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Large deviations for self-intersection
local times in subcritical dimensions

Clément Laurent*

Abstract

Let (X¢,t > 0) be a simple symmetric random walk on Z% and for any = € Z%, let
l¢(z) be its local time at site z. For any p > 1, we denote by I; = Y [;(z)? the
x€Zd

p-fold self-intersection local times (SILT). Becker and Konig [6] recently proved a
large deviations principle for I; for all p > 1 such that p(d — 2/p) < 2. We extend
these results to a broader scale of deviations and to the whole subcritical domain
p(d — 2) < d. Moreover, we unify the proofs of the large deviations principle using a
method introduced by Castell [9] for the critical case p(d — 2) = d.
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1 Introduction and main results

Let (X;,t > 0) be a simple random walk in Z started from the origin. We denote by
A its generator given by
Af(@) = (f(y) — f(x)),
Yy~
where the sum is over the nearest neighbors of x. Let P be the underlying probability
measure and F the corresponding expectation.
For any x € Z?, we denote by I;(z) the local time at state = of the random walk:

t
Vo € Z4,Vt > 0, 1y(x) :/ 62(X,)ds,
0

where ¢, is the Kronecker symbol. In this article we are interested in the self-intersection
local times (SILT):
Vp>1,Vt>0, L= > L(z)"
z€Z4
When p is an integer it is easy to see that the SILT measures how much the random
walk intersects itself since the SILT can be rewritten as
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1.1 Motivations

Processes’ intersections are studied since the fifties with works of Erdoés, Dvoret-
zki and Kakutani on various quantities characterizing processes’ intersections like the
range of a random walk [19] or the multiple points of a Brownian motion [20]. After
1975 and the major work of Donsker and Varadhan [18] on the Wiener sausage, these
questions have raised constant interest. During the eighties, Le Gall accomplished
a great amount of studies on intersections of random walks [27] and intersections of
Brownian motions [26].

Questions about processes’ intersections are motivated by physical models and math-
ematical questions. In 1965, Edwards [21] introduced the following continuous polymer
model. A polymer is modeled by a continuous process as a Brownian motion B(¢). The
idea is to penalize the polymer’s intersections which are physically forbidden, and to
introduce a measure v whose density with respect to the Wiener measure p is given for
any a > 0 by

dv exp(—ap(l))

dp Elexp(—aB(1))]’
where 5(1) is the SILT of a Brownian motion up to time 1. As we will see later, this
quantity is not always defined but let’s write it for now. The discrete analogous model
is the so-called Domb-Joyce [17] model where the Brownian motion is replaced by a
random walk. Interested readers can refer to the survey of van der Hofstad and Konig
[331.

The SILT is also linked with mathematical questions. In 1979, Kesten and Spitzer
[24] and Borodin [7], [8] simultaneously introduced the model of random walks in ran-
dom sceneries. Their goal was to build some new self-similar processes. The model is
the following. We consider our symmetric random walk (X;,¢ > 0) moving on a random
field (Y3, z € Z%) independent of the random walk. We consider the process

t
Z :/ Y(Xo)ds = > Y (2)l(2).
0 z€Z4
The SILT (for p = 2) is the variance of the conditional law of (Z;,t > 0) given the random
walk. Interested lectors can find in [3] a short survey of large deviations questions for
this model. Note that this model was also considered by geophysicists Matheron and
de Marsily in [30] for studying anomalous dispersion in layered random flows.

1.2 About the SILT

We present now what is known about the SILT of random walks. For simplicity,
let us consider a simple symmetric random walk. In dimension one the random walk
is recurrent and it intersects itself a lot. Its typical value is ¢(?*1)/2 and we have the
following limit theorem:

1 d
/2 Z li(z)? — B(1),
TEZ

where

B(l):/]RLl(a:)pdx

EJP 17 (2012), paper 21. ejp.ejpecp.org
Page 2/20


http://dx.doi.org/10.1214/EJP.v17-1874
http://ejp.ejpecp.org/

Large deviations for self-intersection local times in subcritical dimensions

where £;(z) is the local time of the Brownian motion at state = up to time 1. This
theorem can be seen as a consequence of results of Jain and Pruitt [23], Le Gall [27]
and Chen and Li [14].

In dimension 2, the random walk is still recurrent but the typical value of the SILT is
of order t(logt)P*!, which is smaller than in dimension 1. éerny proved in [10] a strong
Law of Large Numbers. We have also the following Central Limit Theorem:

- Bl % B0),

where 5(1) is the renormalized SILT of the Brownian motion (see the work of Varadhan
[34]). This theorem summarizes the results obtained in different kind of generality by
Le Gall [27] and Rosen [31].

For dimensions larger than 3, the random walk is transient, it typically spends one
unit of time in each visited site, thus I; ~ t. Becker and Konig recently proved a strong
Law of Large Numbers [5] to which we can add the following Central Limit Theorem:
ford=3and p =2,

1
Vilogt (I; — E[I]) 4\,
ford >4 and p =2,
1
(I = ElL) L U,

where U is a standard Gaussian variable and A; and )\, some constants. Refer to Le Gall
[27], Chen [12] and Asselah [2].

1.3 Large deviations

Once the Law of Large Numbers and Central Limit Theorem are established, it is
natural to be interested in the large deviations for the SILT. In this article, we wonder
how I; can exceed its mean, i.e. we want to compute the asymptotics of the probability
P(I; > tPrl) where tPr! > FE[I;]. We consider three types of deviations, very large
deviations (t’rf > E[I;]), large deviations (t’r¥ ~ FE|[I;]) and moderate deviations (P(I;—
E[L] > tPry) for tPr} > \/Var(l;)). Heuristically, it is interesting to ask how the random
walk can realize this kind of atypical events for a minimal cost. We propose to the
random walk some strategies to realize large deviations of its SILT.

To increase the intersections of the random walk, a solution is to localize it in a ball
of radius R up to time 7 < ¢t. On one hand, the walk goes out of the ball in R? units of
time, and the probability of this localization is of order exp(—#z). On the other hand,
the random walk spends about % units of time on each site of the ball, so I; increases

to (4)" R = 7P R*1~P). We recall that we want I, = tPr}, which gives the value of 7 :
d(p=1)

T=1tr:R

. Thus, the probability of the localization is of order

d(p—1)

exp (—é) = exp (—trtRT 2) .

To optimize the probability of the localization, we maximize this quantity over R which
gives us three cases:

1. @ —2>0<« p(d—2) > d (supercritical case): in this case, the optimal choice
for R is 1. A good strategy to realize large deviations is to spend a time of order
try in a ball of radius 1, thus:

P(I; > t'r{) ~ exp(—try).
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2. d(prl) —2 =0« p(d—2) = d (critical case): here the choice of R doesn’t matter.
Every strategy consisting in spending a time of order tr;R? in a ball of radius R
such that 1 < R < 1/,/r; could be a good strategy, and

P(I; > tPrl) ~ exp(—try).

3. d(%l) —2 < 0% p(d—2) < d (subcritical case): a good strategy is to stay up to

—__ P
time ¢ in a ball of maximal radius, i.e. 7, “*~", thus
2p
P(I; > try) ~ exp <—t7"td(‘“_”> :

The question of large deviations for the SILT has been studied in detail during the
last decade. Let’s have a brief review of the results obtained so far.

1. Let us consider first the subcritical case p(d — 2) < d which is the most studied.
First, Chen and Li in [14] proved a very large deviations principle for all p > 1,
but only in the one dimensional case. They use the Central Limit Theorem given
previously to obtain the large deviations principle for the SILT of the random walk
from the large deviations principle for the SILT of the limit process.

Then, Chen in [11] obtained the same kind of result for the mutual intersections
of p independent random walks. There are also two moderate deviations results.
The first one is due to Bass, Chen and Rosen [4] who proved a moderate deviations
principle in dimension 2. Then, Chen in [13] proved the same result in dimension
3. These results are obtained for all the scales of deviations, but they only cover
the case of the double intersections (p = 2). In their proofs, they successfully use
the triangular decomposition introduced by Varadhan in [34] to renormalize the
SILT of the Brownian motion in dimension 2.

Recently, Becker and Konig [6] obtained a very large deviations principle in the
subcritical case with two restrictions. On one hand, they obtain the principle only
for p(d — 2/p) < d, and on the other hand, the principle is obtained for scales of
deviations exceeding the mean by a polynomial factor. As we will see later, the
final constant is expressed in term of the best constant in a Gagliardo-Nirenberg
inequality.

2. In the critical case p(d—2) = d, Castell [9] proved a very large deviations principle
using a version of Dynkin isomorphism theorem settled by Eisenbaum (theorem
2.3), which links the law of the local time with the law of a Gaussian process. The
constant of large deviations is expressed in terms of the best constant in a Sobolev
inequality.

3. In the supercritical case p(d — 2) > d, Chen and Morters [16] proved a large
deviations principle for integer value of p, computing large moments of the SILT.
Asselah [1] obtained a large deviations principle but only for p = 2. Finally, we
proved in [25] a large deviations principle for all p > 1 and for a-stable random
walk with p(d — a)) > d, using Dynkin isomorphism theorem.

A recent monograph of Chen [13] summarizes these results. Interested readers can
refer to it for an exhaustive treatment of the subject.

In this paper, we extend the result of Chen and Li [14] and improve the results of
Becker and Konig [6] in two directions. We prove a very large deviations principle and
we cancel their condition p(d — 2/p) < d. Furthermore, we unify the proofs of the large
deviations principle in the three different cases, showing that the method based on the
Dynkin isomorphism theorem also works in the subcritical case.
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1.4 Main results

Let us introduce some notations to state our results. We denote by V and by |-||, the
gradient and the LP-norm of functions defined on R¢, by H!(IR?) the classical Sobolev
space and by ¢ the conjugate of p.

Theorem 1.1. Let
. 1
ap i= inf {3 [Vl g € (R such that ], = all, = 1}

Assume that p(d — 2) < d and that
- in dimensiond =1, tl% Lr K1

t
- in dimension d > 3, 77 < < 1
then we have

1/q
- in dimension d = 2, (logt> <«<rn <l

1
Jm trfiq/d log P (It > t"r{) = =Xd,p-

Remark 1.2 (About scales of deviations). Note that in Theorem 1.1, our conditions on
r, are equivalent to tPrf > E[I;], thus we didn’t succeed to reach the order of the mean.
In our approach, the SILT is represented by the norm of a Gaussian process Z. To obtain
the right constant of deviations, we introduce a median of the Gaussian process. The
control of this median reduces our results to scales of very large deviations. A better
understanding of the behavior of this median could allow us to improve scales in our
results.

Note that the question of moderate deviations is still open with the exception of
dimensions 2 and 3 for p = 2 in the subcritical case p(d — 2) < d (see the monograph of
Chen [13]). In the case where the dimension is larger than 5 and for p = 2 (supercritical
case p(d — 2) > d), Asselah [1] succeeded to obtain the constant of deviations up to the
scale of the mean.

Remark 1.3 (x4, is non degenerate). We prove that constant x4, is non degenerate,
linking it to the best constant in the Gagliardo-Nirenberg inequality. We recall that
Gagliardo-Niremberg constant K, is defined by

lglls
Kd,p = sup { d/2 - 1—d/2 ’
geri(rey | [|Vg| 929 |lglls %

and is a non degenerate constant in the subcritical case p(d — 2) < d (see for example
Lemma 2 in [15]). This expression being invariant under the transformation gz(-) =
3%/2rg(3-), we take the supremum over ||g||, = 1 to obtain

gl
Kip= sup {——2_ fgl,=1}.
ger(re) | V]2

Again, we remark that this expression is invariant under the transformation gg(-) =
4%g(B-). So we can take the supremum over lgllo, =1 then

—d/2
Kqp,= sup {HV!]HQ / q;||9||2: ”9”217:1}'
gEH! (R?)

_ 1g-—4q/d
So Xd,p = EKd,p .
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1.5 Sketch of proof

The proof of the lower bound of the large deviations principle (Section 3) is quite

classical. Let .

L, = %lt(Lat:cj)

be a rescaled version of [;. Gantert, Konig and Shi (Lemma 3.1 in [22]) proved that for
any R > 0, under the sub-probability measure P(-, supp(L;) C [~R, R]?), L; satisfies a
large deviations principle on

F = {u € M;(R?) such that dy = 1)*dz and supp(¢) C [-R, R]*}
endowed with the weak topology, with speed ta; 2 whose rate function is given by
J: M;(RY) R

L[V, i du = ¢Pda,
400 else.

Let |||, r be the LP-norm of functions defined on [ R, R]¢. The function

= sup /
R [-R,R]4

)

dp
ceF —||—
H Hdz

¢(x)dp (@), [9ll4 5 = 1}

being lower semi-continuous in the weak topology, we can apply a contraction principle
to transfer the large deviations lower bound from L; to the SILT. Taking a; = r, 9/ \we
have the desired result.

For the upper bound, we cannot proceed in the same way as I; is only a lower
semi-continuous function of L;. Various methods have been developed to overcome
this difficulty. In this paper, we use the same method as Castell [9] and Laurent [25]
using Dynkin-Eisenbaum isomorphism theorem (Theorem 2.3). Let us describe this
method. We first compare the SILT of the random walk with the SILT of the random
walk projected on the discrete torus Tg,, of radius Ra;, and stopped at an exponential
time 7 of parameter )\; independent of the random walk (Lemma 2.2). On one hand, the
projection of the random walk leads to an increase of the SILT which is not a problem
for the upper bound, but on the other hand, we have to make a good choice of \; to
compensate the stopping of the random walk.

Then, we apply Dynkin-Eisenbaum’s theorem (Theorem 2.3). Roughly speaking, this
theorem says that the law of the SILT is the same as the law of the 2p-norm of a centered
Gaussian process (Z,,z € Tg,,) whose covariance is given by

GRra, ) (2,y) = Ey [/ 5m(XSRO“)ds}
0

(Lemma 2.4) where (X%t s > 0) is the random walk projected on Tg,,.

Gaussian concentration inequalities lead to a first upper bound p; (a, R, t) given by a
variational formula expressed in a discrete space:

1 -
P1 (CL, R, t) = inf {/\tNQQ,Rat (h) + §N22,Ro¢t (Vh)’ h € L2p(TRat) such that N2P7R(¥t (h) =1,
(1.1)

where N, (-) is the [P-norm of functions defined on Z<, N, 4(-) the [P-norm of A-periodic
functions defined on Z¢, and V is the discrete gradient defined by

Ve e Z4Vie {1,...,d} ,Vif(z) = f(z +e) — f(x),
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where (ey, ..., e4) is the canonical base of R<.
The main work is then to take the limit in (1.1) over time and space and to prove the
following proposition:

Proposition 1.4. Let

1
p(a) = inf {a 1R + 3 IVR5.h € H'(RY) such that ||h]|,, = 1}.

Assume that oy = r; ¥/ and X\, = aa;? = ar???. If p(d — 2) < d, then

lim inf limnf r; " “p1(a. B.£) > pla).

The proof of Proposition 1.4 is inspired by the proof of Lemma 2.1 of Becker and
Konig [6]. The main difficulty is to pass from the variational formula p; (a, R, t) expressed
in a discrete space, to the variational formula p(a) expressed in a continuous space.
First, we take a sequence h,, of functions defined on Z¢ that approaches the infimum in
the definition of p;(a, R,t). Then, we extend these functions on R¢ to build a sequence
gn of continuous functions defined on R?. The sequence g, is our candidate to approach
the infimum in the definition of p(a). Functions g, are built as following. We split Z<
into unit cubes and we split each cubes in d! tetrahedra. Functions h,, are defined on
each vertex of each cubes. We extend them linearly on each tetrahedra. Thus, we have
a linear interpolation of A,,.

We finally prove that the upper and the lower bound are equal with the following
proposition:

Proposition 1.5.
inf {a — p(a),a > 0} = —xa,p-

2 Proof of the upper bound of Theorem 1.1

Roy
s

Let us begin with a lemma. We denote by p
random walk (X[ s> 0).

(+,-) the probability transition of the

Lemma 2.1. Behavior of G, »,(0,0).
For any a > 0 we set \; = aa;Q. If oy — 400, then for any R > 0,

1. ford =1, GRra, x(0,0) = O(oy).
2. ford = 2, GROtf,,)\t(O?O) = O(lOgOLt).
3. ford >3, Gra,a,(0,0) = O(1).

Proof. Applying theorems 3.3.15 and 2.3.1 in [32], we know by Nash inequalities that

1 C
Raoy
3C > 0 such that Vs > 0, |p; (0,0)—W SsdT'
So
GRat,)\t (07 0)
—+oo
= [ ewl-snp 0,00ds
0
+o0 +o0
exp(—sAt) / C
<1 ——d —8A¢)—=d
< +/1 (Rop)? s+ ! exp(—s t)sd/2 s
1 1/>\t +oo d/2
<14+ —- —d CX —sA)d
s+ )\t(ROét)d +/1 54/2 s+/1/)\t o exp(=shi)ds
1 e d/2—1
<l4+—- ——=ds+ C\ .
< +/\t(R04t)d+/1 5472 s+ CA;
EJP 17 (2012), paper 21. ejp.ejpecp.org
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Remember that \; = aa; 2 and that oy — +oo, then we have the result in the three

cases. O

2.1 Step 1: comparison with the SILT of the random walk on the torus stopped
at an exponential time

Lemma 2.2. Let 7 be an exponential time of parameter \; independent of the random
walk (X;,t > 0) and

Lt () = / 5, (X0 ds.
0
Then for all R, a; > 0:
P [Ny(ly) > try] < e P [Ny ra, (Lras,r) > tre] .

Proof. It follows by convexity that

NE(ly) = Z 2(z) = Z Z I (x+ kRay)

z€Z? €T Ray, kEZI
P
E E — E P — NP
S lt(erkRat) = lRat_’t(x) = Np,Rat(lRatvt)'
2€TRa, \kezZd €T Ray

Then, using the fact that 7 ~ £()\;) is independent of (X, s > 0) we get:

P [Ny(ly) > try]exp (—tA) < P[Np ra,(lRa, 1) > tri] P(T > 1)
=P [Np,Rozt(lRozt,t) >try, T > t}
<P [NP,ROQ (ZRat,‘r) > t’l’t] .

Finally, P [N,(l¢) > tr] < e P [Ny ra, (lRay,») > tri).

2.2 Step 2: the Eisenbaum isomorphism theorem

Theorem 2.3. (Eisenbaum, see for instance Corollary 8.1.2 page 364 in [29]). Let T be
as in Lemma 2.2 and let (Z;,x € Tra,) be a centered Gaussian process with covariance
matrix

GRat,)\t = EJ) |:/ 5T(XsRat)dS:|
0
independent of T and of the random walk (X, s > 0). For s # 0, consider the process
1 2
Sy = lRa, r(z) + §(Z$ +5)7,

then for all measurable and bounded function F : RTre: s R:

BIF(Sie € Tra )] = B [F (2 + 00 e T ) (14 2]

2.3 Step 3: Comparison between N, r.,((ra, ) and Nop, rq, (Z)

Lemma 2.4. LetT and (Z,,x € Tg,,) be defined as in Theorem 2.3. For all e > 0, there
exists a constant C(e) such that for all a, R, i, 74 > 0:

(Ray)4/2» ) P (Nap.ra,(2) > V2 (1 + 0(0)) /")

P (Ny gy (Lpar) = tr2) <C(6) [ 1
(No, e (Fpe ) 2 1r2) (E)< T i) T PWap e (2) = (15 y30r0)
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Proof.

1
2

Ray,T

1 p
Sy = lRa, r(z) + §(ZI +5)? = S >F (x) + ( (Zs + 8)2)

1
= N} 5o, (8) 2 N} g, (lra r) + 55 Nop pa, (2 + 5).
By independence of (Z,,x € Tga,) with the random walk (X, s > 0) and the exponential
time 7, we have for all ¢ > 0,

1
v (Ns’Rat(ZRat’T) 2 tprf) P (21’N22£,Rat(2 +5) > tprf€p>

NZ2P

1
p
(ZROH,,T) > tprt ) 27;,; 2p,Rat

=P (Nﬁ,m,, (Z+s)> tf’rfé’)

1
<P (N o) + N3 (249 2 2771+ )

(S) > PrP(1 + ep))

<p (Ng e

Zy 1
=F [(1 + s) ;2—pN22§’Rm(Z+ s) > tPr (1 + ep)] ) (2.1)

where the last equality comes from Theorem 2.3. Moreover, by Holder’s inequality, for
all e > 0,

Zy\ 1
E {(1 + ;) P NJP o (Z 4 5) > 9P (1 +ep)}

9p " 2P,
Zo|' Ve /e 2 1/(1+¢)
= PN o, (Z4s) 2 200m(1+e) T 22)
Combining (2.1) and (2.2) we obtain that for all a, e > 0,
P (prROZt (ZROLt,T) 2 t?“t)
e/(14+€ .
. ‘1 % 11/ ¢/ (Nap,ra, (Z + 5) > /2try(1 + O(6)))1/<1+ ) 0
< s P(Nap ra(Z + 8) > \/2trye€) . .
Then using the fact that Var(Zy) = Gra,.»,(0,0) < E[r] = A%
P (NP»PLO% (lRat,‘r) > t?“t)
1 P (N2p7Rozt (Z + s) > \/%(1 + 0(6)))1/(1+5)
<C(e) (1+ . (2.4)
sv/ A P(Nap o, (Z +s) > V2trie)
Choosing
e\/2trie
S§=—"—""a>»
(Rat)ﬁ

using triangle inequality and the fact that Nap ra, (s) = s(Rat)%, we have:

2p o ofe 1/(1+e)
P (it ) 2 1) <) (14 Lol ) P D)2 ACL )

ev/2etri A P(Nap ra,(Z) > (1 + €)\/2tr€)
O
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2.4 Step 4: Large deviations for N, z(Z)

Lemma 2.5. Let 7 and (Z,,x € Tga,) be defined as in Theorem 2.3, and p;(a, R,t) be
defined by (1.1). Under assumptions of Proposition 1.4 and Theorem 1.1,

1. Va,R,t > 0, A\t < p1(a, R,t) < aRd/qaf/qd.
2. Ya,e, R, t >0,

1 1 1
P [NZp,Rat(Z) > M] > i @ B (1 — rr—— t)) exp <—2trt6p1(a,R7 t)> .
3. Va,e, R,t >0,
P<N2p Ra.(Z) 2 \/% (1+o(e )))
_ V2 o (_ma,fn 1) (V21 + o(e)) + ow%)f) |
(V2tri(1 4 o(€)) + o(v/tre))y/mp1(a, R, ) 2

Proof. 1. For the upper bound, it suffices to take f = (Ra;)~%?” to obtain the re-
sult. For the lower bound, we remark that Ns, go, (k) = 1 implies that for all

x € TRra,, |h(z)] <1, and then NQ;’ Ra, (1) < N3 g, (h). Therefore py(a, R,t) > A;.

2. By Hélder’s inequality, for any f such that || f||(2)',ra, = 1,

P [Nop o, (2) > Vire) > P | > foZo > Virge

2ETRay

Since fzZ is a real centered Gaussian variable with variance

CCETRQt

Ug,R,t(f) = Z GROAt,M (SL’, y)fzfy s

z,yETRay

we have:
2
0a,R,t(f) %a,r(f) free
rliz > tre} == |1 e | —g
[ ||2p,Rozt > ire| > \/ﬂ\/tr? ( trie P 202,R,t(f)
Ia,re(f) (1 — M) exp __fme
NorNor: tree 202 g, (f) )’

p2(&,R, t) = sup {Ug,R,t(f) N(Qp Rat - 1}

Taking the supremum over f we obtain that Va, R,¢,¢ > 0,

V

Y

where

pg(a, R, t) P2 (aa R, t) trie
P |Nsp pa,(Z) > tre)| > Y—r—=—1- —"—"7—= 9 (e RD)
[ 2p,R t( ) > m] = \/W trie exp 2p2(a, R, t)

Then it suffices to prove that ps(a, R, t) = m to obtain the result.

We denote by < -, >g,, the scalar product on [?(Tg,,). On one hand, by Hélder
inequality,

< f,Gray | >Rar < Nop Ra, (GRay A f), Vf such that Nopy ga, (f) = 1.
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Since Ggit Vi At — A,
1
< [, GRraga S >Ray =< GRg, 2, GRavn fs GRay N S > Ray

1
= /\tNZQ,Roct (GRat7/\t f) + 5 227Rat (VGROtu/\t f)

> p1 (CL, R, t)NZQp,Rat (GRau)\t, f)
Therefore, for all f such that Nipy o, (f) = 1,

< fyGRas 2 f >Ray
P1 (a7 Ra t)

Then, taking the supremum over f, pa(a, R,t) < 1/p1(a, R, ).

2
</, GROftv)\tf >Roy <

On the other hand, let f, achieving the infimum in the definition of p;(a, R, t).

P2 (CL, Ra t) = sup {< fa GRat,)\f,f >Ro¢t}
N2py' Ra, (f)=1
< G}_zit,)\thafO >Ro¢t - pl(a,R,t)

B NEQp)’,Rat(G];it,)\tf()) N(2p)’7Rat (G;eit,,\tfo)-
Furthermore, using the Lagrange multipliers method, we know that
N(22P)I7Rat (GE}X“At h’O) = pl (a, R7 t).
Hence p3(a, R,t) > 1/p1(a, R,t), and then pa(a, R,t) = 1/p1(a, R, t).
. Let M be a median of Nyp ., (Z). We can easily see that
P (NvaRat(Z) > V2tr (14 o(e)))

<P (|Nap,ra,(Z) = M| > \/2try(1 +o(e)) — M). (2.5)
Using concentration inequalities for norms of Gaussian processes (see for instance
Lemma 3.1 in [28]), Yu > 0,
P[|Nop pa,(Z) — M| > Ju] < 2P(Y > | | 55 rr) Where Y ~ N(0,1). Then for
t?"t > M2,

P (|Nap,ra, (Z) = M| > /2, (1 + o(c)) — M)
V2Eri(1 + o(e)) —M)

p2(a, R, t)
2y/pa(a, R, 1) o ( (V20ri(1 4 oe)) — M)2> |

<2P (Y >

(2.6)

= (Va1 + o) - M)Var 202(a, B 1)

Let us now prove that under our assumptions we have tr; > M?. Since M

(median( Y. Z2P))'/?? and that for any random variable X > 0, median(X) <
ZETRat

2E[X], we get:
M? = (median( Z Z2p))t/p

TET Ray
<(@EB[ ) zZF)'r
€T Ray

C(p)( Z G Rag . (0, 0)pE[Y2p])1/p> where Y ~ N(0,1)

IETR(,t
C(p)(Ray)¥? G ga, 5, (0, 0)(E[Y?P])/P
C(p)(Ray)*?Gga, 2, (0,0).

IN

<

IN
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Large deviations for self-intersection local times in subcritical dimensions

Recall that we have \; = aa; ? and a; = rt_‘I/d,

p+1

For d = 1, by Lemma 2.1, M? = O (atlﬂ/p) =0 (Tt pl). Then as r; > ;75; We

have M? < try.
For d = 2, by Lemma 2.1, M? = O( /plogat> = O( S/ =D log - ) Then as

log t l/q 2
re > ( <8t ) we have M? < try.
For d > 3, by Lemma 2.1, M? < Caf/p = Crt_l/(p_l). Then as r; > t~1/9, we have

M2 < t’f’t.

O
2.5 End of proof of the upper bound in theorem 1.1
Combining Lemma 2.2 and Lemma 2.4 we have proved that: Ve, a, R,t > 0,
P(Np(lt) Z tTt)
(Ra)% \ P (Nap.ga,(2) > (1 + o(e))) /7
<C(e)exp(tis) [ 1+ . — ) 2.7)
€y 26t7"t)\t P (N2p7R(Z) > 2\/ 2trte)

First we look for an upper bound for the numerator in (2.7). By 1 and 3 of Lemma 2.5,
we have that

1 €
hmbup a7 log P (ng Roy (Z) = V2tre(1 4+ o(e)))l/(1Jr )
r

t

< —liminfr*7%p(a, R, t)(1 + o(e)). (2.8)

t—+oo

Now we work on the denominator in (2.7). Using 1 and 2 of Lemma 2.5, we obtain:

P (Nop p(Z) > 2v/3rie)
1
= 1 - exp (—4triepi(a, R, t
~V/16mtriepy(a, R, 1) ( Streepi(a, R, t)) p (—dtreepi(a, R, 1))
1 1
lﬁwtaeRd/qrfq/d T
Therefore, .
limtinf L 2q/d log P (N2P7R(Z) > 2%) > —4aeR™1, (2.9)
try

Now we combine (2.7),(2.8),(2.9) to have:

1— 2q/d

1
1msup o) t) > try) <a—(1+o(e)) imintfr, 1(a, R,t) + 4ae o
li 77 log P (N (1 1 lim inf r; R,t) + 4aeR%172
trt

Then we let ¢ — O:

limsup ——

1
log P (Np(l) > try) < a—lim infr,~ 2a/d p1(a, R, ).
t e a/d ¢

Then we take the limit over R using Proposition 1.4:

1
limsup —— 7d
t trt

log P (N,(ly) > try) < a— p(a).
We finish the proof taking the infimum over a > 0 and using Proposition 1.5.

EJP 17 (2012), paper 21. ejp.ejpecp.org
Page 12/20


http://dx.doi.org/10.1214/EJP.v17-1874
http://ejp.ejpecp.org/

Large deviations for self-intersection local times in subcritical dimensions

3 Proof of the lower bound of Theorem 1.1

Proof, Let for all z in RY,
d

L, = %lt(tata:j)

be the rescaled version of /;. Thanks to the work of Gantert, Konig and Shi (Lemma
3.1 in [22]) we know that for R > 0, under the sub-probability measure P(-, supp(L;) C
[-R, R]%), L, satisfies a large deviations principle on

F = {u € My(R?) such that du = ¥*dz and supp(y)) C [-R, R]*}
endowed with the weak topology, with speed ta; 2 whose rate function is given by
J: M (RY) =R

L[5 Ivell i dp = y2de,
+oo else.

—d
So, for r = oy /q,

P(Ny(ly) = try) = P(|| L], = 1)
> P(|[Lill, > 1, supp(L;) C [-R, R]%).

i il = sup {m/ F@)dp(), £, =1

is a lower semi-continuous function in the weak topology, we have:

Then, as

. 1 ) 1
lim inf — - log P(N, (1) > try) > —inf {2 199112 14l = L, 1 9lly, > 1. supp(sé) € [~R, R]d} .

t—+00 tT’th/d

Let R — o0,

- 1 . 1 2
it 7 og P(Np(1) 2 o) 2 = {2 IV8I3. el = 1, ], > 1}

1
— it { S IVIE [l = [, =1}

4 Proofs of Propositions 1.4 and 1.5
We denote by &, the set of the permutations on {1, ...,d}, by |-] the integer part, by
B(s) the ball of radius s and by Vol(B(s)) its volume.

Proof of Proposition 1.4:
Let choose a sequence (R, t,, hy,) such that R,, — 400, t, — +00, Nop Ra,, (hn) = 1 and
such that

1 o_ ~
liminfliminfinf{aNQ (h)—|—§at2 d/qN;Rat(Vh),sz,Rat(h) _1}
«

R—s4o00 t—+o0 ;i/q 2,Ro
a 2 1 2—d/q A2 ~ 1
Zid/q N3 Rya,, (n) + 5%, N3 gy, (Vhn) — —.
ay! n
EJP 17 (2012), paper 21. ejp.ejpecp.org
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h, is a sequence of functions defined on Tg,,,, . Note that we can assume without loss
of generality that h,, is non-negative. We want to extend these functions to R¢. In this
perspective, we split Z¢ into cubes

d

C(k) = @k, ki + 1]

i=1
for any k € Z“. Then, each cube C(k) is again splitted into d! tetrahedra T, (k), where
for any 0 € &4, T,(k) is the convex hull of k,k + €51y, ...,k + €x(1) + -+ - + €gq). For
any y € R? we denote by o(y) a permutation such that y € T,(,)(ly]). Note that this

permutation is not unique when y is at the boarder of two or more tetrahedra, but it
won’t be a problem. Set for any =z € R?,

gn(x) = /% hy (Lo, x]) + d”f’zfnmm (o, ), 4.1)

=1

where Vy € RY, Vi € {1, ...,d}, Vo € &4,

frioi (W) = (hn(Ly) + €0y + - + €o(i)) = hn([y] + 1) + o+ €0i=1))) Wiy — Wo(i))-

Note that g,, is well defined for any y in R?, even for y at the boarder of two or more
tetrahedra because the value of g,, is the same if we consider y living in one tetrahedra
or the other. Following the work of Becker and Konig, it can be proved that g, is
continuous and R, -periodic.

Now, for € €]0, 1], we set U a truncation function that verify

®1/)R —[0,1],

where
0 outside [—R,, R,],

YR, = { linearin [-R,,, — R, + R] and in [R,, — RS, R.],
lin [-R, + RS, R, — R¢).

The function
gn\IIRn
||g"\I/Rn ||2p
is our candidate to realize the infimum in the definition of p(a). Therefore, we have to
bound from below N3 ; . (hn) by [[(gn¥)|3 and N3 . (Vhy) by [V(gn¥)|l3.
First we prove the following:

V6 >0, 0y, N 0 (hn) > 192 R, 13 — da; INZ & o (Vhy). (4.2)

n Oty

1)
“0+1
Using the definition (4.1) of g,, and the triangle inequality, we have that

d
an,a(.),i(')
=1

We bound from above now the norm of f, ,(,):(y) for any y € T5(k):

lgnlls g, < er. "N, gay, (ha) + a7, % (4.3)

27Rnatn

|ana z |2<dZ|h I_y +er1 +"'+6a(i))_hn(l_yJ+€0(1)+"'+ea(i71)>|2'
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Then,

d

<d > /Z oiyhn(k+ €0y + -+ €oii1)) Pdy

2,Rovy,, kEB(R,Latn)UGG(d)yeTU(k) i=1

d
= % YD Y No@balk+eqny++ - +eoin)l

" 0€6(d) i=1 k€B(Ryay,,)
= dN3 g, (V(B)).

Moreover, thanks to the definition (4.1) of g,, it is easy to see that
2
IVgall3 5, = a7, VINE g o, (Vhn). (4.4)

Thus:

- Vd
< VAdNg rya,, (Vin) = =752 V9alla s, - (4.5)
«

2,Rp o, tn

Combining (4.3) and (4.5) we have:
lgnlly g, < ar. "N g a,, (ha) + Va7 [Vgally g, - (4.6)

Taking the square in (4.6), we have that Vo > 0,

2 1, —d _ 2
lon I3, < (1+ )0 NE o, () + (1 +0)de 2 [ Vn3 -

So,
—d
01 NG () 2 5o lonl, — 60 [ V9nl
> 0 g, 2~ ddoq? [Vl
< 5+1 2 n 2,Rp,

Therefore, we succeeded to prove (4.2):

_ )
V5> 0, 0, NE gy, (n) 2 5= l9n W, [ = ey, NG (Vh).

(o9

Now we want to prove that there exists C' > 0 such that for n large enough

2-d ~ c C
0N e, (F0) 2 (1 2 ) 190 ) T O @
By the work of Becker and Konig, we know that
1900213 < (14 2 ) 190, + o 00l e, - (.8)
n 2 — R% R% 2,R,
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Putting together (4.4),(4.8) and (4.6), we have:

I,

2 2
IVgnlls g, = 1T Re V(90O R, )2 =

E

>
- 1+Rf

E

>
- 1+Rf,

IV(gn¥r,)

So,

2
Va2 1
|| g ||2,Rn ( + 1+R%

E

*1+R€

Vd

n

1
3 <ad/2q Na.Ryau, (hn) + o ”VgnHZRn

tn

[NOR 7 |[——

5 — —7a V2 Rran,
at/q
n

d 2
7N Roar, (Bn) + 2 IVnlls. g,

tn

2Vd
1+d/2q “Trajag V2. Ra azn( n) [IVgnlly Rn)
tn

d
(ha) + —2= [ Vgll3

Vd ) )

2
+WN2,RWM (hn) + W Hv9n||2,Rn

tn

Vd

IV (9n TR, —

2
at1+d/2q ) N2,Rnatn (hn)

Then, using (4.4), the fact that oy, — +oo and that 1 + d/2¢q > d/q, we obtain:

0% /qN2 R (Vhn) >

n n Oty

HR%JF?(O,?

) IV (92 ¥ r,)l5

1+R;+2<£

c
1— —
(o

Thus, we succeeded to prove (4.7). )
At this point of the proof, we have bounded from below NZ(Vh,) by |V (¢, ¥ g, )|/
(4.2). Therefore, combining these two results, we have for n

and N3 (hy) by [[(9.¥r,)|5
large enough:

a 2

a;j/q N27Rn04tn 2 A,

J —d
<6+1 gV, |15 - 0dag, /N3 o, (Vhw))

+
3|

d/q
A,

) I )1 - T

1
(hn) + 507 YN 0 (Vi)

1
2
) (allon®r. 3+ 5190 vr.)

1 Vd )
+ 1+d/2q> NQ’RnOétn (hn)
Qy

n

22,R,,Lo¢tn (hn)

4.7),

C
- ) 19 ()1

Re

eV ke, ()

3) — adday NG ar (Vhn)

—d e
- Catn /an N22,Rn(x,,n (hn)

. 1) C
zmm(l— €)p<a>||gmn||2p abda; VN o o (Vha)
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It remains now to prove that ||g, Vg, ||§p is close to 1. First, we prove that without loss
of generality, we can assume that there exists C' > 0 such that

€— 2 2
(1= CR7Y) llgnllzp,r, < Nlgn¥r, Iz, - (4.10)
Indeed, for any a € Bg, let g, o(z) = g, (x — a). By periodicity of g,, on one side we have

/ / gip(x—a)dac da = / / (x — a)dx da

Br,, BR,\BR, —Rg, Br, \BRr,,—rg, BRn

= / / g*?(x)dx da

Br, \BRr,,—rg, BRn

< CRElgall3 .

and on the opposite side we have

/ g% (z — a)dx da > Vol(B(1))RY i%f / 9°F(x — a)dx da
acBRr,
BRr,, Br,\Br, -r, Br,\BR, —Rg,
Therefore
aei%fzn / gip(:c —a)dz da p < CR;~ 1 Hgn||2p R, -
Br,\Brg,

Remark that g, being periodic, for any a € Br,, ||gnlly = |9n.all and [[Vgnlly = [[Vgn.ally -
Hence, combining (4.9) and (4.10) we obtain that: 3C' > 0 such that V6 > 0,

a
2
d/q NQaRnatn
Qy
n

(ha) + 507, VN3 0 (Vha)

1
2
> min U 1- < (1-CRS) pla) llgnll2 - aédozf_d/qNQQR (Vhy,)

- 5 + 17 R% n 12p, Ry, In sdtn Qg

~Ca; IR N . (hn).

It remains now to prove that || gn||§p r, is close to 1. Using the definition (4.1) of g, and
the triangle inequality, we can prove that

Ignllop r, = 1= Ca;t [ Vanllyy g,
Therefore, for all v > 0,

1+70

2 _
(1 4+) lgnll3p. 5, + 2Vgnlzyr, = 1.

Finally, there exists C' > 0 such that for all §,~ > 0,

a 2

1 o4 ~
a2 o, () & 500 VNG g, (Vi)

9 tn

5 c 1 c )
>min | ——. 1 — 1— A T [
= <5+ % R€> (1-om™) (1 +7  of, vanbp’R") pla)

d = —d —€
—addoy, VINZ g o (Vhy) = Cap YIRING o (h).
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Remember that we have assumed that  is non-negative, thus, as ||h,[|,, < 1 we have
that 5 -
IV9nllap, 1, = 04 Nop, R, (VIn) < 00, Ny R o, (V).

It follows that there exists C' > 0 such that for all 4,y > 0,

a 1 o ~
72 V3 e, () + 500, VN, (V)
Oéf a 2

) 5 C _ 1 C 2 -
>min ( ——1—- o= | (1=CR) (== = =N, /%, (Vhy,
> min (5 T RZ) ( CR;, ) (1 ol 27Rn04tn( h )) p(a)

—addoy, P INE o (Vi) = Cap VIR NE o ().

We want now let n going to infinity. It's easy to see that if aijd/qNg,Rnatn (@hn) — +00

ora 4/ qN22, R, a, (hn) — 400, then the result is obvious. Therefore, we can assume that

1,
liminf ——N2p o (he) + =0t YNy g a0 (Vhy) < +00.

n—+oo af/q Hin Sty
Thus, No,r,a,, (Vh,) — 0 because 2 — d/q > 0 and at_nd/qR;ENiRn% (hn) — 0. There-
fore, we have:

1

mp(a)-

.. a 1 9q = . 5
lim inf WN;RMM (hn) + -« /qN22~,Rnatn (Vhy) > min (54-1’ 1)

n 2 in
tn
Then we let § — +o00 and v — 0 to obtain the result.

Proof of Proposition 1.5:
We recall that

) 1
p(a) = inf {a IR]l3 + 5 VA3, 1Rl = 1} '

Set hg(-) = BY/2Ph(B-). We remark that [|hg|l,, = 1, [[hsll, = 87?7 ||h||, and [|[Vhg]|, =
31=4/24 ||V h||,. Then we minimize over j3 the function:

1
©5(B8) = aB~ 1 ||n|)5 + §ﬁ2_d/q IVAll3.-

Picking the optimal value
_ | 2ad R,

B* =
2q—d HVh”Z

we have that

d/2
_ g2 (%4 20— d\"*, E3 RISV ], = 1
pla) =a 20— d) \ " 2d inf  [[ally " VAL [lAlly, =15 -

Then optimizing over a > 0 the expression inf {a — p(a),a > 0} with the optimal value

. 2q—d, 4q/d—2 2
a = Qd 11’1f{||hH2q ||Vh||2 ) ||hH2p = 1}

we have that

. . 1 4q/d—
it fa = pa).a > 0} = —inf {3 IR/ VIR, ol =1}
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Large deviations for self-intersection local times in subcritical dimensions

Note that the expression is invariant under the transformation hs(-) = 8%2Ph(3-), there-
fore we can freely add the condition |||, = 1. Thus,

. . 1
it {a = pla,a > 0} = ~inf {5 VRIS [l = Il = 1} i= ~xar
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