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Maximum principle for an optimal control problem
associated to a stochastic variational inequality
with delay”
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Abstract

We deal with a stochastic control problem subject to a stochastic variational inequality
with delay. By deriving the adjoint equation as an anticipated backward stochastic
differential equation, we are able to establish necessary conditions of optimality under
the form of a Pontryagin-Bensoussan stochastic maximum principle. This is achieved
first for cadlag controls, by explicitly writing the coefficients of the adjoint equation in
terms of the local time of the state process. The general result is then obtained by
approximating the optimal control with continuous controls and applying Ekeland’s
variational principle to the approximating sequence.
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1 Introduction

In this paper we establish necessary conditions for the existence of an optimal control
u* minimizing the cost functional

T
J(u) = E{/O g(t, R(X)¢, up)dt + h(XF)

subject to the one-dimensional stochastic variational inequality (SVI) with delay

X, = 1(t), t € [-4,0].
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Maximum principle for a SVI with delay

where Jy is the subdifferential of a lower semi-continuous (l.s.c.) convex function ¢ and
R(X); = [°s XoprA(dr), t €[0,T)

is a delay term applied to the dynamics of the system. In order to reach this goal we
will employ one of the essential approaches in solving optimal control problems, the
maximum principle.

The maximum principle approach has been introduced by Pontryagin and his group
in the 1950’s to establish necessary conditions of optimality for deterministic controlled
systems. Since then, the number of papers on the subject sharply increased and a lot
of work has been done on different type of systems. One major difficulty that arises in
the extension to the stochastic controlled systems is that the adjoint equation becomes
an SDE with terminal conditions, called backward SDEs (BSDEs). Pioneering work in
this direction was achieved by Kushner [14], Bismut [6] or Haussman [12]. The results
therein concern the case where the diffusion does not depend on control. Peng removed
this restriction in [21], by establishing a maximum principle containing two adjoint
equations, both in the form of linear BSDESs, because one needs to take into account both
the first-order and second-order terms in the Taylor expansion. There is also another
possibility of treating the case where the diffusion is controlled: if the action space of
controls is convex, it is possible to derive the maximum principle in a local form. This is
accomplished by using a convex perturbation of the control instead of a spike variation.
Important results in this direction have been obtained by Bensoussan [3] or [4].

Variational inequalities, on the other hand, form an important class of problems
appearing in applications, ranging from electrostatics to optimization and game theory.
In the stochastic case, variational inequalities given by subdifferential operators were
introduced by Rascanu [24]. General variational inequalities on non-convex domains
have been considered in [8]. Concerning the control of such systems, Barbu [2] initiated
systematic studies on controlled variational inequalities in the deterministic case. On
stochastic control, results have been obtained in the following directions: existence of
an optimal control ([25]) and the study of associated Hamilton-Jacobi-Bellman equation
([91, [26]).

For delayed stochastic controlled systems, the delay responses bring more difficulties
in solving control problems. One of the first results in this topic can be found in [13]. In
general the problem is by its nature infinite dimensional but nevertheless, it happens
that the delayed systems can be reduced to finite dimensional systems under certain
conditions. We refer to [11], [15] and [16] for contributions in this direction, mainly by
the dynamic programming principle approach. Concerning the maximum principle, a
general result was considered in [19], where the state system is an SDE driven by a
Wiener-Poisson process, with delay of the form R(X); := (Xt_g, ffé ePTXtH,dr). The
authors establish sufficient and necessary stochastic maximum principle, where the
associated adjoint equation is a time-advanced backward stochastic differential equation.

The main difficulty we have to deal to in this paper is the lack of smoothness for
the subdifferential operator dy; the only regularity which it possess is maximal mono-
tonicity (generalizing monotonicity and continuity for single-valued functions). In gen-
eral, in order to derive the maximum principle for the optimal control, one needs
Cl-differentiability of the coefficients (when the control space is convex, otherwise we
need C?-differentiability). We are able to overcome this difficulty by considering the
second derivative of ¢ in a generalized form and write “9%p(X;)” in terms of the local
time of X. In order to find the solution of the variation equation, corresponding heuris-
tically to “dX/du”, we adapt the standard approach for controlled SDEs (developed in
[3], for example) to solutions of a SDE with delay which approximate the solution of the
variational inequality (1.1) via Moreau-Yosida regularization of ¢. Then, using an indirect
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method we obtain the weak derivative of the dynamics of the system with respect to the
control by passing to the limit in the approximated variation equation. However, this
works only for cadlag controls, due to the extensive use of weak convergence of measures
on the real line. Also, the methods employed force us to restrict to the case where the
domain of ¢ is the whole real line and the diffusion is non-degenerate. We are able then
to show that optimal controls which are cadlag satisfy a maximum principle, obtained by
the duality with the adjoint equation, following the main ideas encountered in [19]. In
order to pass to the case where the optimal control is not necessarily cadlag, we use
Ekeland’s variational principle, by approximating the optimal control with continuous
controls and then passing to the limit. The difference to the cadlag case is that now an
unknown parameter k appears in the adjoint equation.

This paper is organized as follows. In section 2, we introduce some notations and
recall some preliminary results concerning the well-posedness of stochastic variational
inequalities. Section 3 is devoted to the optimal control problem and is divided in three
parts: derivation of the variation equation, the maximum principle for near-optimal
controls and finally, the necessary conditions of optimality. The Appendix is concerned
with the proof of Proposition 3.8, which is the core result on the variation equation.

2 Preliminaries

Throughout this paper we fix a time horizon T > 0, a delay constant § € [0, 7] and
a vector of m finite positive finite scalar measures on B([—4,0]), A = (\',...,\™)T. We
will denote by |A| the measure A" + --- + \™. The space of controls is a convex closed
set U C R!. For the sake of simplicity, we will suppose that U is also bounded. This
assumption is quite natural, since in the literature it is often assumed that the control
space is compact, especially for existence purposes.

The Euclidean norm and the scalar product in an Euclidean space are denoted
respectively (-,-). For a closed set F of an Euclidean space, —§ < s < ¢ < 400 and a
finite measure v on [s, t], we will use the following (standard) notations:

» For p > 1, LP([s,t]; E) denotes the space (of equivalence classes) of E-valued,
p-integrable functions on [s, t], endowed with the p-norm

t 1/p
lellsg ey = | letF wtan)|

* C([s,t]; E) is the space of E-valued continuous functions on [s, ¢, endowed with the

sup-norm’:

el oo = S0 2]
rE(s,t]
In order to shorten the formulae, we also denote ||-[[, ., ||-[|; instead of ||-[|¢(s.4.5)-
respectively ||-[|¢ (o, 5)- Sometimes we extend this notation to cadlag functions on
[s,t].
* By BV(([s,t]; E) we denote the space of E-valued, bounded variation functions = on
[s,]. The total variation of a function « € BV ([s,t]; E) is

k—1

1]y (o) = S0 S [2(tiss) — 2(t:)],
=0

the supremum being takenon all k € N* and s <ty <t; < - - <t <t

lthe p-norm and sup-norm are not really norms unless E is a linear space. However, these “norms" determine
complete metrics on L} ([s, t]; E), respectively C([s, t]; E).
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Let (2, F,P) be a complete probability space, W a d-dimensional standard Brownian
motion and F := {F,},>¢ the filtration generated by W augmented by the null-sets of F.
We prolong the filtration {F;},;>¢ on [—4,0) by setting F; := F, for t € [-4,0) (and we
still denote by F the filtration {F;};>_s).

Sometimes it is interesting to restrict the information available to the controller and
consider a subfiltration G := {G,};>o of I, instead of IF.

For G, E, s, t, p and v like above and ¢ > 1, L?G(Q;E) is the space (of equiva-
lence classes) of G-progressively measurable FE-valued processes Z on [s,t] such that
E | Z||g < +oo, for E denoting L?([s,t]; E), C([s,t]; E) or BV ([s,t]; E). In the case that
E is an Euclidean space and E is LE([s, t]; E) or C([s, t]; E), L (Q; E) is a Banach space
with respect to the norm (E ||Z|\’é)1/p. We often denote Lg ,(Q x [s,t]; E) instead of
LE( LE([s,t]; E)).

Since much of the work is done on the real line, in the case £ = R we will simplify
the notations by denoting L%[s, t], C|[s,t], BV [s,t] instead of L2([s,t];R), C([s,t];R), re-
spectively BV ([s,t]; R). We can equally drop the subscript » when v is the Lebesgue
measure.

We say that a multivalued operator A : R — 2R is a maximal monotone operator if it
is monotone, i.e.

(I* - y*) (J: - y) Z Ov vxay € Ra vx* S A('T)v vy* S A(y)
and is maximal with respect to monotonicity, i.e. if x,z* € R satisfy
(" —y") (x—y) >0, Vy € R, Vy* € A(y),

then z* € A(x).
By [7], if ¢ : R — (—o00,+0o0] is a l.s.c. convex function with Dom ¢ # (2, then its
subdifferential, defined by

Op(x) :={z" e R|z"(y — x) + p(x) < ¢(y), Yy € R}
is a maximal monotone operator. The converse is also true: every maximal monotone
operator on R can be written as a subdifferential as above.

We consider the following SVI with delay

{ dX; + 0p(Xy)dt 3 b(t, R(X )¢, us)dt + (o(t, R(X) ¢, us), dWs) , t € [0,T7; 21

X: =n(t), t € [-4,0].
where:

* wu is an admissible control, i.e. u is an U-valued, progressively measurable process

with respect to G;
0

* R is the delay term defined by R(z)(t) := / z(t + r)A(dr) for z € C[-6,T] and
te [O, T} ; ’

+ the measurable functions b: [0,7] x R™ x U — R, o : [0,7] x R™ x U — R< are the
coefficients of the equation;

* p: R — (—o00,+0o0] is a L.s.c. convex function with int Dom ¢ # 0);

e nrepresents the starting deterministic process, satisfying the following condition:

(Ag) n € C[-4,0] and n(0) € Dom ¢.
the domain of ¢ is defined as Dom ¢ := {z € R | ¢(z) < +oo}.
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As a convention, we regard o, u, A (and hence R(-)) and W as column vectors.

We mention that coefficients depending also on the present state of the solution X;
can be envisaged by replacing A with \' := (), §p), where J, is the Dirac measure on
[—4, 0] concentrated in 0.

Definition 2.1. A pair of one-dimensional, continuous F-adapted processes (X, K) is
called a solution of (2.1) if the following hold IP-a.s.:

(1) [1K|lBvio,r < o0; K¢ =0, Vt € [-4,0];
(i1) Xy =n(t), Vt € [-6,0];

(i) Xt+Kt:n(O)+/0 b(s,R(X)S,uS)ds+/o (05, R(X ), 15), dW.) . Vit € 0,715

T T T
(w0) [ ) =Xk + [ i< [ ety vy e 0TI
0 0 0

Remark 2.2. In general, one cannot expect to show that K is an absolutely continuous
process such that % € Jp(X,), dr-a.e.; the last condition (iv) is introduced as a
natural weakening and can be understood as the rigorous translation of the expression
“dK, € 0p(X,)dr”. The reader can find equivalent conditions to it in [1], for example.

As a consequence of (iv) and of the continuity of X, we have that X; € Dom, Vt €
[0,7], P-a.s.

In order to have existence and uniqueness of strong solutions for equation (2.1), we
impose the following conditions on the coefficients:

(A;) there exists a constant L > 0 such that for every t € [0,7T], y,4 € R™ and v € U:

(Z) |b(ta y7u) - b(t7g7u)| < L |y - g
(i2) |U(t7yau) - 0(t7?jvu)‘ < L ‘y - g

7

Theorem 2.3. Let p > 2. Under assumptions (Ap) and (A;), for each control u, equation
(2.1) has a unique solution (X*, K") in the space L}.(€; C[—6,T))) x (LL(€; C[=6,T])) N
Ly/*(2: BV[-5,T)))).

This result is the generalization to the delay case of Theorem 2.1. in [1] and its
proof follows essentially the same lines. It was stated in a more general setting in
[25] (Theorem 2.3) and was proved in detail in [9] by the penalization method via the
Moreau-Yosida regularization of ¢, though in the particular case where the delay has the

form R(X); = (Xt_g, ffé e’ Xiyr dr). For the above reasons, we skip the proof.

In order to have continuous dependence on controls, we impose the supplementary
Lipschitz condition:

(As) there exists a constant L > 0 such that for everyt € [0,7], y € R™ and u,v € U:

’

@) |b(t,y,u) —b(t,y,v)| < L|u—wv
(i7) |U(t7y7u) - U(t,y71})| < E ‘U - v

Proposition 2.4. Under assumptions (Ap)-(As), for every p > 2, there exists a constant
Cp > 0 such that

T
E|X" = X'+ EIK* ~ K*I} < CE [ [uy—ul’at,
0
for all admissible controls u, v.
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Proof. Since the proof involves only standard calculus, we give just a sketch, leaving the
details to the reader. Applying Itd’s formula to | X} — X7 %, we get, for every ¢t € [0, T7:

XP - XU 42 / (XE — XK~ K)
0
:2/ (X — X7) [b(s, R(X")s, ) — b(s, R(X")s, vs)] ds
0
+ 2/0 (XS = XI) [o(s, R(X")s,us) — (s, R(X")s,v5)] ,dWs)
+/ o (s, R(X™)s, ts) — 0(5, R(X") s, 05)|° ds.
0

The monotonicity of ¢ implies that 2 fOt(X;‘ — X))d(K*— K?) >0, Vt > 0. Hence, using
(A1), (A2) and Burkholder-Davis-Gundy’s inequality, we obtain

t p/2
E|| X" - X"||? <CE (/ <||Xu — X2+ |us — vs|2) ds)
0
t p/4
+CE {|X“ - X'UH;%/ (1120 = X112 + Juy = v, ) ds}
0
) t p/2
0
t
SHBIX =X+ (C+ ) DT [ (X - X + = o) s,
where C'is a constant depending only on p, L and L. We now use Gronwall’s inequality in
order to get the desired estimate for X* — X". The one for K* — K" is obtained directly
from equation (2.1). O

3 Necessary conditions of optimality

The purpose of this section is to give necessary conditions of optimality under the
form of a maximum principle for the optimal control. We recall that the problem is to
minimize the cost functional

T
J(u) = E{/o g(t, R(X)¢, us)dt + h(X7F) (3.1)

subject to the SVI with delay (2.1):
dXt + &p(Xt)dt > b(t, R(X)f, Uf)dt —|— <O'(t, R(X)t7 Ut)7 th> 5 t S [O, T],
X: =n(t), t € [-4,0].

From now on we assume that Dom ¢ = R. This implies that for every a € R, there
exist the left-hand side and the right-hand side derivatives of ¢ in a, denoted ¢’ (a),
respectively ¢’, (a). It is clear that

¢ (a) < ¢\ (a), Vae R
and
dp(a) = [¢"(a), ¢ (a)], Va € R.
Moreover, by the monotonicity of d¢, ¢/, (a) < ¢’ (d'),if a < a'.
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Let us define the second-order generalized derivative of ¢ as the unique o-finite
positive measure p on B(R) such that

p(la, a']) = ¢ (a') = " (a), if a < d'.

The name of u is justified by the following fact: if ¢ is second-order differentiable, then
i has ¢’ as density.

On the coefficients of the state equation and cost functional we impose the following
conditions:

(Ho) b, g, o are continuous in ¢t € [0, T.
(Hy) b,g, 0 and h are C! in (y,u) € R™ x U with bounded derivatives.

By Theorem 2.3, for every control u we have, under conditions (Ag) and (H;), the exis-
tence of a unique solution (X}, K");c[o,7] in the space L (€; C[0,T1]) x (L(Q: C[0,T]) N
Li.(; BV[0,T])) for equation (2.1).

Also, as a straightforward consequence of Proposition 2.4 and the Lipschitz properties
of g and h, which are derived from condition (H;), we have the following result:

Proposition 3.1. As a mapping from L%(Q x [0,T);U) to R, the cost functional J is
continuous.

On o we impose also the non-degeneracy condition:
(H2) o(t,y,u) #0, V(t,y,u) € [0,T] x R™ x U.

From now on, (Ag), (Hg)-(H-) are the standing assumptions.
For an admissible control © we introduce the Iocal time of the process X" by

¢
Ly =X —a|l — | X§ —a] — / sgn(Xy —a)dX?.
0

By [23, p. 213] we always can (and will) choose a version which is measurable in
(a,t,w) € R x [0,T] x Q, continuous and increasing in ¢ > 0, cadlag in a € R. We recall
here some properties of the local time:

Proposition 3.2. Let u be an admissible control. Then:

1. for every bounded, Borel function v,

t
[ Baada= [ 500 (s, RO w) P ds, i € 0.7), as:
R 0

2. foreveryt € [0,T] anda € R,

t

u u U 1 a,u
(X¥ —a)t — (X2 —a)t :/ LixpsapdXS + 5L, as;
0

3. foreveryt € [0,T] anda € R,
t
Lo [i =g / 1(xsay [b(s, R(X"),us)ds — dKY], as.
0

Formulas 1 and 2 are called occupation time density formula, respectively Tanaka
formula.

A consequence of (Hs) is the absolute continuity of the bounded variation process
K*:
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Proposition 3.3. For any admissible control u, the process K" is absolutely continuous.
Moreover, P-a.s., /
U7 _ o (X0 = o (XD, dt (3.2)
dt = ¢  (X{") = ¢ (X)), dt-a.e. .

and a — L;"" is continuous for every t € [0,T].

Proof. The formula of occupation time density gives us

T
/ Lixpmaylo(t, R(X")s,up)[Pdt = / La=a} L7 da =0 as.,
0 R

which yields
T
/ l{XzL:x}dt =0a.s., Vz € R. (3.3)
0

Let us set A := {z € R| ¢/ (z) > ¢’ (z)}. Since A is at most countable, we obtain

fOT 1{xuzeaydt =0 a.s., hence

¢ ¢
/ apL(X;f)ds:/ ¢l (X)ds as. (3.4)
0 0

On the other hand, according to [1, Proposition 1.2], a condition equivalent to (iv) of the
definition of the solution is that P-a.s., for every 0 < s <t < T and every y € C[0,T],

t t t
[ )= xma+ [eexnir< [ et
Choosing y(r) := X, + ¢ with arbitrary € € (—1,1), we get
t
eK}' < / [p(X¥ +e) — (X)) dr, VL € [0,T], a.s.
0

Since

< P(X}' +¢) — (X))

<p’_( min Xs—l)
€

< ¢! —
s€[0,t] - 90""( max X + 1)’ Ve € ( L 1) \ {0}7

s€0,t]
we can apply Lebesgue’s dominated convergence theorem for € converging to 0, both
from the left and right, in order to obtain

t t
/ ¢l (X)ds < Ky < / ¢l (X)ds as.
0 0

Combining this inequality with relation (3.4) we deduce that K“ is absolutely continuous
with its derivative given by formula (3.2). From Proposition 3.2-(3.), this property implies
the continuity of L;™. O

Remark 3.4. This result may seem in contradiction to the remark after the definition
of the solution, in which we claimed that the process K“ is in general with bounded
variation. However, in this particular case, the absolute continuity of K" is due to the
non-degeneracy of o (condition (Hy)) and of the fact that Dom ¢ = R.

In the sequel we will need the following generalization of the occupation time density
formula (still called as such):

Lemma 3.5. Let u be an admissible control. Then, for every bounded (or positive) Borel
functiony: Q x [0,T] x R = R,

t t
/ / v(s,a)L*"(ds)da = / v(s, XY |o(s, R(X") s, us)|* ds, Vt € [0,T], a.s.  (3.5)
R J0 0
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Proof. It is clear that the equality is true for functions v of the form 7 (w,s,a) :=
140.4,1(5)1a(w)¥(a), where 0 < top < t; < T, A € Fand 5 : R — R is a bounded
Borel function. By linearity, every linear combination of bounded Borel functions sat-
isfying (3.5) also satisfies this relation. Moreover, if v,, : 2 x [0,7] x R — R4 form an
increasing sequence of Borel measurable functions satisfying (3.5) and converging to
some function v, then ~ also satisfies (3.5), by the monotone convergence theorem. Since
Fx ({0} U{Jto,t1] | 0 <ty <1 < T})xB(R)is a m-system generating F @ B([0, T]) @ B(R),
by the monotone class argument, it follows that every bounded Borel function satisfies
(3.5). The extension to positive Borel functions (or for which the integrals make sense) is
obvious. O

Now, if ¢ were C?, then by the above Lemma we would have

L(I. u Lau
/ "(X%)ds = // (ds) a)da = // ds) s i(da).
lo(s, R(X%)s, us)| lo(s, R(X%)s, us)|

This serves as a motivation for introducing the increasing process:

// o (s LMdi)’usﬂzﬂ(da),te[o,ﬂ.

is bounded and Ly = 0 if || X"||, <

Since the function s —

o (s, R(X“) us)[?
that A" is also finite and contlnuous.

3.1 Variation equation

In order to approximate ¢ and d¢ with smoother functions, we consider the Moreau-
Yosida regularization of ¢, given by:

p(x) =inf{E]z -zl +¢(2) | € R}, z €R,

for every € > 0. We list below some useful properties of ., which can be found, for
instance, in [7, Chap. II]:

* . is a convex, C'-function;

* p.(x) Sfp(r)ase =0, Ve eR;

* lol(@) — ¢t < Lo —yl. Yo,y €R;

e L(x) = (0p)°(z) as e — 0, Vz € R, where (J¢)°(z) is the projection of 0 on dp(z);
* ¢ — |¢L(x)| is a decreasing function on (0, +o0) for every z € R;

o pl(z) € dp(x —epl(x)), Yz € R, Ve > 0.

Since ¢, is not necessarily of class C?, we continue on approximating ¢, by applying
a mollification procedure on ¢,. Let the function 5, : R — R be defined by

1 _u?
B, (z) := \/—Q?/H)L@’E(x—gy)e T dy, ¢ € R.

Lemma 3.6. For every ¢ > 0, 3. is an increasing C*°-function, with 3., 3 bounded. We
also have
1B (z) — . (z)] < &, Vo € R. (3.6)

Moreover, if o is affine outside a compact interval, then (68)56(0.1] is uniformly bounded
and there exists another compact interval I such that

BL(z) <e, Yz eI Ve € (0,1]. (3.7)
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Proof. The first part is obvious, since . is increasing and Lipschitz with constant 1/¢.
Given that ¢! (z) — (9¢)" (z) as ¢ \, 0 and that the mapping ¢ — |¢.(z)| is decreasing
for every x € R, we have that

8. (@)] < L(@)| + 1/ 2e < |(99)" (z)| + &, Vo € R, e € (0,1];

If ¢ is affine outside a compact interval, then (9¢)° is bounded, hence (Be)ee(o,1) is
uniformly bounded. We also remark that ¢, is constant beyond a compact interval
[—ao,ao] for e € (0, 1], because ().~ is bounded, ¢ is affine outside a compact interval
and ¢! (z) € d¢ (v — ¢l (z)) for e > 0. Since .. is Lipschitz (with constant 1/¢), ¢/ exists
a.e. and is bounded by 1/¢, so we have

2
\/ﬁ/ x — g2 y - dy.
Therefore, for x > ag + 1,

+oo )2 e? )2
’ 1 z 1 1 —% 2
7)< e 2dy—sm/0 e 2dy<\/;s.

A similar inequality holds for z < —ag — 1. O

For the moment, let us fix two controls u° and u!; let us set, for § € (0, 1),

uf =l +0(uf —ud), t€0,T].
In order to simplify the notations, we write X?, K9, L% AY instead xv g pov’
respectively A%, The reason for studying the behavior of X% as § — 0 is that 6 +— J(u)
has a minimum in # = 0 if «° is an optimal control, hence we can derive necessary
optimality conditions by calculating its derivative in 0. For that we need to study the
derivative of # — X9,

Let X< be the solution of the penalized equation

AX7% + Bo(X %) dt = b(t, R(X=),,uf)dt + (o(t, RCX=)s,ul),dW,) , t € [0,T);  (3.8)

with initial condition X;*/ = 7(t) on [~48,0]. We set K;* := [} B.(X%)ds, t € [0,T];
K% =0, t € [-6,0).

From the proof of [1, Theorem 2.1.] and relation (3.6), X¢&? and K& converge as
e\, 0in LZ(9;C[0,T)) to X?, respectively K, uniformly with respect to 6.

We also consider, for ¢ > 0 and 6 € [0, 1], the solution Y= of the delay equation3-*

AV + BLX; )Yt = (0,67 ) R(YS0), + (0ub7”) (uf — uf)]dt
+ (8,05 YR(YS0), + (8,05 %) (u} — u0),dWr), t € [0,T], (3.9)

with initial condition Yf’e =0, t € [-4,0]. We observe that the boundedness of 3. as well
as condition (H;) imply existence and uniqueness of the solution in L2 (£; C[0,T]).

By formally differentiating with respect to 4 in (3.8), we obtain an equation of the form
(3.9), suggesting that d Xt &0 Yf’e. This can be done rigorously by using a standard
argument, developed i 1n [3] for example, which gives that the differentiation takes place
in L(9;C[0,T)):

3We denote 9,657, 9,05 for 8 (t, R(X=9);,uf), respectively 52 (t, R(X=%);,uf), where z stands for y
or u.

4We regard 0b 9b 99 99 aq row vectors and a" 99 a5 matrices of size d X m, respectively d x I.
dy’ du’ dy’ du du
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2
t
- [ sexstvias) | <o
0
(3.10)

£,0 £,00
Kt — Kt

T,

xf _ X8790
lim E sup ||Zt——t— — vy
™\bo 4o, 6 — 6o

for every 6y € [0, 7).

Our first task is to find an analogous derivative formula for X? and K. For that,
suppose for one moment that ¢ is C2. Then, as before, we would have 4 30 X¢ 0 — Yt‘), where
Y? is the solution of the equation®

A + Y " (XP)dt = [(9,6])R(Y)e + (9ub7) (uf — uf)] dt
+ ((0y o R(Y?); + (Ouol) (uf —ud),dW;) , t € [0, T].

with Y/ = 0, ¢t € [-§,0]. But as already explained at page 9, in this case fo "(X%)ds
equals A?, so we can write the above equation as

Ay + Y dA] = [(9,60) R(Y?): + (9ub]) (ug — uf)] dt

+ (0,07 )R(Y?)e + (9uo?) (uf — ), dWy) , t € 0,T], (3.11)

with initial condition Y,/ = 0, ¢ € [~§,0]. This makes sense even when ¢ is no longer
C?, which leads us to believe that equation (3.11) will deliver the derivative of X 4
also for our general standing assumptions. In fact, we will show that the derivation

formula -5 X? = Y/ is still valid, however in an weaker sense. First we have to prove the
existence of a solution to equation (3.11).

Proposition 3.7. Equation (3.11) has a unique solution Y% € L%(Q; C[-6,T)).

Proof. Uniqueness follows by the monotonicity of ¢ — A?. Indeed, if we have two
solutions Y, Y’ € L%(Q; C[0,T)) of equation (3.11), then

v, — v/ + 2/: |V, = Y!|* dA?
:2/0t<8yb2>R<Y — Y)Y — YY) + (D) (ul = u2) (Y, — Y!)ds
+ [ 0,0 R0r ¥+ @utit - ] s
+2/0t<<aya§>R<Y—Y'>sm — Y+ (u0?) (ul — uQ)(Y, — YI),dWV).
Standard estimates and Gronwall’s inequality allow us to conclude that Y = Y”. In order
to prove existence, we let 7% := inf {t € [0,7] | AY > n} AT and A}’ := AY,, . Then the

equation

Av;0 = [(@ )R (V™) + €47 (0,7) (u} —ug)]dt
+ {((Byo) R (Y ™), + €24 (9,07) (ul — u),dW,), t € [0,T], (3.12)

where

0
R™(2), ;:/ AT AL w(t 4+ 1)A(dr), t € [0,T]
—6

SHere again, 9,b¢, 9,0? stand for %(t, R(X?):,u?), respectively 2 52 (¢, R(X%)¢,u).
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has a unique solution Y™ € L2(Q; C[—4, T]) with initial condition ¥;? = 0, ¢ € [~4,0].
The transformation Y;"? := e—Al’ v, gives us a solution of the equation

A + YA = [0 )RY™), + (9ub) (uf —uf)] dt
+ (0o RY™)s + (0u0?) (uf — ud),dW;) , t € [0,T], (3.13)

with initial condition ¥, = 0, ¢ € [—4,0]. By uniqueness, it is clear that ¥;"? = y;™*
for t € [0,7%] if n < m. Since P(1% = T) /1 as n — oo, we can define Y} := ¥, for
t € [0,7%]. Obviously, Y? is a solution of equation (3.11). It remains only to show that
Y? € L%(Q; C[-4,T]), which is done by applying It6’s formula to ]Y{’]Q. O

Since the convergence in formula (3.10) is not necessarily uniform in € > 0 (the
speed of the convergence depends on the Lipschitz constants of the coefficients), we
cannot derive a similar relation for X?, K¢ and Y? directly from that. In this regard, we

will adapt an idea from [17] concerning the Malliavin derivatives for processes without
control and we will define the derivative of # — X? in a Sobolev space.

Proposition 3.8. Ifu° and u' are cadlag, the following derivation formula holds:

T
lim & [/
6—0 0

The proof of this result is postponed to the Appendix, given its length and technicality.

2

XQ_XO XG_XO
t9 t_Y'tO dt+’ Ta T—YTQ

2
} =0. (3.14)

3.2 Maximum principle for near optimal controls

As in the case of SDEs, the adjoint equation associated with our optimal control
problem is a linear BSDE. We define the Hamiltonian of the system H : [0, 7] x R™ x U x
R x R = R by

H(t,y,u,(,9) = g(t,y,u) + Cb(t,y,u) + Jo(t,y,u)

For every control u, we consider the following anticipated BSDES:

{ _dPt + PtdA? = E]:t [f(t7 R(Xu)7u7 P7 Q)]dt - Qtth7 t S [O>TL (3 1 )
.15

Pr =h(X%),

where”’
(t+8)AT OH

f(ta Y, u, Ca 19) = / 8721(87 y(8)7 U(S), C(S)v 19(8)))‘“ - ds)

t
for (¢,y,u,¢,9) € [0,T] x C([0,T];R™) x L2([0,T);U) x L?[0,T] x L%([0,T]; R%).

The main problem in proving the well-posedness of the above equation is given by the
fact that the increasing process A" could be unbounded. However, it stands on the “right
side” in the equation, thus simplifying the estimates. Our strategy is to consider first
the case where A" is bounded and then to search for a solution as a limit of solutions of
approximating equations driven by bounded increasing processes.

It turns out that, using the mapping (P, Q) — (e~*" P,e~“"Q), our equation can be
transformed into one of the following form:

—dP, = B [F(t, (Pits) o 5+ (Qus) sepo.g)]dt — QudWr, t € [0,T7];
P, =G(t), te[T,T +4); (3.16)
Q: = é(t), te|T,T+9], ae.,

6E9¢ denotes the conditional expectation of a random variable ¢ with respect to a subalgebra G of F.

"We regard Q, %—,Iy{, %—f as row vectors.
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where

(t+8)AT W 8ﬁ
F(tvg719) = / eAS_At’ aiy(&A?aR(Xu)Svusvg(s_t)779(8_t)))‘(t_d5) (317)

t

with

H(t,a,y,u,¢,9) = e g(t,y,u) + Cb(t,y,u) + Yo (t,y, u)
and )
G(t) == e ATR'(X%), G(t) := 0. (3.18)

We are now going to show the existence and uniqueness of the solution of equation
(3.16) for general driver F' : Q x [0,T] x C[0,8] x L2([0,6];R?) — R and final states
(G,G): Qx [T, T + 6] — R x R? satisfying, for a finite measure v on [0, ] and p > 2, the
following conditions:

(B1) F'is measurable, a.s. continuous and thgrg exists a constant L > 0 such that for
every (w,t) € Q x [0,7] and every ({,9), (¢,9) € C[0,6] x L2([0,6]; R?):

@) |P(w,t,6,0) = P, t,80)] < L (I = 5+ 19 = 9] 2 o symy )
(ii) |F(w,t,0,0)| < L. '

(B2) G, G are B([T,T + 6]) ® Fp-measurable, G is a.s. continuous and

E

T+5
sup |G(t)|p+/ |G(t)|?dt| < +oo.

te[T,T+3) T

Remark 3.9. If A" is bounded, then the driver F' introduced by (3.17) satisfies condition
(B1) with v(ds) := |A\(—ds)|. Indeed, this is easily seen if we write F' as

s .
w _au OH
F(t7 C» 19) = /0 eAHt Al aiy(s + ta Angt? R(Xu)s+t7 Us+t, C(S)> 19(8)))‘(_618))
where %(~, a,y,u, (), A*, R(X") and u are prolonged to (7, T + ¢] by 0. Also, in this
case, if G and G are defined by (3.18), then they satisfy (By) with any p > 2.

Equation (3.16) was already studied in [19], but we cannot use the existence result

stated there because v is not so general: it is the sum of the Lebesgue measure and Dirac
measures concentrated on 0 and J, respectively. Nevertheless, the proof of Theorem 5.3
in [19] can be easily adapted to our case in order to show the well-posedness of this
equation in S, := LL.(Q; C[0,T + 6]) x L&(2 x [0,T + 6] ; RY).
Remark 3.10. For (P,Q) € S; and t € [0,T], it may be possible that the random vari-
able F'(t, (Prts)sep0,5 » (Qt+s)sepo,s)) is not defined (since for fixed w € ©, (Qr+s) (0,5 (W)
does not necessarily belong to L2([0,6]; R?), but to L2([0,6];R%)), and even if it is,
E|F(t, (Pits)sefo,6) - (Qt+s)sep0,5)| could be infinite. However, due to (By) and Fubini’s
theorem,

T T 5
2
/0 E|F(t, (Prts)scios » (Q+s)sepo.g)] dt < 2L/0 (E|Pt2’t+5+E/O |Qt+s|2y(ds)>dt

T+6
<2LTE Pl s+ 20 0)E [ Qi de
0
< +00;
therefore E7¢[F(t, (Pets)sepo,6» (Qu+s)sepo,s)] is defined dt-a.e. (the second inequality

from above also implies that (Qt+s),c(,5 € L2([0,0]; RY), dtdP-a.e.). Moreover, it can
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be seen as an operator mapping S into L2(2 x [0, T]), meaning that there is no risk in
identifying processes P and () with their equivalence classes.

We emphasize also that a final condition for ) is necessary for the uniqueness (indeed,
supposing that F' does not depend on (), one can modify @ on [T,T + ¢] and still get a
solution).

Proposition 3.11. Ifp > 2, under conditions (By) and (Bz), equation (3.16) has a unique
solution (P, Q) € S,.

Proof. We will prove this result by applying twice the contraction principle, first in the
argument P and second in the argument Q.

Step I. Let us first suppose that F' does not depend on P. Let H be the space of processes
Z € L3(Q x [0,T + 6] ; R%) such that Z; = G(t), dt-a.e. on [T, T + ). If Z is an arbitrary
element of H, it follows from the martingale representation theorem (or the classical
theory of BSDEs, see [20]) that the following equation:

_dPt = E]:t [F(t, (Zt+s)5e[075])]dt - Qtth7 t (S [O, T] )
P, =G(t), t e [T, T +6]; (3.19)
Q:=G(), te [T,T+ 6], a.e.

has a unique solution (P, Q) € S,.. Let us prove that the mapping ® : H — H, defined by
®(Z) := Q, is a contraction under an appropriate norm.

Let Z, Z € H and (P,Q), (]5, Q) be the solutions of equation (3.19) corresponding to
Z, respectively Z. Then, applying Itd’s formula to e* | P, — Pt|2 for an arbitrary v > 0, we
get

T T
e’Yt |Pt—pt‘2+'7/ efys|Ps_Ps|2dS+/ e’ys|Qs_Qs‘2d3
t t
T ~ ~
= 2/ eWS(Rs‘ - R@)E}-S [F(Sa (Zs+7’)7'€[0,6]) - F(S, (Zs+r)re[075])]d5
t
T ~
—2 [ (B P)(Qu - Qaw.
t

Since €7 (P—P)(Q—Q) € L} (2 L*([0,T); R)), it follows that [; €7*(P,—P,)(Qs—Q,)dW;
is a martingale. Taking the expectance and using (B;), we obtain

T T
eWE\Pt—thFM/ eV E|P, —P5\2d3+]E/ Qs — Qs|%ds (3.20)
t t
T ~ F) _ 1/2
< 2LE/ e’* | P, —PS|</ |Z5+T—ZS+T|2V(dT)> ds
t 0

L [T _ T 9 -
< f/ e E|P, — P,|*ds + LaIE/ e"s/ | Zsir — Zgir|?v(dr)ds,
a Jy t 0

where a > 0 is a constant chosen such that Lav([0,4]) < 3. Now, since Z and Z agree
dt-a.e. on [T, T + 9],

T s ) § T R
E/ e”s/ | Zssr — Zor|*v(dr)ds = ]E/ / " | Zosr — Zoyr|2dsv(dr)
t 0 0o Ji
5 T 5
< IE/ / e | Z, — Z,|*dsv(dr)
0o Jt

T
_ 1/([075])]E/ &% |2, — Z.|2ds.
t
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From (3.20) we deduce that, for v large enough (v > g), we have

T B 1 T ~
IE/ e”S|QS—Qs\2dss§E/ 1| Zy — Z|?ds;
0 0

therefore, ® is a contraction on the Banach space H endowed with the norm

T+5 1/2
IE/ & | Z,* ds
0

Z

By Banach fixed-point theorem, the equation ¢(Q) = @ has a unique solution in #.

Step II. We pass now to the general case and consider the Banach space H consisting in
those processes Z € L{(€; C[0,T + 4]) such that Z, = G(t), V¢ € [T, T + 6]. For arbitrary
Z € H, we consider the equation

—dPy = B [F(t,(Zi4s) sep0.6) » (Qts) sepo.5))]dE — QedWy, t € [0,T];
P =G(t), t € [T,T +0];
Q:=G(), te [T, T +4], a.e.
According to the previous step, it has a unique solution (P,Q) € S, and we denote
o(Z):=P.
Again, similarly to step I, we take two processes Z, 7 € H and the corresponding

solutions, (P, Q), respectively (P, Q). Then, applying It6’s formula to e |P, — P;|?, we
get

T T
e | P — 1575\2 + ’y/ e’ | Py — ]58|2d3 —|—/ e’ Qs — QS\ZdS
t t
T ~ - -
= Q/QWS(PS—Ps)EF” [F(8, (Zstr)re0,6)5 (Qstr)refo,5) = F (85 (Zsar)refo,5), (Qstr)refo,s))]ds
t
T ~ ~
_2/ e’ys(Ps_Ps)(Qs_Qs)dW&
t

Taking the conditional expectance with respect to F; and using (B1), we obtain

T T
e"t\Pt—Pt|2—|—ny}-f/ evs |PS—PS|2ds—|—E}—f/ eVS|QS—Qs|2ds
t t

T B ~ S ~ 1/2
<2LE” / e’® |P, — P,|E”: [|Z — Z|ls.546 + (/ |Qosr — QS+,.|2y(dr)> }ds
t 0

T
. i -
SLE}}/ [ e’ |P, — P|? +2a e B+ || Z - Z|2 s+6] ds
¢ Lo |

T ré
+ 2LaE” / /O &% |Qopr — Quyr|*v(dr)ds
t

T
sgm / &7 |P, — Py[2ds + 2LTaE || o3 (Z — 2)||2,
t

T 5
+ 2L / e7s / ‘Qs—&-r - Qs-&-T"QV(dT)dS
t 0
L T ~ 2 S (12 1 T A
<~E" / e |Py = Pyl*ds + 2LTak” | e2'(Z = Z)|, + ;BT / ¢"* Qs — Qs[ds
[0 t t
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by a similar argument as before, where o > 0 is chosen such that Lav([0,6]) < 1 and
Zifgp < 1. This implies that, for any ¢ € [0, 7],

T T
- - 1 N
P — PP+ (v - L) E” / e | P, — P,|2ds + §]Eft / e’ |Qs — Q,|%ds
t

<2LTaE"||e? (Z - Z)||;-

By taking v > > , we obtain

x.
2

|| e e’ (P—P)||., <2LTa Sup EEHe

s I

[
Since

E™| e"(Z - 2)?||,, t €[0,T]

is a martingale, it follows, by Doob’s maximal inequality, that

IE||€2 P p HP 2LTa)p/ E sup (][«]]:tHe%'(Z—Z)H;)p/2
t€[0,T]

< (222) " B o (2 - 2) 1.

< 1, it follows that ® is a contraction on #, which is a Banach space

p/2
Since m
p—2

when endowed with the norm
5. ~ 1/p
Zv— [Elle¥(z - 2)|},]

By the contraction principle, ® has a unique fixed point in #, which amounts to say that
equation (3.16) has a unique solution in S,,. O

Let us now return to equation (3.15); we look for a solution in S := LZ(Q; C[0,T]) x
LE(Q x [0, T); RY).

Theorem 3.12. Equation (3.15) has a unique solution (P,Q) € S

Proof. Uniqueness is straightforward, by applying It6’s formula to |P — P’ |2, where
(P,Q) and (P’, Q') are two solutions in S. In order to prove existence, suppose first that
A% is bounded and let F, G and G be defined by (3.17) and (3.18), respectively. Then the
equation

{ —dP, = E7[F(t, P,Q)]dt — Q,dW,, t € [0,T];
) (3.21)

PT 7ATh/(Xu

has a unique solution (P, Q) with (P, Q) € S for every p > 2, according to Proposition
3.11. Applying Itd’s formula to the process e“i P,, it is clear that (P, Q) := (e?" P, e4" Q)
satisfies equation (3.15) and (P, Q) € S, for every p > 2.

Suppose now that A* is bounded no more. Let, for n € IN*, A™ := A* A n. Since A" is
bounded, there exists a solution (P",Q") € S of the equation

—dP}' + PPdA} = E7*[f(t, R(X"), u, P",Q")]dt — QydWr;
(3.22)
PR = I (X}).
EJP 20 (2015), paper 12. ejp.ejpecp.org
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with E[|P*||7. < +o0, Vp > 2. Let us first prove that the sequence (P", Q") is bounded.
By applying Itd’s formula to |P/*|* we obtain

T T
prp e [ iprPaar+ [ @i ds
t t
T T
— (X 2 / P [f(s, ROX™),u, P", Q")ds — 2 / PrQAWY,.
t t

. T . " .
Since the term f |P”|2 dA” is positive, @, 9b 99 4pe hounded and the stochastic
t s s Oy’ Oy’ 0Oy

integral is a martingale, taking the conditional expectation with respect to F; yields
2 r 2
prP e [ joaf s
t
T (s+6)AT
<cotaB” [1el (1087 [T ar @ NG - dn Jas
t s

al 1 c T
<o+ B+ (G + 600 + 2 ) e | [P s

T 0 2
+aEft/ (/ \Q?_TH)\(dr)) ds,
t —oV(s=T)

where ¢, ¢1 a2re positive constants not depending on n and « > 0 is chosen such that
a[|Al([=6,0])]” < i. For the last term of the right-hand side of this inequality we have
the following estimate:

T 0 2 T 40
Fe n _ Fe w12
v ( / MS_T)\@HMMT)) as < W(=s.ope” [ f R e R Co

0 T+r
n 2
- (8,087 [ o / Q| ds|A|(dr)
V —

0 T
< N[5, 0)ET / 5 / QP2 ds||(dr)

T
= [\AI([—&O])]QJEE/t Q" ds.

This implies that, for ¢ := co + 4L, & = (5 + [A[([-6,0]) + ) c1,

1 T T
PP+ 5]Eft/ Q1% ds < & + & ET {/ P"||§’Tds}, (3.23)
t t

hence

T
P37 < éo + & sBpT]lEfs [/ ||P"§)Tdr}
selt, t

Let now p > 1. Since
T
w7 | [ 1P ] s T
t

is a martingale, it follows, by Doob’s maximal inequality, that

T p p T P
B sw (87| [C1eniear] ) < (2) 6] [ 1]
sE[t,T) t ’ P t ’

p T
< () T8 [ 1P 2y
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Therefore .
T 2 T 2
E|P"| <Cp,T<1+/t E|lP Irf’Td?">»

where ¢, 7 is a constant independent of n. By Gronwall lemma (for ¢ — E||P"||2_, ), we
get

sup E|| P" || < +o0.

n>1

Inserting this into (3.23) with £ = 0, we obtain

T
supE/ |Q7|? dt < +o0.
0

n>1

Having these estimates, we would like to pass to the limit in (3.22). Let us consider the
finite measure p on Q x [0, 7], defined by

dA} (w)
pldwdt) = {dw - } P(dw)
Al (w)
(if A%(w) = 0 then dA}(w) = 0; we use the convention = 0 in this case) and let

L% (92 x [0,T]) be the linear space of square-integrable processes on [0, ] with respect
to the measure p which are progressively measurable. Since (P",Q") is bounded in
L&(9;C[0,T)) x LE(Q x [0,T] ;RY), it follows that (P, Q") is also bounded in the Hilbert
space 8’ := Lg (2 x [0,T]) x Lz (Q x [0,T] ;R%). Hence, there exists a sub-sequence,
still denoted by (P™, Q™) and converging weakly to an element (P, Q) of S’. This has as
consequence the existence, by Mazur’s lemma, of a convex combination

(P™,Q") = Ef\i’”‘n a'(PQY), a + .. + ay, =1,a7 >0,¥n <i< N,

converging strongly to (P, Q). Without restricting the generality, we can suppose that
P" converges to P, p-a.e. and Q" converges to @), dtdIP-a.e. We have that

Nn £t t
> ap / PidA — / P,dA®
i=n 0 0

T Nn
< [ 1Py - PJaar+ Y| P(ay - A,
0

i=n

No n

o a|| P (A — AiT)) converges to 0 a.s., since AY% —

Al =0 on {A% < i} for every i > 1. On the other hand,

It is clear that the sequence (Z

1

T
a5 [ 1P -Rlaa< [ qproRldpo.
AT 0

Qx[0,T]

so we can extract a subsequence, still labelled (P"), such that - fOT | P — P,| dAY con-
T

verges a.s. to 0. Hence fOT |]55" — 155| dAY — 0. The two convergences we have obtained

imply that 3" a7 f(f PidA% converges to fot P,dAY, Vt € [0,T], a.s. Consequently, since

equation (3.22) is linear in (P™, Q™) and fo PI'dA?, passing to the limit in the relation

t T T
Br 4+ ap / PidAl = W'(XY) + / B [f(s, ROX™), u, P, Q™)|ds — / Qraw.,
0 t t
leads to

T T T
Pt+/t PSdA“;:h’(X%)—i—/t ]EFS[f(s,R(X“),u,P,Q)]ds—/t QsdWs,
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dtdP-a.e. By denoting, for ¢t € [0, T],
T ) T T
P e h’(X%)—&—/ Efs[f(s,R(X“),u,P,Q)]ds—/ Qdes—/ P.dAY,
t t ¢

it is clear that P is a continuous process and P, = P, a.s., dt-a.e. A first consequence is
that P, is F;-measurable dt-a.e., therefore P is adapted (by the properties of the filtration
IF). The second one is that (P, Q) satisfies the equation

T T T
Pt—i-/t PSdA’;:h’(X%)—i-/t Efs[f(s,R(X"),u,P,Q)]ds—/t QsdWs,

for every t € [0,T], a.s. We will prove now that P € L%(Q;C[0,T]), i.e. (P,Q) € S. By
applying It6’s formula to |P,|* we obtain

T T T
PP w2 [P aats [P ds= WP 42 [ PEP(f(s RO, 0. PQ)lds
t t t
T
+2/ P,Q.dW..
t
Then
T (s4+86)AT
BIPI} <o+ [ IR (1 +B7 [ (R 1R G —dr>)ds
0 s

+ 2IE sup
te0,T]

T
/ P,Q.dV,
t

T T
<cg + 617 + clE/ |P,|* ds
0

T (s4+8)AT
Fal (00 E [ [T (PP 4G ) - drjds

+ 41 sup
t€[0,T]

t
/ P,Q.dW,
0

We have that
T ((s+8)AT ) )
]E/ / (122 + 1@ )INI(s — dr)ds
0 s
T 0 ) 9
:E/ / (|1Ps—r|” + [Qs—r|? )|\ (dr)ds
0 —6V(s=T)
0 THr 5 9
:E/5/0 (1P 2 + Qo2 )ds |\ (dr)

<N -0.00E [ (PP +1QuI)ds.

Also, by Burkholder-Davis-Gundy inequality,

T 1/2
< 02E|:/ |PSQS|2dS:| )
0

for a constant co > 0. Combining the two inequalities, we obtain

E sup
tel0,T]

t
/ P.Q.dWV,

0

1
2

T T
E|P|% < CO+%+Q(1+[\A|([f5,01)]2)]E/0 (|PS|2+|QS|2)ds+4c2EUO PSQSFds]
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We already know that (P,Q) € LZ(Q x [0,T]) x L&(Q x [0,T];R%), so it remains to
show that PQ € Li (Q;L*([0,T];R%)). Actually we will prove more: we will show
that PQ € L (2 L*([0,T];R?)) for every p € (1,2). We recall that the sequence of
processes (P” Q") converges dtdP-a.e. to (P, Q). We also have that (P", Q") is bounded

in L2 ”(Q C[0,T)) x L(Q x [0,T]; R?); since, by Hélder inequality,
T, 5 T, 5
EU Q| ds} <E| sup |P[’ (/ Q| ds)
0 5€[0,T] 0
T
[E sup IP”"“ ”] E[/ |Q?‘ ds} ,
s€[0,7) 0

it follows that (P"Q") is bounded in L}, (Q; L*([0, T]; R%)), which is a reflexive Banach
space. Consequently, there exists a weak limit point Z € L% (€; L%([0,T]; R?)) of the
sequence (P"Q"). But P"Q"™ converges dtdP-a.e. to PQ, so Z = PQ, dtdP-a.e. This
implies, of course, that PQ € L (€; L2([0, T]; R?)). O

Every control u can be approximated, in L (2 x [0,7];U) by continuous controls u¢:
for instance, we may take

1

t
uf = 7/ usds, t € [0,T].
€ Ji—e

(we prolong u by 0 on the negative axis). Hence, if u* is an optimal control, since
J L%(Q x [0,T];U) — R is continuous by Proposition 3.1, we can find continuous
controls a" with " — u* in L (2 x [0,7];U) and J(u™) < J(u*) +n~".

Let us recall Ekeland’s variational principle (see [10]):
Theorem 3.13. Let V be a complete metric space, and F : V — R U {+o0} a proper,
L.s.c. function, bounded from below. For every €, A > 0 and every point u € V such that
F(u) <inf,ecy F(w) + ¢, there exists some pointv € V such that:

1. F(v) < F(u);
2. d(u,v) < A;
3. F(v) < F(w) + $d(v,w), Yw # v.

We apply the above result with F' = J, V = L%(Q;C([0,T];U)) endowed with the
metric
d(u,v) = (Blu—v]2)"?,
€ , A = nY2 and v = @". Therefore, for every n € IN*, there exist u” €

L2 a( C([O T];U)) such that
Bl - a3 < n”!

and
T(u") < J"(u) i= J(w) +n~ V(B [u” — u|2)"?, Yu € L2 (Q;C((0,T]; 1)),

meaning that «” is an optimal control corresponding to the perturbed cost functional J".
Of course, since 4" approximates u*, it is clear that " — u* in L% (Q x [0,7];U).
We now formulate the maximum principle for the near optimal controls u™. Let
X" = X", A" := A*" and (P™, Q") be the solution of equation (3.15) with parameter
n

u-.

Proposition 3.14. For every admissible control v we have

T oH 1
E [ Z=(t,R(X"),ul PP, QM) (v, —ul)dt > —, |~ sup |v, —u?|*. (3.24)
o Ou N tefo,1]
EJP 20 (2015), paper 12. ejp.ejpecp.org
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Proof. Suppose first that v is a continuous control and let Y™ € L2(Q;C[0,T]) be the
unique solution of equation (3.11) with «° = «®, u! = v and 6 = 0.
Applying It6’s formula to the process (Pt"Yt")te[o,T] yields®

T
PrYr :/0 (P (9uby’) + Q1 (0uo ) (vr — ui') + (P () + QF (8yo)) R(Y™):] di
- /T E7*[f(t, R(X™),u", P, Q")]Y/"dt
0

T T
+ / (PP 0,0 R(Y™): + (9u07) (v — ), W) + / QY dW.
0 0

Consequently, since (P",Q") € S and Y" € LZ(Q; C[0,T]), the expectation of stochastic
integrals in the above relation is 0; therefore

T
EPRYF < [ [(PFO) + Q1 (0u0?))(vs — )] de (325
0
T
B [ (PP + Q1 O, RO di
T
—E/ F(t, RX™),u™, P™, QMY dt.
0
Let us analyze the last term of the right-hand side of the above equality:
/ £t R(X™),um, P™, QY dt
(t+3)A
—u [ [T o @ + Q2O N aspar
cu [ e PO+ Qe ] )Y
0 —oVv(t=T)
0 T
=B [ [ 0+ PO + Q0,0 Vi deAds).
Since Y* = 0 for s € [-4, 0] we have
/ £t R(X™), u”, P™, QMY dt = / / Dyat + P (O, + Q) (9,07)] Y LdiA(ds)
_ IE)/ / Dyglt + PRO,Y) + QU (9,00 R(Y™)dt.
Inserting this relation into (3.25) we obtain
T
EPpYf = E / [(PP(Oub}) + Q1 (0u07)) (ve — uf) — (0,91 R(Y™) )t (3.26)
0
On the other hand, since J"(u’) > J(u™), we have (as before, u’ denotes u™ + (v — u™))
T 6
0< ]E/ l9(t R(X™),uf) = gt ROX ey up)|de + B [R(XF) = n(X3)]
0
1 4 n||2 \1/2
+%(EH“ —u"7)

(t, R(X™)¢, uit),

17)
g(t, R(X™)¢,u), respec-

b
8As before, 0.b7, 0,07, 0.g" denote a—(t, R(X™)¢,ul), do
0z 0z

E
tively, where z stands for y or u.
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Taking into account (3.14), we divide the right-hand side of this inequality by # and take
the limit with 6 going to 0. This gives

T
1
0<E [ [0 RY™) + (Dug) o~ e+ BN (X)Y + = (B o = }) "

By (3.26), the previous inequality takes the form

b
Jn

Now we want to show that this inequality takes place for every control v € L%(Q X
[0,7];U). Indeed, as before, we can approximate v by continuous controls

T
Ello—u")3)"* <E / [P (0ub}) + QP (Duo}) + Dugh] (v — ul)dt.  (3.27)
0

1 t
vy = uy + 7/ (vs —ul)ds
€ Ji—e
(we prolong v and u" by 0 on the negative axis). We then have v; — v; dtdPP-a.e. when ¢

goes to 0, and
sup |vf —uy'| < sup |op — il
t€[0,T te[0,T]
Since the process v® verifies (3.27) by the previous step, the inequality will be also
verified for v, by passing to the limit. O

3.3 Maximum principle

We are able to retrieve the necessary conditions of optimality for «* by passing to the
limit in inequality (3.24). Let X* denote the state of the system corresponding to the
optimal control u*.

Theorem 3.15 (maximum principle). If u* is an optimal control, then there exists a
cadlag process k € L%(Q; BV[0,T)) such that, dtdP-a.e.,

Eg,, |:Pt* gb

u

o P
(t, R(X*)s, u?) +QI8—Z(t,R(X*)t,uI) n a—i(t,R(x*)t,u:) (v—uf) >0, YoeU,

where (P*,Q*) € L4(Q x [0,T]) x L&(Q x [0, T]; RY) is a solution of the equation

—dP} = —dky + E7t [f(t, R(X*),u*, P*,Q")]dt — Q;dW;, t € [0,T];
Proof. First we would like to pass to the limit in the equation
—dP + PrdAT = E7¢ [f(t, R(X™),u™, P, Q™) dt — QrFdWy, t € [0,T7;

whose solution exists and is unique thanks to Theorem 3.12. Exactly as in the proof of
this result, by applying It6’s formula to |P}* % one can prove that (P",Q™)p>1 is bounded
in L§(2;C[0,T]; RY) x LE(Q x [0,7];RY). In order to show that ( [; [P!|dAY), -, is
bounded in L2 (Q x [0,7T]), we introduce the local time of P" at 0:

t t
LP"0 = Py~ Py — / |PrdAT + / (sgn PIYEP [f(s, R(X™),u", P", Q")) ds
0 0

t
- / (sen P1YQUdWY,.
0
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We know (see [23]) that Lf "0 s nonnegative, therefore, by condition (H;) and the
boundedness of (P",Q"),

T 2
E(/ |Ps"dAZ)
0
T 2 T
sc<E|P$|2+E|P§2+E[ | e s roe prgras) v Q?2d8>
0 0
T s+0)AT 2
§C+CE[/ v | (1+|Pf|+IQ?I)IA(8—dr)ds]
<C+CE/ / (14 [P, 12 + Q7 2) [\ (dr)ds
6V (s—=T)
THr
_c+om/ / (14 [P 2 + Q0 [2) |A|(dr)ds
—sv(t—1) Jt

T
<C+OE [ (1+IPP+|Qi)ds<C
0

Here and below C' denotes a positive constant not depending on n, possibly changing
value from one occurrence to another. By the boundedness of the sequence

(P™,Q", [,(PM)TdAL, [ (P, dA”)n21

in 8" := L4(Q x [0,T]) x LA(Q x [0,T];R%) x L&(Q x [0,T])2, it has a weak limit point
(P,Q*,k,k) € S”. As in the proof of Theorem 3.12, we can suppose that there exists a
convex combination 1" af (P?, Q" [ (PI)tdAL, [.(P!)~dA!) converging strongly in S”
and dtdP-a.e. to (P,Q*, k, k). It is easy to show that £ and k£ admit cadlag, increasing,
adapted modifications, so we can suppose that they are cadlag and increasing. Let
k := k — k; obviously k is cadlag and k € L2Z(Q; BV[0,T]). We want first to show
that (P, Q*, k) satisfies equation (3.28) dtdPP-a.e. The main difference to the proof of
Theorem 3.12 is that the integral with respect to Lebesgue measure in (3.28) is no
longer stable to convex combinations. However, we will use the fact that v"” — u*
in L%(Q x [0,7];U) and X" — X* in LZ(Q;C[0,T]), due to Proposition 2.4; we may
assume, without restricting the generality, that these convergences hold dtdP-a.e. We
claim that the sequence (E ey ft E7s [f(s, R(X"),ui, P, Q"] ds) __, converges to

1= ’I’L

ftT E7* [f(s, R(X*),u*, P,Q*)] ds for every t € [0, T]. Indeed,

T
E sup Za / E]:S (s R(X"),u’, P’ Qz)] ds—/ £ [f(s,R(X*),u*,P,Q*)] ds
te[0,T] |; t
N’Vl . . .
< ZQ”E/ (s, R(X"),u", P", Q") — f(s,R(X™),u*, P, Q")| ds
/ |07 F(s, ROX), 0, P1LQ1) = (s, ROX™), ", P, Q)| ds
EJP 20 (2015), paper 12. ejp.ejpecp.org
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For the first term of the right-hand side of the inequality, we have the estimate:

T
E/O |f(s, R(X"),u', P", Q") — f(s, R(X™),u*, P",Q")| ds
T p(s48)AT
SIE/O / + %E(T,R(Xi)muf-,Pl Q) - 81;% R(X*),,ut, PP, Q)
|oH . OH
— (=0, O)E
AI([=4,0]) /

- Pl O i
ay (S?R( )S7us7 s Q ) ay
<IM(=000E [ (10,5 - 0,5l + (0,81 - 9,0
0

(s —dr)ds

(s, R(X* )S,uS,Pl Qé) ds

i as

P;! + ‘ayai — Oyo

T
<CE [ [J0,9: - 0,:] + |0, ~ 001 + |0y, — 0,1 s
0

where 9, g’ stands for g—g(s, R(X%)s,u'), etc. For the second term, we use the linearity of

f:

/ |0l £ (s, ROX ), P Q1) = (s, RIX™),u”, P,Q")|ds
T .
<e [ [0 0lQh - @

gCIE/ Uz Vi P - ]zl LAl Q! ;2] ds.

Summing these inequalities and passing to the limit, we obtain the thesis. Since the
sequence (h'(X%)),>1 is also converging a.s. to ' (X7), we get from (3.29):

| as

n ?’L 7
i Pl -

T T
Pyt ki — hop = B (X3) + / E™ [f(s, R(X"),u*, P,Q")] ds - / Q' dW,, dtdP-a.e.
t t

Let now, for ¢ € [0,T],

T T
Py = kT—kt—Fh’(X;)—i-/ E”: [f(s, R(X*),u*, P,Q")] ds—/ QrdWs.
t t

It is clear that P* is cadlag and P} = P,, dtdP-a.e. As in the proof of Theorem 3.12, this
implies that P* is adapted and (P*, Q*, k) satisfies equation (3.28) for every ¢t € [0, 7],
a.s. Now, let us prove the maximum principle for (P*, Q*). By Proposition 3.14 and the
boundedness of U,

T oH C
E t, R(X" P —u)dt > —— 3.30
o 8u( ( )tvutv t aQt)(Ut ut) el \/ﬁ’ ( )
for every admissible control v. Since aH is linear in (P™, Q™) and continuous in the other
terms, we can pass to the limit in relatlon (3.30) as we did for equation (3.29), in order

to obtain
aH * * * *
E 5 —(t, R(X ™), uy, P, Q7)) (ve — uy)dt > 0
0o ou
for every v € L% (2 x [0,T];U). It is now clear that for an arbitrary v € U we must have
G oH * * * * *
E®: %(t,R(X Ve,ur, BFLQ7) | (v —wuj) >0, dtdP-a.e.

Since U is separable, this implies

H
EY: {% (t, R(X )hu;‘,Pt*,Q’t")] (v—u}) >0, Yv € U, dtdP-a.e.
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4 Appendix

This section is dedicated to the proof of Proposition 3.8.
For the moment we impose some restrictive assumptions:

(S1) ¢ is affine outside a compact interval;
> a, for every (t,y,u) € [0,7] x R™ x U.

(S3) there exists « > 0 such that |o(¢,y, u)

Condition (S;) implies that u is a finite measure having compact support.
First, we need a stability result for A* with respect to the control u:

Proposition 4.1. Let (u"),>o be a sequence of controls such that sup ]u? - u?f —0
t€[0,T]

in L*°(Q). Suppose that conditions (S;)-(S2) hold and u? is cadlag. Then

ElAy" — A" >0, vt e [0,T].
Proof. Let for simplicity X", K", L*", A" denote X“", K", L{ " respectively A"",
for n € N. By Theorem 2.3 and Proposition 2.4, the sequence (X", K™) converges to
(X K9 in L (9 C[—6,T))) x Li(Q; C[—6,T))). We will assume, without loss of generality,
that [|[ X" — X7 — 0, a.s.
In order to establish the boundedness of (L*"), we apply Tanaka’s formula:

]‘ a,n n i n
G107 = (X0 =) = 0) =" + [ TxrsapdK

t t
—/ 1{Xg>a}b(s,R(X”)S7u2)ds—/ (Lixnsayo(s, R(X")s,ul),dWs). (4.1)
0 0

As a consequence of the boundedness of (X™, K™) and condition (H;), we obtain

sup E|L7:" 4 < 40, (4.2)

a€R,n>0

which gives, by (S1),

sup E|A%|* < 4-00.

n>0
By the uniform convergence of X" to X°, lixy~q) converges to 1iyo.,; dtdP-a.e.,
because {t € [0,T] | X;* = a} are negligible sets with respect to Lebesgue measure (see
formula (3.3)). Consequently, passing to the limit in (4.1), L*™ converges to L9 in
LE(€;C[0,T)). Indeed, by Proposition 3.3,

sup
t€[0,T7]

t t
/ l{X;L>a}dK: _/ 1{Xg>a}ng
0 0

T T
< /0 @ (X2) | 1ixnsay — Lixosay| ds +/O Lixosay |@ (X7) — @' (X)) ds.

Since ¢’ is increasing, the set of its discontinuity points is countable, so ¢’ (X") con-
verges to ¢’ (Xg), ds-a.e. (again, by (3.3)). By Lebesgue’s dominated convergence

theorem,
4

E sup — 0.

t€[0,T)

t t
0 0

For the convergence of the other terms in (4.1) we use similar arguments (and the
inequality of Burkholder-Davis-Gundy for the stochastic integral).
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For k € N*, a € R and n € IN we introduce the processes

LEFm = L™ A k)t € [0,T]

n Lakn ds
Ak // T )un)lzu(da),te[(),T}.

and

Clearly, by conditions (S2) and (H;),

Laknds Lakods)
(X, ut)]* Jo |o(s, R(X0),,ul)|?

_ o |55+ |%|] [supte[o,ﬂ fup = ] + | X" = X° /

< b

Since ||[L**m" — L%*0||7 — 0 in probability, by Helly-Bray’s Theorem, L**" converges
weakly to L%* in probability (meaning that p(L%*" L%*°) — 0 in probability, where
p is the Prohorov’s metric of the weak convergence). Furthermore, the set of disconti-

|Af,n —Af’0| <

p(da)

La,k,n d
a3 R t H( CL)

/t (La,k,n _ La,k:,O)(dS)
0 |o(s, R(X0),,ud)|*

wu(da). (4.3)

nuities of m is countable (u° is cadlag, o continuous), therefore L%*(ds)-
negligible, u(da)d]P-ak.e., so it follows (see, for instance, [5, Theorem 2.7]) that the

La,k,n(ds>
0 lo(s, R(X0)s,ul)[?

La,k,O (dS)
0 |o(s, R(X®)s, ug)|
t a,k,n a,k,0
L sl L 3Ry d
ity, for all @ € R and ¢ € [0,T]. Consequently, / ( ) ‘;)
0 |o(s, R(X?)s, ul)|
measure with respect to ;. ® IP. By Lebesgue’s dominated convergence theorem we infer
from (4.3) that

sequence ( ) converges to 5 in probabil-
n>1

converges to 0 in

lim B|AF" — A8°" =0, vt € [0, 7). (4.4)

n—oo

On the other hand, Af’” < A7 and

ap e = [ [ [ Ly < 2 [ g byt

which implies that
|4y — AP"|" < “(;is)s/ E (L — k)*]" p(da). (4.5)
R

By combining this relation with (4.4), from Fatou’s Lemma and relation (4.2) we derive
for every k € N* and ¢ € [0, T7:

3
limsup E|A} — A(t)}4 < Su(R) / (E[(L?’O - k)+]4 + limsup E[(L{™" — k)+]4)u(da)
R

8
n—00 (6% n—00

3
= 78MS§) /]RE[(L?’O - k)+]4u(da).

Letting k£ — oo, this yields that

lim E|A} — 49" =0, vt € [0,7].

n— oo
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Let H := L§ ,, (Q x [—d,T]), where the measure vy(dt) := dt + d7(dt) is the sum of
the Lebesgue measure on [-d,T] and Dirac measure concentrated in 7. We introduce
the space W12(]0,1]; H) of absolutely continuous functions (hence a.e. differentiable)
defined on [0,1] and H-valued. Endowed with the scalar product (-, )y 1.2(j9 1)) =
(o) 2oy + (Vs Vo) 12(0.17:2). the vector space WH2([0,1];H) is Hilbert; the reader is
referred to [7] for properties of this space.

If X is an element of W'2([0, 1] ; ), we will equally write VX instead of 4. A result
which we will use frequently in the sequel is:

Lemma 4.2 ([7]). If the sequence (X"),>1 C W2([0,1];H) is bounded and converges
in L*([0,1];H) to some X € L*([0,1];H), then X € W'2([0,1];H) and VX,, converges
weakly to VX in L*([0,1];H).

Relation (3.10) shows that X := (X=%)yc(0.1) and K° := (K=%)yc(o,1] are elements of
W12([0,1] ; H); moreover, Vo X = Y= and

VoK = [ BLXEN)(VoX?)ds, 0 € 0,1]. (4.6)
0

Also, X¢ and K¢ converge in L?([0,1];H) to X = (X%)gecp,1) and K := (K%)pej0,1,
respectively. By Lemma 4.2, it follows that V.X* and VK¢ converge weakly in L?([0, 1] ; H)
to VX, respectively VK. Of course VX and VK are null on [-46,0].

By passing to the limit in equation (3.9) and using some a priori estimates, we have
the following preliminary result:

Lemma 4.3. We have vy (dt)dPdf-a.e.
t
(VoX)i+ (VaK)s = [ [OMDRV0X), + @) (uf — uf)] ds .7)
0
t
+ [ (@oDRVoX). + @uol)ud ). V)
0

Moreover, under conditions (S1)-(S»>), Vy¢X can be chosen to be cadlag, VyK with
bounded variation and cadlag, satisfying

essup [ VoX [ 1 + VoK [y 0. ] < +oc.
€10,

Proof. Relation (4.7) can be easily derived by passing to the limit in equation (3.9),
thanks to the continuity and the linearity of deterministic and stochastic integrals on
LZ(Q2 x [-6,T]). Let us first give some estimates on the limit processes. In this regard,
we remark first that, slightly modifying the proof of Theorem 2.1 in [1] we obtain

E [[|X=°1F + | K=°|}] < C, (4.8)
for every € > 0, 6 € [0, 1]. Here and below C denotes a positive constant, independent of

¢ and 6, which is allowed to change from line to line. By the positiveness of 3. and by
applying It6’s formula to \Yf’e 2, we obtain by the previous inequality that

T 4
Bllveri+ ([ sonmerpa) | <c. @)
0
for every ¢ > 0, § € [0,1]. Let B. be an anti-derivative of 5.. Then, by It6’s formula
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applied to B.(X{?), we get
1T 2 r
5 [ B o, RO ) ds = [ B0 [3.(XE7) = s, ROX) )] ds
0 0

T
_/0 (B.(X=%)(s, R(X*)s,u%), dW,)
+ B.(X5%) — B.(5(0)).

Since (S;) holds and (B’E) is uniformly bounded by Lemma 3.6, by relation (4.8) and (S,),

we now obtain . .
E(/ ﬂ;(xgﬂ)ds) <C.
0

T 4
E(/ B’E(Xf’e)lYf’(’dt> <c, (4.10)
0

for every ¢ > 0, 6 € [0, 1]. Since the convergence of equation (3.9) to relation (4.7) is
obtained only almost everywhere, we need to look at the regularity properties of Vg X
and Vy K. For this purpose, we introduce the auxiliary processes

Hence, by (4.9),

t

Y = / BL(XI)(YS)Tds, t € [0,T];
0
t

H7’ = / BLXI) (Y1) "ds, t € [0,T].
0

We observe that H® := (H*%)gc01) and H® := (H*%)p¢(o,1) are bounded in L?([0,1];H)
with respect to ¢ > 0 (see (4.10)). Hence, there exists a sequence ¢, \, 0 such that
(H®*"),>1 and (H®"),>; converge weakly in L?([0, 1] ; H) to some elements H, respectively
H. Since VK¢ = He» — H¢~, it follows that VK = H — H. The processes H¢? and
H*#?, being increasing and positive for every ¢ > 0 and ¢ € [0,1], H(#) and H () admit
cadlag, progressively measurable, increasing and positive modifications for almost
6 € [0,1]. Therefore we can suppose that H() and H(f) are positive, increasing and
cadlag. Consequently, VoK is a cadlag process with bounded variation for almost all
6 € [0,1]. This implies the existence of a cadlag modification of VX satisfying relation
(4.7). By (4.10) we have

E(H;") + BH:)* < 0,0 € [0,1].
From Mazur’s Lemma, we can choose a convex combination of elements of a subsequence
(H")p>1 (With e, N\, 0),
g;n apgH™, af +...+ay, =107 >0,Vn <k <N,

converging in L2([0,1];#) to H. Therefore (at least on a subsequence), Y5, oy H3:"
converges dPdf-a.e. to HY. By Fatou’s lemma, df-a.e.,

E(HS)* <liminf B(Y 0 ol H?)* <lim inf SV aRE(HEY) < C. (4.11)
n—-+0oo

i
n—-+oo
In a similar manner we can prove that

esssupE(HL)* < +o0;
0€[0,1]

so finally we get
E (VoK |y < C, d-a.e.
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By (4.7) we have:
t
Vo Xl < Y+ C [ [(VaX)u] + (1 4+ X2 ful — 2] s
0

+ sup
s€[0,t]

[ (000000, + @uot) it o), aws).

0

Let, for n € IN*,
Tni=1nf {t € [0,T] | |(VeX)¢| > n}.

By estimate (4.11) and Burkholder-Davis-Gundy inequality we obtain

E|VeX|! , < 0+0/ E|V,xX|

'r/\s

foreveryt € [0,T] and n € IN*. Therefore (since E ||VyX ||T is finite), applying Gronwall’s
inequality and letting n — oo, we get

E|VeX|y < C, db-a.e. (4.12)
O

We wish to transform relation (4.7) into a SDE by identifying V¢ K; therefore we
should be able to pass to the limit in relation (4.6). Since the weak convergence of
B.(a)da to u(da) is involved, it is sufficient to impose that ¢t — o(t, R(X%);,u!) has at
most countable many points of discontinuities, which is of course ensured under our
current assumption that «° and «! are cadlag processes.

Lemma 4.4. Let t
K7 = / B.(X{)ds, t € [0,7].
0

Suppose that conditions (S;)-(Sz) hold. Then, K¢ € W2([0,1]; 1),
VoK© = / BLXO)(VoX)d (4.13)

and K* converges weakly to K in W12([0,1]; H).

Proof. Fore, § >0, let K= := [~ B_(X3%)ds. Then K=° € W'2([0,1];H) and VoK =
Jy BLX20)Y29ds. Moreover, for every e > 0, lims_,o K% = K¢ in L*([0,1];H) and
(VKE 5)5>0 is bounded in L?([0,1] ;). The application of Lemma 4.2 concludes the proof
of the first part. Since B_(z) — (0p)°(z) := inf {|y| | y € Op(z)} for every z € R (see [7],
for example), it follows that

t
Ri? o K0 = [ (00 (X0)is, v € 0.7), dabae
0

Consequently, by Lebesgue’s dominated convergence theorem, K¢ converges to K in
L?([0,1] ;H). In order to prove the weak convergence of K¢ to K in W12([0,1];H), it
is sufficient to show that (VK¢).~¢ is bounded in L2([0,1];#). By Itd’s formula applied
to BE(XG) (B. was defined in the proof of Lemma 4.3 as the anti-derivative of 3,), we
obtain

1T/a 992_T9 0(X9) — b(s. R(X).. u®)] ds
5 | A fots R = [ 8000 [(06)° (X2) — s RX). )] d

T
— [ (s RO ).
+ B-(X%) — B:(n(0)),
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from which we get the uniform boundedness of ( fo L(X{)ds)__, in L*(2) with respect

to 0. Relation (4.12), used together with (4.13), shows that (VK5)€>O is bounded ~in
L?([0,1] ;H). Applying once again Lemma 4.2, we obtain the weak convergence of VK¢
to VK in L%(]0,1];H) for e — 0. O

Lemma 4.5. Suppose that u° and u! are cadlag. Under (S;)-(S2), the derivative of the
mapping 0 — K% in W2([0,1] ; H) is given by:

t
(VoK) = / (Vo X).dAY, vr(dt)dPdf-a.e. (4.14)
0

Proof. Let y_ be the measure on R defined by its density 3.(a). Then (j_).~¢ converges
weakly to . The continuity of L;” “inaeR implies the weak continuity of measures
L*%(ds) in a. Since s — o(s, R(Xe)s, %) has a countable number of discontinuities, we

obtain the continuity in a of fo W%ﬁ% for every t € [0,T], dPd6-a.e. We can find
a compact interval I such that: ’

* jie|; converges weakly to i (see [5]);

U ,8’5 <eonlS

¢ the support of 4 is included in 1.

It follows that [, fg Wé;ﬁ%us(d@ converges to AY. Let

t
A= [ axtas ee 0.1).
0

By the occupation time density formula (Lemma 3.5) we derive the equality

L9 (ds)
AEQ //
‘O'SRXQW )|2ﬂ<)
Since

LGG ds) e 0 € t ; o2
S5 | Livdas — X%, ud)| ds,
/c/ lo(s, R(X?)s,u )|2ﬁ s(a)da < a? /Ic t 00 a2/0 ’U(S’R( ) Us)| S

we obtain

lim A2? = A% vt € [0,7], as., V0 € [0,1].
e—0 t t
Consequently, from (4.13),
_ t
(VoK®); = / (Vo X).dASY.
0

Since the set of discontinuity points of the function ¢ — (VyX), is at most countable
(recall that VX is cadlag), it follows that

e—0

t
lim (Ve K°), :/ (VoX),dA?, vt € [0,T], dPdb-a.e.
0

On the other hand, (V¢K¢).-o converges weakly to V¢K in L?([0,1];#). Therefore
relation (4.14) is satisfied. O
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Relations (4.7) and (4.14), combined with the uniqueness of the solution of equation
(3.11), give
(VoX); =Y Vt €[0,T], dPdf-a.e. (4.15)

Let us finally pass to the proof of Proposition 3.8.

Step I. Let us first suppose that (S;)-(S2) hold. By Itd’s formula applied to |Y?|?> we
obtain Y? € L{(9;C[0,T)).

Since we already have obtained (4.15), in order to prove that X is everywhere
derivable with respect to 6, it is sufficient to show that the function [0,1] 20+ Y% € H
is continuous.

For this, let, as in the proof of Proposition 3.7, 7% := inf {t € [0,T] | |A?| > n}, A}* :=
Aypr, and Y™ € L2(; C [-6,T)) solving the modified equation (3.13). Then Y% = v
on [0,79].

By applying It6’s formula to |Yt”’9|2, respectively to |Y,?|? , we obtain the estimate
E[Y™’||7 + E[Y’||7 < C,

where C'is a constant independent of n and 6.
Let 6, € [0,1]. Since, by Proposition 4.1,

lim B|AY — A%|* =0, vt € 0,7

0—0¢
and A?’e is bounded by a constant, standard estimates allow to show that

lim B[y, —y,»% 12 =0, vt € [0,T]. (4.16)
6—0¢

Indeed, returning to the proof of Proposition 3.7, we see that Y™ = eA”’ Y0 is a
solution of the transformed equation (3.12); since A? and A% appear only as integrands,
one can establish without difficulty that

lim E|Y;"? — %> =0, vt € [0,7T],
0—0o

by applying It6’s formula to |}7t"79 — f@”’eo |2. Relation (4.16) then follows easily.
On the other hand,

B, — VP = BV — Y100y < CV2 [P(70 > 1))/

1/2
< V2 [P(A™ > n)]? < Ln (E|AY%)1/2.
Hence

1/2
Bl - vop < 2 |
n

(BJAL)Y2 + (B| AP |) 2] + SEIY; - Y72
Passing to the limit as § — 6y and n — oo, we get

lim B|Y? —v°|2=0,Vt e [0,T].

0*}90

This proves that Y € C([0,1];H).
Since Y = VX, it follows that X is differentiable on [0, 1], i.e.

/
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In particular, for §y; = 0 we obtain (3.14), which ends the proof under the conditions
imposed on ¢ and o.
We pass now to the general case.

Step II. We set, for v > 0,
e(=7) + (=N +7), z<-m

@ (x) = o), z € [-7,7];
() + e (V) (@ =), x>y

and we choose o, satisfying (S3), (Ho) and (H;) (with the same constants) such that
o~(t,y,u) =0 (t,y,u) for every t € [0,T], uw € U and |y| < v|A|([-9,0]).
Let (X%, K7%) be the solution of the equation

dX7 + 0 (X]0)dt = b(t, R(X70)y, uf )t
+ (o4 (t, R(X7),ud), dWy) , t € [0,T]; (4.17)
X0 =n(t), t € [-4,0].

We define, for every v > ||n]| s, the stopping time (with convention inf {) = +00)

7‘?{ =inf {t € [0,T] | |X7| >~} .

By the uniqueness of the solution of equation (2.1) we obtain
X% = X! and K}’ = K}, vt € [0,77] , as.
Moreover, with Lf’e’7 denoting the local time of X"-?, the application of Proposition 3.2
gives
L& = 1870 i e [0,73] , a.s. and

Ly’ =0,vte [0,77], as., ifa ¢ [-7,9].

We introduce now the process

La79(ds)
// |0 (s, R(X?),, uf )|2/‘7(da) telo,17,

where (1., := p(- N [~7,7]) is the second order generalized derivative of .. Clearly,
Al =47 vt e [0,77], as.
By the first step of the proof, the equation
Ay + Y dAY = [(9,b7 ") (R(YY)s) + (9ub] ) (uy — uf)]dt
+((0yo 7Y R(Y)e + ((0u0) %) (uf — ), dWr), t € [0,T);  (4.18)
Y, =0, t e [-4,0]

has a unique solution Y7 € L2(Q;C [-4,T]) and

T ~,0 ~,0 2 v,0 ~,0 2
X X, X7 —-X

lim I / =ty dt+ | E——T v | =0 (4.19)

0—0 0 0 0
Ify >~, thent?, > 1 and we can apply Itd’s formula to |V} e YZ/’\/TG |2 in order to

vy
obtain /
V) =Y vte[0,7)], as.
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Therefore, we can uniquely define an adapted continuous process satisfying
0
Y, =Y, Vte [0, 75].

Since

sup B ||Y7HT < 4+
~>0

(see the previous step), the process Y belongs to Lz (Q; C [0,7]). Moreover, Y is a solution
of the following equation:

dY, + Y,dA] = [(9,b))R(Y)¢ + (Du )<ut - un] dt
+{(0yo?)R(Y )i + (0u09) (uf — ud), dWy), t € [0,T];

Y: =0, te[-6,0].
By the uniqueness of the solution of this equation, ¥ = Y. Then, for ¢ € [0, 79):
|L(x? - X0) - V| <|A(x70 - X7°) - Y| + b (x70 — XD)| (4.20)
=|5(X77 = X70) =Y+ [5(X77 = XD)[1asre)
<30 = X7 = 7| + X7 - X7
XY = XD 1pesrey-
Since E|| X — X°||2. converges to 0 (by Proposition 2.4), we have
(}iL%IP(’TS >t>79)=0,Vte[0,T) (4.21)
Indeed,
P (0>t > ) <P (X0 < v < IX70) <P (IX + L <y < 1X°]))
+P (v -5 <X <)
<P (5 < [[X7 =X ) + P (v — 5 < [X°ls <)
B[ X7 = XOYF + P (v = & < |IX°e <),
for every 6 € [0,1] and n € IN*. Hence
limsupP (79 > ¢ >79) <P (y— 2 <X, <), Vn e N*,

0—0
2
T

is uniformly bounded with respect to 8 € [0,1] (the Lipschitz constant of ¢ is the same
for all v). Hence, by (4.19), (4.20) and (4.21) we derive, for each v > 0,

from which we get relation (4.21).
Proposition 2.4 shows that

EU'XW _x02 er _ xo

2

T 0 0 0
. - X X7 — X7
lu;lj(t)lpIE /0 — LY, dt + ‘ - Yr 1{73>T}
T | v.0 7,0 7,0 7,0 2
. X X, X7 X
<2limsup e /O Yy it ‘ ~Yr| | 1grosmy
T |y7,0 7,012 0 02
. X7 — X702 4 X0 - X
+4hr(£1j,}]1pE/0 7 1{72>t>T3}dt
T |y7,0 7,0 0 0
: (X7 = X |+ [ Xp — X7
+ 411r(;1_§(1)1p]E/0 o2 1{73>T>Tg}dt
=0.
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Consequently, since lim, ;o P(79 < T') = 0, we obtain

/

which ends the proof of this result.

2
dt +

X9 — X? ?

lim IE
im 7

-Y: - Yr
0—0

0 O
’XTQXT =0, (4.22)
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