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Abstract

Two discretizations of a class of locally Lipschitz Markovian backward stochastic dif-
ferential equations (BSDEs) are studied. The first is the classical Euler scheme which
approximates a projection of the processes Z, and the second a novel scheme based
on Malliavin weights which approximates the marginals of the process Z directly.
Extending the representation theorem of Ma and Zhang [24] leads to advanced a
priori estimates and stability results for this class of BSDEs. These estimates are then
used to obtain competitive convergence rates for both schemes with respect to the
number of points in the time-grid. The class of BSDEs considered includes Lipschitz
BSDEs with fractionally smooth terminal condition, thus extending the results of [15],
quadratic BSDEs with bounded, Holder continuous terminal condition (for bounded,
differentiable volatility), and BSDEs related to proxy methods in numerical analysis.

Keywords: Backward stochastic differential equation; approximation schemes; Malliavin calcu-
lus; representation theorem; a priori estimates.

AMS MSC 2010: 60H35; 65C30; 60H07; 60H10.

Submitted to EJP on September 17, 2013, final version accepted on April 11, 2015.

1 Introduction

» Framework. Backward stochastic differential equations play an important role in
the theory of mathematical finance, stochastic optimal control, and partial differential
equations. In this paper, we study two discrete-time approximations of the for the
so-called Ilocally Lipchitz Markovian backward stochastic differential equation (BSDE).
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Time discretization of Markovian BSDEs

The purpose is to determine the error induced by these approximations under suitable
norms. The first is the well-established Euler scheme for BSDEs, and the second is a
novel scheme we call the Malliavin weights scheme for BSDEs. Let 7' > 0 be a fixed
terminal time and (Q, Fr, {F:},P) a filtered probability space, where {F; : 0 <t < T} is
the filtration generated by a ¢g-dimensional (¢ > 1) Brownian motion W and satisfying
the usual conditions of right-continuity and completeness. We look to approximate the
R x (R?)"-valued, predictable process (Y, Z) solving the BSDE

T T
Y, =(Xp)+ [ f(s,Xs,Ye, Zo)ds —/ Z,dW,. (1.1)
t t

Here, (]Rq)T is the space of ¢g-dimensional, real valued row vectors; X is an Ré-valued
(1 < d < ¢) diffusion; and ® : R - R and f : [0,7) x R x R x (R9)T — R are
deterministic functions that are termed the terminal condition and driver, respectively.
We focus on the setting in which the terminal condition @ is in the space of fractionally
smooth functions L, ,, for parameter o € (0, 1] - see (Ag) in Section 1.2 for details - and
the driver is locally Lipschitz continuous in (z,y, z) and locally bounded at 0 in the
sense that there exist exponents 6, 6x, 0. € (0,1], finite constants L, Lx,Cy > 0, such
that, for all t € [0,7) and (z,9, 2), (', v/, 2') € R x R x (RY) T,

oot ly—y'|+ |z =2 |z — 2’|
|f(t,z,y,2) — f(t. 2"y, 2")| < Ly (T — t)(—0)/2 + Lx (T — t)1-0x/2’
Cy
t,2,0,0)] < ——=—. 1.2
0.0 £ 1.2

Furthermore, X solves a time-inhomogeneous stochastic differential equation (SDE)
with suitable coefficients; see (Ap ) in Section 1.2. The existence and uniqueness of
this class of BSDEs - given in Section 2.3 - follows from [8, Theorem 3.2]. Below, we
show that this class of BSDEs includes a section of the important quadratic BSDEs, and
also BSDEs related to so-called proxy schemes used for numerical methods, so it is of
interest to find good discrete-time approximations for such BSDEs. We note that fully
implementable algorithms — admitting the full generality of the assumptions considered
in this paper - based on the Euler and Malliavin weights schemes have been studied in
detail in [17][16] respectively, but, to the best of our knowledge, this is the first paper
considering the discretization error under the full generality of the local conditions.
> Summary of results. In the spirit of [15], we make use of non-uniform time-grids
{w(ﬁ) = th) <...< t%v) =T} : N > 1} whose parameter 8 € (0, 1] determines
the tlme-pomts tEN) :=T—T(1—i/N)*8. Asin[15], the use of these time-grids appears
to substantially reduce the error due to discretization.

The first approximation, studied in Section 3, is the so-called Euler scheme for BSDEs:

N N 1 N
YZS, )= (X7), Zi( )= WE[Y’(‘H)(WtEﬁ f<N>) \fw)]
i+1 Y
Yy =B + e, X, o0, Vi, 280 @) - i) F) (1.3)
for each i € {0, . - 1} The random variable Zi(N) is a discretization of the projection

ey
(tgfl) t(N))Zt = ]E[ {;,’)1 Zsds|F, <N>] This approximation has been frequently studied:

[311[3][12] among others in the settlng where the terminal condition ® and the driver
are uniformly Lipschitz continuous (i.e. 8, = 1); [15] in the setting of the fractionally
smooth & but uniformly Lipschitz continuous driver; [21][28] in the setting of bounded

EJP 20 (2015), paper 50. ejp.ejpecp.org
Page 2/49


http://dx.doi.org/10.1214/EJP.v20-3022
http://ejp.ejpecp.org/

Time discretization of Markovian BSDEs

Lipschitz (resp. Holder) continuous ® and quadratic driver; and [29] in the setting
of possibly unbounded (locally) Lipschitz continuous ® and (super-)quadratic driver.
Typically, the discretization error of the Euler scheme is measured by

#N)

. (N)2 (V)2
E(N) = max B[Y,m —Y, |+Z . E[|Z, — 2 ?|dt (1.4)

We show in Theorem 3.3 that if 3 < (2v) A , where v := (§ A 0. + %L) A 6., then
g(N) S CN711[1,2] (Oé + GL) + CN7271(071)(OK + GL)

The optimal error bound O(N~1!) is obtained if o + 67, > 1. This rate is optimal in the
sense that it is the same as the rate of convergence obtained in [15, Theorem 3.2] in the
uniformly Lipschitz driver setting (f;, = 1). This result can be complimented under the
additional assumption that the terminal condition ® is 64-Holder continuous: in Theorem
4.5, we show that if 8 < (2y) A a A 6L, then

E(N) <CN 11 4y(fa + B+ 2v) + CN 1o 1) (00 + B+ 27).

Now fg + 3 + 2y > 1 is sufficient to obtain the optimal convergence rate O(N~!).
Although the complex relationship between 64, o and v make it difficult to compare the
two results in full generality, the latter result relaxes the constraint o + 6, > 1 in order
to obtain the optimal error bound O(N 1) if §. > 1/2 - see (1.2) to recall the definition
of 4.

The second approximation, studied in Section 5, is the so-called Malliavin weights
scheme. Rather than approximating the projections of the process Z, this algorithm is
used to approximate the version of Z, determined by the Malliavin integration-by-parts
formula of Theorem 2.16, at the points of the time grid directly: for each N > 1, set

vV = e(xp), V= E@(Xr) + Z F) Xt(m,y(ﬂ),Z(N))(( 1= ) F el

Jj=t
ZN) = B[®(Xr)Hi, + Z £ (N),YJ(H), ZM ()~ ,N>)|ft5m] (1.5)
j=i+1
fori € {0,...,N — 1}, where (H;)” is a suitable random variable. Due to the connection

between BSDEs and quasilinear partial differential equations (PDEs) — see [29][4] and
references therein - it may be of interest to approximate the marginals of the process
Z rather than the projections. Other schemes that make use of Malliavin calculus are
available [2][20], but this is, to the best of our knowledge, the first scheme which makes
use of the Malliavin integration-by-parts formula (Theorem 2.16). Convergence results
are given - for weaker norms than those used in £(N) for the Euler scheme - in Theorem
5.5. Although one is able to prove results under stronger norms than for the Euler
scheme, there are several disadvantages (regardless of the norm used to measure the
error) of the Malliavin weights scheme over the Euler scheme. Our results are proven
under stronger conditions than for the Euler scheme because the use of stronger a
priori estimates — Proposition 4.2 - is essential in the proof: one requires that either
the terminal condition has exponential moments or that it is Holder continuous. We
have not yet been able to weaken the conditions on these a priori estimates. One also
requires a greater constraint 3 < y A0 A a (where v := (5 A0, + %L) A 6.) on the
time-grid than for the Euler scheme. The rate of convergence again depends on the
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parameters («,0r,6.,3). In the more general setting of exponential moments on the
terminal condition, 3 + 2y > 1 is required for the optimal error bounds O(N 1), whereas
in the setting of A¢- Holder continuous terminal condition, 8 + 64 + 2v > 1 is sufficient.
One may ask, given the additional constraints, why it is of interest to study the Malliavin
weights scheme over the Euler scheme? The reason has to do with the approximation of
the conditional expectation. It is shown in [16] that, using Monte Carlo least-squares
regression to approximate the conditional expectation, one can theoretically gain an
order one improvement with respect to the number of time-steps N on the algorithm
complexity using the Malliavin weights scheme compared to the multi-step forward
implementation of the Euler scheme [17]. Such a complexity reduction is substantial,
given that NV may be very large.

In order to obtain the results on discretization, we extend some basic tools from the
literature of BSDEs. These results are interesting in their own right. Firstly, we extend
stability estimates for Lipschitz BSDEs to the class of BSDEs satisfying local Lipschitz
continuity and boundedness conditions (1.2). This enables us to make estimates on the
basis of constructing approximating sequences, a key technique used throughout the
paper. A natural consequence of stability estimates are a priori estimates, which we
also frequently require. These results are contained in Section 2.4. Secondly, we
obtain dynamical representations of the process Z; in the form of the product U;o (¢, X;),
where (U, V) is the solution of a linear BSDE. Such representations are very valuable for
making estimates on the increments E[|Z; — Z,|?], because one can make use of a priori
estimates on the linear BSDE and the process X. In fact, it is not possible to obtain the
results for Z directly, but for a suitable sequence {Zt(e) : € > 0} of approximating BSDEs.
A priori estimates for the approximation are computed and play an important role in the
overall convergence rate of the numerical schemes. To obtain this result, we extend the
method and results of [15, Section 2], who consider the setting (1.2) with 0, = 0. =1
only, to our more general setting. The key results are contained in Lemma 2.9. Thirdly,
we extend the classical representation theorem of Ma and Zhang [24, Theorem 4.2] for
the Z process to our class of BSDEs. This theorem is proved in Section 2.5 and is a key
result in this paper. One the one hand, it is the basis for the Malliavin weights scheme.
On the other hand, we use the representation theorem to obtain stability estimates
directly on the marginals of the process Z - see Proposition 2.12 — which are key to the
analysis. These stability estimates lead in turn to a priori estimates of the form

|Zi| < OV(T = 1) B [|@(X7) — By [@(X7)]P] + C(T — )% 1/2 4 CE[@(X7)*) (T — 1)’/

for all t € [0,7) almost surely. Such estimates are, to the best of our knowledge,
novel and allow us to study the impact of the regularity of the terminal condition on
a priori estimates — see Proposition 2.13. Finally, in Proposition 4.2, we obtain a
priori estimates for the process V;(E) — the solution (U(®), V(¥)) to the linear BSDE such
that the approximating BSDE solution satisfies Zt(e) = Uf)a(t,Xt) - under additional
regularity conditions on the terminal condition. These estimates are essential to analyse
the error due to the Malliavin weight scheme. Rather than considering a second
Malliavin derivative of the process Y;, as for example do [4], we make use of a functional
representation that comes from the Markov property of X and determine regularity
properties of the said functional representation. A consequence of this is the Lipschitz
continuity of the functional representation of the process Z; under suitable conditions
- see Corollary 4.3. To our knowledge, this result is novel. Since regularity properties
are very useful for the calibration of numerical schemes - see for example [17, Section
4.4] - this result may have some impact on reducing the cost of fully implementable
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algorithms.

» Contributions to quadratic BSDEs and proxy methods. We consider the setting
where ® is a bounded, fg-Holder continuous function. To make the contributions of
the numerical results in this paper clearer, we consider two important examples. Note
that these examples have also been given some attention in [17, Section 2]. We
emphasize that the forward process X is a diffusion with bounded, twice continuously
differentiable coefficients, whose partial derivatives are bounded and Holder continuous;
this assumption stands throughout this paper - see (Ap ;).

Quadratic BSDEs have powerful applications in financial mathematics, for example
to solve utility optimization problems in incomplete markets [27][19]. Let ¢ = d and the
measurable function F : [0,7) x R? x R x R? — R satisfy

|F(t, .y, 2)
|F(t,2,y,2) — F(t,z,y', 2")

| < e+ yl+ 2%,

| <c @+ + 12Ny =o'+ 12 = 2)).

It is known [6] that the solution (Y, Z) of the BSDE with terminal condition ® and driver
F(t,z,y, z) exists and is unique and that there is a constant 6 € (0, 1] and finite C,, > 0
such that |Z;| < C,,(T—t)(®~Y/2 forall t € [0, T) almost surely. This implies that (Y, Z) also
solves the BSDE under local conditions with terminal condition ® and driver f(¢,x,y, z) :=
F(t,z,y, Te, (r—ty0-n/2(2)), where Tr(z) :== (=LVz1 AL,...,—LV2z,AL). Indeed, Cy = c,
0. =1, Ly = ¢(T=9/2 4 24/dC,), and 0;, = 6. The terminal condition is fractionally
smooth with parameter « at least as large as ¢ - see Remark 1.3. It is shown in Corollary
2.13 that |Z,| < C(T—t)(%»=1/2, 50 @ is at least as large as 6. Therefore, the error £(N)
of the Euler scheme is bounded above by CsN 111 /(309 +8)+CN /%1 g 1) (364 +3) for
any 8 < 0¢. In [28], the Euler scheme for bounded, Holder continuous is also considered,
but with a different non-uniform time-grid and a transformation of the terminal condition;
there is a further modelling difference in that the author requires no uniform elliptic
condition, but sacrifices state-dependence in the volatility matrix. The author obtains a
rate of convergence C, N n=% for any n > 0, so we have obtained an improvement in this
work; This improvement is likely due to the use of the time-grids w](\f) in our scheme -
indeed, [15] show a rate of convergence O(N %) in the uniformly Lipschitz continuous
driver setting if only a uniform time-grid is used. It is important to remark that this
work is a complement to the recent papers [29][5], in which the authors consider weaker
assumptions on the drift and the volatility of the SDE - only Lipschitz continuity and
linear growth are required — however stronger assumptions are required on the terminal
function ®, which must be locally Lipschitz continuous.

Next we consider a particular instance of the proxy method. Let F(¢,z,y, z) satisfy
(1.2) with exponents 0, r < 1, fx r =1 and 0. r = 1, and constants Ly, Ly x and Cr.
Let (), Z) satisfy the BSDE with terminal condition ® and driver F(¢,z,y, z). Let the
function F(t,z,y, z) satisfies (1.2) with exponents ; » = fx » = 6, 7 = 1, and constants
Lp, L x and Cp, and ®(x) is Hp-Holder continuous and suppose that the parabolic
PDE

0=0w+ Ly v+ F(t,z,v(t,x), Veu(t,z)o(t,z)), v(T,z) = ®(x)

has a unique strong solution v, and, for every ¢ € [0,7T), the k-th order (k < 3) partial
derivatives in = of v are bounded by C, (T —t)(?*~*)/2, We assume also that the parabolic
operator L, , satisfies the property that, forany i € {1,...,d}, [|0s,{Lt.c— Ltz }v(t, )]0 <
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Co(T —t)®2=2)/2, where L, , is the parabolic operator given by

d 9 d

1 d d
Liult,x) = 3 Z @—(t,x)a(t,g;)T)MW Jrzbi(t,gc)F u(t, x);

i,j=1 i=1

this is stronger than the previous assumption on the third order partial derivatives
of v(t,-), which asks for the upper bound C, (7 — )% =3/2 Then (Y;,Z;) := () —
v(t, Xt), 2 — Vau(t, X¢)o(t, X;)) solves a BSDE with terminal condition ®(x) — ®(x) and
driver

ft,x,y,2) =F(t,z,v(t,z) +y, Veu(t,o)o(t,z) + 2) — F(t,z,v(t,z), Vyu(t,z)o(t, r))
+ (Lix — Lia)v(t,z).

The driver f(t,z,y, ) satisfies (1.2) with exponents 0;, =0 r, 0x =01 + 03 — 1, 0. = 05,
and constants L; = Ly, Ly := LgC, + dC,T1~%2)/2(1 + L), and Oy = Vd(Lp +
Lz)Cy + Cr + Cp. The idea is that it may be numerically advantageous to simulate
the BSDE (Y, Z) as opposed to the original BSDE (), Z). A simple example of a proxy
is given by ®(z) = ®(z), F = 0, and L; ,u(t,x) = L; ,u(t,z); see Lemma 2.8 for the
gradient bounds. We show in Corollary 4.3 that the process (Y, Z) brought about by
this proxy may lead to some regularity improvements for the process Z compared with
the original process Z. This may lead to an improvement of the numerical complexity
for fully implementable algorithms that approximate the conditional expectation, where
regularity is extremely important; moreover, [17][16] both demonstrate that there will
an improvement in the constants for the error estimates when using Monte Carlo least-
squares regression on this proxy compared to the same algorithm on the original BSDE

(Y, 2).

» Remarks on extensions. In this paper, we work with one of the simplest time-
inhomogeneous SDE models with stochastic volatility, which, in particular, allows us
to make use of results from the theory of parabolic PDEs [9] - see Lemma 2.8. The
representation theorem for Z in Theorem 2.16 also makes use of the uniform ellipticity
condition. Our application to quadratic BSDEs requires these conditions, and additionally
that ® is Holder continuous and bounded, because we make use of the results of [6]
to introduce local Lipschitz continuity. There are already several directions that may
help us to avoid the uniformly elliptic condition. The results of [23][4][25], offer suitable
PDE results under UFG conditions. Also, a representation theorem beyond the uniformly
elliptic setting has been found by [32] and [14] (although only for the zero driver case
in the second reference). Another interesting aspect of our general results is that we
require neither BMO results nor (local)-Lipschitz continuity of . Combined with the
connection to quadratic BSDEs already discussed here, this suggests the results of this
paper may be an important stepping-stone to obtain novel representation theorems, a
priori estimates, existence and uniqueness results for (super-)quadratic BSDEs with
possibly unbounded and discontinuous terminal conditions. It would also be interesting
to combine the results of this paper with those of [29] to handle the setting of unbounded,
state-dependent o with non-Lipschitz continuous terminal condition. Unfortunately, all
of these extensions are beyond the scope of this paper.

1.1 Notation and conventions

»Time-grids. Since each result is given for a fixed number of time-points N, we
denote the points {tl(-N)} of the time-grid simply by {¢;}. Let A; :=t;;1 — t; and AW, :=
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Wi.., — Wi,. We also suppress the superscript (/V) in the Euler and Malliavin weights
scheme.
» Expectations and norms. For p > 1, we denote by | - ||, the norms (EJ| - [P])/?; in

particular, we make use of the norm /E[| - |2] denoted by || - ||2.

» Conditional expectations. The conditional expectation E[-|7;] is denoted by E,[],
and E,,[] is denoted E;[-]. We make use of a conditional version of Fubini’s theorem,
stated in Lemma A.1. We slightly abuse notation by writing fOT E[fs]ds := fOT Fi(-, s)ds,
(likewise fOT g(E¢[fs])ds := fOT g(F(+, s))ds for any measurable function g) where F; is the
process defined in Lemma A.1, because we believe this notation to be somewhat clearer
- in particular, this formal definition indicates more clearly that the inner integral comes
from a conditional expectation than strictly mathematically correct version using the
process Fi(-, s).

» Lebesgue measure For any Euclidean space F, B(E) denotes the Borel measurable
sets in E, and the Lebesgue measure on the measurable space (E, B(E)) is denoted by
m.

» Processes and spaces. For two processes X and Y in L ([0, 7] x €;R¥), Y is said to
be a version of X if X =Y m x P-a.e. P C B([0,7T]) ® Fr is the predictable c-algebra,
generated by the continuous, adapted processes, and H? is the subspace of Ly([0, 7] x )
containing only predictable processes. For p > 2, SP is the subspace of 2 of continuous
processes Y such that ||Y||sr := (E[supg<s<r \Ys|p]ﬁ is finite forall Y € S?; || - ||s» is @
norm for this space. o

» Linear algebra We identify the space of & x n dimensional, real valued matrices with
R**", 2T denotes the transpose of the vector z. I,, denotes the identity matrix in R"*".
For any A € RF*™, let A, denote the j-th column vector of A. For any vector z € R", |z|
is the vector 2-norm, defined by (3", |7;|?)!/2, and for any matrix A, |A| is the matrix
2-norm, defined by max|,—; |Az|, where |Az| is the vector 2-norm of the vector Ax.

» Functions and regularity. Let v € (0,1] and A(-) be a function in the domain
[0,T) x R! taking values in R**™ (resp. R¥). We say that A(t, -) is y-Hélder continuous
uniformly in ¢ with Holder constant L, if, for all (z,y) € (R)? and t € [0,T), |A(t,z) —
A(t,y)| < Lalz — y|?; in the case that v = 1, we say that A(¢,-) is Lipschitz continuous
uniformly in ¢ with Lipschitz constant L4. Likewise, we say that A(-,z) is y-Holder
continuous uniformly in x with Hélder constant L, if, for every (t1,t2) € [0,7)% and
v € R, |[A(t1,x) — A(t2,z)| < Lalty — t2|7. For a given multi-index @ = (i1, ... ,i|q|)
with no zero entries, we define by dg A(t, ) the multiple derivative 0., .. .81%‘ A(t,-). If
A(t,) takes values in R* and is differentiable, we define by V,A(t, ) the R**! valued
function whose (u,v)-th component is 9,, A, (t,-). If A(t,-) takes values in (R*)" and is
differentiable, we define by V, A(t, -) the R'**-valued function whose (u,v)-th component
is 0;, Ay (t,-). Define by ||A|« the infinity norm

max sup |Ay(t,z)] (resp. max sup | Ay (t, z)|).
WY (t,2)€[0,T)xRE U (t,x)€[0,T)xRE

» Mollifiers. The following definitions will come in handy.

Definition 1.1. Let n be a non-zero integer. A mollifier is a smooth function ¢ : R™ —
[0,00) with compact support on {x :€ R" : |z| < 1} such that [, ¢(x)dx = 1 and
limp_, oo R"¢(Rx) = 6(x) for all x € R™, where ¢(x) is the Dirac delta function. For R > 0,
define the function ¢p : R™ — [0, 00) be the function x — R"¢(Rzx).

An example of a mollifier is ¢(z) = e~/ -leD1 / f‘le e~ /(=D dy. The following
lemma, which is standard, shows how a mollifier can be used to generate a smooth
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function from a continuous one.

Lemma 1.2. Let F' : R” — R be continuous, and define the function Fr(z) := [, F(x —
y)¢r(y)dy. Then the function Fg(z) is smooth and limp_,o, Fr(z) = F(z) for all z € R".

1.2 Assumptions

The following assumptions will hold throughout this paper.

(Ap,) X is a solution to the stochastic differential equation (SDE)
t t
Xo=x9, Xi=uxo +/ b(s, Xs)ds +/ o(s, Xs)dWs t >0, (1.6)
0 0

where z; € R? is fixed and b and o satisfy

(@) (t,z) €[0,T] x R? ~ b(t,z) is R¥-valued, measurable and uniformly bounded.
Moreover, b(t, ) is twice continuously differentiable with uniformly bounded
derivatives and Hoélder continuous second derivative, and b(-, x) is 1/2-Holder

continuous uniformly in z.
(@) (t,7) € [0, T)xR? + o(t, x) is R¥*%-valued, measurable and uniformly bounded.

Moreover, o(t,-) is twice continuously differentiable with uniformly bounded
derivatives and Holder continuous second derivative, and o(-, z) is 1/2-Ho6lder

continuous uniformly in z. ~
(c) o(-) satisfies a uniformly elliptic condition: there exists some finite 8 > 0 such

that, for any ¢ € RY, (To(t,z)o(t,z) "¢ > B|¢|? for all (t,x) € [0,T] x R

(Ag) The terminal condition ® : R? — R is a measurable function and there exists a
constant a € (0, 1] such that K*(®) < oo, where
a Vi1 ()2
K(®)° = E[®(X7)[?] + supgcior G208
(1.7)
for V, 7(®)? = E[|®(Xr) — E[®(X7)]|%.

We say that ® is fractionally smooth, and that it belongs to the space Lj . We refer
to [15] for further discussion of and references for the space Ly .

(A¢) The driver f: [0,7) x R x R x (R?)" — R satisfies (1.2).

The following condition will be required for both the Euler scheme and the Malliavin
weights scheme convergence results; this is a standard assumption for BSDE approxima-
tion schemes in order to obtain a convergence bounded from above by O(N1).

(Ag,) The driver f(t,z,y,z) is 3-Holder continuous in its ¢ uniformly in (z,y,z) with
Holder constant L.

Our convergence results for the Malliavin weights scheme require stronger conditions
than those of the Euler scheme; one of the following assumptions will be necessary to
obtain the main result, Theorem 5.5, of Section 5.

(Aexp®) The terminal condition has exponential bounds in the sense that there is a finite
Ce > 0 such that E[el*7)] < C¢.

(Aha) The function ® is Holder continuous: there exists a finite constants K4 and 0 €
(0,1] such that |®(x;) — ®(z2)| < Kg|z1 — 22|% for any z;,z5 € RY.

EJP 20 (2015), paper 50. ejp.ejpecp.org
Page 8/49


http://dx.doi.org/10.1214/EJP.v20-3022
http://ejp.ejpecp.org/

Time discretization of Markovian BSDEs

The following assumptions will be needed for partial results only. They will hold only
when specifically stated.

(Age) The driver (t,z,y,2z) — f(t,x,y,2) is continuously differentiable with respect
(z,y,2) for all t € [0,T). The partial derivatives in (y, z) are bounded by L;(T —
t)(?2=1)/2 and the partial derivatives in = are bounded above by Lx (T — t)'~9x/2,

(Ape) The function @ is uniformly bounded: ||®||, < oc.

Remark 1.3. Due to (A} ), (Ans) implies (Aexpas) and (Ag). Note that it is possible
that 0 < a: see [10, page 2086, e.g. (i)].

In the proofs below, it will be necessary to compute a right-inverse to the matrix
o(-), i.e., for every (t,x) € [0,T) x RY, it will be necessary to find a (g, d)-dimensional
matrix o ~!(¢,x) such that o(t,z)o~1(¢,z) = I;. In the case where the dimensions d and q
are equal, this is uniquely defined by usual matrix inverse of o(t, z), whose existence is
guaranteed by the uniform ellipticity condition (A, ). If the dimensions d and ¢ are not
equal, 07! (¢,z) is defined by the pseudoinverse o(t,z) " (o(t, z)o(t, x)T)_l; this is well
defined because the uniform ellipticity condition (A, ) guarantees the existence of the
inverse of oo .

2 Key preliminary results

2.1 Malliavin calculus

We recall briefly some properties and definitions of Malliavin calculus. For details,
we refer the reader to [26].

For any m > 1, define C;°(R™) to be the space of functions taking values in R
which are infinitely differentiable such that all partial derivatives have at most poly-
nomial growth, and denote by W(h) := fOT hidW, the Itd integral of the (R?)"-valued,
deterministic function h € Ly([0,7); (R?) 7). Let R C Lo(Fr) be the subspace con-
taining all random variables F of the form f(W(hy),...,W(hy)) for h; € Ly(]0,T); R?)
and any finite m. Define the derivative operator D : R +— Lo([0,7] x Q) by D:F :=
S O f(W(ha),...,W(hpy))hi(t). The derivative operator is extended to D% C Lo(Fr),
the closure of R in Ly(F7) under the norm | F|3 , := || F||3 + E[fOT |D,F|dt]. Define by
DY2(RF) (resp. DV2((R*) ")) by the space of random variables F = (Fy,..., F},)" (resp.
F = (F1,...,Fy)) such that F; € DY? for each i € {0,...,k}. The Mallivin derivative DF
is denoted by the R¥*9- (resp. R?**-) valued process whose i-th row (resp. column) is
DF; (resp. (DF;)T).

The following lemma, termed the chain rule of Malliavin calculus, is proved in [26,
Proposition 1.2.3].

Lemma 2.1 (Chain rule). Let (F, ..., F,,) € (D%?)™. For any continuously differentiable
function f : R™ — R with bounded partial derivatives, and F = f(Fy,...,F,,) € D2,
the random variable f(F) € D'? and Df(F) = >_\", 8; f(F)DF; = V. f(F)DF.

Remark. In the case that F takes values in (R™)7, the result of Lemma 2.1 hold with
Df(F)=V.,f(F)(DF)T. In the case that f takes values in (R¥) T, applying Lemma 2.1
component-wise yields that f(F) is in D¥2((R¥)") and Df(F) = (DF) "V, f(F).

For the space

T
dom(6) := {u € Lo([0, T]x Q; (RY) ") : 3¢ € R 5.t VF € D2 |E[/ (us-DsF)ds]| < ¢||F||3 }
0
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define the Skorohod integral operator § : dom(d) — L2 (2) as the dual operator to the
Malliavin derivative in the sense that | fOT(uS - DsF)ds] = E[Fé(u)]. Below are the key
properties of the Skorohod integral used in this paper.

Lemma 2.2 (Integration-by-parts). Suppose that u € dom(d) and F € D*? are such that
E[F? fOT |us|?ds] < co. Then, the integration by parts formula holds: fOT(uS - DyF)ds =
Fo(u) — 6(Fu).

Remark 2.3. Suppose that the process u takes values in R?** is such that uiT is in

dom(¢) for each i € {0,...,k}, where u; is the i-th column of u. The Skorohod integral of
u, denoted by 0(u), is defined by

S(u) == (0(uy )", .., 0(ug)T). (2.1)

The integration by parts formula, Lemma 2.2, is applied column-wise in the case of
matrix valued u. where D Fu, is understood as a matrix-matrix multiplication, and the
Skorohod integrals are defined in the multidimensional sense of equation (2.1).

2.2 SDEs and Malliavin calculus

Fix t € [0,T) and z € R?. We recall some standard properties on the Malliavin
calculus applied to SDEs X (:*) of the form

th,z) :l‘—i—/ b(r,Xﬁt’z))l(t’T](r)dr—l—/ U(T,Xﬁt’m))l(t’T](T)dWT. (2.2)
¢

t

Observe that the SDE X defined in (1.6) is equal to X (0.z0)  First, we recall the flow
VX (%2) and its inverse VX *#~1), which are respectively defined as the solutions to the
SDEs

r q r
VXD = [, 4 / Vwb(u,qut’x))VXg’m)du—l—Z / V.0 (u, X{EOVVXED dW; .,
t 0

q
vxEe—h = 1, +/ VXL (> (Vao,(u, X)) = Vab(u, X)) du
j=1

t

q T
- Z/ VXTIV 05 (u, X D) AW 0,

where o; is the j-th column of 0. These processes are linear SDEs, and we list some
standard properties used throughout this paper in the following Lemma.

Lemma 2.4. For every p > 1, VX% and VX **~1 are in S?, and there is a constant
C, depending only on ||0||ec, ||Vablloo, | V20, T and p such that

IVX®D)|gp + | VXD g0 < G
Moreover,
VXS — VXD |5 4 [V BomD - vXE5TD |3 < Colr — o

for all (t,s) € [0,T)?,
VX"Et,Z)VXT(‘t,I,—l) —_ Id

for all r € [t,T] almost surely, and, for any r < u < s,

E,[[VXtOvxte-D _gxtovxte-D12) < Cy(s—u) P—a.s.
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The Malliavin derivative of the marginals of X (**) is strongly related to the flow and
its inverse, as shown in the following Lemma. The proof of the estimates follows directly
from Lemma 2.4.

Lemma 2.5. For all r € [0,7], X" is in DY"2(R?) and there is a version D,X\"")
satisfying the SDE

DsXﬁt,x)l[s,T] (T) = U(SaXs(‘t,z)) +/ vzb(T7 Xityz))DSnym)dT
q T
+Z / V.o i(m, XD X B W .
j=1"°%

Moreover, forall0 < s,r < T,

DSXT(t’ﬁ) = VX,gt"T)Vth’x’_l)O'(S, th’m))l[S’T] (T)l[t’T](S) a.s.

whence there exists a constant C,, depending only on ||0||co, ||Vb|lco, [V20jllco, T and
p such that E,[|D, X" |P] < C,, and sup, E[sup,<,<7 1D, X “")|2]1/2 < Cy; moreover,
for any 1,75 € RY, E[|D, X" — D, x"**)|P] < C,|ay — x,|P and, for any r < u < s,
E,[|D, X" — D, X 2] < Cy(s — u).

2.3 Existence, uniqueness, approximation and decomposition of the BSDE

Since the class of BSDEs under local conditions has, to the best of our knowledge, not
been studied in full generality, we now include a proof of the existence and uniqueness
of solutions. We remark that the existence and uniqueness follows also from [8, Theorem
3.2]. The proof below is simpler, since a simpler class of BSDEs is considered, and
different, so we include for the interest of the reader.

Theorem 2.6. There exists a unique pair of process (Y, Z) in S? x H? solving the BSDE
(1.1) with terminal condition ®(Xr) € Lo(Fr) and driver f satisfiying the locally Lipschitz
continuous and boundedness of (1.2).

Proof. Let (¢,%) be in H? x H?, and define the random function f(r,y,2) = f(r) :=
f(r, X,, ¢r,10,). We show that there exists a unique solution (Y (?%), Z(#¥)) to the BSDE

T q T
VO = axn)+ [ =30 [ 2w,
t j=1 t

in H? x H? (in fact, Y(®¥) is in S?). This will imply the function = : H? x H? — H? x H?
mapping (¢,7) to (Y (%) Z(¢¥)) is well defined. For this, we use [1, Theorem 4.2].
The function f is predictably measurable; we must show that f satisfies assumptions
(H1)-(H5) of [1, Section 4]. Since f takes no argument in (y, z), it is only necessary to
check (H1), which follows readily the local Lipschitz continuity and local boundedness of
the driver (1.2). Therefore, from [1, Theorem 4.2], (Y(¢%) Z(¢%)) exists and is unique.
As in the proof of [7, Theorem 2.1], we prove that = is a contraction. For k € {1,2}, let
(¢1, 1) € H? x H? and define the BSDE (Y%, Zi) := =(¢x,¥r). Define the differences
Y =Y1-Ys,0Z =21 —Z5, §¢ = ¢1 — ¢ and ¢ = 1 —1po. It then follows from Hoélder’s
inequality that

T T
18Yi[12 + / 162, 2dr < | / 0, X 1) — F(rs X by o) 2
t t

T
< IA(T - ) / (1660 3 + 1160, |12} dr
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forallt € [0,T). Setting tg = (T — 1/(4L?¢)1/9L A1) v 0 ensures, on the one hand, that
L?p (T - to)(’L < 1/4, and, on the other hand, that 7' — ¢, < 1. Integrating the above
inequality on the interval ¢ € [to, T) then yields 4 [;' {[|6Y; |13 + |62, 3}dr < [,! {66, ]13 +
|640,-]|3}dr and 4]|0Y;]|3 < fi{”é@”%—i— |63,-||3}dr  for all t € [tg, T). On the interval [0, ¢o),
the function f(t, z,-) is Lipschitz continuous with a uniform Lipschitz constant for all
(t,z), so we proceed as in the proof of Theorem [7, Theorem 2.1] to show that, for
sufficiently large n > 0,

to

to 1
/0 e (15,3 + 162, [3}dr < €™ 6%, 3 + / {18601 + 1150, 12} dr

Combining this with the above estimates on j;f{HéYTH% + |0Z,||3}dr and ||6Y;,]|3 then
yields

T

T 1
/O e {|[6Y 3 + (1623} dr < 5/0 e {166,113 + 11613} dr

where 7, = n(r A to). This is sufficient to prove that Z is a contraction. a

We now introduce an approximation procedure that will be used repeatedly in this
paper; we introduce intermediate BSDEs by “cutting" the tail of the driver close to the
time horizon 7', prove our results for these BSDEs, then extend the result to the BSDE
we're interested by limiting procedures. This technique was used extensively in [15],
and we shall frequently take advantage of it throughout this work.

Definition 2.7. Let (t,¢) € [0,T)? and define f)(t,z,y, 2) := J(t, 2y, 2)11—o)(t). Let
(Y(©), Z(©)) be the solution of the BSDE

T T
v = o(Xr) + / FO(s, X, Y, Z(9)ds — / ZEdw,. (2.3)
t t
Additionally, let (y, z) be the solution of the BSDE with zero driver y; = ®(Xr)— ftT 2sdW
and (y(®), 2(*)) the solution of the BSDE with zero terminal condition
T T
u = / FO (s, X, ys + 55, 2 + 219)ds — / A9aw;. (2.4)
t t

Since f()(t,x,y,z) is Lipschitz continuous uniformly in ¢ with Lipschitz constant
Le2=D/2, the solutions of the BSDEs in Definition 2.7 exists in S? x H? and are
unique for all € € [0,7) [7, Theorem 2.1]. We shall also make use of the decomposition
(Y, Z2E)) = (y + 4y, 2 + 2(9)), which is standard in BSDE literature [15].

We first treat the linear BSDE (y, z). The following Lemma relates the linear BSDE
(y, z) to the PDE in (2.5) and gives some boundedness properties for the function u and
its derivatives; these bounds will be used throughout this paper.

Lemma 2.8. Let (Aps) be in force and consider the PDE

0=0u+ 350 (00T )iygtou+ Yl biiu, 2.5)
w(T,x) = ®(x). .
Then, for all (t,x) € [0,T] x R4,
u(t,z) = E[®(X71)|X; = ]
EJP 20 (2015), paper 50. ejp.ejpecp.org
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is a classical solution of the PDE (2.5) (the so-called Feynman-Kac representation). The
derivatives 0%u (Ja| < 3), dyu, 0;V,u exist and are continuous. There is a constant C
depending only on the bound on b and it’s derivatives, the bound on ¢ and it’s derivatives,
and (3 such that

105u(t, oo < C||®]|oo(T — t) 711/

for all (t,z) € [0,T) x R%. Moreover, (u(t, X;),(Vyu(t,X;)o(t,X,))") is the solution to
the linear BSDE (y, z). For any x1,2, € R%, t € [0,T) recall from (2.2) the SDEs X (+:21)
and X(“*2), and for o, § € [0, 1] define X := aX*#1) + 3X(:22); then

CE,[|®(X7) — E.[®(X7)]|?] < CE,[|®(X7) — E.[®(X71)]|?]

|V u(r, Xr)|2 < and |V§U(T’, Xr)|2

(T —r) (T —r)?

forallr € [0,7T).

Proof. The Feynman-Kac representation of the solution is well known, see [14]
among others. To obtain the gradient bounds, recall that X is a Markov process and
denote its transition density by p(t,z;s,€). For some C; and § finite, the following
gradient bounds hold on p(t, z; s, ):

Cleﬂlw—ilz/(s—t)
W
O, eBlz—€17/(s=t)
(s _ t)(d+2+|a\)/2

105 (¢, 255,8)| < for |a| < 3,

1007 p(t, 238, 8)| < for |a| < 1.

We obtained these bounds from [13, Appendix A], who provide references for proofs.
The bounds on the derivatives of u(t,-) then follow from Lebesgue’s differentiation
theorem (differentiation with respect to ¢ and z) applied to

00 9%u(t, x) = 000> /
]Rd

SOt T.€)ds = | DO Op(t. T,

for multiindices «( and «; we apply the gradient bounds on the transition density above
and the boundedness of ® to obtain the result on |9;°d%u(t, x)|.

To show the bound on |V, u(r, X,.)|, let us recall first that the result in the case a = 1
and = 0is given in [15, Lemma 1.1]. The authors use the tools of [14, Lemma 2.9] to
show that, for every r € [0,T) and = € R?, there is a Fr-measurable random variable
H, . such that

V:pu(rv Xr(tvx)) = ETK(P(XT) - ET[(P(XT)])HT,I]'

This result follows largely from the integration-by-parts formula of Malliavin calculus -
Lemma 2.2 — and martingale arguments; see the proof of [14, Lemma 2.9] for details.
H,, satisfies E,[H,, = 0] and E,[|H, .|?]| < C(T —r)~!. The result for (o, 3) = (1,0)
then follows by the Cauchy-Schwarz inequality. (Note that we in fact don’t need (Aps)
to obtain this result.) One can follow the proof method of [14, Lemma 2.9], using
additionally the linearity of the Malliavin derivative, to show that

Vaeu(r, X,) = E.[®(X7r)H,],

where H, = aH, ,, + BH, ,,, whence the result follows. The proof for the bound on
|V2u(r, X,.)| is similar. O

We move onto the non-linear BSDE (y(a), z(f)). The following representations and a
priori estimates will be critical throughout this paper.
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Lemma 2.9. Let (Ay¢) and (Aps) hold. Recall the function u : [0,T] x R? — R solving
the PDE (2.5) and that it is differentiable (Lemma 2.8), define ©, = (r, X, YT(E), Zﬁs)),
and set

ag-e) = vxf(s)(@r) + Vyf(s)(@,«)ku(r, X))+ VZf(E)(@r)U(Tv Xr')Tv

bgf) = vyf(s) (T7 X7"7 1/7'(6)5 Zﬁs))a C'E'E) = vzf(s) (Ta X7"7 Yr(s)a Z'r(s)) (26)

where the gradients V¢ f(©,) is given by V¢ f(r,2,y, 2)|(r.2.y.2)—0, for Vef(r,z,y, z) de-
fined as in Section 1.1, and U(r, x) is defined by

d
Ut,z) == V2u( 2)+ Y (Vau);(t,2)Vao] (£ 2), (2.7)
j=1

Then there a finite constant C depending only on T, d, K*(®), the bounds on b and o
and their derivatives, Ly, and 0, such that

a2 < Clpg ey (r)(T = r){+0e =2/ (2.8)
There exists a unique solution (U®), V(¢)) € §? x H? of the BSDE
T a
Ul = / al® + U Iy + Vaob(r, X)) + > 4 V,0;(r, X,) br
t =

/ V(E ) T4+ Va0 (r, X, }dr—Z/ vEhTaw,, (2.9)

( )

where o(-) is the j-th column of o(-), ¢, ; is the j-th component of ¢\¥), and V(5 is the

j-th column of V,»(E). There is a (possibly d1fferent) constant C' such that, forany0 <t < T
ande > 0,

T T—e
c
Bl swp [UOF)+ [ IVORar <0l [ Pl < S @210
t t

t<r<T 1=(0r+a)nl

Let us consider (Vy®), V2(%)) solving the BSDE

Vy© = / Vo f©(0,)VX, + V, fE(0,){Vaulr, X,) VX, + Vy©dr

q
/ Vo FOO)U 0, X,) VX, + 3 V. f7(0,)(Va) Tdr - Z/ VAN Taw,.
j=1

(2.11)

The processes z() and Vz(¢) satisfy the representations
z,ge) = UtE)a(t,Xt) mx P —a.e. (2.12)
(V)T = (V) To Mt Xy) = U Va0 (t, Xo) m x P — ace. (2.13)

where sz(ft) is the j-th column of V2.

Proof. In what follows, C' may change from line to line. From [15, Lemma 1.1],
[Vau(t, X;)|l2 < C(T—t)@=D/2 and || V2u(t, X;)||2 < C(T—t)(@=2)/2, Therefore,
C(T — r)@r+a=3)/2 for all r € [0, T — €|, which is the bound (2.8), whence

T—¢ ) C
(/O ||a£5)“2dT) < m < 0.
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This is the second inequality in (2.10). Additionally, for all ¢ € [0,T), b§5)| + max; |c§5t) | <
C(T — t)(%2=1/2 almost surely. The first inequality in (2.10) follows. Let (¢,¢) be a
(R%) T x R?*4— valued process in 42, and define the random function

q
9(ry,2) = g(r) = a9 + ¢ (8O Ia + Vib(r, X,) + Y )V ,05(r, X))

Jj=1

q
+ 3 (W) () g + Vo (r, X)),

j=1

The function ¢ is progressively measurable and satisfies assumptions (H1)-(H5) of [1,
Section 4]. Since f takes no argument in (y, z), it is only necessary to validate (H1):
using the triangle inequality, Jensen’s inequality, the Cauchy-Schwarz inequality, and
assumptions (Ayr) and (Ap ), it follows that

T T T T
E“/o |g<r>|dr>211/2s1E[</ \a£.€>|dr>2]1/2+c</ E[|6,[2]dr)/%( / S

0 0 o (T—r)t=?
a T T dr
12 1/2 1/2
+OX | Bt 1 2 [ e < o

Thanks to [1, Theorem 4.2], there exists a unique solution (u,v) to the BSDE

T q_ T ‘
up = / g(r)dr — Z/ v;dW)  tel0,T).
¢ P’

in S? x H2. The remainder of the proof of existence and uniqueness follows exactly as
the proof of Theorem 2.6. To prove the first inequality in (2.10), observe that the driver
g(r) satisfies (A.1) from Proposition A.2 with f, = [a!”| and A, = p, = C(T — r)(6-1/2,
The proofs of (2.12) and (2.13) are given in [15, Theorem 2.1]. The inclussion of
the local Lipschitz continuity assumptions (1.2) make no difference, because the driver
f(t,2,y,2)10,7—-)(t) is Lipschitz continuous uniformly in ¢ in (z,y,z) with Lipschitz
coefficient Le(®r—1)/2, 0

2.4 A priori estimates
For 0 < s <r < T, we define the Malliavin weights by
1

rT—S

H = (/ (a‘l(t,Xt)DSXt)Tth)T (2.14)

where D, X; is the Malliavin derivative of X; at s defined in Section 2.2. It was shown in
Lemma 4.1 that |0~ !(¢, z)| is uniformly bounded in (¢, z). The following constant appears
throughout this paper

Cu = |lo A, sup sup E,[|DX:|?). (2.15)
s€[0,T) te(s,T)

It is known from Lemma 2.4 that sup,c(o 7 Sup;c (s, 7) Es[| Ds X;|?] is bounded. The follow-
ing result is used in the proof of [15, Lemma 1.1]; we include it here for completeness.
Lemma 2.10. Forany 0 <s<r <T,

Cum

r—S

E[|H: ) < almost surely.

Moreover, for every p > 2, there is a finite C}, > 0 depending only on p, ||0||ec, ||Vzb|loc,
max; ||V,0;||o0, and T such that |HZ||, < Cp(r — s)7P/2.
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Proof. Observe, using Lemma 2.5 and the fact that (s—r)?|H: >~ [ |07 (¢, X;) D, X,|?dt
is a (local) martingale, that

r 1 r
E | H: ) = (r — s)—ZES[/ lo™(t, X¢) D, X¢|?dt] < MES[/ |D, X, |2dt].
s r—s s
One then applies the conditional Fubini’s lemma, Lemma A.1, and the uniform bound on
E,[|DsX;|?] from Lemma 2.5 to complete the proof. The bound on ||H?||,, is proved using

the Burkholder-Davis-Gundy inequality on the continuous local martingale (¢t — s)H;. O

The Malliavin weight is a critical element of this work. We use it to obtain a priori
estimates in this section, to obtain the representation theorem in Section 2.5, and for
the Malliavin weights scheme of Section 5. The following elementary corollary indicates
an important technique in which we make use of the Cauchy-Schwarz inequality in
conditional form in order to obtain upper bounds:

Corollary 2.11. Let G € Lo(Fr) and g € Lo([0,T] x Q). Then

111 - VO (E[IGI)? P "
)| < YO and (B[ (g Hibis) < VO [ s

where g € Ly ([0, 7] x Q) is a version of ((Et[\gs\Q])l/Q)se[o .

Remark. We leave the implementation of the conditional Fubini theorem, Lemma A.1,
in its full form in the above lemma, without using the notation given in Section 1.1. We
do this to be absolutely clear about how the conditional Fubini theorem is used in this
paper, before returning to the - in our opinion — much more clear, if slightly abusive,
notation ftT(]Et [9s])Y/?ds.

Proof. The first inequality follows from application of the conditional Cauchy-Schwarz
inequality |IE:[GHZY]| < (:[|G|?])Y/?(E¢[|H|])'/2, then using Lemma 2.10 to upper bound
the conditional expectation (IE;[|H%|])!/2. The second inequality is a little more intricate
to obtain due to the Lebesgue integral. First, apply the conditional Fubini theorem,

Lemma A.1, to obtain
T T
Bil [ lg.Hilds) = [ 9.ds
t t

where §) € Ly ([0, 7] x Q) is a version of (E[|gsH|])scjo,r). Now, applying the conditional
Cauchy-Schwarz inequality and Lemma 2.10 to E;[|g;H!|], it follows that

gS

Vs—t
as required. a

We now state and prove a priori results on the solutions of BSDEs with drivers
satisfying (1.2). These estimates are in the spirit of [7, Proposition 2.1] with two
extensions: firstly, we allow the drivers of the BSDEs to satisfy locally Lipschitz continuity
like condition (Af¢); secondly, we prove point-wise (in time) a priori estimates on the Z
processes assuming the existence of a representation formula. The latter estimates will
be extremely useful, as we shall prove the this representation formula for our BSDEs in
Section 2.5 and use the below proposition extensively in subsequent sections.

s < Cyy for almost all s € [0,T) P —as.

Proposition 2.12. Let x — &1, Py € Lo(Fr) and (w,t,y,2) — fi(w,t,y,2), folw, t,y,z)
be P B(R)® B((R?) " )-measurable functions for which there are constants (0 1,,021) €
(0,1)% and (Ly,, Ly,) € (0,00)? such that

Li{ly =]+ 1z = 2|}
(T _ t)(l—é)i,L)/Q

|f,;(w,t,y,z) - f’i(w7tay/azl)| S

m X P — almost everywhere,
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and f;(w,t,0,0) € H? fori € {1,2}. Let (Y;, Z;) be a solution to the FBSDE with terminal
condition ¥, and driver f;(t,y,z) (i = 1,2 respectively).
Define
AY, =Y — Yo, AZy =214 — Zay,
Afy= filt, Y1, Z14) — fo(t, Y14, Z14), AP := D — Dy,

Then there is a finite constant C' > 0 depending only on T, Ly, and 0> 1, such that, for all
s<t<T,

T T
B [AY?] + By / AZ,[2ds] < CEL[A®?] + C( / E,[Af2)2dr)’ (2.16)
t t

Moreover, suppose that Z; ; := E[®;(Xr)HE +ftT fi(r, X, Y, ., Z; »)HLdr] forallt € [0,T)
almost surely (i = 1,2). Then there is a (possibly different) finite constant C' > 0
depending only on T, Cy;, Ly,, and 05 1, such that,

(E; [(AD — E,A®)%)1/2 T (B [Af2])?
T—t + O/t Vr—t

(E[lAZ,))/* < C
(2.17)

forallt € [0,T) almost surely.

Proof. In what follows, C' may change from line to line. We start by proving the result
for s = 0; the general case is proved analogously, the only difference is that one must use
the conditional version of the Minkowski, Cauchy-Schwarz (Corollary 2.11), and Holder
inequalities in the place of the usual version of these with the regular expectation. Using
the definition of the BSDE (1.1),

T T T
AY; + / AZ,dW, = A® + / Afods + / Fo(5, Y10, Z1) — fols, Yo, Zo.0)ds.
t t t
Using (1.2) and Holder’s inequality,
T
JAY 2 + / 1AZ,[2ds

T T
< 3)A8|2 + 3] / Afuds|? +3] / Fo(5 Yae Z) — fols, Yo, Za.)ds2
t t

T T
2 2 2 |AY| +[AZ] 2
<30l +3) [ IALlaslE 30, [ e

T T T
1
<3|ABE+3) [ 1ALl +31%, | s [ UAYIIE+ 1AZ s
T T
<s|ae3+3) [ aRldsIE 4328, - 0% [ (lAV B+ |AZIBs @19
t t

Setting to = (T'—1/(6L%,)"/%) v 0 ensures that 3Ly, (T —t9)?>* < 1/2, and, on the other
hand, that T — ¢ty < 1. Integrating (2.18) over (¢, T'), we obtain

T T
/ |AY;[2 + | AZ,|3ds < 6| AB|2 + 612, | / INATAE 2.19)
to tO

Substituting (2.19) into (2.18) then yields

to<t

T
sup AYi[2 < 6] AB|2 + 6 / INXCRE
<T to
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and this gives the result in the interval [to, T

In the interval [0, ty), the function (y, z) — f2(w,t,y, 2) is m x P Lipschitz continuous
with Lipschitz constant L := L (T — tg)(?2.2=1)/2 1t then follows from [7, Proposition 2.1]
that

T to
sup [[AYi[}+ [ AZ.[3ds < €AY+ €l [ 1Az Ids3
0<t<tg to 0

and the proof of (2.16) is complete by substituting the bounds on ||AY},||3 from above.

Next, we prove (2.17). Recall that E;[H!] = 0 for all (¢,s), which implies that
E:[®;H:| = E[(P; — E;[®;])HL]. Using the representation

T
Zi,t = ]Et[@’LH% +/ fi(ra }/i,r» Zi,r)Hﬁdr]a
t

it follows from Minkowski’s inequality, the Cauchy-Schwarz inequality (i.e. Corollary
2.11), and Lemma 2.10 that

CVir(AD) IIAfTIIQ [AY: [l2 + [|AZ |2
||AZt||2 S ﬁ"—c‘/t d +C/ _7,. 1 02, L)/2\/ﬁdr- (220)

where we define V; 7(A®) by E[|A® — E,[A®]|?]'/2. Defining O, := |AY, ||z + ||AZ, |2 and
recalling (2.18), it follows that

CVir(AD) /TnAﬂm / O,
0, < C||AdD — = Lo dr +C dr.
t < Cl|AD]2 + T ; T T —r)0=00)/2/r —¢ '
(2.21)

Applying Lemma C.3 with u; := ©; and

CVirld®) / AL

dr,

it follows that

T
@TSth—FC/t =)= 9“) dr+C/ = 0“)/ dr

whence it follows from Lemma C.4 that

T @’I” ’I’
<C dr
¢ (T —r)=020)/2\/r —¢ T —r)A=020)/2/r —¢
Substituting this into (2.20) and applying Lemma C.2 leads to
CVir(AQ) A frH2 w,
< ZBLiAT )
[AZl2 < s +C t d +C/ T — - 92L)/2,/7~_tdr
CVir(AQ) HAfer Vi (AD)
?J“C/t d +C/ )@= ezL)/2\/Ttd7"

|Afsll2(s —7)~ 1/2d
+C/ f_r(lm)/2 > i+ | A®](T — 1)°/2

_ Cr(a®) /T 184z, /T Vr(A®)
VTt Vi NS RN

+C/ AR {/ (s — 1) 1408 (r — 1) 2dr}ds + Cl| AB||o(T — t)>2/2,
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The proof is completed by observing that V. 7(A®) is non-increasing in r. ]

The estimates (2.17) allow us to determine a priori estimates on the conditional
second moments of the solution of the BSDE (Y, 7).
Corollary 2.13. Assume that Z, = Et[tb(XT)HtT+j;T f(r,X,,Y,, Z.)HLdr] forallt € [0,T)
almost surely. Then there is a constant C' depending only on Ly, 01, Cy, 6., K*(®) and T
such that, for allt € [0,T) and s € [0,t], we have

E?ET(ES[IEIQ])W < O(1+ (B[|@(X7) — B [®(X7)] 1)),
E[|(X7) — Eo[®(X7)][*])'/? n c
T—t (T — t)(1-20c)/2
+ C(B,[| D (X)) /(T — 1)%e/2.
s)

&[22 <

((20c)re=1)/2 for all t € [0,T), and

C C
(T — 5)1-(@0c)rat61)/2 + (T — s)1—0e

In particular;

llo < C and || Z:]]s < C(T —

||f(S7XS7}/S7 Z‘})HQ S

(2.22)

If (Ang) is in force, we have additionally that |Z,| < CKg(T — 5)((20:)7\02=1)/2 for a]l
t € [0,T) almost surely.

Proof. In what follows, C' may change from line to line. As in Proposition 2.12, we
only prove the result for s = 0; the general case is proved using the conditional version
of the Minkowski, Cauchy-Schwarz (Corollary 2.11), and Holder inequalities in the place
of the usual version of these with the regular expectation. Recalling V; r(®) from (Ag),
apply (2.17) from Proposition 2.12 with (Y3, Z1) := (0,0) and (Y3, Z2) := (Y, Z) to obtain
(forallt € [0,7))

Vi (@) /T || f(r, X, 0,0)]2 0r /2
7 <C C P D D dr + C||® —t)’r
1Z: |2 ﬁ+ F ; + C||®]|o(T — t)

+O(T —t)%/2,

(T (T —t)0-o)/2 +C / \/ﬁ
Combining the local Lipschitz continuity and boundedness of f in (1.2) leads to the
required bound on the conditional second moments of Z;. The estimate on the conditional
moments of Y; is obtained similarly starting from (2.16). The remaining bounds are
obtained by taking into account (1.2) and the regularity of the terminal condition ((Ag)
or (Ahq,)). O

Recall (Y(¢), Z(%)) from Definition 2.7 in Section 2.3, the BSDE with terminal condition
® and driver f©) (¢, z,y,2) :== f(t, z,y, z)1[0,7—c)(t). The following corollary of Proposition
2.12 will be used extensively throughout this paper; it provides a stability results between
the BSDEs (Y, Z) and (Y (¢), Z(%)) that are controlled by .

Corollary 2.14. Let v = (0. A 9 + %) A 0. and assume that Z = E[®(Xr)HL +
IF f(s, X, Yy, Z,)Hlds] and Z\°) = Et[@(XT VHE + [ £O) (s, X,, Vi, 27V Hlds) for all
t € [0,T) almost surely. Then there is a constant C' such that

T

sup 1Y - Y13 +/ 12, — 29| 2dt < Ce?, (2.23)

0<t< 0

T
ds

Z, -2, < C / 2.24

|| ¢ ¢ H2 - t\/(T,E) (T — 8)17’7/@ ( )
forallt € [0,T). In particular, (Y(®), Z()) — (Y, Z) ase — 0 in §? x H?>.
EJP 20 (2015), paper 50. ejp.ejpecp.org
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Proof. In what follows, C' may change from line to line.
It follows from (2.16) in Proposition 2.12 that

T

T 2
sup |V — VO3 + / 12, — 20 3ds < O / I7(s, X0 Yo Zo)lods) . (2.25)
0<t<T 0

—€

2
Substituting (2.22) into (2.25) combined with (fgﬂS M%) < Ce?¥ completes the
proof of (2.23). Next, it follows from (2.17) that

||f(S)XS?YS) Zs)||2
Vs—t

Substituting (2.22) above proves (2.24). O

T
12 — 282 gc/ ds forallt e [0,T).
tv(T—¢)

To end this section, we present a mollification procedure that will be used frequently
to allow us to extend results under the assumptions (Ay¢) and (Ape) to the same results
without these assumptions. The following corollary is a trivial consequence of Proposition
2.12 and the properties of mollifiers.

Corollary 2.15. Let M > 0 be finite, and M — R(M) > 1 be increasing w.r.t. M. Define
®y(z) := =M Vv ®(x) A M and, recalling the mollifier ¢ of Definition 1.1,

fM(t7 z,Y, Z) = / f(ta T — xlv Yy — ylv Z = Z/)QSR(M) (Il, y/a Z/)d(xlv yla Z/)a
RAXRx(Re)T

Let (Yar, Zy) be the solution of the BSDE with terminal condition ®,; and driver
fu(t,x,y,z). Then @), satisfies (Aps), fu satisfies (Ape), and (Y, Zy) — (Y, Z) as
M — oo in 82 x H2.

2.5 Representation theorem

In this section, we prove that BSDEs satisfying the local Lipschitz continuity and local
boundedness conditions (A¢) also satisfy the a representation theorem in the spirit of
[24, Theorem 3.1]. Following on from Section 2.4, we see that this representation is very
valuable, as it gives us additional access to a priori results. We use these a priori results
in the sections that follow, so it is essential that we also establish the representation
result. Unlike in the proof of [24, Theorem 3.1], we do not prove the representation
result on Z directly. The strategy is rather to take the approximative BSDE (Y(E), Z (5)),
for which we already know that Z(¢) satisfies the representation from [24, Theorem 3.1],
then to prove it converges in #? to the process that we claim is a version of Z as ¢
converges to 0 by classical (¢, §)—arguments, and to finally conclude using the fact that
Z(©) also converges to Z in 2 and because Z is unique.

Theorem 2.16. Recall L, ,, from (As), suppose that ® € L , and (¢, z,y, 2) — f(t,z,y, 2)
satisfies (A¢). Then, there is a predictable version Z of Z which satisfies

T
Z, = By[®(X7)HE +/ f(s,Xo,Ys, Z)Hlds| forallt € [0,T) P—a.s.  (2.26)
t

where H! are the Malliavin weights given in (2.14).
Proof. In the following, C is a constant whose value may change from line to line.
To start with, let assume (Ayr) and (Aps) be in force. We prove the representation

theorem first under these conditions, and then extend to the general result by means of
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mollification. Recall the BSDEs (Y'(¢), Z(9)), (y, z) and (y(*), 2(¥)) from Section 2.3, and
the decomposition (Y(®), Z(2)) = (y + y(®), 2 4 2(¥)).  We first prove the that there is a
predictable version of Z(¢) equalling

T
Et[Q(XT)H%—k/ O, X, Y, ZEVHEdr] forallt € [0,T) P — a.s. (2.27)
t

In fact, this is an application of [24, Theorem 4.2]; this is not immediately clear, so we
make the calculations explicit for the benefit of the reader. Definition 2.7 and Lemma
2.8 give us that (y(*), 2(°)) solves the BSDE with terminal condition 0 and driver

F(t,z,y,z) = f(E)(t,amu(t,x) +y, Veu(t,z)o(t,z) + 2)

on the time interval [0,7 — ¢]. Due to the bounds on v and its derivatives given in
Lemma 2.8, the Lipschitz constant of (z,y,z) — F(¢,z,y, z) is bounded from above (for
allt € [0,T — ¢]) by

¢ < 067(3*90/2 =: LF.

L
I 772 1L+ I Vau(t, )l + IV2u(t, )loo} < [EDCEA

(T —t)(1-0z
Using this Lipschitz constant, we also show that F'(¢,x,0,0) is bounded (for all (¢, z) €
[0,T — €] x R* by

Cy

g+ Ee (U (e ) oo £ IVt e} < Cpe™07) 4 Lpe™(=00/2 = 0.

Therefore, the driver F' is uniformly Lipschitz continuous in (z,y,z) and uniformly
bounded at (y, z) = (0,0), i.e. it satisfies (Af) with 8, p =1, ¢ r = 1, and constants Lp
and Cr (given above). F' is also continuous in ¢. Therefore, [24, Theorem 4.2] applies to
the BSDE in the interval [0, 7 — ¢], i.e. there is a version of 2(*) equalling

T—¢
E, [/ F(r, X,y 2VHtdr] forallt e [0,T —¢] almost surely.
t

On the other hand, zts) and F(t,z,y,z) are 0 for all ¢ € (T' — ¢, T| almost surely, so the
representation holds trivially in the interval (T" — ¢, T, whence it follows that there is a
version of z(*) equalling

T—e¢

E, [/ F(r, X,,y®, 2&))H!dr] forallt € [0,T] almost surely.
t

Now, it is well known - see for example [15, Page 1116], where our HtT is given by

Ht(’ljla(t, X¢) in their notation - that there is predictable version of (z;).c[o,r) equalling

E[®(X7)HY] forallt € [0,T) almost surely,

and this implies the version of Z(¢) given by (2.27) thanks to the the decomposition
(Y, Z2E) = (y + 9y, 2 + 20)).

Define by Z the predictable projection [22, Theorem 2.28] of the process (X; :=
O(Xp)Ho+ [ f(r, X, Yy, Z,)HLdr)sepo.1)- In what follows, we show that || Z\%) — Zy[|5 — 0
as ¢ — 0 for almost all ¢ € [0,7). This implies, by the dominated convergence theorem,
that Z(¥) — Z in #2. Since Z(6) — Z in H? was determined in Corollary 2.14, this implies
that Z; = Z;, m x P — a.e., which completes the proof under the assumptions (Ay¢) and

(Aba).
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We first need some intermediate upper bounds. Analogously to Corollary 2.13, we
have that

C
(&) 7(e) -
||f(7’, X?"ayrg 7Zr6 )HQ < (T — ’I“)l_’y
Fix t € [0,T) and n > 0. Using the representation formula (2.27), it follows from
Minkowski’s inequality, the conditional Cauchy-Schwarz inequality (Corollary 2.11), and
Lemma 2.10 that

for all r € [0, 7). (2.28)

T
12 = Z4||2 = ||Ey[ / (fO(r, X,, Y2, 29 = f(r, X, Yy, Z,)) HEdr]||2
t

T
< I / (7O, X0, Y., Z8)) — [, X, Y1), Z0)) Hedr]

cl2 / |£(r X0, Y2 Z8) — £ X0 Ve Z)) 2,

2.29
— ( )
Taking € < (T — t)/2 and using (2.28), it follows that
T
[ / (FO0r. X, YO, Z80) = f(r, X, YO, Z1) Hydr)| 2
t
T (&) (o)
SOMZ/ Hf(?",XT,YT 7ZT )||2dr
T—¢ VT — t
011\4/2 r r dr Cev

<=M X, YE) 26| odr < - )
<=z ) M eir < e [ o =

Taking ¢ < n'/7(T — t)}/(27) /C, where C is the last constant in the inequality above, is
sufficient to bound the above term by 7. On the other hand, letting § < (T' —t)/2,

/T 14 X0 Y9, 207) — fr, X0 Ve, Z0) e
’
t \/T—t

< C,1/2 ft.t,_(s Hf T XNY(E) Z(E ) f(ﬁ XWYT»ZT)”er
NG
t+ X, Y9, 28— (r, X,.Y,, Z
_’_011\4/2 ||f(7’, ryXr "y Lr ) {(Ty ryLr,y ’I")HQdT (230)
t r—=

To bound the first integral term on the right hand side above, we apply Holder’s inequality
and the Lipschitz continuity of f(¢,-) to obtain

T
C’]\l/;2 6|‘f(T7XT7§/;(E)aZ£E))_f(T’X“YT’ZT)HQdT
t+

T 1/2 T 1/2
1/2 dr ()12 @2 )
<oy ( | ) (o - O [0z - 20

Using that (Y, Z(9)) — (Y, Z) in S x H? as ¢ — 0 (Corollary 2.14), set ¢ sufficiently
small so that the above is bounded above by v/67. To bound the second integral term
on the right hand side of (2.30), we use (2.22) and (2.28) combined with the triangle
inequality to show that

o [N fOr X, VD, 28 — J0 X0 Yo 202,
CM

t vr—t
t+6
_ / - CVs
*(T—t— = R
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and set ¢ sufficiently small so that the above is bounded above by 7. Therefore, we have
shown that for almost every ¢ € [0,7) and every n > 0, there is a sufficiently small ¢
such that || Z¥) — Z,||» < 3n. In other words, E[|Z*) — Z,|?] — 0 as ¢ — 0 for every ¢, as
required.

To prove the result without (As¢) and (Aps ), recall the mollified BSDE (Y), Zj;) from
Corollary 2.15. Since @, satisfies (Ape) and f)s satisfies (Aye), there is a predictable
version 2y, of Zy satisfying Zas; = E[®p (X7)HE + ftT Iae(ry Xo, Vg, Zag ) HEdr) for
all t € [0,T) almost surely. Thanks to the point-wise convergence of fy; to f and @,
to @, and the convergence of (Y, Zys) to (Y, Z) in §? x H? from Corollary 2.15, we can
use analogous limit arguments as above to complete the proof. |

3 Convergence rate of the Euler scheme for BSDEs

Throughout this section, the assumption (Ag,) is in force. Let us recall now the Euler
scheme for BSDEs:

1
W= o), 2 = e BV W,
i+1 — U4

YV =E [Yi(ﬁ) + f(ts, XtﬂYi(-&-AP7 Z8N (i1 — 1)

K3

- Wti)TL

i+1

We determine error estimates on the error of the Euler scheme, which is given by

i+1
E[Z, — 2% dt.
0<i<N

N—-1 t

E(N) = max E[Y;, — V"V + Y /

i=0 “ti

The following proposition serves as the starting point of our analysis; it allows us to

estimate the error £(V) using estimates for the so called Lo-regularity, which we will do
subsequently.

Proposition 3.1. Let 8 < 0;,. For the Euler scheme for BSDEs defined on the time-grids
{WE\?) : N > 1}, there is a constant C' depending only on Ly, Lx, 01, 6x, 8, and T, but
not on N, such that, forall N > 1,

i+1

N-1 t
EN)<ONTT+C Y / 12, — 20, |2dt
i=0 Yt

where Z;, == A%IE),»[]:“ Zydt].

The proof is analogous to the proof of [11, Theorem 1], one must only use the result
AR/(T —t) =% < T92(BN)~! for 3 < 01, (see Lemma B.1) in order to compensate for
the local Lipschtz constant of the driver.

The sum Zf\!ol tti'“” | Z; — Z,||3dt is called the Ly-regularity; it’s study was initiated
by [31]. Since (Z;, := A%Ei[ftiiﬂ Z,dt]); is the projection of Z onto the space of adapted

discrete processes with nodes on 7 under the scalar product (u,v) = E fOT(uS -vg)ds, it

follows that
N-1 otipa N N-1 ot
DN AR ACTED Sl A E AT 3.1)
i=0 “ti i=0 Yt

To bound £(N), it follows from Proposition 3.1 that it is sufficient to bound the term on
the right-hand side of (3.1). However, as in the proof of the Representation Theorem
in Section 2.5, it is not possible to do so directly for the BSDE (Y, Z), so we use an
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approximation procedure via the BSDE (Y(E)7 Z (5)), which we recall from Definition 2.7
in Section 2.3.

Throughout the remainder of this section, we work with the version of Z and Z(©)
given by Theorem 2.16, i.e

T
Zy = By[®(Xr)Hl +/ f(s,X,,Ys, Zo)Hlds] forallte[0,7) P —a.s.,
t

T
7 = By [®(Xr)HE + / FOr X, v, © ZHLdr] forallt € [0,T) P —a.s.

t

This version empowers us with the additional a priori estimates estimates developed in
Section 2.4; we use these estimates frequently in the analysis of this section.

The following lemma decomposes the Ls-regularity of Z - the left hand side of
equation (3.1) - into the Ly-regularity of Z(¢) and a small correction term controlled by ¢.

Lemma 3.2. Let 3 € (0,1]. Then there is a constant C' depending only on Ly, Cys, 01, 0.,
B, C¢, K*(®), and T, such that forall N > 1

N—-1 tit1 _ N—-1 tit1 ~
> [z zpas<e Y [0 - 20 s+ o
i=0 Yti i=0 i

where 7, := A E;[ [ Zydt], Z(F = LB, [ [+ 2 dt], and y = (0. A & + %) A G,
Proof. In what follows, C' may change in Value from line to line. Using the Cauchy
inequality and the orthogonality of the projections, El 0 Y Zo— 7y, |12ds < fo | Zs—

2 3ds + S5t 12 — 20 BA + I 1289 -
2.14 that fo ||ZS — 79|2ds < Ce'. Moreover, using Jensen’s inequality,

N—-1 _ B
Z ”Ztl Aty
=0

and this completes the proof. |

t;

N-1 1 tit1 T
2&:§]@mﬁ/ %*d%ﬂ%&/”ﬁffﬁﬁﬁ@%
P — L 0

We now come to our first and most general estimate on the £(N). Later, in Theorem
4.5, we augment this result with stronger assumptions.
Theorem 3.3. Let 0 < 8 < (2y) A and v := (6. A & + %) A 6. There is a constant C
depending only on Ly, Cy, 01, 0., B, Cy, K*(®), and T, but not on N, such that for all
N >1,
EN) <ON "1y 9(a+60L)+ CN™ 1 1y(a+0L)

Proof. In what follows, C' may change in value from line to line. From Proposition 3.1,
it is sufficient to bound ZZ o N "1 Z, — Zy,||2dt. To start with, assume (Ag¢) and (Aps).
Recall the BSDEs (y(%), 2(*)) from Definition 2.7 and (U(), V(¢)) from (2.9) in Section 2.3.
In the proof of [15, Theorem 3.1], the authors show that for any ¢ and s € [t;, t;41),

W@féﬂbécflwﬂmﬁ+0/H%@MW+0AW- (3.2)
ti ti

Using fo [|al®]|odr)? ©2dr < Ce=1+0+M! from (2.10) in Lemma 2.9, and
(3.1), it follows from Jensen’s inequality that

e C  Cmax A
- 0<i<N—1 _ Q) AL—
Z /t ||Z§€) (6 ||2ds < N + o (GZ+a)A1 <CN 1(1 4 g(0rta)nl 1)
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where max; A; < CN~! follows from (B.1) in Lemma B.1. Combining this estimate with
Zﬁ\!ol tt_“rl llzs — 2, ||3ds < CN~', shown in [15, Theorem 1.3], Z(9) = z 4 2(¥), and the
results of Lemma 3.2, (3.1) it follows that

N-1 .t ~
> / | Zs — Zy.||2ds < CN™2/8 4 Ce®' 4+ CN (1 + gfrteint=1y, (3.3)
i=0 7t

To complete the proof under (Ay¢) and (Aps), let ¢ := N~° in the estimate (3.3), take
0:=1/(2y)if a4+ 605 > 1and J§ := 1 otherwise, and notice that 2y < o + 0.

In order to prove the general result, recall the BSDE (Y),, Z)/) from Corollary 2.15; its
terminal condition satisfies (Aps) and its driver satisfies (As¢). Moreover, [15, Lemma
3.1]1 proves K*(®y;) < K*(®). Therefore, working with the version of Z); given by
the representation formula Zyr; = B[®a (X7)He + [ far(s, Xo, Yars, Zars) Hlds] from
Theorem 2.16, it follows from the triangle inequality and the results obtained above that

T N-1 it B
E(N) < 2/ 1Zs = Zarsllzds +2 > / | Zars — Zary,||2ds
0 i=0 7t
and letting M — oo with Corollary 2.15 yields the result. a

4 A priori estimates under (A,3) and (Ane)

At the end this section, we give a complementary result to Theorem 3.3 under stronger
the conditions on the terminal condition (Ape) and (Aps ), i.e. where the function @
is bounded (and/)or Holder continuous, respectively. This is achieved using the an
additional a priori estimates on ||V;(E) 2, given in Proposition 4.2 below. Moreover, these
a priori estimates will be critical in Section 5, where one requires more structure than in
Section 3. The result is proved, roughly speaking, by using a functional representation
of the intermediate process z(¢) and show Lipschitz continuity of the said functional
representation. This adds an additional layer of interest under (A4 ) for the parameters
fs + 0, > 1, where we can demonstrate that limit of the process z£f> in H?, i.e. the
process Z;, — V,u(s, Xs)o(s, Xs), has a functional representation and that function is
Lipschitz continuous; see Corollary 4.3. Regularity results are important for numerical
schemes as they allow one to build algorithms with lower numerical complexity — see for
example [16, Section 3.5] - and this regularity result has such implications for the proxy
scheme described in the introduction of this paper.

First, we state the result that x + o~ !(¢, ) is uniformly Lipschitz continuous, and
t = o~1(t,z) is uniformly 1/2-Hélder continuous. This elementary result will also be
useful in Section 5 below. The proof is to be found in Appendix D.

Lemma 4.1. The right inverse matrix o(t,-)~! is Lipschitz continuous uniformly in t and
o~ (-,x) is 1/2-Hélder continuous uniformly in x. Its Lipschitz (resp. Hélder) constant
depends ||0||s, || V20 ||« and 3 only, but not on (t,z). Moreover, |0 "o < ||o|lo0/f-

We now state the main result of this section, the a priori estimates on the process
Ve,

Proposition 4.2. Suppose that (A ;) is in force and ®(x) is not zero everywhere in R9.
If (Ape) is in force, there exists version of V(¢) and a finite constant C' depending only
on Ly, the bounds on b and o and their partial derivatives, B, Car, 01, 6., Cy, and T such
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that for any € € (0,T) and every t € [0,T),

< C¢(t,e,0L), where

dr

=T (4.1)

T—¢e
N ]

If (Apns) is in force, there exists a version of V(¢), such that for any ¢ € (0, T] and every
t€[0,7), |VV2 < Co(t.e,01,0s), where

dr
(3—0L—9<1>)/2 /T _ t

Remark. The integrals in (4.1,4.2) exist and are bounded by Ce~(1=92)/2(T — ¢)(e=1)/2,

(4.2)

T—¢
¢(t7579La9¢‘) = K(I)/t (T—T)

Proof. In what follows, C' may change from line to line.
Step 1. Functional and BSDE setup. For all (¢,z) € [0,T) x R%, consider the FBSDE

T T
st = [P et s - [, sewn), @s)

where F(t,z,y,2) = fE(t,z,u(t,z) + vy, (Veu(t,z)o(t,2))" + z) and X**) is the solu-
tion of the SDE (2.2). Note that the BSDE (y(E),z(E)) from Section 2.3 is equal to
(y(&:0:w0) 2(=:0,:20)) hecause, thanks to Lemma 2.8, (y, z) is equal to (u(-, X.), V,u(-, X.)o (-, X.))
and X is equal to X(*#0), Since f(*)(¢,-) is Lipschitz continuous for all ¢ € [0, T], F(t,-) is
also Lipschitz continuous, with Lipschitz constant C1jg 7. ()02 =3)/2 forall t € [0,T);
see the first paragraph of the proof of Theorem 2.16 for detailed computations. Now,
letting

Hbws) = L¢m(s) (/T o (r, XN D X BN T aw,) T

r—s - Jg

where D, X () is the Malliavin derivative of X", it follows from [24, Theorem 4.2],
because the terminal condition of the BSDE satisfied by (y(&*), 2(542)) is zero, that
250 is equal to 2 (r, X{"™)) m x P-almost everywhere, where z(s) [0,T)xR4 — (R%) T
is a continuous, deterministic function given by

( )(t Jj / F X(tr) (stm) (str)) ta?t)d,r] (44)

we work with this version of z(¢**) from hereon. Additionally, we show in Step 3 below
that the process

(VX TV, 2 (s, X)) )ocsar

(the derivative here is in the weak sense) is a version of the process (Vz(a’ ))ogng,
which is a part of the solution (Vy(*:t%) Vz(5:4%)) of the BSDE

T
Vyl&ho) = / V. f©0,)vXED) 4 v, f&(0,){V,u(r, XED) VX2 4 vyt yar

T
+/ V. fO(0,)U(r, X)T VX(”)+ZV £20)(VAT ) Tar

Jj=1

_ Z/ vt Taw,, (4.5)
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where O, = (r, Xﬁt’m), YT(E"t"T), Zr(s’t’x)); the function U (¢, z) is defined
d
Ul(t,z) == Vau(t,z)o(t,z) + Z(V”’U’)j(t’ x)anjT(t, x)
J=1

for the function u defined in Lemma 2.8. Note that the BSDE (4.5) is a generalization to
the BSDE (2.11) - solved by (Vy(s), Vz(a)) — which we recall for convenience:

vy = / Vo fO(O,)VX, +V,£(0,)(Voulr, X,)VX, + Vy')dr

/ VOO X,) TV, + 3 V. £9(6,)(V=) Tdr - Z/ V) Taw,;

j=1
indeed, in (2.11), sett = 0 and x = zy.

Step 2. Proof assuming 2(°)(t, -) is Lipschitz continuous with |V, 2(*)(t,.)| < Cé(t,-)
and (VXS(M))TVI,Z(E) (s, X{"") is a version of Vz{*"""), The hypothesis |V,2)(t, )| <
Co(t,-) implies that

V212 = (VX)) TV2 Ot X2 < [IVXe|2l|Ve2® () ]loo < Co(t,-)  forall s.

Now, using Lemma 2.9,

©) =@ Te dr
Ul <C odr < C < COd(s,),
| s;EET Pl < /S larlladr < /& (T — B2 = o(s,°)

and (Vj(j))T = (Vz§i))Ta*1(t, X,)—U9V,0;(t, X;), therefore we conclude that || V)|, <
C¢(s,-) as required.

Step 3. Proving that (VX(t I)) V.29 (s, X{"")) is a version of Vz{"""). We make
use of Malliavin calculus - see Section 2.1. By taking the Malliavin derivative on both the
BSDE solution (y(*), 2(*)) and on the functional representation z(%) (s, Xﬁt’m)), we obtain
an intermediate version that is equal for both.

» BSDE arguments. There is a version (see [15, Lemma 2.2] for the proof) of

the processes (DgygE ) Dszﬁg’t’w))ngST, the Malliavin derivatives of the processes

(y®), 2(9), solving the BSDE

T
Dyyleto) = / Vo f©(0,)D X5 + v, f9(6,)(Voulr, X,) Dy X ) + Dyylet=))dr

T
+/ Vf(s( )U(T,X( )TDX +ZV f(f) (etgc)) dr

—Z/ ASENTaw,. (4.6)
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We multiply (4.6) on the right by o~ !(s, Xs(t’x))VXs(t’z) and apply Lemma 2.5 to obtain
Dsyg_a,t,w)o_—l (S, th,x))VXLgt,z)

T

= / V. f©0,)VXH) + v, f&(0,)(Vou(r, X))V X)) dr
TT

—I—/ Vyf(s)(@T)Dsyﬁs’t’x)a_l(s,Xs(t’z))VXs(t’z)dr

T
+ / V. f©©0,)U(r, X)) TV X ) dr

7,7

q T
+3 / V.90, (07 (s, X0 WX D) T DS T gy
j=1v7

q T
_ Z/ ((0_1(87 Xs(t’m))VXs(t’w))TDSZJ(-,ET’tm))TdWT; 4.7
J=1

comparing the BSDE (4.7) to to (4.5) term by term, it is clear that
(DSy‘(rs-:,t,m)o_—l(s7 Xs(t’x))Vth’m), (0'_1(8, Xs(t,r))VXLgt,m))TDszgs,t,m))ngST’

a version of the solution to (4.7), is a version of (Vyf’m)7 sz’t’z))nggT, the solution to
(4.5), for all s € [0,T].

» Functional arguments. We start by assuming that z() (t,-) is smooth (or by taking
a mollification). The chain-rule of Malliavin calculus — Lemma 2.1 - yields Dsz(e) (1, Xﬁt’z))
equals (D, X" Tv,2() (r, x!**)), and, applying Lemma 2.5,

(67 (s, X VX ED) T D2 (7, X 02)) = (VX)) T, 20 (7, X (12))

The result follows for z(¢) (7, -) only Lipschitz continuous by standard limiting arguments.
Since (209 (r, X\"))o<, < is a version of (z4""™)o<, <7, it follows that
(D529 (1, X)) s < is a version of (Dyz&H%)) o,
and therefore that
(07 (s, XN VX)) T D2l oo = (VXED) TV,2E) (7, X109)) o cr
is a version of ((o~*(s, Xﬁt’z))VXﬁt’m))TDSzSE’t’I))SSTST for all s € [0, 7).

We now combine the BSDE arguments and the functional arguments from above.
Thanks to the intermediate version ((o~*(s, X(gt"'”))VXS’I))TDszf’t’””))ogTST, it follows
that

(VXY TV, 26 (7, X)) g<rar

. . t
is a version of (V""" <.

Step 4. Proving z(°)(t,-) is Lipschitz continuous. Fix s € [t,T). Using the represen-
tation (4.4) of z(&:t%), it follows that

T
Jafeten) = 2fetely < B[ [ F(r, X[, yfeten) slete) oo
ST
SB[ FG X0, et et e

T
+[1Es [/ F(r, X{172) yiotea) b)) (F{6ons) — H{B22))dr] |

= A; + A,.
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We start with an estimate for .4,. Using the Cauchy-Schwarz inequality, it follows that
T
Ajp < / | F(r, X(Bw2) yleten) pleten)y) | gltens)  pltess)|, qp (4.8)

» Bounding ||H"""*) — H{"">*)||,. Using the same techniques as in the proof of
Lemma 2.10, one shows that

o= (5, X57)) — 071 (5, X)) | s Elsup, << | D XS0 8]1/8

H(t,zl,s) _ H(t,rg,s) <C
H r r ”4 = 4 m

lo = oo Blsup,< <7 [ DX = DX 11/
Jr—t

where C, is the constant coming from the BDG inequality. Thanks to [30, Theorem

1X.2.4], we have that

+Cy (4.9)

IX () — X 52| 58 < Clay — o (4.10)
The function o~ 1(t,) is Lipschitz continuous uniformly in ¢ with Lipschitz constant as
given in Lemma 4.1 for all s € [¢,T). Moreover, Lemma 2.5 gives that

E[ sup |D, X Y8 < ¢ and E[ sup |D X *) — DX (B72)8]/8 < Oy — o).
s<u<T s<u<T

Combining these estimates, it follows that [|H\"*""") — B2, < Clay — 20| /7 — 1.

» Bounding ||F(r, X\ y&172) L[&0m)y)  We take advantage of the local Lips-
chitz continuity and boundedness (1.2) of f, and the uniform bounds on u and its partial
derivatives from Lemma 2.8, in order to show that

u(r, X3 4 o |oo |V au(r, X7)))|
(T —r)(=0)/2
Cy CB, () B.(®)
< <
~(T—=r)t=b% (T —r)t-0c/2 = C(T_r)1—96/\%

|F(r, X{272)0,0)] < | f(r, X{"72),0,0)| + Lf|

(4.11)

where

B,(®) = VI —t+C if & is constant,
T ]Er[|<I’(X7(f’“:2)) - Er[@(Xg’“))]P]l/Q +C else.

Without loss of generality, we will consider the setting where @ is not constant, because,
for constant ®, the arguments will be analogous to the arguments under (Ane) with
fp = 1. It follows from the triangle inequality, the local Lipschitz continuity (1.2) and the
inequality (4.11) that

(e,t,z2

| (r, X[002) y(o:te2) g(obm2)| < |F(r, X972),0,0)| + Ly w

E,t,zg) |

|+ 128
(T — r)1-00)/2

But yﬁs’t’m) and 25" are bounded in Ly: applying Proposition 2.12 with (Y3, Z1) = (0,0)
and (Ya, Zo) = (y(&t72) 2(&t72)), combined with inequality (4.11) and Lemma C.2 to
obtain that

T—e
B <€ [ B X0,0,0) < OB, (@)(T - ) 2,

T—e¢
|z{ete2)| < c/ B, [|F(u, X(572),0,0)[2]/2(u — r) " 2du < CB(®)(T — r)% ¥ ~3
(4.12)
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for all r € [t,T). Therefore, ||F(r, X" y{&t2) (&422))) is hounded above by C/(T —
o
)73 =1 Now, both (Ape) and (A )imply that || B,(®)|4 is bounded above uniformly
in r by C. Substituting this and the bound on ||[H{""*"" — H{"*2"Y|, into (4.8)
dr < CBy(®)|z1 — x2|
T — r)l’ecAeTL\/m (T — )2t N
Now, we estimate A;. Using Corollary 2.11 (with H{""*'*) in the place of H?), it
follows that A; is bounded above by

T
Ay < CBy(®)|r — ] /

T—¢
||/ (B[] F(r, X’Stvfl),y£5’t711)72£57t711)) — F(r, Xﬁ’“),ySE’t’“),zﬁs’t’“))|2])1/2
(B[ ) 2dr

Analogously to Lemma 2.10, (E,[|H\""""*)))1/2 < Cy(r — s)~1/2, therefore

T—e (tx1) | (et,xr) _(et,x1)y (taz) | (twa) _(ema)\|21y1/2
A< C||/ (Es[|F(r, X2 yp ) Zp ) — F(r, X;"" yr 2t )2])

r—s

dr|l2

T—e (tyz1) | (et,wn) _(et,x1)y (tw2) | (et,x2) (e,t,22)\121\1/2
< C/ H(ESHF(nXT » Yr ) Zr ) F(T’XT" ) Yr ) Zr )| ]) H2dT

O/T € HF(T' X(t wl) (E t Il) (8 t, 11)) F(T, Xﬁt,:ﬂg), yﬁ&,t,$2)7 Z7(-E7t7z2))H2dlr

Jr—s
where we have used Minkowski’s inequality to take the norm || - ||, into the Lebesgue
integral. By applying the Lipschitz continuity of f (5)(7’, -), A is bounded by

o[ HX““) X o [T lallsellur X00) — (e X s
1 ax/z\/i (T,,a)(lfeL)mm
o [Futle Pt ) T )
(Tf )(1—&)/2\/7?15

co [T gty g )
(T Py 1=00)/2  fr— ¢

Using the differentiability of u(s,-), it follows that

dr

Julr, XE55) = ulr, X522 < (R (w7, X7, X022)) g,
IVau(r, X{50) = Vau(r, X)) o < [R(Vau,r, X, X72))]l
for all r € [t,T), where, for a differentiable function g, R(g,r,z,z’) is the remainder from

the first order Taylor expansion of g(r,z) — g(r,z’): in the case of g taking values in R,
this is equal to

Rg.ra,a') = { / Vog(0z + (1 - 8)a)db}(z — o'); (4.13)

in the multidimensional case, the expansion (4.13) is defined component-wise. Denote by
R(r) the sum of the normed residuals ||R (u, r, X", X{"*2)) ||, +||R(V u,r, X x BTy,

Therefore, using the notation ©, := ||y{="™) — y{&tm2)||, 4 | l&te) _ ||2, the final
bound on A; is
a<o | ||X X adr (T R(r)dr
—r)l-ox/2 r —¢ (T —r)=00)/2/r — ¢
T—¢
©,d
e d :
—r)(A=00)/2\/r —¢
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It follows from Lemma 2.8 that

Ol @|oo | X7 = X5 (T = 1) =1 < O||@]|oc|21 — 22/(T — )" under (Apa),
R(r) <

CKol| X — X2 | o(T — 1) F -1 < OKgloy — 22(T —r)F 1 under (Ans),

The bound || X{"*") — X{"*)||, < C|z1 — x»| is obtained from [30, Theorem IX.2.4], which
also implies that

[ Xy [Ty,
N e R A =

It is clear from the bounds above that the integral in R(r) in the bound of .4; dominates
the upper bound on A,, and also the integral

/T_E xS — xB2 d
T
S e

Therefore,

T—e T—e
R(r)dr e}
(Evtle) _ (5’t112) < r
l| 25 Zg |2 < C/S T = =00 /2y = +C ’ (T_r)(179L)/2mdr'

Since 4" = E, [fST F(r, xbo) ylete) sz’t’””))dr] similar estimates yield

T—e T—e
0.<C R(r)dr LC O,
R (T —r)A=0)/2/r —5 R (T —r)A=0)/2/r —5

forall s € [t,T —¢). Let (Aps) be in force. Applying Lemma C.3 with

dr

T—¢
w, = C||®||oo|z1 — x2|/ (T — w) O =32 (y — )12y

and u, := ©,, it follows that

T—¢
dr
Os < O @ oz — 932|/ (T — )60z /r —5

T=e [“(y —r)0e/2=1(r — 5)=1/2qr T=e O,
+ C||®]| 0|21 —332\/3 J: (T — )@/ du+0/s (T—r)w(ﬁ

T—¢ dr T—¢ @T
SCfHCI)HOOkCl _x2|/s (T—T)(3_0L)/2\/7TS+C/S (T-fr)(lfez,)/2dr7

where we have used Lemma C.2 to bound the integral [“(u — r)%=/2=1(r — 5)=1/2dr.
Then, applying Lemma C.4 to bound the integral fsT_s O,(T — r)z=1/24r, final bound
on ||z{55") — 258", for all ¢ € [0,T), (21,22) € (RY)2, and s € [t,T) is

dr
_ T)(S%ﬁ)ﬂm
fTT_E(T —u)0=3)/2(y — )=12qy
(T -0/

T—¢
(e,t,x1) (et.x2) || < O D /
z z wolr1 — 2
|| s s ||2 = || || | 1 2| . (T

dr

T—¢
O] el —xz|/

and application of Lemma C.2 yields the final upper bound C¢(t, ¢, 6, )|x1 —x2|. Therefore,
setting ¢t = s yields that the function 2(5)(1%, -) is Lipschitz continuous with Lipschitz
constant C¢(t,¢,0 ), as required. The proof under (Aye) is analogous. O
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We now come to the regularity result advertised at the beginning of this section; this
result is not used in the remainder of this paper, but may hold some interest for other
works.

Corollary 4.3. Let (Ans) and (Aye) be in force, and let 01, + 64 > 1. Then there exists
a function z : [0,T) x R? — (RY) " such that V,u(s, X;)o(s, Xs) + 2(s, X;) is a version of
Zs. Moreover, recalling the function ¢(t,¢,0r,0s) from (4.2) forallt € [0,T), x — z(¢,z)
is Lipschitz continuous with Lipschitz constant equal to

C
(T _ t)17(0L+0(1))/2

i <
611_% (i)(t,€, 0L7 9‘?) =

for some finite constant C' depending only on K, Ly, the bounds on b and o and their
partial derivatives, 3, Cy, 01, 0., Cy, and T.

Proof. Let (Y(:%), Z(t2)) be the solution of

T T
Y = (X)) + / Flr, X0, Y (o), 700 dr — / ZED W,

and set

T
Z(t7 l‘) = Et [/ f(T7 X-z(—t’x)v Y-r(t’x)v Z7(—t’x))H7(—t7x’S)dT]

for

Hbws) = L¢,m(s) (/T o (r, XEN DX BN T aw,) T
r—s J,
Recall the function 2(*) : [0, T)xR? — (R9)" from (4.4). One shows z(t,z) = lim. o 2(*) (¢, z)
by mimicking the proof of Theorem 2.16. Since Z is the limit of Z(¢) as ¢ — 0 in #2, and
2(4)(s, X,) is a version of Z{¥) — V,u(s, X,)o(s, X,), it follows that z(s, X,) is a version of
Zs — Vu(s, Xs)o(s, Xs), as required. Finally, to prove the Lipschitz continuity of z(¢, ),
we observe that, for 0y, + 04 > 1,

T
. dr C
lim 6(t,2,07,09) = Ka /t s e e e

thanks to Lemma C.2, and proceed as in Step 4 of the proof of Proposition 4.2 (with
2(t,-) in the place of 2(°)(t,-)); the upper bound on the limit lim._,o ¢(t,¢,0;,04) comes
from Lemma C.2. a

In order to make use of Proposition 4.2, it is is necessary to approximate Z by an
intermediate process Z); which satisfies the hypotheses of Proposition 4.2.

Lemma 4.4. Assume that (Aexpe) is in force. Recall the BSDE (Y, Zy) defined in
Corollary 2.15. Take the version of Zy; given by Theorem 2.16. For M = (3In(N))'/*
and R(M) equal to 3Lf€k12/2, there is a finite constant C' depending only on Ly, Cyy, 01,
C¢ and T, but not on N, such that forall N > 1

i+1

N-1 ;44 - N-1 o ~
3 / 12, - Zo|2ds < C S / 1Z01 — Zary, |3ds + ON~
i=0 v ti i=0 Vi

where Z;, == A%]Ei[ft

t;

i tht] and Z]\’f,ti = Ail]EZI:ft

ti

1 Zaradt].
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Proof. In what follows, C' may change from line to line. Using Cauchy’s inequality
and the orthogonality of the projections,

1N—l tit1 ~ T N-1 ~ ~
32 | Nz Zulds< [ 120 ZuclBds+ Y 12 - DA
i=0 Jti 0 i=0

N-1 iy _
#3012 Zase s
=0 “ti

K2

From Jensen’s inequality, it follows that 320" " | Z:, — Zass, |30 < fOT | Zs — Zars||3ds.
Proposition 2.12 with (Y1, 7Z1) := (Y, Zum) and (Y2, Z2) := (Y, Z) yields that, for any
s€0,7),

T
/ | Z — Zar4l|3dt < C||@(X7) — ®ar(X7)]I3
0

T
+ C/ £t Xe, Yares Zare) — far(t, Xe, Yare, Zare)||3dt. (4.14)
0

It follows from Markov’s exponential inequality and (Aexps) that

oo

|#(Xr) ~ 2as (X} = [ PB(X7) > 2)da

< 05/ e Vode =2C(14+ MYe ™ < CN~2. (4.15)
M2

The last inequality is obtained by substituting the value of M. On the other hand, the
basic properties of the mollifier in Definition 1.1 yields

|f(t X, Yare, Zaae) — (6 X, Yare, Zory)|
S / |f(taXt7YM,t7ZM,t) - f(t7Xt - $7YM,1: - Y, Z]\/I,t - Z)|¢R(]M)(Z',y72)d($,y,2)
REXRX(Re)T

Ly /
S P
(T =)= Jope gy 41212 < R(a)-2}
< 3L;
= T = )00 2R(M)

(4.17)

Substituting the value of R(M) then gives | f(t, X¢, Yare, Zae) — far (b, Xos Yare, Zaril2 <
(T —t)0r=D/2N=1/2 for all t € [0,T). Substituting (4.15) and (4.17) into (4.14) Lemma

C.2 then yields
N—1

T
A;
/ 1Zs = Zasll3ds <CN7' 4 CN72 Y
0 i=0

T—t’

The sum on the right hand side above is bounded by 1 + fOtN*I (T —t)~'dt =1+ Cln(N),

whence the proof is complete. |

We now provide an extension to Theorem 3.3 under (Aye) with the aid of Proposition
4.2.

Theorem 4.5. Let (Ans) be in force and 0 < 8 < (2v) A (a A 0). There is a constant
C depending only on Ly, Cy, 01, 8., B, Cy, Ko and T, but not on N, such that for all
N >1,

E(N) <CON 15 3/(09 + B+ 2v) + CN ™19 1) (0 + B+ 27) (4.18)

forvy == (0. A% + %) A 6.
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Proof. In what follows, C' may change from line to line. To start with, we assume that
(Ase) and (Ape) are in force. Recall (3.2). From the bounds ||a N2 < O(T = r)latt=3)/2
in the proof on Lemma 2.9 the first sum Zl 0 t;“ ft ||a,€ ||2dr)?dt is bounded above
by

dr dr 2
i+l ft (t (t—r)(=00)72 9L>/2 ftN 1 (t—r)i- 0L/2)
C +C dt
Z/ _t)2 a /N X _t)l a

N— i+1 B—1 146, T or
t t—t; t—1tn_
§ j/ ) <1 _) dt+0/ %dt
ti - t) +h-a tN—1 (T - t) @

=0
N—-2 146 t;
Ai “ o dt Or+a
<C 7[3/15 (Tft)lﬂifa +CAN71 . (4.19)

Using (B.2) from Lemma B.1, A; < CA;4; for i < N — 1, which, combined with (B.1),

yields
AlJrHL A1+9L

max ———t——— <C max ——t—— <CON 70,
0<i<N 2 (T —tig1) =8 — 0<i<N-1 (T —t;)1=P

Additionally, § < « implies that A% = CN~—(e+0)/8 < CN~-'. Substituting these
results into (4.19) gives

N—-1 tit1 t
Z/ (/ 0| odr)2dt < CN~1. (4.20)
i=0 Yti ti

The refined estimates - ||V(€) Il2 < Cqb(r e,01,0p) for all r € [0,T) - from Proposition 4.2
are used to bound SN ! N b j; ||VT Hgd’f‘) dt from above by

Z /t " (;5 T, € 9L,9q>)dr)

which itself is bounded above by

Z /t L“ ¢ r e, 0L79¢,)dr)

N-1

tita t T—¢
B /t + (/t {K‘I’/T (T_u)g_:f;_%m}dr)zdt

i=0 i
N—-1 tit1 t T—¢ (T _ u)(ﬁ*l)/Qdu 2
K2 / (/ {/ ) }dr) dt
(b; t; t; r (T—u)w u—r
c o R )
= 1658 — J,, ( ., ; (T—u)lf(eL*ﬂ)/Q\/m} r .

Now, using Lemma C.2 to obtain an upper bound (7T — r)_(l_(eL—B))/Q on the inner
integral fTTfa (T — u)—(l—(eL—B)/Q) (w — 1)~ 2du,

N-1 t
1+1 C i+1 d' 2
Z/ /¢T€HL,0@dr)dt<19 Bz/ (/ r ) at
T ti (T —r) (1*(0L*B))/2
C(maXOSiSN_l Al) T dr CN—2
< 61—9(1,—[3 [) (T_t)l_(gL_ﬂ)d = 81_‘9‘1’_/3 (421)
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where we have used Jensen’s inequality to get

¢ dr 2 T dr
<C | —t,
(/t (T_T)(1(9L5))/2) - A (T —t)1=(02=5)

i

and then (B.1) in Lemma B.1 for the bound maxp<;<n—14; < CN~!. Substituting (4.20)
and (4.21) into (3.2) finally yields

N-1 tit1 CN—Q
3 / 149 = = 3ds < ON7* + 5. (4.22)
i=0 Jti

Then, using Z(¢) = 2(°) + 2, Lemma 3.2, and Zf\:()l z_i“ |lzs — 21,]|3ds < CN~1 as shown

in [15, Theorem 1.3], it follows that
N—-1 tit1
> / |Zs — Z1,||3ds < CN~! 4 ON~2% 481 L ON=2/8 1 0. (4.23)
i=0 Yt

For N € {1,2}, let § := 0, and for N > 2, § := InIn(N)/In(N). Set e = N~/
Recalling further that 2y < §, this implies that, under (Ape) and (Aye),

N—-1 tit1
> / | Zs — Zy.||2ds < CN™! 4 C N2~ OatB=1)A+0n)/(27)
i=0 “ti

To obtain the general result, recall the BSDE (Y, Z)s) from Corollary 2.15. The driver
of (Yar, Zyy) satisfies assumptions (Aye). The proof is complete by taking M equal to
(3In(N))Y/4, R(M) equal to 3Lse"/2, and applying Lemma 4.4. O
5 Convergence rate of the Malliavin weights scheme

In this section, we treat the Malliavin weights scheme

N-—1
Y = e(xr), VY = Eie(Xr) + > f(t, Xe, Vi 2t — 1)),
j=i
N—-1
(N i (N (N i
ZN = By@(Xp)Hy + Y f(ty, X, VI 2NV Hi(t40 — 1))
j=i+1

Recall the Malliavin derivative of the the marginals of the process X in Section 2.2. In
the definition of the Malliavin weights scheme (1.5), we use the following discrete-time
approximation of the Malliavin weights (2.14):

j—1
(Y D Xeolts, Xe)TAWL) (5.1)

k=i

1
ti —t;

Hj =

Notice that H} satisfies |;[H}] = 0 and IE,[|H}|*] < Cp(t; — t;)~'; the latter property is
proved exactly like Lemma 2.10. If the marginals of X and D;, X are not known explicitly,
one can use an SDE scheme to provide approximations, but this is beyond the scope of
this work; some work has been done on this in the zero driver case (f = 0), in particular
we refer the reader to Section 3 (and the sequel) of [14]. In what follows, we use the
version of Z given by Theorem 2.16, in other words

T
Z, = B [®(X7)Hb +/ f(s,Xs,Ys, Z)Hlds] forallt € [0,7) P —a.s.
t

We start with some preliminary results.
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Lemma 5.1. There is a constant C' depending only on the bound on b and it’s derivatives,

the bound on o and it’s derivatives, 8, Ly, 0r, C¢, 6., K*(®) and T such that, for any
0<i<j<N,

, CN~—1/2
t; )
[ [@(X7)(Hy: — Hj)lll2 < (AL
CN—l/Q
(T =)'yt =

Bl (X, Yo ons Zey ) (Hy! = HY)ll2 <

J+L

where v := (0. A & + L) AD...
Proof. For any j > i and t > t;, define N} := o~ !(t, X;) Dy, X;0(t;, X;,). Using the
decomposition
Ny = Nyt =o' (t, Xo)(Di, Xi — Dy, Xy, )o (ti, Xi,)
+ (O'_l(t, Xt) — U_l(tj, th))DtithJ(ti, th.),

it follows from the boundedness and Lipschitz continuity of ¢ and o~ ! (Lemma 4.1) that
forany j >iandt € [t;,t;41],

j—1 ptrsa ti ti12
. . E; [N,/ — N/ |=]dt
B, - ) = e 0 ”t‘;Q =
73— U
i—1 pt
¢ SUZL [ B (IDy Xy — Dy X [P+ X — X, [at
- (t; —t:)?

It now follows from Lemma 2.5 the usual bound E;[| X, — X, ]|?] < C(t — t;) and Lemma
B.1 that
Ei[|H; — Hi?] < kaaXAk(tj —t) P < ONTHt — ) (5.2)

Since F;[H;' — H}] = 0, it follows that
1B [@(X7)(H; — H))ll2 = [[E[{ (X 1) —Ei[®(X7)|}(H} — Hj)]ll2-
The upper bound
1B [{@(X7) —Ei[@(X7)} (Hy: — H))]ll2
< [E[{@(Xr)—E:[@(X )] P2 (Bl H: — H)PD'Y2 2

follows from the conditional Cauchy-Schwarz inequality (Corollary 2.11). Therefore,
(5.2) and ||®(X7)—IE;[®(X7)]||l2 < K*(®)(T — t)*/? (from (Ag)) together imply that

CN71/2

ti 7
| E: [@(Xr)(Hy — H)ll|2 < T =)o

as required. The upper bound on ||E; [fj(th,Yt,H,th)(Hf; — H})]|l2 follows from the

J

Cauchy-Schwarz inequality (Corollary 2.11), i.e.

HEl[fj(XtJ’Y; Zt])(Htt; _H;)]”Q < H(Ei[lfj(XtﬁY;fj+17Zt )

J

)V B — H DY

G410

from here, one applies the estimate (5.2) and the fact that, similarly to (2.22),

1£5(Xe,, Ve, 00 Ze, )2 < C(T — t5)77 1
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Lemma 5.2. Forallt;,t; € m such thatt; < t; andr € [t;,T],

Eilf(r, X, Yy, Z:)HY' ] = Bl f(r, X, Yy, ZT-)Hf;i]- (5.3)
Moreover,
N-1 tit1
/ Fo, X0, Yo, Ze)HEdr] = B Y (X, Y., Ze, ) HY: Aj}HEi[/ f(r,X,,Y,, Z,)Ht dr]
j=i+1 ti
N1 tjt1
VELY [ U0XY 2 - (X Y 2) HE )
j=it17t
(5.4)

Proof. First let (Ase) be in force and recall, as argued in the proof of Theorem
2.16, that the BSDE solved by (y(f), z(f)) in Definition 2.7 satisfies the conditions of [24,
Theorem 4.2]. A key element of the proof of that Theorem is to show that, for almost all
velo,r),

D, f9(0,)0 (v, X,)VX, = V., f&(0,)VX, + V, fE(0,)(u(r, X,) VX, + Vy))
+ V. EO0,)(U(r, X, )VX, + Vz)
m X P — a.e, where U(r, x) is defined in (2.7); see the equality just above equation (4.19)

in [24]. Integrating with respect to v over v € [ti,t]—), on the one hand, and between
v € [t;,7), on the other, which yields

" .
L 7 D@ (0,)0 (0, X))V Xedo = —— [ DyfO(0,)0 (v, X,)VXdv.
tj —ti ti T—14 ti
One then follows the proof of [24, Theorem 4.2], which essentially uses integration-by-
parts for Malliavin calculus - Lemma 2.2 - to show that E;[f©) (r, X,, ¥;'¥, Z\) Ht] =
IE; [f)(r, XT,YT(g),ZT(s))HfJ?]. One extends to the general case (5.3) by convergence
arguments as in the proof of Theorem 2.16 The relation (5.4) is now straightforward to
obtain from (5.3). O

Lemma 5.3. There is a finite constant C depending only on the bound on b and its
derivatives, the bound on o and its derivatives, Ly, 01, Cy, 0., and T such that, for all
ie{0,...,N—1},

tit1 . tit1 dr
E,. X,.Y,, Z,)Hdr]||l, < C , 5.5
[ [/ I i< [ G 5.5)
” Z Et f] Yt7+17 ) f]( Jj+1 ))Hti]A ”2
Jj=i+1
1Ye, — +1\|2+||Zt ~ Zlls
<C J+1 J ALY (5.6)
Z; DERIEN T
+1 .
[ Z Ly, / Fr X0, Yo, Zp) = [, Xa;, Yy 0, Zey)) Hdr] |2
Jj=i+1
_ t;
__oNvr NZ [ Y = Vi 4 12— Zlabr
T (T )02 T L (T —t;) =002 i, — 1, ’ '
where v := (0. A & + Z£) A D...
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Proof. In what follows, C' may change from line to line.
Cauchy-Schwarz inequality (Corollary 2.11),

S (B[l f(r, X, Yoo Z0) 2DV
E; XY, Z) Ht Jdr < Don dr;
[/ i, r </ / — r
then, Minkowski’s inequality and the moment bound (2.22) of Corollary 2.13 imply that

tit1 tit1 Hf(T X. Y. 7 )H2
]E' ‘<7’>Y7’7Zr Htld < C ) Ty LTy T d
H tl[/t e JHy ]l < VO , =1 "

Using the conditional

i

t;
i+ dr
<C .
- /t (T —r)l=7r—t;
Using the Lipschitz continuity of f, Minkowski’s inequality, and Lemma 2.10,

| Z Et fJ Yiﬂv ) fJ( J+1 ))Htt;]Ajfl||2

j=i+1

<c Z ||Ytj+1— Visllz + 12, = Zjl2
= (1 19L)/2m YR
j=1

For (5.7), the t-Holder continuity of f in (Ag, ), the Cauchy-Schwarz inequality (Corollary
2.11), Minkowski’s inequality, and Holder’s inequality are needed:

ti+1
H Z ]Eti [/t (f(’l“, Xr, Y, ZT) - fj(thaYthrlv th))Hf;dT]”Q

j=i+1 i
C Nzil tJJrl Hf(r XT’7YT7 Z ) f'(X’NYT'?ZT)”QdT
<
J=it+l Vi~
2]
N (X Yo, Z0) = f5(Xay, Vi Za, ) |adr
tj —1;

+C

Jj=i+1
e Z ft1+1 VT —tdr c Nz—l ftijﬂ X, — X, ladr
B j=i+1 m L (T—tj)l_ex/Qm

Jj=i1+1
_ tit1
Nl fth— {H}/T _}/tj+1||2+ HZT _thHQ}dr
j=it1 (T — ;) =002 7= TF;
The usual upper bound ||.X, — X; || < C/r —t; implies that

+C

tit1 ti+1
/ X — Xy, [[2dr < C /T —tdr.
t

J tj

Now, we obtain the upper bound [”** \/r —f;dr = %A?/Q < ON~'/2A; from Lemma B.1,
J
and substitute it to the already acquired estimates to obtain

Jj+1
|| Z Ey,[ / (1, X0 Yo Z20) — [5(X0,, Vi 00 Z0,)) HE

Jj=i+l1
<CN12 +czvlz 1§j/2m
Jj= z+1 j= 1+1
e Z JJ“{HY Yoyillo + 1120 = Zu,|la}dr
ft — ;)02 ST
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Applying Lemma C.2 to bound the sums without the integrals is then sufficient to
complete the proof. |

In the following proposition, we obtain a bound for the error terms on the right hand
side of (5.7); these error terms are intrinsically related to the discritization error of the
Malliavin weights scheme. Proposition 4.2 will be essential in the proof of this result.

Proposition 5.4. Recall the definition v := (0. N § + %L) A Oc. Let either (Aexps)
or (Ane) be in force and suppose that 0 < 8 < (2y) Aa A 0. For §, K > 0, define
C(6,K) == K(N~Y21( 3(6) + N~ 71,1)(6)), and, for j € {0,...,N — 1},

tit1
U= / {1y =Y, lle + 120 = Zy, 2 }dr

tj

There is a constant C' depending only on Ly, 0r, Cy, 0., 3, B the bound on b and its
derivatives, the bound on o and it’s derivatives, and I', but not on N, such that, for all
N >1,

P

U _
Ty < O =) mPRC(B + 2y, m(N) 4 v 1),
3=0 J
N-1 N
J — )~ (A+B-6L)/2 1/4
,Zl T yamn =g = I PIEC(B + 29, In(N) V)
j=i

in the case of (Aexps), and

N

=

v
)

m < O(T — ;)10 P2C(6 + by + 27, Ka),
=0 J

=

N—-1

U; (14
< O(T — ;)" UHB=9L)/2C(8 + 05 + 2, Ko)
Sty (T =)0 =T,

(]

in the case of (Apa).

Proof. We will prove the bounds for

-1
> -
i—it1 (T —t;)A=00)/2 /T,

J

0, . .
Toiyd-epyz are obtained analogously. Moreover, we will only
prove the result for the terms in Z. The bound for the terms in Y are also obtained
analogously. In what follows, C' may change from line to line. We first prove the result
under (Ape) and (Aps ), and then obtain the general result by means of mollification.
Fix ¢ < An_; and recall the BSDE (Y(E), Z(a)) from Definition 2.7 in Section 2.3. We use
the version of Z(¢) provided by Theorem 2.16. First, apply the triangle inequality to the
integrand in order to obtain ||Z; — Zy, |2 < || Z; — Z\F |2 + || Z,, — Zt(f)||2 + |1z - Zt(f)||2.

To bound the terms in Z — Z(®), recall the bound (2.24) from Corollary 2.14. For
j < N —2, the bound on || Z; — Z\*||5 implies that

ta tivi [T (T —r) " Ldr tier gt
Zy — 2 |lodt < c/ Te dt < Ce ——
/ 1Ze = 2, ||2dt < . Vino1—1 = o,  Vin-i—t

The bounds for the Z;V:_Ol =

tj
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Lemma C.1 yields fﬁ“ (tny—1—t)"1/2dt < 2A(tn—1—t;)~ /2. Therefore, applying Lemma
C.2 implies that

N=2 [l 7z, - 29| |dt N2 . Y

Y e <07 Y e S

! (T—tj)( —0r)/ T, — 1 S (tn—1 —tj)~ L/ T, — 1 (ty_q1 —t;)=00)/
(5.8)

Then, use (ty_1 —t;)~'/? < 2(T —t;)~/? on the denominator on the right hand side. For
the outstanding term, 7 = N — 1, we implement Lemma C.2 to show that

T T T
/ 12 — Z{7||dt < c/ {/ (T =)~ = &) 2drfdt < CANPY,
tN—1 tN—1 t

whence it follows that

T
ftN_l 1Z: — Zt(E)Hth CA;fV‘*‘_"lbﬂ CA;/V-s-_elL/Q

< < (5.9)
AR = T Vinei =t VTt
Combining (5.8) and (5.9), it follows that
_ tir1 5
N§:1 tj:+ 12, — Z'9)||2dr g O N ON-1 510
j=it1 (T —t;) =002 F7=1 = (T — ;) =00)/2 T —4; :

where we have used that A?\;’ffL = TN +0)/8 and B < (27) A 0. Analogously, we can
also show that

S (T —t;,) =002 5, —1; — (T —t,)-0072 " T —¢, .

Recalling the BSDEs (y, z) and (y(), 2(*)) from Definition 2.7 and that Z(2) = 2 4 2(*), the
triangle inequality yields || Z\® — Zt(f) 2 < llze — 20, |2 + |22 — zéf) |2 In the proof of [15,
Theorem 1.1], in bounding the terms F; and E», it is shown that, for all ¢ € [0, 7],

C(t —t;)

2
< — 7
2= (T gyt

|2t — 2,

t
+C ||Viu(r, XT)Hgdr.
ti

Lemma 2.8 implies fttv 1V2u(r, X,.)||3dr < Cftt_ (T — r)®=2dr. Now, applying Jensen’s
inequality, Lemma C.1, Lemma C.2, and the above bound, one obtains
_ tit1
N-1 ftj+ | 2r — 2, ||2dr

jz;l (T — )00 21—

: A ; 1/2
N1 Oy [T = eV P (] -0 2de) dr

<
j=it1 (T —t;)=00)/2 T, —1;
N1 2 (a—1)/2 1/2( ptisa g 12
_ —L CA(T - t;) + CA; (ftj (tjp1 —t)(T —t) dt)
_j:i+1 (T — t;)=00)/2, 1, —T;
(5.12)

For j < N — 2, one can apply Lemma B.1 and Lemma C.1 to show that

tiy1 A tj+1 CN_lA'
o —tW(T =) 2 < —— 23 T P-1lgp < 227 =9
/t (tj-i-l t)( t) dt < (T _ thrl)lfB / ( t) dt < (T — tj)lfaJrﬁ

J tj
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On the other hand, for j = N — 1, since 8 < «,

T
T T
/ (T — t)(T — t)*~2dt = AN L N*C‘/ﬁ < =N"L
(0%

tN—1

Substituting these bounds into (5.12) and implementing Lemma B.1 and Lemma C.2, we
obtain

N- f““ 2 — 24, llodr

Z (1 9L)/2m

N-1

/ A, o AN
< 0N71 2 J 4 CN*I 2 —
= 2 TR, Vin
N—1/2 N—l
< ¢ L ONT (5.13)
(T_ti)(1+57a70L)/2 T —t,

In the bounds (3.2), we used the inequality
126 — 29, < 0/ 10|t + c/ Vi lodt + CAY2. (5.14)

Using [|a{® || < C(T — t)(@+0.-3)/2 a5 shown Lemma 2.9, Lemma B.1, Lemma C.1, and
Lemma C.2, it follows that

> iy Nl adtyr S R il L
<

i (T —t;)=00)/2 /=1, = S (T — ])(1 aL)/ e

N-—1 ftt]-Hl(T )(a 2) /erf ]+1( _t)(gLfl)/th

<C

s (T —t;)=00)/2 /T —1;

N-1 A(‘3+9L)/2
<C J

2, T I,

Al 12 N A,
< C( max 17) J
0<i<N—1 (T — ;)15 j;l (T — tj)(2+5*0L*04)/2m
CN-1?2

< (T — t;)(1+B=0.-0)/2 (5.15)

On the other hand, we obtain bounds for ||Vt(5) |l2 from Proposition 4.2 under (Aexp®) Or

(Ana). Let us work under (Acxps ). It follows from Lemma C.1 and Lemma C.2 that, for
allj and r € [t]‘,ﬁjJrl],

T— 5
/ 1V adt < €] / ([ =90 - 02 - ) s

§C||<I>||oo /2/ {/ 0L B— 1( 71/2d5}dt

B-1)/2 .
(B-1)/2 N (6L—B-1)/2 € J
< C9)|ce / (-1 i < Cl1@le o= yrmmsie
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Therefore, using Lemma B.1, Lemma C.2 and the above bound,

& ftm{ft ||V(E)”2dt}dr < C||®]|oeB=D/2 max A, 3 A
;) A=02)/2 /E I ”0“’6 max Z — ;)1 O=P)/2 F—F;

j= z+1
C||®||aoeP~D/2 N1

‘ M

S T = 1) oz (5.16)

Now, substituting (5.15) and (5.16) into (5.14), it follows that
N— f i1 ”Z(s) (E)Her . CN-1/2 CH(I)||OC€(871)/2N71 5 17
Z (1 9L)/2m — (T - ti)<1+6—9L—a)/2 (T — ti)(l"!‘ﬂ—eL)/z (5.17)

Combining (5.10), (5.11), (5.13) and (5.17) yields

S
&, TR =,

CN-1/2 CN-1 Cev C||®||seB~D/2N 1
STyt T T g, | (T )0—00/2 | (T — t;)a+5—00)/2

and we take e = N~ V/(®Y) if ] — 3 — 2y < 0 and ¢ = N~! otherwise to complete the proof
under (Ap¢) and (Aps ). The proof under (Ase) and (Aps)is analogous.

To prove the result without (Ay¢) or (Aps), recall the mollified BSDE (Yas, Zur)
from Corollary 2.15. Set M = (3In(N))*/* and R(M) equal to 3Le™"/2. Substituting
<CN~YT —s)"2forall s € [0,T),
whence the triangle inequality and Lemma C.1 imply

tit1 tit1
[ 020 = 2 aar < [ 0120~ Zarla 1230 = Zass, Iebar + 12, = Zar,
t

J tj
9 tit+1
< CNilAj(Tftj)il/ +/ ||ZJLI,T 7Z]y[7tj||2d1".
tj

The proof is then completed with use of Lemma C.2. |

We come to the main result of this section, namely the error estimation for the
Malliavin weights scheme.
Theorem 5.5. Recall the definition v := (0. A § + %L) AG.. Let (Aexps) O (Ans)
be and force and suppose that 0 < 8 < yAa A 0. For 6, K > 0, define C(6,K) :=
KN~'21( 5/(8) + N~71(91)(6). There is a constant C' depending only on Ly, 0, Cy, 0.,
B, B, the bound on b and its derivatives, the bound on ¢ and it’s derivatives, K*(®) and
T, but not on N, such that, forall N > 1,

1V, = V™V la < O(T = £,)140=9/2¢(8 + 24, In(N) /4 v 1),
120, = (" ll2 < CT — )~ (+#=00)/2C(5 + 29, In(N)V/* v 1) ¢ in the case of (Aexpe),
+CN_1/2(T _ ti)_(l_a/\(2’7)/\9X)/2.

|Y;, — }?(N)Hz <C(T - ti)(1+9L_6)/26(6 +0p + 27, Ka),
12, — ZM ||y < C(T — 1,)~(H+B=00)/2C(3 + 64 + 2v, Kg) ¢ in the case of (Apa).
+CN71/2(T o ti)f(lfa/\(Q'y)/\Gx)/Z
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Proof. In what follows, C' may change from line to line. For simplicity, we omit the
process X from the driver, so that f(t,y,2) := f(t, X¢,y,2) and f;(y,2) == f;(Xy;,v, 2).
Fix i € {0,..., N — 1}. Using the estimates from Lemma 5.1 and Lemma 5.3, and (5.4)
from Lemma 5.2, it follows that

12, — Z7|12

= || B [@(Xp)HY — &(X7)HYy + f(t Yy, Zy)HY dt — Z L ZNYVHEA )
ti Jj=i+1

tit1 )
< B / Fr, Yo, Z2)HY drll]s + B4 ®(Xr) (HE — Hiy)l2
t

i

D0 Bl Zey) (HYE = H)A 2
j—i+1

N N i
+||Z (5 (Yeyans Zay) — (00, ZS)) HI A2
Jj=i+1

]+1
+ Z / Y 20) = £5(Yey 0, Z0,)) HE ]

Jj=i+1
CN—1/2 tit1 dr .
= (T — ti)(lfaA(2'y)/\0X)/2 T C/t, (T _ T)lf.yﬂ + CH(Z)
N-1
0.A;
¢ 0/ (5.18)
j:ZiJ:rl (T — ;) =002 JE7 =T
y )

where 0; := ||V llo + 1 Z, ZJ(N)\\Z and

G+l ]+1

i) U(j) = o Y, - Y, Zy, — 7 d
(1 9L)/2m7 (j) = " {H T t_7‘+1||2+|| T t_7‘||2} T.

In (5.18), we have estlmatedHZj i [fj(Yt”l,th)(Ht —H)|Aj|l by CN~ 1/2 Zj 7,+1(T
;)7 Y(T;—t;)"Y/2A, using Lemma 5.1, and the latter sum by C(7'—t;)7~!/2 using Lemma
- Yi(N) |l2 is bounded above by

+M2

o dr () = e5n,
C/ti W*CM m“’;m
N-1 - N-1
- v(J) 0,;A,
1/2 G e
s oN e ; (T —t;)(1-0z)/2 +C ; (T — t;)(1-02)/2 (5.19)

where we have used Lemma B.1 and Lemma C.1 on the first integral to obtian ft T -
r)7"tdr < CAH(T —t;)7 P < CN~ 1/2 1t follows from (5.18) and (5.19) that

CN~'/2 fia dr

(T — ti)(lfa/\(2*/)/\9x)/2 +C . T4 + CH(i)
A,
+C Z 9;

&, T,

Letting U; := ©;, ['(i) := N=V2(T — t,)(@rCNN0x=1)/2 =(5) .=

0; <

ti dr
h = and
Wi :=T(i) + Z(3) + H(3), (5.20)
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it follows from Lemma C.3 that

N-1 N-1

W;A; 0;A
0, <CW; +C i +C e (5.21)
]zz—:l-l — )RV = j:zz'-:s-l (T — )0 =0n)r2

Therefore, using Lemma C.4 in (5.18) and (5.19),

N-1

(N) W;A;
Ly, —Z <CW;+C 5.22
H ||2 + J;l tj)(lfeL)/Qm’ ( )
. N-1
(V) 1/2 % _ Wia
Vi, =Y, 2 <CON™ +CZ EYRGEATE +CY (T —t,) 00072 (5.23)

Jj=t Jj=t

Let us consider the sum in the W terms. Firstly, remark that we only need consider
the sums for i < N — 1. Recall the terminology of (5.20). Using Lemma C.2,

3 L()A, _onr Y A, _ N
Joty (T = )00 =T, Jot T =) O =T = (T = )07
(5.24)

Using the fact that A; < A;_; to show that /%11 — t;/\/%; — &; < 2, Lemma B.1 to show
that A;/A;41 < C and max; Aj(T —t;)*~! < N~!, one can apply Lemma C.2 to bound
the sum in =(j) as follows:

N—-1

3 E()A;
(T —t ,>(1—9L)/2m

j=i+1

ftN (T =7y r —ty1) T 2drAn e =2 AV /AP )G

j+1
NN e ; (T~ t52) 02— s

CA(1+’Y+6L)/2 TN 5 +CmaX A,
N T 2o (T t) PG =6
GL 1

< CON32 L ON~YHT - (5.25)

In order to deal with the sum in #(j), we change the order of summation and apply
Lemma C.2 to obtain

N-1 (k) 4
N-1 Zk:j-i-l (T_tk)(lisL)/Q\/tk_tj J

L TR

k—1 Aj
N-1 Zj:i-i—l (T—t;)1=0L/2\ [t;—t, (k)
(T - tk)(lfef‘)/z

3 H(H)A; _
Sy (T =1y) 000 2 =T

k=i+2
N-1 .
(j) .
<C = CH(1).
o, T = )00 (1, = )T/
(5.26)
Combining (5.24) - (5.26), the bound on the sum in W; is
N-1
WA

> Sl < ON“Y2(T — ;)0 =D/2 L CH(). (5.27)

oy (T = 1) =
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By analogous calculations, one shows that

N-1 N-1 .
W;A; —1/2 (0r+1)/2 V(j)
2 T—t)0mr <N (T — ;)" +02m~ (5.28)

j=i+1 j=i
The proof is completed by substituting (5.27) into (5.22), (5.28) into (5.23), and using
Proposition 5.4 to bound the remaining terms. O

A Stochastic analysis

The following conditional Fubini’s theorem is a consequence of the Monotone Class
Theorem.

Lemma A.1. Let f; € Ly([0,T] x Q). Then, for all t € [0,T), there exists a B([0,T]) ® F;-
measurable processes F; belonging to L.([0,T] x Q) such that (w, s) — Fi(s) is a version
of (w, s) — E[fs] and

T T
Et[/ fsds] = / Fy(-,s)ds almost surely.
0 0

We need the following generalization of the a priori estimates [1, Proposition 3.2]:

Proposition A.2. Let k be an integer, and p be an integer greater than or equal to 2.
Let f : @ x [0,T) x (R*)T x R** — (R*)" be P x B((R*)") ® B(R?**)-measurable,
and ¢ be an (R¥)"-valued random variable in L,(Fr). Let (fi)icjo,r) be non-negative,
predictable process, i € L1([0,T);m) and A € L2([0,T];m) be R-valued non-negative.
Additionally, assume that ]E[(fOT fidt)P] < co. For any (y1,y2) € (R*)?, define the scalar
product (yi,ys) = Zle Yy1;Y2,; and assume that, for all (t,y,z) € [0,T) x (RF)T x Rk>4,
(w,t,y,2) — f(w,t,y,2) satisfies

(|y|_1y1\y\>0, flw,t,y,2)) < fe(w) + melyl + Me|z| almost surely. (A1)
Let (Y, Z) be a solution to the ((R*)", R?**)-valued BSDE

T q T
Yi—¢+ / F(r Yo Z2)dr =3 / (Z;) T AW,
t i

in the space SP x HP, where HP is the space of predictable processes X such that
]E[(fOT | X,|2ds)P/?] is finite; Z; denotes the j-th column of Z.

Then, there exists a constant C,, depending only on p, such that, for any n, >
pe+ A7/ (p— 1) in L (R; dt),

T T
E[supepfo"mm\“(/ e2Jo 1rdr| 7, 2dt)P/?) < C,E[e? Jo "v'd’“|£|”+</ elo ™ fdt)?).
t 0 0

Proof. Consider the processes Y; = e/o %Y, and Z, = elo "% Z,. Then (Y,Z)
satisfies a BSDE with terminal condition ¢ = elo mrdr¢ and driver

Flt,y,2) = el ft, e Jomdry o= fomedrzy — gy,
Moreover, for all (¢,y,z) € [0,T) x R¥ x R¥*4, f(w,y, z) satisfies
(191 yLpy1>0, f(w, b9, 2)) < folw) + fuelyl + Aelz| almost surely.
with ft —e Jo nrdrft, [y = py — 1, and S\t = \;. The rest of the proof follows exactly as

the proof of [1, Proposition 3.2]. O
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B Time-grids

Lemma B.1. The time grid n®) = {0 =ty < ... <ty =T : t; =T —T(1 —i/N)"/%}
with 8 € (0, 1] satisfies

ma: A < T—e L (B.1)
0SiEN (T —tp)t=% = B NING’ '
Ak 1 1 R
< Z(1v(=)" B.2
0<ISN—2 Agyr — 5( Y (25) )7 ®2

for all 8 € (0,1].

C Integral estimates

The following is a trivial result that will come in useful.
Lemma C.1. For finite § > 0, and s <r < R < oo, [ (R—t)°~1dt < (r — s)(T — s)°~ 1.

Proof. Direct computation of the integral term yields

" dt 1 1 R—s R—r r—s
/S (R—t)—0 sUR=9) —(R—r)"} < S{(R—S)H N (R—s)1—5} TR -s)0
O

The following three lemmas and their proofs can be found in Section 2.1 of [16]; the
results on the integrals are proved exactly as the results on the sums.

Lemma C.2. Let 4, p € (0,1]. Then for Bs , := fol(l — 7)o~ tpp=ldr, forany 0 < s <t < T,

8 dr _
/t (s —r)1=0(r — s)l=r < Bsy(s — 1)L

Moreover, on the time-grid 7#) = {0 =tq < ... <ty =T : t; =T — T(1 —i/N)'/#}, for
any0<i< k<N,

k—1
> (=) Nt — )P A < 2B (b — )T
j=i+1

Lemma C.3. Let§ € (0,1/2], p > 0 andt € [0,T). Suppose that, for a positive constant
Cy, the finite positive real functions v : [t,T] — [0,00) and w : [t,T] — [0, c0) satisfy
T
rd
w<w+C, [ dr €.1)
¢t (T—r)2=%(r—t)z"r

Then, for constants C(c.2,) and C(c .2y depending only on C,, T, ¢ and p,

T T
w,-dr updr
uSC.anrC_a/ — +Cc. /Ti (C.2)
t =G+l | (T =) —1)i 7 (can) | (T -3

Moreover, on the time-grid n'®) = {0 =ty < ... <ty =T : t; =T —T(1 —i/N)/P},
suppose that the real functions U : 7(%) — [0,00) and W : 7(%) — [0, 00) satisfy

N-1

U <Wi+Cy Y R E— (C.3)
iS5 (T = tj)2 0ty — )2 "
foralli € {0,...,N — 1}. It follows that
N-1 N-1
WA, U;A;
U; <2Cic.oayW;i +2C a " + 2C — =7

foralli € {0,...,N —1}.
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Lemma C.4. Let 6 € (0,1/2], p > 0 and ¢t € [0,T). Suppose that the finite positive
real functions u : [t,T] — [0,00) and w : [t,T] — [0, 00) satisfy (C.2) for some positive
constants C(c.2q) and C(c.ap). Then, for v > 0, there is a positive constant C) (depending
only on C(¢.24),C(c.2v), T, 0, p, v) such that

T T
/ 1qur < C(”)/ 1’U)Td’l“ (C.4)
¢t (T —r)27%r —t)-v ¢t (T—r)27%r —t)-v

Moreover, on the time-grid n'®) = {0 =ty < ... <ty =T : t; =T —T(1 —i/N)'/F},
suppose that the real functions U : 7  [0,00) and W : 7n(® — [0, o) satify (C.3) for
alli € {0,...,N — 1}. It follows that

N-1

N-1
Iy ey R P Myt
j=it+ (T_tj)f_ (tj _ti)liy (T_tj)i_ (tj _ti)liy

foralli € {0,...,N —1}.

D Regularity results for inverse matrices

Lemma D.1. Let £ > 0 be finite and A : R" — R'*! be symmetric and such that
n"TA(z)n > €|n|? for all x € R™ and n € R!. Then, for every x € R?, the matrix A(z) is
invertible and |A~!(z)| < 1/¢€. Moreover, if x + A(x) is y-Hélder continuous, then it’s
inverse x — A~1(x) is also y-Hélder continuous.

Proof. Due to the condition 7" A(x)n > £|n|?, it follows that A(x) is positive definite
for every € R™. This implies that the singular values of A(z) are all greater than &
[18, Theorem 8.1.2], and so A(z) is invertible. Using the singular value decomposition
of A(x) to construct the inverse as in [18, Section 5.5.4], the maximal singular value of
A~Y(z) is less than 1/¢ and so, using [18, Section 2.5.2] combined with the singular value
decomposition of A~1(z), the matrix 2-norm of A~!(x) is equal to its maximal singular
value, i.e. |[A71(z)| < 1/¢ for all z € R%. Now, let » and y be elements in R?. Since
A=Y (y) — A=Y(x) is equal to

—A(z) " (Ay) — Ax) A(y)
it follows that
_ _ _ _ Ly
A7 (y) — AN @)| < [A7H(@)||A(y) — A(2)[|[A7 (y)] < ?z\x —y[7,
where L 4 is the Holder constant of A. O

Proof of Lemma 4.1. Let ¢t € [0,7) be fixed, and define 4 : [0,T) x R? — R4*4
by A(t,z) = o(t,z)o(t,z)". It can be computed directly that o= !(-) = o(-)"A71("),
whether or not d equals ¢. It follows from uniform ellipticity (A, ) and Lemma D.1
that |[A~!(¢,z)| < 1/B for all (t,z) € [0,T) x R Due to the differentiability condition
(Ap,s) on o(t,-), o(t,-) is Lipschitz continuous uniformly in ¢ with Lipschitz constant
| V20 ||s0, and, using additionally the equality A(t,z) — A(t,y) = o(y)(o(t,z)T —o(t,y) ") +
(o(t,x) — o(t,y))o(t,x)T, A(t,-) is Lipschitz continuous uniformly in ¢ with Lipschitz
constant 2||0||«||V.0|ls- Using Lemma D.1, it follows that A=*(¢,-) is Lipschitz contin-
uous uniformly in ¢ with Lipschitz constant 2||0||«||V.0|lee/B3%. For any (z,y) € (R%)2,
o(t,x)"t—o(t,y) tisequalto (o(t, ) —o(t,y) ") A (t, x)+o(t,y) T (A7 (t,x)—A" (L, y)).
and therefore
IIwaHoo| 2[|o oo || Vaolloo

r—y|l+ i

< |z — yl.

|U(ta x)_l - U(ta y)_ll <
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The proof that o~!(-, ) is 1/2-Hélder continuous is essentially the same and we do not
include it. O
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