in this case, there exists v > m; such that W, (v) > W, (m1)+ h; and W (m,) =
inf[ml,v] W,{,, SO 7'1* (ht) <. Thus, Wﬁ(ml) = inf[mlﬂ'l*(ht)] WK. ThiS, MO < 0 and Wﬁ(ml) =
infiazy m,) We yield Wi (my) = inf{g 7 (n,)) Wi- So, (2.9) and (2.20) give for large ¢,

P[We(my) > —hf] < 2he™" 4+ Plinflg ey Wi > —hf ] < Cype™ /2,

Hence, using (2.18) and (2.19), we get P(V;) < CJrnte_”’“/Q for large t.

Finally, the fact that the sequence (V( e+ L7 ), 0<ax<Li—-LF 1), 1 >1,is
i.i.d. follows from the strong Markov property applied at times Lifl, which are stopping
times. O
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The following remark will be useful in the rest of the paper.

Remark 2.4. On V;, we have for every 1 < ¢ < n;, m; = m;, and as a consequence,
VO (z) =V (z), z € R, 7, (h) = 7 (h) and 7;(h) = 7;(h) for h > 0. Moreover, M; = M;.
Indeed, M; is an h;-maximum for W,, which belongs to [, Mit1] = [mi,mip1] on Vg,
and there is exactly one h;-maximum in this interval since the h;-maxima and minima
alternate, which we defined as M;, so M; = M;. So in the following, on V;, we can write
these r.v. with or without tilde.

2.4 Some technical estimates related to the potential
We first provide estimates for the distance between some points of a given valley:

Lemma 2.5. Assume 0 < 6 < 1/2. For large t, forall 1 <i <mny,

P[Thﬁ,l - Mz S e"(lf‘s)ht,Vt] é P(mHl - Mz S en(lits)ht) S C+67”5ht, (221)
P[7(h) —m; > 8h/k] < Cre ™M@V 0<h<h, (2.22)
Pling — 77 (h) > 8h/k] < Cye ™D 0<h<h,. (2.23)

Proof of Lemma 2.5. First, it follows from Remark 2.4 that {m;4+1 —M,; < 1=y Y,
{miy1 — M; < e1-9he) for 1 <4 < n,. This gives the first inequality of (2.21), whereas
for the second one we can use the results of Faggionato [25] that we have gathered in
Facts 2.1 and 2.2, and then BES(3, x/2) processes. This technic is used several times in
this proof and later in the paper.

Let i > 1. We apply (2.6) with a(t) = e *(1=9" 5o that E(e-*®O(mit1=M) ,

x2e~"h /2. This and Markov inequality yield for large ¢,

P(mi+1 - M; < e“(1*5)ht) _ P(E*Oé(t)(mi-#l*Mi) > 671) < C_i_e*iﬂsht'

This ends the proof of (2.21).
Applying (2.7) with a = —x2/16 gives

20y sinh(kh/2) 1 _
E (er’(rim-—mo/1e) . SWWRR/Z) -~ ok(1-1/V2)h/2 (2.24)
( ) V2sinh(kh/+/8) e e

So, choosing C; large enough, LHS of (2.24) < Ce"(1=1/V2h/2 forall 0 < h < h,, where
LHS means left hand side. Thus,

P(Ti(h) —m; > 8h/f<;) = P(e("2/16)[”(h)_"”] > e"’h/z) < C+e_“h/(2‘/§), (2.25)

for all 0 < h < h; by Markov inequality. Since 7;(h) — m; = 7;(h) — m; on V; by Remark
2.4,and P(V;) < e—rhi/(2V2) < ¢=rh/(2V2) for large ¢ for all 0 < h < h; by Lemma 2.3,

P(7i(h)—1i; > 8h/k) < P(m;(h) —m; > 8h/k, Vi) + P(V;) < Cre ™/@VD o< h<hy,

which gives (2.22). According to Fact 2.1 (ii), m; — 7; (h) and 7;(h) — m; are equal in
law for ¢ > 2 and 0 < h < hs. So we can replace 7;(h) — m; by m; — 7, (h) in (2.25),
which similarly as before gives (2.23) for ¢ > 2. Finally, /iy — 7; (h) has the same law as
me — 75 (h) for 0 < h < h; by Lemma 2.3, so the case i = 1 of (2.23) follows from the

case 1 = 2. O
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We also recall that a scale function of W¢ (z +— W(x) — (z/2) is for { # 0 (see e.g.
[25], (5.1)),
sc(u) = e —1=2e$"?sinh(Cu/2), u € R,
P[r Woiz) <7 C(J;)] = scly—a)/sc(z—x), x<y<sz, (2.26)
for which we remind that W¢ denotes a (—(/2)-drifted Brownian motion starting from y.
We also need some estimates on hitting times by W, and by a process R with law

BES(3,x/2) (recall that in (2.27) below, P denotes the law of R starting from ah, that
is, with law BES*" (3, x/2)):

Lemma 2.6. Let 0 < v < a < w, and R having law BES(3, x/2). For all h large enough,

pet (7 ('yh < 1R(wh)) < 2exp[—k(a—7)h], (2.27)
P (r%(wh) — <1) < dexp[—|[(w—a)h]?/3], (2.28)
(h)
P(/ eFWdy > =DM ) > 1 _3Zexp[—kah/2], O0<a<l, (2.29)
0
P(t%(h) > 8h/K) < Cyexp[—rh/(2V2)]. (2.30)

Proof of Lemma 2.6. We recall that R has the same law as the (x/2)-drifted Brownian
motion W_, Doob-conditioned to stay positive. In particular, this proof relies on (2.3)
and (2.4). First, using (2.3) and (2.26), we have for0 < vy < a < w,

LHS of (2.27)
= P[TWSL (vh) < VIR (wh) | TWi“( ) < VIR (O)]
= P[TWSNL (vh) < W (wh)]P[TWjﬁ( ) < ™ ( )]/P [7‘ *H( ) < W (0)]

- _ s—x[(la = )R]\ s—x(yh)
= G s_uw—wm> < (ah)
)
)

sinh[k(w — a)h/2] sinh(kyh /2

sinh[k(w — 7v)h/2] sinh(kah/2)’ (2.31)

This gives (2.27) for large h.
Now, we notice that the left hand side of (2.28) is thanks to (2.4) for 0 < a < w,

lzlﬁ)lp[T “re(wh) =7V (ah) < 1| T fﬁ(O)zoo]
= lim P (ah) < Wi (0)] P[5 (wh) < 1,775 (0) = o0 /P[7V=(0) = o0],

where we applied the strong Markov property at time Wik (ah). Moreover for large h,

p[TWfZ(wh) < 1] — P( sup (W(;z:) +ah + /@x/Q) > wh> < P<SUPW > (w—a)h— ;)
z€[0,1] [0,1]

< 2exp [~ [(w— a)h]?/3],

IA

because supjy W £ |W(1)|, where £ denotes equality in law, and P(|]W(1)| > x)
2¢=°/2 for © > 1. Since lim, o P[r"x(ah) < 772=(0)]/P[rW=(0) = o] = (1 -
e~"em) =1 < 2 for large h by (2.26), we get (2.28).
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To prove (2.29), let 0 < a < 1. Notice that { inf r1_q/2)n<u<rr(n) R(u) > (1—a)h}N
{rR(h) — 7R[(1 — a/2)R] > 1} has probability at least 1 — 3e~"*"/2 for large h by (2.27)
and (2.28). Moreover, we have on this event,

(k) )
/ eFWdy > / Wy > [TR(h) - - a/2)h]]e(17°‘)h > (1=,
0 TR[(1—a/2)h]

which proves (2.29). Finally for 0 < h < hy, 71(h) is equal in law to 7;(h) — m; by Fact
2.1 (ii), so (2.30) follows from (2.25) O

We also provide some probabilities concerning (V@ (z), 7, (b)) < < 7 (h;)) in the
following lemma. Unfortunately, they cannot be evaluated directly with the help of Fact
2.1 and BES(3, x/2) processes, so we evaluate them with more elementary technics. The
proof of this lemma is deferred to Section 6.

Lemma 2.7. With probability P at least 1 — e ""t/8 for large t, we have for every

1 S ) S ne,
i B < B - Ly =Lf — 7 (b)) < 40h7 [, 2.3
/ ‘ e‘}m(u)du > eh:r—ﬁht/27 (2.33)
i
inf VO > p2 (2.34)

(7 (R), 77 (he)]
We end this section with the following basic result and its proof:

Lemma 2.8. Let 0 < a < w. We have for large h,

P[rWr(—ah) > 2wh/k] < exp [ - k(w — a)?h/(4w)]. (2.35)

Proof of Lemma 2.8. We have,
P[TW“'(—ah) > 2wh/k| < P[W(2wh/k) > (w — a)h| = P[W(1) > Veh(w — a)/\/%}

Since P(W(1) > z) < e=**/2 for > 1, this proves the lemma. O

3 Quasi-Independence in the trajectories of X

We now assume that 0 < x < 1. In this section we provide some information on the
typical trajectories of X. We also show that the times spent in the different valleys are,
asymptotically in ¢, nearly independent under the annealed probability IP (see Proposition
3.4). Then we prove that the time spent by X between the valleys is negligible.

We start with some classical formulas about the diffusion X, its hitting times and
local times, which will be important in the rest of the paper.

3.1 Some formulas related to the diffusion X

We first introduce

T o0
A(r) = / eW*‘(g”)dgc7 r € R, Ay = / eV @ dr < 0 a.s. (3.1)
0 0

We recall that A is a scale function of X under P+ (see e.g. [43] formula (2.2)), that is,

]PZV“ [H(z) < H(z)] = [A(y) — A(@)]/[A(z) — A(z)], r<y<z. (3.2)
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Here IP};V“‘ denotes the law of the diffusion X in the potential W, starting from y instead
of 0, conditionally on W, and EZVR is the corresponding expectation. As in (Brox [10], eq.
(1.1) or Shi [42], eq. (2.2)), there exists a Brownian motion (B(s), s > 0), independent of
W,, such that X (¢) = A~1[B(T~1(t))] for every t > 0, where

T(r) = / exp{—2W A (B(s))}ds,  0<r<7P(A). (3.3)
0
As a consequence, with this notation, we have (see e.g. Shi [43] eq. (4.5) and (4.6)),
H(r)= T[TB<A(T‘))] = / exp[*Wn(u)]ﬁB[TB(A(T)),A(u)]du, r>0. (3.4)

Moreover the local time of X is Lx(t,z) = e Ws@) LT~ (), A(z)], t > 0, 2 € R, as
proved in Shi ([42], eq. (2.5)). So,

Lx(H(r),z)=e V@ Lg[rB(A(r), Ax)] >0, zeR. (3.5)
It will sometimes be useful to notice that H(r) = H_(r) + H(r), where
0
= / Lx(H(r),z)dx, / Lx(H r >0, (3.6)

are the time spent by X respectively in R_ and in R, before it first hits ». We will
sometimes need the following result (see Dufresne [20], or Borodin et al. [7] IV.48 p.
78):

Fact 3.1 (Dufresne). The rv. 2/A, is a gamma variable of parameter (k, 1), and so has a
density equal to e~ *z" g, (2)/T (k).

3.2 Probability that the diffusion X leaves the valleys on the right

In this subsection, we prove that for most environments, with a large quenched
probability, the diffusion X, after first hitting /n;, leaves the valley [Ei_ , Ei] on its right, for
every 1 < i < n;. More precisely, we introduce H,_,, := inf{s > H(z), X(s) =y} — H(x)
for (z,y) € R2, which is equal to H(y) — H(z) if z < y. We also introduce

Ui := H(il) - H(ml> = Hﬁ’lq,*)i/l, gi = {UZ < Hr?u—)if }7 i1 (3.7)
We have (notice that n;e ™" = o(1) since ¢(t) = o(logt)),
Lemma 3.2. Assume 0 < 0 < 1/8. We have, for large t,

NP [ (L) > H(LD)] = PY(E) < e-ﬁht”}] > 1 Cmpe e

i=1

P

Proof of Lemma 3.2. By the strong Markov property and then by (3.2), we have for all
1<i<ny,

m;

(@) = Bl (H(L) > HED)) = ( / § V@) ( / L " @ar) < Q.

(3.8)
where, since sup;,, j Ve < SUD(, ] VO = VO (M;) and L; < 1y,
Qi = (Li— L)’ 0 p, ::[ @ g
Ll
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We start with the denominator D;. By (2.33), we have for all 1 < i < ny, since § < 1/8,
PI:D’L > ehj—nht/Q] >1— e—/{ht/8 >1— e—néht. (3.9)
We now consider the numerator @); for some 1 < i < n;. First by (2.32) and since

L; < L, we have P(L; — L; > 40h;" /x) < e~""/%_ Moreover, since 7;(h;) is a stopping
time, (V) [z + 7;(h)] — he, © > 0) is equal in law to (W, (z), = > 0), so

P( sup (V(i) - ht) > 6ht)
(7 (he), L]

PVO(M;) > hy(1 +6)]

IN

P (sup We(s) > 5ht) < 7Ot

$>0
since P[supy o) Wk 2> ] = Plinfjg o) W_x < —z] = 7", 2 > 0, e.g. by (2.26). Finally
P[Q; < 40h ke HOhe] > 1 — ge= oK
for 6 < 1/8 and ¢ large enough. This combined with (3.8) and (3.9) gives for large ¢,
P[]PW (&) < Oy hye(tohe= (hit—khy/2) < ef(n/2)ht] > 1 — 3¢ rdhe, (3.10)

This proves the lemma. O

3.3 Probability that the diffusion X goes back to m; after leaving the i-th valley
We introduce for ¢ € IN* (see Figure 1),

Li = inf{x > 7i(hy), We(z) — We(m;) < 3hy/4} < L. (3.11)

In the next lemma, we show that with a large probability, after hitting L;, X hits Mit1
before (maybe) going back to L} for 1 < ¢ < n;. This is helpful in the proof of Lemma 3.7
and in Subsection 5.2.

Lemma 3.3. We have for large t,

PIPWs (it {H;, <Hp p-}) 2 1=2ne "3 > 1 Cone /10 (3.12)

— Mt

This, combined with Lemma 3.2, gives a picture of the typical trajectories of X. In
particular, with large probability, X visits successively the different valleys [E; ,I~/i],
1 <7 < ny; it exits each one on its right L,, then does not go back to Ej and then also
does not go back to m;, but goes to m;;;. That is, with a large probability, the diffusion
X hits successively each h;-minimum m;, 1 < ¢ < n; and does not come back to the
previously visited m;.

Proof of Lemma 3.3. We define A2, := [* eWe(W)=We(@)dy, 2 € R. Let
. nf 1 ne—1
& = v HL ey < HE 2 0L {HL S < HE, —>L*} (3.13)
55).3 — nf 1{ALL < eht/16 Aﬂ+1(ht) < eh /16 A i > e —hy /16}

Applying Fact 3.1 (Dufresne) we have P(A, > y) < Chy " fory >0, and P(As <y) <
e~ 1/¥ for small y > 0. Moreover, since L,, TZ+1(ht) and L* are stopping times for the

natural filtration of W,, the r.v. AL A”“(h’) and A00 have the same law as A, under P
by the strong Markov property. Consequently for large ¢,

P(EFP) < ny(20 e~ "he/16 4 o=<"""%) < 0ypye /16, (3.14)
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Moreover, applying the strong Markov property and (3.2), we have on £33,
P [Hp oy > Hinp) = L [H (G () > H(LY)] = Q7/D;, 1<i<m —1,

where, recalling that W,.(L;) = W, (r;) + hy/2 and W, (L}) = W, () + 3h: /4,

T7,+1(hf) ~ ~

QF = /~ Ve @ dy < eWnlli) ALi < exp (W, () + he /2 4 he/16), (3.15)
L;
Fip1(he) cn T - -

D = / eWr(@)qg = Wn(LD) gLi _ W (Fir1(he)) gTivr(he)

on £33, Moreover, W, (141) < Wi (LE ;) < W, (L]) < Wy (172;) — hy, so on 3 for large
t,

D* > Wi (1) +11h /16 _ W (iit1)+he ghe /16 > W (1) [611}“/16_6}“/16} > 6W,C(mg+11ht/16/2
forall 1 <i < ng, so Q;/Df < 2e~"/%. Thus PV (£53)1ggs < 2n,e~"/5. This and (3.14)
give - L -
P(E33) <P(E53NEF®) + P(E373) < Cumye"M/16, (3.16)
which we need in the proof of Lemma 3.7. Moreover, we get
LHS of (3.12) > P(P"= (&%) > 1 — 2nye ™ /3) > P(£53) > 1 — Cymye "M/16,
This proves (3.12). O

3.4 Independence in a trajectory of X

We are interested in the law of U, defined as follows:

Ai(z) = / V' Wdy, 2 eR, ie N, (3.17)
£2 7(2) PO ~
U = /~7 €_V (u)ﬁg [7’B(A2(L2)),Ag(u)]du7 (318)

where (B(s), s > 0) is a Brownian motion independent of W, and then of V(). As
explained below in (3.23), U is equal in law to the exit time of X from the valley [ﬂ; , f@]
under IPZ; if X leaves this valley on its right. Notice that we have chosen the second
valley in the definition of U because Fact 2.1 provides the law of V) near m; for i > 2
but not for ¢+ = 1. Moreover we stress that U, as well as the r.v. U;, : > 1, depend on ¢,
since the m;, i; and L depend on h;.

We now prove that the law of the sum U; + - - - + U,, (defined in (3.7)) can be approxi-
mated by the law of the sum of n independent copies of U, in the following sense:

Proposition 3.4. Assume 0 < § < 1/8. There exists a constant C, > 0 such that for
large t,

>0, Vi<n<n, [B(eERU) < [B(eY)" —okhe - (3.19)

where nie~%%" = (1) since ¢(t) = o(logt). Moreover for all 2 < n < ny, [a,b] C [0, 1] and
a >0,

n—1

P(de a,b] iUt>a)—/ P(Z—edx) U/t > a—x)

i=1

< C+nte msht

(3.20)
P(U/t > a) —P(U/t > a)| < Cynge "0,
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Proof of Proposition 3.4. We fix 0 < 6 < 1/8 and A > 0. We also introduce G, :=
o(X(u), 0 <u<s, Wg(z), v € R)fors > 0. Forn € N* and 1 < i < n, we have
L <m; < L < my by (2.14) and (2.15), so U; and 1¢, (defined in (3.7)) are gH
measurable Hence for ¢t and n such that 2 < n < ny,

n

n—1
EW” (e/\ 2 Ui H ]l£7> _ EW” <IE>W,€ (ex\U"]lgn ‘gH(mn)>€/\ Z?:_ll U; H 151)
i=1

i=1
n—1
W»-:, Wn —\H L‘/n —\ (L:l Ui
~E (Em(e ()H{H@nxm”)})e ot HM))
=1

by the strong Markov property, applied at time H () to X which is a Markov process
under the quenched probability P"~. Hence we obtain by induction on n,

EW~<6—AZ?1U1H15i> HEW (—*H L niny<ni; )}). (3.21)
i=1

Under IPZ‘;T“ (X (u) — my, u > 0) is a diffusion in the potential Wy (z + m;) — Wy (m;) =
V@ (2 4+ 1m;), € R, and starting from 0. So, applying (3.1) and (3.4) with 4; ( + 1)
instead of A(.), there exists a Brownian motion (B (s), s > 0), independent of V), such
that the hitting time of » > 0 by X — m; is under ]Pﬁmf

/ e—V(i)(x+v7L,-)£Bi [Téi (;11(7“ + mz))7141($ + ﬁli)]dm, (3.22)
— 0o
and is in fact H (r+1n;), hitting time of 7+, by X. So under P}~ on {H (L;) < H(L; )},
[ o
H(L) =U,; = /~7 eV g [7P(Ay(Ly)), Ag(u)]du, (3.23)

where we replaced the born —oo in the integral by L because by (3.5), under PY

G_V(i)(u) CBZ [TB'i (Al (.Z/,L)) s fiz (U)] = ['X [H(El), ’U,} 5 u e R, (324)

which is 0 for u < L; on {H( i) < H( ) }. Due to the same local time formula, we
also have, a.s. under IPW“ that is, whether H(L ) < H(L ) or not,

U, = Lx (H(L:), [L7, Li]), (3.25)

where Lx (s, A) := [, Lx(s,z)dz, A C R is the total time spent by X in A until time s.
Also, let Lx ([u, v] A):=Lx(v,A) — Lx(u,A) for 0 < u < v. We have by (3.23),

(3.21) = HEW~ (exB(-XUNT 1) i) < H (exp(-AU,)).  (3.26)

We notice that on {H(L) > H(
Lx([H (L; )+HL %m’H(L)][
tlmesH(Ll)—i—HLi_>~ d H(L

E}- <€_/\Ui]l{H(Li)>H(Ei_)}>

)} under P?*, we have thanks to (3.25), U; >
~,L; ]), which is the time spent in [L;, L;] by X between
Li). So, we get

/-\

W
< Eg { (H(L:)>H(E7)}
—ACx ([H(L; )+H — o HEDLET L))
EK{ ( i o L_~>771~]/\H(Li))i|
= Prr[H(Li) > H(L)EG (e727) = PV (&) BT (e7171)
EJP 20 (2015), paper 56. ejp.ejpecp.org
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by the strong Markov property. This and (3.26) yield

@21 = ] {Er% (e7%) —Eg: (BAU”IH@»H@,-))}
=1
> [[[-P"@E)]ER: (7).

Consequently by Lemma 3.2, for 1 <n < ny,

E (e X0 > B[@21)] = [1- e_”h‘/Q}nE{ﬁEmW? (e_w")} -
=1

Since (f/(i)(x), Ly <z< L), i > 1arei.i.d. by Lemma 2.3, the r.v. ]E,‘?L/“ (e=*U+) are also

ii.d, and U, £ U under P. Moreover, (1 — )" > 1 — an for 0 < z < 1, so this gives for
large t since § < 1/8,

B (e ) > [B(e V)] — Cyneot, (3.27)
for all 1 < n < n,. Similarly, using (3.26) and Lemma 3.2,
E (e 20 <B[3.21)] + P[UL, & < [B(eY)]" + Cpngem,

for every 1 < n < n;. This together with (3.27) proves (3.19).
For (3.20), we obtain for n > 2, [a,b] C [0,1] and « > 0,

n—1 n
]P(Z(fe [a,b],z%za, 5n>

i=1 i=1

W,
= Bllgp sy B (Lo sa o nle,

gH(ﬁ@n))]

Since U; is, for1 <¢<n -1, QH(,;M)-measurable, whereas U,, and 1¢, are under PWs
independent of G ;,,) by strong Markov property, this is equal to

Wi
o e (B () )

t

b n_lU‘
= P = PU,/t > a—x,E),
/a (; ; de) Un/t > a—x,&)

since Y"1, U;/t is measurable with respect to (W, (v), v < L1, X(u), u< H(in,l)),
and so is independent of EW+ (]l Un/tZa—m]lSn) which is for every x € R measurable with
respect to o (W, (v + L)) — Wi (L}t ), v>0) with L,y < L} | < L, by (2.14).

By (3.23), forn > 1, U, = H(En) = U, on &, under ]PHVKZ, and U, £ U under P by
Lemma 2.3. So,

P(U/t>a—x)—-P(E,) <PU,/t>a—z,E) <P(U/t>a—z), z€R. (3.28)

Since P(&;) < Cyne " for 1 < i < n; by Lemma 3.2, we get (3.20) for 2 < n < n,.
Finally the case n = 1 follows from (3.28). O
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3.5 Negligible parts in the trajectory of X

We now prove that the total time spent by the diffusion X between the first n; valleys is
negligible compared to t.

We first give some estimates about hitting times. To this aim, we recall the notation
of Subsection 3.1 and in particular H_(r) and H,(r), which are defined in (3.6) and
(3.5). We start with an estimate concerning the total time spent by X in R_, that is,
H_(400) :=limy— 400 H_(1).

Lemma 3.5. For z large enough (this lemma is in fact true for every k € (0,00)),

P(H_(4+00) > z) < Cy[(logz)/z]"/+2), (3.29)

Proof of Lemma 3.5. Fora >0, a > 0and b > 0, let
55-5 = {Supz<0 e_Wﬂ(w) < a’}’ 85)‘5 = {AOO < a}, g§>.5 = {SuPy<O ‘CB[TB(Q)7y] < b}’

L (+00) :=sup sup Lx (H(r),x).
r>0 x<0

We first prove an inequality with regards to £§{(+oo). We notice that by (3.5),

L% (+00) = sup sup {e_W“"(I)EB [TB(A(T))7 A(J;)]} < (sup e_W“"(””)) sup £B[TB(AOO), y].
r>0 x<0 z<0 y<0

By the first Ray-Knight theorem (see e.g. Revuz and Yor [39], chap. XI), there exist two

Bessel processes R, and Ry, of dimensions 2 and 0 respectively, starting from 0 and

Ra(a), such that Lp(75(a), x) is equal to R3(a — z) for x € [0, ] and to R%(—z) for z < 0.

Hence, for a <0,

b

PET) = (@) > 0) + [ P (sup () > bIR30) = ) P(RH(@) € [0 + aa]).
0 y>0

Since R; is equal in law to the euclidian norm of a 2-dimensional Brownian motion and so

R3(«) is exponentially distributed with mean 2, since P(supg, Rj > b|R3(0) = x) = x/b,

0 < x < b (a scale function of R3 being z + z, see e.g. Revuz and Yor, [39] p. 442 with

v = —1), and since e~ * < 1/x, 2 > 0, this gives by scaling

—— b R} 4
P(€37) = exp ( - QQ) +E(2éa)1mg<a>gb}) <+E®O) T =7 630

Now, let z > 0, @ := 272, o := 27+ and b := z*+2. Notice that on 3% N &35 N €37,
Ly (+00) < 2. Moreover, Plsupyg o) Wi > 2] = e™"%, z > 0 by (2.26) as in the proof of

Lemma 3.2. So, using Fact 3.1 (Dufresne) for IP(@) we get for z large enough,
P[Ly (+00) > 2] < P(E77) + P(E]7) + P(E37) < a~" +[2/a]*/(KT(x)) +4a/b < Cyz 752

(3.31)
We now turn back to H_(+0o0). Define for ¢ > 0,

E3D = { min  B(s) > —az%}, E35 = {’A‘l(—z)| < clogz}.

0<s<78 ()

On NY_, &5, notice that for r > 0, Lx (H(r),z) = 0if A(z) < ming<y<,5(4(r)) B(s) due
to (3.5), and this is the case in particular if A(z) < —az = —z since a > Ao > A(r).
Consequently,

0 0
H () = / Lx(H(r), )dz < / L5 (400)da
A-1(=2) A-1(=2)
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This gives on N?_,£25, since L% (+00) < z on this event,

H_(+00) < |A7(=2)| L% (+00) < czlog . (3.32)
Moreover, for ¢ > 2/k, small € > 0, and all large z, using (W (—u), u € R) £
R),

(W(u), ue

P(£57)

clog z
]P[_ z < A(—Clog Z)] = ]P z > / eW(—M)JFKu/Qdu
0

2 ke
< IP|:Z > exp ( inf W)(z2 - 1)}
[0,clog 2] K
< P [QXP ([o i?f ]W> - Z”;ﬂ <9 H(5-1-9)" (3.33)
,clog z

since infip . 10g - W = —y/clog z|W( )| and P(W (1) > z) < e~*"/2 for large x. Moreover,

P(E3°) = oo+ az ~+2] < z~*+2. Choosing c large enough, this, together with (3.31),
(3.32) and (3.33) gives P[H_(+00) > czlog 2] < C 2~/ (*+2) which proves (3.29). O

Lemma 3.6. There exists a constant C3 > 0 such that for every h > 0,
E[H, (i (h)] < Cse", (3.34)
where 77 (h) = inf {u > 0, W, (u) — inf|g ,) W, > h} as in (2.5). Moreover,
P[H_(1h1) > t/loghy] < Co[(logt)?/t]"/ (++2). (3.35)

Proof of Lemma 3.6. First, (3.35) comes directly from Lemma 3.5 since logh; ~¢— 40
loglogt.
For (3.34), we use (3.6) and (3.5). We notice that by the scale property of B, recalling

that A(u) > 0 for all w > 0 and A is independent of B, we have for every r > 0, which
can depend on the environment W,,

EV=[H,(r)] = EW= < /O Te*Wu)A(r)cB (TB(1), A(uw)/A(r)) du) :
We remind that E[Lp(77(1),y)] = E[R3(1 —y)] = 2(1 — y) for 0 < y < 1, by the first

Ray-Knight theorem, R, being a 2-dimensional Bessel process starting from 0 as in the
proof of Lemma 3.5. So by Fubini and due to the independence of B and W,,

EY~[H, (r)] = / e =W (A(r) — A(u)) du = 2 / / W= Weldpdu.  (3.36)
0 0 u

Hence, applying this to r = 75 (h) for h > 0, we get

Bl ()] = 26 /”(h) / W*‘““’)_Wﬁ(“)dvdu)

71 (u,h)
2E< / Lusr(h) / eWH<”>Wﬂ<“>dvdu>7
0 u

where 77 (u, h) := inf{x > u, W, (x) — inf, ;) W, > h} > 71 (h). Applying Fubini followed
by the Markov property at time u, we get

00 7 (u,h)—u
E[H, (r}(h)] < 2 / E(1u<7f(h) / ewﬁ(am)—wﬁ(u)da)du
0 0

o0 i (h)
= 2/ E(]luSTl*(h))E</ eW"(“)da)du 2E (71 (h))Bo(h), (3.37)
0 0

IN
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where, similarly as in Enriquez et al. ([23], Lem. 4.9),

Bo(h) :== E(/OTf(h) eWN(u)du).

We now prove that y(h) < C,e'=")", We notice that W, (u) < h for all 0 < u < 75 (h)
and so Ly, (75 (h),x) = 0 for all x > h. Consequently, by the occupation time formula
and Fubini,

Bo(h) E(/_]; e“ Ly, (Tf(h),x)dx)
E( /_ }; ewcm(oo,x)dx) _ /_ }; e B[ Ly, (00, 2)]da,

where Ly, (00,2) = limy— 4o Lw, (u, ). Moreover, E[Lw, (c0,0)] = 2/ < oo, since
Lw, (00,0) is an exponential variable of mean 2/« (see e.g. Borodin et al. [7], p. 90 at
the end of paragraph V.11). Furthermore by the strong Markov property for every x € R,

E[ﬁwﬁ(oo,x)} = P[TW” (z) < oo]E[[,WN (o0, O)] = []l(—oo,o) (z) + efmll(om)(x)P/ﬁ,

IN

since P[rWx(z) < co] = e7** for z > 0 by (2.26), and is 1 for z < 0 since lim; o W, = —00
a.s. So for large h,

) hg
,Bo(h)g/ Eezdx—i-/ ;eU*“)zdzgme(l*“)h. (3.38)
0

This, together with (3.37) and E(7}(h)) < Cye*" provided in Fact 2.2 gives (3.34). O

We now have all the tools needed to bound the time spent by X between the valleys.
We recall that U; = H(L;) — H(m,;) for i > 1. More precisely, we prove the following
lemma:

Lemma 3.7. Assume 0 < § < 273/2 and (1 + 26)x < 1. Fort large enough,

P (Hen) < —L ) > P ﬁ 0 < H(my) §U< 2t > 1 Oy, J0B 1)
m mg) — i S >1—-0C4qn ,
Y= loghy ) T F P log hy T oo ()
where Y°)_, -+ = 0 by convention. Notice that n; "4 < (loglog t)el1+9)n=112(1) = o(1)

ast — +oo since loglogt = o(¢(t)).

Proof of Lemma 3.7. We use the notation I?;“ defined in (3.11). We introduce

Xi(u) ==X (u+H(L)), X;(u):=X(u+H(L)), u>0, (3.39)

K2

which are diffusions in the environment W,, starting respectively from L; and f/;»*, by the
strong Markov property. We also denote by Hx, (r) the hitting time of r by X; for r € R.
We first notice that since U; = H(L;) — H(m;), i € IN*,

H(my) = H(i) + ZU n Z ( (1) (L)) . 1<k<n,, (3.40)

and H(m1) — H(L;) > 0 since ;41 > L; by (2.14). So, we just have to prove that
H () + S (H (i) — H(L;)) < 2t/ log hy with large probability.
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The idea of the proof is to use Lemma 3.3, which says that on some large event £33,
the diffusion X; starting from L; hits m,;; before L;. This allows us to write (see step 2)
EWr[Hx, (Mit1)Lesa] < EW [H4 (7i+1(ht))]. Thanks to some large event studied in Step
1, we can compare the expectation of this last quantity with E[H (7 (h))], which we
can bound by Lemma 3.6.

Step 1: In this step, we prove that P(£57) < Cyns;e”""+/2, where,

(b)) = inf{u> L}, We(u) — inf W, >~} < Fipa(he), 0> 1,
[LF,u]
53'7 = ﬁZ tl 1{ +1 ht) = Tz-‘rl(ht)}

where we used, for the inequality, f/* < I: < L} 11, coming from (3.11) and (2.14). By
definition of 7;41(h;) and (2.16), we observe that {7 ,(h;) # Tir1(he)} = {771 (he) <
L) = {inf, (L7 (o) W = W, (L}) > —2h — 3h,/4}. So, applying the strong Markov

property at stopping time fj yields
P[7f (b)) # Tig1(hy)] = ]P(inf[oﬁl*(ht)] W, > —2h} — 3ht/4) < (Lrh,ge_”‘ht (3.41)

by (2.9). Then P(E57) < Cynghye " < Cynyerhe/2,

Step 2: On &37, H(ii1) — H(L;) = Hx, (Miy1) < Hx, (Fis1(he)) = Hx, (7,1 (ht)), which
is, on £33 (see (3.13)), the total time spent by X; in [L, +00) before hitting 7; 41 (h;) =
7711 (he). This last quantity is less than or equal to the total time spent in [E;* ,+00) by X
before hitting 7;% , (h;). This is the total time spent in [0, +-00) by X7 — L; before it first
hits 77| (h¢) — Lz, which has the same law as H (77 (h;)) under the annealed probability
PP, since X — L is a diffusion in the environment (W, (L} + ) — W, (L), = € R), which
has on [0, +0c) the same law as (W, (z), = > 0) because L is a stopping time for W,.
Consequently,

E[(H (1) — H(L:))1gaongar] < BIH (15 (he))], 1<i<mg—1. (3.42)

A Markov inequality, this last inequality (3.42), and then Lemma 3.6 lead to

nyg—1
i t
P(H+(m1) +y (H(m,»H) - H(Li)) > £33, g7 £37, Vt) (3.43)
=1
log h¢ . log h h
<= [E[H+(m1)11533.7] + (ny — VE[H, (7] (ht))” < =2tn Cael,

where 57 := {m; < 77(h:)} and since n; = m; on V,. Recall that ¢(t) = o(logt) and
loglogt = o(¢(t)) as t — +oo, and then log hy ~;—, 1o loglogt. This and (3.40) lead to

< (1) ntz:l Ui 2 log ht> ]P<H(m1) - El (H(miﬂ) - H(L; )) 10?]%)

=1
P(H_(i1) > t/logh:) + (3.43) + P(3) + P(E37) + P(E37) + P(Wy)
Cyni(log hy)e?W, (3.44)

AN

Indeed, we used in the last inequality (3.35), (3.16), Step 1, Lemma 2.3, and the fact
that P(£57) <P(0 < My < my) < 2h,e”"" by (2.20) and the definition of h;-maximum
and M,. As explained after (3.40), this concludes the proof. O
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4 Time spent in a standard valley

The aim of this section is to prove the following proposition, which gives the second
order of the Laplace transform of U, which is defined in (3.18) and is useful because of
Proposition 3.4:

Proposition 4.1 (second order of the Laplace transform of U). Assume x € (0,1) and
0 < d < inf(2/27,K%/2). Let A > 0. Ast — +o0,
() (1 -E (eiAU/t)) = C A" +0(1),

where C,; := 8%(Cy + |Yo|) > 0, with Cy :=T(1 — k)T'(k + 2)/(1 + k)" and

R R G I A AU

1. being the modified Bessel function of the first kind.

Before proving this in Subsection 4.3, we need additional estimates given below.

4.1 Some technical estimates

We recall that (R(s), s > 0) is a process with law BES(3,x/2), and that for a < b,
(Wh(s), 0<s<7W<(a)) is a (—k/2)-drifted Brownian motion starting from b and killed
when it first hits a. We now introduce

R (x) TWE(a)
F*(2) ::/ exp(£R(s))ds, = >0, G*(a,b) ::/ exp (£Wl(s))ds, a<b.
0 0
(4.2)

The following technical lemma is useful to estimate the Laplace transform appearing
in Proposition 4.1:

Lemma 4.2. Assume 0 < x < 1. There exists Cy > 0, M > 0 and n; € (0,1) such that
Yy > M,Vv € (0,m],

‘E (e‘"’Fﬁ(?’)) —1+2v/(k+ 1)]_1‘ < Cymax(e™,~%?), (4.3)

‘E (67VF+(y)/ey> —[1=2v/(k+ 1)]’ < Cymax(e ™, 7%/?), (4.4)

‘E (6_7G+(y/2’y)/ey) —[1-TA-r)2y)"/T(1+ K)]‘ < Cymax(y"e™/2 ~). (4.5)

Moreover; there exists ¢; > 0, such that for ally > 0, E[F~(y)] = E[F*(y)/eY] < ¢.
Finally,

(27)"/2

li Ele @) =21 . 4.6
oo (6 ) Loy 00 (4.6)

The proof of this lemma is deferred to Section 6.

Before proving Proposition 4.1, we also need to introduce the following technical
lemma, which is useful to approximate U, and in particular the local time appearing in
its expression (3.18):

Lemma 4.3. (B(t), t € R) being a standard two-sided Brownian motion, there exists a
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constant cy such that forevery0 <e <1,0<n<landz >0,

1/6
]P( sup |£(rP(1),u) — £5(rP(1),0)| >€£B(TB(1),O)> < ol 4.7)
ue[*’hn]
IP( sup £B(7'B(1),u) 233) < 4e~%/2, (4.8)
u€l0,1]

P(igpoﬁB (TB(I),u) > z) <

(4.9)

Proof of Lemma 4.3. First, (4.9) is the particular case a = 1 of (3.30), which we proved
in Lemma 3.5.

Second, by the first Ray-Knight theorem (see e.g. Revuz and Yor [39], chap. XI),
Lp(tB(1),u) = R3(1 — u) for u € [0,1], where R3 is a 2-dimensional squared Bessel
process starting from 0, so (4.8) follows directly from Diel ([18] Lem. 2.3 (iii)).

We now turn to the proof of (4.7). Let0 <e <1,0<n < 1land

£13 .= {uesil_lp ] ‘53 (rB(1),u) — L (73(1),0)‘ >elp (73(1),0)}.

We have, for a > 0 and x > 0,
PEY) = P(E0{Lp(r"(1),0) 2 a}) +P(EW N {£5(-"(1),0) < a})

< IP( sup ‘ﬁB(TB(l)w) —L'B(TB(l),O)‘ > Ea) —|—IP[£B(TB(1),O) < al

u€[—n,n]

< IP[TB(1)213]+IP( sup
u€[-n,n], 0<s<z

Lp(s,u) — £B(s,0)‘ > Eoz) + %, (4.10)

since Lp(75(1),0) = R3(1) is an exponential variable with mean 2. Now, notice that

P[r5(1) > 2] = ]P( sup B(u) < 1) =P(|B(z)| < 1) < 2/V2rz.

0<u<z

Let 0 < g9 < 1/2. The second term of (4.10) is less than or equal to

IP( sup ‘£3(57U>_£B(S,O)| fo >
u€[—n,n]—{0}, 0<s<ax |u|1/2—€0 ni/2==0
1/2—¢€¢ _
U |L5(s,b) — Lp(s,a)l
= T " 4.11
B ta (a;éb,sggsgx la — b|1/2—=0 ) ( )

the last inequality being a consequence of Markov inequality. Now, applying Barlow
and Yor ([5], (ii) p. 199 with v = 1) to the continuous local martingale (B(t A z), ¢t > 0)
and its jointly continuous local time (Lg(t A z,a), t > 0, a € R) proves that the expec-
tation in (4.11) is less than or equal to CE[(sup,>q |B(s A x)|)1/2+€°] < Oy (V) 2teo,
Consequently, (4.10) leads to

P(EY?) <2/V2mx + Oy (V) /2Heopt/2=20(ca) =1 4 a/2.

Now, we choose a = ¢ */°y!/%, & = %/°7%/° and e, < 1/36; we obtain P(£*?) <
Cn'/6c=2/5, which concludes the proof. O
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4.2 Approximation of the exit time from a typical valley

We now prove that the standard exit time U, defined in (3.18), can be approximated
by a product of (sums of) independent r.v, (Z;" + Z,7 )(Z; +Z; )e;. We need this later to
approximate the Laplace transform of U and then prove Proposition 4.1, in particular
because we have estimates of the Laplace transforms of these r.v. Zi" and Z" in Lemma
4.2.

Proposition 4.4 (approximation of U). Assume 0 < § < inf(2/27,x%/2) and let g; :=
3e~(1=39)ht/6  possibly on an enlarged probability space, there exist random variables
7,7, ,I; andZ,, depending on t and e, such that
() Z;", Z,;, I, I, and e, are independent;
(ii) e; is exponentially distributed with mean 2, and

IH £ FH(h),  TE EGT(h/2,h),  T7 T3 £ F(h/2),

c N
where = denotes equality in law,
(iii) for t large enough, P(A;) > 1 — C,e~(¢-)%" where

A ={|U— (T +IH (I + Iy )er| < (T + T Iy +I; erer ) (4.12)

The proof of this proposition involves 3 lemmas. The first two are straightforward
consequence of what we have already proved and the last one is more technical.

The expressions of Z;, Z,, Z; and some intermediate r.v. Z; are given in the
following lemma, which also provides their laws. The random variables e; and Z; are
defined later, respectively in Lemma 4.7, and in (4.35).

Lemma 4.5. We have with the notations F* and G introduced in (4.2),

7'2(ht) @) r T2(ht/2) (2) C
n ::/ eV @dx = Fr(hy), I ::/ eV @dy = F(hy/2),

ma2 m2

(4.13)
La @ c me @) c

5 ::/ eV @dg = Gt (he /2, hy), Iy ;:/ eV @dz = F(he)2),
T2 (he) Ty (he/2)

where Lo := inf{z > 75(h), V@) (z) = h,/2} is defined similarly as L in (2.12) without
tilde, so that Ly = Ly on V;.

Proof of Lemma 4.5. This is a direct consequence of Fact 2.1 (ii) for 7', Z; andZ, . and
of Fact 2.1 (iii) for Z; . O
Recall the notation flg(z) = f;w eV? @) dg introduced in (3.17). We have,

Lemma 4.6. Forall0 < ( <1 and 0 < € < 1/2, fort large enough,

Pleh(179) < Ay(F(Chy)) < eMt0+9)] > 1 — gemreche/2, (4.14)

Proof of Lemma 4.6. First, notice that we have on V;, by Remark 2.4, Ay(75(Chy)) =

fnz(gh") ¢V'? (@) dz, which is equal in law to F7*(Ch;) thanks to Fact 2.1 (ii). Hence by
Lemma 2.3,

LHS of (4.14)
p[eéhz(l—f) < FH(Chy) < e<ht(1+5)} —P(Vy).
> P[Ft(Chy) = "7 — P[F(Chy) > eSh(He)] — elmr/2Holhe - (4.15)

Y
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Since F*(Chy) < 7T (Chy)es"t, we have by (2.30) for large ¢,
P[F*(Chy) > eMF9]) < P[rB(Chy) > 5] < Cpe S/ (2V2), (4.16)
For the lower bound, notice that by (2.29),
P[F*(Chy) > 179 > 1 — 3exp(—reChe/2).

This together with (4.15) and (4.16) proves the lemma. O

In the following lemma, we give an approximation of U by the product As(Ls)Z " e;,
where flg (ﬂg) and 7~ depend only on the potential W,, whereas e; is independent of
the potential.

Lemma 4.7. For all 0 < ¢ < inf(2/27,x%/2), and t large enough,
P (|U = Ao(La)T er| <26 O30 Ay (L) Tmer ) 2 1= Che™ (00 (417)

where
Pa(he/2) L L.
7= [0 0 e = L[ (Aa(12)),0] Al Ea).
75 (he/2)

Moreover, e; is independent of W,;, and exponentially distributed with mean 2.

Proof of Lemma 4.7. Let 0 < ¢ < inf(2/27, x?/2). We first notice that
U= VoW 4, (Lo) L [75(1), As(u)/ As (Ls)] du,

where B'(u) := B([A; (.Z/Q)]2’U,)/A2 (L,) for u > 0, and therefore (B'(u), u > 0) is by
scaling, as B, a standard Brownian motion independent of W,,, that is, of V@ The
idea of the proof is that, loosely speaking, for u close to 0, and more precisely for u
between 7, (h;/2) and 7»(h;/2), Lp:[77 (1), As(u)/A2(L»)] is nearly Lp/ [75'(1),0] = ey,
whereas for u far from 0, that is u ¢ [T5 (ht/2), T2(ht/2)], e~V @) is "nearly" 0, with large
probability.

We first notice that e; = Lz (77'(1),0) is an exponential r.v. with mean 2 by the first
Ray-Knight theorem, and is independent of W,,. We cut U/ A, (ﬁg) into three integrals:

U 75 (ht/2) T2(ht/2) Zz o (2) B’ ~ = =
v _ / + / + / e L [77(1), As(u)/ Ay (L)) du
Ay(Lo) Iy 75 (he/2) I a(he/2)
e ATt T (4.18)

In what follows, we show that the main contribution comes from .7;.
Step 1: study of Ay(u)/Ay(Ls). We introduce

5y = e—he(1=39)/2 (4.19)

(‘:f] = {6t14~12([~/2) > Ag(i’g(ht/Q))}, 5517 = {5,51412 (ig) > —Ag(i’{(ht/Q))},

so that on &7 N &7, Ay(u)/Agy(Ly) € [—06;, 6 for all u € [ (hi/2), 72(ht/2)]. We first
prove that P(£}7) < C e ""/4. By Lemma 4.6,

P[Az(%z(ht/Q)) < eht(1+6)/2] >1— C+e—m:ht/4. (4.20)
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Notice that A (1:42) =74 +Z; onV,, and that Z; £ F*(hs) by Lemma 4.5. So
P[Ay(Ly) > M (=9] > P[F¥(hy) > " (79] — P(V,) > 1 — de™"<M/2, (4.21)

where we used (2.29) and Lemma 2.3 in the last inequality. This, together with (4.20)
gives

P(EFT) > P[étAQ (sz) > grelt(1=e) = he(1+e)/2 > 1212(7:2(7%/2))} > 11— Cye e/t
(4.22)

Similarly on V;, — Ay (75 (he/2)) = f:?(h /2) exp(V ) (s))ds £ F*(hy/2) by Fact 2.1, and so
2 t
P[— As(7y (he/2)) = " F92) < P[FF(hy/2) > eM0FO2) 4 P(V)) < Crem /02
by (4.16) and Lemma 2.3. This and (4.21) give for large t,

PEF) > 1 5e—reht/2
Step 2: study of J>. We prove in this step that for ¢ large enough,
P[Jo > cyhie” 192 < Oy emrehe/2, (4.23)
for some constants c; and Cy. Let &7 := {sup,,c(o,1) L’ (B'(1),u) < hy}, and define
T =it 200 VP > 1 —e)h/2},  E37:={L3 — Ly <40k /k}.

We have on &7 NELTNELT,

L, - - 40hT
Tz < ht/ e VP dy < hyem /2Ly — F5(hy/2)] < Whihe —1-emirz - (4.)
T2 (he/2) K

Now, Fact 2.1, equation (2.27) with a =1/2, vy = (1 —¢)/2 and w = 1, and Lemma 2.3
give

P(EFT) < Plinfiry(ny2) mane) V) < (1= 2)he/2, V] + P(Vy) < 3™/,

Moreover, P(EXT) < e~"ht/8 < e=rehi/2 by (2.32) since € < 1/4, and P(£57) < de~h/2
by (4.8). This, together with (4.24) proves (4.23).

Step 3: study of J;. We prove that for ¢ large enough,
P[Jo > 40k~ hfe 1719 /2] < O emrehe/2, (4.25)
Similarly as in Step 2, we introduce

&' = {inf7 cucr (/2 VO (u) > (1/2 = e)h },
Er7 = {sup,<o L (75 (1), s) < ey

Lemma 2.3, equation (2.27) with vy =1/2 — ¢, « = 1/2 and w = 1, and (2.34) give
4T : (7 (2
P(EFT) < P(infro ey VP (u) < (1/2 = )hy)

+P(inf ) cucry (o) VE (W) < (1/2 = e)he, Vi) + P(Vi) < 3e7,

Moreover, by (4.9), P(EX7T) < 4e~<M,
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Therefore, on £27NEFTNEST, i.e with a probability larger than 1 —C, e~*<*/2, we obtain

, r(he/2)
Jo <sup Lp/[78 (1), s]/ e VP gy < 40K hfem (/27200 (4.26)
s<0

which yields (4.25).
Step 4: study of J;. We prove that for ¢ large enough,

P71 < ere™ /2] < Crem (), (4.27)

First, recall that e; = Lp/ (77'(1),0) and let

&y = {supsE —5,,8.] Lp (T8 (1 ),s) — L (TB/(I),O)‘ < 53/353/ (TBl(l),O)}.

We know that IP(£47 ) <08 51/ by (4.7). Since on £47 N ELT, Ay(u)/As(Ls) € [—64, 4]
for all u € [75 (ht/2), T2(ht/2 )] as explained in Step 1, we get on £}" N EFTNEFT,

(1-6)T"er < T < (146 ey (4.28)

We finally prove that Z~ is not too small, with a similar argument as before. First, we
have

T2(ehy) = (2)
> / eV Wdy > [Fy(ehy) — mhgle M > e (4.29)

ma
on &7, where &7 := {2(ehy) — 1y > 1}. Moreover for large t,
P(E47) > P(ma(chy) — T2(ehe/2) > 1,Vy) > 1 — e "e/4

by Fact 2.1, (2.28) and Lemma 2.3. Let &y := {e; > e °"/2}, and observe that
P(Ef7) > 1 — e=h/2 since e; is exponentially distributed with mean 2. Since on
EFTNEFT NEFT NESFT NEL,

T > (1=6")T e > (1/2)e ey > e 2N (4.30)

for large t by (4.28) and (4.29), this gives (4.27).

Step 5: end of the proof. We have on ﬂ 84 7, for t large enough, by (4.18), (4.28)
and (4.19), o
U/Ay(Ly) > Ji > (1 — e (73967, (4.31)

Moreover on N2, &7, for t large enough,
Jo+ Tp < e-1/24390he < ((=1/245)h 7, (4.32)

by (4.26) and (4.24) for the first inequality, and (4.30) for the second one. As a conse-
quence on N0 E47,

U/Ay(Ly) < [1 420 7 < [1 4 2e M 0739/6] 77y (4.33)

for large ¢, where we used (4.18) and (4.32) in the first inequality, and (4.28), (4.19) and
€ < 2/27 in the second one. Finally, by (4.31) and (4.33), LHS of (4.17) > 1312 P(£47),
where LHS means left hand side, which proves the lemma. O

We are now ready prove Proposition 4.4, for which we use the notation of Lemma 4.5.
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Proof of Proposition 4.4. The idea of the proof is that thanks to Lemma 4.7, we can
already approximate U by Ay(Ly)Z~e;, which is equal to (Zj + Z; )(Z; + Z, )e1 on V;.
However, Z; is not independent of Z; , so we would like to replace it by a r.v Z;" with the
same law and independent of Z;, Z; , Z," and e;. We do this by replacing in Z;" the small
quantity f;fz(ht/ 2 V() gs by an independent copy of it.

More precisely, we define

)
I = / eV ds < T (4.34)
2(ht/2)

By Fact 2.1 (i), (V@ (my + s), 0 < s < 7o(ht) — my) is a Markov process, so Z; and
Z; are independent by the strong Markov property. Moreover by Fact 2.1 (i), Z, is
independent of this Markov process and then is independent of I;“ and Z; . Also, by Fact
2.1 (iii), Z; is independent of (W, (s), s < 72(h;)) and then of Z, , Z;” and Z; . Finally by
Lemma 4.7, e; is independent of W, and then I;, I;, 1, ., 15, and e; are independent.

Furthermore, by Lemma 4.5, Z; £ F~(h/2), I, £F- (h¢/2) and Z.f £ Gt (h/2,hy),
e; is by Lemma 4.7 independent of W, and exponentially distributed with mean 2.
Moreover as before, by Fact 2.1, Lemma 4.5 and the strong Markov property, these
rv. Z;, I, , I and e, are independent of (V) (s + 72(h/2)), 0 < 5 < 7o(hy) — 72(hi/2))
which has the same law as a BES(3, x/2) starting from %,/2 and stopped when it first
hits h;.

We now consider, possibly on an enlarged probability space, a process (R(l)(s), 0<
s < 7RV (ht/2)), independent of W, and e; and then independent of Z;", 7, Z, e; and
(VP (s+72(he/2)), 0 < s < 72(hy)—T72(h¢/2)), and distributed as (R(s), 0 < s < 77(hy/2)),
R being a BES(3,x/2) process. We now extend this process by setting R(M) (u) :=
VO [y — 78V (h,/2) + m(he/2)] for 727 (he/2) < u < 78 (hy/2) + (b)) — 7a(hi/2).
By the Strong Markov property, (RV)(s), 0 < s < 78" (h,)) has the same law as
(R(s), 0 < s <7%(h;)), and then

1 1
77 () 77 ()

I = BV ds £ F(hy), I = ) s, (4.35)
0 +BM (n, /2)
Furthermore, since (R (s), 0 < s < TR(l)(ht)) is obtained by gluing two processes
independent of Z; , Z,, Z; and ey, it is also independent of these r.v., and so Z;" is also
independent of these rv. 7, 7, , Ij and e;. This already proves affirmations (i) and (ii)
of Proposition 4.4.
Moreover, with the same notation as in Lemma 4.7, we have on V;, I~ =7, +Z, and

Ay(Ly) = fii V@ dr = I} + I}, where 7, = fnz(h”) ¢V @) dz as defined in (4.13).

We now approximate Z; by Z;'. Since I — Z; = frz(ht/z) VP ) ds £ F+(h,/2) by
()
(4.34) and Fact 2.1, and since Z,;" — T = fOTR (he/2) (RO (9)q5 £ F+ (R, /2), we get
P(TF ~Tf > eH0m/2) = p(If — If > 0F90/2)

F*(h¢/2) She/2 A
= P <€ht/2 >e / < e5ht/2’

by Markov inequality since E [FT(y)/e¥] < ¢; for all y > 0 by Lemma 4.2. Moreover,
Z{ < I, and by (2.29), with a probability larger than 1 — 3e~%%"/2 for large ¢, Z;* >
e1=9 Therefore, with a probability greater than 1 — 4e~%%"¢/2 for large t,

I =T + (I —If) ST + M2 < (1 e 32T
I(—)‘r Z I;_ _ Ii‘r . (IiO— 71';-) Z Ii‘r o e(1+5)ht/2 Z (1 o 67(1736)}“/2).’[;—,
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and then
(1 _ 6_(1_36)ht/2>1—f SI&F < (1 _~_e—(1—36)ht/2)ziﬁ>.

This and Lemma 2.3 give with probability at least 1 — 5e~#%"/2,

AQ(E2)1.7 - IS_ JrI;_ < (1+67(1—36)ht/2).

(1 o 67(1736)ht/2) < _
T+ IHI+L) I+

since on V;, T~ =Z; +Z, and Ay(Ly) = Z;” + Z; . Finally, this and Lemma 4.7 applied
with € = § prove affirmation (iii) of the proposition. O

4.3 Second order of the Laplace transform of a standard exit time

We are now ready to prove Proposition 4.1. This proof is quite technical and can be
skipped at first reading.

Idea of the proof of Proposition 4.1: In this proof we use Proposition 4.4 to approxi-
mate the Laplace transform of U by that of (Z;” + Z; )(Z; + Z, )e1, and take advantage
of the fact that the r.v. that appear in this product are independent. This allows us to
condition first by ey, and then by (7(1'1+ ,I; ). We then cut this into 2 parts : one (studied
in Lemma 4.8) for which Z;" + Z; is "small", which allows us to use the approximations
of the Laplace transforms provided by Lemma 4.2, and one (studied in Lemma 4.9) for
which Z;" + Z;f is "big", which allows us to approximate Z;” + Z, by a r.v. having the
same law as A, for which we know the density.

Proof of Proposition 4.1. We fix x € (0,1), 0 < § < inf(2/27,x?/2) and A > 0. We have
for every t > 0, A, being defined in (4.12), and with ¢, = 3e~(173974/6 a5 defined in
Proposition 4.4,

E (e**U/t) ~F (e*AU/tnAt) +E (e*AU/f]lA—t) <E (e*’\U/t]lAt) +P ().
Hence by the definition (4.12) of A, and Proposition 4.4, we get with A\ := 2\ (1 +¢,) /t,
Sy = Cre™ M < | (7MUY < S5 4 Cpem () (4.36)
where S, i= B (- O/ HENE T T00 ) Let 0 € (31/4, k),

By = {I + I > te W}, By:={I] + I <te "W} =B,. (4.37)

Since eq/2 is an exponential r.v. with mean 1 and is independent of the r.v. Iii, ie€{1,2}
by Proposition 4.4, we have ngt = Sfft + S;ft, where for i € {1,2},

St = E (e—(xf/z)(zfﬂ;)a;ﬂ;)el]1&)
> —NE (T I (TT +T, -
— / E(]]_Biezt(1+2)(1+2)>ezdz (4.38)
0
_ /OOE(]IB, [ (e @iz
0

since Z; and Z, are independent and independent of Z;" and Z,” and have the same law,
once more by Proposition 4.4. We also define,

If,I;)F)&zda (4.39)

22Fx
k+1

—1 00
Zy(z) = {1+ (Z +IQ+)] , x>0, S3, ::/ E (1, Z7(2)) e *dz. (4.40)
0
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We start with the study in the case Z;” + Z; is "small", that is, Z, +Z; < te=?%(*) as
is the case on B5. More precisely, we prove

Lemma 4.8. Ast — +oo, with Cy =T'(1 — k)I'(k + 2)/(1 4+ k)" as defined in Proposition
4.1,
ngt + ngt =1- 008“)\”6*”45@) + O(e*fﬁ)(t))' (4.41)

Proof of Lemma 4.8. Let a(t) := e~ (3/4%4(1) Now, consider 0 < z < na(t)e?*® /(tAE) =
ma(t)e??® /[2X(1 + &;)], where n; € (0,1) is defined in Lemma 4.2. We have on B, for
such z,

0 < 2AE(Zf + 7)) < mal(t). (4.42)

This gives by (4.3) applied to Z,” £ F~(h./2) for ¢ so large that h;/2 > M and a(t) < 1,

E( —AE (T TSI I*) - B (ef'yF_(ht/2))

’v:Z/\f(Ifr+I§’)
3
< Zi(z) + Cymax (e_”h‘/Q, [z)\ti(If + I;)} 2),
on B, for such z, thanks to the independence of Z; and (Z,",Z;") for the equality. There-
fore for large t, by (4.39), and since 0 < Z;(z) <1

nya(t)e??(t)
Y

SE, < E (13223(2) + 1, (20 + C2) ([zxi(ﬁ YR+ fnht/z)) e*dz

0

+/ e “dz.
na(t)ef4 ) /(EAF)

We notice that ma( )e??) /(tAE) > ¢(t) for large t since # > 3r/4, and as a consequence,
fma( Bevs iak) € dz <e —¢(), Moreover e /2 = o(e="*(")) since ¢(t) = o(logt), and

()M /(¢
by (4.42), [0 B (15, AT + TP/ ez < [na()]P/? = o(e= 1), So
for large ¢ since 0 < kK < 1,

SQi_tg/ E [1p,Z}(2)] e *dz + o(e="*1)). (4.43)
i 0

Recall that for any random variable Y > 0, we have by Fubini,

E ( 1+Y)” / du/ —w<1+Y)) du.

So, by independence of Z;" and Z;", we have for every z > 0,

0 0o + )\I+ + )\IJr
:/ du/ e *E {exp (—p"zxtlﬂ E [exp (_Mﬁg)] dz, (4.44)
0 u

pi :4(1:|25t)
m k+1

Recall that t = eMe?®), T £ F+(h,) and Z; £ G*(hy/2,h:) by Proposition 4.4. So
applying (4.4) and (4.5), we have whenever pfzx)\/e‘i’(t) <mn and hy > M,

pEzarzi 20T 2\ 3/2
E <e_ e ) <1- % + Cymax (e‘”hf, (pfzm)\/e‘b(t)) > ,

ptemazd T(1 - &) (2pF22))" L o))" —whij2 PrFTA
g <e t ) si- P(1+k) e - Camax <(pK zehfe ) ‘ ’eqb(t)) '

where

EJP 20 (2015), paper 56. ejp.ejpecp.org
Page 33/58


http://dx.doi.org/10.1214/EJP.v20-3173
http://ejp.ejpecp.org/

Localization, number of visited valleys for a transient diffusion in random environment

So, (4.44) gives for large t,

Foo too (1 — k) (2pFzaN)"
/0 du/u ‘ (1 T T(1+k) end® ) Lot oanses <n, 92

+o0o +o0o + K +
o [ [ Pz “khi/2 | PrATA 1
+C+/0 du/u ‘ (( ey ) ‘ T am T gz ) Lotzonesw <, 4

+o00 +oo
+/ du/ €Lt o oo, A (4.45)
0 u
Now, notice that f+ e *dz [7 du [T e  pEranda/e?® = 2pEN/e?®). Moreover,
we have ["e~*dz [" du f+°° [ pf zxk/e¢(t] dz = O(e "*®), and furthermore

t +oo — +o0o +oo —
]1p%z£/\/e¢(t)>m < p,_izx/\/ [med’( )], o) fo dze™* [ dufu zq izx)\/e¢(t)>mda: =

O(e~?®), whereas f0+°° dze=* 0+°° du fuJFOO e *dz = 1. This together with (4.45) and
) = o(hy) gives since [,"*° du [ e~*a"da = [ 2"tle~"dx = I'(x + 2) by Fubini,

o(t

/ (z)) e *dz
[T too (1 — k) (2pFzal)" 1

= / dze /0 du/u ‘ <1 CT(1+k) o) > Lt zanjeso <n 47 + O(7555)

r(1- 8" e oo
=1- (1=r) ) (1+ Et)“/ e_zz“dz/ " e dr
r ) 0 0

(1+ k) (1 + K)renelt
I(1—k)(2ApE)s [T [+ foo o
T R)erd® /0 dze /0 du /u e (22) Lty oot s, Az + O™ )
(4.46)
I'(1— k)[(k 4 2)8"\"
=1 T DA (1t o), (4.47)

(1 + K)rere®)

since, by the dominated convergence theorem, the integral in Line (4.46) goes to 0 as
t — 400 and then Line (4.46) = o(e*’w(t)). Combining equations (4.43), (4.40), then
(4.47) and lim;_,y o ¢ = 0, we get

+oo
S¥, + 55, < / E(Z}(2)) e7*dz + o(e7"*M) <1 — 087\ ) 4 o(e="?() (4.48)
0
where Cp =T'(1 — k)T'(k +2)/(1 + k)" as defined in Proposition 4.1. We prove similarly
that ngt—i-Sg—L,t > 1—Cp8F \re—re(t) +0(e‘“¢(t)). This proves (4.41) and then the lemma. O

We now turn to the case If’ + IQ+ is "big", as is the case on B;. More precisely, we
prove

Lemma 4.9. We have, with T as defined in Proposition 4.1,

(S, — SE,) ~iioe (BA)*Toe 00 (4.49)
1, 3.t

Proof of Lemma 4.9. We introduce 0 < £ < 1/2.
Step 1: Approximation of Z;" + Z,". Since § < r, ee(!=D%(®) > ¢(logt)? > 8h;/k for t
large enough so that ¢(t) > 2(loglogt)/(1 — k). This gives as t — +oo,
P(Z > ete™ ) < P(rf(hy) > eet=020)
< P(r7(hy) > 8hy /r) < Cre " M/2V2 = o(e=*1)  (4.50)
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since Z; £ F*(h,) < e 7E(h,) by Proposition 4.4, ¢(t) = o(logt), and thanks to (2.30).
Moreover, T} £ G*+(hy/2,h;) and I;, T;, Z; and Z; are independent by Proposition
4.4. So, possibly on an enlarged probability space, there exists a random variaple As
equal in law to A, (A, being defined in (3.1) and G in (4.2)) and such that A, zf,
Z,,Z; and Z are independent under P. We now introduce A, := e IS +e /24 .
By Markov property,
If =M A, —eM?Ay,, Al £ AL E A, (4.51)

and A, 7;, I, and Z; are independent. We have

P(e}“/2/~100 > ste_‘%(t)) < P(Aoc > tl/?’) < Ct—r/3 = a(e_‘z’(t)) (4.52)
ast — +oo, since ¢(t) = o(logt) and P(Ax > y) < Cy~" as explained before (3.14). Now,
we have on B; N {Z; < ete %M} N {eM/2 A, < ete= 91},

te~ 00t < Ifr +I5 = If + eh‘ﬁoo — eh‘/Qfloo < eht//l\oo + ete 990,

This yields e Ao, > (1—¢)te ?¢"), and then Z;7 +Z5 < (1+ 152)el Ao < (142¢)el A
Similarly, Z; + Zy > eM Ay — eM/2A, > eM Ay —ete %) > (1 — 1= )eM A, > (1 -
2¢)eh /Too on the same event. Consequently, replacing ¢ by /2, we get for 0 < ¢ < 1 for
large t,

PBin{(1—e)eM Ay <Tf + T < (1+e)eMAL})
< P(Zf > (e/2)te W) 4+ P(eM/2 A, > (e/2)te M) < e ?M  (4.53)
by (4.50) and (4.52). Similarly, on {(1+¢)e Ay, > te P*OYN{T} + T, > (1+e)e AL},
we have by (4.51),
ete W )(14¢e) <ee™A <If +If — A, <TIi.

Moreover, we have on {(1 + )¢ A, > te %"} N {Z} + T < (1 —¢)eM AL}, again by
(4.51), -
5te*9¢(t)/(1 +e) < e A, <eMA — I{" — I; <eM/24.

Consequently for large ¢, the last inequality being obtained as in (4.50) and (4.52),
P{(1+ )M Ay > te_‘%(t)} n{1- )M Ay, < I +I, <(1+ E)ehtgoo}c)
< P >[e/(1+ 5)]te_9¢(t)) + P(eht/2/~loo > [e/(1 +5)]t6_9¢(t)) <e ®®. (4.54)
Step 2: Simplification. Thanks to (4.38), (4.40) first and then the definition (4.37) of B,
(4.53) and |e~ () — Z%(u))| < 1, we get for large t,

oo
/ E [(e—A?uaHI;)(IHI;) _ th(u)) 1131} o~ du
0

o0 _ iu + + — _
‘/0 E |:(e )‘t (Zl +Iz )(I1 +Iz ) — th(u)) H{IT+I;—>t€*9¢(t)}

] e tdu + e ¢,

+ +
Su - S3,t

IN

XLy yeme Ao <TH 4T3 <(14e)eht A}

Consequently, using 0 < Z; . o (u) < Z;(u) in the expectation for Z, . ., defined below,

> “AEu(l—e)et A, . 5
S-S5, < /O E[(e Afu(l—e)et A (T +12>,Z§€700(u)) Lzt izt ste—0o0y

x1 } e tdu + e ¢

{(1—e)ert A <TF +TF <(1+e)eht A}

= Sf.+855 . +e 00, (4.55)
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where .
Zneoo) i= [T+ 20Fu(l + )M A /(x+1)]

and
+ X “Afu(l—e)et A (IT7 +I5) 2
S4,t,5 = 0 € E {(6 ¢ ' 2= Zt,s,oo(u)) ]l{(lJrE)ehg,ZooZte—eqb(t)}

1{(175)@@@SIT+IJS(1+s)ehthoo}] du,

S5i7t76 ::/0 e B [(eiA’#u(lis)ehtlam(I{+I§) - th,eoc (u)>

[]1{11*+I2+>te*9¢(f)} - ]1{(1+a)ehtA\the*S‘i)(t)}]]l{(l—s)eht;4\00§11++I;§(1+5)eht;4\w}:| du.

We will prove in our Step 5 that ngtﬁ is negligible. So, we start with ijt’s. Using (4.54)
and e~ () — Z, . o (u)?)| < 1leads to

> aFu(l—e)et A — — du 1
Sjﬁt’e _ /O E |:(€ )\t, (1 E) Aoc(Il +I2 ) — Zt%a,oo(u)) ]1{(1+6)eh’fgoc2t€6¢(t)}:|eu’ S W
(4.56)

Recall that by (4.51) and Proposition 4.4, 7;", Z, and A, are independent, and 7, £ I .
So, the integral in (4.56) can be written as

e’} + PN R 2
/ E |:(E (67)\1, u(l*i)eh A(X,II ‘AOO> _ Zt%goo(u)> ]11Z >e(1:i)¢(i):| efudu
0 oo <

0 et 2 8A(1+¢)2u ]2 du
< E E ( 4)\(1 E)2ue @ )’YN 111 I{) — ]_ -—_— 1 € 9
A (G o) = [ e, ] ) bt | o

(4.57)
where v,, := 2/A.., for t large enough so that 2\(1 — &)/t < M < 2X\(1 +¢)/t. Since 7,
has density 2"~ 'e~*1g, (z)/T(x) by Fact 3.1 (Dufresne), and is, as A, independent of
Z;, the RHS of (4.57) is equal to

o Be=nrio) 2 8A(1 2 =29 k—1,-z
/ Biudu/e E (674)\(175)211,6_‘75(“;”_121_) {1+ (1+e)u ¢ le de.
0 0 (k+ 1)e?®y I'(k)

With the change of variables y = Sule™?"z~1, this is equal to (8\)"e "), ., with
Yie:= [y J5° fr.e(u,y)dydu and for every u > 0 and y > 0,

ft,&(uv y)
Ko—U 2,0\ ~27 ,—8 uy e ¢®
S AL (67(175)%1;/2)2 (14 (1+¢)%y e .
fy>22—=} T'(k) k+1 yrtl
Consequently by (4.56),
St < (8N e YT, 4 e, (4.58)
Step 3: pointwise convergence.
) . Pz w/2
Notice that thanks to (4.6), lim,_, o E(e™ 7 @) = m for v > 0, and recall
that Z; £ F~(hy/2) by Proposition 4.4. Hence, forevery 0 < e <1, u >0and y > 0,
ure (1 —e)2rym (1+e)2y\ 27 1
— = — 11 .
fre(u,y) t o to0 fe(u,y) T'(k) |[T(sk+ 1)I.(2(1 — 5)\/@)]2 + k41 yrtl
(4.59)
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Step 4: dominated convergence. We notice that f; .(u,y) = ai-(u,y) + by o(u,y) and
fe(u,y) = ae(u,y) + be(u,y) for every 0 < e < 1, w > 0 and y > 0, where

at,E(u7 y)

—u 2 -2 _8huy e~ ?®)
1 —06(t) € FE (67(1*5)2911_/2)2 —(1+ (1 - 5) Yy e Y
{y=222==) T(k) 1 s ,

bt,E(u7 y)
ute U (1—¢)2y -2 (1+¢)3y T2 e Suy e
1 Are—06(t) 1+ -1+ s
{y=*2——1} F(/-i) k+1 Kk+1 y”""l

and their pointwise limits on (]Rj)2 as t — +oo are respectively

_oute” (1—e)*y" _ =Py 7]
wlev) =T {[F(HI)IN(?(I—E)\/@]Q <1+ Rl ) }y 7

be(u,y) = % { <1 + W) e (1 + (1,::)123/) _Ty“. (4.60)

Since Vz > 0, I;(z) > Ig"féi)f) + (;{?:;)2 due to the series expansion of I,; (see e.g. [7]
—2

p. 638), we get W — (1 + %H) < 0 for every v > 0. One consequence
of this inequality is that To < 0, Yo being defined in (4.1), and another one is that
V(u,y) € (R%)?, a-(u,y) < 0. This, and the fact that z — E (e‘VFf(””)) is nonincreasing

for v > 0, lead to

K,—u 2 -2
) € RO aclu) < anclu) < 0 1= (10 C200) et <)

(4.61)
Hence, |ar..(u, )] < la.(u. )| + |ho(u,y)| and [b,.-(u,y)| < [b(u,y)]. for every (u,y) € RE
and 0 < £ < 1. Moreover, since 0 < k < 1, |h.|, |b-| and |a.| have finite integrals over Ri
(notice for example that e*u "a(u,y) = O(y~"*) asy — 0, since I;(z) = (x/2)"/T(k+1) +
(2/2)"F2 /T (k+2)+o0(z"2) as z — 0 by (6.1) below, and —y " lure % /T'(k) < ac(u,y) < 0
as y — +0o0). Thus, by the dominated convergence theorem,

lim T, = / / fe(u,y)dydu =: Y, 0<e< 1. (4.62)
o Jo

t—+o0
Hence applying (4.58),

limsup (S, e"*A") <8"Y, 0<e<l (4.63)

t——+oo

Step 5: Let 0 < € < 1; we now prove that ngt,a is negligible. First, we have

o0
+ ht 7 R
Site = / e B (27, () — O An @)
0
]I{I++I+<t€*9¢<t>}]1{(1+ ht A —oa(ny L he A o7t hye 3 du,
L 2 =" e)elt Aoo 2te }HA—e)eM A <IT +I5 <(1+e)elt Ao}

where we used (]lEl — ]lEz)]lEg = _]lEil]lEz]lEB —+ ]lEl ﬂEﬂE3f for events Ei, 1 < ) < 3 with
1, 15-1p, = 0 in our case. Conditioning by o (A, Z;",Z; ), which is independent of Z;

EJP 20 (2015), paper 56. ejp.ejpecp.org
Page 37/58


http://dx.doi.org/10.1214/EJP.v20-3173
http://ejp.ejpecp.org/

Localization, number of visited valleys for a transient diffusion in random environment

and Z, gives since Z; and Z, are independent,

+
SS,t,s

_ /00 e UE |:<Zt25 ) -E (e—)\tiu(l—a)ehtﬁooff ‘A\OO)2>
0

ﬂ{IHIJSte*GM}ﬂ{(1+a>ehtEmzw*%“)}ﬂ{(l—@ehtKooSIHIJS(lJrs)e’”Zw}]

— n —2 2
/oo . 4)\u(1 —&)e ) A _ g2t ATy )A\

]l{zlhrz; §t6*9¢<‘)}]l{(1+6)eht;§\x 2te*9¢(‘)}]l{(176)eht;§\oo <TH+TF <(14e)eht A} du (4.64)

du

IN

for large t where we used 2\(1 — ¢)/t < A\f < 2\(1 + ¢)/t. Consequently,

00 _ 22 *¢(t)/\ —2 —(t) * -
St < / euEH {1 N A u(l —e?)e Aw} B E<62)‘“(152)e oW AT
0

2
m)

(4.65)

k+1

(et A te00) <1yt Ay 8

As in Step 2 after (4.57), since v, = 2//Too has density 2"~ 'e *1g, (x)/I'(x), and Ao and
then ~, are independent of Z;, the right hand side of (4.65) is equal to

-2 2| k=1 ,—x
/ /e“ e [ 8Au(l —;i)) ] - E<6_4)\u(1—52)6¢(t)1111_> e vdu
L (k+ ety (k)
(4.66)
With the change of variables y = Sule~?()z~1, this is equal to
dydu

dux
(SA)“ /OO ulfe Y (1—c)efo(D) (e
e

-2
y(1752)I1_/2>2 N (1-e%y
eré(t) I'(k)

K41

_ du) yn+168u)\e*4’(t>y*1
(1+e)ef¢(®)

So by (4.65),
S;ft,s =~ Hgb(t) / / |Ft 1—e2),(1—€2), E(U y)‘dydu (4.67)
where for z; > 0 and z9 > 0,

. ue”" o 2y \ 7] 1
Ft,zhzz,s(uay) = ]I{Muelji‘b(f«) <y< 4>\uei:6£¢(t) }Tﬁ) [E (6 S ) {1+ K+ 1 ym-i-l'

Using the same method, we get for large ¢,

+
S5yt’5 > — H¢(t / / |Ft (1—¢)2, (1+6)2,6 u,y ’dydu

This together with (4.67) gives

o) poo oo
ngt,JWS/U /0 (| iy, (1—e2) e (u, )| + | Fr (122, (14002, (0, y) | ) dydu.  (4.68)

We have for every z; > 0, z0 > 0,

_ -2
w 1
Frooyone () < 55 [1 <1+ = ) Lﬁl w0, y>0, (4.69)

(k) k+1
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which has a finite integral over R? since 0 < x < 1. We recall that Z; £ F~(h:/2) by

.. . A w/2
Proposition 4.4, and that lim,_, o E (e i (I)) = PG € [0,1] for y > 0 by (4.6).

Also, x — F (e*WF_(x)) is nonincreasing for v > 0. So,

Ft,zl,zz,s (U, y)

> 1 0 0 u"e " (Zly>n _ <2y - 1

R e e = O RITYOIACNETE K+ 1 et
ute " (z1y)" 2y \ 1

> _ . 4.70

SR NP BTACNETIE ( +f-e+1> yr (79

Notice that RHS of (4.70) has a finite integral over R2, since it is, for fixed u, O(y~") as
y — 0and O(y~~"1) as y — +oo, where we used I.(z) = (/2)*/T(k+1)+ (z/2)* 2 /T (k+
2) + o(z"*?) as # — 0 by (6.1) below, and RHS of (4.70) > —2u"e~%y~"*"1/T'(x). This and
(4.69) prove that |F} ., ., .| is dominated by some function which does not depend on
t and has a finite integral over ]Ri. Moreover, we notice that |Ft7(1_ez)7(1_62),8(u, y)| +
|Fy (1—ey2,(140)2,6 (U, ¥)| =440 O for every (u,y) € (R})? and 0 < £ < 1. So, by the
dominated convergence theorem, RHS of (4.68) —;_, 1~ 0. So by (4.68), we get for every
O<ex<l,

S =o(e7" M)t 4o0. (4.71)

Step 6: We now prove that T. —._.o T, and end the proof of Lemma 4.9. We recall that
Y. = [° )57 f-(u,y)dydu as introduced in (4.62), where f. is defined in (4.59). First,
notice that for every (u,y) € (0,00)2,

— —2

ue " y" Y —k—1
e\, € 1 " = »Y)-
oot 9) e (1+:25) | = ptwn)

L) [T+ DILRVYE
Using [(1 4+ ¢(1 —2)?)72 — (1 + ¢(1 + 2)?)72] < 16cx every for x € [0,1] and ¢ > 0,
coming from Mean value theorem, we have for b. defined in (4.60), for every 0 < e < 1,

|b6(u7y)‘ < uﬁe_uy_n_lr(ﬁ)_l[16y1{y<ﬁ+1}/(’% + 1) + 2]1{y25+1}}7 u >0, Yy > 0,

which has a finite integral over (R’ )?. Moreover, m - (1 + %_H) ’ ‘ is
bounded by 2 on R as in (4.70), and is o(v) as v — 0. and so is less than |y| for every ~
in some nonempty interval [0,¢). So, |ac(u,y)| < u e "y "I (K) M|y Liy<er + 2D (y>ay]
which also has a finite integral over (R%)?. Since |f:(u,y)| < |a-(u,y)| + [b:(u,y)]| for
every (u,y) € (R%)? (see the start of Step 4), the dominated convergence theorem gives

ufe

[e'e) —u Rl ® -
Te —cs0 /O I'(k) du/o [[F(n + D1 (2/y)]? <1 i 1> }y Y A(r:’72)

as defined in (4.1).

We proved that ngm = o(e*’“z’(t)) (in (4.71) in Step 5) and also (in (4.63) in Step 4) that
lim sup,_, | oo [S1,.e**DA™] < 85T.. So, limsup,_, . [(Si,. + Si,)e"?DA™"] < 8.
Then by (4.55), (4.72) and since « < 1, '

limsup | (ST, — S5,)e™* A" | < 8", —., 8" Y, (4.73)
t— oo ’
so LHS of (4.73) < 8%Y,. We prove similarly that liminf; . o [(Sit - ngt)em(t))\‘ﬂ >
8T . This proves (4.49) and then Lemma 4.9. O
EJP 20 (2015), paper 56. ejp.ejpecp.org

Page 39/58


http://dx.doi.org/10.1214/EJP.v20-3173
http://ejp.ejpecp.org/

Localization, number of visited valleys for a transient diffusion in random environment

Conclusion: This and (4.41) gives Sj, = ST, +55, = 14+(Yo—Cp)8* A= ?(M) 4 o(e=r¢(1),
This and (4.36) give, since ¢(t) = o(logt),

1-E (e*%U) ~tsto0 85(Co — To)AeeR¢0),
which proves Proposition 4.1. O

5 Proof of the main results

5.1 The renewal results :

In this subsection we prove Propositions 1.4, 1.6 and Corollary 1.5. We start with
some important intermediate result on the exit time U.
In what follows, we mainly use the same ideas as in Enriquez et al. ([24] pages 441 to
443), inspired by the book of Feller ([27] pages 470 to 472). We start with the following

lemma, for which we recall that foralli > 1, U; = H(L;) — H(/;), and Cj, is defined in
Proposition 4.1.

Lemma 5.1. Assume 0 < k < 1 and 0 < § < inf{2/27,x%/2}. Fort > 0, let u; be the
positive measure on Ry such that

e ( Ui )
Va > 0, ([0, 2]) =€ ;IP ;t <zx|.
Then, (u:); converges vaguely ast — +oo to u defined by
dp(z) := (CuT'(k)) 2" L (g 400y (z)dz.
Moreover when t — +oo, x + e"*(WP(U/t > z) converges uniformly on every compact

subset of (0, +00) to x — Crz™"/I'(1 — K).

Proof of Lemma 5.1. First, let us prove that for all A > 0, we have as t — +o0,

/+O<> \ ( ) “+o0 e—)\mxm—l ( )
e Mdu(x) = / ————dx +o(1), (5.1)
0 0 CI'(r)
e Az rkp(t) oo A C
“AERPWP (Ut > = e F 1). 2
/0 e e (U/t > x)dx /0 e T = ) dz + o(1) (5.2)
Let A > 0. First, we have, by Proposition 3.4,
+o0 1 nyg—2 ) U
Az _ i Up
/ e A dut(x) == m Z E(e )\21:1 t )
0 =
ng—2 .
B t 1 U j (nt)Ze—énht
= Z; erd(®) {E (e ﬂ +O< erd(®) '
j:

We notice that, by Proposition 4.1, [E (e *U/*)]" =1 = o(1), since ne """ —,
+o00 and C,, > 0. Hence, we get as t — 400, again by Proposition 4.1 and since
(ng)2e=9%ie=r9(t) = o(1) because ¢(t) = o(logt),

+00 —ro(t) +oo —Az,.k—1
z e (1+0(1)) 1 / e My
A € d‘LLt(I) 1-TF (e—/\U/t) + O( ) Cl{)\” + 0( ) 0 CHF(H> dx + 0( )7
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which gives (5.1). This implies the pointwise convergence of the Laplace transform of
(14¢)¢ to that of 1, and then the vague convergence of (p); to u (e.g. by Feller [27], XIII.1
Th. 2c¢). Now, we have as t — 400 by Fubini and then Proposition 4.1,

+oo
A / e NP (U/t > )

/ / Ae NP (U/t € du) = (1 - e*%U) _ GaX+o(l)

65¢(t)

Since \* = /\f0+°° e Mx~rdx/T'(1 — k), we get (5.2). Again, this pointwise conver-
gence of Laplace transforms gives the vague convergence of ¢**P (U/t > x)dx to
Crx~"dx/I'(1 — k) as t = +o0. Since z — P(U/t > z) is nonincreasing, we have for all
O<e<uz,

1 r+e 1 x
g/ e“POP (U/t > u)du < e"*OP (U/t > z) < g/ e"*OP (U/t > u)du
xT r—e

Using the previous vague convergence gives

1 @ 1 [® Cuu™"
limsup e**WP (U/t > z) < = lim e"?OP (U/t > u)du = = / U du.
t—+o00 € t—+o0 T—€ € Ja—c F(]' - K:)

Taking the limit as ¢ | 0 gives limsup,_, ., e"*P (U/t > 2) < C,a™"/T(1— k). We prove
similarly that liminf; e”¢(t)]P (U/t > z) > Cyz—"/I'(1 — k). This gives the pointwise
convergence of x — e**MOP(U/t > z) to = — Crz~"/T(1 — k) on (0, 400) as t — +oc.
Finally, since x + ¢"*(P(U/t > z) is monotone and its pointwise limit is continuous on
(0,00), Dini’s second theorem proves that this convergence is uniform on every compact
of (0, 00). O

We now introduce for ¢ > 0 the unique integer N; such that H(m &) St<H(mg, )

We notice that N; = N; on V, if N; < n; or N, < n; due to Remark 2.4. We prove the
following lemma:

Lemma 5.2. Assume 0 < k < 1 and 0 < § < inf{2/27,x?/2}. We have, as t — +oo,

P (N > nt) = o(1), IP(Nt = 0) =o(1), IP(Nt > nt) =o(1), IP(Nt = O) = o(1).

Proof of Lemma 5.2. First, by equation (3.40) and the exponential Markov inequality,

ne—1

]P(Nt > nt) < IP( Z Uj < H(my,) < t) < eE(e*Z?glUi/t)
j=1

This, together with Propositions 3.4 and 4.1, gives since ¢(t) = o(logt),

IP(Nt Z ’I’Lt)

IN

e (E(eiU/tDnt + eConye M

Cy exp ( — c,nte_“‘b(t)) + eConge0he = o(1). (5.3)

AN

This proves the third inequality of the lemma. Moreover, P(N, = 0) = o(1) by Lemma 3.7.
Finally, the first two inequalities follow from Lemma 2.3, since N; = N; on V; if N; < n;
or N; < ng. O
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Proof of Proposition 1.4. First, let 0 < x < 1, 0 < § < inf{2/27,x2/2} such that (1 +
20)k <1,0<r < s<1,and a > 0. Remark 2.4 and then Lemmas 2.3, 3.7 and 5.2 give as
t — +o0,

P[1—s < H(my,)/t <1—r, H(my,+1)/t > 1+a] (5.4)
ng—1 ~ ~
¢ H(m g H(mx -

<IP< U {1—s<(tN‘)<1—7*, %21—}—% N, =j, vt}>
j=1

ng—1 7 ]
Z 2 ZUZ- ZUi 2
§j2P<1SIOght§i1t§1r’ ; t21+a10ght>+0(1)'

We now use (3.20) of Proposition 3.4 and get for small € > 0, for large ¢,

1—r
(5.4) g/ POP(U/t > 14 a—e —z)dp(z) 4 o(1). (5.5)
1

—S8—&

Using first the uniform convergence of u + **P(U/t > u) on the compact [a + r —
g,a+ s] C (0,00) and then the vague convergence of y; (see Lemma 5.1), we get

1—r

Fll+a—e—ax)"
I ROPU/t > 14 a—e—a)d :/ G
A, ROz e memnde(n = | TG — )

1—r
dx.

Consequently, by letting ¢ — 0, we obtain the first inequality of the following line:

1—r r—1 00
1113%)(5.4) < /1_8 m/a k(1 +y—x) " tdyde < ltiini&f(S.éL).
We prove similarly the second inequality. Consequently, P[(H (my,)/t, H(mpy,+1)/t) € A]
converges to [, kz" *(y — )" o1y (2)L(1,00)()/(T(1 — £)T'(k))dady as t — +oo for
A=[1-s1—r]x[l+a,+o00) and so for every A = [a,b] x [¢,d] C (0,1) x (1,00). This
gives the vague convergence on (0,1) x (1,4+00), and then the convergence in law of
(H () /1, H(miy, +1),/1) 10 527 (=)~ (0,1) (@)1 (1,00 (4)/ (T(1— )T ())dardy, which
proves Proposition 1.4 since I'(1 — k)I'(k) = 7/ sin(7k). O

Proof of Corollary 1.5. First by Proposition 1.4, forv > 0 as t — +oo,

H : oo 1
lim P(W >1+ v> = sin(mr) / du/ k" Y1+ u—2) " da.
T v o

Using the change of variables z = x/(1 + u — ) in the second integral leads to (1.3).
(1.2) follows from Proposition 1.4 by straightforward computations. Finally, for every
continuous bounded function ¢, Proposition 1.4 and the change of variablesu =y — =
give

E[p((H(mn,+1) — H(mn,))/t)]

sin(mrk
400 /@(W%Uiml/m?ﬁ*l]l[o,l](x)]l{le—u}diﬂd%

which gives the convergence in law of (H(my,+1) — H(my,))/t under P as ¢t — +oo0. O
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Proof of Proposition 1.6. Let 0 < x < 1, A > 0, and 0 < § < inf{2/27,x2/2} such that
(14 20)k < 1. For t > 0, we denote by v; the measure on R such that

ne—1 . -1
C.\F U,
e He(t) s “i
v¢([0, z]) E exp( w(t))IP(g ; §a:>, z > 0.

i=1

In particular for j =1, ]P(Zf;ll U;/t €.) =P(0 € .) denotes the Dirac measure at 0. We
first show that the Laplace transform of the measure v; converges when ¢ goes to infinity.
We consider « such that 0 < A < . We get as in the proof of Lemma 5.1,

+oo
/ e~ “duy(u)
0

o S (R )] o

K ne—1
1— {exp ( - %3/(\7) )E (e=U/) } )
exp (Iﬂb(t) + ﬁ%) [1 —oxp (— S5)E (e-aU/t) }

by Propositions 3.4 and then 4.1. We also notice that

1 -‘rOO 400
[ — —au, k(14+j5)—1
af + \F - ; ar@(l-‘rj) Z I‘ ]_ +] / € u du.

Moreover, [~ > F([K()i:_);)] e “Mu g(ﬁj) ! |du < oo, since Zj o0 I‘(/\u)»ﬁ = 0(eM+9)") as

[ (1+75)]
u — +oo for any € > 0, and « > 0. So Fubini gives,

“+oo +oo
Va > A, lim e~ “dy(u) = / e~ “dv(u),
0

t—=+oo [

where v is the measure defined by dv(u) = c% jzog %1(07%@) (u)du. This
pointwise convergence of the Laplace transform of v; on (A, +o00) leads to the vague
convergence of v; to v on [0, +00) as t — +oo (e.g. by Feller [27], XIII.1 Th. 2c¢).

We have, with the arguments already used between (5.4) and (5.5), for any a > 0 and

€ (0,a),

E . Cn)\KNt H(m]\]t+1)
ero®) )’ t

e C\°j
( B emW)) L b (g fe<1, 8 (g 2) f21 40, Ky=gy BV | +0(1)

nyg—1 — 7
Co %) U; 2 Ui
- — <1 — < —
‘ ( erd(t) > ;t sl I+a loght_Zt

U
/ JZICHR <t >1l+a—e— x) dvi(z) + o(1),
0

since the probability for j = 1 in the third line is for large ¢ less than P[U;/t > 14+a—¢] <
P(U/t >1+a—¢)+o0(1) = o(1) by the case n = 1 just after (3.20).

Using the uniform convergence of z + ¢** P (U/t > 1 +a — ¢ — z) on [0, 1] provided
by Lemma 5.1 followed by the vague convergence of v, to v, we get the first inequality of

IA A\
M =
g I
D
4

IN

1
Cy
limsup (5.6) < ———(1+a—2) "dv(z) < liminf (5.6). 5.7
msup 5.6 < [ )~dv(x) < liminf (5.6) 5.7)
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We obtain the second one similarly. Since limg, g limi—s 400 P(H(my,+1)/t <1+ a) =0 by
equation (1.3) of Corrolary 1.5, letting a | 0 in (5.7) gives

+o0 ) Rps(l4i) -1
- L [ ket

Since fol 29711 — z)’~"tdx = T'(a)T'(b)/T'(a + b) for every a > 0 and b > 0, changing C, A"

J
into u gives the pointwise convergence of E[exp(—uN;/e**")] to ;;08 m (i:) ,
which ends the proof of Proposition 1.6.

5.2 The localization : proof of Theorem 1.3

We recall the notation H,_,, = inf{s > H(z), X(s) =y} — H() for (z,y) € R, which
is equal to H(y) — H(x) if x < y. Let ¢*(¢t) := ¢(t)/¢, where 0 < ¢ < 1 will be chosen later.
We define t* 1=t — ¢(1120)¢7 (1),

Ao = {1 <N < nt} Ar = mnt 1{HL =41
Ay = mm I{Hmj—muﬂ < Hrhj—i;}’ As = {H(mNt) < t*}

< 2t/1og ht},

We also introduce I; := [m; — ¢*(¢)/(,m; + ¢*(t)/¢], j € IN* (see Figure 2 page 46). Let
€ > 0. We have:

]P(X(t) ¢INt) S ]P(X(t) ¢INt7Nt :Nt(1+6)aA07A17A27A3)
+P (X(t) ¢1y Ny = Nt(1+a)on7A1,A2,I3)
P(N; # Nyaso) + P (Ag) + P (A) +P(4). (5.8

We split the proof into three parts, in which we estimate these different probabilities.
We start with:

Part 1: We prove that for large t,

( ( ) ¢ I Nt 1+g),AO7A17A2,A3) < nt (C+ht€ ( )d)*(t)/lﬁ + e*(Cf)é(b*(t)) .
- . (5.9)
Let B; := {N¢ = Ny14¢) = j} N A1 N A for j € IN*. We have

nyg—1

P(X(t) ¢INt7 NtZNt(1+5),A0,A1,A27A3> Z P(X ¢IJ7B NAs). (5.10)

Let 1 < j < n;. Notice that on B;, Nt(1+s) = j,so H(L;) + H; sy, = Hmgg) >
t(1 + ¢); moreover for large ¢, Hy _,; < ¢t/2, then H(L;) > (1 +¢/2)t, and so for all
u € [H(my), (1+¢/2)t], u < H(L;) < H(rjy1) = Hny) +Hay oy < H(m;)+Hg, oL
and then X (u) € (Ej_, Ej). That is, if ¢ is large enough, on Bj;, after first hitting m;, X
stays in (L;, L;) at least until time (1 + ¢/2)t. Therefore, conditioning on H (i) and
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using the strong Markov property,
P (X(t) ¢ L;,B; N Asz)
< E(IPW“ [X(t) ¢ 1;, H(my) < t*, Yu € [H(m;), (1 +¢/2)t], X (u) € (f,j—,ij)})

E(/Ot PY=(H (1n;) € ds)

Py [X(t —5) ¢, Yue [0,(1+¢/2)t —s], X(u) € (i;’ij)} >

<E( sup PJ [X(t—s)gzlj,vue[07(1+g/2)t—s},X(u)e(QL—)D. (5.11)

0<s<t*
Now, as in Brox ([10], proof of Prop. 4.1) we introduce a coupling between X (under
IP?L/J*_‘) and a reflected diffusion Y; defined below. To this aim, let (Yj('%)(u)7 u > 0) be (in
words) a diffusion in the potential W,., starting from z € [Ej_, Ej] and reflected at ij_

and Ej. We denote its law by ﬁﬁ”. More precisely, this process Yj(w) is defined as in Brox
([10], p. 1216) by

J J 2,z

YO (u) = A~ (B(””) (T (u))), w>0, z €L, Ly,

where (Ej(x)(s), s > 0) is a one-dimensional Brownian motion independent from W,,
starting from A(x) and reflected at A(E;) and A(Ej), and fjx is defined as T (see
(3 3)) replacing B by B](-z). This enables us to define (Y;(s), s > 0) by ﬁjw*’v(Yj €.):=
f I PW” (.)dji;(z), where

L

-1
dji;(x) :=exp(—V“)(w))]l[ij—L,.}(w)dfff([ exp(—V(j)(y))dy) : (5.12)

As is proved in ([10], proof of Prop. 4.1), fi; is invariant for the semi-group of Yj; in
particular PJW*‘ (Y;(s) € A) = 1;(A) for every s > 0 and A C [ﬂ* Lj].

We can now, as in [10], build a coupling ng of X and Yj, such that Qm Y;e.)=
ISJW” (Y; €.), and Qﬁmfj'? (Xe.)= ]P};LV: (X €.), these two Markov processes Y; and X move
independently until

Hix_y,y = inf{u >0, X(u) =Y;(uw)},
which is the first collision, then X (u) = Y;(u) until the next exit time
Hexlt 1nf{u>H{X Y} X(u)§é(l~/;7ij)},

and then X and Y; move independently again.
We introduce (see Figure 2)

b=t = IO, B =g 0), Ly = (670).

We now prove that, with a large probability, under Qrv;‘f;, X and Y] first collide before

time t1, that is, H (x=v;} < t1. To this aim, we first provide a result concerning only the
hitting times H of X:

Lemma 5.3. For large ¢, with a probability larger than 1 — ¢~ (¢-)3¢" (1),
Qs (H(LF) v H(LT) > e 090 < €y g (e O, (5.13)

uniformly for j € [1,n;) and with z V y := max(z,y),
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mj — " (t)/¢

mj + ¢*(t)/¢

Figure 2: Schema of valley number j and some notation around its minimum for small

The proof of this lemma is deferred to Subsection 5.4. We deduce from (5.13) and the
definition of z VV 3y = max(z,y) that with probability larger than 1 — e~ (¢-)9¢"(®),

Qur (Hix—v,y > t1)

< Qur[Hpxevy > H(LD) VH(LY)] + Qr [H(LT) v H(L}) > ti]
< Qi (Hixayy > H(L;).Y;(0) < ;)
~ ~ C. b*
+Q7% (H{X:Yj} > H(Lj),Y;(0) > 1, ) + eé—g(b(t)(/éz

On {Hx—y,; > H(L;),Y;(0) < 1n;}, ¥;(0) — X(0) = Y;(0) — 7; < 0 under Q)~, and by
continuity Y; — X < 0 up to time ﬁ{X=yj} and in particular at time H(Ej_) SO

QU (Hixoy,y > 1) < QU (VIHED) € (L7, L7], Hixoyyy > H(LT))

~ ~, A ~ C.o*
FQE (HEN) € [ L], Hixeyy > HED) + 420
< i ([L5 L7 ]) + s ([L) Ly]) + O™ (t)e 20" 0/%, (5.14)

where the last line comes from the independence of X and Y; until H {x=v,} and since
QW;(Yj(s) € A) = ﬁjw“()/j(s) € A) = [1;(A), for every s > 0 and A C [ij_,ij] as

explained after (5.12).
We would like to bound (5.11). Let s € [0,¢*]. Using firstt; =t —t* <t—s < (1+¢/2)t—

s, and second X (u) = Y;(u )foreveryH{X y}<u<He’“tandQ c(Yi(t—s)€.)=i;(.),

QU (X(t —8) L, Vuel0,(1+¢e/2)t—s], X(u) € (i;,ij)) (5.15)
< Qﬁvfj” (Hix=v,; > t)
+QU (ﬁ{X:Yj} <t <t—s<(l4+e/2)t—s<H™ X(t—s)¢ Ij)
< Qur(Hixovyy > 1) + Qi (Yt —5) ¢ 1)
< Qnr(Hix—yy > tn) + i ([L7, L] N ). (5.16)
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In the following lemma, we show that with high probability, the invariant probability
measure ji; is highly concentrated on the small neighborhood I; of m ;. The proof of this
lemma is deferred to Subsection 5.4. More precisely:

Lemma 5.4. Assume ( < /8. For large t, for all 1 < j < n;, with a probability greater
than 1 — e~ (c-)8¢" (),

A (L7 L) S 1) < A ([L7 L7 ]) + A ([LF Ly]) < Chye™ (007000 (5.17)

Notice that for any ¢ > 0, the right hand side of (5.17) go to 0 as t — 400 since
hy <logt and loglogt = o(¢(t)) = o(¢*(¢)), and is o(1/n;) if ¢ is chosen small enough.
Moreover, notice that we can replace Q,VXJ by IP?;”“ in the first line (5.15) since

Qnr(X €.)=P2"(X €.). So, (5.16), (5.14) and then Lemma 5.4 give

sup P (X(t—s) ¢ 1, Yue [0,(1+¢e/2)t 5], X(u) € (L], L))
0<s<t* ’
N o0 () N
< (5550 + i ([ L) + Sl (L] < 1,)
Cihi Cyo(t)

e(1=0)re*(t)/16 ~ o= (t)/8

with probability at least 1 —e~(¢-)9¢"(t) ' Finally, integrating this and applying successively
(5.10) and (5.11) leads to (5.9), which ends the proof of this Part 1.

Part 2 : We prove that there exists ¢3 > 0 such that if ( < k/48,
P (X(t) ¢z, N = Nt(l—&-a)aAO,Al,A%/‘TB) < npe= /¢, (5.18)

First, we prove similarly as in Part 1 from (5.10) to (5.11) that, using H(mJ) <ton B;j,

ne—1
P (X(t) ¢, N, = Nt(HE),AO,Al,AQ,E) - Y P(X()¢L.B8,nA;)  (5.19)
j=1
ne—1
<y E( sup P (X(t—s) ¢ 1L, Yuecl0,(1+¢e/2)t—s], X(u) € (Ii;,@)))
= tr<s<t 7

3
—

=

<Y B ( sup P [H(im; — 6°(8)/C) A H(iny + 6" (1)) <t — s]) |

1 t*<s<t

.
I

by definition of I, = [m; — ¢*(¢)/(,m; + ¢*(¢)/(], and with = A y := inf(z,y). Since
t —t* = (1120007 (1) this gives
(5.19) <n, sup £E (P,Vg; [H (; — ¢ (£)/C) A H (1, + 6" (£) /C) < e<1+26>¢*<t>]) .

1<j<n;—1
(5.20)
We estimate this with the following lemma, the proof of which is deferred to Subsection
5.4:

Lemma 5.5. Assume ( < x/48. For large t, for each 1 < j < n;, with probability at least
1— e~ (e)8" /S,
Wi ~ * §)b* eV
P (H<mﬂ‘ +¢7(t)/¢) < 29 <“) < e—(e)d" (/¢

This together with (5.20) leads to (5.18), which ends this Part 2.
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Part 3: We prove thatif 0 < § < 1/16, § < k?/2 and (1 + 2§)k < 1, as t — +oo,
P(Ni # Nigare) + P (Ao) + P (A1) + P (A) <e'7/(1—r) +o(1). (5.21)
First, P(Ao) = o(1) by Lemma 5.2. The fact that P(A;) = o(1) for such ¢ follows from
(3.44) since (log hy)nel /t = o(1) as stated in Lemma 3.7. Furthermore, by Lemma 2.3
and then (1.3),
P(Ny # Nyite)) < PH(my,11) <t +¢)] + P(Vy) +P(Ag) <e'77/(1 — k) + o(1).

Moreover by the strong Markov property, recalling that i; <m; < f/;‘ <L;< mj+1 by
(3.11),

pWe (H(ij) < H(i;)) P (H(ij) < H(ij—)) x P (H(mj+1) < H(i;))

= (H(ij) < H(L;)) x P (H(mm) < H(i;))
> (1- efﬁhtm) x (1- Zntefht/g) =1-o0(1/ny),

forall 1 < j < n; — 1 with probability > 1 — C n;e """t by Lemmas 3.2 and 3.3 since
§ < 1/16. This proves that P (4;) = o(1). This leads to (5.21), which ends this Part 3.

Conclusion: We now choose ( = §2. We recall that ¢(t) < hy < logt = exp(o(¢(t))
since loglogt = o(¢(t)). Combining (5.8), (5.9), (5.18) with (5.21), and choosing ¢ small
enough gives limsup, , . P(X(t) ¢ I, ) <e'~"/(1 — k), for every ¢ > 0, and so is 0. So,

Jm P(X(@) —my,| > 6(0)/¢%) = lim P(X() ~rig,| > 6(8)/¢7)
= tLiIEOOIP(X(t) ¢1g)=0,

since N; = N, and mj = m; for 1 < j < ny on V, N Ag by Remark 2.4, P(Vt) = o(1) by
Lemma 2.3, P(Ay) = o(1) = P(V; ¢ [1,n]) = o(1) by Lemma 5.2. This proves Theorem
1.3. O

5.3 The aging : proof of Proposition 1.2

Proof of Proposition 1.2. We fix o > 1 and ¢ > 0. We recall that the r.v. (m;); depend on
h;. In what follows, we apply Theorem 1.3 first at time ¢ with function ¢, and second at
time ot with a function ¢, defined by log(at) — ¢, (at) = logt — ¢(t), so that the r.v. m;
are the same in both cases. By Theorem 1.3 and Lemma 5.2, we get

P(|X(at) — X(t)| < 3C16(t), Nt < Nat)
< IP[|mNM —mp,| < Ci[4o(t) + po(at)], Nt < Nat < nat, Ny € [l,nt)] —|—]P[Nt ¢ [l,nt)]
+P[|X(t) —mn,| > Cio(t)] + P[|X(at) — mn,,| > Crda(at)] + P[Nay & [1,700)]

Nt Nat

< Z Z ]P(mj —m; < 4C1(t) —|—Cl¢a(o¢t)> + o(1),

i=1 j=i+1

ast — 4o00. So, (2.21) and Lemma 2.3 leads to P(| X (at) — X (¢)| < 3C1¢(t), Nt < Not) =
o(1) since n; = ™) and n,, = ). Consequently,

P(|X (at) = X(8)] < 3C10(1))

P(|X (at) — X(t)] < 3C16(t), Ny = Naz) + o(1)
P(N, = Ny) + o(1). (5.22)

IN
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Moreover, by Theorem 1.3 applied at time ¢ with function ¢, we have for large ¢,

P(|X (at) — X(t)| > 3C16(t), Ny = Nat)

< P(IX(at) = my,| > 3C1¢(t) = C1o(t), N = Nat) + P[|X (1) —mn,| > C1o(t)]
< P[X(at) - a,\ > 2C19(t)] + o(1)
< P(X(at) —mn,.| > Cigalat)) +o(1).
This is o(1) as t — 400, by Theorem 1.3 applied at time at with function ¢,. Therefore,
P(Ny = Nat) = P(|X(at) = X(t)] < 3C16(t), Nt = Nat) + 0(1)

< P([X(at) - X(0)] < 3C19(t)) + o(1).
This together with (5.22) gives

P(|X(at) = X()] < 3C19(t)) = P(Ny = Nat) + o(1) = P[H(my,+1) > ot] + o(1).
This, combined with (1.3) and the change of variables « = 1/(1 + z) proves Proposition
1.2, since ¢ is choosen up to a multiplicative constant. O

5.4 Proof of Lemmas 5.3, 5.4 and 5.5

Proof of Lemma 5.3. Let j € [1,n;). First by (3.2),
PV (H(E) > H[7 (1 +3/2¢°0)]) < Qy/D;

A Lf V) () . o [Ty V) (z) T+ _
where Q; = [’ e dz and D, := (147200 (0) € dz. Recall that L] =

7;(¢*(t)). With a method similar as for (3.10), we get with a probability larger than
1 — e (21867 (1),

@j < (L+ — ;) exp [maX[ Tt V(J)] <8k " (t) exp(8* (1)), ﬁj > (1+3/8)87(1)

by (2.22) for the first inequality and by Fact 2.1 (ii) and (2.29) with h = (1 + §/2)¢*(¢t)

and o =1 — }ig?g for the second one, together with Lemma 2.3 since ¢(t) = o(logt).

Hence, with such a probability,

PY<[H(L}) > HIF; (1+6/2)6" ()] < Coo*(t)e " /5, (5.23)

Moreover, as in (3.23) and by scaling, we have under IPﬁVI‘/J” on {H(f;’) < H[7 (1 +
8/2)¢* ()]},
1\ L F o5 L 7 (3) : S
H(LY) :Aj(L+)/ eV L [rp(1), Ay () /A (D)) du,  (5.24)
7 (+6/2) (1))
where A;(u) = f:l eV @ dg for u € R as before, and (B(s), s > 0) is a Brownian motion

independent of W,,. Since 4, (L ) < F(er (1) —myle?” ™, we get
RHS of (5.24) < ¢ ) [7(¢" (1)) — 75 (14 6/2)¢" (1)]]” sup,en Lo [75(1), 2]

We know that P[7;(¢*(t)) — m,; > /" (0/3] < O e " (0/(V2) and P[m; — 711+
§/2)¢*(t)] > 2" (/3] < O e 9" (0/(2V2) by (2.22) and (2.23). So, we get with prob-
ability at least 1 — C'ye"®" (0/(2V2) 7 (4*(1)) — 71+ 6/2)6%(t)] < 269" (/3 and then

Py/x(RHS of (5.24) > e!"99° () - < PP (sup,ep Lp(rP(1), ) > /3 /4)
C+e—6¢ (t)/3’

IN
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where the last inequality comes from (4.8), (4.9) and the independence of B and W,.
This, (5.23), (5.24) and QE{; (Xe.)= ]Pg;“ (X € .) give with a probability larger than
1— e c-997(1),

Q,V;LV; (H@j) > e(1+5)¢>*(t)) — P%N (H(L*) S ((148)8" ) < CLg* (L) " W/8 (5.25)

We get the same result for H(Z ), since the law of V) restricted to (7, (he), 75 (Re)] is

symmetric with respect to m; for j > 2 by Fact 2.1 and P(V;) = o(e™%¢" (t)/g) by Lemma
2.3; the result from j = 1 follows from the fact that the valleys for j = 1 and j = 2 have
the same law by Lemma 2.3. This together with (5.25) gives (5.13). O

Proof of Lemma 5.4. Let 1 < j < n; — 1 and assume 0 < ¢ < /8. Recall that fj_ =
77 (¢°(1) and L = 7;(¢*(t)).
First by (2.22) since ¢*(t) = o(logt) and ¢ < /8, we have for uniformly large ¢,

PLF > iy + 6" (1)/C] < P[7(6° (1) — iy > 867 ()R] < Coe™" (/YD)

Similarly by (2.23), P[L; < 1in; — ¢*(t)/¢] < Cye " (/Y2 5o with probability at
least 1 — C e r¢"(0/(2V2), [E;,Eﬂ C [mj — ¢*(t)/¢,m; + ¢*(t)/¢] = 1; as in Figure 2,
and then ji; ([L;,L;] \ 1) < fi;([L;,L;]) + f1; ([}, L;]). This gives the first inequality
of (5.17) with such probability.

We now prove the second inequality of (5.17). First, we observe that for large %,

L; Ti[ag™ (t)]
~ J dy J dy B .
Z = = > - > T ) ag™(t) ag*(t)
/Lj eV () — /Tj[oab*(t)/z] VO (y) = [7ilag™(t)] = 7jlad™(t)/2]]e
on &34 NV, where £ := {Tj[o@*( )] — 7ilag*(t)/2] > 1} and o := (1 — §)x/16. By (2.28)
and Fact 2.1 (ii), P(E5 4) < 4e—"®"(1)?/12 Moreover, due to the definition (5.12) of ji i
we have

ﬂj([f’j_viﬂ)‘kﬂj([i;_,L]) (s + Tu+ Ts + Ts) ) Z, (5.26)
where
7(he) g Flo®l g
‘73 = / y 9 j4 = / = y
- eV (y) 7 (he) V@ (y)
7j(he) d L; d
Is ::/ \7(’?); ’ N ;:/ ~(,3)J .
#lor ) €V W) Fi(hey €7 W)

Recalling that V) = V() on V, by Remark 2.4, we introduce v = (1 — §)x/8,
L= {inf (VU (s), 70" (1) < s < 7(he)} > 967 (1) ],

EYt = {Fj(hy) — 1y < 8hy/r}.  E* = {L; — 7(he) < 2hy/r}.

Equation (2.35) with & = h;, o = 1/2 and w = 1 gives for large ¢ since 7;(h,) is a stopping
time, L
P(&3%) = P(tWx(=hy/2) > 2Ny /K) < e "he/16,

We have P(@) < Ce*M/(2V2) py (2.22). Moreover using Fact 2.1 (ii) if j > 2 and
taking the limit as ¢ — +oo in (2.31) applied with 2 = ¢*(t), « = 1, v = (1 — §)x/8 and
w = hy/¢*(t) gives P(E3%) < 2ex(7—19" (1) < 2¢=0x6"(1)/8 We have on E5-4NEFANEF ANV,

TIs < [%j(ht) —mj]e_w*(t) < 8,%_1hte_7¢*(t), Te < [ij —%j(ht)]e_’“/2 < 2k he /2,
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We prove similarly that there exists an event £2# such that P (€21 N V;) < 2em(0-De7 (1) 4

Cye /(Y2 and 7, < 8k thye 74" () on €54 NV,. Furthermore, by Lemma 2.7 equa-
tions (2. 32) and (2.34), on some event £2'* which has probability at least 1 — e~ *"+/8 >
1—Cpe (e (),

T3 < (75 (he) — Li) “he/2 < 40k hfe M2 < 8k hem 19T
for large t. These inequalities combined with (5.26) and Lemma 2.3 give on N%_, >4 NV,
i (L7, L)) + g ([, Ly]) < 8k he[3e797 (1) omhe/2]e0d™ () < 0 pye=(1-9ne” (/16

since ¢*(t) = o(logt). Since P(N_,E7* N V) > 1 — C e (¢-)9¢" (), due to the previous
inequalities and to Lemma 2.3, this proves the second inequality of (5.17) for 2 < j <
ng — 1. This is also true if j = 1 since the first valley has the same law by Lemma 2.3. O

Proof of Lemma 5.5. Let j € [1,n;). By (3.22) applied with i = j and r = 7;[k¢*(t)/(8¢)] —
7, there exists a Brownian motion (B(s), s > 0), independent of V), such that under
P,

H(%j [;@-Qs*(t)/(SC)]) > ‘/7:[@*(:&)/(80} e_V(j)(u)ﬁg [Tg (Ag (TJ [n¢8€( )]))7;1](“)} dy = Hf7

where for all z € R, 4;(z) = [Z V" @dz. Now, let &84 := {7;[rke* (£)/(8¢)] — 7, <

J

¢*(t)/C}. By (2.22), P(E34) > 1 — Cye = ¢"(0/(166V2) We have on €3 under IPY;VLJ_ ,

H(m; +¢"(8)/¢) = H(7[r¢"(8)/(&)]) = H"-
Assume ¢ < k/48. In order to estimate H, we introduce
[ EoT ()

* ~ * 751 ] -

By scaling, there exists some Brownian motion B’ independent of V) such that
n$* (1)

75~ = , ~
HF > / L eV gL (7P (1), Ay (w)) T7) du > Fr o

on &34 = {A; (T][ 16< D) < 6 J+} with Jy = inf,ep0,5:) L5/ (75 (1), ). We have

Ts = [7ilke" (t)/(48C)] — 7 (k" () /(96C)]] exp[—r¢™ (t)/(48C)] > exp[—ro™ (1)/(48()]

with probability > 1 — e~ (¢-)(¢"(1)*/¢* _ ¢=he/4 for large t by (2.28), Fact 2.1 (ii) and
Lemma 2.3. Moreover,

Jo > [1— (6)Y3) Lp (75(1),0) > (1/2)Lp: (7'(1),0) > e7¢7(D/(480)

for large t with probability > 1 — c(67)'/3° by (4.7) for the first inequality, and with
probability > 1 — ¢~ #¢"(1/(480) for the last one since Lz (TB/(].),O) is exponentially
distributed with mean 2 as before by the first Ray-Knight theorem. Furthermore, by
Lemma 2.3, Fact 2.1 and (2.29),

P(j7 > 6552)8*4(0) > P(/
0
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Finally by (2.22), with probability at least 1 — C' exp(— gl";’}%’ ),

A [ 55 ) < [ ] - e (500 = S0 e ().

The last two inequalities give P[£34] > 1 — e~ (¢-)?"(1)/C_ As a consequence, we have

P [H (1 + 6" (0)/C) 2 HF = Fr oy 2 0" (0/160 5 (152007(0)] > g o=(e)™ (/¢

with probability at least 1 — e~(¢-)¢" (/¢ since ¢ < k/48 and § < 1. We obtain the same
result for H(m; — ¢*(t)/¢) by symmetry of the law of V) for j > 2 by Fact 2.1 (ii), and
then for j = 1 by Lemma 2.3 as before. O

6 Proofs of some technical estimates related to the environment

6.1 Proof of Lemma 4.2

We denote by I, and K,, the modified Bessel functions, respectively of the first and
second kind. We remind that as = | 0 (see e.g. [7] p. 638), since 0 < k < 1,

1 z\" 1 2\ "2 rod
0= mern(s) “rem(s) o oD
i@ - Lu(@)] o (/27 (/2" (2/2)*" 2
Keulw) = 2sin(7k) ~ 2sin(7k) {F(l — k) T(k+1) + (2 - k) +0(@™).
(6.2)
Moreover, we remind that (see e.g. [7] p. 638),
I (W) Ky (u) — Iy (u) K (u) = 1/u, u > 0. (6.3)

Let y > 0. First, ([7], 2.10.3 page 302) witha =0,z =y, z =y/2 <z, f =1/2, and
u = —k/2 gives for G, which is defined in (4.2),

TV (y/2) 2
E <677G+(y/2,y)> —E|exp( - ’y/ Y ewg(s)ds — el{y/4 K,;,(Q\/nyey/ ) >0,
0 K, (24/2yev/4)’

So, B (776 W20/ ) — eruld  SLGVT S g, (237, [2/27e/4]"). where

u K, (u)
g+ (u,v) = DR (01/) u>0,v>0.

We have, as max(u,v) | 0, by (6.1) and (6.2) since 0 < k < 1,

ge(uv) = (G rryeom) [1‘(11—,.;) (u/2)7" — 1"(){1-‘,-1) (u/2)" + 71"(21_,{) (u/2)27F + o(u®~")]
’ s v 1 v
/UQSin(WN) [F(llfn) o—r F(nlJrl) 2K + O(U)]

B (1 — k) u* 9
= 1- Ty 1) 4% + O([max(u,v)]?).

This gives, with u = 2,/27y and v = [2y/27e /%] as v | 0 and y — +o0,

Gt wiza/er) —p - LA=8) oy —
E(e ) YT @) + O (max(y,y"e™"/?)). (6.4)
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We now turn to Fi(y), defined in (4.2). We have for v > 0, by (2.4),

WCC
e (y) 1
P (e—wi(w)  LmE {exp (_ 7/ v einn(s)dS> (V" (0)=o}
z0 0 P[TW*“(O) = oo]

The expectation in the right hand side of this equality is equal to, first by the strong
Markov property, and second by ([7], 3.10.7(b) page 317) with a = 0, a =0, b = y,
B ==£1/2, u=r/2and z > 0, and since P(7"=+(0) = 00) = 1 — e~** due to the scale
function (2.26),

wZx 1
=k (y) p[TWim(o) = 0]
_ etWZ.(s)
E[“"( 7/0 ds)]l{ Vi )<V )} | PV
eln=lul(ED)y g, (2 [2yeEr/2 2,/2 )1—@ kY
eb—lpl(FD))z g, (2\ﬁeiy/2 2f) 1—e—nra’

where S, (u,v) = (uv) "I (u) K, (v) — Kx(u)I;(v)] as defined in ([7] p. 645). Conse-
quently, E(e vFE ) is the limit, as z | 0, of

(L (2V/Z7e*/) K (2V/F7) — Kn(2y/276*/%) [ (2y/77)] sinh(ry/2) _ Ni(z,y)
[1.(2V27e 02 K (21/27) — Ko(227659/%)1,.(2y/2)] sinh(sz/2)  Dai(z.y)
Now, notice that fory > 0, as xz | 0,
Lo (2¢/27e*%/?) = L [2(/29(1 £ 2/2 + o(2))] = L.[2v/27] £ V/27IL[2V/27]z + o(z)
K, (2¢/27e¢5/%) = K, [2¢/29(1 £ 2/2 + o(x))] = K. [2/27] £ /27K, 2\fx+o
So for v > 0, by (6.3),

Ne(ey) ~aeo V2 [ILRVIIELVZY) — KL2y/27)1.(2/2)] sinh(xy/2)

~gz1o Esinh(ky/2)z/2.

Moreover, sinh(kz/2) ~ | xx/2, and then

P (e_,YFi(y)> — lim Ni(z,y) +r~Lsinh(ky/2) .
B De(,y) LR DKL (2v3) — Kn(2VTie o)1, (2y27)
(6.5)
We now consider . .
flu,v) = i Gl i) (6.6)

2k[1 (uv

w(w) = Ky (wo) L (u)]

K
so that E(e~ 7" W) = E(e”F+ )/e") = f(2y/2y,e7¥/?) for every v > 0, and so F'~(y)
F*(y)/e¥. We get successively, as max (v2*,u®) — 0, by (6.1) and (6.2), using I'(1 —
k)T(k) = 7/ sin(7k),

£

1 1
K,(uw)l;(u) = ﬂv*“ + mv*”uz + v "o(max (v*",u?)),

I (uw)K.(u) = v°/(2K) + v "o(max (v, u?)),

26 [ L (u0) Ko (u) — Ko(uv) o (u)] = 0" —v™" = ﬁ v u? + v %0( max (v**,u?)).

This yields

—(vT" =) L 2% 3
U,v) = =1- u”4o(max(v=", u”)).
J(wv) v — T — mv*“uz + v~ *o(max(v*, u?)) 4(k+1) (max( )
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Consequently, as max(e ", v%/2) — 0,

—1
2 2
—y/2y —1_ v —KY ~3/2\) — i —ky A3/2
f(2y/2vy,e7%%) =1 - 1+O(max(e 7)) <1+n 1> + O(max(e™",v°/%)).

Since E(e*VFJr(y)/ey) = E(e*VF_(y)) = f(2y/27,e7¥/?), this and (6.4) proves the exis-
tence of Cy > 0, M > 0 and n; € (0,1) such that (4.3), (4.4) and (4.5) are satisfied
simultaneously for all y > M and v € (0,71].

We now prove E[FT(y)/eV] exists and is bounded, by computing %E(e‘“ﬁ(y)/ey) at
v = 0. To this aim, we fix y > 0 and observe that as v | 0, once more by (6.1) and (6.2),

B (e—’yFﬂy)/ey) = f(2v/27, e—y/2)
KY/2 _ p—KY/2—y —yt+ry/2 _ o—ry/2
=1k - ]’y*(e — )v+0(v)~
(k + 1) sinh(ky/2) (1 — k) sinh(ky/2)

Hence,

0 [e7Y/2 — e=rY/2=Y]  (emyHRY/2 _ o=ry/2)

S ) o~ FH@)/er _
E[FT(y)/e"] (87)7:0 E ( ) (k + 1) sinh(xy/2) * (1 — k)sinh(ky/2) ’

which is a bounded function of y on R,;. Moreover, '~ (y) £ p+ (y)/e¥, so E[F~(y)] =
E[F*(y)/e). )

Finally, taking the limit of E(e™"* ) in (6.5) for fixed v > 0 as y — +oo with the
help of (6.1) and (6.2) proves (4.6). O

6.2 Proof of Lemma 2.7

We consider £0-2 := N {LF — 77 (h) < 40h//k}. We also introduce £§2 :=
{W,.(17y,,) > —ne®he/4} We have,

P[eg?] P[W,.(1in,) < —nee®he/4]

P( —hi 4 (28 + Wa(LE) — W) > nte5“h"/4).

=1

Recall that the r.v. Wﬁ(ig) — Wy (1), i > 1 are equal in law to —inf(y r«(,)) W, which
expectation is %sinh(f@ht/Q)e”‘ht/2 (as recalled before (2.9)). By Markov inequality, for
large t,

—5 ng 2 . rhs —rhy
P[€262] § m(?h?— + ;Slnh(lﬂ?ht/Q)e h /2> S O+€ h /4. (67)

On £52 there exists 1 < i < n; such that L] — 7, (h;) > 40h;" /x. There exists an
integer j € Z such that —j > W, [, (k)] > —j — 1. So on £§2 by (2.16), —j > W, (17;) >
Wi (1) > —nge®®M/4, thus j < nwe® /4, Moreover, we have by (2.16),

W77 (b)) = Walma] + hif < Wi (L) + hi = W (L) <0, (6.8)

so j > 0. Since 0 > —j > W, [7; (h;)], we have 7W~(—j) < 77 (h). On the other hand,
—j — 1< W[5 (k)] = W, (1) + b, so by (2.16),

W (L) = inf Wi = We(mi) — b > —j —1-2h],
[0,L]]
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and then 7W=[—j —1—2h] > L. Hence, 7V« [—j —1—2h; | —7W=(—j) > L7 — 77 (b)) >
40h /K. So for large t,

PEFPnes?) < p(ulny™ Y (P — 1 - anf] - TV (=) > d0nif /w} )
< (ngePh/ I)P(TW” [1— 2h}] > 407 /,e)
< 2nt65"ht/4P(TW“[—3ht+] > 40ht+//$)
< 2pedtihe/4 exp [f 3nhﬂ < e rhe

by Lemma 2.8 with i = b, o = 3 and w = 20 and since n; = e°("*) because ¢(t) = o(logt).
We also consider

£82 = NPy {inf = ) sy oy VO 2 BF = he/2), €92 1= i, < ¥

We notice that since E[7"V=(—1)] < oo,
BI[LT - #1(h)] = E[7"*(=h{ — he)] < (lhe) + 1) E[7"*(-1)] < Cyhy.

Similarly, E[L}] = E[rWs(~h{)] < Cih,. Moreover, E[7i(h;) — L}] = E[rf(h)] <
C.e® by (2.10). Combining these inequalities gives E[iﬂ < C,e", and as a con-
sequence, Eli,,] < E[L} | = mE[L{] < Cynee™ since (Lf, — L), i > 0, are ii.d.
Consequently for large t,

PIEF?) < Bl J e < 2

On @ there exists 1 <4 < n, such that inf[%f(hzf)’%f(hj)Jrl] V) < h;” — khy/2. Since
VO[F" ()] = hif, for k = [77 (hi)], we have supy, ;o) Wi — infjy ko) We > khe/2, and

0 <k <y, <e?h on &2 Moreover we have for every k € IN,

Pl sup W~ it Wiz nh2] < Plspw =0 f Pl mew s D]
[k, k+2] [k,k+2] [0,2] 4 [0,2] 4
2P[|W(2)| > khy/4 — ]

< dexp[— (khi/4— Kk)*/4]

for large ¢ since supjy o) W £ [W(2)] and P(W(1) > z) < e~7*/2 for large z. Consequently,
PEP) < PEPNE?) +PED)

K}ht

< Z P| sup W, — W, > 7} +p(@) < e rhe/4

inf
=0 [k, k+2] [k,k+2]

for large t. Notice in particular that on £$-2, we have forevery 1 < i < n, T, (hf)Jrl < m;
since V) (1;) = 0 < hj” — khy/2, and

™o TR +
/ eV (“)dUZ/ eV (“)dUZeht —rhe/2 (6.9)

L ()

Finally, let £5-2 := N7, { inf -~ (1,4 7 (ho)) v > hi/2}. On £52, we consider 1 < i < n,
such that inf[%f(h:r)’%f(ht)] Ve < ht/2. There exists an integer j € Z such that —j >

W, [7 (h)] > —j — 1. As before, just before and after (6.8), this yields 0 < j < nze® /4
on &5-2,
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Consider now y; := inf {z > 7V~ (—j — 1), Wi(z) — infrwe (_j_1).5) Wi = he/2}. We
have y; > 7Wr(—j — 1) > 0. Moreover, due to the definition of our 4, and since for
all 0 < z < 7Wr(—j — 1), We(z) > —j — 1 > W,.(m;) + hf — 1 and so, for large t,
V@ (z)>hf —1>h/2> inf - (1,4 7 (h) V®, we have

VOF (hy)] - inf V@O > vVOFE= (b)) - inf VO > h,/2,
[T W (=j=1),7; (he)] (77 (hi), 7] (he)]

in every case, whether 7W=(—j — 1) < 7 (h)) or not. Since for large t, 7; (h;) >
We(—j — 1) because —j — 1 > W, (1n;) + hy, this gives y; < 7, (hy) < 7i(hy).

Hence, inf[rwn(—j—l),yj] VV,..i > inf[Oﬁ'i(ht)] I/V,’€ = Wﬁ(ﬁl,) = inf[yj7;i(ht)] WK by (216)
Moreover, let z; := inf{z > y;, W (z) — inff, o) We > hi} > y; > 0. Since y; < 7, (he) <

m; < 7;(ht), we get z; < 7;(h¢). Thus for these j and 4,

inf Wn_(_j_l) > Wn(mi)_(_j_l) > Wn(mz)_Wn[;—zﬁ(h;r)} = —htﬁ (6.10)

[rWr (=5—1),y;]

. Wi = Wielyy) = W) = (=7 = 1) + bu/2) 2 —hf = hy)2. (6.11)
Yjo2j

So on ? N ES2 there exists 0 < j < |ne®/| and some 1 < i < n; such that such
that (6.10) and (6.11) are satisfied. For this j, z; — y; plays the role of 7{(h;) for the
process W (. + ;) — Wy(y;). Moreover y; — 7'V=(—j — 1) plays the role of 77 (h:/2)
for W,[. + 7W=(—j — 1)] — (=j — 1). Applying the strong Markov property for every
0 < j < |ne® /4] at stopping times 7= (—j — 1) and y;, we get for large ¢,

LntESNht/4J

©6.2 6.2 . a4 . I
P[gf’ mg2] = JZ:(:) P{[O,Tflgi/Q)]WHZ ht:|P|:[O,7}fn(f}‘Lt)]WHZ he /2

2np et/ [h;re_”ht/z} [(h;L + ht/2)e_“ht} < e_“hf/s/lo

IN

where we applied (2.9) and n; = ¢°("*) since ¢(t) = o(logt). This together with (6.7) gives
PEg2] < emri/S )2,

Since (2.32), (2.33) and (2.34) are true for 1 <i < n; on £8-2NES2NEYS-2, due to (6.9)
for the second one, the lemma is proved. |
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