n b
Electr® 8biljty

Electron. J. Probab. 19 (2014), no. 58, 1-27.
ISSN: 1083-6489 DOI: 10.1214/EJP.v19-3203

Complete localisation and exponential shape of the
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Abstract

We consider the parabolic Anderson model with Weibull potential field, for all values
of the Weibull parameter. We prove that the solution is eventually localised at a
single site with overwhelming probability (complete localisation) and, moreover, that
the solution has exponential shape around the localisation site. We determine the
localisation site explicitly, and derive limit formulae for its distance, the profile of the
nearby potential field and its ageing behaviour. We also prove that the localisation
site is determined locally, that is, by maximising a certain time-dependent functional
that depends only on: (i) the value of the potential field in a neighbourhood of fixed

radius around a site; and (ii) the distance of that site to the origin.

Our results extend the class of potential field distributions for which the parabolic
Anderson model is known to completely localise; previously, this had only been estab-
lished in the case where the potential field distribution has sub-Gaussian tail decay,
corresponding to a Weibull parameter less than two.
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1 Introduction

1.1 The parabolic Anderson model
We consider the Cauchy equation on the lattice (Z?, |- |,1)
ou(t, z)

o (A + &ult, 2), (t,z) € [0,00) x 74 (1.1)

u(0,2) = 140y (2), 2z €74

where A is the discrete Laplacian on Z¢ defined by (Af)(z) = > y~z f(y), the set
{€(2)},eza is a collection of independent identically distributed (i.i.d.) random variables

*This research was supported by a Graduate Research Scholarship from University College London and
the Leverhulme Research Grant RPG-2012-608 held by Nadia Sidorova.
TUniversity College London, UK. E-mail: a.fiodorov@ucl.ac.uk; s.muirhead@ucl.ac.uk


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v19-3203
mailto:a.fiodorov@ucl.ac.uk; s.muirhead@ucl.ac.uk

Complete localisation in the PAM with Weibull potential

known as the random potential field, and 1, is the indicator function of the origin. For
a large class of distributions £(+), equation (1.1) has a unique non-negative solution (see
[6]).

Equation (1.1) is often called the parabolic Anderson model (PAM), named after
the physicist PW. Anderson who used the random Schrédinger operator H := A + ¢ to
model electron localisation inside a semiconductor (Anderson localisation; see [1]). The
Cauchy form of the problem in equation (1.1) arises naturally in a system consisting of a
single particle undergoing diffusion while branching at a rate determined by a (random)
potential field (see [6][Section 1.2]).

The PAM and its variants are of great interest in the theory of random processes
because they exhibit intermittency, that is, unlike other commonly studied random pro-
cesses such as diffusions, their long-term behaviour cannot be described with an aver-
aging principle. The PAM is said to localise if, as t — oo, the total mass of the process
U(t) := ) .cza u(t, 2) is eventually concentrated on a small number of sites, i.e. if there
exists a (random) localisation set I'; such that

Zzeft u(t’ Z)
U(t)

The most extreme form of localisation is complete localisation, which occurs if the total
mass is eventually concentrated at just one site, i.e. if I'; can be chosen in equation (1.2)
such that [T';| = 1.

It turns out that complete localisation cannot hold almost surely, since the local-
isation site will switch infinitely often and so, at certain times, the solution must be
concentrated on at least two distinct sites (see, e.g., [11] for an example of almost sure
convergence in the PAM on exactly two sites).

Note that elsewhere in the literature (see, e.g., [14]) the convention (Af)(z) :=
> y~:(f(y) = f(2)) is used to define the discrete Laplacian in the PAM. This is equiva-
lent to shifting the random potential field by the constant 2d, and makes no qualitative
difference to the model.

—1 in probability . (1.2)

1.2 Localisation classes

It is known that the strength of intermittency and localisation in the PAM is governed
by the thickness of the upper-tail of the potential field distribution £(-), and in particular
the asymptotic growth rate of

ge(x) := —log(P(£(-) > x)) -

Depending on this growth rate, the PAM can exhibit distinct types of localisation be-
haviour, which are often categorised along two qualitative dimensions: (1) the number
of connected components of I'; (localisation islands) in the limit (i.e. single, bounded or
growing); and (2) the size of each localisation island in the limit (i.e. single, bounded or
growing).

Universality classes with respect to the size of each localisation island are well-
understood (see, e.g., [9] and [5]). It was proven in [5] that the double-exponential dis-
tribution forms the critical threshold between these classes. More precisely, if g¢(z) =
O(ewx) for some x < 1 (i.e. tails heavier than double-exponential) then localisation is-
lands consist of a single site. This class includes Weibull-like tails, where g¢(z) ~ 27
for v > 0, and Pareto-like tails, where g¢(z) ~ ylogx for v > d (recall from [6] that if
v < d then the solution to equation (1.1) is not well-defined; if v = d then the solution
is well-defined only for d > 1). Conversely, if e** = O(g¢(x)) for some x > 1 (i.e. tails
lighter than double-exponential, including bounded tails), then the size of localisation
islands grow to infinity.
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On the other hand, universality classes with respect to the number of localisation
islands are not at all well-understood. In particular, it is not known whether the PAM
with g¢(z) = O(e”™) for some y < 1 always exhibits complete localisation. Indeed,
this was conjectured to be false in [11]. Up until now, complete localisation has only
been exhibited for the PAM with Pareto potential (in [11]) and Weibull potential with
parameter v < 2 (in [14]), which includes the case of exponential tails. This has left
open the question as to whether the PAM with Weibull potential with parameter v > 2,
which includes the important class of normal tails, also exhibits complete localisation.

1.3 Main results

We consider the PAM with Weibull potential, that is, where £(-) satisfies g¢(z) = 27,
for some v > 0. We prove that the PAM with Weibull potential is eventually localised at
a single site with overwhelming probability (complete localisation) and, moreover, that
the renormalised solution has exponential shape around this site. We determine the
localisation site explicitly, and derive limit formulae for its distance, the profile of the
nearby potential field and its ageing behaviour. We also prove that the localisation site
is determined locally, that is, by maximising a certain time-dependent functional that
depends only on: (i) the values of £(-) in a neighbourhood of fixed radius p := [(y—1)/2] "
around a site, where z+ = max{z,0}; and (ii) the distance of that site to the origin.
In particular, if v < 3 then p = 0 and so the localisation site is determined only by
maximising a certain time-dependent functional of the pair (£(-),] - |,2). We shall refer
to p as the radius of influence.

In order to state these results explicitly, we introduce some notation. Define a large

‘macrobox’ V; := [~ Ry, Ry]¢ C Z4, with R; := t(log t)%, identifying its opposite faces so
that it is properly considered a d-dimensional torus. Further, for each a < 1, define
the associated macrobox level L;, := ((1 — a)log|V;|)> and let the subset IT(Lte) ;=

{z €V, :&(z) > L, 4} consist of sites within the macrobox V, at which {-exceedences of
the level L; , occur. Define also, for each z € V, and n € IN, the ball B(z,n) :={y € V; :
|y — z|n < n}, considered as a subset of V; (i.e. with the metric acting on the torus).
Henceforth, for simplicity, we simply write | - | in place of | - |,» when denoting distances
on Z< or V;.

Fix a constant 0 < # < 1/2, and abbreviate L; := L, 9. Let 5 = f]lw\H(Lt) be the
Li-punctured potential field. For each z € V; and n € NN, define the L;-punctured
Hamiltonian #\) on B (z,mn) with Dirichlet boundary conditions

7‘255) = (AVt —‘v‘g‘i‘ (f - g)]l{z}) ]lB(z,n) (13)

where Ay, denotes A restricted to the torus V;; and let Xﬁ")(z) denote the principal

2

eigenvalue of 7—25;3). To be clear, equation (1.3) means that HY) acts as

~ E@) (@) + X yenemply—ai—1y FW) iz € {z}U(B(z,n) \ I
(HD D @) = Spyenemyiy-—si=1y f0) if 2 € B(z,n) N (I {2})

with all distances being on the torus V;.

We shall call :\in)(z) the n-local principal eigenvalue at z and remark that it is a
certain function of the set £(™(z) := {€(v)}yeB(z.n)- Note that the {Xﬁ’”(z)}zew are
identically distributed, and have a dependency range bounded by 2n, i.e. the random
variables S\E") (y) and S\E")(z) are independent if and only if |y — 2| > 2n. Remark also
that in the special case n =0, S\EO) (z) is simply the potential £(z).
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For any sufficiently large ¢, define a penalisation functional \I~l§") :V; = R by

i’in)(z) = Xgn)(z) — |;|log logt

and let Z™"™ = argmaz.cy, 9™ (2) and T\ = inf{s > 0 : Zt(}r’:) # 7" Note that,
for any ¢, the site Zt(l’") is well-defined almost surely, since V;, is finite. Moreover, as we
shall see, Zt(l’”) will turn out to be independent of the choice of 6.

Define a function ¢ : N — [0, 1] by

ale) = (1 - 72xl>+

using the convention that 0/0 := 0. Introduce the scales

 t(dlogt)T !

1
e = , ap = (dlogt)% and d; := ;(dlogt)%f1

loglogt

and an auxiliary scaling function x; — 0 that decays arbitrarily slowly. Finally, let B;
denote the ball {z € Z¢ : |z — Z"*)| < ryr,}, considered as a subset of Z¢.
Our main results can then be summarised by the following:

Theorem 1.1 (Profile of the renormalised solution). Ast — oo, the following hold:
(a) For each z € B; uniformly,

log ("ét(:)))

%\z - Zt(l’p)| loglogt

— —1 in probability;

(b) Moreover,

) t
eldent Z u((fgtj) is bounded in probability .
2¢ By

Corollary 1.2 (Complete localisation). Ast — oo,

ult, Z0")

0 -1 in probability .

Theorem 1.3 (Description of the localisation site). Ast — oo, the following hold:

(a) (Localisation distance)
Z(l P)

¢ =X in law
Tt

where X is a random vector whose coordinates are independent and Laplace dis-
tributed random variables with absolute-moment one;

(b) (Local profile of the potential field)
For each z € B(Z\""), p) uniformly,

£(2)

(1,p)
z2—Z
g1(1==287)

—1 in probability;
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(c) (Ageing of the localisation site)

T(P)
Tt

=0 in law

where O is a nondegenerate almost surely positive random variable.

Corollary 1.4 (Ageing of the renormalised solution). For any sufficiently small € > 0,
ast — oo,
Ty
t

=0 in law

where
U(t,') ’U,(t+5,')

U ~ Ult+s) | >€}

and © is the same almost surely positive random variable as in Theorem 1.3.

17 = inf{s>0:

Remark 1.5. The localisation site Zt(l’p ) is the maximiser of the penalisation functional
\IJEP) (z), which balances the magnitude of the p-local principal eigenvalue at a site with
the distance of that site from the origin. Heuristically, this may be explained as the
solution favouring sites with high local principal eigenvalue but being ‘penalised’ for
diffusing too quickly.

As claimed, \i’ip)(z) depends only on the set £(”)(z) and on the distance |z|. Indeed,
in order to determine Zt(l’p) explicitly, a finite path expansion is available for Xgp)(z) (see

Proposition 4.1 for a precise formulation):

/\(P)( Z Z H —~+O(dt)

2<k<2j T ( ,p)0<z<k)\ —&(wi)

where j := [y/2] € {p,p + 1} and T’} (z, p) is the set of all length k nearest neighbour
paths
Z2=iyo =Yy = ... > yp:=2 InB(z,p)

such that y; # z for all 0 < < k. This path expansion can be iteratively evaluated to get
an expression for Ai” ) (2) as an explicit function of £(¥) (2). Note that j is chosen precisely
to be the smallest non-negative integer such that at_Qj_l = o(d;), which ensures that

paths with more than 2j steps contribute at most o(d;) to the sum. Since we show

in Section 4 that the gap between the maximisers of \il,(fp )

expression is sufficient to determine Zt(l”’).

is on the scale d;, such an

Remark 1.6. Our limit theorem for the profile of the renormalised solution holds within
a distance ryk; of the localisation site, where k; may be chosen to decay arbitrarily
slowly. At or beyond this scale, the profile will be interrupted by ‘bumps’ in the renor-
malised solution around other high values of the functional \ifgp ), which occur at dis-
tances on the scale r;. In this region, we simply bound the renormalised solution by the
height of these bumps, although we also expect a weaker global exponential decay to
hold.

Remark 1.7. The ageing of the renormalised solution in Corollary 1.4 is a natural
consequence of complete localisation of the renormalised solution (Corollary 1.2) and
the ageing of the localisation site (Theorem 1.3). The proof of this result is essentially
the same as in [13][Proposition 2.1] for the corresponding result in the case of Pareto
potential field; we defer to that paper for the proof. Note also that Corollary 1.4 is a
quenched ageing result along the lines of [13], as opposed to the annealed (i.e. averaged
over all realisations of the random environment) ageing studied in [8].
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Remark 1.8. Recall that it was previously shown in [14] that complete localisation
holds in the case v < 2. The analysis in that paper is broadly similar to ours, but uses
the penalisation functional

||

Ui (z) :=&(2) — v loglogt

which equals @ﬁ” (z) in the special case p = 0. This restricts the validity of the analysis
to where there is an exact correspondence between the top order statistics of the fields
¢ and X§”> in V;. Clearly this holds for v < 3, since then p = 0. On the other hand, the
exact correspondence has been shown to be false if v > 3 (in [4]), and so an analysis
based on the functional ¥; = \flgo) fails in that case.

Remark 1.9. We briefly mention the strong possibility that our results can be extended
to the case of fractional-double-exponential potential field, i.e. where g¢(z) = e*™ for
some x < 1. The main difference in that case is that the radius of influence p grows
with t, which presents a technical difficulty in extending the results in Proposition 4.2.
Nevertheless, we strongly believe such an extension is valid, and since the rest of our
proof holds essentially unchanged, we expect complete localisation to also hold in the
fractional-double-exponential case.

The paper is organised as follows. In Section 2 we give an outline of the proof, and
establish Theorem 1.1 subject to an auxiliary Theorem 2.3. In Section 3 we establish
some preliminary results. In Section 4 we use a point process approach to study the
random variables Z\"” and %\ (Z{""”)) (and generalisations thereof), and in doing so
complete the proof of Theorem 1.3. In Section 5 we collect results from spectral theory
that we will apply in Section 6. In Section 6 we complete the proof of the auxiliary

Theorem 2.3.

2 Outline of the Proof

In the literature, the usual approach to study u(¢,-) is with probabilistic methods
via the Feynman-Kac representation (for instance, in [5]). Our primary approach is
different, applying spectral theory methods to the Hamiltonian # (as is done in [2], for
instance). We note, however, that these approaches are very similar, and we do at times
make use of the Feynman-Kac representation.

2.1 Spectral representation of the solution

The basic idea that underlies our proof is that the solution u(t, -) is well-approximated
by a spectral representation in terms of the eigenfunctions of the Hamiltonian # re-
stricted to a suitably chosen domain. It turns out that this spectral representation is
asymptotically dominated by just one eigenfunction, which is eventually localised with
exponential decay away from the localisation site.

In order to apply this idea, we restrict  to the macrobox V; (i.e. with periodic
boundary conditions, recalling that V; is a torus), on which the solution u(t, -) turns out
to be essentially concentrated. So let uy, (s, z) be the solution to the PAM restricted to
V4, that is, defined by the Hamiltonian H := Ay, + &, with uy, (s, z) := 0 outside V; by
convention, and let Uy, (t) := >__cy, uv, (t, 2).

Proposition 2.1 (Correspondence between uy;, (¢, z) and u(t, z)). Ast — oo and for any
z,

luy, (t,2) —u(t, 2)| = o (e” ) and |Uy,(t)—U@®)|=o0(e ™),

where both hold almost surely.
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Remark 2.2. Since the error in Proposition 2.1 is of lower order than the bounds in
Theorem 1.1, it will be sufficient to prove that Theorem 1.1 holds for uy,(t,-). Proposi-
tion 2.1 is proved in Section 3.

Denote by A, ; and ¢ ; the 7'th largest eigenvalue and corresponding eigenvector of
‘H, with each ¢, ; taken to be ¢?-normalised with ¢1.i(z) := 0 outside V; by convention.
Since V; is bounded, the solution uy, (¢, ) permits a spectral representation in terms of
the eigenfunctions of H:

[V2]
uy, () =Y €0 (0)gri(-) - (2.1)
=1

Define a functional ¥, : {1,2,...,|V;|} - RU{—oc0} by

. lo i 0
) = h + B0

and remark that this is chosen so that the magnitude of the i’th term in the sum in
equation (2.1) is e*¥+(¥ |y, ;(-)|, using the convention that exp{—oc} := 0.

We refer to {W;(-)} as the penalised spectrum, noting that it represents a trade-off
between the magnitude of the eigenvalue and the (absolute) magnitude of the eigen-
vector at the origin; the intuition here is the same as in Remark 1.5. We prove that,
with overwhelming probability, a gap exists between the largest two values in the
penalised spectrum, which implies that the spectral representation in equation (2.1)
is dominated by just one ei?enfunction. Moreover, we prove that this eigenfunction

is eventually localised at Ztl’p). To make this precise, let igl) = argmax; V(i) and

i?) := argmaz, .1, V(i), and abbreviate gogl) =, ,m and A,E” := A, ;o for notational
2Ot 2ot

e
iy ¢ ¢
convenience. Moreover, introduce auxiliary scaling functions f;, h,e; — 0 and g; — o0
as t — oo such that

max{1/loglogt, k;} < frh: < fi < hy < e1/gs
where a; < b; is notational shorthand for a; = o(b;).
Theorem 2.3 (Auxiliary theorem). Ast — oo, the following hold:

(a) (Gap in the penalised spectrum)

]P (\I/t(lgl)) — \Ilt(li(?)) > dtet) — ].,

(b) (Profile of the dominating eigenfunction)

(i) The sets B; and V; satisfy
P(B; CV;) = 1;

(ii) For each z € B; uniformly,

1
log (" (2)
T
%|z — 7 |loglog t

-1 in probability;

(iii) Moreover,

etder Z lp™M(2)|  is bounded in probability .
z€Vi\ By
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In Section 2.2 immediately below we finish the proof of Theorem 1.1 subject to
the auxiliary Theorem 2.3; the other sections of the paper are dedicated to proving
Theorems 1.3 and 2.3.

Our proof of Theorem 2.3 is based on the observation that ¥, (:) is asymptotically ap-
proximated by \ilg”)(zt,i), where z;; := argmaz,p; ;(z). This is useful, since it is simpler
) than it is to analyse \I!t(igl)) - \Ift(i?)) directly. Using a
point process approach, we demonstrate a gap between the top two maximisers of \j;ff )
(and generalisations thereof), and also describe the location and the neighbouring po-
tential field of the maximiser Zt(l’p ), proving Theorem 1.3. We then establish the validity
of the approximation, which requires both a correspondence between eigenvalues and
local principal eigenvalues, and an analysis of the decay of eigenfunctions, in particu-
lar finding bounds on the value of eigenfunctions at zero; here we draw heavily on the
methods in [2] and [3].

to study the maximisers of ¥'”

2.2 Proof of Theorem 1.1 subject to the auxiliary Theorem 2.3

Starting from the spectral representation in equation (2.1), we pull out the term
involving the maximising index igl), and bound the remainder in the ¢'-norm:

Vi
uy, (t,-) _ 90(1)( ) ‘ et)\t’ispt,i(o) e
1 (1 t 1 (1 )
e oM (0) o | S e
i#i(l)
el
V4]

IN
M=
@
g
-
—~
ﬁ

~ (i) Ol -

Bounding each [¢; ;(-)|,, by the Cauchy-Schwarz inequality and each summand by the
maximum gives

uy, (t,) - (1)(_)

IO < Vil?exp {t (i) - woif")) }
tPr

Zl

and so, applying part (a) of Theorem 2.3, eventually with overwhelming probability

th<tﬂ') _ (1)()

3
D Mgy PO <Vl ezt (2.2)
t

/1

By the triangle inequality, this implies that

U
/\<1>Vt Z o

z€V}

< |Vt\2 exp{—tdie; }

and so, applying part (b) of Theorem 2.3 we have that

e oM (0) = Uy, ()(1 + 0(1)). (2.3)

Consider now any z € B;. Combining part (b) of Theorem 2.3 with equations (2.2)
and (2.3) we have that, with overwhelming probability

th(taz) _ U‘Vf,(taz)
UVt (lf) - et)\gl)spgl)(o) (1 -+ 0(1))

= exp {—i|z - kt(1)| loglogt (1 + 0(1))} (14 0(1))
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where o(1) does not depend on z, recalling that |z — Zt(l’p)| loglogt = o(td:e;) for z € By
since h; = o(e;). Remark that the correspondence in Proposition 2.1 implies that, for
any z and with overwhelming probability,

u(t,z) uy,(t,2)

U~ O)

1 uy, (t, 2)
< g (1) = w01+ 2200 - vn o)

= o(exp{—R:}) = o(exp{—tdies}) .
and so, putting these together, we have

uy, (t, Z)) 1 (1,p)
log | =——+——= ) =——|2z—Z;""|loglogt(1+ o(1
o () = 21 - 2 ogtoge 1+ of1)
where o(1) does not depend on z, which proves part (a) of Theorem 1.1.
On the other hand, combining part (b) of Theorem 2.3 with Proposition 2.1 and
equation (2.3), we have that

tdik u(t, 2) tdy s u(t, 2)

thvt thvt 1

e E U <e E 0 +0o(1)
2¢ B, 2€V;\ By

<ot [y b)) g )

™ (1
2€Vi\B; et SDg )(0)

which is bounded in probability. Theorem 1.1 is proved. O

3 Preliminaries

In this section we establish some preliminary results. Denote by ¢; ; the i’th highest
value of € in V;.

Lemma 3.1 (Almost sure asymptotics for ¢). Forany 0 <a <1,
Elvie) ~ Lea  and I~ |V
hold almost surely.

Proof. These follow from well-known results on sequences of i.i.d. random variables;
they are proved in a similar way as [10, Lemma 4.7]. O

Lemma 3.2 (Almost sure separation of high points; see [2, Lemma 1]). For any ¢ < 0,
and for each n € N, eventually

r (H(Lt)) > VT >0

almost surely, where r (S) := mingzyes{|z — y|}.

Lemma 3.3 (Bounds on principal eigenvalues). For eachn € N and z € V,,

£(z) < MM (2) < max{L,£(2)} + 2d

Moreover,

At < &1+ 2d.
Proof. These follow from the min-max theorem for the principal eigenvalue. O
EJP 19 (2014), paper 58. ejp.ejpecp.org
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Proof of Proposition 2.1

Note that the weaker statement that |Uy,(t) — U(t)] — 0 is proved in [7, Section
2.5] (although for a slightly different macrobox); we need to control the error more
precisely.

For z € Z%, let [z],, denote the site in V; that belongs to the equivalence class of z in
the quotient space ZJ \ Vi. Further, define a field £} on Z¢ by ¢7"(-) := &([]y,). For a
fixed ¢t > 0, consider the Feynman-Kac representations of u(¢, z) and uy, (¢, 2):

u(t, z {exp{/f +2dds}]l{xt z}} (3.1)

uy, (£ 2) [exp{/ erer(x +2dds} n{[Xt]V,:z}} (3.2)

where {X,}, g+ denotes the continuous-time random walk on the lattice 7 based at
the origin, 1 4 denotes the indicator function for the event A, and where the expectation
IE is taken over the trajectories of the random walk X,.

For each n € I, let e, (X) denote the event that maxs<; | Xs|e= = n. Let u™(¢,2) and
u(’,ﬂ (t,z) denote, respectively, the expectations in (3.1) and (3.2) restricted to the event
en(X), and define U™ (t) := ) g0 u"(t, 2) and Uy () := ) _cza uy, (¢, 2) by analogy with
U(t) and Uy, (t) respectively. Then it is clear, for each z, that

Z u"(t, z) = Z uy, (t, 2) . (3.3)

n<Rq n<Ry
Further, if §§n) is the largest value of ¢ in the box {z € Z? : |z|s=~ < n}, then
max{U™(t), UL ()} < e/@" 20 P(e,, (X)).
As n — oo, we can bound d”) + 2d almost surely with Lemma 3.1:
§1n) +2d ~ (dlog nﬁ

For n > R; and by Stirling’s approximation, we can also bound the probability P (e, (X))
by
log P(en (X)) <logPnygi(n) < —nlogn +nlogt + O(n)

where Pn,(n) denotes the probability mass function for the Poisson distribution with
mean a, evaluated at n. Combining these bounds, for n > R; and as t — oo eventually

max{U"(t), Uy, (t)} < exp{t(dlogn) (14+¢)—nlogn+nlogt+Cn)}

almost surely, for any ¢ > 0 and for some C > 0. Since n > R; = t(log t)%, for ¢ large
enough this can be further bounded as

max{U"(t), Uy, (t)} < exp{—(1 —¢)nlogn}.
This implies that, eventually

Z max{U"(t), Uy, (t)} < e~ (1=&)Relog Re Z e~(Imeinlog By _ (e ) (3.4)

n>Ry n>0

holds almost surely. Combining equations (3.3) and (3.4), we get that

fu(t, 2) —uy, (6,2)] = | 32wt 2) —ufy (4,2)] < 3w (t,2) +uy (¢, 2)

n>Ry n>Ry
<N UM+ UR () <2 > max{U"(1), U (1)} = o(e™ )
n>Ry n>Ry
EJP 19 (2014), paper 58. ejp.ejpecp.org
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and, similarly,

U() = Uy, ()] < D7 U™ (1) + U, (1) = o(e™™)

n>Ry

as required. O

4 A Point Process Approach

In this section, we use point process techniques to study the random variables Zt(l’p )
and \Izﬁp )(Zt(l’p )), and generalisations thereof; the techniques used are similar to those
found in [14]. In the process, we complete the proof of Theorem 1.3.

4.1 Point process asymptotics

Fixan 0 < ¢ < # and an 0 < n < 2p — v + 3, remarking that the latter is possible by
the definition of p. Recall also the definition j := [y/2] € {p, p + 1}. For each n € IN such
that n < j, define the annuli By := B(0,min{n, p}) \ {0} and B, := B(0,5) \ (B; U {0}),
and the following | B; U By|-dimensional rectangles:

E™ =B x By = ] = fi, 1+ f) x [] (0,a))
yEB yEB2

(n)

and, after rescaling F; " in each dimension,

y€B,

where 7, is the projection map with respect to y. Finally, for each 2z € V;, define the
event

St(n)(z) ={&(2) € ar(1 — fi, 1+ f)} U {{&(z + ¥)}yemruBs € S(")}
with S (z) its complement.

Proposition 4.1 (Path expansion for Xﬁ’”). Ast — oo, for eachn € N and z € TI(Lt.e)
uniformly,

W=+ X Y ] s

kE>2T5 (2,n) 0<i<k ( )
Z Z H + o(dser)
2<k<2j T} (z,n) 0<i<k )\(Tb) E( )

almost surely, where I';(z,n) is the set of all length k nearest neighbour paths
Z2=1yYy—= Y1 —> ... > yYp =2z Iin B(z,n)
such thaty; # z for all0 < i < k.

Proof. As in [2, Lemma 2], the eigenvalue Xﬁ”)(z) satisfies

DD | e

k>0 Fk (z,n) 0<i<k 6( )
oz Y H T @
k>0 Ik (z,n) 0<i<k )‘ —&(vi)
EJP 19 (2014), paper 58. ejp.ejpecp.org
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where 'y (z,n) is the set of all length k nearest neighbour paths
2=y =Y —> ... > yYp =2z in B(z,n)

i.e. including paths that return to z multiple times; I‘O(z n) is understood to consist of
a single degenerate path. Remark that the factor 1/ )\ (z) in equation (4.1) appears

since £(yx) = £(z) = 0. Noticing that, by Lemma 3.3, )\(" (2) > &(z) > L., we may
define

A=>" > 1] —20(1).

k>2T7 (2,n) 0<i<k )‘ —&(yi)

By decomposing each path in Uy>oI',» into a sequence of paths in Uy>ol'; ,,, we get that
the right hand side of equation (4.1) is equal to

1 1 1
NN o) T .
)‘1(5 )(2) 1>0 )‘E‘ )(2) 1-4

and so equation (4.1) gives

A (2) = 6(2) + AP (2)A = €(2) + .
t t kzz2 Fl’;%;n) 0<11k )\gn)(z) —&(vi)

Noticing that (L; — L;)~*~Y) = o(d;e;), this yields the result by truncating the infinite
sum after paths of length 25, and since, by Lemma 3.2, eventually { = £ on B(z,n) \ {z}
almost surely. O

Proposition 4.2 (Extremal theory for Xﬁ”); see [3, Section 6]). For each n € IN such

that n < j, there exists a scaling function Ag") = a; + o(1) such that, ast — oo and for
each fixed x € R, the following are satisfied:

P (S\E”)(O) > AM 4 xdt) e

and
P (Xﬁm 0) > A™ + 2d, , 5,5'”(0)) ~0.

Remark 4.3. In the case v < 4, full asymptotics (i.e. up to order d;) forA,Ej) can be found
in [3, Section 6]; otherwise, a recurrence formula for AEJ ) is available. Remark also that

the same asymptotics hold for each » € Z%; we choose the origin for convenience.

Proof. Proposition 4.2 is a minor extension of the results in [3, Section 6]. We prove it
in a similar manner to [3, Theorem 6.3], by writing the probability as a certain integral
and approximating it using Laplace’s method. Denote by f:(x) the density function of
£(0). For a scaling function C; > a; and a positive field

s = (s 88") = ({sy y € B} {sy 1y € Bo})

define the function

o) =Y 3 T o

k>2T75(0,n) 0<i<k Cr —

if the sum converges and Qg”) (Cy; 8() := 0 otherwise, and the functions

n n n n v
R (Cris™) 1= (€= Q(Cis™)) " = 37 (1log fe(CF"s,) + 10g C1 )

yEB;

EJP 19 (2014), paper 58. ejp.ejpecp.org
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and
P (Cpss™) = B (Cris™) = 3 log felsy)
y€Bs

To motivate these definitions, consider the first statement of Proposition 4.2. Notice
that, by Lemma 3.3, as ¢ — oo, eventually

A(0) > G+ xdy > ay + ady = £(0) > L.

This means that we can apply the path expansion in Proposition 4.1 to ;\E”)(O). Then,
since Ag") (0) is strictly increasing in £(0), we may write the probability as the following
integrals of Pt(") and RE”) (note the change of variables):

P (S\En)(O) > Ct) :/ . exp {—Pt(")(C’t; s(”))} ds'™ + o(1) (4.2)
]RIB1UB2\

/|32| H fe(sy) [/ - exp{—Rﬁn)(Ct;s("))} dsgn) dsén) +o(1). (4.3)
yEB; Ry

with the o(1) bound taking care of the contribution from the s(™) for which QE") (Cy; 5™)
does not converge, by Lemma 3.2.

To approximate these integrals, we state some properties of the functions P(") and
R™. Similarly to as in [3, Section 6], for a fixed s € E{", the function R{™ (Cy;s(™)
achieves a minimum at some s € E{"™). Moreover, for any s(") € E(™), the fact that
n—2(p+1) <1—+ implies that

R (Cois™) = RV (Cus (s0750)) + ofag <o) 4

for a positive constant, where 0 here denotes the zero vector. The function Rt (Ct, 2))
is also strictly increasing in C}, satisfying

: (n). _ v—2
Sgnr)lélgin) (ct,( 0))_@ o))

and, for each y € B(")

8fyR§n)|(Ct;(1;0)) = O(Ct’Y_Q)

where 1 here denotes the vector of ones. In particular, this implies that there exists a
scaling factor Ag") = a; + o(1) that satisfies

min )R (n) (A(n) (s; (m), 0)) ; Z [log (5§yR§n)|(A§");(1;o))) - log(QW)} =a.

s(Wepr or-d

Remark that if n = 0, then R\” (Cy;5®) = €} and so A"’ = a;. Finally, by a similar
calculation as in [3, Lemma 6.8], if s(™ ¢ E™), then

Pt(”>(A§") + ady; s(”)) —a] —x>aj min_ |s, — 1)? (4.5)
yEB1UB>

eventually, for some constant ¢ > 0.
Consider now the integral in equation (4.3) restricted to the domain E™ . Asin [3,

Theorem 6.3], we may first use equation (4.4) to integrate out over sg"), and then apply

EJP 19 (2014), paper 58. ejp.ejpecp.org
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Laplace’s method to approximate the resulting integral over sg"):

/ o 1T Jelsy) [ / exp { —RE(AN + ady; s ™) | dsﬁ’”] sy
E" = E"
2 yEB3 1
- / L exp {=RIAP +ad (577500 dsi (14 0(1)) = 1777 (14 0(1)
Eln

with the last line following from an application of Laplace’s method to the integral,
noticing that the determinant of the Hessian matrix of Rﬁ") with respect to sﬁ"), evalu-
ated at a point in E\™ x {0}, is asymptotically [1,es, 92, R \(Ain);(w)) .

Similarly, by equation (4.5), the integral in equation (4.2) over the domain excluding
E(™) can be bounded above by

t—de—x/ o exp{—ag min ‘Sy o 1|2)} ds(™ — O(t—de—x)_
]R\JrBlUBz\\E(n) yeB1UB>

Together, these two bounds give Proposition 4.2. O

4.2 Constructing the point processes

We now construct the point processes we shall need to consider. For each n € IN
such that n < j and each z € V;, denote

n S\(n) zZ 7A£:L) n
Xt(,z) — # and M( ) = Z ]1(27_;17Xt(n)).

d
Tt zeVy

Foreach T € R and ¢ > 0 let
H? = {(z,y) € R? x (—o0,00] : y > qlz| + 7}
where R? denotes the one-point compactification of Euclidean space.

Proposition 4.4. For eachn € IN such thatn < j, ast — oo,
N |ga = N inlaw

where N is a point process on H? with intensity measure x(dz,dy) = dx ® e~ ¥Ydy.

Proof. Asin[2, Lemma 6], this follows from Proposition 4.2 after checking Leadbetter’s
mixing conditions modified for random fields ([12, Theorem 5.7.2]). Again as in [2,
Lemma 6], since the set {5\,%") (0)} has a dependency range 2n, it is sufficient to check
the following local dependence condition:

Vil > P(A0) > AL+ AV() > AL 4 ady, ) =0

2:0<]z|<2n

ast — oo, for any # € R. This is satisfied, since by Lemma 3.2 the set II(%*) is eventually
2n-separated almost surely, and so either A" (0) or A{"(z) is bounded above by L; <
Aﬁ?) +zd,, eventually, for any x. Observe also that the restriction of j\ft(") to H? ensures
that the intensity measure of the limit process N is such that every relatively compact
set has finite measure. O

We transform the point process N to a new point process involving @g"). For techni-

cal reasons, we shall need to consider a certain generalisation of the functionals \i/,E”).
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So for each n € IN such that n < j, ¢ € R and sufficiently large ¢, define the functional
U™V, - Rby

\ilgnc)(z) = A" () - |’jt|10g logt + c% .
Let Zt(,lc’n) = arg maa:zlllgz) and Zt(?c’n) = arg maxzizu,mllfgz). Note that for any ¢ these

are well-defined almost surely, since V; is finite. Further, for each z € V; define

VAN —teo "t and M =371 o
Tt z€Vy o

Finally, foreach 7 € R and a > —1 let
H® = {(z,y) e Ry > alz| 4+ 7}.
Proposition 4.5. For eachn € IN such thatn < jandc € R, ast — oo,
Mg"c)\Hg =M  inlaw
where M is a point process on ﬁf‘ with intensity measure v(dz,dy) = dz ® e~y Izl dy.

Remark 4.6. Although we prove Proposition 4.5 for each c € R, we shall only apply it
to ¢ = 0 and one other value of c that will be determined in Corollary 5.7.

Proof. This follows as in [14, Lemma 3.1] (although note that, due to a different choice
of d;, the intensity of the point process in [14, Lemma 3.1] differs by a constant). First
choose a pair o’ and ¢ such that 0 < o/ + 1 < ¢ < a+ 1 and notice that

M g = (N lig o Ki2) L
where K; . : H — ﬁf‘/ is defined by

(x,y — (L +o0(1))|z]), ifz,y# oo
00 otherwise

Kic(z,y) — {

It was proved in [10, Lemma 2.5] that one can pass to the limit simultaneously in the
mapping K, . and the point process j\ft(") to obtain
Mg = M= (N oK) |4,

in law, where K : H¢ — H® is defined by

_ if
Koy | @Yl Hzy oo
00 otherwise

The density of M is then y o K~! = v, restricted to H?. 0

We now use the point process M to analyse the joint distribution of the random
variables Z\™, %™, ¥ (z{L™) and U (Z%™).
Proposition 4.7. For eachn € IN such thatn < j and eachc € R, ast — o©
1,n 2,n T (n 1,n n I (n 2n n
(Ztg,c ) Zt(,c ) \Ilg,c) (Zt(,c )) - Agt) \IJE,C) (Z( )) - A7(“t )>

t,c

) ) i
Tt Tt drt drt
converges in law to a random vector with density

p(x1, 2,51, 42) = exp{—(y1 + y2) — |z1] — [22]) — 2% 72 (5403 -

Proof. Proposition 4.7 follows from the point process density in Proposition 4.5 using
the same computation as in [14, Proposition 3.2]. O
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4.3 Properties of the localisation site

In this subsection we use the results from the previous subsection to analyse the
localisation sites Zt(,lc’j ) and Zt(l’p ), and in the process complete the proof of Theorem
1.3.

For each c € R, introduce the events

= U2 — W) > dve)
H =i <120 < rig} and T = (0 (200) > a1 - )
and the event
Ee =8P (Z0 N8P (20 N6 NG NP NI (4.6)
which act to collect the relevant information that we shall later need.
Corollary 4.8. Foreachc € R, ast — oo
P(&c) — 1.

Proof. This follows from Propositions 4.2 and 4.7, since Aﬁ?) ~ a; and d,, ~ d;. O

Proposition 4.9. For any c € R, on the event &, .
Zt(,ch) _ Zt(l’j)
holds eventually.

Proof. Assume that Zt(}c’j ) + Zt(l’j ) and recall that 1 /loglogt < e;/g: eventually. On the
event & ., the statements

VP (Z() = WP (Z07) > dye, and UEUZET) = BEUZ) > diey
and, eventually,

z")| digt
t loglogt

B(27) - W2 = el < dhe
all hold, giving a contradiction. O

Lemma 4.10. For any c € R, on the event &, .

and

all hold eventually.

Proof. The first two statements follow from the min-max theorem for the principal
eigenvalue, since j > p. For the third statement, we only need consider the case that
j = p+ 1. Then, the event & . implies that {(y) < a; for all y such that |y — Zfl’j)| =
or |y — Zt(l’p )| = j. By considering the path expansions in Proposition 4.1 for a constant
C >0,

N 1,j X 1,5 N 1, X 1, Ca
(AP@ ) =302 ) = (W@ =N < ey < e
eventually, with the last equality holding since n — 25 < 1 —~. O
EJP 19 (2014), paper 58. ejp.ejpecp.org
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Corollary 4.11. For any c € R, on the event &; .
Zt(l,j) _ Zt(Lp).
Proof. Assume that Zt(l"j) # Zt(l”’). On the event &; ., Lemma 4.10 implies that
B 2 W00 ama BO) 2 80 (70
and
(89(Z1) = 0P (2 ) = (80207 - ¥ (2))

= (W& =3P = (AZ ) = X0z < die

all hold eventually. On the other hand, on the event &, . and by the definition of Zt(l”’ ),
U (20) = U(2) > diey and P (207) 2 0P (2

also hold, giving a contradiction. O

4.4 Proof of Theorem 1.3

Fix a constant ¢ as will be defined in Corollary 5.7. We prove Theorem 1.3 on the
event & ., since by Corollary 4.8 this event holds with overwhelming probability even-
tually. Parts (a) and (b) of theorem 1.3 are implied directly by Proposition 4.7 and the
definition of the event &; .. Part (c) is proved in an identical manner to the correspond-
ing result in [14, Section 6]. As in [14, Lemmas 6.2, 6.3], we have that

lim P ({Zﬁﬁ - Z,ELP)}) = lim lim P (A(n,w,t))

t—o00 n—o00 t—o0

= / exp {—v(D,(z,y))} v(dz,dy) < co
RIxXR
where A(n,w,t) is the event

A )= (¥ = 0} () (W) < W)

t,0,27)
/ z'Y(p) >—n
Tio0,22

and D, (z,y) is the set

wlel _ ., wlal
1+w*y 14w

D, (z,y) = {(a?,gj)E]RdX]R:y—i— }U(Rdx[ypo)) .
The random variable © can then be defined by
— 1 () _ : (Lp) _ »(Lp)
]P(@>w)7tlggo]P<Tt /tgw)flftlggOIP({Zt 7Zt+wt}). O
5 Spectral Theory

In this section we establish results from spectral theory which we will apply in Sec-
tion 6. The section draws heavily on [2] and [3].
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5.1 Notation

Fix ¢, ¢”, ¢’ and ¢ such that 0 < ¢’ < e < ¢ < 6§ < 0 < 1/2. Along with the
usual Hamiltonian # := Ay, + &, define the L;-punctured Hamiltonian H := Ay, +
§~, and further, for any z € II/+), define the ‘single punctured’ and the ‘single peak’
Hamiltonians

HH =H -1, and  HEP =H+ .

Let G(\:z,y), GOz, y), G@ (X z,y) and G*) (\; z,y) denote the Green’s functions of 7,
H, H®) and H*) respectively.! Let S\t(z) denote the principal eigenvalue of H(*) and let
:\t,z‘ denote the i’th largest such S\t(z) among z € V;. Recall also the definitions of A, ;,
¢¢,; and z; ; from Section 2.

Moreover, for any A > L; + 2d and u € V; define

A— Ly
2d

A(N) :=log
and

—1 2
B\ u) := b(A\)A 2 Tlu) —G(\ju,u)| , whereb()\):= /\(izif—t)w

Note that B(\,u) = co for some u € V; and \. Finally, introduce the scaling function
- |Vt| 1-;0/
" log(1+ (Lo — Ly)/2d)r (WD)

(St .
Remark 5.1. By Lemma 3.2, almost surely 6; = o(hy).

5.2 Ancillary results on eigenvalues

Proposition 5.2 (Correspondence between local and global eigenvalues). The follow-
ing hold eventually almost surely:

(a) Foralll <i< |V,

>\t,i = 5\t(Zt,i)

(b)

~ Yy
max |Ap; — Al < exp{—|Vt|1 7 }
1<i<|V|®

Proof. These are proved in [3], as a consequence of the third and first statements of
Theorem 4.1 respectively (keeping in mind the definition in (4.3) of that paper). O

Remark 5.3. The correspondence in Proposition 5.2 indicates that the i’th highest
eigenvalue of H is closely approximated by the principal eigenvalue of the ‘single peak’
Hamiltonian H'*#). In physical terms, this can be interpreted as a lack of ‘resonance’
between the regions in V; where the potential field £ is high, i.e. the regions which give
rise to a high local principal eigenvalue.

Lemma 5.4 (Almost sure asymptotics for eigenvalues). The following hold eventually
almost surely:

(@) A\ < Ly _or foralll <i<|V°

(b) A\ti> Lt forall1 <i<|VJf

!We use the following convention for the Green’s functions: (A — H)G(\; -, y) = Ty ()
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(€) Atyi < Liter for all |Vi|¢ < i < |V
(d) A(zt:) < Lt e for all [V;|* < i < |V

Proof. For part (a), it is sufficient to show that eventually A\;; < L _.,, which follows
by combining Lemma 3.3 with the asymptotics in Lemma 3.1. For parts (b)- (d), by the
correspondence in Proposition 5.2 it is sufficient to show that eventually

Lio +1< X jvije) < Leer — 1.
As in Lemma 3.3, by the min-max theorem, for each z € V,,
£(2) < M(2) < max{L,&(2)} + 2d.
The result then follows from the asymptotics in Lemma 3.1 O

5.3 Exponential decay of eigenfunctions and upper bound on eigenfunctions
at zero

In this subsection, we prove that the eigenfunctions ¢, ; corresponding to the largest
eigenvalues of H eventually localise with exponential decay away from the localisation
site z; ;. As a corollary, we bound the value of these eigenfunctions at the origin. Note
that these results mimic [3, Theorem 4.1], but with tighter control over the rate of the
exponential decay.

Proposition 5.5 (See [3, Theorem 4.1]). Eventually, for all 1 <i < |V;|%,

2 Mi—L
|S@t,z(2)| S 4 (1 + M) exp <_(1 - 615) log (t’%dt) |Z - Zt’il)

almost surely.

Proof. Proposition 5.5 is an application of [3, Theorem B.3] with the following notation:

L Ly, M) he L0 — L

d(1+0) R
5(*515, M(‘l_iw and K(*H/”
Note that for this application the assumptions [3, (B.25)-(B.29)] are implicitly verified
in the proof of [3, Theorem 4.1], since §; agrees with the ¢ used in that proof.? O

Corollary 5.6 (Exponential decay of eigenfunctions). Eventually, for all 1 < i < |V|%,

|2 — 24,
Y
¢, the asymptotics in part (b) of Lemma 5.4 imply that

log [pr,i(2)] < — (1— fi)loglogt almost surely.

Proof. Foralll <i< |V,

1
log(A¢; — Li) > —loglogt + O(1)
Y

almost surely. Applying Proposition 5.5 we get that, eventually,

1-9 t.
log [ipt,i(2)] < — Lzi — 2| loglogt (1 — 220
7 Y ’ loglogt

e — 2|

< (1= fi)loglogt

almost surely, since 1/loglogt = o(f;) and d; = o(f). O

2Note, however, that the § used in the proof of [3, Theorem 4.1] is not explicit, but can be inferred by jointly
considering [3, Lemma 4.3] and [3, B.28]. Note also that § depends on p.
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Corollary 5.7 (Upper bound on eigenfunctions at zero). There exists a ¢ > 0 such that
eventually, for all 1 < i < |V|5,

|t1|

log |¢:,:(0)] < — loglogt + ¢|z4|

almost surely.

Proof. Again, applying Proposition 5.5 and part (b) of Lemma 5.4 we have that

log [¢,i(0)] < |21 (—(1 — d¢) log(L¢,er — L¢) + log(2d)) + o(1)

< - Jze4] loglogt + |zt ;| + O(|2¢,:]0: log log t)

almost surely, which yields the result since §;loglogt = o(1), replacing ¢’ with some
c>c. O

5.4 Lower bound on eigenfunctions at zero

In this subsection, we prove a lower bound on the value of certain eigenfunctions
at zero. We only do this for very specific eigenfunctions, which satisfy an assumption
defined below. It will turn out that the eigenfunction associated to the localisation site
Zt(l’p ) satisfies this assumption.

Assumption 5.8. Introduce an auxiliary set
H()) = {x € Vila(z) > )\} .
An index i satisfies Assumption 5.8 if

min |z] > |z (1+ he) .
z€H (Mt i)

Before embarking on the proof of a lower bound, we need to introduce some well-
known tools from spectral theory, which are proved, for instance, in [3].

Lemma 5.9 (Path expansion over Ay,; see [3, Lemma A.2]). Consider the Hamiltonian
He = Ay, + ¢ on'V,, where ( is any potential field. Denote by G(\;x,y) the Green'’s
function associated with H.. Then for any x,y € V;,

Geniayy) = 3 T (A= ¢lu) ) (5.1)

I(z,y) vEV:

provided the series converges. Here the sum Zr(x, v) is taken over all paths
lie=v9g—v1 = —v,:=y inl

such that |v; —v;—1| = 1 for each 1 < i < m and each m € N (i.e. the nearest neighbour
paths in V; starting at x and ending at y); n,(I'(x,y)) denotes the number of times the
path I'(z,y) visits the site v € V; |I'(z,y)| := >_ oy, mo(L(7,y)) > |z — y|. Note that if
x = y and I'(z,z) = 0, then the corresponding summand in equation (5.1) is equal to

(A= ¢@)™

Lemma 5.10 (Cluster expansion; see [3, Lemma A~.1]). Fix a non-empty subset IT C V;.
For a positive field ¢ and any u € II let G¢(\; z,y), G (X 2, y) and géu)()\;x,y) denote the
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Green’s functions of the Hamiltonians H := Ay, +(, H¢ := Ay, + > vevan 6(2) 1y and
ﬁéu) = 7—~£< + (1) respectively. Then for any x,y € V;,

Ge(\iz,y) = Ge(Nz,y)
k
+5 Y M Nr ) (w) (1‘[ g*g"”u;uu,ul)c(ul)) Ge (s ur,y)
kEN viu1—--—ug =2

provided that the series converges. Here the sum ZW is taken over all ordered sets
Yiup —up — - —up Inll
such that u;_y # u; for each 2 < i < k, having length |y| = k — 1.

Below we show that the series in Lemma 5.9 converges in our setting, and results in
a lower bound on ¢, ; () for certain indices ¢ and sites x. However, to achieve this lower
bound, we need to apply the cluster expansion to the auxiliary set H(\,;) since paths
that hit H()\;;) might contribute negative terms in the path expansion with respect to
Atﬂ'.

Proposition 5.11. For any )\;; such that1 < i < |V,
T €V,

¢, and for any u ¢ H(\) and any

_C';(“)()\t,i;x,u) >0.

Proof. As in Proposition 5.5, [3, Theorem B.3] is valid for all 1 < ¢ < |V;|°. Moreover,
from the proof of [3, Theorem B.3], we conclude that [3, Theorem B.1] is also valid for
the same i’s. Hence, by [3, Theorem B.1(ii)], we have that \;; ¢ o(H(***)) so we can
apply the cluster expansion in Lemma 5.10 with II < {u} and ¢ < &1Ly, \nzoyug.) to
obtain the following resolvent identity:

Note that the series in Lemma 5.9 converges for G (A¢,i;z,u) by Lemma 5.4 and hence
the numerator in (5.2) is positive. It then suffices to show that

u ¢ H(Ai) = E(u)G(Aisu,u) < 1. (5.3)

Recall that, for u ¢ H(\;;), we have that \,; > S\j(u). Moreover, by [3, Remark B.5] we
know that \;(u) is the principal eigenvalue of H(*) if and only if \;(u) is the maximal
solution of the equation

G u,u) = 1/€(u) .

Finally, by Lemma 5.9 it follows that G(); u, ) is monotonically decreasing with A. These
three facts give us equation (5.3). O

Proposition 5.12. Forall1l <i < |V;|° and any « € B(z;, ht|z4]/3) U {0},

- 1

G w, 2,0) > O e
Proof. Proposition 5.12 follows from Lemma 5.9 since the sum in equation (5.1) is con-
vergent by the asymptotics in Lemma 5.4 and the definition of H. Moreover, every sum
along any path is positive, so we may bound the sum in equation (5.1) by the contribu-
tion from the shortest path x — --- — 2. O
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Proposition 5.13. Fix u € TI(%*) and v € TI*) \ {u}. Then for all 1 < i < |V;| and any
x € V,, the following hold:

=~ b()\tl) —A(N, _
i < ) (Ae,i)|lz—ul d
|g( t, ,x,u) = )\t,i(At,i — Lt)e an

By w) —aex -l |

‘Q(u)()\f,mvau” S f(u)

Proof. This follows from Lemma 5.10 and Lemma 5.9; see [3, Lemma B.2]. O

Lemma 5.14. For all 1 < i < |V;|° satisfying Assumption 5.8, and any = € V; such that
x € Bz, hel2e,i]/3) U {0},

GE I (N2, 204) > G i3 T, 204) + 0 (g()\t,i; x, Zfz)) .

Proof. From the proof of [3, Theorem 4.1] it follows that the series in the cluster expan-
sion in Lemma 5.10 is convergent with IT < TI(#9) \ {2, ;} and ¢ + §1y,\{z,.}- Denote by
uy — - - - — uy, an ordered set consisting of points from a set IT1(%+) \ {z:}

GE I (Neis, 204) = GNiis @, 204)
k

+Z Z g(ul)()\tz,l up)€(ur) (H ul) (Aeisui—1, up)€(u )) .C’;()\t,i;uk72t,i)

WﬁH()\t,i):

%) k
+Z Z G (N2, up)E (Hg U (g i 17Ul)§(ul)> G(Mtis Uk, 26.4)-

k=1 7Y:u1——uUg =2
YOH (Mt ,i)#D

The first summation on the right hand side is positive by Proposition 5.11. It remains to
show that the second summation is negligible, i.e. that

k

‘ Z Z GO (N 2, u1)€(up) (H g(ul)(At,i;ul—laUl)g('“l)) G(N\eis uk; 2e.4)

k=1 YU —r—ug, =2
YNH (A¢,i)#@

=0 (QN()\t,i;l”’ Zt,i)) .

First apply Proposition 5.13, which gives that this summation is bounded above by

)\t 2 —A(Xgi)|ur—z
PPN l—LtZ 2 BOwpupe

kelN v: Up—> UL
YOH (Ae,i)#D

k
% (H B()\ti’ul)eA()\t,i)lul—lull) e*A(At,i)\uk*Zt,i )
=2

Now use the bound A(\;)|uj—1 —uj| > (1—0;)A(Mi)|uwj—1 —uj| + 8 (I11(5) for each j in
the product, and let u; € H(\; ;) for the ordered set v in the above summation. Applying
lur — x| + Jug — ua| + -+ + |ug—1 — | > |w — Upyo| + -+ Jug — 25 > 0, and
the fact that the number of ordered sets is bounded above by |[IT(/*)|¥, we have that the
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summand is bounded above by

b(Ati)  —(1-s)AG)u—al
Ati(Ai — Ly)

k
X )| max B(Ay, u)e‘stA(/\t,i)r(H‘L”))
kele < welEo\{zei}

bAi)  —(1-s)A()u—al
~ Ai(Ari — Le)

Note that the last step is justified by [3, B.6], which is valid since [3, Theorem B.1] is
applicable, as in Proposition 5.11. There are now two cases to consider: (i) z = 0; and
(i) © € B(zt4, hel2ti]/3).

Case (i). Assumption 5.8 implies that |u;| > |z ;|(1 + h;), and so by Proposition 5.12
we get that

1 L CAV) BTG W TC B A T R0 P
g()\t,z‘; xz, Zt,i) At,i()‘t,i - Lt)

|z¢,:|(he =01 —0¢he)
=0 (const.ZM <)\“2(—iLt> )
=0 [eXp {|zm-| (10g(const.) _ (he = 0 = ul) log log t) H = o(1),
Y

since h;loglogt — oo and d, = o(h;). Note that in the last step we also bounded X, ; — L,
from below using the asymptotics in part (b) of Lemma 5.4.
Case (ii). Apply the bound

lwg — x| > |w — 25| — 20,0 — x| > helze il — |20 —
then, similarly to as in Case (i), by Proposition 5.12 we get that

1 o b(At,i) o A (1=80) (he 20 1]~ |20, —a])
Geisxyzeq)  Ari(Aei — L)

2 (1—6¢)he|zt,i|—(2—8¢) | 2¢,i —x|
= O <C0nst.|zt’iI| (W)

$he(1+0(1))]ze,1]
2d 3 s
=0 <const.|z’f"i| </\t_Lt> ) =o(1)

since |z; — x| < hy|ze4] /3. .

Proposition 5.15 (See [3, Theorem B.1(iii)]). Foralll <i < |V{|° and x € V,

. 2b(Ae) 1 Nao—zs
(i) (), .- N < S\ (1=8:)A(Ae,i) [z —20,3]
|g ( tis L, Zt,z) = )\t,i(At,i — Lt>e

Proof. As in Proposition 5.11, [3, Theorem B.1] is valid for all 1 < ¢ < |V;|°. O

Proposition 5.16 (Lower bound on eigenfunctions). For all 1 < i < |V;|° satisfying
Assumption 5.8 and any © € B(z, ht|z.:]/3) U {0}, eventually

e — =

log |¢1,i(z)| > (1+ f+)loglogt.

EJP 19 (2014), paper 58. ejp.ejpecp.org
Page 23/27


http://dx.doi.org/10.1214/EJP.v19-3203
http://ejp.ejpecp.org/

Complete localisation in the PAM with Weibull potential

Proof. Again, as in Proposition 5.11, [3, Theorem B.1] is valid for all 1 < i < |V;|¢, and

so we have that \; ; ¢ o(H*++)) and

Nl

ori(x) =G (A, z10) ( Z (G (A, Zt,i))2>

yeVL

Note that Proposition 5.12 and Lemma 5.14 imply that
log G*) (Npis 2, 2.4) > — (|05 — x| + 1) log Aei + o(1)

and Proposition 5.15 implies that

. 3 (M) 10s — L)
G Ay 24 2) < , _
<y;t( Prisy 20) M — L) MM — Ly —2d)

Combining all the above we conclude that
log |@¢,i(z)| > —|2t; — x| log A s + O(1) .
The result then follows from part (a) of Lemma 5.4, since 1/loglogt = o(f). O

Corollary 5.17 (Lower bound on eigenfunctions at zero). For any 1 < i < |V;|¢ satisfy-
ing Assumption 5.8 such that |z ;| < gy,

‘t1|

log [p1,:(0)] > — loglogt + o(tdzey) .

Proof. This follows from Proposition 5.16 since r.g; f; loglogt = o(td.es). O

6 Completing the Proof

In this section, we complete the proof of the auxiliary Theorem 2.3 using the results
obtained in Sections 4 and 5. Throughout this section we fix the constant ¢ from Corol-
lary 5.7, and also fix constants 0 < e < € < 0 as in Sections 4 and 5. For notational
convenience, abbreviate z,gj) = zm.gj) for j = 1,2. Recall also the event &, . from (4.6),

whose probability goes to 1 by Corollary 4.8.

6.1 Ancillary lemmas

Lemma 6.1 (Correspondence with j-local eigenvalues). Almost surely,

max | M\ (2) — A (2)] = o(dyey) .

zemn(Et,e)

Proof. As in Proposition 4.1, there is a path expansion for \,(z) with z € II(/t.<);

2<1<:<27F (2) 0<l<k¢ i
where I'} (2) is the set of all length k nearest neighbour paths
Z2=1yYg— Y1 — ... > Y =2 inV;

such that y; # z for all 1 < i < k. Since paths in I'}(z) that are not also in I'}(z, j)
must have length at least 2j + 2, and since j was chosen precisely so that 1/(L;. —
L;)?*! = o(d,), comparing equation (6.1) to the path expansion in Proposition 4.1 yields
the result. O
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Lemma 6.2 (Validity of Assumption 5.8). On the event &, ., each
2 € B (0128711 + h)) \ {27}

satisfies

)\t(Zt(Lp)) — 5\,5(2’) > dies + o(dtet) .

Proof. On the event &, ., and by the correspondence in Lemma 6.1, for such a z,

1,
2| — |27

dier < \ilgj)(Zt(l’p)) — \ilgj)(z) = S\t(Zt(l’p)) — M(2) + loglogt + o(dsey) .

Moreover, for such a z, we also have that

\Zfl’”)lht rigehy

_ Z(Lp)
lel =127 loglogt < TR loglogt = o(d:e:)

; loglogt <

Y
since g;h: = o(e;), which yields the result. O
Lemma 6.3 (Application of lower bound). On the event &; ., the following hold:

(a) There exists an index k; < |V;|° such that, eventually,

_ (1),
Zt,kt - Zt 9

(b) Moreover, 4
U, (k) > U9 (25 4 o(dyey) > an(1 — f,) + o(dsey) -

Proof. On the event &, . and from the correspondence in Lemma 6.1 we have
Ae(Z2)) > X289 4 oo(dyey) > T (Z5)) + o(deer) > ai(1 — f2) + o(dyey) .
On the other hand, by the asymptotics in part (d) of Lemma 5.4,
S\t;L‘VtIEJ < Lyer < ar(1— fi) + o(deey) .

Hence there exists an index k; < |V;|° such that 5\@;% = ;\t(Zt(l’p)) and by the correspon-

dence in Proposition 5.2 this implies that z; , = Zt(l’p )

. By Lemma 6.2, it can be seen
that k; satisfies Assumption 5.8, and since |Zt(1’p )| < r¢g; on the event &, ., we may apply
the lower bound in Corollary 5.17 to the index k;. Along with the correspondence in

Lemma 6.1 we get that

(1,p)

1 0 ~ (4 Z
Uy (k) = A, + Og|@+’%()‘ S 30z wloglogt + o(dser)
= U (Z{") + oldser) > an(1 = fi) + o(drer) O

Lemma 6.4 (Application of upper bound). On the event &, ., the following hold:

(a) The index igl) satisfies
i < Vil

(b) Moreover, 4
Uy (ifV) < TP (217) + o(dyer) .
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Proof. Combining Lemma 6.3 with the event &, . implies that
Apa» 2 U (i) > Wi (ke) > TP (Z0)) + odier) > ai(1 = f) + oldyer) .
On the other hand, by the asymptotics in part (c) of Lemma 5.4,

)‘t LIVele ] < Lt e < at(l — ft) + o(dtet)
and so zt < |V:|°. We may then apply the upper bound in Corollary 5.7 to the index zg ).
Combining this with the correspondence in Lemma 6.1 we get
(1) 1)
Wy 50Dy 2 | \ |
(i) < N (") -

loglogt + loglogt + o(d:e:)

=0 (=) + o(d ). =

Lemma 6.5 (Correspondence between z( ) and Zt(l’p)). On the event &, .,

Z}E ) — Zt(Lp)

eventually.

Proof. Let k; be as in Lemma 6.4 and assume that zt(l) # Zt(l’p ) = zt k,. Combining the
lower bound from Lemma 6.3 and the upper bound from Lemma 6.4, we have

@Q(Zfl”’)) > ‘ifgjc)( Nk dier > U (00) + doey + o(drer)
> Wy (ky) + dyey + o(diey) > \IJE )(Zt(l’p ) + dies + o(diey) .
On the other hand, on the event &, .
Z (17/))|

(B2 = B9 (Z57)] = |e| 2 loglogt = o(dye;)

giving a contradiction. O

6.2 Completion of the proof of the auxiliary Theorem 2.3

We are now in a position to establish the auxiliary Theorem 2.3, which we prove sub-
ject to the event &, ., since this event holds eventually with overwhelming probability.

First, consider part (a) of Theorem 2.3. Let k; be as in Lemma 6.4, and remark
that Lemma 6.5 implies that k; = 4, ) There are two cases to consider: (i) 1(2) > |Vi|*

and (ii) i§2) < |V4|°. In the first case, combine the lower bound in Lemma 6.3 with the
asymptotics in part (c) of Lemma 5.4 to get that

\I/t(Z](fl)) \I/t(li )) > at(l — ft) — Lt75// + o(dtet) > dtet

which yields the result. In the second case, we may apply the upper bound in Corollary
5.7 to the index i§2>. Combining this bound with the correspondence in Lemma 6.1 and
the lower bound in Lemma 6.3, we get that eventually

W, (4 (1 )) U, (i (2)) > \I/(j)( 1 )) _ \i,( )( (2)) + o(dser)
|27
t

> dtet - |C|

loglogt + o(dier) > diey + o(drey) .

Consider now part (b) of Theorem 2.3. The first statement follows trivially from the
fact that |Zt(1”’ )| < rig:. The second statement is proved by applying the upper bound
on eigenfunctions in Corollary 5.6 and the lowerbound on eigenfunctions in Proposition
5.16 to the index igl), which is valid since igl) satisfies Assumption 5.8. Then, make the
correspondence in Lemma 6.5, and remark that k7, = o(h,|Z, (1) |). The third statement
follows by applying the upperbound on eigenfunctions in Corollary 5.6 to the index zg ),

and summing over all z € V; \ B,.
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