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On the optimal stopping of
a one-dimensional diffusion”
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Abstract
We consider the one-dimensional diffusion X that satisfies the SDE

dX; = b(X;) dt + o(X;) dW, (SDE)

in the interior intZ = ]a, B[ of a given interval Z C [—o0, o0], where b,o : intZ —
R are Borel-measurable functions and W is a standard one-dimensional Brownian
motion. We allow for the endpoints « and 3 to be inaccessible or absorbing. Given
a Borel-measurable function r : Z — R that is uniformly bounded away from 0, we
establish a new analytic representation of the r(-)-potential of a continuous additive
functional of X. Furthermore, we derive a complete characterisation of differences
of two convex functions in terms of appropriate r(-)-potentials, and we show that a
function F' : T — Ry is r(+)-excessive if and only if it is the difference of two convex
functions and —(30°F” + bF’ — rF) is a positive measure. We use these results to
study the optimal stopping problem that aims at maximising the performance index

E, |:eXp (— /OT r(Xt)dt> f(Xf)1{7<oo}}

over all stopping times 7, where f : Z — R is a Borel-measurable function that may
be unbounded. We derive a simple necessary and sufficient condition for the value
function v of this problem to be real-valued. In the presence of this condition, we
show that v is the difference of two convex functions, and we prove that it satisfies
the variational inequality max { 6°v” + bv’ — rv, f —v} = 0 in the sense of distribu-
tions, where f identifies with the upper semicontinuous envelope of f in the interior
intZ of Z. Conversely, we derive a simple necessary and sufficient condition for a so-
lution to this variational inequality to identify with the value function v. Furthermore,
we establish several other characterisations of the solution to the optimal stopping
problem, including a generalisation of the so-called “principle of smooth fit”. In our
analysis, we also make a construction that is concerned with pasting weak solutions
to (SDE) at appropriate hitting times, which is an issue of fundamental importance
to dynamic programming.
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Optimal stopping of a one-dimensional diffusion

1 Introduction

We consider the one-dimensional diffusion X that satisfies the stochastic differential
equation

in the interior int Z = ]o, B[ of a given interval Z C [—o0, oo]. We assume that b,o : intZ —
R are Borel-measurable functions satisfying appropriate local integrability and non-
degeneracy conditions ensuring that the SDE (1.1) has a weak solution that is unique
in the sense of probability law up to a possible explosion time at which X hits the
boundary {«, 8} of Z (see Assumption 2.1 in Section 2). If the boundary point « (resp.,
p) is inaccessible, then the interval Z is open from the left (resp., open from the right),
while, if « (resp., 8) is not inaccessible, then it is absorbing and the interval 7 is closed
from the left (resp., closed from the right).

In the presence of Assumption 2.1, a weak solution to (1.1) can be obtained by first
time-changing a standard one-dimensional Brownian motion and then making an ap-
propriate state space transformation. This construction can be used to prove all of the
results that we obtain by first establishing them assuming that the diffusion X iden-
tifies with a standard one-dimensional Brownian motion. However, such an approach
would hardly simplify the formalism because the data b (resp., o) appear in all of the
analysis exclusively (resp., mostly) though the operators £, £.. defined by (3.2)-(3.3)
below. Furthermore, deriving the general results, which are important because many
applications assume specific functional forms for the data b and ¢, by means of this
approach would require several time changes and state space transformations, which
would lengthen the paper significantly.

Given a point z € intZ, we denote by L? the right-sided local time process of X
at level z (see Revuz and Yor [35, Section VI.1] for the precise definition of L? and
its properties). Also, we denote by B(J) the Borel o-algebra on any given interval
J C [~00,00]. With each signed Radon measure x on (intZ, B(int Z)) such that =2 is
locally integrable with respect to ||, we associate the continuous additive functional

B z
Al :/a oQL(tz) wu(dz), te[0,Ta NTg], (1.2)
where T,, (resp., Tj) is the first hitting time of o (resp., ). It is worth noting that (1.2)
provides a one-to-one correspondence between continuous additive functionals of the
Markov process X and signed Radon measures on (int Z, B(int I)) (see Theorem X.2.9,
Corollary X.2.10 and the comments on Section 2 at the end of Chapter X in Revuz and
Yor [35]). We also consider a discounting rate function r : Z — R, we assume that this
is a Borel-measurable function that is uniformly bounded away from 0 and satisfies a
suitable local integrability condition (see Assumption 2.2 in Section 2), and we define

t
0

Given a signed Radon measure p on (intZ, B(int 7)), we consider the r(-)-potential
of the continuous additive functional A*, which is defined by

Ta /\Tﬁ
/ e M dAl
0

Ru(z) = E, . (1.4)

We recall that a function F' : intZ — R is the difference of two convex functions if and
only if its left-hand side derivative F”’ exists and its second distributional derivative is
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a measure, and we define the measure LF' by
1
LF(dz) = 502(x)F”(d1‘) +b(x)F' (z)dz — r(z)F(z) d.

In the presence of a general integrability condition ensuring that the potential R, is
well-defined, we show that it is the difference of two convex functions, the measures
LR, and —u are equal, and

_2 @ ¥(s) Ot 2ol p(s) )
Ruw) = Giota) | s ntan + gt [ B s

2

_ p)vls) { v(s) () }m i),
Jo,8] Co?(s)p'(s) ¥(z) p(z)

where C > 0 is an appropriate constant, p : intZ — R is the scale function of X, and

@, : intZ — ]0,00[ are C' functions with absolutely continuous with respect to the
Lebesgue measure first derivatives spanning the solution space of the ODE

(1.5)

S0 (@) () + b(a)g/ (@) — r()g() = O

and such that ¢ (resp., ¢) is decreasing (resp., increasing) (see Theorem 4.2). If the
signed measure ;" is absolutely continuous with respect to the Lebesgue measure with
Radon-Nikodym derivative given by a function h, then the potential R,. admits the

expressions
Tx /\T[j
/ e Mn(Xy) dt
0

_2 T “”71/)(3) s)ds 2 x Bigp(s) s)ds
- 590 [ ot o | s a9

(see Corollary 4.5 for this and other related results). Conversely, we show that, under
a general growth condition, a difference of two convex functions F : intZ — R is

such that (a) both limits lim,, F'(y)/¢(y) and lim,4g F(y)/9¢(y) exist, (b) F' admits the
characterisation

F(z) = lim Mg@(x) + R_,p(z) + lim M1/1(96), (1.7)

y18 ¥(y)
and (c) an appropriate form of Dynkin’s formula holds true (see Theorem 4.3). With a
view to optimal stopping, we use these results to show that a function F' : 7 — Ry is
r(-)-excessive if and only if it is the difference of two convex functions and —LF is a
positive measure (see Theorem 5.1 for the precise result).

If r is constant, then general theory of Markov processes implies the existence of
a transition kernel «” such that R,(z) = f]mﬁ[u"(a:,s)u(ds) (see Meyer [29] and Re-
vuz [34]). If X is a standard Brownian motion, then

1
u'(xz,8) = \/ﬂe*\/ﬁlmﬂl

3

(see Revuz and Yor [35, Theorem X.2.8]). The general expression for this kernel pro-
vided by (1.5) is one of the new contributions of this paper. On the other hand, the
identity in (1.6) is well-known and can be found in several references (e.g., see Borodin
and Salminen [8, 11.4.24]). Also, Johnson and Zervos [21] prove that the potential given
by (1.4) admits the analytic expression (1.5) and show that the measures LR, and —u
are equal if both of the endpoints « and 3 are assumed to be inaccessible.
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The representation of differences of two convex functions given by (1.7) is also new.
Such a result is important for the solution to one-dimensional infinite time horizon
stochastic control as well as optimal stopping problems using dynamic programming.
Indeed, the analysis of several explicitly solvable problems involve such a representa-
tion among their assumptions. For constant , Salminen [37] considered more general
one-dimensional linear diffusions than the one given by (1.1) and used Martin boundary
theory (the results derived by Dynkin [15] and Kunita and Watanabe [25], in particular)
to show that every r-excessive function admits a representation that is similar to but
much less straightforward than the one in (1.7). Since a function on an open interval is
the difference of two convex functions if and only if it is the difference of two excessive
functions (see Cinlar, Jacod, Protter and Sharpe [11]), the representation derived by
Salminen [37] can be extended to differences of two convex functions. However, it is
not straightforward to derive such an extension of the representation in Salminen [37]
from (1.7) or vice-versa when the underlying diffusion satisfies (1.1) and r is constant.

The new result that a function F' is r(-)-excessive if and only if it is the difference of
two convex functions and —LF is a positive measure is perhaps the simplest possible
characterisation of excessive functions because it involves only derivative operators.
In fact, we show that this result is equivalent to the characterisations of excessive
functions derived by Dynkin [16] and Dayanik [12] (see Corollary 5.2).

We use the results that we have discussed above to analyse the optimal stopping
problem that aims at maximising the performance criterion

E, |:exp (- /OTT(Xt)dt) f(XT)l{T<OO}] (1.8)

over all stopping times 7, assuming that the reward function f is a positive Borel-
measurable function that may be unbounded (see Assumption 2.2 in Section 2). We
first prove that the value function v of this optimal stopping problem is the difference
of two convex functions and satisfies the variational inequality

1 _
max{202v” +b —rv, f— v} =0 (1.9

in the sense of distributions, where f is defined by

limsup,, ,, f(y), ifz€intZ,
flz) =4 f(a), if o is absorbing and z = ¢, (1.10)
f(8), if 3 is absorbing and = = f3

(see Definition 6.2 and Theorem 6.3.(I)-(II) in Section 6). This result provides sim-
ple criteria for deciding which parts of the interval Z must be subsets of the so-called
waiting region. Indeed, the derived regularity of v implies that all points at which the
reward function f is discontinuous as well as all “minimal” intervals in which f cannot
be expressed as the difference of two convex functions (e.g., intervals throughout which
f has the regularity of a Brownian sample path) should be parts of the closure of the
waiting region. Similarly, the support of the measure (£f)" in all intervals in which L f
is well-defined should also be a subset of the closure of the waiting region.

We then establish a verification theorem that is the strongest one possible because
it involves only the optimal stopping problem’s data. In particular, we derive a simple
necessary and sufficient condition for a solution w to (1.9) in the sense of distributions
to identify with the problem’s value function (see Theorem 6.4.(1)-(II)).

These results establish a complete characterisation of the value function v in terms
of the variational inequality (1.9). Indeed, they imply that the restriction of the optimal
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stopping problem’s value function v in intZ identifies with the unique solution to the
variational inequality (1.9) in the sense of Definition 6.2 that satisfies the boundary
conditions

f(y) . o(y) . f()

, vy) _ .
lim = limsup —/= and lim —=< =limsup —=.
veitZyla @(y)  yla @(Y) yeint Z,y18 Y (y) vts ()

It is worth noting that, if « (resp., ) is absorbing, then the corresponding boundary
condition is equivalent to

ye€intZ, yla yla yEint Z, y18 1B

lim  w(y) = limsup f(y) <resp., lim  4(y) = limsup f(y))

(see (2.13)-(2.14)). Also, it is worth stressing the precise nature of these boundary
conditions. The limits on the left-hand sides are taken from inside the interior int Z of 7
and they indeed exist. On the other hand, the limsups on the right-hand sides are taken
from inside 7 itself. Therefore, if, e.g., a is absorbing, then we are faced either with

v(@) = fla)= _lim w(y) =limsup f(y), if f(a)=limsup f(y) > limsup [f(y),
yeEntZ, yla yla yla yeintZ, yla

vl@) = fla) < _lim  u(y) =limsup f(y), if f() < limsup f(y) = lmsup f(y).
y€intZ, yla ylo yla y€int T, yla

Furthermore, we prove that
v(z) = inf{ Ap(z) + By(z) | A,B>0and Ap+ By > f} (1.11)

for all z € intZ (see Theorem 6.4.(III)). In fact, this characterisation can be used as a
verification theorem as well (see also the discussion further below).

In the generality that we consider, an optimal stopping time might not exist (see
Examples 8.1-8.4 in Section 8). Moreover, the hitting time of the so-called “stopping
region”, which is given by

T =if{t>0] v(X,) = f(X0)}, (1.12)

may not be optimal (see Examples 8.2 and 8.4). In particular, Example 8.2 shows that
7* may not be optimal and that an optimal stopping time may not exist at all unless f
satisfies appropriate boundary / growth conditions. Also, Example 8.4 reveals that 7*
is not in general optimal if f # f. In Theorem 6.3.(III), we obtain a simple sequence of
e-optimal stopping times if f is assumed to be upper semicontinuous, and we show that
T* is an optimal stopping time if f satisfies an appropriate growth condition.

Building on the general theory, we also consider a number of related results and
characterisations. In particular, we obtain a generalisation of the so-called “principle of
smooth fit” (see part (III) of Corollaries 7.2, 7.3 and 7.4 in Section 7).

In view of the version of Dynkin’s formula (4.41) in Corollary 4.5, we can see that, if
h is any function such that R,» given by (1.6) is well-defined, then

sup E,.
T

T/\Ta/\Tg
/ e_Ath’(Xt) dt + eiATATQATﬁ f(X'r)]-{'r<oo}
0

= Rn(x) +supE, [eiATAT”ATﬁ (f = Run) (XT/\TQ/\Tg)l{r<oo}}

= Ry () +sup By [0 (F = Ry )" (Xongonm)lipeny| - (1113)
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Therefore, all of the results on the optimal stopping problem that we consider gener-
alise most trivially to account for the apparently more general optimal stopping problem
associated with (1.13).

The various aspects of the optimal stopping theory have been developed in sev-
eral monographs, including Shiryayev [38], Friedman [18, Chapter 16], Krylov [24],
Bensoussan and Lions [7], El Karoui [17], Dksendal [30, Chapter 10] and Peskir and
Shiryaev [32]. In particular, the solution to optimal stopping problems using classi-
cal solutions to variational inequalities has been extensively studied (e.g., see Fried-
man [18, Chapter 16], Krylov [24] and Bensoussan and Lions [7]). Results in this di-
rection typically make strong regularity assumptions on the problem data (e.g., the
diffusion coefficients are assumed to be Lipschitz continuous). To relax such assump-
tions, Jksendal and Reikvam [31] and Bassan and Ceci [4] have considered viscosity
solutions to the variational inequalities associated with the optimal stopping problems
that they study. The complete characterisation of the value function of the optimal stop-
ping problem we study in terms of solutions to the variational inequality (1.9) in the
sense of distributions is genuinely new. The only results of a similar nature that exist in
the theory of optimal stopping have been derived by Lamberton [26] who proved that
the value function of the finite version of the problem we consider here satisfies its
associated variational inequality in the sense of distributions. Furthermore, we are not
aware of any such results in the wider stochastic control literature.

Relative to the optimal stopping problem that we consider here when r is constant,
Dynkin [14] and Shiryaev [38, Theorem 3.3.1] prove that the value function v identi-
fies with the smallest r-excessive function that majorises the reward function f if f is
assumed to be lower semicontinuous. Also, Shiryaev [38, Theorem 3.3.3] proves that
the stopping time 7* defined by (1.12) is optimal if f is assumed to be continuous and
bounded, while Salminen [37] establishes the optimality of 7* assuming that the small-
est r-excessive majorant of f exists and f is upper semicontinuous. All of these results
follow immediately from the analysis we present here, which considers non-constant
discounting rates r and just Borel-measurable as well as unbounded reward functions
f. Recently, Dayanik and Karatzas [13] and Dayanik [12], who also considers random
discounting instead of discounting at a constant rate r, addressed the solution to the
optimal stopping problem by means of a certain concave characterisation of excessive
functions. In particular, they established a generalisation of the so-called “principle of
smooth fit” that is similar to, though not the same as, the one we derive here.

There are numerous special cases of the general optimal stopping problem we con-
sider that have been explicitly solved in the literature. Such special cases have been
motivated by applications or have been developed as illustrations of various general
techniques. In all such cases, the analysis relies on some sort of a verification the-
orem. Existing verification theorems for solutions using dynamic programming and
variational inequalities typically make strong assumptions that are either tailor-made
or difficult to verify in practice. For instance, Theorem 10.4.1 in @ksendal [30] in-
volves Lipschitz as well as uniform integrability assumptions, while, Theorem 1.2.4 in
Peskir and Shiryaev [32] assumes the existence of an optimal stopping time, for which,
a sufficient condition is provided by Theorem I1.2.7. Alternatively, they assume that the
so-called stopping region is a set of a simple specific form (e.g., see Riischendorf and
Urusov [36] or Gapeev and Lerche [19]) or that the reward function f is piece-wise
smooth (see Presman [33]). The verification theorem that we establish here, which is
the best possible one because it involves the problem’s data only, suffers from no such
criticisms whatsoever.

Using martingale and change of measure techniques, Beibel and Lerche [5, 6],
Lerche and Urusov [28] and Christensen and Irle [10] developed an approach to de-
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termining an optimal stopping strategy at any given point in the interval Z. Similar
techniques have also been extensively used by Alvarez [1, 2, 3], Lempa [27] and refer-
ences therein. To fix ideas, we consider the following representative cases that can be
associated with any given initial condition = € Z. If there exists a point d; > z such that

Oy = supM _ 1) (1.14)
€L

(x)  (dr)’
then v(z) = Cy9(x) and the first hitting time of {d;} is optimal. Alternatively, if there
exist points x € ]0,1[ and ¢z < z < dg such that

. f()
G2 = @) T (- m)e(@)

_ fle2) _ f(d2) (1.15)
wp(e2) + (1 = K)p(c2)  Kp(da) + (1 — K)p(d2)’ '

then v(z) = kCotp(z) + (1 — K)Cop(x) and the first hitting time of {c2,d2} is optimal.
On the other hand, if z is a global maximiser of the function f/(Ay + By), for some
A,B > 0, then z is in the stopping region and v(x) = f(z). It is straightforward to
see that the conclusions associated with each of these cases follow immediately from
the representation (1.11) of the value function v (see also Corollary 7.1 and part (II) of
Corollaries 7.2, 7.3 and 7.4). It follows that (1.11) presents a unifying new character-
isation that implies the main results obtained in all of the references discussed at the
beginning of this paragraph.

In view of its corollaries, we can see that (1.11) effectively presents a verification
theorem of a local character. Indeed, its application invariably involves “guessing”
the structure of the waiting and the stopping regions, which is an issue that hardly
arises when addressing the solution to optimal stopping problems using variational
inequalities (see also the discussion after (1.10) above). Also, e.g., (1.14) on its own does
not allow for any conclusions for initial conditions x > d; (see Example 8.5). It is also
worth noting that, if f is C!, then this approach is effectively the same as application
of the so-called “principle of smooth fit”: first order conditions at d; (resp., ¢, d2) and
(1.14) (resp., (1.15)) yield the same equations for d;, C; (resp. co, ds, k, C3) as the
one that the “principle of smooth fit” yields (see also the generalisations in part (III) of
Corollaries 7.2, 7.3 and 7.4).

In stochastic analysis, a filtration can be viewed as a model for an information flow.
Such an interpretation gives rise to the following modelling issue. Consider an observer
whose information flow identifies with a filtration (). At an (#:)-stopping time 7, the
observer gets access to an additional information flow, modelled by a filtration (G;),
that “switches on” at time 7. In this context, we construct a filtration that aggregates
the two information sources available to such an observer (see Theorem (8.6)). Build-
ing on this totally new construction, we address the issue of pasting weak solutions to
(1.1), or, more, generally, the issue of pasting stopping strategies for the optimal stop-
ping problem that we consider, at an appropriate stopping time (see Theorem (8.7) and
Corollary 8.8). Such a rather intuitive new result is fundamental to dynamic program-
ming and has effectively been assumed by several authors in the literature (e.g., see
the proof of Proposition 3.2 in Dayanik and Karatzas [13]).

The paper is organised as follows. In Section 2, we develop the context within which
the optimal stopping problem that we study is defined and we list all of the assumptions
we make. Section 3 is concerned with a number of preliminary results that are mostly
of a technical nature. In Section 4, we derive the representation (1.5) for r(-)-potentials
and the characterisation (1.7) of differences of two convex functions as well as a number
of related results. In Section 5, we consider analytic characterisations of r(-)-excessive
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functions, while, in Section 6, we establish our main results on the optimal stopping
problem that we consider. In Section 7, we present several ramifications of our general
results on optimal stopping, including a generalisation of the “principle of smooth fit”.
In Section 8, we consider a number of illustrating examples. Finally, we develop the
theory concerned with pasting weak solutions to (1.1) in the Appendix.

2 The underlying diffusion and the optimal stopping problem
We consider a one-dimensional diffusion with state space an interval of the form
I=]a,B] or T=[a,B] or Z=]a,f] or I=]a,pl, (2.1)

for some endpoints —occ < a < S < oo. Following Definition 5.20 in Karatzas and
Shreve [22, Chapter 5], a weak solution to the SDE (1.1) in the interval 7 is a collection
S: = (Q,F, F, P, W, X) such that (Q, F, F;, P,) is a filtered probability space satisfying
the usual conditions and supporting a standard one-dimensional (F;)-Brownian motion
W and a continuous (F;)-adapted Z-valued process X. The process X satisfies

t/\T@/\TB
/ [6(X.)] + 0 (Xu)] du < 00 (2.2)
0
and

t/\Ta/\TB t/\Ta/\TE
Xintonty = @ + / b(X.) du + / o(Xy) AW, (2.3)
0 0

forallt >0and a < @ < z < 8 < 3, P,-a.s.. Here, as well as throughout the paper, we
denote by T, the first hitting time of the set {y}, which is defined by

T,=inf{t>0| X, =y}, foryce]la,p],

with the usual convention that inf() = oo. The actual choice of the interval Z from
among the four possibilities in (2.1) depends on the choice of the data b and ¢ through
the resulting properties of the explosion time T;, A T at which the process X hits the
boundary {«, 8} of the interval Z. If the boundary point « (resp., ) is inaccessible, i.e.,
if
P, (T, <o0) =0 (resp., P,(Ts < o0) =0),

then the interval Z is open from the left (resp., open from the right). If a (resp., 8) is
not inaccessible, then it is absorbing and the interval Z is closed from the left (resp.,
closed from the right). In particular,

L Q, 1 Tm —ToNTg « for all t > T, A Tp. (2.4)
B, if limy 7 A1y Xu = B,

The following assumption ensures that the SDE (1.1) has a weak solution in Z, as
described above, which is unique in the sense of probability law (see Theorem 5.15 in
Karatzas and Shreve [22, Chapter 5]).

Assumption 2.1. The functions b, o : int Z — R are Borel-measurable,

o%(x) >0 forallz €intZ =]a, A, (2.5)
and
B1ap _
/ mds<oo foralla<a< fp<p. (2.6)
a 02%(s)
O
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This assumption also implies that, given ¢ € int Z fixed, the scale function p, given by

p(z) = /C exp (—2 /C :2((% du) ds, forz €intZ, (2.7)

is well-defined, and the speed measure m on (int Z, B(Z)), given by

2
= 2@ ™

is a Radon measure. At this point, it is worth noting that Feller’s test for explosions
provides necessary and sufficient conditions that determine whether the solution of
(1.1) hits one or the other or both of the boundary points «, 8 in finite time with positive
probability (see Theorem 5.29 in Karatzas and Shreve [22, Chapter 5]).

We consider the optimal stopping problem, the value function of which is defined by

m(dx) (2.8)

v(z) = sup E, [eiATf(XT)l{TQ)O}] = sup J(S;7), forzelZ, (2.9)
(84,7)ET2 (82,7)ET:

where
J(SuL, 7') = El [B_ATATO‘ATB f(X‘r/\Ta/\TB)]-{T<oo}:| )

the discounting factor A is defined by (1.3) in the introduction, and the set of all stopping
strategies 7T, is the collection of all pairs ($,,7) such that $, is a weak solution to (1.1),
as described above, and 7 is an associated (F;)-stopping time.

We make the following assumption, which also implies the identity in (2.9).

Assumption 2.2. The reward function f : 7 — R, is Borel-measurable. The discount-
ing rate function r : 7 — R, is Borel-measurable and uniformly bounded away from 0,
i.e., r(x) > ro for all z € Z, for some ry > 0. Also,

0—2
% (S)

a

In the presence of Assumptions 2.1 and 2.2, there exists a pair of C'! with absolutely
continuous first derivatives functions ¢, : Z — R such that ¢ (resp., ¥) is strictly
decreasing (resp., increasing), and

o(z) = (yY)E, [e ] = o(y)E, [e 1, <1,y] forally <z, (2.11)
(@) = P(Y)Ey [e ] = () Ey [e 1z, <1,y] foralla <y, (2.12)

for every solution 3, to (1.1). Also,
if v is absorbing, then ¢(«a) == 161&1 p(z) < co and P(«) := ggw(m) =0, (2.13)
if 8 is absorbing, then ¢(5) := E%rﬁl w(x) =0and Y(5) := }gx{} P(z) < o0, (2.14)
and, if « (resp., B) is inaccessible, then &12 o(z) = oo (resp., 5%% Y(x) =00). (2.15)

An inspection of these facts reveals that, in all cases,

V)  .oely)

im —= = lim —= = (2.16)
vl @(y) w18 ¥(y)
The functions ¢ and v are classical solutions to the homogeneous ODE
1
507 (@)g" (@) + b(w)g'(x) — r(2)g(x) =0, (2.17)
EJP 18 (2013), paper 34. ejp.ejpecp.org
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and satisfy
o(z)Y (z) — o' (z)Y(x) = Cp'(x) forallz € Z, (2.18)

where C = p(c)Y'(¢) — ¢’'(¢)¥(c) and p is the scale function defined by (2.7). Further-
more, given any solution 3, to (1.1),

the processes (e “*¢(X;)) and (e **¢(X;)) are local martingales. (2.19)

The existence of these functions and their properties that we have listed can be found
in several references, including Borodin and Salminen [8, Section II.1], Breiman [9,
Chapter 16], and It6 and McKean [20, Chapter 4].

3 Preliminary considerations

Throughout this section, we assume that a weak solution $,. to (1.1) has been asso-
ciated with each initial condition x € int Z. We first need to introduce some notation.
To this end, we recall that, if g : intZ — R is a function that is the difference of two
convex functions, then its left-hand side first derivative ¢’ exists and is a function of
finite variation, and its second distributional derivative ¢’ is a measure. We denote by

9" (dx) = gy (x) dx + gs(dx) (3.1)

the Lebesgue decomposition of the second distributional derivative ¢”(dz) into the mea-
sure g..(z) dx that is absolutely continuous with respect to the Lebesgue measure and
the measure g/(dz) that is mutually singular with the Lebesgue measure. Note that
the function ¢!, identifies with the “classical” sense second derivative of g, which exists
Lebesgue-a.e.. In view of these observations and notation, we define the measure Lg

on (intZ, B(int 7)) and the function L,cg : intZ — R by
1
Lg(dx) = iaz(x)g”(dx) +b(x)g" (x)dr — r(z)g(x) dx (3.2)
and

Lacg(r) = 30> (@)glix) + D(w)g(x) — r(2)g(). (3.3)

Given a Radon measure yp on (int Z, B(int I)) such that o2 is locally integrable with
respect to |u|, we consider the continuous additive functional A* defined by (1.2) in
the introduction. Given any t < T, A Tj, Aﬁ‘ is well-defined and real-valued because
a < infy<; X < sup,«, X5 <  and the process L* increases on the set {X, = z}. Also,
since L? is an increa_sing process, A" (resp., —A") is an increasing process if i (resp.,
—u) is a positive measure. The following result is concerned with various properties of
the process A* that we will need.

Lemma 3.1. Let ;1 be a Radon measure on (intI,B(intI)) such that o~ 2 is locally
integrable with respect to |u|, consider any increasing sequence of real-valued Borel-
measurable functions (¢,,) on Z such that

0<(u(z)<1 and lim (u(z) =1, p-ae., (3.4)

n—oo

and denote by 1i,, the measure defined by

un(T) = /F(n(z)u(dz), forT € B(int T). (3.5)

EJP 18 (2013), paper 34. ejp.ejpecp.org
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Alnl is a continuous increasing process,
AP = AR = AR AT Al =gt ae (3.6)

and

lim E,

n—oo

=T,

forall x € intZ. (3.7)

TarTs il EA A
e M dAyT e MdA)
0 0

Proof. The process Al*! is continuous and increasing because this is true for the local
time process L* for all z € Z. Also, (3.6) can be seen by a simple inspection of the
definition (1.2) of A*. To prove (3.7), we have to show that, given any x € intZ,

lim By [1{),7,] = Ba [I1, a1,] (3.8)

n—oo
where
t t
™= / e M dAlinl and I, = / e~ M dAl fort € [0, Ty ATp).
0 0

To this end, we note that (3.4) and the monotone convergence theorem imply that the
sequence (A"} increases to Al"! for all t < T, A T as n — oo, because

B Iz B Iz
A = [l = [ LG ), fort 0T, AT

Also, we use the integration by parts formula to calculate

t t
/ e M gAlinl = =i glinl / e Mup(X, ) APl du, fort € [0,To AT (3.9)
0 0

In view of these observations and the monotone convergence theorem, we can see that

0<I™ < 1™ forallte[0,T, ATy and n > 1, (3.10)
and
lim 1™ =1, forallt e [0,T, ATs], (3.11)
n—oo

Combining these results with the fact that the positive processes [ () are increasing,
we can see that

I = lm IL,> lim I™ =1 _ foralln>1
TanTs t—To AT t= t T AT F TaATs -
and
It o7, = lim ;= lim lim It(n) < lim I(Tn) Ta-
ahtB t—=To AT t—To AT n—00 — noo LaNTp

It follows that lim,, .. L}Z)ATﬁ = Iy, a1, which, combined with monotone convergence
theorem, implies (3.8) and the proof is complete. O

We will need the results derived in the following lemma, the proof of which is based
on the It6-Tanaka-Meyer formula.

EJP 18 (2013), paper 34. ejp.ejpecp.org
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Lemma 3.2. IfF' : int Z — R is a function that is the difference of two convex functions,
then the following statements are true:
(I) The increasing process AlLF| js real-valued, and

t t
e_AtF(Xt):F(x)—i—/ e M dA5F+/ e Mo (X, F' (X)) dW,, (3.12)
0 0

fort € [0,To A Tg].
(I) If F is C* with absolutely continuous with respect to the Lebesgue measure first
derivative, i.e., if LF (dx) = L,.F(z) dz in the notation of (3.2)—(3.3), then

t t
/ e M qALT = / e ML F(X,)du, forte[0,T, ATzl (3.13)
0 0

Proof. In view of the Lebesgue decomposition of the second distributional derivative
F"(dx) of F as in (3.1) and the occupation times formula

B t
/ LiF!(2)dz = / o?(X,)Fi(X,) du,
el 0
we can see that the It6-Tanaka-Meyer formula
t 1 B t
F(X;) = F(x) +/ (X )F (X)) du + 5/ L; F"(dz) +/ o(Xu)F.(X,)dw,
0 « 0

implies that

t B
FX) = P+ [ 3o 000 P +000r ()| dut 5 [ 13 Fae)

t
+/ o(Xu)F'(X,) dW,. (3.14)
0

Combining this expression with the definition (3.3) of £.., we can see that

t t B
F(X;) = F(x) Jr/o r(Xu)F(Xy) du +/O L. F(X,)du+ %/ L? F'(dz)
+/t o (X0)F(Xy) dW,. (3.15)
0

Using the occupation times formula once again and the definitions (3.2), (3.3) of £, L,
we can see that

t 1 B B L7 p L7 1
/ LacF(X,)du+ 3 / L} F!(dz) = / %ﬁaCF(z) dz + / L —o%(2) F/(d2)
0 a a O

o 02(2)2
B L?
= /a 2(2) LF(dz)

— ALF, (3.16)

The validity of It6-Tanaka-Meyer’s and the occupation times formulae and (3.15)-(3.16)
imply that the process A*f" is well-defined and real-valued. Also, (3.12) follows from
the definition (1.3) of the process A, (3.15)-(3.16) and an application of the integration
by parts formula.

If LF(dr) = L..F(x)dz, the definition of A“F and the occupation times formula
imply that

t
AFE = / L..F(X,) du,
0

and (3.13) follows. O
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The next result is concerned with a form of Dynkin’s formula that the functions ¢, ¢
satisfy as well as with a pair of expressions that become useful when explicit solutions
to special cases of the general optimal stopping problem are explored (see Section 7).

Lemma 3.3. The functions ¢, i introduced by (2.11), (2.12) satisfy

A

p(z) =E, [eiAMT&ATESD(Xr/\T&/\TB)] ; Y(@) =E; e MT&ATBw(Xr/\T&/\TB)} (3.17)

for all stopping times T and all points & < x < (3 in Z. Furthermore,

B, [etran, ] = £BW) — o)) 218
[ L p(B)(a) — (@) (B) 5:18)
and
E, [e 21, | = £@¥(@) = p(@)y(z) 3.19
[ e P(B)e(a) — p(a)(B) 519
Proof. Combining (3.12) with the fact that Ly = 0, we can see that
e—ATAT&ATE SO(XT/\T.Q/\TB) = (p(.’l?) —+ MT/\T@/\TB’ (320)

where .
Mt:/ e Mo(X)@' (Xy) dW,,.
0

In view of (2.13) and the fact that the positive function ¢ is decreasing, we can see that
SUp, ¢ (a5 ¢(y) < co. Therefore, M TaATs s a uniformly integrable martingale because it
is a uniformly bounded local martingale. It follows that IE, [MTAT& /\TB] = 0 and (3.20)
implies the first identity in (3.17). The second identity in (3.17) can be established using
similar arguments.

Finally, (3.18) and (3.19) follow immediately once we observe that they are equiva-
lent to the system of equations

_ _ > Az,
o(r) = p(a)E, [6 At 1{T&<T5}} +¢(B)E, {6 i 1{T5<T&}}

and

_ _ — A
U(z) = V@B, [ oLz, cry | + V(BB | Lig,cry |
which holds true thanks to (3.17) for 7 = oo. O

We conclude this section with a necessary and sufficient condition for the value
function of our optimal stopping problem to be finite.

Lemma 3.4. Consider the optimal stopping problem formulated in Section 2, and let f
be defined by (1.10) in the introduction. If

f:T — R, is real-valued, limsup M < oo and limsup M < 00, (3.21)
yla  PY) vts V()
thenv(z) < oo forallx € Z,
lim sup M = lim sup @ and limsup M = lim sup M (3.22)
via 9(H)  ya eW) vis YY) e YY)

If any of the conditions in (3.21) is not true, then v(x) = oo for all z € int Z.
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Proof. If (3.21) is true, then we can see that

i224%<00 and it;};iiz))<oo forally € 7.
Also,
f(z) < 21;8 (“ZEZ))@(Q:) + ilg; iiz)) () forallz,yeZ.

In view of (2.19), the processes (e *tp(X;)) and (e~**1)(X,)) are positive supermartin-
gales. It follows that, given any stopping strategy ($.,7) € T.,

J(SxaT) < Z‘él; i((:j/;El |:€_ATATO‘AT‘BQD(XT/\TQ/\TQ)]-{T<OO}:|
+ ig}z j;((Z;EI [eiATAT‘* "o 1/1(XTATQATﬁ)1{T<oo}]
) ap L
= S o Py V) (3.2

which implies that v(z) < oo.
To show the first identity in (3.22), we note that (3.23) implies that
f(u) f(w) ()

o) = o o) T ) p(a)

Combining this calculation with (2.16), we obtain

v(z) f(w)

lim sup < sup ,
Tla 90(1‘) u<y <p(u)

which implies that limsup,,, v(y)/¢(y) < limsup,|, f(y)/¢(y). The reverse inequality
follows immediately from the fact that v > f. The second identity in (3.22) can be
established using similar arguments.

If the problem data is such that the first limit in (3.21) is infinite, then we consider
any initial condition « € intZ and any sequence (y,,) in Z such that y,, < z foralln > 1
and limy, 00 f(yn)/¢(yn) = co. We can then see that

v(z) > lim J(8¢,Ty,) > lim f(yn)E; [e_ATyn} G2 i

= e 7Pt = I nos o(yn)

where $, is any solution to (1.1). Similarly, we can see that v(z) = oo for all z € intZ
if the second limit in (3.21) is infinite or if there exists a point y € intZ such that

f(y) = . O

4 r(-)-potentials and differences of two convex functions

Throughout this section, we assume that a weak solution 3, to (1.1) has been associ-
ated with each initial condition x € int Z. Accordingly, whenever we consider a stopping
time 7, we refer to a stopping time of the filtration in the solution $,.

We first characterise the limiting behaviour at the boundary of Z of a difference
of two convex functions on intZ, and we show that such a function satisfies Dynkin’s
formula under appropriate assumptions.

Lemma 4.1. Consider any function F' : intZ — R that is a difference of two convex
functions and is such that

F F
lim sup M < oo and limsup M < 0. 4.1)

gla @Y) vis V()
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(I) If —LF is a positive measure, then

Ta/\Tﬁ A |£F‘
/ e Mt dA;
0

E. < oo forallx €intZ. 4.2)

(IT) If F' satisfies

I,

Ta/\Tg
/ e M dAltEF‘ < oo, forsomerw €intZ, (4.3)
0

then both of the limits lim, . F(y)/¢(y) and lims F(y)/9¥(y) exist.
(ITIT) Suppose that F' satisfies (4.3),

lim M =0 and lim M =0. (4.4)

vla p(y) y18 P(y)

If x € int 7 is an initial condition such that (4.3) is true, then

T/\Ta/\Tﬁ
/ e M dALE
0

= Ez [e—ArATaATB F(XT/\TQ/\TB)1{7'/\TOL/\T5<OO}:| (45)

]Em [eiATF(X‘r)l{T<Ta/\T5}} = F(‘T) + Ex

for every stopping time 7; in the last identity here, we assume that
F(a) =limF(y) =0 (resp., F(B)=1lmF(y) = 0>
yla y1B
if « (resp., ) is absorbing, namely, if P,(T, < oo) > 0 (resp., Py(Ts < o0) > 0),
consistently with (4.4).

Proof. Throughout the proof, 7 denotes any stopping time. Recalling (3.12) in Lemma 3.2,
we write

t
e ME(X,) = F(z) + / e M dAEE 4 My, (4.6)
0

where M is the stochastic integral defined by
t
M, = / e Mo (X, F (Xy) dW,.
0

We consider any decreasing sequence («,,) and any increasing sequence (£,,) such that

a<a,<x<fB,<pfforallm>1, lim a, =« and lim G, = 0. 4.7)
n—o0

n—oo

Also, we define
_ t/\TaATB
(@, 8) =inf ¢t > 0‘ / 02(Xu)du2£ NTs N Tg, (4.8)
0

where we adopt the usual convention that inf ) = oo, and we note that the definition
and the construction of a weak solution to (1.1) (see Definition 5.5.20 in Karatzas and
Shreve [22]) imply that these stopping times satisfy

m(@,3) >0forall/>1 and zhm Te(@,

— 00

) =Ta A Tj. (4.9)
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The function F’ is locally bounded because it is of finite variation. Therefore, we can
use Itd’s isometry to calculate

2 _
El’ M‘r/\'r((am,ﬁn)} - E93

T/\T[((Xm 1571) 2
/ [e™ Mo (Xy)F (Xu)] du
0

2 Te(am,ﬁn)
< s [P || o*(X,.) du
ye[an7ﬂn] 0
</{ sup [F’_(y)]2
YE[an,fn]
< 00, (4.10)

which implies that the stopped process M7/ 7¢(@m:fn) is a uniformly integrable martin-
gale. Combining this observation with (4.6), we can see that

TAT(Am,Bn)
E, [G_ATATZ(QM’ﬂn)F(X‘r/\T/z(Cvm,Bn))] =F(z) +E, / e M dAfL:F
0

In view of (4.9) and the local boundedness of F', we can pass to the limit using the
dominated convergence theorem to obtain

TATE(Qm,,Bn)
/ e Mu dAﬁF
0

—Arar, T
= ]EI |:€ TATam NTg,, F(XT/\Tam/\TBn ):|

=, [efATF(Xr)l{TgTam/\T,;n}] + Flam)E; [efAT‘lm 1{Tam<'r/\T5n}]
+ F(Bn)Es [eMon g, <rar, })

F(x)+ lim E,
£— 00

F(am) Ex [€7AT"” lir, <oty }}
lom) B [e Mo
F(Bn) I, [e_ATﬁ" 1{Tﬁn<‘f/\Tam}]
dj(/@n) Ex [67ATﬁn, ]

=E, [67ATF(X7')1{T§T%”/\T5H}] + ()

+ () ; (4.11)

the last identity following thanks to (2.11)-(2.12).

Proof of (1). If —LF is a positive measure, then —A%F = A=£F = AILFl is an increas-
ing process. Therefore, we can use (4.9), (4.7) and the monotone convergence theorem
to calculate

Tom s,
= lim ]Ea; / e_A“ dAﬁF
m,n— 00 0

TaNTp
/ e M dALF
0

lim lim E,
m,n—00 f— 00

Te(Cm,Bn)
/ e dASF
0

:]EI

Combining this with assumption (4.1), the inequalities

E, [e_ATﬂ" Lir,, <7, })
E, [eiATﬁ" ]

E,[e o 1, <1, 3]

0
ST By [e Mom]

<1 and 0<

<1, (4.12)
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and (4.11) for 7 = oo, we can see that

Ta/\T/; A |[_‘,F‘
/ e "t dA;
0

Ta /\Tﬁ
/ e e dAEE
0

Flag) Ep[e Men Lip, o1, 4]
)

0<E,

:—Ew

= i (F@) - ola)

m,n—00 Lp(Oém E, [e_ATam ]
- o) G B )
e
< £+ (o)t 04 iy 50
< 00. (4.13)

Proof of (II). We now fix any initial condition x € int Z such that (4.3) is true and we
assume that the sequence (a,,) has been chosen so that

lim (am)
m—00 am)

exists. (4.14)

In light of (3.6) in Lemma 3.1 and (4.9), we can see that the dominated convergence
theorem implies that

lim lim E, =E,
m,n—00 £— 00

TATe (s Bn)
/ e MudAET . (4.15)
0

TAT /\TB
/ e Au dALY
0

The continuity of F' and (4.1) imply that there exists a constant C'; > 0 such that

[F(y)l < Crle(y) +(y)].-

Also, (2.19) implies that the processes (e~ *t¢(X;)) and (e~**4(X,)) are positive super-
martingales, therefore,

Eq [e7% [p(X7) + 9(X7)] Lircont] < C1[p(x) +9(2)] < oo.
Since
e M |F(X) | Lrer, ams,y < Cr1e ™ [0(X7) + 0(Xr)] Lrcooy forallm,n > 1,
we can see that the dominated convergence theorem implies that

hm Ew I:e_ATF(XT>1{T§Tam/\Tﬁn}:| = ]Eﬂi I:e_ATF(XT)]'{T<Ta}m{TSTﬁn}:|

m—roo
and
: —A. _ —A,
olim B (e (X0 e, , amp, 3] = Ba [ F(X0)Lireramsy]. (4.16)
EJP 18 (2013), paper 34. ejp.ejpecp.org
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In view of these results, we can pass to the limit m — oo in (4.11) to obtain

T/\Ta/\Tﬁn
F(z)+E; / e M dAEF
0

F(am) E; [eiATam l{Ta <tATg, }]

m

=E, [e_ATF(Xr)l{r<Ta}m{rgTﬁn}] + W%E}loo o(x)

@(am) Ez [e_ATam]
. F(ﬁn) Ea: [e_ATB” 1{T/3 <TNAT, }]
+ 1 S
mgréo /ll)(x) w(ﬁn) ]Ex [eiATﬁn :I
Bafem1 | Flow
_ —A, (Ta<rATs,}| . m
= Ex [6 F(XT)I{T<TQ}O{TSTﬂ"}:| + QO(.’E) Ew [e*ATa] z 7‘r}gnoo © am)

F(ﬁn) E, [e_ATB" 1{Tﬁn<-r/\Ta}]
w(ﬁn) ]Ex [eiATﬁn ]

the second equality following by an application of the dominated convergence theorem.
These identities prove that the limit lim,  F(y)/¢(y) exists because (a,,) has been an
arbitrary sequence satisfying (4.14) and the function F/¢ is continuous.

Proving that the limit lim,43 F(y) /¢ (y) exists follows similar symmetric arguments.

Proof of (III). The event {T, < oo} has strictly positive probability if and only if « is
an absorbing boundary point, in which case, (2.13) and (4.4) imply that lim, F(y) =0.
In view of this observation and a similar one concerning the boundary point 3, we can
see that the first identity in (4.5) holds true. Finally, the second identity in (4.5) follows
immediately once we combine (4.4) with (4.12) and (4.15)-(4.17). O

+ ()

) (4.17)

The assumptions of the previous lemma involve the measure LF' that we can asso-
ciate with a function on intZ that is the difference of two convex functions. We now
address the following inverse problem: given a signed measure p on (intZ, B(int Z)),
determine a function F' on intZ such that F' is the difference of two convex functions
and LF = —p. Plainly, the solution to this problem is not unique because Lo = Ly = 0.
In view of this observation, the solution R, that we now derive and identifies with the
r(-)-potential of the continuous additive functional A* is “minimal” in the sense that it
has the limiting behaviour captured by (4.23).

Theorem 4.2. A signed Radon measure [, on (int Z, B(int I)) satisfies

Y e [P g <o
o T 90+ [, i 09 < @.18

for all x € Z, if and only if

B 1 ToNTg L]
/ ——— |u|(ds) < < and E, / e M dAy
0

o 720)

foralla < a < < f and all z € T. In the presence of these integrability conditions,
the function R, : intZ — R defined by

< 00 (4.19)

_2 ¥(s) g 2ol p(s) )
Ru(z) = F¢( )/]M[ 250/ (5) ulds) + Z( )/{M TR pu(ds), (4.20)

where C > 0 is the constant appearing in (2.18), identifies with the r(-)-potential of A",

namely,
T /\Tﬁ
/ e M dAl
0

Ru(z) = E, , (4.21)
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it is the difference of two convex functions, and
LR,(dx) = —p(dr) and LR, (dr) = —|p|(dx). (4.22)
Furthermore,

i B @ IR B Bl @)
vie @(y) w8 Y(y)  wla w(y)  viB Y(y)

=0. (4.23)

Proof. First, we note that, if the integrability condition (4.18) is true for some z € Z,
then it is true for all z € Z. If 4 is a measure on (int Z, B(int I)) satisfying (4.18), then the
function R, given by (4.20) is well-defined, it is the difference of two convex functions,
and it satisfies the corresponding identity in (4.22). To see these claims, we consider
the left-continuous function H : intZ — R given by H(y) = 0 and

H(x) = {‘fim[fmp()ﬂ(ds) ifo € o],
Sy ot e Mds),  ifx €]y, B,

where « is any constant in int Z. Given any points &, 3 € intZ such that & < v < 3, we
can use the integration by parts formula to see that

S = — T xT L(S) S
@ - [ v =-nn + [ oo
H)0) - [ H ) s = Hw)oto) + | Gt M)

for all « € [, A]. It follows that the function R,, defined by (4.20) admits the expression

2 /] _ W) - H(c-v)w(a)] o(a)

2 /W 2 ds) + H<ﬂ>¢<ﬁ>] e
B
o) [ (WG s vie) [ @) ds (4.24)

forall o < @ < x < < 3. This result, the left-continuity of H and (2.18) imply that

B
/ ' (s)H(s)ds — 9 (x)/ ' (s)H(s)ds (4.25)
foralla<a<z < B < . Furthermore, we can see that the restriction of the measure
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(R,)" in (&, B[, B(Ja, B[)) has Lebesgue decomposition that is given by

2

" 4 ¥(s) Ap al(a (o
(Bt = | & [ ey #0s) — H @ )1@ (x)
2w ool e - e
aE /ma%m(s) p(ds) + H(B)p w)]w (x) ~ O () H(2)
B
S o) [ as - o) [ e is
(Ru)2(de) = ~ %@Mdm),

in the notation of (3.1). Combining these expressions with (4.24)-(4.25) and the def-
inition (2.7) of the scale function p, we can see that the restrictions of the measures
LR, and —p in (J&, B[, B(]a, B[)) are equal. It follows that the measures LR, and —u on
(intZ, B(int 7)) are equal because @ < 3 have been arbitrary points in intZ. Similarly,
we can check that the function R, that is defined by (4.20) with || in place of y is the
difference of two convex functions and satisfies the corresponding identity in (4.22).

To proceed further, we consider any Radon measure p on (intI,B(int I)). Given
monotone sequences («,,) and (3,) as in (4.7), we define

0, if z < ap or 2z > B,
Cu(2) =41, if 0%(2) > L and o, < 2 < 3,,,
o%(z), ifo?(z) < +and o, <z < By,

and we consider the sequence of measures (1,,) that are defined by (3.5). The functions
Ry, |, defined by (4.20) with |y, | in place of y, are real-valued and satisfy

R‘ |( ) _ %77[}(3’) f[amﬁn 02( )p( )Cn( s) |pl(ds), ifz < oan,
fin ) f[an,ﬁn] Ug(s)p/(s) Cn(8) |nl(ds), ifx > B,.
Combining this calculation with (2.16), we can see that R| fim| satisfies the correspond-
ing limits in (4.23). Since —LR|,,| = |pn| = |LR,,| is a positive measure, part (I) of
Lemma 4.1 implies that

E. <oo forallzeZ,

s /\T/j A | ‘
/ e it dAtU/n

0

while, (4.5) in Lemma 4.1 with 7 = T}, A Tj3 implies that

T, /\Tg
/ “ oA dAER"‘“] '
0

This identity, the fact that LR, | = —|u,| and (3.6) imply that the function R, | that is
defined as in (4.20) satisfies

R‘l’énl (.’E) = _]Em

(4.26)

To /\Tg
Ry, (z) = E, / e~ Al
0

Since the sequence of functions (¢, ) is monotonically increasing to the identity func-
tion, the monotone convergence theorem implies that

2 ¥(s)
Ry (x z) = hm (O@( )/]Ou[ m@(s) |l (ds)
2 _20) o ul(ds
b0 [ o) i) ) @27
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If (4.18) is satisfied, then o2 is locally integrable with respect to ||, namely, the first
condition in (4.19) holds true, thanks to the continuity of the functions ¢, 1 and p’. In
this case, (3.7) in Lemma 3.1 and (4.26) imply that

ToNTg ‘ | T /\Tﬂ A | ‘
/ e M dAy / e M dA)
0 0

because ((,) satisfies (3.4). Combining this result with (4.27) and the fact that (4.18)
implies that R, (z) < oo, we can see that

s /\Tﬁ ‘ ‘
/ e*At dAtN
0

and the second condition in (4.19) follows. Thus, we have proved that (4.18) implies
(4.19). Conversely, if (4.19) is satisfied, then (3.7) in Lemma 3.1 and (4.26) imply that
(4.28) is true. Combining (4.19) with (4.27) and (4.28), we can see that R‘M(x) < 00,
and (4.18) follows.

If 1 satisfies the integrability conditions (4.18)—(4.19), then the function R,, given by
(4.20) is well-defined and real-valued. Furthermore, it satisfies (4.21) thanks to (3.6),
(4.29) with 4 and p~ in place of |u|, and the linearity of integrals.

To establish (4.23), we consider any sequences («,,), (5,) as in (4.7), and we calcu-
late

lim Ry, ((z)= lim I,

n—oo n— oo

=E, (4.28)

R‘M(l‘) =, < 00, (4.29)

0“2V R, ()~ lim E,

m,n— oo

Tam /\TBn A
/ e dA‘u”‘
0

Ta, /\TB
m no LR,
/ e Ay dAu [14]
0

. —A
— hm IET [6 Tovom, /\Tﬁn Rlﬂl (XTam /\Tﬂn )]

(4£2) R“L‘(IL')-F lim E,

m,n— 0o

m,n— oo
. _A . —A
= Mm Ry (am) By [e7 e Lir, oy ]+ Tm Ry (80) Ee [6 Ton 4ty <T., }} ’

the third identity following from (4.5) for 7 = T,,,, AT, . Since R, is a positive function,
each of the two limits on the right-hand side of this expression is equal to 0. We can
therefore see that the first of these limits implies that

. . —_A
0= lim lm Ry, (am)Es [e”om Lz, <1, 3]

. —A
- mlgnoo R\M(am)Ew [e Toom 1{Tam<T[3}]

e Bglan)els)

m—»o0 (p(am) ’

which proves that lim, . R, (y)/¢(y) = 0 because (a,,) has been arbitrary. We can
show that lim,s R|,((z)/1(x) = 0 using similar arguments. Finally, the function |R,,|
satisfies the corresponding limits in (4.23) because |R,L| < Rlul- O

The result we have just established and Lemma 4.1 imply the following representa-
tion of differences of two convex functions that involves the operator £ and the functions

©, .
Theorem 4.3. Consider any function F': int Z — R that is the difference of two convex
functions, and suppose that

[F(y)]

F
limsup —=— < oo and limsup P ()]
yla P(Y) ()

< 00,
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and that the measure LI satisfies the equivalent integrability conditions (4.18)-(4.19)
(see also Remark 4.4 below). In this context, both of the limits lim,, F(y)/¢(y) and
lim,s F(y)/¢(y) exist, and the function F' admits the representation
. F(y) _F(y)
F(z) =lim —=p(z) + R_sp(x) + lim
vlo o(y) utB P (y)
where R_,r is given by (4.20)-(4.21). Furthermore, given any points & < x < B inZ
and any stopping time T,

¥(x), (4.30)

A

T/\T&/\T[;
E, [e* ”T&ATBF(XMT&ATB)] = F(z) + E, / e M dAEF | (4.31)
0

in which expression, we denote

Plo) =t P (resp, F(9) =l F ()

if a (resp., B) is absorbing, namely, if P, (T, < c0) > 0 (resp., P, (T3 < c0) > 0).

Proof. In the presence of the assumption that LF satisfies (4.18)-(4.19), Lemma 4.1.(II)
implies that the limits lim, o F(y)/¢(y) and lim,s F(y)/¢(y) exist, while Theorem 4.2
implies that the function R_,r is well-defined. In particular, we can see that (4.22)
implies that £ (F — R_.r) = 0. It follows that

F—-R r= A‘P""B'(/)v

for some constants A, B € R. Combining (2.16) with (4.23), we can see that the con-
stants A and B are as in (4.30). Finally, (4.31) follows from the representation (4.30) of
F, (3.17) in Lemma 3.3, (4.5) in Lemma 4.1 and (4.23) in Theorem 4.2. O

Remark 4.4. In view of Lemma 4.1.(I), the positivity of the measure —LF is a sufficient
condition for LF to satisfy the integrability conditions (4.18)-(4.19). Also, if F is C' with
first derivative that is absolutely continuous with respect to the Lebesgue measure, then
LF(dzx) = Lo F(x)dx, where L, is defined by (3.3). This observation and part (II) of
Lemma 3.2 imply that, in this case (4.18)-(4.19) are equivalent to (4.32)—(4.33) below
for h = L..F. Furthermore, R_,r admits the expressions (4.34)-(4.35) below for h =
—L,.F. O

The measure LF and the potential R_,r have central roles in the characterisation
of differences of two convex functions we have established above. The following result
is concerned with the potential R_,r when LF is absolutely continuous with respect to
the Lebesgue measure.

Corollary 4.5. Consider any function h : 7 — R that is locally integrable with respect
to the Lebesgue measure, and let " be the measure on (int Z, B(int I)) defined by

() = / h(s)ds, forT € B(intT).
r

If uh satisfies the equivalent integrability conditions (4.18)-(4.19), which are equivalent
to

xT
¥ (s) / 7 (s
——————|h(s)|ds + —————|h(s)|ds < o0, (4.32)
[ gonas+ [ i

Ta/\Tﬁ

E, / e‘Af|h(Xt)|dt] < 00, (4.33)
0
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then the function R~ : int Z — R defined by (4.20) or, equivalently, by

_ 2 [ 20w [ 2©)
Rn(x) = Ccp(x)/a 2(5)p' (3) h(s)ds + Cw(m) /w 2(5)p' (3) h(s)ds, (4.34)
admits the probabilistic expression
Ta/\Tﬁ
Rn(z) =E, / e‘Ath(Xt)dtl . (4.35)
0

This function, as well as the function defined by
Ru(z) =E, [/ eAth(Xt)dt] , forx € intZ, (4.36)
0

is C'! with absolutely continuous first derivative and satisfies the ODE
1

Lacg(z) + h(z) = 502(1’)9"(»@) +b(z)g'(x) = r(z)g(z) + h(x) = 0. (4.37)

The functions R,» and R#h satisfy

> h(a) ¢(z) h(B) ¥ (z)
R n = I, + Rn(x) + —= , 4.38
w0 = ey play e TR Gy ae) (439
. Ru(y) . Ru(y) h(e) h(e)
1 ® =1 " + I, = I, 4.39
Wi e e e T ree@ T ra)e(@ (@39
_ Ra(y) . Ru(y) h(B) h(B)
1 i =1 £ 4 Iz = Is, 4.40
T ) R MR (YT () R T () @40
where
{1, if o is absorbing, {1, if B is absorbing,
a = . .. . and I = . . .
0, if « is inaccessible, 0, if B is inaccessible.
Furthermore,
T/\T(,(/\T/_-;
Ron(z) =E, { / e~ Mn(Xy) dt
0
+ e AraTanty Ryn (X AT nTs ) L AT AT <00} (4.41)

for every stopping time T and all initial conditions x € intZ, in which expression,
Ryn(a) = 0 (resp., R,n(B8) = 0) if « (resp., 3) is absorbing, consistently with (4.39)-
(4.40).

Proof. It is straightforward to check that the function R#h defined by (4.34) is C' with
absolutely continuous first derivative and satisfies the ODE (4.37). This observation and
(4.38) imply the corresponding statements for Ruh. The equivalence of (4.19) (resp.,
(4.21)) with (4.33) (resp., (4.35)) is a consequence of part (II) of Lemma 3.2 and the
identities u"(dx) —LRn(dr) = —LacRyn(x)dr = h(x)dr. Also, these identities,
part (II) of Lemma 3.2 and (4.5) imply (4.41), while the limits in (4.39)-(4.40) follow
from (4.23) and (4.38).
To prove (4.38), we first note that

Ruh () = E, |:1{TQ<T[3} /T e M dt:| h(a) + R,» (z) +E,

a

1{T[3<Ta}/T e_At dt] h(ﬁ)
B
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In view of the definition (1.3) of A, we can see that, if « is absorbing, then

IE, {1{Ta<TB}/ e dt] = I, {I{TQ<T5}6AT”/ e =T gy
T, T,
1 A
N @Ew [e To 1{Ta<Tﬁ}]

211 1 o(z)
r(a) p(a)’

otherwise, this expectation is plainly 0. Similarly, we can see that

< 1

and (4.38) follows. O

E,

5 Analytic characterisations of r(-)-excessive functions
The following is the main result of this section.

Theorem 5.1. A function F : T — R, is r(-)-excessive, namely, it satisfies
E, [e ™ F(X:)1{r<00y] < F(2) (5.1)

for all stopping times 7 and all initial conditions z € Z, if and only if the following
statements are both true:

(I) the restriction of F' in the interior int Z of 7 is the difference of two convex functions
and the associated measure —LF on (int Z, B(int Z)) is positive;

(II) if o (resp., ) is an absorbing boundary point, then F(«) < liminfycinez, yjo F(¥)
(TeSP-, F(B) S lim innyintI, y18 F(y))

Proof. First, we consider any function F' : 7 — R, with the properties listed in (I)-
(II). The assumption that —LF is a positive measure implies that —A** = A=£¥ is an
increasing process. Therefore, (4.31) in Theorem 4.3 implies that, given any points
a < r < fBin T and any stopping time 7 such that @ = cand 7 = 7 A T}, (resp., 3 = 3
and 7 = 7 ATp) if o (resp., 3) is absorbing,

F(:C) > Er |:67ATF(XT)]-{T<T5¢/\TB}:| + F(d)ET |:67AT&1{T5§T/\TB}:| (1 71[04)

. — — A
+lim F(y)E, [e At 1{TaST/\Tﬁ}] Lo + F(B)E, [6 s 1{T§§T/\Ta}} (1-1Ip)

. A,
+ B%F(Q)Ex {6 s 1{T5§T/\T5,}i| Is

>E, [eiATAT&ATﬁ F(XT/\T&/\TB)} ) (5.2)

the second inequality following from the assumption that F' satisfies the inequalities in
(I1). If « (resp., B) is inaccessible, then we can pass to the limit & | « (resp., B 1 B) using
Fatou’s lemma to obtain (5.1) thanks to the choices of & and B_ that we have made. It
follows that F' is r(-)-excessive.

To establish the reverse implication, we first show that an r(-)-excessive function is
lower semicontinuous and its restriction in int 7 is continuous. Given an initial condition
x € intZ and a point y € Z, we can use (5.1) to calculate

F(o) > B, [en] F(y) *P="" min {% 228} Fly).
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This calculation and the continuity of the functions ¢, ¢ imply that F'(x) > limsup,,_,, F(y),
which proves that F' is upper semicontinuous in int Z. The same arguments but with
points x € Z and y € int Z and their roles reversed imply that

ORI
Pl 2 min 0. S0} F@)

It follows that F'(z) < liminf,cini 7, y—2 F(y), and the lower semicontinuity of F' in Z has
been established. In particular, part (II) of the proposition is true.
To prove that an r(-)-excessive function satisfies (I), we define the function I, by

o0
Fy(z) = ¢E, {/ e‘qt_A‘F(Xt) dt] , forxel, (5.3)
0
where ¢ > 0 is a constant, and we note that
(5.1) o0
0< Fy(z) < q/ e F(x)dt = F(z) forallz cZ. (5.4)
0

If we consider the change of variables u = gt, then we can see that

Fy(z) = E, [/0 e M F (X ) dul

In view of (5.4), the continuity properties of the function F' and the continuity of the
process X, this expression implies that

lim Fy(z) = F(z) forallz eZ. (5.5)

q—00
Given its definition in (5.3), Corollary 4.5 implies that the function Fj is C' with
absolutely continuous first derivative and that it satisfies the ODE
1
30 @) (@) + b(2) Fy(w) = (¢ + r(x)) Fy(z) + ¢F () = 0

in the interior of Z. In view of (5.4), we can see that
1
502(w)Fq’/(x) + () Fy(x) — r(2)Fy(x) = —q[F(z) — Fy(x)] <0.

This inequality implies that
d (d (F=@)) _ d 1\ 2r(2)F(x)
dz (dm <p’(x) ) FQ(I)dUC p’(l‘)) o2(x)p'(x) =0, (5.6)

where p is the scale function of the diffusion X, which is defined by (2.7).
To proceed further, we introduce the antiderivatives A! and A% of a function g that
is locally integrable in Z, which are defined by

Algla) = | g)dy and A%g(x) = / ) / "9y dzdy,

respectively, where ¢ € 7 is a fixed point that we can take to be the same as the point
appearing in the definition (2.7) of the scale function p. Inequality (5.6) then implies that
the function F,/p'— A" ((1/p')' F,) — A% ((2rF,)/(cp’)) is concave, which, combined with
(5.5), implies that the function G := F/p’ — A' ((1/p') F) — A* ((2rF)/(0?p’)) is concave.
The concavity of G and the equality

F_gya <<1,) F) + A (22F,>
P p o%p
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imply that F'/p’ is absolutely continuous and

F (2) = p/(2) (G’_ (2) + A <27’F,) (x)) .

o2p

This expression shows that F” has finite variation. Furthermore, taking distributional
derivatives, we can see that

2 ptde) = P+ 2@ oy 2r(a)
2y (o) = F'(do) + 55 FL (@) da = 2505

which proves that F' has the properties listed in part (I) thanks to the concavity of G. O

F(x)dr = p'(z)G" (dz),

In the spirit of Dynkin [16, Theorems 15.10 and 16.4], Dayanik [12] proves that a
function F is r(-)-excessive if and only if the function F'/¢ is (¢/¢)-concave (equivalently,
the function F'/v is (—p/1)-concave), and he shows that such concavity assumptions im-
ply that the function —D /@(F/ ) defined by (5.7) is increasing (equivalently, the right-

continuous modification D; / w(F/¢) of the function defined by (5.8) is increasing) (see
Proposition 3.1 and Remarks 3.1-3.3 of Dayanik [12] for the precise statements). Such
a result, which focuses on the functions —D / /w(F/ ©), D:/ w(F/ ), follows immediately
from our analysis above.

Corollary 5.2. A function F' : T — Ry is r(-)-excessive if and only if the following
statements are both true:
(I) the function —D;/W(F/@) given by

Dy (o)) = —tim SLOD = F/D®) g (5.7)

vie (Y/)(@) = (/) (y)’

is well-defined, real-valued and increasing; equivalently, the function D;/w(F/z/J) given

by
- . (F/)(y) — (F/Y)(2)
DerEIOE) = I8 G0 ) = (/) )
is well-defined, real-valued and increasing, and
(II) if « (resp., ) is an absorbing boundary point, then F(«) < lIminfycingz, yjo F(Y)
(resp., F(B) < liminfycine 7, 18 F(y)).

forx €intZ, (5.8)

Proof. Given a measure p on (int Z, B(int I)), we mean that —p is a positive measure
whenever we write p(dz) < 0 in the proof below. In view of Theorem 5.1, the result
will follow if we show that either of the functions given by (5.7), (5.8) is well-defined,
real-valued and increasing if and only if the restriction of F' in intZ is the difference
of two convex functions and £LF < 0. To this end, we note that the functions given by
(5.7), (5.8) are well-defined and real-valued if and only if F’ exists and is real-valued,
in which case,

- (@) F” (z) — ¢'(2)F(z) (2. (@) F” (x) — ¢'(x) F(x)
Dy, (/) = = For e —Te
—¢'(

(

D (Ff)(e) = LOFL@) W @F@) @y g @)
olv ¢ ()Y (z) — p(2)Y'(2) Cp'(z)

The function —D; /w(F/ ) is increasing if and only if its first distributional derivative is

a positive measure, namely, if and only if the second distributional derivative of F' is a

measure and

Y

©
8
~—
—~
8
S~—"
|
&
<
—
8
S~—"

(P(CU) 1" B 90//(1') ) de — 2F () — o (x . M .
Cp/(x)F (dx) Cp/(l‘)F( )d [SO( VF () — ¢ (z)F( )]C[p,($)]2d <0.
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In view of the definition (2.7) of the scale function p and the fact that p and C are both
strictly positive, we can see that this is true if and only if

() 50% (@) F"(de) + p(a)b(x) FL (2) dz — | £0%(@)¢" () + )¢/ ()| F(x) d < 0,

which is true if and only if —£F > 0, thanks to the fact that ¢ > 0 satisfies the ODE
(2.17). Similarly, we can see that the function D;/w(F/d)) is increasing if and only if
—LF > 0. O

6 The solution of the optimal stopping problem

Before addressing the main results of the section, we prove that the value function
v is excessive.

Lemma 6.1. Consider the optimal stopping problem formulated in Section 2 and sup-
pose that its value function is real-valued. The value function v is r(-)-excessive, i.e.,

E, [e_A’v(XT)l{TQ)O}] <w(z), (6.1)
for all initial conditions x € T and every stopping strategy (S.,7) € T.. Also,

v(iz)= sup I, [e_AMT‘”Tﬁ?(XTATQATﬂ)1{T<oo}] forallz € 7, (6.2)
(Sz,7)€T2

where f is given by (1.10).

Proof. To prove the r(-)-excessivity of v, we first show that v is continuous in int Z and
lower semicontinuous in Z. To this end, we consider any points z,y € intZ. Given the
stopping strategy ($,,7,) € 7, and any stopping strategy ($,,7) € 7,, we denote by
(gz, 7) a stopping strategy that is as in Corollary 8.8, so that

v(x) > J(8,,7)
=E, {eiATQATﬁf(XTa/\Tﬁ)l{Ta/\T5<Ty}] +E, [e" A Lz, <1unts}] J(Sy, 7)
> B, [e_ATy 1{Ty<Tu/\Tﬁ}] J(Sy, 7).
Since ($,,7) is arbitrary, we can use the dominated convergence theorem to see that
this inequality implies that

v(z) > lim E, [e_ATy Li7, <7, ATy} ) limsup v(y) = limsup v(y),
y—z v y—x y—x
which proves that v is upper semicontinuous in int Z.
Repeating the same arguments with the roles of the points z,y € intZ reversed, we
can see that

1131/11_}12f’l}(y> > Z}L)H; Ey I:e_ATI 1{TI<TQ/\T[4;}:| ’U(l‘) = ’U(LU)

If both o and  are absorbing, then we can use (2.11)—(2.14) to calculate

liminf wv(z) > liminf (f(oz)IEﬂrj [efATﬂl{Ta<7—ﬂ}] + f(BE, [e_ATB l{Tﬂ<Ta}:|)

z€int Z, zla z€int Z, zla
= 1ir£1¢ianf (f(gzigx) + f(i)(%@) = f(a) = v(a),
while, if « is absorbing and ( is inaccessible, then
meliirglziflewv(a:) > welllrglzlnmfwf(a)IEI [e7Ama] = lirignf f(gzzgx) = f(a) = v(a).
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If § is absorbing, then we can see that iminf,cin 7, 28 v(x) > v(5) similarly. It follows
that v is lower semicontinuous in Z.
To show that v satisfies (6.1), we consider any stopping strategy (S;,7) € 7.. We

assume that X:1(, .7, A1,) takes values in a finite set {ai,...,a,} C intZ. For each i =
1,...,n, we consider an e-optimal strategy (S; ,7;) € 7,,. If we denote by (S5,7°) € T

a stopping strategy that is as in Corollary 8.8, then

() = J(S5,7°)

=B [e M0 (X, ) L ranm<ry | + D0 B [T 1,20y ] J(85,,75)
=1

<.

-

«
Il
-

>E, |:67ATQ/\T5 U(XT(,/\TB)]-{TQ/\TBQI—}} + E, [efAfl{XT:ai}] [v(a;) — €],

where the last inequality follows from the fact that f(X7,i7,) = v(X7,A7,) and the
e-optimality of the strategies ($¢ ,77). Since € > 0 is arbitrary, it follows that

a;’ '

'U(m) Z ]Ea: |:€—A7/\T(1AT3’U(XT/\TQ/\Tﬁ)l{T<OO}:| s

and (6.1) follows in this case.
Now, we consider any stopping strategy (S.,7) € 7., and we define

T =inf{t > 7| X; €{a1,...,an}},

where (a,) is any sequence that is dense in int Z. Such a sequence of stopping times is
such that

Tn]‘{Ta/\TBST} = OOl{TQ/\T[;ST} for all n Z 1 and nh~>n;o Tn1{7—<Ta/\Tg} = T1{7'<Ta/\TB}'

Therefore, lim,, ;o TAoATQ AT = TAT,ATg. Our analysis above has established that (6.1)
holds true for each of the stopping strategies (3., 7,) € 7. Combining this observation
with Fatou’s lemma and the fact that v is lower semicontinuous, we can see that

s —Ar ATo A
v(z) > hnrggfﬂ*]m [6 nATanTg U(XTR/\TQ/\T[;)]'{TTL<OO}:|

> By [N 0(X o a1 )L coch ] (6.3)

which establishes (6.1).
Finally, we note that the continuity properties of v and the inequality v > f imply
that v > f. This observation and the r(-)-excessivity of v imply that

v@) = sup_ B, [N 0(X,)Lron)]

(82,7)ET:
> sup E; [e_AT?(XT)l{T<oo}} > sup L, [e_ATf(XT)]-{‘r<oo}] = ’U(LU)7
(82,7)ET: (82.,7)ETx
and (6.2) follows. O

Our main results in this section involve solutions to the variational inequality
max {ﬁv, f- v} =0 (6.4)

in the following sense.
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Definition 6.2. A function v : 7 — R, satisfies the variational inequality (6.4) if its
restriction in int 7 is the difference of two convex functions,

—Lv is a positive measure on (intZ, B(int 7)), (6.5)
f(z) <v(z)forall z € intZ, (6.6)
and the measure Lv does not charge the open set {z € intZ | v(z) > f(x)}, (6.7)

where L is defined by (3.2) and 7 is defined by (1.10). O

We now prove that the value function v satisfies the variational inequality (6.4) in the
sense of this definition. Also, we establish sufficient conditions for the existence of e-
optimal as well as optimal stopping strategies. It is worth noting that the requirements
(6.13)—(6.14) are not really needed: the only reason we have adopted them is to simplify
the exposition of the proof.

Theorem 6.3. Consider the optimal stopping problem formulated in Section 2. The
following statements are true.
(I) If the problem data is such that

. f(y) f(y)

fly) =00, forsomey € Z, or limsup——~ =oc or limsup——+% = oo,
vla P(Y) vrs - V()

then v(z) = oo for all x € Z, otherwise, v(z) < oo for all x € 7.
(IT) If the problem data is such that

- f(y) f(y)

fly) <ocforally € Z, limsup—+ < oo and limsup —+% < oo, (6.8)
yla - P(Y) utp YY)

then the value function v satisfies the variational inequality (6.4) in the sense of Defini-
tion 6.2,

lim v(y) = lim sup M lim v(y) = lim sup M (6.9)

yeintZ, yla p(y) wa w(y)  yentZy18 1h(y) yts - YY)

and

v(e) = f(a) (resp., v(B) = f(B)) if o (resp., ) is absorbing. (6.10)

(II1) Suppose that (6.8) is true and that f = f Given an initial condition x € intZ
consider any monotone sequences (ay,), (8,) in Z such that

ap <zr<p, lma,=«a lim §,=0, (6.11)
n—oo n—r oo

lim I (o) = lim sup M i F(Bn) = lim sup M (6.12)

oo o(@n)  pin oY) noee 6(Ba) s w(y)]

if o is absorbing and f(«) = limsup f(y), then a, = a for alln > 1, (6.13)
yla
and if 8 is absorbing and f(f8) = limsup f(y), then 5, = 8 for alln > 1. (6.14)
ytB

Also, let S, be any weak solution to (1.1), and define the associated stopping times

T =inf{t >0] v(X) = f(Xy)} and 7, =7"NT,, ANTg,. (6.15)

Then
o) = lim B, [e*Am (XT;)} . (6.16)
EJP 18 (2013), paper 34. ejp.ejpecp.org
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Furthermore, the stopping strategy (S.,7*) € T, is optimal if

lim sup Ly) = 0 if « is inaccessible, limsup M = 0 if B is inaccessible, (6.17)
yla P(Y) )
f(a) =limsup f(y) if « is absorbing and f(B) = limsup f(y) if B is absorbing.
ylo y1B

(6.18)

Proof. We have established part (I) of the theorem in Lemma 3.4, so we assume that
(6.8) holds in what follows. In view of (3.22) and the fact that —Lv is a positive measure
on (int Z, B(int I)) (see Theorem 5.1.(I) and Lemma 6.1), we can see that the restriction
of v in int Z satisfies all of the assumptions of Theorem 4.3. Therefore, the limits of v/p
and v/% in (6.9) exist,

@) = tim Yo R+ tim "Wy foralleemtZ, (6.19)

o y€int Z, yla go(y) yEint Z, y18 ¢(Z/)

and, given any stopping strategy (S,,7) € T,

A T/\T&/\TB
E, [e* MT&ATB@(XMT&ATB)} = v(z) + B, / e gALY (6.20)
0
forall @ < z < 8 in Z, where
v(x), ifr eintZ,
0(x) =  limyeint 7, yyo v(y), if a is absorbing and z = «, (6.21)

limyeint 7, yya v(y), if B is absorbing and z = .

If « (resp., B) is absorbing, then (6.10) plainly holds true and

— < liminf resp., = < liminf )

@) =v(a) = timint o) (resp. J(3) = o(3) < mint o))

thanks to the r(-)-excessivity of v (see Theorem 5.1.(II) and Lemma 6.1). Combining this
observation with the fact that the limit of v/ in (6.9) exists, we can see that

fly)

. vly) _ v(y) (3.22) .
lim = lim sup =" limsup —=.
veintZyla 9(y)  yla P(Y) e $(Y)

We can establish the second identity in (6.9) similarly.

With each initial condition = € intZ, we associate any monotone sequences (),
(Bn) in Z such that (6.11)—(6.14) hold true. If a (resp., ) is absorbing and «,, = « (resp.,
Bn = ), then (6.9)-(6.10) and (6.13)-(6.14) imply that

v(a) = lim v resp., v(B8) = lim o .
@)=, o) (resp. v(5) = tim o)

This observation, the definition of v in (6.21) and (6.20) imply that

TAT o, NTg,,
/ e e dALY (6.22)
0

]Em [e_ATAT&nATﬂn U<X7—/\Tan/\Tﬁn )i| == U(-’I/‘) + Eaj

for every stopping strategy ($.,7) € 7. Furthermore, (6.9) and (6.12) imply that
(tn) Flan) _ o flan)

<

(6.23)
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and

o) _ o fG) TG

li = = . .
W (B e G(Ba) e $(Ba) (6.24)

Given a stopping strategy (S,,7) € T, such that 7 = 7 A T,, A T, we can use (2.11)-
(2.12) to calculate

E, e A Tean Ton [0(Xonr, Ay ) — f(XT/\Tan/\Tﬁn)]:|
=B, [e ™ [0(X;) = F(X2)] Lirera, aro, }]
+ [v(an) — flan)] B, [e” " an L1, <rnTs, })
+ [0(n) ~ T8 Ba [0 1z, <rnr ]
E, [e " [v(Xr) = F(X2)] 1ir<r Ao, 3]
() 2(n) = T (an) B [ 7270 Uy, <o, )
(o) E, [e~7on ]

v(Bn) — ?( ) {e_ATB"l{Tan«AT%}}
¥ (Bn) E. {eiATﬁn] .

T

+ ()"

Combining this calculation with (6.23)-(6.24) and the monotone convergence theorem,
we can see that

nlingoE T/\Tan/\T[‘J'n [U(XTAT(,W/\T/%) - ?(XT/\T /\Tﬂn ]
=B, [e ™ [0(X;) = F(X)]1r],  (6.25)
where

{T<TaANTs}, fa<a,<pB, <8,

r(r) {r < T3}, if a, = @ and 3, < g,
T) =

{r < T.}, if o < ay, and B,, = G,

Q, if «, = @ and 3,, = 3,

(see also (6.13)-(6.14)).
With each initial condition x € intZ, we associate any sequence of stopping strate-
gies (S, 1) € T, such that 7, = 7y A T, A T5 and

o(@) = o5 SEL [e M F(Xp)rcoey] forall £>1

(see (6.2) in Lemma 6.1). If « is absorbing and o < «, (see (6.13)), then we may
assume without loss of generality that 7, < T,, P’-a.s.. To see this claim, suppose
that o is absorbing and o < «,, which is the case when f(a) < limsup,, f(y). Since
Ty ZTg/\Ta/\TB,

o0 o0
({To, <7} = ({T, <7eATa} N {Ta, < Tp}

n=1 n=1
= {Ta <7 /\Ta} N {Ta < T@}
= {Tg = Ta} n {Ta < Tﬁ}.
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In view of this observation and the dominated convergence theorem, we can see that

lim E[e_AW [f(an) - f(X‘re)] 1{Tan<‘l'g}1{7'[<t)o}}

n—oo

E [e™" 17 orynima<1s)] -
yla

= [lim sup f(y) = f(a)

If P (7, = T,) > 0, then the right-hand side of this identity is strictly positive, and there
exists k > 1 such that

Flan)Ble e 1ir, crpy] 2 Ble™ f(Xo) 11, <ryLiricoc}]-

Given such a k£, we can see that

E[e—Awmak f(XTMT%)l{WAT%@oﬂ
= B | f(Xn)Lrct yricoe) | + F@0)E [e Mo L, <oy
> E [efA"kf(Xn)l{ngTak }O{Tz<00}} + E[ewa, f(XTz)]-{Tak<Te}]-{Te<OO}]
= E [e M f(X0)Lin<o0)]

and the claim follows. Similarly, we may assume that 7, < Tp, ]Pf;-a.s., if 3 is absorbing
and 3, < .

In light of the above observations and (6.13)-(6.14), we can use the monotone con-
vergence theorem to calculate

O —AryATo, A : —Ar,f
tim inf B [ 000 (X, v, )| 2 i G [ F (X)L, a1, 0]
= Ei [eiATZY(XTz)l{Tz<OO}] )
which implies that, for all £ > 1, there exists n, such that

- F —Aryn an, N T 1
Eﬁ [e Afzf(XTz)l{TKoo}] < Ei [e eNTan, ATg,, f(XﬂzATuw AT, )} + L

It follows that, if we define
T; =Ty /\Tan[ /\TBW7 (6.26)

then the stopping strategy (S, 75) € 7 satisfies

v(z) — B [e*Afz’j(XT;)} < L (6.27)
J4
In view of (6.22) and (6.26), we can see that
—Ao— —A_o —=
v(@) — BY [eIF(X0)] = B [ [o(Xog) = F(Xrp)]]
T
+E: —/ e M dALY| . (6.28)
0

The first term on the right-hand side of this identity is clearly positive, while, the second
one is positive because —Lv is a positive measure and —A*? is an increasing process
(see also (3.6) in Lemma 3.1). This observation and (6.27)-(6.28) imply that

7 A c
—/ e v dALY
0
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Proof of (II). To prove that v satisfies the variational inequality (6.4) in the sense of
Definition 6.2, and thus complete the proof of part (II) of the theorem, we have to show
that (6.7) holds true because v > ? and —Lv is a positive measure. To this end, we
consider any interval [&, 3] C {z € intZ | v(z) > f(z)} and we note that there exists
& > 0 such that

¢ < min_[v(z) - f(z)] < max v(z) <&

z€la,f] z€(a,B]

because the restrictions of v — f and v in int Z are lower semicontinuous and continuous,
respectively. In view of this observation, we can see that

71\1_0 r 7/\.,.0
e " [u(Xrp) = F(Xrp)] 2 €T Lo cmanTyy
_ —Ar,
> ge M Lirp<Tacryy €€ Plirocr<my)

and

7A o ra 7A o 7A o
e T [0(Xrp) = [(Xrp)] > €€ Lo cmontyy 2 €27 0(Xrp) Lo <ty -

These inequalities and (6.29) imply that

. _ . —Arp.
gfgolEi [e AT&l{r;<T&<Tﬁ-}} =0, ZlgrilolEﬁ [e Tﬂl{r;<T5-<Ta}] =0,
T NTaANT'3
. o[ —Ao _ . ‘ A W
KILIEOET |:6 ZU(XT;)I{T;<T&AT§}:| =0 and ZEIQOET 7/0 € dAu =0.
(6.30)
The first of these limits implies that

gli?go Ei |:e_AT@ 1{Ta§Tf/\T5}:| = Zi}l’élo Ei |:e_AT& 1{T5‘<T5}:| (631)

because {7} < T < T3} = {Ta < T3} \ {Ts < 77 A T3}. Similarly, the second limit
implies that
. —Ar. . —Ar,
Jim Ef [e Tal{TﬁST;AT&}] = Jim B [e " L, <t } . (6.32)

Now, (6.22) and (6.26) imply that

x

T;/\T&/\TB
—/ e e dALy
0
—A o ~ _
= ]Ei |:6 e U(XT;)]'{T;<T@/\TB'}:| + U(Q)Ei |:@ AT& 1{Td§T;ATB}:|

T;/\T& /\TE
f/ e~ M dALY
0

—A O AT~ AT =
v(z) = E {e Tt T‘*U(XTEAT&ATB)] +EL

—Ar.
i 1{TB§T;AT&}] +EL

+ U(B)Ei {e

In view of (6.30)-(6.32), we can pass to the limit as £ — oo to obtain

v(z) = lim {u(d)Eﬁ {e’ATal{Td<TB}} +o(B)EL [e*ATB 1{TB<Td}”

{— 00

_ (@) 20 — @) | 5 e)0(@) — p(@))
p(B)b(a) — p(a)p(B) p(B)(a) — p(a)y(B)
the second identity following from (3.18)-(3.19) in Lemma 3.3. Since this identity is
true for all z € la, B[ and Ly = L1 = 0, it follows that the restriction of the measure Lv
in 2 € |&, B vanishes, which establishes (6.7).

)
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Proof of (III). We now assume that f = f and we consider the stopping times 7* and
7, that are defined by (6.15) on any given weak solution 5, to (1.1). In view of (6.22)
and the fact that v satisfies (6.7), we can see that

v(@) ~ By [e7N [(Xry)] = o [ [o(Xny) - £0X)]]
Combining this result with the identities

lim By[e % [0(X,) — F(X0)]] "2V By [em 0(Xoe) = F(Xr)] Lpgre)] =0,

n—oo " "

we obtain (6.16).
To establish the optimality of ($,,7*) if f = f and (6.17)-(6.18) are satisfied, we first
note that if « is inaccessible, then

0 < lim f(an)Ex [6_ATO‘" 1{Tan<'r*/\T3n}]

n—oo
< lim f(an)E, [e7Aon ] @10 4 flan)p(x)
n—oo =00 @(an)

=0.
Similarly, if 3 is inaccessible, then

nlggo f(ﬁn)Ez {eiATﬁ" l{Tg,,L<T*/\T(,n}:| =0.

In view of (6.13)-(6.14) and (6.18), we can see that, if a (resp., ) is absorbing, then
a, = a (resp., B, = B) and

{Tan <TA Tﬁn} = {Ta <TA Tﬁn} =0 (resp., {Tﬁn < TN Tan} = (Z))
In light of these observations and the monotone convergence theorem, we can see that

lim I, [e*A*n f( Xy )}

n—oo

= lim (IEQ,j [eiAT*f(XT*)l{T*ST,,n/\T,gn}]

n—o0
+ f(an)Ey [e A on 1ig, cronty, )] + f(Bn)Ex [e_AT’S" Lz, <T*ATM}D
=E.[e ™ f(Xr )1 {recoy]s
and the optimality of ($,,7*) follows thanks to (6.16). O

It is straightforward to see that the variational inequality (6.4) does not have a
unique solution. In the previous result, we proved that the value function v satisfies
(6.4) as well as the boundary / growth conditions (6.9). We now establish a converse
result, namely a verification theorem, which shows that v is the minimal solution to
(6.4).

Theorem 6.4. Consider the optimal stopping problem formulated in Section 2 and
suppose that (6.8) holds true. The following statements are true.

(I) If a function w : int Z — R is the difference of two convex functions such that —Lw
is a positive measure, w(x) > f(x) for all z € intZ,

lim sup M < oo and limsup M < 00,

vla oY) vts - V()

then v(z) < w(z) for all x € intZ.
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(II) If a function w : intZ — R, is a solution to the variational inequality (6.4) in the
sense of Definition 6.2 that satisfies

() = lim sup M and limsup M = lim sup M (6.33)

Y) yeT, yla ©(y) y€Eint Z, y13 V(y) yeZ, y16 (y)’

g

lim sup
yeEint T, yla P

—~

then v(z) = w(x) for all x € int 7.
(II1) The value function v admits the characterisation

v(z) = inf{Ap(z)+ By (z) | A,B >0 and Ap(y)+By(y) > f(y) forally € intZ} (6.34)

for all x € intZ. Furthermore, if ¢ < d are any points in I such that v(z) > f(x) for all
x € |c,d|, then there exist constants A, B such that

v(z) = Ap(z) + Bi(z) and Ap(y) + Bi(y) > f(y) forall = € J¢,d[ and y € intZ. (6.35)

Proof. A function w : intZ — R that is as in the statement of part (I) of the theorem
satisfies all of the requirements of Theorem 4.3. Therefore, if 7 is not open and we
identify w with its extension on 7 that is given by w(«) = lim,, w(y) (resp., w(B) =
lim,1s w(y)) if o (resp., B) is absorbing, then

T/\Tan /\Tﬁn
Ea: |:e—A7/\Tan/\Tﬁn w(X‘r/\Tan AT, )} = w(x) + Ex / e—Au dAﬁw (636)
0

for every stopping strategy ($.,7) € 7., where («,), (8,) are any monotone sequences
in 7 satisfying (6.11). Combining this identity with the fact that —Lw is a positive
measure, which implies that —AX" is an increasing process, we can see that

E, [efA,ATM,ATﬁn w(XrATanATﬁn)} < w(z). (6.37)
This inequality and Fatou’s lemma imply that

E. [e_ATATMTﬁ w(XT/\Ta/\Tﬁ):| < liminf E, [e_A”TanATﬂnw(XTATw AT )} < w(zx),
n—oo n n

which, combined with the inequality w > f, proves that v(z) < w(z).

If the function w satisfies (6.33) as well, then we choose any monotone sequences
(an), (Bn) asin (6.11)—(6.14) and we note that (6.23)—(6.24) hold true with the extension
of w on 7 considered at the beginning of the proof in place of v. If we consider the
stopping strategies (3., 1) € 7., where

T = (inf {t >0] w(Xe) = 7(Xt)}) NTy, NTg,,
then we can see that (6.25) with w in place of v and (6.36) imply that

nl;rr;o E, [e_AT%?(XTﬁ)} =w(z)+ nl;rrgo E, {e_ATﬁ [f(X7s) — w(XTﬁ)H
() + By [e7 [F(Xre) — w(Xre)] 1rie]

().

w
w

It follows that v(z) > w(x) thanks to (6.2) in Lemma 6.1, which, combined with the
inequality v(z) < w(x) that we have established above, implies that v(z) = w(x).

To show part (III) of the theorem, we first note that, given any constants 4, B € R,
the function Ay + Bt satisfies the variational inequality (6.4) if and only if Ap+ By > f.
Combining this observation with part (I) of the theorem, we can see that v(x) is less than

EJP 18 (2013), paper 34. ejp.ejpecp.org
Page 35/49


http://dx.doi.org/10.1214/EJP.v18-2182
http://ejp.ejpecp.org/

Optimal stopping of a one-dimensional diffusion

or equal to the right-hand side of (6.34). To establish the reverse inequality, we first use
(3.17) in Lemma 3.3 and (6.22) with 7 = co to obtain

E. |:67AT&/\TI§ [U(XT@/\TE) — AQD(XT&/\TB) — B7/1(XT@/\T5 )H

T /\TB
/ e M dAL
0

= v(z) — Ap(z) — B(Z) + Es (6.38)

for all points @ < Z < (3 in intZ and all constants A, B € R. Also, we fix any point
x € int Z and we consider any monotone sequences (a;,), (8,) in int Z such that

ap <x<f, foralln>1 and lim a, = lim 3, = x. (6.39)

n—oo n—oo

If we define

A = U(ﬁn)w(an) - U(an)w(ﬁn)

then we can check that

@(ﬂn)v(an) - Qp(an)v(ﬁn)
(Br)¥(an) = plan)¥(Bn)’

and B, =

An@(an) + an(an) = v(an) and An@(ﬁn) + an(ﬁn) = U(ﬁn)a

and observe that the identity

Ta”/\Tgn
0=uv(zr) — Anp(zr) — Buyp(z) + E, / e e gAY
0

follows immediately from (6.38) for @ = a,, Z = = and 3 = f3,,. Since —AXY = A=£v
is a continuous increasing process, this identity, (6.39) and the dominated convergence
theorem imply that

v(z) > App(z) + Bpab(z) and v(z) = lim [A,¢(z) + By (z)]. (6.40)

n— oo

Also, given any y € |3,, 3], we can see that (6.38) with @ = a,,, T = /3, and 3 = y yields

To,, ATy
/ e Mu ALy
0

)

[U(y) - An@(l/) - B,ﬂﬁ(:lj)]E&L [eiATy 1{Ty<Tan}] = Eﬂn

which implies that

Ane(y) + Batb(y) 2 v(y) forally € ]B,, B (6.41)
Similarly,
Anp(y) + Bntp(y) 2 v(y) forally € Jo, anl. (6.42)

Combining these results with (2.16), we can see that

v(y)

>0 and B, > lim —=£ >0 foralln>1.
yeint Z,y18 (y)

A, > lim v(y)
yeEint Z, yla (p(y)

If we consider any sequence (n,) such that lim,_, ., 4, exists, then the positivity of the
constants A,, B,, and (6.40) imply that lim,_,., B,,, also exists and that both limits are
positive and finite. In particular, (6.40) and (6.41)-(6.42) imply that

v(z) = lim A,,p(z) + lim B,,¢(z)
£—00 £—00
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and
v(y) < th An,0(y) + élim B, ¥(y) forally € intZ\ {z}.
—00 —00

It follows that v(z) is greater than or equal to the right-hand side of (6.34).

The existence of constants fl, B such that the identity in (6.35) holds true follows
from the fact that the measure Lv does not charge the interval |c,d[. If [d, 3] is not
empty, then, given any @ < Z in |c,d[ and y € [d, B[, we can see that (6.38) with 3 = y
yields

TaAT,
[v(y) — Ap(y) — By (y)] Bz [e A 1y, c1y] = B /o e M ALY

It follows that Ap(y) + Bi(y) > v(y) > f(y) because —A** = A" is a continuous
increasing process. We can show that Ap(y) + By (y) > f(y) forally € ]a, c], if o, c] # 0,
similarly, and the inequality in (6.35) has been established. O

7 Ramifications including a generalisation of the “principle of
smooth fit”

Throughout the section, we assume that (6.8) is true, so that the value function
is real-valued, and that f = f. We can express the so-called waiting region W as a
countable union of pairwise disjoint open intervals because it is an open subset of int Z.
In particular, we write

W={zeT] viz)> f(z)} = UW@, (7.1)
=1

where
Wy = lce,dg], for some c¢p,dy € T U {a, 8} such that ¢, < dy,

and we adopt the usual convention that |¢,¢[ = 0 for ¢ € ZU {«, 8}. Since the measure
Lv does not charge the waiting region W,

v(z) = Aep(z) + Beyp(z) for all z € Wy, (7.2)

for some constants A4, and B,.

Our first result in this section is concerned with a characterisation of the value
function if the problem data is such that VW = int Z. Example 8.1 in Section 8 provides
an illustration of this case.

Corollary 7.1. Consider the optimal stopping problem formulated in Section 2, and
suppose that (6.8) is true and f = f. If W) = |, 3] and W, = () for { > 1, then

Aq = limsup M and B; = limsup M (7.3)

via @) ute o V(Y)

Proof. The result follows immediately from the fact that v(x) = A;¢(z) + B1y(x) for all
x €intZ, (2.16) and (6.9). O

We next study the special case that arises when a portion of the general problem’s
value function has the features of the value function of a perpetual American call option,
which has been extensively studied in the literature.
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Corollary 7.2. Consider the optimal stopping problem formulated in Section 2, and
suppose that (6.8) is true and f = f. If Wy = |a, d¢[, for some £ > 1 and dy € intZ, then

f(y) [

Ay = limsup —=

o () f‘wwﬂmm_hﬂw] (7.4)

and

<1 forallz €]a,dy,
=1 forxz =dy, (7.5)
<1 forallz > d,.

f(x)
App(x) + Beyp(z)

Proof. The identities in (7.4) follow immediately from the fact that v(x) is given by (7.2)
for all z € W, = ]a, dy[, (2.16) and (6.9). The first two inequalities in (7.5) are trivial.
Given any = € |a, dy[, the fact that v(x) is given by (7.2) and part (III) of Theorem 6.4
imply that

Ap(z) + Bep(z) > f(y) forally €intZ,

and the last inequality in (7.5) follows. O

Using similar symmetric arguments, we can establish the following result that arises
in the context of a perpetual American put option.

Corollary 7.3. Consider the optimal stopping problem formulated in Section 2, and
suppose that (6.8) is true and f = f. If W, = |cy, 3], for some ¢ > 1 and ¢, € intZ, then

o f(y)
Ay = () [f(Cg) — ng(cz)], B, = hrgTSﬁHP @ (7.6)
and
f@) <1 forall x < ¢y,

=1 forz=cy, (7.7)

A
ep(x) + Betp(x) <1 forallz € ey, .

The next result focuses on a special case in which a component of the waiting region
VW has compact closure in intZ, which is a case that can arise in the context of the
valuation of a perpetual American straddle option.

Corollary 7.4. Consider the optimal stopping problem formulated in Section 2, and
suppose that (6.8) is true and f = f. If Wy = |cy, dy|, for some ¢ > 1 and ¢;,dy € intZ,
then

Ay

I
&
|

(7.8)

and

<1 forallz €]cy,dy,
=1 forx=cyandzx =dy, (7.9)
<1 forallz <cyandzx > d,.

f(z)
App(z) + Beyp(2)

Proof. The expressions in (7.8) follow immediately from the continuity of the value func-
tion. The first two inequalities in (7.9) are a consequence of the definition of the wait-
ing region W, while the last one is an immediate consequence of part (II) of Theo-
rem 6.4. O
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Our final result is concerned with a generalisation of the “principle of smooth fit”.

Corollary 7.5. Consider the optimal stopping problem formulated in Section 2, and
suppose that (6.8) is true and f = f. Also, consider any point y € intZ such that y ¢ W.
If f admits right and left-hand derivatives at y, then

Fily) <o (y) <o (y) < fL(y). (7.10)

Proof. The inequality v/, (y) < v’ (y) is an immediate consequence of the fact that Lv <
0. The inequalities f/ (y) < v/, (y) and v’_(y) < f’ (y) follow from the fact that v — f has
a local minimum at y. O

8 Examples

We assume that an appropriate weak solution $, to (1.1) has been associated with
each initial condition x € int Z in all of the examples that we discuss in this section. The
following example shows that an optimal stopping time may not exist if (6.17) is not
satisfied. In this example, the stopping region Z \ W is empty.

Example 8.1. Suppose that Z = ]0,00[ and X is a geometric Brownian motion, so that
dXt = bXt dt + O'Xt th,

for some constants b and o. Also, suppose that r is a constant. In this case, it is well-
known that
o(z) =2 and Y(z)=2a",

where m < 0 < n are the solutions to the quadratic equation

1 1
5o—2k2 + (b - 202> k—r=0. (8.1)

In this context, if the reward function f is given by

k(z™—x), ifze€]0,1],
AMam —z71), ifx>1,

fz) =

for some constants «, A > 0, then
v(z) = k™ + Az

= lim E, [e—f'<Ta.7- o) f(Xr, )| forallz >0, (8.2)

j—o0

where (a;) and (5;) are any sequences in |0, co[ such that

oj <z < pjforallj, lima; =0 and lim 8; =oc. (8.3)
J—00 J—00
In particular, there exists no optimal stopping time. O

The next example shows that an optimal stopping time may not exist if (6.17) is not
satisfied, while the stopping region Z \ W is not empty.

Example 8.2. In the context of the previous example, suppose that the reward function
f is given by
0, ifx €]0,1],
flz) =<1, ife=1,

2" —x~t ifx > 1.
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In view of straightforward considerations, we can see that

n

v(z) =2a" forall z > 0.

In this case,
T =inf {t > 0] v(X;) = f(X¢)} = Tn,

i.e., 7* is the first hitting time of {1}, and

v(z) = lim E, e_r(TlATBi)f(XTl/\TBj) > 2™ =E, [e" f(X,,)] foralla > 1,

j—o0

where (f;) is any sequence in |z, oo such that lim;_, ., 8; = oo.

d

The following example shows that an optimal stopping time may not exist if (6.18) is

not satisfied. In this example, the stopping region 7 \ W is empty.

Example 8.3. Suppose that Z = R, X is a standard one-dimensional Brownian motion
starting from x > 0 and absorbed at 0 and r is a constant. In this case, we can see that

p(r) =e

If the reward function f is given by

then we can see that

In particular,

v(z) = lim E, [e*NTaj i f(Xr, amy,)| forallz >0,

j—o0

—V2rz and P(z) = eV2re _ o=Vore,

where («;), (5;) are any sequences in |0, oo satisfying (8.3), and there exists no optimal

stopping time.

d

The following example shows that an optimal stopping time may not exist if f # f.
In particular, the first hitting time 7* of the stopping region Z \ W may not be optimal.

Example 8.4. Suppose that X is a standard Brownian motion, namely, Z = R and
dX; = dW;, and that r = % In this context, it is straightforward to verify that

o(z) =e® and (z) =e".

Also, consider the reward function

0, ifzx <0,
flz) =41, ifz€]0,1],
2, ifx>1,

which is not upper semicontinuous. In this case, we can see that

e, ifx <0,
v(a) = 2o 4 22 er if gz € )0, 1],
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Given an initial condition z < 1 and an associated solution 5, to (1.1), we note that
T=inf{t > 0] v(X;) = f(Xy)} =inf{t >0] X; > 1}

defines an (F;)-stopping time because we have assumed that the filtration in $, satisfies
the usual conditions. However, X, = 1, IP,-a.s., and

E, {e_TT*f(XT*)} =e" ! <w(z) foralz< 1.

In view of these considerations, we can see that there is no optimal stopping time for
initial conditions x < 1. O

The final example that we consider illustrates that a characterisation such as the
one provided by (7.5) in Corollary 7.2 has a local rather than global character.

Example 8.5. In the context of the previous example, we consider the reward function
e, if x <0,

flx) =41, if z € [0,1],
1+ (z—1)2 ifx>1,

and we note that the calculation

er, if x <0,
— =4 —e 7, ifx €[0,1],
—(z—2)%e®, ifx>1

implies that the function f /v is strictly increasing in | — oo, 0] and strictly decreasing in
]0,00][. A first consideration of the associated optimal stopping problem suggests that
the value function v could identify with the function u given by

e”, ifx <0,
u(z) =<1, ifz €[0,1],
1+ (z—1)?2 ifz>1.
In particular, we can check that

ulz) o min{‘P(‘”) W} for all z,y € R.

(z
u(y) e(y) ¥(y)

However, the function u is not excessive because
1 1 1
Lu(dx) = iu”(daz) — §u(x) dx = —do(dzx) — 3 (10,1)(@) + z(z — 2)1[1 00((@)) du,

where ¢y is the Dirac probability measure that assigns mass 1 on the set {0}, which
implies that
Lu([c,d]) >0 foralll <c<d<2,

and suggests that [1, 2] should be a subset of the waiting region W. In this example, the
value function v is given by

e”, ifx <0,
1 ifx e [0, al]
V@) =S e L1 ’ (8.4)
e + 5e , ifxelayan,
1+ (z—1)2, ifz > a,,
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where
al:1+\/§+21n(\/§—1>20.651 and a, =1+ 2~ 2.414.

These values for the boundary points a;, a, arise by the requirements that a; € |0, 1],
a, > 2 and v should be C" along «a;, a, (see Corollary 7.5), which are associated with the
system of equations

a=a,+2n(a, —2),
a —4a3 + 4a? — 1 = (a, — 1)? (ar—l—\/§> (ar—l—i—\/i) = 0.
In particular, we can check that the function given by the right-hand side of (8.4) satis-
fies all of the requirements of the verification Theorem 6.4.(I1) and therefore identifies
with the value function v. g
Appendix: pasting weak solutions of SDEs

The next result is concerned with aggregating two filtrations, one of which “switches
on” at a stopping time of the other one.

Theorem 8.6. Consider a measurable space (), F) and two filtrations (H;), (G:) such
that Ho U Go C F. Also, suppose that (G;) is right-continuous and let 7 be an (H;)-
stopping time. If we define

Fr={A€Hx VG | AN{t <7} € H;VGyand

An{s <7} e H;V G, foralls € [0,t]}, (8.5)
then (F,) is a filtration such that
Fryt =Hr4t VG forallt>0 (8.6)
and
Firne = Hins VGo forallt > 0. (8.7)

Proof. First, it is straightforward to verify that
H: CF and Gy C F; forallt > 0. (8.8)

To prove that (F;) is indeed a filtration, we consider any times v < ¢ and any event
A € F,. Using the definition of F,,, we can see that

An{t<ri=An{u<rin{t<t}teH,VGoVH: CH:VGo,
AN{s<7} €HyVGy_s CH:VGi_s forallse]|0,ul,

and

An{s<t}=An{u<tin{s<7}eH, VG VHs CH,VG_, foralls e [u,t].

It follows that A € F;.
To establish (8.6), we first show that G, C F,;, which amounts to proving that,
given any ¢t > 0 and A € G,

An{r+t<u}=An{r<u-—-t}eF, forallu>0. (8.9)
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To this end, we note that
An{r<u—-t}nfu<r}=0€H,VGy forallu>0.
Also, given any s,u > 0 such that s € Ju — ¢,u],
An{r<u—-t}n{s<7}=0€H,V Gu_s,
while, given any s,u > 0 such that s € [0,u — ],
An{r<u—tin{s<7tt=An{s<7<u—t} € Huy VG C Hy V Gus.

These observations and the definition (8.5) of (F;) imply that (8.9) holds true and G; C
Fr4¢. Combining this result with the fact that 4., C F,4, which follows from (8.8),
we can see that H,.1; V Gy C Fryy.

To prove that F,: C H,4: V G, we consider any A € F.,; and we show that

An{r+t<u}eH,VvVG forallu>0. (8.10)

Since AN{r+t<u} e Fyforallu >0, An{r < u} € Fgy for all w > 0. Combining
this observation with the definition (8.5) of (F;) we can see that

An{r<a}n{s<7}e€HzstVGari—s forallu>0and s <u+t. (8.11)
In particular,
An{a—e<rt<u} €Hz1+VGiy. foralla>0ande € [0,al.

In view of this result, we can see that, given any u > t,

n—1 . .
An{r+t<u}= UAﬂ{j(u_t) STfml)n(u_t)}EHu\/gHM-

) n
j=0

It follows that

An{r+t<ule [|HaVG

n=1

o) = H, VG, forall u>t,

the equality being true thanks to the right continuity of (G;). Combining this result with
the fact that
ANn{r+t <t} € HyV Gy,

which follows from (8.11) for « = s = 0, we obtain (8.10).
To prove (8.7), we first note that (8.8) implies that Hirr V Go C Fin-. To establish the
reverse inclusion, we consider any A € F;», and we show that

An{tAT<u}eH,VGy forallu>0.
Since AN {t A7 < a} € F for all u > 0, the definition (8.5) of (F;) implies that
An{tnr<a}n{s<r}eHzVGz_s foralla>0ands €[04 (8.12)
For @ = s = 0, this implies immediately that

An{tAT <0} € HoV Go. (8.13)
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Also, it implies that
Anf{u—e<r<u} eHzVvG forallucel0¢ andec e [0,

In view of this observation, we can see that

n—1 . .
AN{tAT <u} = UAm{jungml)“} € HuVGu foralluelo, .
n n n
7=0

It follows that

AnftAr<u}=An{r<u}e (| HuVG: =H,VGy foralluc]o,t

n=1

because (G;) is right-continuous. In particular, this implies that

An{r <t} = UAD{T<n:L_1t}€'Ht\/QO.

n=1

Combining this observation with the fact that
An{t <7} eH VG,
which follows from (8.12) for « = s = t, we can see that
An{tnT <u}=A=An{r <t}UAN{t <71} € H:VGy C H,V Gy forallu>t. (8.14)
From (8.13)-(8.14), it follows that A € H;x- V Go. O

The following result is concerned with the pasting of two stopping strategies, in
particular, two weak solutions to (1.1), at an appropriate stopping time.

Theorem 8.7. Consider initial conditions xzy,x; € int Z and stopping strategies

(82, 77) = ((Q°, F°, 72, Pe,, WO, X°),7°) and (8;,,7") = (2", F', 7, Py, W' X1), 7).

Zo? o’ 1) Ty

Given any event A € F?, such that A C {X0%1;7% < oo} = x1}, there exists a stopping
strategy (S.,,7%) = ((Q, F, Fy, Py, W, X),7%1) € T,, such that

T (S0, 7) = J(82,,78) + BY, [0 X1 4] (8,7, (8.15)

where 79. is the (F?)-stopping time defined by 74. = 701 4c + 0ol 4.

Proof. Without loss of generality, we assume that {X°, = z1} # 0. For j = 0,1,
we define on the product space (Q,F,P,,) = (2° x Q' F° @ F1,PY ® PL ) the in-
dependent filtrations (F}) given by 7P = F? ® {Q',0} and 7} = {Q°,0} ® F}, the
(F7)-stopping times 7/ given by 7 (w°,w!) = 77(w’), the (F/)-Brownian motions W7
given by W/ (w°,w') = W/ (w), and the continuous (F})-adapted processes X7 given by
X/ (w®, w!) = X](w’). Also, we denote by T} the first hitting time of {y} by X7, fory € T
and j = 0,1. In particular, we note that each of the collections (Q,F, F7, P, , W7, X7)
is a weak solution to the SDE (1.1) with initial condition z;.

We next consider the filtration (F;) that is defined by (8.5) in Proposition 8.6 above
with (#;) = (F?), (G;) = (F}) and 7 = 7°, so that

]:7:0+t:]_~—790+t\/]}t1 and ]:t/\'T'O :]:-to/\.,:o \/]‘1017 (816)
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and we define
A=Ax Q! and A°= A° x Q. (8.17)
The independence of (F7), (F}) and (8.7) imply that the processes (W2, .., t > 0)
and (W2 .0)? —t A7, t > 0) are (F;)-martingales. On the other hand, (8.16) and
the fact that (F?), (F}) are independent imply that W' is an (.F;—O_;'_t) Brownian motion.

Since (t — 7)T is an (Fzo,;)-stopping time for all t+ > 0 and 7° + (t — 79)" = 7Y v ¢,
the time-changed processes (W(t s0y4, t > 0) and ((W(lf T0)+) (t—7 )+ t > 0) are

Froy)-martingales, while the (F;o\,)-adapted process (X1 -, +, t > 0) satisfies
(t=79)
_ (=797t B (t—797* B B
Xl o0 =m1 +/ b(X1)ds +/ o(X))dw;
0

0
t t
=T+ / b(X(s—po)+) d(s = 7°)" + / (X (s—zoy+) AW, _z0)+
0 0
t _ i ~ ~
=x -l-/ 1{.,:0§S}b(X(1S_7~_0)+)d8+/ 1{7:0§S}U(X(18_7~_0)+)dW51. (8.18)
0 0

In fact, all of these processes are (F;)-adapted. To see this, we consider, e.g., the

process (X( +, t >0), and we note that {X Foy+ € C} € Fzoy; implies that

t—79) (t—7

{X(1t7;0)+ cCyn{f®vt<u}eF, forallu>0.

Therefore,
= N s N nt
{X(lt_;_o)Jr c C} M {TO < t} = anjl{X(lt_;_O)Jr S C} N {TO Vi< ot 1} S .Ft.

It follows that
v 1 _ v 1 ~0 v 1 ~0
{X(t_%O)Jr EC}— {XO EC}ﬂ{tST }U{X(t_;_o)Jr eC}ﬁ{T <t} E.Ft,

because X} = x; is a constant, which establishes the claim. Furthermore, (W(lt oys £

0) and ((W(t 0y+)? = (t = 7°)F, t > 0) are in fact (F;)-martingales. Indeed, given s < t,
we can check, e.g., that

[y, {W(lt—%oﬁ |‘/_'.s:|

= Eq, {Eﬂco {W(ltf%O)Jr | f%OVS} \ fs} = g, [W(lsf%0)+ | ]:s} = W(lsffo)h (8.19)

the last equality following because (W(lt_%o)+7 t > 0) is (F;)-adapted. For future refer-
ence, we also note that

[WATOW(t 7o)+ |}-} [ [W Wt F0)+ ‘]'—OVJ ‘]'—}
= By W0y \]—"]
= Worso Wi _s0y+ (8.20)

In view of (8.16) and (8.17), the process Y defined by Y; = 11714y is (Froqy)-
adapted. Using arguments similar to the ones we developed above, we can see that the
time-changed process given by

Yiroy+ = 141500514y, 20,
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is (F;)-adapted, which proves that the random variable (7° 4+ 7)1 5 + ool 4. is an (F;)-
stopping time. It follows that the random variable

0l =min {7915 +ooly, (FO+7)11+ o0l } =714 + (F +7)1; (8.21)

is an (F;)-stopping time.
To proceed further, we define

Wi = Winzo + Wii_zoys
and
Xy = XE/\%O + (Xto - X—?O) 1i.1r0<y + (X(lt—%o)‘*' - x1> 15104y
= X 1oy + XP1 L rocry + Xy soys 11 iro<ry, (8.22)

and we note that . B
X 01 :Xgolﬁc -l—X;llA. (8.23)

Given y € Z, if we denote by T, the first hitting time of {y} by X, then
Tolz =Tz, Tplz =Ty, (8.24)
Talz= (7 +72)1; and Tplz= (7 +75) 1, (8.25)

because 7°1; < (T2 + T})14. Since W is the sum of two (F;)-martingales, it is an
(F:)-martingale. Furthermore, since

- 2 - 2 ~ ~
Wtz —_ t = { <Wt0/\7~.0) - t /\ 7’:0} + { (W&_.}:O)%—) - (t — 7:0)+} + QWtO/\,,:OW(lt_;O)+;

and the three processes identified on the right-hand side of this identity are (F;)-
martingales (see (8.19)-(8.20)), the process (W2 —t) is an (F;)-martingale. From Lévy’s
characterisation theorem, it follows that W is an (F;)-Brownian motion. Also, combin-
ing (8.22) with (8.18) and the fact that X0 satisfies the SDE (1.1), we can see that

t

t
X: = xo +/ 1{S<.,~.0}b(Xg) ds —‘r/ 1{S<7:0}O'(Xg) dWSO
0 0
t N t 5 5
+14 / 1025y b(X0) ds + 1 4. / 1iz0<5y0(XT) dWY
0 0
t _ t _ _
+ IA/ 1{,,:0S5}b(X(15_7~_0)+) ds + 14/ 1{.,:0§8}U<X(15_7—_0)+> dWsl
0 0
t t
=z Jr/ b(Xs)ds Jr/ o(Xs) dWs.
0 0
This calculation and the preceding considerations show that
(Sey, 701 = ((Q,]:, Fi,Puy, W, X),To’l) € Tao-
To complete the proof, we use the definition (1.3) of A, (8.21)-(8.22) and (8.24)-

(8.25) to calculate

1AATU,1/\TQ/\TB (X) = 1A‘

(FO+F)A(FO+TL)A(70+T)
/ r(Xs)ds

0
= 13 [Aro (X)) + Ay (K1)
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In view of this observation, (8.16)-(8.17), (8.21)-(8.25) and the independence of (-7:—?)'
(Fl), we can see that
J(SI07T071)
= Ezo _e—ATOJ ATaATg (X)f(XTo,l/\TQ/\Tﬁ)1{7.0,1<00}}

ATU/\TU /\T0 (X )

= Eq, f( TO/\TO/\TO)lAcl{TO<oC}
~A0 (X 1 (X N
+ Ezo ‘]l'()(‘ﬂ/\j;(1 ~§)1{T1<OO} ‘ ]:‘FO \/]:O 1A
—A ATO A O(X ) 1
= Ego o AroATgAT f(XTO/\TO/\TO)]'A"]'{TO<oo}
_ 0 )?1) ~ -
+ Bz, |:e Ao (X?) |: f(Xil/\Ti/\Té)l{":1<°O} ‘ .7:3:| 1A:|

—As1 71 AL
(SgoaTAr) +Ew0 [ 7 (Xo)lA:| Ezo |:€ FINTLATS

S (X"

xo?

—A
The) + EO [G_ATO(XO)lA} E:}:l [e TIATANTS f(Xil/\Té/\T%)l{'rl<oo}:| )

and (8.15) follows. O

Iterating the construction above, we obtain the following result.

Corollary 8.8. Fix an initial condition x € int Z and any distinct pointsaq,...,a, € intZ.
Given stopping strategies

(82,79 = ((Q°, 7°, 7, P2, W°, X%),7%) and (S, ,7")=((,F F,P, W, X1,

i=1,...,n, define A = {X%1 0000y €{ai,...,a,}} € F2. Then, there exists a stop-
ping strategy (3., 7) € T, such that

J(Sa,7) = J(S8,75) + DB [0 w0 o [ I(SET),

where 79. is the (F})-stopping time defined by 79. = 701 4¢ + 001 4.
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