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Abstract

We consider a biological population in which a beneficial mutation is undergoing
a selective sweep when a second beneficial mutation arises at a linked locus. We
investigate the probability that both mutations will eventually fix in the population.
Previous work has dealt with the case where the second mutation to arise confers
a smaller benefit than the first. In that case population size plays almost no role.
Here we consider the opposite case and observe that, by contrast, the probability
of both mutations fixing can be heavily dependent on population size. Indeed the
key parameter is rN, the product of the population size and the recombination rate
between the two selected loci. If N is small, the probability that both mutations fix
can be reduced through interference to almost zero while for large /N the mutations
barely influence one another. The main rigorous result is a method for calculating
the fixation probability of a double mutant in the large population limit.
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1 Introduction

Natural populations incorporate beneficial mutations through a combination of chance
and the action of natural selection. The process whereby a beneficial mutation arises
(in what is generally assumed to be a large and otherwise neutral population) and even-
tually spreads to the entire population is called a selective sweep. When beneficial
mutations are rare, we can make the simplifying assumption that selective sweeps do
not overlap. A great deal is known about such isolated selective sweeps (see e.g. Chap-
ter 5 of Ewens 2004). Haldane (1927) showed that under a discrete generation haploid
model, the probability that a beneficial allele with selective advantage o eventually fixes
in a diploid population of size 2NV, i.e. its frequency increases from 1/(2N) to 1, is ap-
proximately 20. Much less is understood when selective sweeps overlap, that is when
further beneficial mutations arise at different loci during the timecourse of a sweep.
Our aim here is to investigate the impact of the resulting interference in the case when
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two sweeps overlap. In particular, we shall investigate the probability that both benefi-
cial mutations eventually become fixed in the population. In reality, beneficial mutations
may arise at a third (or fourth, fifth, etc.) locus during a selective sweep. Therefore, this
work can be regarded as a first step towards understanding the far more challenging
problem of multiple overlapping sweeps.

Before stating our model and results more precisely let us recall some key concepts
and place our work in context. Because genes are organised on chromosomes and
chromosomes are in turn grouped into individuals, different genetic loci do not evolve
independently of one another. In a diploid population (in which chromosomes are car-
ried in pairs), however, nor are chromosomes passed down as intact units. A given
chromosome is inherited from one of the two parents, but recombination or crossover
events can result in the allelic types at two distinct loci being inherited one from each
of the corresponding pair of chromosomes in the parent. We refer to these chromo-
somes as ‘individuals’. Fisher (1930) and Muller (1932) were the first to give verbal
arguments for the evolutionary advantage of such crossover events. Hill & Robert-
son (1966) provide the first theoretical reasoning, which differs from the arguments
of Fisher and Muller, but is mathematically equivalent. They support their arguments
with simulations. The basic idea is that selectively beneficial alleles occurring on linked
loci interfere with each other. In the absence of recombination, they can only both be-
come fixed in the population if one arises on a chromosome which already carries the
other. As a result, the probability of fixation of beneficial alleles is reduced. Through
recombination, alleles at two linked sites on the same chromosome can become fixed in
a population even if they are not initially associated. This has come to be known as the
Hill-Robertson effect or the Fisher-Muller effect.

Each individual in the population will have a type denoted ij where i,j € {0,1}. We
use the first and second digit, respectively, to indicate whether or not the individual
carries the older or more recent beneficial mutation, and assume that the fitness ef-
fects of these two mutations are additive. We consider first the frequency of the older
mutation until the time when the second mutation arises. During this period, it is un-
dergoing an isolated selective sweep. Suppose that a single advantageous allele with
selective advantage o, arises in an otherwise neutral (type 00) population of size 2N,
corresponding to a diploid population of size N. We use X;; to denote the proportion of
individuals of type ¢j. If 2N o is large, then the frequency of the favoured allele, X,
will be well-approximated by the solution to the stochastic differential equation

1
dX1g ZO'leo(l—Xlo) dt+\/2]VX1O(1_X10) dW, (1.1)
where {W(t)};>0 is a standard Wiener process (Ethier & Kurtz 1986, Eq. 10.2.7%). If
the favoured allele reaches frequency p, then the probability that it ultimately fixes is

1— 674Nrilp

T iNor (1.2)

If we assume 2N o to be large and p = 1/(2N), then the above is approximately 1—e =271,
If a sweep does take place then (conditional on fixation) we obtain

~ ~ ~ ~ 1 =~ ~
dX10 = 01X10(1 — XlO) COth(NO’leo) dt + \/ZJVXlo(l - XlO) dw (13)

1Note that the process described in this equation is in the diffusion time scale, i.e. one unit of time equals
roughly 2N generations. In our case, we slow down the diffusion time scale by a factor of 2NV, so that the
time units of (1.1) are generations.
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and from this it is easy to calculate the expected duration of the sweep. Writing Tfm =
inf{t>0: Xo(t) = 1‘ X10(0) = 1/(2N)}, we have via a Green’s function calculation (see
for example Karlin & Taylor 1981) that

- 2
E[T}tiz] = U—llog(QNal) +0(1) (1.4)

and the variance 'UCLT’[Tfiw] is O(1) as was noted, for example, by Kimura & Ohta (1969)
and Etheridge, Pfaffelhuber & Wakolbinger (2006). More generally, an analogous Green
function calculation to that leading to equation (1.4) gives that the expected time for
the selected locus to reach frequency ¢(N) is log(2No1¢(N)) /o1 + O(1). This is the same
as the expected time for X 10 to increase from 1 — ¢(N) to 1. On the other hand, for
0 = O(1), i.e. if J is between 1/C and C for some constant C' as N — oo all other
parameters being constant, the time for X, to increase from § to 1 — ¢ is O(1). As a
result, for large populations, during almost all of the timecourse of the sweep X0 is
either close to zero or close to one.

Now suppose that during the selective sweep of type 10 described by (1.1), more
specifically, when X3 reaches a level U, another beneficial mutation with selection
coefficient o5 occurs at a second linked locus in a randomly chosen individual. The re-
combination rate between these two loci is r, i.e. the expected number of recombination
events per individual per generation between these two loci during a short time period
of length At is approximately rAt¢. We treat the arrival time of the second mutation as
being uniformly distributed over the timecourse of the sweep of the first mutation. If V
is large, then we can expect either U or 1 — U to be close to 0 but >> 1/(2N). We work
under this assumption in the remainder of this article.

Throughout this work, we will use the non-rigorous notion of a type becoming ‘es-
tablished’. By this we mean that the number of individuals of that type is much larger
than 1, so that the subsequent trajectory of its frequency is roughly deterministic, at
least until it again approaches either 0 or 1. Note that for the fittest type in the pop-
ulation (i.e. type 10 if the second beneficial mutation never arises or type 11 if there
are two beneficial mutations) the difference between the establishment probability and
the fixation probability can be bounded above by the expression in (1.2), with o, taken
to to be fitness difference between the fittest and second fittest types. The difference
between the two probabilities is therefore very small if V is large.

The second mutation can arise in either a type 00 or a type 10 individual, forming a
single type 01 individual in the former case, and a 11 individual in the latter case. If the
second mutation arises during the first half (in terms of time) of the sweep of the first
mutation, then U is likely to be very small and it is more likely for a type 01 individual to
be formed. Otherwise, the second mutation arises during the second half of the sweep
and the formation of a type 11 individual is more likely.

The case of the second beneficial mutation forming a type 11 individual is relatively
straightforward. We assume the type 11 individual arises in a population consisting of
2NU type 10 and 2N (1 —U) type 00 individuals. For very large N, U is likely to be close
to either 0 or 1. Since type 11 is fitter than all other types, its fixation is almost certain
once it becomes ‘established’ in the population. For large N, it only takes a short time
to determine whether type 11 establishes itself, and we can assume the proportion of
type 10 individuals remains roughly constant during this time since it is likely to be
close to either 0 or 1 when type 11 arises. Hence the fixation probability of type 11 is
essentially its establishment probability, which is approximately 2(c2 +01(1—U)), twice
the ‘effective’ selective advantage of type 11 in a population consisting of 2NU type 10
and 2N(1 — U) type 00 individuals. Hence we arrive at the following fact: if the second
beneficial mutation arises in one of 2NU type 10 individuals, and ¢; and o5 are both
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fixed, then the fixation probability of type 11 approaches
2(02 +01(1 =0)) (1.5)

as N — oo. By ‘fact’, we mean this statement is easy to establish under a reasonable
model, e.g. the one we give in §2.1.

The case of the second beneficial mutation forming a type 01 individual is far more
interesting. In order for both mutations to sweep through the population, recombi-
nation must produce an individual carrying both mutations. The relative strength of
selection acting on the two loci now becomes important. The case of o0; > 09 has been
dealt with by Barton (1995) and Otto & Barton (1997), where they showed that the
probability of fixation of the allele carrying both beneficial mutations depends on just
two parameters, the ratio o2/07 and the scaled recombination rate r/o;. Since type 10
is already present in significant numbers when the new mutation arises (and type 10 is
fitter than type 01), the trajectory of X;, is well approximated by the logistic growth
curve 1/(1 + exp(—o1t)) until X;; reaches a level of O(1). At that point, fixation of type
11 is all but certain. Barton (1995) uses a branching process approximation to esti-
mate the establishment probability of a type 11 individual produced by recombination.
In particular, his approach is independent of population size. Not surprisingly, he finds
that the fixation probability of the second mutation is reduced if it arises as a type 01 in-
dividual, but increased if it arises as a type 11 individual. Simulation studies performed
in Otto & Barton (1997) confirm these findings in the case o1 > 0s.

McVean & Charlesworth (2000) considered weakly selected mutations on two loci
and argued that the Hill-Robertson effect is an important force in the evolution of non-
recombining genomes. This corresponds to choosing ¢; and o2 to be O(1/N). In con-
trast, we consider the case of strongly selected mutations such that oy and o3 are O(1).

Gillespie (2001) considers the effects of repeated substitutions at a strongly selected
locus on a completely linked (i.e. there is no recombination) weakly selected locus, ex-
tending his work in Gillespie (2000), where he considers a linked neutral locus. He too
sees little dependence of his results on population size, leading him to suggest repeated
genetic hitchhiking events as an explanation for the apparent insensitivity of the genetic
diversity of a population to its size. Kim (2006) extends the work of Gillespie (2001) by
considering the effect of repeated sweeps on a tightly (but not completely) linked locus.
This whole body of work is concerned, in our terminology, with o1 > o5.

The case of 05 > o7 brings quite a different picture. The analysis used in Bar-
ton (1995) breaks down for the following reason: if type 01 gets established in the pop-
ulation then, since the second beneficial mutation is more competitive than the first, it
is destined to start a sweep itself. Once Xy; reaches O(1), X1 is no longer well approx-
imated by a logistic growth curve and in fact will decrease to 0. The fixation probability
of type 11 will then depend on the nonlinear interaction of all four types, {11, 01, 10,00},
and our analysis will show that it is heavily dependent on population size. See Figure 1
below.

This paper is organized as follows. In §2.1 we set up a continuous time Moran model
for the evolution of our population. In the biological literature, it would be more usual
to consider a Wright-Fisher model, in which the population evolves in discrete, non-
overlapping generations. The choice of a Moran model, in which generations overlap,
is a matter of mathematical convenience. One expects similar results for a Wright-
Fisher model. The choice of a discrete individual based model rather than a diffusion is
forced upon us by our method of proof, but is anyway natural in a setting where popula-
tion size plays a role in the results. A brief discussion of our model, for very large NN, in
§2 leads to a method for calculating the asymptotic (N — oo) fixation probability of type
11 when o2 > 07 and when the arrival of the second beneficial mutation forms a type
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Figure 1: Simulation results for fixation probability of type 11 for the following initial
condition: the second mutation arises in a type 00 individual, when [ (2/NV)%7 | individuals
in the population have the first mutation (i.e. are of type 10). Vertical bars denote two
standard deviations. For an explanation of why (2V)!~¢ for ¢ € (0, 1) is the right initial
condition, see the discussion before (2.3). Parameter values: o; = 0.012, 05 = 0.02,
r =4 x 10~° (recombination coefficient).

01 individual. Our main result, Theorem 2.3, is concerned with the case when the pro-
portion U of type 10 individuals is equal to (2N)~¢, where ¢ < 01 /02 < 1, at the time of
the creation of the second beneficial mutation. We will see that in order for a non-trivial
result to be obtained, i.e. for the effect of the interference to be intermediate between
complete linkage (that is, no recombination) and independence, the recombination rate
r must be O(1/N). The significance of the condition ( < o¢;/02 will be explained in
§2.2, and the complementary case of o1 /09 < { < 1 will be discussed in more detail in
§2.3, where we also discuss the case of moderate N. The rest of the paper is devoted
to proofs, with §3 containing the proof of Theorem 2.3 and §4 containing the proof of
Proposition 3.1. Results in §4 rely on supporting lemmas of §5.

2 Model and Results

2.1 A Moran Model for Two Competing Selective Sweeps

In this section we describe our model for the evolution of two competing selective
sweeps. We use the notation from the introduction for the four possible types of individ-
uals in the population I = {00,01, 10,11}, and assume that at the time when the second
mutation arises, the proportion U € {0,1,...,2N}/(2N) of type 10 individuals in the
population is known. From now on we use ¢t = 0 to denote the time when the second
mutation arises. As explained in §1, since we are interested in the case when the time
of arrival of the second beneficial mutation is uniformly distributed over the timecourse
of the selective sweep of the first, we may assume that 2NU is much larger than 1.

For simplicity, we use an additive fitness model, even though an extension to more
general cases should be straightforward, as long as type 11 is the fittest of all 4 types.
Let o € [0,1] be the selective advantage of the second beneficial mutation and o be
the selective advantage of the first beneficial mutation (for some « € (0, 1)). This corre-
sponds to taking o2 = ¢ and o7 = o+ in the notation of the introduction. The recombi-
nation rate between the two selected loci is denoted by r which we assume to be o(1).
If r and o are small, then decoupling recombination from the rest of the reproduction

EJP 17 (2012), paper 31. ejp.ejpecp.org
Page 5/36


http://dx.doi.org/10.1214/EJP.v17-1954
http://ejp.ejpecp.org/

Competing selective sweeps

process does not affect the behaviour of the model a great deal and it will simplify anal-
ysis. We use {n,(,,n = 1,...,2N} to denote the types of individuals in the population.
At time ¢ = 0, we assume that the population of 2N individuals consists of 2N(1 —-U) — 1
type 00 individuals, 2NU type 10 individuals and 1 type 01 individual. The dynamics of
the model are as follows:

1. Recombination: Each ordered pair of individuals, 7,,(» and n,(, € I, is chosen at
rate r/(2N). With probability 1/2, n,,(, replaces n,,(,,. Otherwise, 1,(,, replaces
NmCm.-

2. Resampling (and selection): Each ordered pair of individuals, 7,,{,, and n,¢, € 1,
is chosen at rate 1/(2N). With probability p(7,,(m, 7mCn) given by

1

(A +ov(i—k)+o(i—1),

a type 1 (, individual replaces n,(,. Otherwise a type 7,(, individual replaces
77m<m-

Remark 2.1. Evidently we must assume o > 0 and o(1 +v) < 1 to ensure that all
probabilities used in the definition of the model are in [0, 1].

Remark 2.2. The recombination mechanism we use above actually corresponds to
‘gene conversion’. In order to model crossover events one replaces mechanism 1 by
the following:

1’. Each individual is picked at rate r and replaced by one of type ij with probability
Xi.X.j, where Xi. = X0 + Xil and X.j = XOj —+ le.

If we use mechanism 1’ and 2 as our model, the jump rates of X;; will be slightly
different from those in (2.1). The drift terms for X;; (i.e. rjj — r;j below), however;
remain the same for both models. When X, is small, the dominant contribution to the
rate at which types 01 and 10 recombine to produce type 11 individuals is 2r X1 X1¢
for both models. As a result, both Theorem 2.3 and its proof apply to the model with
mechanisms 1’ and 2. We use the gene conversion model in Theorem 2.3 and its proof

as its jump rates are a bit easier to write down.

Let IP denote the law of this Moran particle system, and r:; and r;; be the rates at
which X;; increases and decreases by 1/(2N), respectively, then

ra; = NXo[(1+0)(1— Xo1) —o(1+7)X11 — 07X10]
+rN(2X11 Xoo + Xo1X11 + Xo1Xo0)

ror = NXoi[(1—-0)(1—Xo1) 4+ o(1+7)X11 + 07X10]
+7rNXo1(Xoo + 2X710 + X11)

o = NXio[(1+07)(1 — X10) — o(1+v)X11 — 0Xo1]
+rN(XooX10 + X11X10 + 2X711 X00)

o = NXio[(1—07)(1 = X10) +o(1+7)X11 + 0Xo1]
+rNX10(Xoo +2X01 + X11)

= NXu[(l+o(1+))(1—X11) —o0Xor — 0vX1o]
+rN(2X01X10 + X1 X11 + X10X11)

rn = NXu[(1-0(14+9)1—X11)+ 0Xo1 + 0vX10]

+rNX11(2X00 + X10 + Xo1)
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7’6’6 = NXu[l — Xoo —o(1l+7)X11 — 0Xo1 — 0vX10]
+rN(X10X00 + Xo0Xo1 + 2X10X01)

oo = NXoo[l —Xoo+o0(1+7)X11 4+ 0Xo1 + 0vX10]
+rNXoo(X10 + 2X11 + Xo1). (2.1)

To understand these rates a little better, consider for example the term rgl. The part
due to selection is NXp1[(1 4 0)(1 — Xo1) — 0(1 + v)X11 — 07 X10]. It must take account
of the fitness of type 01 relative to the rest of the population. Thus, using the fitness
of type 00 as a baseline, not only does it encode the advantage of type 01 over type
00 through the term o(1 — Xg;1), but also of the advantage of types 11 and 10 over 00
through the two negative terms.

We define the fixation time of this Moran particle system

Tfip = inf{t > 0: X;;(t) = 1 for some ij € I}.

We observe that the Markov chain (Xog, X10, Xo1) has finitely many states and the re-
current states are R = {(0,0,0),(0,0,1),(0,1,0),(1,0,0)}. Every other state is transient
and there is positive probability of reaching R starting from any transient state in finite
time. Therefore E[T};,] < oo, and in particular,

Trix < 00 a.s.

2.2 Main result

We are concerned primarily with the case of very large population sizes, which is the
regime where our main rigorous result, Theorem 2.3, operates. A non-rigorous analysis
for moderate population sizes based on very similar ideas is also possible and appears
in Yu & Etheridge (2010). In this section we focus on the case when the arrival of the
new mutation results in a type 01 individual. To motivate our result, we consider the
hurdles that must be overcome if type 11 is to become fixed in the population. Our
approach will be to estimate the probability that each of these hurdles is overcome.
First, following the appearance of the new mutant, X,; must ‘become established’, by
which we mean achieve appreciable numbers in the population, e.g. 2/¢ individuals.
Without this, there will be no chance of step two: recombination of a type 10 and a
type 01 individual to produce a type 11. Finally, type 11 must become established, after
which its ultimate fixation is essentially certain. Of course this may not happen the first
time a new recombinant is produced. If type 11 becomes extinct and neither X, nor
Xo1 is one, then we can go back to step two.

In order to obtain a reasonable estimate for Xy when type 01 arises, we first exam-
ine the trajectory of X, prior to the arrival of type 01. During this time, when Xy; and
X1 are both 0, we can write

Xlo(S) = % + MlO(S) + /OS O"'}/Xlo(u)(l — Xl()(u)) du,

where M, is a mean-0 martingale with maximum jump size 1/(2N) and conditional
quadratic variation

(Mio)(s) = 12;77"

/OS Xlo(u)(l — Xlo(u)) du,

i.e. (Mjo) is the unique previsible process such that Mio(s)? — M10(0)? — (Myo)(s) is a
martingale (see e.g. §11.3.9 of Ikeda & Watanabe 1981). The additional factor of r in the
martingale term (M), as compared to (1.1), is due to recombination between type 00
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and type 10 individuals, which, because we have decoupled it from the resampling and
selection, essentially increases the resampling rate. We drop the martingale term Mg
and approximate the trajectory of X using a logistic growth curve, i.e.

Xi0(s) = 1/(1+ (2N — 1) exp(—0o7ys)), (2.2)

which solves 2510 = 54X 4(s)(1 — X10(s)) and X10(0) = 1/(2N). Notice that we are
also dropping the coth term in (1.3), since its effect is non-negligible only when X9 =
O(1/N), which lasts only a short time if N is large. As discussed in §1, we assume that
the arrival time of the second mutation is uniformly distributed on the timecourse of the
sweep (of the first mutation) and, since N is large, X9 spends most of the time near
0 or near 1. If we approximate the growth of X;g by the logistic growth curve (2.2),
then it reaches 1/2 at time ﬂ%y log(2N —1) = U%Y log(2N). Since we are most interested in
the case when X is small, we choose the time of the introduction of the new mutation
uniformly on [0, 0—17 log(2N)]. From now on this will be our time origin, so at ¢ = 0 when
the second mutation results in a single type 01 individual, X;0(0) ~ (2N)~¢, where
¢ ~ Unif[0, 1]. In summary, at time ¢ = 0 we take the state of the system to be

X10(0) = (2N)~¢ for some ¢ € [0, 1]
X()l(O) = (2N)_1
X11(0) == 0

From this initial condition the first hurdle is for type 01 to become established,
whose probability approaches 20/(1 + o) as N — oo by approximating X,; using a
branching process (see proof of Lemma 4.2(b) for more detail). Suppose that the first
hurdle is indeed overcome and type 01 is established. From this time onwards, until
type 11 becomes established, we approximate X3; and X;y deterministically. Until
either is O(1), we have

1

Xo1(t) = =€, Xio(t) ~ ——
01(t) e”", Xao(t) aNe”

ot (2.3)
The above approximation fails once either Xy, or X reaches O(1). We fix a small con-
stant ¢ < 1, then Xg; reaches ¢ approximately at time %(log c+log(2N)) and X;( reaches
¢ at approximately U—{y(logc + Clog(2N)). Our main result, Theorem 2.3, concerns the
case when ¢ < ~. In this case, for sufficiently large N, X, reaches c before Xy, and
will further increase to almost 1 before X; reaches c. At this time, which we denote 77,
the population consists almost entirely of types 10 or 01. Type 01, already established
but still just a small proportion of the population, will then proceed to grow logistically,
displacing type 10 individuals until Xy; reaches 1 — c at time 75. The number of recom-
bination events between Xy; and X;o during T3, 73] is O(rN), which produces O(rN)
(as N — oo and then ¢ — 0) type 11 individuals, whereas the number of recombination
events between Xy, and X outside [T7, T3] is O(rcN). Since c is small, we expect most
recombination events to occur in [T3,73]. Each type 11 individual has a probability of
at least 20/(1 4 o) of eventually becoming the common ancestor of all individuals in
the population. So if we want to obtain a non-trivial limit (as N — oo) for the fixation
probability of type 11, we should take r = O(1/N). When we use the term non-trivial
here, we mean that as N — oo, (i) the fixation probability does not tend to 0, due to a
lack of recombination events between type 01 and type 10 individuals, and (ii) nor does
it tend to the establishment probability of type 01, due to infinitely many type 11 births,
one of which is bound to sweep to fixation.

Consider for a moment the case ( > -, where Xy, reaches O(1) at time roughly
Llog(2N), before Xi, does, and Xjo is O((2N)Y~¢) at this time. Furthermore, the
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Figure 2: Approximate trajectories of X1( (solid line) and X(; (dashed line) when X, is
small: these curves are obtained assuming they undergo deterministic logistic growth
with initial condition X¢1(0) = (2N)~! and X10(0) = (2N)~¢. Parameter values: o =
0.02, (2N) = 108. In Case 1 for ¢ < v, X;o reaches almost 1 before being displaced by
Xo1, but in Case 2 where ¢ > v, X;o never reaches O(1).

biggest X1y can get is O((2N)Y~¢) since X(; will very soon afterwards increase to al-
most 1, after which X;o will exponentially decrease (since type 10 is less fit than type
01). Hence we expect O(rN't7~¢) recombination events between type 01 and type
10, and the ‘correct’ scaling for r is 7 = O(N¢~7~1) in this case. See Figure 2 for an
explanation. We will examine the case of ( > ~ more thoroughly in §2.3.1.

We return to our main interest, the case ¢ < v, which is the more likely scenario if v
is close to 1. We will take » = O(1/N) so that most of the recombination events between
type 01 and type 10 individuals occur when type 01 is logistically displacing type 10,
i.e. in the time interval [T7,75]. We refine this by defining the constants in (4.1). The
deterministic times tgioch, tearly, tmia and tjq.. roughly correspond to the lengths of the
‘stochastic’, ‘early’, ‘middle’, and ‘late’ phases of X, whose role is described in more
detail in §4. Briefly, at the end of the stochastic phase, Xy; is expected to reach either
O((2N)*~1) or become extinct, where we will pick ag = ¢(/(6) in §3. If Xo; does not
become extinct at the end of the stochastic phase, it becomes established and goes on
to increase to level ¢ (at the beginning of §4, we will take € = (2N)~(7=¢/144, which — 0
as N — oo) during its early phase. During the middle phase of Xy, it increases from
€ to 1 — e. After that, it enters its late phase, where ¢;,:. is chosen so that, with high
probability, X1 + X1; has fixed at 1 by the end of the late phase. In order to calculate
the fixation probability of type 11, we only need to consider the evolution of X;; while
X1 is smaller than
[log(2N)]

911 = 2N )

since once X;; reaches #;;, the fixation of type 11 is virtually certain (by (1.2), the
probability that type 11 does not fix if it reaches 6;; is < (2N)~297).

We consider the evolution of X,; after it reaches ¢ to be almost deterministic and
approximate the subsequent evolution of Xy; and X;; by Yy and Yi;, defined below.
Let

-1
L(t;y0,8) = {1 + (1 — 1> eﬂf} (2.4)

Yo
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be the solution to the logistic growth equation

t
Lt 0, 8) = yo + B/O L(s; 0, 8)(1 — L(s; 0, B)) ds.

We define Yj; to be L(:;e,0(1 — 7)) during the middle phase of Xy; and 1 during the
late phase of Xy;. Notice that o(1 — 7) is the advantage of type 01 over type 10 and
Yy is deterministic. The time t,,;4 is exactly the length of time when Yj; is between ¢
and 1 — e. During the middle phase of X(;, we approximate the recombination events
between type 01 and 10 individuals (which actually happen at rate 2r N X1¢X¢1) as birth
events of Y1; (which will happen at rate 2r NYp; (1 — Yp1)). Recall that during the middle
phase of Xy; and as long as X1 < 6011, Xo1 + Xi0 is approximately 1. More precisely,
for ¢t € [0, tmiq), we define

You(t) = L(tie,o(l—7)) (2.5)
pr(zt) = Nz[(1+o(1+7)(1-2) = (0 —r)Yor(t) — (o7 = r)(1 = You(t))]
+2rNYo1(t)(1 — Yp1(t))
p(z,t) = Nz[(1-0(1+7v)+2r)(1—2)+ (0 —7)Yoi(t)

+(oy = r)(1 = You ()],

and for ¢ > t,,;4, we define

You(t) = 1 (2.6)
p(zt) = Nl+oy+r)z(l-z)
uw(z,t) = NA—oy+mr)z(1-—2).

We then take Y7; to be a birth and death process with birth and death rates p*(Yi1,t)

and p~ (Y11,t), respectively, jump size 1/(2N), and initial condition Y7;(0) = 0. It is ab-
sorbed on hitting 6;;. We couple Y3; to X1, which jumps at rates rfl and rj; defined

in (2.1), in the standard manner, i.e. we use the same underlying Poisson process to con-
struct both X, and Y;;. More specifically, let AY (dt, d¢) for x € {01+,01—,10+,10—, 11+, 11—}
be a Poisson point process on R x [0, 1] with intensity measure LI x [, where [ denotes
Lebesgue measure and the constant I dominates the jump rates r$ in (2.1) and p*(2,t)

in (2.5). For example, jumps of A{\’H(dt, d¢) give possible times at which X;; increases

by 1/(2N). Then X, satisfies the following jump equation:

X = XnO+ 55 [ [ Lol

s
_ﬁ/o /O 1¢§T;1(3_)/LAﬁ—(dSad¢)7

and Y7; is constructed using the same AV’s:
1 t el v
V) = Xu0+ 55 [ [ asue ool (s do)

1 t 1
_W/O/O Lo~ (Vs (s-),a-)/£AT1— (d5, dB). (2.7)

With high probability, the trajectory of Y;; agrees with that of X;;. Its definition in
terms of the jump rates ;* takes into account both the birth of type 11 individuals due
to recombination of type 01 and 10 individuals (second hurdle) and their subsequent
establishment (third hurdle).
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For k € {0,1/(2N),2/(2N),...,6011}, it is convenient to write k_ = k — 1/(2N) and
ki =k +1/(2N). We run Y7; until time ¢,,;4 + tiqte. The probability that Y3; hits 61
before then can be found by solving a system of ODE’s. Let p{'!) satisfy

i (1 2N),6) i () — wH(0,0p5 (1), i k=0
ip(ll)(t) ) ow(0n,-,t) péﬁ?, (t) = p~ (b1, t)péﬂ)(t), if k=01 2.8)
k = _ .
dt (k= ) py P () + (kg ) p 2 ()
— (e, ) + (ke £)py ) (8), otherwise
with initial condition pfcll)(()) = 1{x—0}, where ¢1; _ = 611 — 1/(2N). Then
P(Y7; hits 611 before t,,iq + tiate) = péi)(tmid + tate)- (2.9)

The probability that X, gets established, i.e. reaches 6, is then approximated by
the probability that the birth and death process Y;; reaches 6. The latter can be found
by solving the forward equation for the process Y71, which can be found in (2.8).

Theorem 2.3. If ( < v < 1 and r = O(1/N), then there exist § > 0, whose value
depends on o, v, and ¢, and a constant C, ,, such that

20 (11)

P (X11(Trie) = 1) = 5 pe

(tmid + tlate) S C’y,o'Nié

for sufficiently large N, where p(1!)(t) solves the forward equation (2.8).

In the above corresponds to the probability of type 01 becoming established at

20
’ 140
the end of its stochastic phase, while péﬁ)(imid + tiate) approximates the establishment
probability of type 11 conditional on type 01 becoming established. Figure 3 compares
fixation probabilities obtained from simulation, a non-rigorous calculation (which we
briefly discuss in §2.3.2 below), and the large population limit of Theorem 2.3. In Fig-
ure 3(a) we hold » N constant in this simulation, and observe that the fixation probability
of type 11 increases but does not change drastically as IV becomes large. The reason
for the drop in the fixation probability of type 11 when N is small may be because in this
case, the early phase for X, is very short and hence X;( increases to a level sufficient
to reduce the establishment probability of type 01 before it actually gets established. In
Figure 3(a), we use a population size of 2N = 50,000 to approach the large population
limit of Theorem 2.3. Apparently this population size still results in underestimates of
the fixation probability of type 11 in the large population limit.

2.3 Other Cases

Our main result concerns the case ( < v when the second beneficial mutation occurs
on a type 00 individual, and N is large. We briefly indicate how our results can be
extended to some other cases.

2.3.1 The Case ( > v

If v is close to 1, this case is less likely than the case ( < v, considered in Theorem 2.3.
Nevertheless, we expect a similar result in this case, for which we provide an outline
here. We take A € (0,(¢ —)/(2 —~)] and t.,,, = =2 1og(2N), then at time ¢/, ,, we
expect Xy; to be either 0 (with probability approximately ﬁ—g as in the case ( < ) or

O((2N)~*), and X to be roughly (2N)1~M7=¢ < (2N)~2*. Since X and X;; can be
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Figure 3: Fixation probability of type 11: circles denote data points from simulations
using 20,000 realisations with vertical bars denoting one standard deviation. (a) varying
population size: the solid line denotes probabilities obtained using the non-rigorous
calculation described in §2.3.2, and the dashed line denotes the large population limit
of Theorem 2.3, with »(2N) = 0.2. (b) varying r(2N): the solid line plots the large
population limit of Theorem 2.3, and the simulation uses population size 2N = 50, 000.
Other parameter values: ¢ = 0.02, ( = 0.3 and vy = 0.6.

expected to be quite small before ¢/, ,, they exert little influence on the trajectory of

X1, which jumps by +1/(2N) at roughly the following rates:
rgi = N(1+0+7)Xo1, 7y & N(1 — 0 + 1) Xo1.

Hence before t/, .., 2N X(1 resembles a continuous-time branching process Z with off-
spring generating function u(s) = 3(1+o+r)s*+ 3(1—o+7r)— (1 +r)s. Using Theorem
I11.8.3 of Athreya & Ney (1972), we can calculate E[e~*W] for W = lim;_,,, e 7t Z(t)
and conclude that W is distributed according to {7Zd0(y) + exp(—1225y) dy for
y > 0. Hence the conditional distribution function of Xoi(t,,.,)|Xo01(t},en) > 0 re-
sembles Exp(£Zt"(2N)~*), an exponential distribution with mean 42+ (2N)=*, as
N — oo.

From time ¢/, ., onwards, until either X, gets very close to 0 or X;, becomes much
smaller than O((2N)(*=Y7=¢), we can assume that the paths of X, and Xy, are well

approximated by those of Yjy and Yji, respectively, where

dYor = You[(1+0)(1—Yor)—o7Yio] dt
dYio = Yio[(1+07)(1—Yi) —oYo] dt

with the initial condition Yy; (0) (corresponding to Xo; (t),,.,)) drawn from an Ezp(1£Z (2N) )
distribution and Y;0(0) = (2N)*~Y7=¢, As in the case ¢ < +, we can then approximate

X11 by a birth and death process Y;; with rates the same as rﬁ from (2.1) but with

Xo1 replaced by Yy; and X replaced by Yio. Let pj! (t;y) be the probability that Y1,
reaches 61, by time ¢, then pélll (t;y) can be found by solving the forward equation for

Y11, i.e. (2.8) but with the following T and p~:

ph(zt) = Nz[(1+o(1+9)(1-2) = (0 —7)You(t) — (07 — r)Y10(t)]
+27"NY01 (t)YlO (t)
p(z,t) = Nz[(1—0o(l+7)+2r)(1—2)+ (0 —r)Yoi(t) + (oy — 7)Y10(1))]-
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Finally, we average over the distribution of Y;;(0), and
o0 5
m 11 . — T 7Y
/(; tli>ocp911 (t’ y)e tet dy

can be expected to be within N of the fixation probability of type 11 for some ¢ > 0.
The proof of such a result is more tedious than that of Theorem 2.3 but makes use of
similar ideas.

2.3.2 Brief Comment on Moderate N

For moderate population sizes, the observation that Xy increases to close to 1 before
X1 reaches O(1) breaks down. We can, however, compute the distribution function
fTo1;em of the random time 7jy;.9,, when Xy hits a certain level 6y;, assuming that X
grow logistically before Tp;.9,,. From 7j1,9,, onwards and before X1, hits 611, X¢1 grows
roughly deterministically, displacing both type 10 and type 00, so we can approximate
X11 by Y71, a birth and death process with time-varying jump rates in the form of rﬁ
in (2.1), but with Xy, X319 and Xy replaced by their deterministic approximations.
Assuming Tp;.¢,, = t, we can numerically solve the forward equation for Y;;, which is
directly analogous to (2.8), to find the probability that Y;; eventually hits 6;;, which we
denote by pgi) (t). The dependence of pilsi) on ¢t comes through the initial condition X,
for the ODE system, which depends on Tj.4,,. The fixation probability of type 11 is then
approximately [ pg?(t) fTo1.6,, () dt. This is the algorithm we use to produce the solid
line in Figure 3(a) and is given in its full detail in Yu & Etheridge (2010).

3 Proof of the Main Theorem

We first define some of the functions and events needed for the proof, then give
some intuition, before we proceed with the proof of Theorem 2.3. We define

Tz, = inf{t>0:72>xz}
Tijz = inf{t>0:X,;; >z} (3.1)

for any ij € {00, 10,01,11}. We also define the stopping time
Too = TOl;e + tmid + tiate-

Recall that the deterministic times tgioch, tearly, tmia and tq.. roughly correspond to
the lengths of the ‘stochastic’, ‘early’, ‘middle’, and ‘late’ phases of X(;, whose role is
described in more detail in §4. We define

¢ agp 1.011og(2N)
= 2, tstoch = —10g(2N), tegriy = ——————. 3.2
o = = bstoch = 0g(2N) R g (3.2)
1 1—e€ 1.02
tmia = 1 ) tiate = —1 2N )
d o(1—7) 0g p lat = 0g(2N)

At the end of the stochastic phase, Xy is expected to reach either O((2N)%~1) or
become extinct. Also recall the definition of Yy; and Y77 in (2.5) and (2.6). We define

o 0, ift < TOl;s
Zo(t) = { You(t — Towse), ift > Touse
0 ift <To.e
z = ; ’ :
11(t) { Yll(t - TUl;e)u if ¢ Z TOl;e (3 3)
EJP 17 (2012), paper 31. ejp.ejpecp.org
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With the convention of (3.1),
TZ(Jl;l—e = TOl;e + tmid,

and we observe that Zy;(¢t) = 1 for ¢t > T7,,:1—. Notice that Zy; is deterministic other
than the time it becomes nonzero (i.e. at 7p;,.) and the jumps of Z;; are coupled to
those of X1, since Zi; is simply a time shifted version of Y7;, defined after (2.6).

We define the following events:

Ey = {Tz51-c <Ti1.0,,}
Er = {Xoi(tstocn) > 0}
G {Tor,e < Tivajen) A (Estoch + tearty)} N {X10(Tor;e) > 1 — € — €'}
Gy = {|Xo1(t) = Zor(t)| < €'/ and Xoo(t) < €’ for all
t € [Tor,e; Tzp1:1—e N T11,0,, ]}
Gy = {Xu(t)+Xou(t)>1—€/?forallt > Ty, 1}
Gy = {X11(Tw)+ X01(Too) =1}
Gs = {Xu(t)=21(t) forallt € [To1.e, Too A T11:0,,)}
Ge {T11.0,, <Too or X11(Teo) = Z11(T) = 0}. (3.4)

On event Ej, type 11 is not established before Tz, .1_., which roughly corresponds to
the event that type 11 never gets established since there will be very few recombination
events after Tz,,.,1—.. On event F, the second mutation survives the initial stochastic
phase. Events Ey and F; have probabilities that do not approach 0 or 1 as N — oo.
Conditional on event F1, events G to Gg occur with high probability, which enable us to
approximate Xy and Xi; by Zp; and Z;1, respectively. We outline the intuition behind
these definitions in the following three paragraphs and refer to readers to Figure 4
and Table 1 for an illustration of different phases of X3 and Xy;. Recall that t.:,cn is
the length of the initial ‘stochastic’ phase for Xy;. At ts:0cn, With high probability X
either is O((2N)%~1) or has hit 0 (event Ef). In the latter case, there is no need to
approximate Xy; any further. On the other hand, if F; occurs, then type 01 is very
likely to be established by tso., and, with high probability, have overcome the first
hurdle to the fixation of type 11 outlined at the beginning of §2.2. Thus it grows almost
deterministically to reach level e (slightly smaller than O(1)) at time T, (first half of
G1). Note that t..y is picked so that Xy;, which has advantage o(1 — ) over type 10,
can grow from roughly O(1/N) to at least O(1) in time t.4,4,. Furthermore, as discussed
in §1, since ¢ < v, with high probability X, will grow to around ¢34 at time 10,24 and
further increase to close to 1 at time ¢}, ; ... With high probability, ¢}, _ .. < To1;e SO
that the second half of GG; is also likely (ﬁlease refer to (4.2) for exact definition of t10;e24
and t’10;1_€24). Hence conditional on E;, event (7 is very likely.

After Tpi,., Xo1 enters its middle phase and can be well approximated by the de-
terministic process Zy; (first half of G2), which grows logistically at rate o(1 — ) until
T7,,:1—c- This approximation requires X;; to remain small (event Ey). Furthermore,
since X19(To1;e) ~ 1, from Ty, onwards, X is likely to remain small since type 00 is
the least fit type (second half of G5). During [To1., Tz,,:1—], the definition of Z;; takes
into account recombination events between type 10 and 01 individuals that produce
type 11 individuals at a rate of 2r N X9 X1, which is approximated by 2rN Zy; (1 — Zy1)
in the definition of Z;;. As discussed at the beginning of §2.2, the second hurdle to the
fixation of type 11 is the production of a type 11 individual via recombination between
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X0 start time | start position approximation
early 0 (2N)~¢ L(:;(2N)=¢, 07)
middle t10;524 around €2 L( - t10;624 ; X10 (t10;624), 0"}/)
late 1o around 1 — ¢2* Xo1 + X1 stays above 1 — €*
Xo1 start time | start position approximation

. _ branching process defined in

1
stochastic | 0 (2N) Lemma 4.2(b)
1 | Zo1 =0, upper and lower
ap—1 01 ’

early Estoch around (2N) bounds in Lemma 4.2(c,d)
middle TOl;e € ZOI(T01;E + ) = L(, €, 0'(1 — "Y))
late Ty :1—€ around 1 — ¢ Zo1 =1

Table 1: Different phases of X;9 and Xy:: Xo1 and Xy, are approximated by Zjy; and
Z11, respectively, during the early, middle and late phases of Xg;.

time-shifted versions of Y;; and Y71, defined in (2.5-2.7)

€= (2N)~

(2N) <

Figure 4: Illustration of trajectories of X;;: in this particular example, X;; never estab-

tstoch

lishes and X(; sweeps to fixation. Neither the ¢ nor the x axis is to scale.
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type 01 and 10 individuals. Notice that we can approximate X9 by 1 — Zy; since we as-
sume X is small under G5 and X;; is small throughout. As a result, the jump process
Z11 closely approximates X1, conditional on Gy N G1 N E; (event G5). This approxima-
tion remains valid until either when type 11 becomes established or the end of the late
phase at Tt.

After Tz, .1—., Xo1 enters its late phase and we just need to make sure that with high
probability we obtain a definite answer on whether X7, has reached 6;; or 0 by time 7.
For this, we need X1 + X1 to remain close to 1 (event (G3) and hit 1 at time T, (event
G4). If Zy;1 has not hit 61; by the beginning of the late phase of Xy; at time 7z,,1_ (event
Ey), then we continue to keep track of Z;; until the end of the late phase at T, when it
most likely has already hit either 6, or 0 (event Gg). We ignore any more recombination
events between type 01 and 10 and Z;; is a time-changed branching process during the
late phase of Xjy;. If Xi; hits 0 by T,,, then we regard type 11 as having failed to
establish and since Xj; is most likely to be 1 (event G,4) at T, the earlier mutation has
gone extinct. On the other hand, if X7, hits 6;; by T, then we regard type 11 as having
overcome the third hurdle to its fixation and become established. Hence it will, with
high probability, eventually sweep to fixation (Lemma 3.2).

Proposition 3.1 below estimates the probabilities of the ‘good’ events G; through
Gg. It is essential for the proof of Theorem 2.3, and will be proved in §4.

Proposition 3.1. If ( < v < 1 and r = O(1/N), then there exist positive constants 0
whose exact value depends on o, v and ¢, and a constant C,, ,, such that for sufficiently
large N,

() [P(ES) - Tt < Oy

(b) P(GiNE)<C,,N~°

(¢) P(GSNG1NE)<C,,N7°

(d) P(GSNE;NGaNGLNE) <C, o N7°
() P(GSNE;NGaNGINE)<Cy o N7°.

Consequently, we have (f) P (G$N Ey NGy N E;) < 2C, ,N~%. Furthermore,

(9) P(GENGINE) <Cy,N7°
(h) P(GENGsNGINE;) <C,,N7°.

To establish part (f) of above, we observe that

P(GZﬁEoﬂGlmEl)
= P(GiﬂEoﬁGgﬂGlﬂEl)-i-IP(GZﬁEomG;ﬂGlﬂEl)
< IP(GjﬂEoﬂG’gﬂGlﬂE1)+]P(G§ﬂGlﬂE1),

which can be estimated using (e) and (c), respectively. We will also need to show that
the probability of type 11 becoming fixed is approximately the probability that it reaches

1—oy+42r

Lemma 3.2. |P(Xy1(T}iz) = 1) — P(Ti1.0,, < 00)| < (2N)'°% 1a5

Proof. On {T11,4,, < oo}, X711 dominates X11, a birth and death process with initial
condition X1(T11,9,,) = 611 = [log(2N)]/(2N), jump size 1/(2N), and the following
jump rates

ffrl = N(l + O”Y)Xu(l — Xll)a ffl = N(l — oY + 27“)X11(1 — Xu).

EJP 17 (2012), paper 31. ejp.ejpecp.org
Page 16/36


http://dx.doi.org/10.1214/EJP.v17-1954
http://ejp.ejpecp.org/

Competing selective sweeps

Using standard Markov chain techniques (see e.g. Example 3.9.6 of Grimmett & Stirza-
ker 1992), we may conclude that the probability that X;; first hits 0 instead of 1 is

1+oy 1+oy
_ (l=oy+2r\onN
|- (2

1-09+2r\log2N _ (l—oy+2r\2N
(AgtinylosaN _ (L)
1407y

log 2N
1-— gy + 27") o8 _ (2N)log l-oytar

since (082N — 22V) /(1 — 22N) < 21°82N for x € (0, 1), hence

1—o~y+42r

]P({TX11§1 > TX11;0’T11§911 < OO}) S (2N)10g Ty

1—o~+2r

which implies P({X1(Tfiz) # 1, Ti1e,, < oo}) < (2N)°8 "T¥7 . Since for any two
events A and B

IP(A) — P(B)| < P(AN B°) + P(A° N B)

and {X11(Tiz) = 1, Ti1,9,, = 00} is a set with probability 0, we have the desired result.
O

Proof of Theorem 2.3. Step 1: E{ can be ignored. In this step, we show that there
is almost no hope of fixation for type 11 on Ef, where Xy; has hit 0 by the end of the
stochastic phase. Let

Gr ={X11(t) =0forall t < tgoen}-

Comparing with (2.1), we see that the jump process X1 with initial condition X'm(O) =
1/(2N), jump size 1/(2N), and the following jump rates

i = N(1+40)Xo +3rN, 7y, = N(1 — )Xo,
dominates Xy; for all time. Then

dXol =dM + (O'X()l + g’f) dt

where M is a martingale with maximum jump size 1/(2N) and conditional quadratic
variation (M) satisfying d(M) = 7% (2Xo1 + 3r) dt. Hence

5 1 3r 3r 1 3r
EIX, — T i ot _ 2 < _ e ot
[Xou ()] <2N+2a>e 2% = <2N+20)6 ’
We recall Burkholder’s inequality in the following form:

E {sup |M(s)|”} < C,E {<M>(t)”/2 +sup [M(s) — M(s—)l”}

s<t s<t

for p > 1, which may be derived from its discrete time version, Theorem 21.1 of
Burkholder (1973). We use this and Jensen’s inequality to obtain

1/2
E[ sup |M(s)] < E{ sup |M(s)|2}
s<tstoch s<tstoch
C tstoch R Ir 1/2
< —(1+N E|X, —]d
< 5 (e [ e + S as)
C C, _ 1/2
< = 4+ —=Z (rtaoeh + (N7 4 1) tstoch
N \/N( toch + ( ) )
< COyN(@/2-1 (3.5)
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where we use the assumption r = O(1/N) < C/N and the definition of the deterministic
time tgiocn from (3.2). Therefore

R Ir tstoch R
E [ sup X01(s)] < F { sup |M(s)|} 4+ —tstoch +0/ E[Xo1(s)] ds
0

s<tstoch s<tstoch 2

< C,Nw L

because fot‘“’“’“h E[X01(s)] ds dominates. Since Xy, dominates X;, we have

IP( sup  Xo1(s) > (2]\7)2“01) < C,N~%,

s<tstoch

On {sup,<, . . Xoi(s) < (2N)?*~'}, the number of recombination events between type
01 and 10 during [0, t40cr] is at most Poisson(2r(2N)2% =1t ,.,), hence

P(G7NEY) <P(G7) < P(Ggm{ sup X01(s)<(2N)2“01}>

s8<tstoch

+P ( sup  Xo1(s) > (2N)2a0_1)

Sgtstoch,

< C,(N~% _|_N(2110*1)/2)

for sufficiently large N. On Gz N EY, type 01 has gone extinct by time 4,0, before a
single individual of type 11 has been born, hence type 11 will not get established, let
alone fix. Therefore

P ({Ti1.0,, <00} NES) <P(GSNES) < Cpp(N7% 4 NZao=1/2y, (3.6)

Step 2: On F, everything is decided by 7.,,. Now we concentrate on F; where type
01 has most likely established itself at time ¢4;,.,. The event whose probability does not
approach 0 when N — o is Gg N G5 N Gy N E;. We split G4 into two disjoint events:

Ger = {Tie, <Tx}
Goz = {Ti1,01, > Too, X11(To) = Z11(T) = 0}.

On E; NGy, for exactly one of the two events {T1.9,, < oo} and {Tz,,.9,, < T} to occur

(i.e. either the former occurs but the latter does not, or the latter occurs and the former
does not), one of the following three scenarios must occur:

1. X1, and Zy; disagree before T A Th1.9,,, i.€. GE;
2. X1 and Z;; agree up to T, but do not hit {0, 61, } before T, i.e. G§ N G5;

3. Xi; and Z;; agree up to T, X11 does not hit ;; before T, and X1, (T) = 0, but
X01(Ts) < 1 thus allowing the possibility of type 11 being born due to recombina-
tion between type 01 and 10 individuals after 7', i.e Gg2 N G5 N GY.

By Prop 3.1(b), Prop 3.1(g-h), and Prop 3.1(f), respectively, we can pick § > 0 (whose
value may change line from line) such that

P(GSNE) < CyoN7°
P(GSUGS)NGINE) < C,,N7°
P(Gea NGsNG5NGINE) < C,,N7°, (3.7)

where the last estimate above follows from the fact Gs2 C Ey, since Tg > Tz, .1—c =
To1;e + tmid-
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For any two events A and B,
therefore

P(ANE)-P(BNE)| <P(ANB°NE)+P(A°NBNE),

|IP ({T11;011 < OO} N El) =P ({TZ11;911 < TOO} N E1)|
< 2P(G{NE1)+P((G§UGE U (Gea NG5 NGY)) NG1 N Eq)
< CyoN7°

by (3.7). From (3.6), we have

‘IP (Tll;Gll < OO) - ({T11;911 < oo} N El) |
= P {Th1,0,, <0} NE]) <Co N + N(@ao—1)/2

But by Proposition 3.1(a),
20

+o

< C,, N7

P(E;) — 1

We combine the three inequalities above to conclude
20
1+ UIP
< P (Tuie, < 00) = P (12,500, < Tool E1) P(E1)| + CheN7°
= [P(Tise,, < 00) =P ({Tz,:0, < Toc} NED)| + Ch g N7°

< C,,N7°

P (T11;911 < OO) - (TZ11;911 < TOO|E1)

for some § > 0, and then use Lemma 3.2, as well as (2.9) and (3.3) to obtain the desired
conclusion. O

4 Proof of Proposition 3.1

We divide the evolution of Xy; and Xy roughly into 4 phases, ‘stochastic’, ‘early’,
‘middle’, and ‘late’, and use Lemmas 5.1, 5.2, and 5.3 for each of the last 3 phases,
respectively. The phases of X(; and X, are not concurrent, e.g. under the assumption
¢ < v <1, Xj0 will have entered its late phase before X, finishes the early phase. See
Figure 4 for an illustration of the different phases of Xy; and X;o. Lemma 4.1 deals with
the early, middle, and late phases of Xo. Because X, starts at U = (2N)~¢ > 1/(2N)
at t = 0, it has no stochastic phase. Its early phase is between ¢t = 0 and the time when
X1 reaches €?*. Its middle phase is between ¢?* and 1 — %4, after which it enters the
late phase.

Lemma 4.2 deals with the stochastic and early phases of X;. Since X¢;(0) = 1/(2N),
whether it establishes itself is genuinely stochastic (i.e. its probability tends to a posi-
tive constant strictly less than 1 as N — o0). The stochastic phase lasts for time ts:och,
when, with high probability, either type 01 has established or it has gone extinct. If X,
reaches O((2N)%~1) by time t4cp, it enters the early phase. Part (b) of Lemma 4.2
says that if x = (/v < 1 then it does not reach (2NV)~(!=%)/2 until X}, has entered its
late phase, while part (c) says that it does reach ¢ = (2N)~(7=0/144 5 (9N)~(1=1)/2 5t
some finite time.

With Lemmas 4.1 and 4.2 in hand, we move on to the proof of Proposition 3.1. The
proof of parts (a-b) of this proposition reconciles stopping times used in Lemmas 4.1
and 4.2 and establishes that X is likely to reach ¢ if it becomes established, and when
that happens, X is already close to 1. It then goes on to establish that every ‘good’
event defined in (3.4) is likely to occur.

Recall the definition of the logistic growth curve L(t;yo, ) from (2.4). Throughout
the rest of this section, we use L(t; (2N)~¢,0v) to approximate the trajectory of X
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during its early phase and let
t10.. = inf{t > 0: L(t; 2N)",0v) > z}

(with the stipulation that 1., = 0 if (2N)_< > 1), €.9. t10.c2+ is when this approximation
hits €?*. Furthermore, we use t10,z,y to denote the time this approximation spends
between z and y. Thus

L(t10.0; (2N)_<, 0y) =z and L(tigz,y; %, 07) = y.

We recall or define the following constants:

ko= (fre=(aN) 00N,
ag = g, al:%/\l;n,
tmid = 0(117 7 log ! Z € tate = %?YQ log(2N),
fucen = { G Pt T
and stopping time
Sx,zaiff = inf{t>0:X(t)#Z(t)}

for processes X and Z. In the above, qg is picked so that
(2N)™~t < ¢

for ( < v < 1. And the case {( > /7 in the definition of t’10;17524 is for the case
(2N)~¢ > €24, so that X, immediately enters its middle phase at + = 0. Finally,
110,0.9¢24 1—¢2¢+ is the length of time for which we use event A, in Lemma 4.1 below.
On event A§ defined in that lemma, X;¢ has reached 0.9¢** at time t10,e24, after which
event A§ ensures X, grows to levels slightly smaller than 1 — ¢2* after another time
period of length t0 g gc24 1 c21. At tyg.c24, the logistic curve L(-; (2N)~¢, 0vy) reaches e*4;
we use L(-; (2N)~¢, o) to approximate Xj,, and hence can only say that X;o reaches at
least 0.9¢%* at tyg,2a. After ¢y0..24, X10 enters its middle phase and we use L(+;0.9¢2*, o)
(not L(-;€**,07)) to approximate X0, hence the time when L(-;(2N)~¢,07) is between
0.9¢2* and €?* is counted twice. We observe that

1o N1
t1g;e2e = oy log L1 if ¢ >~/7
0, otherwise
1 1
1 - ¢
biop—e = alog {((QN) —1) (624 - 1)}
1 S —
+—log 99 "7 49
Rl W p s Tl (4.2)

Lemma 4.1. Let Ry1,11 = Tll;l/(QN) VAN T01;(2N)*(1*N)/2- We define

A = {Xlo(s) < 09L(8, (QN)_<, 0”}/) for some s < t10;e24 N 301711}
Ay = {Xio(s) < L(s — t1p;e24; 0.96241<>,Y/7 + (2N)_<1<§7/7, o) — €8
for some s € [t10;624, tllo;l_ﬁm A ROl,ll]},
A3 = {X01(s) + Xlo(s) <1- 64 for some s € [t/10;175247T11,1/(2N))}~
EJP 17 (2012), paper 31. ejp.ejpecp.org
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Then

(a) P(A) <O, N0/

(b) IP(AQ N Ai N {t10;524 < ROl,ll}) < C%UGS

() P(A3NASNAS N {tho_c < Ror11}) < Cp o N2
Consequently,

IP((Ag UAsU Al) N {t/lo;l—e“ < ROl,ll}) < C%UGS.

Proof. The proof essentially consists of identifying the constants required for straight-
forward applications of Lemmas 5.1 to 5.3 for each of the three phases of X;o. We only
prove the more complicated case of ( > «/7. The proof for the case { < ~/7 involves
only events A, and Az, which correspond to the middle and late phases, respectively,
and follows by a similar argument.

(a) Early Phase. Before the stopping time Ry 11, the jump rates of X satisfy

* NX1o[(1+ 0y +7)(1 — X10) — 1.1o(2N) =19/,

>
< NXpo[(1 — oy +7)(1 = X10) + L1o(2N) =972,

10
We take é =X, a=1+7r, =07, = 1.10(2]\7)7(1’”)/2, =6, 6=(1-)/4,2=¢
Y(t) = (2N)~¢ + fot Y (s)(oy(1 = Y(s)) — 1.16(2N)~(1=%)/2) ds, and ug = inf{t : Y (t) =
81} > t10.c24 in Lemma 5.1 to obtain

P (X10(s) < 0.99Y (s) for some s < t19,20 A Ro1,11) < Cy o N~HO/4,

Prior to uo, the deterministic function Y is sandwiched between L(-; (2N)~¢, oy—1.20(2N)~(1=%)/2)
and L(+; (2N)~¢, o). Since
L(t; (2N) =%, 07) = L(t; (2N) "%, 07 —v) < (1 — e ") L(t; (2N) ", o)

1-k)/2

for v < oy, we can take v = 1.2¢0(2N)~( in the above and obtain

Y(t) > L(t(2N)™¢, 0y — 1.20(2N)~(171)/2)
> RN (2N) 7 o)
> 0.99L(t; (2N)~¢, o)

for t = O(log N). Hence

P (X10(s) < 0.992L(t; (2N) ¢, o) for some s < tyq,c24 A Ro1,11)
< P (Xi0(s) < 0.99Y (s) for some s < t1g,c21 A Ro1,11) < Coy o N~/

and (a) follows.
(b) Middle Phase. Before Ry;,11, X11 = 0. Using the jump rates of X, in (2.1), we can
write

X10(t A Ro1,11) = bo + M1o(t A Ro1.11)

tARo1,11
[ X1 - X)) - o+ 1) Xon(5)]
w1
where Mio(- A Ro1,11) is a martingale with maximum jump size 1/(2N) and quadratic

variation
147 tARo1,11

(Mio)(t A Ro1,11) = N

Xlo(s)(l — Xlo(s)) dS

w1
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We apply Lemma 5.2 with by = Xio(tig.24), U1 = tig,e2s, uz = t’10;1_524' by = 1—
L(t1070.962476247b0a07)1 o = (1 - K)/Q' 0g = o0, 03 = rY(l - K‘)/l = ( - C)/lS' €0 =
e1 = (7= 0)/6 = —logyy €, e2(t) = —(0 + 1) X01(t), e3(t) = ea(t) = 0, B = 07, £ = X,
Y = L(-;b9,07), T = Ro1,11 and D, = Af, and obtain

P({|X10(s) — L(5s — t1g:c24; X10(t10:24), 07))| > €® for some
s € [t10;624,f/10;1_£24 A Rop1]} NAT N {tg.e24 < Rorn}) < e,

where — 1Og2N 8 = (’}/ — C)/18 < ((51 — €9 — 61)/3. Now for paths in Ai n {t10;524 < R01)11},
we have X1 (t10.24) > 0.9¢** and hence

L(s — tyo.e2; X1o(tro:e2e), 07) > L(s — t1g.e24;0.962%, 07).

The desired conclusion in (b) follows.
(c) Late Phase. On AN A5 N {tl10;17524 < Rp1,11}, we have

Xlo(tllo;17624) > L(t/lo;17624 — t10;e24; 0.9624, o) — €8

= 1—€e*-¢.

Therefore Xoo(t}y,_.2a) < 2¢®. Before T1;1/02n), X11 = 0, and the jump rates of Xoo
satisfy
50 < N(1—o0vy+7)Xoo(l — Xoo),
T(;O 2 N(1+J’Y+T)X(]O(1 —Xoo).

Witha=14r, =07 K=0,c4=2,2=(y—()/6 and ¢s = 1/2, Lemma 5.3 implies

P sup  Xoo(t) > €' b NATNAS N {tho, 20 < R} | < CyoNTY2
t2t10;17624
which implies the desired conclusion in (c). O

For the remainder of this section, we define the following events

An = {Xoi(s) > (2N)™F 9= for some s < fsro0n A Tio,any-c/3 A Tinsi/2ny }
Ay = {Xo1(tstoen) € [2N)71, (2N)m 02171}

Ay = ApUApUET

By = Atstoen < Tioyon)-</2 ATi1/en}
A = {Xou(s) = (2N)77" for some s € [tstochs tho.1—c2a A Th12m)]}
Aso = {Tor,e A Ti1.1@N) 2> tstoch + tearty}-

Event B, ensures that X;o has not become too large by ts:,.r, nor has there been a
recombination event leading to the birth of a type 11 individual. It has a high probability.
On Bj, we can estimate the probability of bad events (A4, A4o, As1 and Ass) related to
Xo1. Event A§ ensures that if type 01 remains positive at ts.0, (event E7), then Xo; is
neither too large (event Aj,) nor too small (event A§,). Once we establish that Xy, €
[(2N)®o—a1=1 (2N)aotar=1] at ¢ .., event Az, ensures that Xo; grows deterministically
to € by tstoch + teariy- Event As; is an upper bound for X; for later use in the proof of
Proposition 3.1(a-b).
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Lemma 4.2. Recall tsiocn = %2 10g(2N), ag = %, and a; = % A 1?%. Let

g = (2N)woter—t
c; = (2N)mFa((2N)so =l 4 (9N)=¢/3),
We have
(a) P(Bf) < Cy (N~ 4 N=¢/1)
(b) IP(A41) S 2CZtetoch + C’y,aNial
(A42 N AZ1 N B4) < C’y,o'N_al + 202tstoch

=

l—o+r
1+o+7
(©) P (A5 NAS) < O, p(N-(@0—a/d 4 N=(1-0/4 | N=¢/2y,
(d) P(As2NATNBy) < C,yygN*(aofal)/zl.

P EC N B4 - S 862tstoch + C UN_al
1 s

Proof. (a) The Event B,. We first show

BZ = {tstoch > TVI():,(ZN)*C/3 A T11§1/(2N)}

has a small probability. This gives an upper bound for X;7 during the stochastic phase
of Xo1. As a result, it is unlikely for type 01 and 10 individuals to recombine to produce
a type 11 individual. Let

Py = {Tyo,on)-¢s3 < tstoch N Th1;1728) )
Before T'1,1/(2n), the jump rates of X, satisfy

+

10 N1+ oy +1r)Xio(l — Xio)

<
> N(1—o0vy+7)X0(1— X10).

T10
We take £ = X9, a =1+7, B=07, 6 =0, 1 = 0.9(2N)~¢/3, 5, = (1 — ¢)/4, x = ¢ and
Y (t) = L(t; (2N)~¢,07) in Lemma 5.1 to obtain
P (Xlo(s) > (2N)_C/3 for some s < th;O.Q(QN)*C/S A Tll;l/(ZN))
<C, UN*(lfC)/4.

By the choice of ag, tsiocn = o log(2N) < % log(2N) = ;- 1og(2N)*/% < 0,0 9(any-c/2 =

1 (2N)° -1
>+ 108 oA

therefore
IP(Fl) < ]P(TIO;(2N)*</3 < t10;0.9(2N)*C/3 A Tll;l/(ZN)) < CW,UN_(I_OM-
We observe that
BiNFY
= Atstocn > Tio,ony-</3 A Tiyeny } O {To,on)-¢/3 2 tstoen A Ti1;12n) }
C  Atstoch AN Thoyany-c/s > Thra/en) -
Before tgiocn A Tlo;(QN)fg/g, the rate of recombination events between type 01 and 10

individuals is at most 47N Xy, X19 < 4rN(2N)~¢/3 < CN—¢/3. Hence the total number
of recombination events between type 01 and 10 individuals before ts:ocn A Tm;(2 N)—¢/3

EJP 17 (2012), paper 31. ejp.ejpecp.org
Page 23/36


http://dx.doi.org/10.1214/EJP.v17-1954
http://ejp.ejpecp.org/

Competing selective sweeps

is dominated by a Poisson random variable with mean C, ,N —¢/31og N which implies
that

P(B{NFf) <O, ,N~¢/4
for large enough N, so that
P(BS) < C%U(N—(l—C)/4 + N_C/4),

as required by (a).

(b) Stochastic Phase. We couple Xj; to a branching process 7, defined below, and
establish the required estimates for 7, which easily implies corresponding estimates for
X01. We define RlO,ll = Tw;(QN)fc/g A Tll;l/(2N) and

As = {Sxp1 m.diff < tstoch N To1;e; N Rio,11}-
Before T'1,1/(2n), the jump rates of Xy are as follows:

rgi = NXo[(14+o0+7)(1— Xo1) — (07 4 r)X10],
T = NXoi[(1—-0+7)(1— Xo1)+ (o7 +7)X10].

We define 7 to be a jump process with 1(0) = 1/(2N), jump size 1/(2N) and jump rates
as follows:

ry = Nnp(l4+o+r),

= Nn(l—o+r).

ENECHN

r

Then prior to Sx,, n.aiff A Tot.ey A Rio11, we have |rf; — r;| < cpand |rg — 7| < ca.
Therefore | Xo; — 7| is a jump process with initial value 0, jump size 1/(2N) and jump
rates at most 2¢,, and we can estimate the probability of |X(; — 7| becoming nonzero
before tiocn:

IP(AG) < 262tst0ch7 (43)

which | 0 as N — oo. Since 7 is a branching process, Lemma 6.1(a) implies

s<tstoch
P((2N) "' < 9(tstoen) < (2N)0~ 71 < ¢, ,N™®
l—0o+r l—o+r o4 _
P ts oc =0)—- — < R — Olstoch < (QN)~20
’ (n(tstoch) ) Tro+r| = 1+U+Te < (2N)

Using (4.3), we can replace n in the above three estimates by Xg; if we allow an addi-
tional error term. In particular,

P(As1) = P(Tore, < tstoch N Rio,11)
P({To1;c; < tstoen N Rion1} N Ag) +P(Ag)

IP(T()l;cl S tstoch A RlO,ll A SXm,n,diff) + IP(AG)

IN

< P sup n(s) > c1 | +P(A4g)
$<tstochNR10,11
< 2c2tstoch + C’y,oN_al .
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Similarly, we can obtain the second statement of (b):
P(Ag2 N AS N By) < P(Aga N A N By AG) + P(As)
< P(Xo1(tstoen) € [2N) 1 (2N) 0~ Sy nairf = tsioen) + P(Ag)
< 262tstoch + C’y,a'N_al .

Finally, for the third statement of (b), we have

l—oc+r

P({Xo1(tstoen) =0} NASNAG  NBy) — —————

| ({ 01( t h) } 6 41 4) 1—&-0—&—7“‘
l—0o+r

‘P({n(tstoch) = 0} N AG N A41 N B4) - m'

< [P{n(tstocn) = 0} MAGN AGy N Ba) = P(n(tstocn) = 0)] + (2N)
< P(AgU Ay UBS) + (2N)™
< Aestsocn + Oy o (N™ + N7/ N=¢/4 4 Ny —a0),

Hence by the estimates we have obtained in this part,

- ‘P(Ef A Bin (Ag U Auy)) + P(ES A By N A AS,) — -7
1+o+r
< P(Ag U Ayy) + ‘]P(Ef N By N AN AS)) — lootr
l+o0+r

< 802tstoch + C’y,a(N_al + N_(I_C)/4 + N_</4 + N—ao).

which implies the third statement in (b).

(c) Early Phase (Upper Bound for X;;). We apply Lemma 5.1 with the process ¢
dominating X1, hence giving us an upper bound for X,; during the early and middle
phases of X;o. Before T1y.1,(2n), the jump rates of Xy, satisfy

7‘(—)’_1 S N(1+U+T)X01(1 —X()l),
7'071 2 N(l —J+T)X01(1 —X()l).
We take £ = Xo1, a =147, B=0,8 =0, 6; = 0.9(2N)~(=R)/2 5y = (ag — a1)/4, Y (t) =

L(t; Xo1(tstoch), o), and ug = Ry = inf{t > 0 : L(¢; Xo1(tstoen), o) > 61} in Lemma 5.1 to
obtain

P({Xo1 (tstoch + ) > 1.01L(s; Xo1(tstoch), o) for some
s < (Ro AThi1/¢2n)) — tstoen]} M AG N By) < C, o N~(a0—a)/4,

By the choice of a;, we have the following in turn:

1- 1-
K-I— toc 1—/1:1—£,

-t 2 6 ol

1 1
(1 —ay)log(2N) +1og(2N)~(=%)/2 L Zloge®* > Zlog((2N)¢ — 1),
Y Y

() — (2N)") 1o s 1) 4 s (1)
1 1 1
Zlog((2N)¢ — 1) + = log —
> S og((2N) )+'y og 09’
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log((2N)!~ — (2N)™) — log (0,9(2N)1<1n)/2 - 1)

1 ¢ 1 ooz — 1
> = dlog [(2N)S = 1) (7 — 1) | +log 25—
Y € Fﬂ*l

/
2 0tyg,1—e2e

where ¢, .. is defined in (4.2). Therefore, on A{NBy C {Xo1 (tstoen) € (2N)%0 1 (2N)0Far=1)},
we have

tstoch + R2
1 l—ap—a 1

!
2 t10;1—e24'

Hence if
Xo1(tstoen) € ((2]\7)“0_‘11_17 (2N)ao+a1—1)7

then L(t/10;1—624 — tstoch; XOl(tstoch)vo) < L(R2§ XOl(tetooh),O’) e O.9(2N)-(1—n)/2' which
implies
I (A51 N AZ n B4) < C’y,aNi(a‘O*al)/4.

We combine the above inequality and part (a) of this lemma to obtain the desired in-
equality in (c).
(d) Early Phase (Lower Bound). Before 77,1/, the jump rates of Xo; satisfy

+

7"01 N(1+0'(1 —’y))XOl(l _XOI)

>
S (1—0’(1—’7)4—27’))(01(1—)(01).

=

To1
We take é to be Xo; shifted forward in time by tsiocn, « =147, B=0(1—7) —7r, o =0,

51 = 1.01¢, 0o = (ap — a1)/4, . =1 —ag + a1, Y(t) = L(t;(2N)* -1~ 5(1 — ) —r) and
uop = inf{t : Y'(t) = 1.01e} in Lemma 5.1 to obtain

P({Xo1(tstoch +5) < 1L.O0SL(s; N0~ o(1 —~) —r)
for some s < ug A (Th1;1/(2n) = tstoen) } N AG N By) < C’Y’JN*(a07a1)/4.

Since g < teariy = =7=2— log(2N), the conclusion in (d) follows. O

ST

Proof of Proposition 3.1(a-b). Part (a) of the proposition follows from part (a) and the
third statement of part (b) in Lemma 4.2. For part (b), we observe that event (G; is an
intersection of two events. In what follows, we will first show that on FE,

{Tor;e < Tira/eny A (Estoch + tearty)} N {X10(Torse) > 1 — e — €*}°
is unlikely to occur, then show neither is
{Tore < Thi1yen) A (tstoch + tearty)
likely. We define
Fy = {Tien) < Tote A ((Estoch + tearty) V tioq _c21) } -

Before Ty1.c A ((tstoch + tearty) V t).1_.24), the Tate of recombination events between type
01 and 10 individuals is at most 4rN X9 X109 < 4rNe < Ce. Hence the total number of
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recombination events between type 01 and 10 individuals before To1.e A ((¢stoch +tearty) V
Y0:1_c24) is dominated by a Poisson random variable with mean C., ,¢log N. Therefore
P(F,) < C, ,e/5. (4.4)
Now we try to estimate the probability of

Fy = {tho.1 s <Ti170n) A Toryeny-a-m1r2}
so that we can drop this event in the conclusion of Lemma 4.1. We observe that
FsNFs
C A{Tia/en) > tioa i ATove ) N {t00_c2a > Tivayeny A Toran)-a-m/2}
C {thoa_ea ATira/en) > Tor,en)-a-ny2 ).
Since F§ N F5N A5 N By C As1 N A N By and A = A§, N Af, N Ey, we have
P(Fy N FyNA§ NAS, N EL N By)
= PFSNFSNA;NBy) <P(As1 NAGN By)
< (j%a(]\f—(ao—al)/4 4+ N-(=0/4 N—C/4)

by Lemma 4.2(c). Combining the above with (4.4) and Lemma 4.2(a-b) yields

IP(FgC n El)
< Aeataoen + Oy o (€75 4 N7 4 N7UZ0O/M 4 N7/t 4 v (womal/t)
< CyoN7°

for some §, whose value may subsequently change.
We observe that on {Toi,e < Th1,1/2n) A (Estoch + tearty)} N F3, we have ), . <

T01;(2N)7(17~)/2 < TOl;e < Tll;l/(QN)l therefore XlO(TOI;e) <l—€e— 64 implies XOI(T01;6) +
XIO(TOI;E) <1l-— 64, ie.
IP({TOI;e < Tll;l/(QN) A (tstoch + tearly)} N {XlO(TOI;e) > 1—e— 64}6 N FS)
<P((A3U AU A)) N EF3) < O, 68,

by Lemma 4.1. We combine the above two estimates to obtain
]P({T01;e < Tll;l/(QN) A (tstoch + tearly)} N {XIO(T01;6> >1—-e— 64}c N El)
<, N7 (4.5)

Now we try to estimate the probability of {Ty1,c > T11;1/¢2n) A (Estoch + tearty)}. Parts
(a), (b) and (d) of Lemma 4.2 imply

P(As2 N Ey) <P(Ase NAS NASy N Ey) +P(Ag U Ag) < C, o N7°.
We also have
P({To1;e > Ti1;1/(2n) A (Estoch + tearty)} N A5y N Ex)
= P{To1;c > (tstoch + tearty) N Ti1;1/2n) }
Mtstoch + tearty > Torze A Tir1/2n)} N E1)
P({To1;e A (tstoch + tearty) > Thi1/eny} N Er)
P(Fy) < Cype/5.

IN

by (4.4). The two estimates above imply

IP({TOI:,e > Tll;l/(2N) A (tstoch + tearly)} N El) S C’y,UN_é- (46)
We combine (4.5) and (4.6) to obtain the desired result in (b). O
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Proof of Proposition 3.1(c-e). In (c), we deal with the middle phase of Xy; and show that
it is well approximated by Zy;. Parts (d) and (e) deal with the late phase of Xy;. Here
we couple X717 + X1 to a branching process 7, defined below, and show that n does not
stray too far away from 1 (part (d)) and hits 1 by T, (part (e)). Recall that

Zo1(Toze +t) = L(t;e,0(1 — 7))
fort € [To1:e, T2,:1—¢), and
1 log 1—¢€
(1=2) €

We work on ¢ > Tp;,. throughout this proof. On G; N E;, we have

T7y:1— = To1;e + -

4

V

X10(Tore) > 1—e—ce€
Xo1(Tore) = €
XOO(TOI;e) < 64.

We can then write down the following equation using the jump rates of Xy; in (2.1):

t

Xoi(t) = e+ Mu(t)+ . Xo1(s)[o(1 =~)(1 — Xo1(s))

70’X11(5) + O"}/Xoo(s)} + T(Xll(S)Xoo(S) - XOl(S)Xlo(S)) dS,

where My, is a martingale with maximum jump size 1/(2N) and quadratic variation

1 t
<M01>(t) = ﬁ (1 + T)X()l(s)(l — X()l(S)) + TXll(S)Xoo(S) dS
To1;e
We use Lemma 5.2 with § = o(1 —7), u1 = 0, up = ;7—;log 125, &1 = —logyy €,
02 = 00, 03 = —logyy V3, by =b =€ ¢ =€ = —logoy €, T = Thi1;6,, A Tooies, €2(t) =

—UXu(t) +0”yX00(t), 63(t) = T(Xll(t)Xoo(t) — Xl()(t)X()l(t)), 64(t) = Xu(t)Xoo(t), Y(t) =
Zo1(To1,e +t), and D1 = G N E; to obtain

P (|X01(3,w) — Zo1(s,w)| > €'/? for some w € Gy N By,
s € [T01;67TZ01;176 A T11;911 A T00;53) < 61/3~ (4.7)
The jump rates of X satisfy

’I”aro S N[(l —U’)/+T>X00(1 —Xoo) +2rX10X01],
Too = N(l + oy + T)Xoo(l — Xoo).

On G4 N Eq, we have Xgo(To1.e) < ¢*. Therefore by Lemma 5.3,
P sup Xoo(s) >3 NGINE, | <C, N2 <0 N—1/3
5€[To1;¢, Tz ;1—¢]

where wetakea=1+7r, 8 =07, K =2r=0(1/N), x = (y—()/36, ¢4, = 1 and ¢5 = 3/4.
We combine the above and (4.7) to arrive at the desired conclusion of (c).
For (d), we observe that the jump rates of Xq1 = X711 + Xo1 satisfy

Tj—l = NXll[(1+U+T)X10+(1+0’(1—|—’}/)+27“)X00]
+NXo1[(14+o0(1 =) +2r) X0 + (1 4+ 0 + ) Xoo]
’I”:l = NXll[(1—0+7')X10+(1—0(1+’}/)+7“)X00]

+NXo1[(1 = o(1 =) +7)X10 + (1 — 0 + 1) Xool,
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where we drop the terms involving X1; Xp; in 7*351 and rlil, which correspond to type 11
individuals replaced by type 01 individuals or vice versa. Therefore X,; dominates 1 —n
where we define 7 to be a jump process with initial condition 7(Tp1,e) = 1 — Xe1(Z01:¢)
and jump rates of

= N1—0o(1—7)+rn1—mn),
= NQA+o(1—7)+rnl—n).

r

S| S+

r
Since U(sz;l_g) < 1-— XOl(TZ(n;l—e) < eon EO n G2 N Gl n E1, by Lemma 5.3,
P ({n(t) > \/E for some ¢ > TZ01;1—6} n Eo n G2 N Gl n E1> < C%UN_l/Q,

where wetake a =147, f=0(1—7), K =0,z = (y—()/144, ¢4, = 1 and ¢5 = 1/2. This
implies the desired conclusion of (d).

Let 7 be a time change of n by 1 — 1, then 2N7) is a branching process and the clock
for 7 runs at the rate of at most 1/(1 — 7) < 1.02 times that of  on {7(t) < /e for all ¢t >
Tz1—ey N EyNG2 NGy N E;y. By Lemma 6.1(b),

P ({71 (Tzy,:1—c + 0.99%10t¢) > 0} N Eg N Ga NGy N Ey) < CNee™ 08C2N)

Hence P ({1 (Tzy;1—¢ + tiate) > 0} N Eg N G2 N G1 N Eq) < Ce, which implies (e) since
TZ01;176 + tiate = Too O

Proof of Proposition 3.1(g-h). In (g), we couple X;; and Z;; and show that they are
likely to agree before the establishment time of X;; and 7. In (h), we time change 71
to obtain a branching process, which is likely to exit from the interval (0, 6;1) before too
long. Let

SX7Z,far = 1nf{t Z TOl;e : |X01 (t) - ZOl(t>| vV X00<t) > 61/3}.

By Proposition 3.1(c,d), there exists § > 0 such that

<P(GSU(GSNEyNG))NGLNE) <CyoN7°, (4.8)

]P({SX,Z,far < Tll;eu} NG N El)

where we have used that on Ey N G2, Sx.z far > Tz,:1- and on Gz, Xp1(t) > 1 —
61/2 — Xll(t) >1-— 61/2 — 611 and Xoo(t) <1- XOl(t) — Xll(t) < 61/2 for ¢t > TZO1;1*E
(Zo1 = 1 for such t). Notice that on G; N Ey, X11(t) = 0 = Z11(¢) for all ¢ < Tpy,.. For
t< SX11,Z11,diff N SX,Z,far A Tn;(-)u, since o € [0, 1] and r = O(I/N) < 911/10 < 61/3/100

for large N, we have
|TJZF’11 - Tﬂ‘ < N@n[(()’ - 7“)261/3 + 911] + 27‘N(3€1/3 + 911)

1
< N911[2€1/3 +911} + 5911N(361/3 +911)

1
= N011[2€1/3+011+g(361/3+911)} §4N01161/3,

and similarly, |y, — 7| < 4N #11€}/3. Thus the absolute difference between X;; and
Z11 is bounded above by a Poisson process 7 that has initial value n(Zp1..) = 0 and
jumps at rate 8NO11€'/3. If timig + tiaee < € /12, which is satisfied by our choice of
tmid + tiate = O(IOg N)' then

P(n(s) > 0 for some s € [To1.¢, To1;e + tmid + tiate]) < 1 — e B8N0/ PTE o 1/6

On E5 N E4, the process 1 remaining 0 during [Toi.e, To1;e + tmid + tiate] implies that X4
and Z; are equal as long as we have not reached Sx z for A T11;6,,, hence

P({Sx,,,z0,.diff < Too A Sx.z.far A Tivs6,,} N G1 N Ey) < /6.
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We combine (4.8) and the above estimate to obtain
IP({SXU,Zu,diff ST A T11;911} NnG1N El) < 61/6 + O’Y7UN_57

which implies (g).

Let Fy = {T2,,:{0,0.,} = Tzp;1-c}. Starting from Ty,,.; ., Z11 is a time-changed
branching process. We perform a time change of 1 — Z;; (from time T ,.;_. onwards)
to obtain a branching process Zu, then the clock for le runs faster than that of Z;; (at
arate of at most 1/(1—61) times before 7, reaches 61,). From time T2,,:1—e onwards, 0
and 0, are absorption points for Z11(-ATz,,.0,,)- We use Lemma 6.1(d) below to deduce
that

P ({Zn(TOO A\ TZu'ﬂu) € (07 911)} NFE,NG N El)
P ({Zu(s) € (0,01,) forall s < (1 — 01,)To} N Fy NGy N El)

(2N611)?C., 5 exp(—0.990Y(Too — Tzy1:1—)),
C, .o (log? N) exp(—0.9907t1410) < Cy o N7Y2.

ININ A

Therefore
P ({Z11(T) € (0,011), Tz,1:00, > Too} NF4NG1 N Ey) < Cy o N7V2,
On {Sx,,,zy1,diff > Too ANT11,0,, }» X11 and Z11 agree up to Too A Ti19,,. Therefore

P ({Sx.1,211.diff > Toos T11:0,, > Too, X11(Tee) = Z11(To) € (0,6011),
Ti1;40,61,1 = Tzor1—e} NG1 N Ey) < C,oN712,

We can drop the condition 711.50.6,,} > Tz,;1—¢, Since on {Sx,, 7., diff > Toos T11;0,, >
TooyTll;{()ﬂn} < TZ01;176}/ we have Xll(Too) = le(Too) = 0. Hence

P ({Th1.0, > Toos X11(To) = Z11(To) € (0,011)} NGs NG1 N Ey) < CW,UN_IH,

which implies the desired result in (h). O

5 Supporting Lemmas

In this section, we establish Lemmas 5.1 to 5.3, one each for the early, middle, and
late phases. They are used for the proof of Proposition 3.1 in §4. Lemma 5.1 deals with
the early phase and approximates a 1-dimensional jump process undergoing selection
(see (5.1) for a precise definition) by a deterministic function, where the error bound
depends only on the initial condition of the process, as long as the process is stopped
before it reaches O(1). Lemma 5.2 deals with the middle phase and uses the logistic
growth as an approximation. The main difference between the early phase and the
middle phase is the error bound. In Lemma 5.2, the error bound depends on both the
initial and terminal conditions of the process. Lemma 5.3 deals with the late phase, for
which we only need to show that the proportion of advantaged types does not stray too
far away from 1 (or O for proportion of disadvantageous types) once it gets close to 1
(or 0).

Lemma 5.1. Leta > 1, 8 € (0,1), §p € [0,1/2] and = € (0,1] be constants. Let £ be a
jump process with initial value £(0) = (2N)~* > (2N)~!, jump size 1/(2N), and jump
rates

rt = Ng[(a+ B)(1 =€) —do], ™ = N¢[(a = B)(1 =€) + do- (5.1)
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Suppose Y is a deterministic process that satisfies

V() = N+ [ V(B0 (5) ~ ) ds.

If 1 € (0,1) is a constant and uy = inf{t : Y(¢t) = 61} < (log2)/(3861 + o), then there
exists d € (0, (1 — x)/4] such that

P (|¢(s) — Y(s)| > AN~2Y (s) for some s < ug) < Co gN 2.

Moreover, ifé and § are jump processes such thaté > &> Ebefore a stopping time T,
then P (é(s) < (1 —4N7%)Y(s) for some s < ug A T) < CopsN7% andP (£(s) > (1 +4N~%)Y (s) for some s <
Ca,ngéz .

Proof. We can write

d§¢ = dM¢+&(B(1 =€) — do) dt,
M) = SLE1-©)dt,
and consequently,
d(ePe(t) = dMe(t) — e P (BEE)? + Bog (1)) dt (5.2)
AL = oo ()1 - £(1) dt.

2N

We define 7 = inf{t < wg : £(t) > 241}, and take expectation on both sides of (5.2) to
obtain

Ele PUADe(t A7) = (2N) ™ — E [ /0 ' e~ P5(BE(s)% + 6o&(s)) ds] <(2N)™.

As in the steps leading to (3.5), we use Jensen’s and Burkholder’s inequalities to obtain

1/2

. c O, b
E [ sup |M€(s)|} < N + N1z (E [/0 e 2635(5)1{537} ds])

s<tAT
1/2

C Oa t —Bs —z —(1+=z)/2
< N + N1/2 e (2N) ds < Ca,,BN . (5.3)
0

Since de PtY (t) = —e PH(BY (t)? + 6o Y (t)) dt, we use (5.3) in (5.2) to obtain

E [ sup e [€(s) — V(s)]

Ss<tAT

< canrn gl We-ﬁsww(s)tws)?+5o|§<s>—Y<s>|>ds]

r rt
< CopgN~H0)2 4 E / (3881 + do)e P°I€(s) — Y (5)|L{s<r) ds]
LSO
t
< CopN U024 / (3561+50)E[ sup eﬁsas)—Y(s)@ ds'.
0 s<s'AT

Gronwall’s inequality implies

E sup eiﬂs\ﬁ(s) _ Y(S)|:| < CoéﬁNf(lJr:r)/?e(SB(?mLéo)t < CaﬂNf(lJr:r)/a

s<tAT
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since 7 < ug < (log2)/(38d1 + dp). Let d2 € (0, (1 — x)/4], then
P (|&(s) — Y (s)| > N~%272¢8 for some s < ug A T) < Co g N7,

We observe that for s < ug, (2N)~%e(f=F#91-%)s <V (s), hence N ~%e/* /Y (5) < 2%e(Fo1+d0)s <
27 e(Bo1+00)(log 2)/(3601400) < 4, j.e. N~%ef* < 4Y (s). Hence

P (|¢(s) — Y(s)| > 4N~2Y (s) for some s < ug A7) < Co g N2,
We can drop 7 in the event above, since [{(7) =Y (7)| > Y (7). The conclusion follows. O
Lemma 5.2. Let ,¢p,e1 € (0,1) and ag,a; > 0 be constants. Suppose Y is a de-

terministic process defined from a stopping time v, onwards that has initial condition
Y (u1) = by > ap(2N)~“ and satisfies

Y (t) = b +/ BY (s)(1 — Y (s)) ds.

Let us = uy + %log 1;01’0 1;1;1 such that Y(ug) =1—0b; <1—a1(2N)" <. Suppose T is a

stopping time and § is a jump process that takes values in [0,1], has jump size 1/(2N)
and satisfies

tAT

EEAT) = amwwﬂwwv+/ )AL — £(5)) + ea(s)] + ea(s) ds

u1

1+r [T
MOEAT) = S [ &)1 —gs) +els) ds,

where |ex(t)], le3(t)| < (2N)7%, e4(t) < 1 fort < T, and M is a jump martingale with jump
size 1/(2N). Furthermore, suppose on a set D, € F(u;), we have |¢(u1) —by| < (2N) 7%,
We define Dy = {T > w;} and d5 to be a constant < ((§; A 63 A %) — €9 — €1)/3, then we
have

P ({ sup  [€(s,w) —Y(s,w)| > (2N)53} N Dy ODg) < (2N) 7%,
€l

s€uy,ua AT

Proof. Let D = Dy N Ds. Notice that D € F(u;). Since

[E@[B(L = £(1)) + e2(t)] = BY (1) (1 = Y (1)1 e<1y
(2N) 7% + BIE() = Y($)|I1 — £(t) = Y (1)L s<ry
(

< - Y(
< (2N)" + BIE(t) — Y (

<ty
we have

[E((ur + ) AT) =Y ((ur + ) AT)[1p < [§(ur) = Y (u1)]
(u1+t)AT
+M((ur +t) NT)1p| +/ [(2N) 7% + BlE(s) — Y (s)|]1p ds.

U1

By Jensen’s and Burkholder’s inequalities (C' changes line to line below),

C t t
E su M(sANT)1 < S+C0y = <0y
u1§5§31+t| ( ) D] N N N
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therefore

E[ sup |§(s/\T)—Y(s/\T)|1D] < C\/E#-E[f(ul) — Y (u1)|1p]

uy <s<ug+t
u+t
+2(2N) 7%t + / BE(&(s) — Y (s)|15<7y1p] ds.
since B[|&(s) — Y (5)[1 <7y 1p] < Ell&(s AT) = Y(s AT)[1p), and [(ur) — ¥ (u1)|1p <
(2N)~%, we have

t 1 t
E su sANT)=Y(sAT)|1p| <C —+ + Pt
L AT YA DI < < Nt Ny <2N>61>
by Gronwall’s inequality. We observe that uz — u; < log == < 5[(eo + €1) log(2N) —
log(agay)], therefore the estimate above implies
C(2N)®*e log N

apaq

(2N)‘(51/\52/\%).

E{ sup |§(s/\T)—Y(s/\T)1D}§

u1 <s<uz

Since 0 < 53 < ((51 A 52 A %) — €0 — 61)/3, we have

E{ sup |§(s/\T)—Y(s/\T)1D} < (2N) ™%,

uy <s<uz
Clog N
apgal
Lemma 5.3. Leta > 1, 8 € (0,1), z € (0,1], ¢4 > 0 and K > 0 be constants. Letn < 7
be jump processes where 1) has initial value n(0) = 1—c4(2N)~*, jump size 1/(2N), jump
rates

where < (2N)7% for large N. This implies the desired conclusion. O

r¥ = N(a+B)n(l—n), ™ =N(a— Bl -n) + NK.
Fort < c¢4(2N)™*/K (if K =0, thent = ), ¢5 € (0, 1) and sufficiently large N, we have

P (igf;ﬁ(s) >1- (2N)—Csf> > P (igftn(s) >1- (2N)‘C5z) > 11— CygNies—t/2e=1/2

Proof. We take £ = 1 — 7 and perform a time change of 1 — £ on £ to obtain a process f
with jump rates

Pt =N(a—B)+NK/(1-¢), 7~ = N(a+ B)E.

Let £,, be a jump process with initial condition £,,(0) = £(0) = ¢4(2N)~%, jump size
1/(2N) and jump rates

it = N(a— B)éup + 2NK, 7y = N(a + B)Eup.

Before the stopping time 7 = inf{t > 0 : £,, > 1/2}, &,, dominates €. We can write

A€y (t) = dMg, + (K - Béup) dt, d(Mg, ) = %(K + alyp(t)) dt.

Hence E[£,,(t)] = & + (04(2N)‘”’ - %) e~P* and by Jensen’s and Burkholder’s inequal-

B

ities,

Cj (j 2t _ 1/2
E |sup M;: (s —+ —= | Kt+« E&.,(t)] ds
s 0] < G T (Kt [ pE, 0 )
Ca,p _m\1/2 _
< L (Kt + cq(2N)7) /7 < C, gN~0H2)/2,

\/]V ( 4( ) ) B
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if Kt < ¢4(2N)~%, in which case

P (Sup Eup(s) > (2N)‘05'£) < P <Sup Mg, (5)> (2N)™% — ca(2N) ™" — 4Kt)

s<2t s<2t
C,y g N-(+1)/2
< 3
= (2N)-o% — ¢, (2N)—* — 4Kt
< CQ7BN(C571/2)$71/2.

On the set {sup,<, Eup(s) < (2N)~7%}, €, certainly does not reach 1/2 before time
2t. Hence &,;, dominates £ before 2t for w € {sup,<y; {up(s) < (2N)7%7}, which implies
P (supsSQt £(s) < (2N)*C5“’) >1-C, N —1/2)2-1/2 Because £ is the process ¢ after a
time change of 1 — ¢, the clock for 5 runs faster than that of £, but at most twice as fast
before ¢ reaches 1/2. Therefore the estimate above implies P (sup,, £(s) < (2N)~%%) >
P (SUPsgzt £(s) < (2N)—05"') > 1 — C, zN(s71/2)2=1/2 The conclusion follows. O

6 Appendix: A Result on Branching Processes

Lemma 6.1. Let ¢*) be a branching process with £(0) = k and u(s) = as®> + b be the
probability generating function of the offspring distribution. Then

k

G(s,t) = E(S‘f(k)(t)) _ <b(s —1) - (as — b)e(ab)t>

a(s — 1) — (as — b)e—(a=b)t
(a) Ifk =1 and a > b, then
1. |]P(§(1)(t) =0)—b/a| < bef(afb)t/a.
2.P(1<EWE)<K) < Ca,bKe*(“*b)t if K < ele=b)t/g,
3. P (supyc, M (s) > K) < Cope@™/K.
(b) Ifa < b, then P(£W) (t) > 0) < 1.2ke~(b=2)%,
(c)Ifa>bandk € [1,K], then P(¢W)(t) € [1,K]) < kC, , Ke (@0,

(d) If a > b and £ is a branching process with an initial condition that has support on
[0, k], then P(£(t) € [1, K]) < kC, py Ke™ (@t Consequently,

P(¢(s) € [1,K] forall s < t) < kCypKe™ (70t

Proof. The formula for G(s,t) comes from Chapter III.5 of Athreya & Ney (1972). From
this formula, we deduce that

b— bef(afb)t k
K4y ) _
PV ) = 0) = G0.0) = (L) 6.1
For (a), we specialise to the case of k = 1 and a > b. We write ¢ = £¢(1), then
bl (a—bbe @0t p
P(E(t) = 0) — | = 2220 < Z—(a=byt
’ (£) ) a| ala—be(a=bt) = a’ ’
as required by (a.1). For s < 1, we have
P(1<E(t) < K) <s MY PE() =i)s' = s 5 (G(s, 1) — G(0,1))
=1
B (a—b)?s
(a — be=(@=D)t)(g(ela=b)tsK (1 — 5) + sK+1) — psK)’
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where G(s,t) — G(0,t) can be computed from (6.1) using elementary algebra. The dom-
inant term in the denominator of the above quantity is e(®~?*s¥ (1 — s), which achieves

the maximum
e(a—b)t . 1 K _ e(a—b)t . 1 K+1
K+1 K+1) K K+1

at s = K/(K +1). For sufficiently large K, this is at least ¢(*~??/(3K). Therefore

- (a—b)t -1
P(1<E(t) < K) < @) ; < Cap (ae - b) 7
(a — be—(a=b)t) (a% _ b) 3K

which implies the desired conclusion of (a.2), if K < e(a*b)t/G.

For (a.3), we observe that M(t) = e~(@~b)%¢(¢) is a martingale with maximum jump
size 1 and quadratic variation (M)(t) = [, e~2(*~9%(a+b)¢(s) ds. Burkholder’s inequality
implies

IN

2 [sup 1o

s<t

c+0/ 5 (a + b)E[¢(s)] ds

C+c/ )%(a + b))% ds < C .

Therefore E [sup,, {(s)] < Copel®™?t, which implies (a.3).
For (b), we observe that

For sufficiently large ¢, we have

el —a R S eb—aye 05 1 pmay
b-a e b~ 1.1 '
therefore
pe(db—a)t _, k(1.1)e~ (b=t
PEW (@) =0) > (1 - be(bb—)ta_a) s

> 1—1.2ke” -0t

if ¢ is sufficiently large and ke~ (*~%)? is sufficiently small.
For (c), we observe that ¢() = §£1> + 551) 4+ ...+ fél), where 551),2' =1,...,k are
independent copies of £&(!). Therefore

PE® (1) € [1,K]) < PEM € [1,K] for some i = 1,...,k) < kC, yKe™ (@70

by part (a.2) of this lemma. Part (d) is a direct consequence of part (c). O
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