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A gap in the proof of our estimates for odd moments in [3] is fixed.
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Dr. Ian Morris (University of Surrey) kindly pointed out that our application of De-
lange’s Tauberian theorem contains a gap, which arises from the fact that Ds(s) (and
thus Dj(s)) has a branch-type singularity at p; see (0.1) below. Thus the function G (pp.
350-351 in our paper [3]) in the statement of Delange’s Tauberian theorem fails to be
analytic at p. This gap can be readily filled by the following arguments.

We first show that D; has a branch singularity at s = p. Letk =20 -1, ¢ > 1.
Consider (same notations as in [3])

Di(s):=> 17" am(n) ((m — plogn)* + (logn)k/2)27

n=1 m=0

Dy(s) := Z n=*° Z am(n) ((m — plogn)®* + (logn)")

n>1 m2=0
= Mai(s) + (=1)* AW (s),
and N
Dy(s) i= 3(D1(s) = Da(s)) = (*1)%*1/2/ MO (s + )72 at.
0
By induction using the recurrence (Eq. (2.11) in [3])
My(s) = 2~ > N MBe5) (k=)
BT TP j )Pk >

0<i<k
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with Mo(s) = 1/(1 — P(s)), where By(s) := Yo ), (5) PO (s), we deduce the local
expansion

Mi(s) = > ¢i(s—p) + Hy(s),

1<j<k+1

for some coefficients ¢;, where the generic symbol H.(s) represents an analytic function
for R(s) > ¢, not necessarily the same at each occurrence. This in turn yields

Da(s) = (1) S LU s ) T ), ©.1)
1<j<k+1

= (s — p) I+ 2(71)Z Z M (s — p)7j+1/2 + H,(s), (0.2)

1<j<k+1 1<j<k+1 (=1
for some coefficients ¢;.

Thus, due to the presence of the branch singularity at s = p, we cannot apply the
Tauberian theorem as that stated in [3]. However, as pointed out to us by Dr. Morris,
we can apply the more general version of Delange’s Tauberian theorem (also due to
Delange; see [1, Theorem III] or [2, Theorem A]).

Let F(s) := ., a(n)n™° be a Dirichlet series with nonnegative coefficients
and convergent for ®(s) > o > 0. Assume (i) F(s) is analytic for all points on
R(s) = o except at s = g; (ii) for s ~ g, N(s) > o,

F _ -B
@ =Gogit 2 (-0VCE+HE)  (8>0),
1<j<m
where m > 0, R(3;) <  and G, H and the G;’s are analytic at s = ¢ with
G(0) # 0. Then

a(n NiG(Q) 2(1o p-1
D aln) ~ mrsNe(log N)

as N — oo.

An alternative approach to fill the gap, still relying on the Tauberian theorem stated
in [3], is to subtract from D; suitable functions having the same local expansion near p.
More precisely, define

Zn *(logn)®  (a>0).

n=2

Then (m := |«] and 6 := {a})

(=p)m*! 1 0
Zmio(s) = Fi/ ¢ (s 4 )70 dt,

where (¢ denotes Riemann’s zeta function. Note that

1
¢(s) = — + entire function,
5 _
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so that
=T(1+a)(s—1)""">+ Hy(s)
Now let

e
Dy(s) := —2(—1)" Z Fjl)'Zj,g/g(s—i—l —p)+CZk(s+1-p),
1<<h+L '

where C' is chosen so large that D, has only nonnegative coefficients. This and (0.2)
yield
Di(s)+Da(s) = > (s—p) 7 +CT(k+1)(s—p) "' + Hy(s).
1<j<k+1
Thus we can apply Delange’s Tauberian theorem (in the form stated in [3]) to D1 (s) +
Dy(s) and obtain an asymptotic approximation to the partial sum of the coefficients.
More precisely, let [n~*] f(s) denote the coefficient of n~° in the Dirichlet series f(s) =

> ns1fan . Then

> (7 (D1(s) + Das)) ~ p (B2 +C) NP(og VY-
n<N

But we also have, by definition,

S [ o)Da(s) = —2(-1)" Y ﬁ 3w ogn)y =2+ 0 S 0P (logn)®

n<N 1<j<k+1 "N n<N
~ Cp~'N*(log N)*.

Thus we conclude that

> [ Di(s) ~ EEL NP (log ),
pk!
n<N
as required.
Acknowledgments. We are indebted to Dr. Ian Morris for drawing our attention to the
gap of our proof and for helpful technical comments.
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