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Renewal theorems for random walks
in random scenery”*
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Abstract
Random walks in random scenery are processes defined by Z,, := Zzzl Exito X

where (X,k > 1) and (§,y € Z) are two independent sequences of i.i.d. ran-
dom variables. We suppose that the distributions of X; and & belong to the nor-
mal domain of attraction of strictly stable distributions with index « € [1,2] and
B € (0,2] respectively. We are interested in the asymptotic behaviour as |a| goes
to infinity of quantities of the form )", ., E[h(Z, — a)] (when (Z,), is transient) or
> o1 ElW(Z,)—h(Zn—a)] (when (Z,), is recurrent) where h is some complex-valued
function defined on R or Z.
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1 Introduction

Renewal theorems in probability theory deal with the asymptotic behaviour when
|a| — 400 of the potential kernel formally defined as

Ko(h) ==Y E[h(Z, — a)]

where h is some complex-valued function defined on R and (Z,,),,>1 a real transient ran-
dom process. The above kernel K,(.) is not well-defined for recurrent process (Z,,)n>1,
in that case, we would rather study the kernel

Crah) = 3~ {EIN(Z0)] ~ Elh(Ze — a)}
k=1

for n and |a| large. In the classical case when Z,, is the sum of n non-centered indepen-
dent and identically distributed real random variables, renewal theorems were proved
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Renewal theorems for random walks in random scenery

by Erdos, Feller and Pollard [10], Blackwell [1, 2]. Extensions to multi-dimensional real
random walks or additive functionals of Markov chains were also obtained (see [12] for
statements and references).

In the particular case where the process (Z,),>1 takes its values in Z and h is the
Dirac function at 0, the study of the corresponding kernels

Ko(60) = > P[Z, =a

and

Gra(00) = > {P[Z = 0] - P2 = a] |
k=1

have a long history (see [18]). In the case of aperiodic recurrent random walks on Z
with finite variance, the potential kernel is known to behave asymptotically as |a| when
|a| goes to infinity and, for some particular random walks as the simple random walk,
an explicit formula can be given (see Chapter VII in [18]).

In this paper we are interested in renewal theorems for random walk in random scenery
(RWRS). Random walk in random scenery is a simple model of process in disordered
media with long-range correlations. They have been used in a wide variety of models
in physics to study anomalous dispersion in layered random flows [16], diffusion with
random sources, or spin depolarization in random fields (we refer the reader to Le
Doussal’s review paper [14] for a discussion of these models). On the mathematical side,
motivated by the construction of new self-similar processes with stationary increments,
Kesten and Spitzer [13] and Borodin [4, 5] introduced RWRS in dimension one and
proved functional limit theorems. Their work has been further developed in [3] and
[8]. These processes are defined as follows. We consider two independent sequences
(X&,k > 1) and (&, y € Z) of independent identically distributed random variables with
values in Z and R respectively. We define

Vn>1, S,:= Zxk and Sp := 0.
k=1

The random walk in random scenery Z is then defined for all n > 1 by

Zy = ngk.
k=1

The symbol # stands for the cardinality of a finite set. Denoting by N,,(y) the local time
of the random walk S :

Npn(y) = #{k =1,.,n : S = y}
the random variable Z,, can be rewritten as
Zn =Y &Na(y). (1.1)
YyEZ

The distribution of &, is assumed to belong to the normal domain of attraction of a
strictly stable distribution Sg of index 8 € (0, 2], with characteristic function ¢ given by

d(u) = o~ lul? (A1+iA, sgn(u)), u€R, (1.2)

where 0 < A; < co and |A] ' A,| < |tan(73/2)|. When 8 = 1, Ay is null. We will denote
by ¢¢ the characteristic function of the random variables &,. When 3 > 1, this implies
that E[¢o] = 0. Under these conditions, we have, for 5 € (0, 2],

)

vt >0, Plléol > 1 < =5 (1.3)
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Concerning the random walk (S,,),>1, the distribution of X; is assumed to belong to
the normal domain of attraction of a strictly stable distribution S/, of index «. Since,
when a < 1, the behaviour of (Z,,), is very similar to the behaviour of the sum of
the &'s, k = 1,...,n, we restrict ourselves to the study of the case when « € [1,2].
Under the previous assumptions, the following weak convergences hold in the space of
cadlag real-valued functions defined on [0, o) and on R respectively, endowed with the
Skorohod topology :
_1 c
O I SO
) [nz] .
and (n 7> & = (Y(2)),450
k=0 x>0

where U and Y are two independent Lévy processes such that U(0) = 0, Y(0) = 0,
U(1) has distribution S/, and Y (1) has distribution Sg. For « € |1,2], we will denote
by (Li(x))zer,>0 @ continuous version with compact support of the local time of the

1/
process (U(t));>0 and by |L|z the random variable (f]R Lf(m) d:c) . Next let us define

1 1 1.1
bi=1l——4+—=1+—(=—-1). 1.4
ST 5 + a( ) (1.4)
In [13], Kesten and Spitzer proved the convergence in distribution of ((n™°Z,1)i>0)n,
when a > 1, to a process (A;);>o defined as

At:/]RLt(a:) dY (z),

by considering a process (Y (—x)),>0 with the same distribution as (Y (z)),>0 and inde-
pendent of U and (Y (x))>0.

In [8], Deligiannidis and Utev considered the case when o = 1 and 5 = 2 and proved the
convergence in distribution of ((Z,,;/+/nlog(n))i>0)» to a Brownian motion. This result
is obtained by an adaptation of the proof of the same result by Bothausen in [3] in the
case when = 2 and for a square integrable two-dimensional random walk (Sy, ).

In [7], Castell, Guillotin-Plantard and Péne completed the study of the case @ = 1 by
proving the convergence of (n*% (1og(n))%*1Zm)t20)n to C%(Y(t))te]l{, with

¢ = (mag) PT(B + 1), (1.5)

where ag is such that ¢ +— e~ /!l is the characteristic function of the limit of (n='S,,),
and I' denotes the Euler’s gamma function.

Let us indicate that, when « > 1, the process (Z,), is transient (resp. recurrent) if
B <1 (resp. 8 >1) (see [6, 17]).

We recall the definition of the Fourier transform  as follows. For every h : R — C (resp.
h : Z. — C) integrable with respect to the Lebesgue measure on R (resp. with respect
to the counting measure on Z), we denote by I[h] the integral of h and by h : Z — C its
Fourier transform defined by

Ve e Z, h(z):=I[h(-)e’™], withZ =R (resp. Z = [—m;7)).

1.1 Recurrent case : § € [1,2]

We consider two distinct cases:
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» Lattice case: The random variables ({;).cz are assumed to be Z-valued and
non-arithmetic i.e. {u;|pe(u)| =1} = 27Z.
The distribution of &, belongs to the normal domain of attraction of Sg with char-
acteristic function ¢ given by (1.2).
* Strongly non-lattice case: The random variables (£;).cz are assumed to be
strongly non-lattice i.e.
lim sup |pe(u)| < 1.
|u|—+o0
The distribution of &, belongs to the normal domain of attraction of Sg with char-
acteristic function ¢ given by (1.2).

For any a € R (resp. a € Z), we consider the kernel K,, , defined as follows : for any
h:R — C (resp. h: Z — C) in the strongly non-lattice (resp. in the lattice) case, we
write

Kna(h) = > {EI(Z1)] - Blh(Zy - a)]}
k=

1
when it is well-defined.

Theorem 1.1. The following assertions hold for every integrable function h on R with
Fourier transform integrable on R in the strongly non-lattice case and for every inte-
grable function h on 7 in the lattice case.

e whena >1andp > 1,

lim a'~% lim K, q(h) = CiI[h],

a——+oo n—-+oo

_TEre-PEILE)  1a 1 A
Ch = 7B(1 = 0)(A2 + AZ)1/257 sin (5 (2 - Earctan (141)>> .

e whena>1andfp =1,

with

lim (loga)™* lim K, .(h) = CyI[h],

a——+00 n——4oo
with Cy := (ﬂ'Al)il.
e whena =1andfj € (1,2),
lim (o' log(a'ﬁ))ﬁ_1 lim K, q(h) = DiI[h],

a——+oo n—-+o0o

L F(2 —5) - 7T6 AQ
D, = we(B = 1)(14% n A%)l/Z sin <2 — arctan <A1>> .

e when o = 1 and § = 2, assume that h is even and that the distribution of the £ s is
symmetric, then

with

lim (a_l log(ag)) lim K, (h) = DyI[h],

a——+o0o n—-+o0o
with Do := (2A10)71.

Remark 1.2. 1- It is worth noting that since |A3/A;| < |tan(n3/2)
and D, are strictly positive.

2- The limit as a goes to —oo is not considered in Theorem 1.1 and Theorem 1.3 since
it can be easily obtained from the limit as a goes to infinity. Indeed, the problem is
then equivalent to study the limit as a goes to infinity with the random variables (£;).
replaced by (—¢.). and the function h by x — h(—x). The limits can easily be deduced
from the above limit constants by changing A, to —As.

, the constants C4
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1.2 Transient case : 5 € (0,1)

Let H; denote the set of all the complex-valued Lebesgue-integrable functions A such
that its Fourier transform h is continuously differentiable on R, with in addition » and
(h)" Lebesgue-integrable.

Theorem 1.3. Assume that « € (1,2] and that the characteristic function of the random
variable &, is equal to ¢ given by (1.2).
Then, for all h € H,, we have

lim a'~% > E[h(Z, —a)] = Co I[h]

a— oo
n>1

D()02 - HE[L;Y] | 7 .
Cp = 7T/86(IB )47 A7) sin <(15 (2 — %arctan (j)))

1.3 Preliminaries to the proofs

with

In our proofs, we will use Fourier transforms for some h: R — Cor h : Z — C and,
more precisely, the following fact

2rE[h(Z, —a)] = /Z h(t)E[e"Zn]e~ " dt.

This will lead us to the study of >_ -, E[e?4»]. Therefore it will be crucial to observe
that we have

VteR, ¥n> 1, BleZ ] =E | [ M@ | =E | [] wetNa())| .
yEZ YyEZ

since, taken (Sk)r<n, (§y)y is a sequence of iid random variables with characteristic
function ;. Let us note that, in the particular case when &, has the stable distribution

given by characteristic function (1.2), the quantity )_, -, E[e""#"] is equal to

-y E[ I e—tvm(y>ﬂ<A1+iA2sgn<t>)} _
n>1 YyEeZ
Section 2 is devoted to the study of this series thanks to which, we prove Theorem 1.1
in Section 3 and Theorem 1.3 in Section 4.

2 Study of the series v

Let us note that we have, for every real number ¢ # 0,

t) _ ZE[e,‘t|fsvn(A1+¢A23gn(t))]’ (2.1)

n>1

with Vi, == " 7 Na(y ). Let us observe that 2= (y) < (N"(y))ﬁ < M if 3 <1, and

N:Ll(iy) < (N (y))ﬂ < Mo (y if > 1. Combining th1s with the fact that ZUEZ w(y) =mn,
we obtain:

<1 = nP<V,<n (2.2a)
>1 = n<V,<n’ (2.2b)
EJP 17 (2012), paper 78. ejp.ejpecp.org
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Proposition 2.1. When g € (0, 2], for every r € (0,400), the function v is bounded on
the set {t e R : |t| > r}.

When 8 € (0,1), the function v is differentiable on R \ {0}, and for every r € (0,+c0),
its derivative ¢’ is bounded on the set {t € R : [t| > r}.

Proof. Let r > 0. Then: [t|[ > r = [Y(t)] < 30,5 e=Ar’n'™? "so the first assertion

is proved. Next, when 8 € (0,1), since ), -, ne=A1m’ ~ o it easily follows from
Lebesgue’s theorem that ¢ is differentiable on {t € R : |t| > r}, with [¢/(¢)| < Brf~1(A;+

A, ne=410m)” when [t| > r. O
| D Zn>1

In the particular case when 5 = 1, we have A, = 0 and

1 . 1, -
Y(t) = A "0 ~(t), with y(t) == A, e~

When 8 # 1, the expression of v (¢) is not so simple. We will need some estimates to
prove our results. Recall that the constant c is defined in (1.5) if « = 1 and set
1 1 ~1/8

€= 55T GBIl )

Proposition 2.2. When a > 1,3 # 1, we have

v _
lim ~5 =1 (2.3)

and
P'(t)
50 /(1)

=1 (2.4)
where v is the function defined by
~A(t) = C|t| 7Y (A; 4 iAg sgn(t)) Y/ ),

When oo =1 and 8 > 1, we have

lim —= =1, (2.5)

where v is the function defined by

_ (=log(lt)P)t-~
Y= ZHTA, + iy sgn(D)”

To prove Proposition 2.2, we need some preliminaries lemmas. Let us define
by :=n’ifa>1 and b, := n%ﬂ(log(n))l_%ﬂ ifa=1. (2.6)

We first recall some facts on the behaviour of the sequence (b; 1y /8 ) .

Lemma 2.3 (Lemma 6 in [13], Lemma 5 in [7]). When o > 1, the sequence of random

1/8
variables (b;anl/ﬁ) converges in distribution to |L|g = (f]R Lf(x) dm) .

n
When o = 1, the sequence of random variables (b;anl/ﬁ) converges almost surely
n
to c%f.

EJP 17 (2012), paper 78. ejp.ejpecp.org
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Lemma 2.4 (Lemma 11 in [6], Lemma 16 in [7]). If3 > 1, then

( b, >/3/([3—1)
v/

b p
sup & K 1”/' > ] < +00.
n Vi

The idea will be that V,, is of order b?. Therefore the study of 3, ., e~ Itbn|”(A1+idz sgn(t)
will be useful in the study of ¢(t). For any function g : Ry — R, we denote by £L(g) the
Laplace transform of g given, for every z € C with Re(z) > 0, by

sup £ < +o00.
n

If 3 <1, then for everyp > 1,

+oo
c@xaz=[; e~#tg(t)dt,

when it is well defined.

Lemma 2.5. When o > 1, for every complex number z such that Re(z) > 0 and every
p > 0, we have

1 1
—TI(p+ —)z_(er%ﬁ) < +o0.

—ouBB
pa(e) 1= sup | Y e 0y~ Lpipy L

u>0 n>1

When o = 1, for every complex number z such that Re(z) > 0 and every p > 0, we have

Kp1(z) :==sup Z e 7ubn (ub2)P — uP L(1,)(2u)| < 400,
u>0 n>1

where W, (t) := wo(t)tP with

1 \2-8
w—lrﬁw(ﬁi)
- if B>1

12)0(15) = 1
14w (t;_i

N————

and .

A((L = p)trr)> A1 - )7
A((L-p)tTs) -1

Here w is the Lambert function defined on [0; +00) as the inverse function of y — yeY

(defined on [0; +00)) and A is the function defined on [e; +0) as the inverse function of
y — e¥/y defined on [1; +00).

if g <1.

Wo(t) = Li(e/(1-5))1-#;+00) (t)

Proof. First, we consider the case when o > 1. With the change of variable y = (uxz)%?,
we get

o0 [ele]
—(uz)®P 2 péﬁd _ i/ —yz %ﬁ-i-p—ld — L]_" i _(I)"rﬁ)
/0 e (uzx) x w5 ), e Yy y w08 p+ 55 z )

Let |z] denote the integer part of x. Observe that

+oo
Ze’(“”)wz(un)”‘m:/ el D2 (4| |78 e,

n>1 1
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Let us write 55 5
Ep(u,@) = [e” (10”5 (] )07 — oo % ()38

Applying Taylor’s inequality to the function v — e~"*v? on the interval [(u |z])%?, (uz)?],
we obtain for every x > 2 (use |z| > x/2)

Ep(u,2) < (14 |2))(1 + p)(L + (ua)P*?)e 4/ Re) 98 (98 _ | )97,

Next, by applying Taylor’s inequality to the function ¢ — t°# according that 63 > 1 or
0p < 1 (again use || > x/2 in the last case), we have

Ey(u,2) < (14 ]2))(1+p)(1 + (ux)P*?) max (1,2'79%) 58 u’? e~ (uz/2)" Re(z) 1581
Therefore, with the change of variable ¢t = (uz/2)°?, we get

+oo +oo
/ Ey(u,x)dr < (1 + |2])(1 + p) max (2°7,2) / (1 4 2P8¢P)e—Re(2)t gy
2 0

Now, we suppose that & = 1 and follow the same scheme. We observe that §5 = 1.
With the change of variable ¢t = z(logz)?~!, we get

+o0 1
/ e~ uz(log )™ (uz(log z)’ 1P dx = uP L(10,) (zu).
1

1 -1
Indeed, if 3>1, we have t= [(5—1)xﬁ%1 (log(az:f*%l))]'g*1 and so z= {exp <w (%))]

which gives dx = w(t) dt (since w'(y) = % and since ¢*(®) = w(n)- Moreover, if
B < 1, we have ' ‘

1
1-8

1-6
] s w0 s (-]

which gives dx = wg(t) dt (since A’(y) =
Let o := max(4, e?1=%)). We have

% and since e2®) = yA(y)).

+oo
Z e~ zun(logn)”~! (un(log n)ﬁ_l)p —uP L(p) (2u)| < 2x0 SUP(e_Re(Z)yyp) + [ Ep(u,z)dx,
y

n>1 xo
where

E,(u,x):= e~ (zulz])(logle )™y 1 log |z])%~! P gmzuallog®)’ ™ (0 logz)?~1)P|.
P

Applying Taylor’s inequality, we get

Ey(u,2) < (L+]2]) (L+p)e™ 7 189" 20 (14 (2ua(log ) *~1)P)8u(f—1+log(x)) (log z) 2
(using the fact that |z] > z/2 and log(z) > log |z] > (logz)/2 > 1 — g if © > x(). Hence
there exists some ¢ depending only on p and |z| such that f;ooo E,(u,z)dx is less than

too Re(z)uz -1
¢ / (1 + (2uz(log 2)P—1)P)e— == Moz )" 43 1 4 log(2))(log 2)7~2 da.
o

With the change of variable ¢ = wua(logz)?~!, for which we have dt = wu(f — 1 +
log ) (log #)#~2 dx, we get

too _ Re(x)t
4

By(u,2) dz < ¢ /O T @)

Zo

The last integral is finite. O
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Lemma 2.6. For every complex number z such that Re(z) > 0 and every p > 0, we have

Jim [z £(8,) () — Lo+ 1)(- log ul) 7] =0

and for every ug > 0,

sup up+1,c(w,,)(u) < o0
o<u<ue I'(p +1)(—log [u])1=# '

Hence, if « = 1, for every z such that Re(z) > 0, we have

~B(_ 1loa(lul?))1-5
PP u og(|u
2 :e bn (wb)" ~ussor T(p+1) ( zPJ(r‘l i) :

n>1

Proof. We know that w(z) ~4o logz and A(z) ~4 logz. Hence, for every p > 0, we
have

(1) ~ts oo 7 (l0g 1) .
Now, we apply Tauberian theorems (Theorems p. 443-446 in [11]) to Laplace trans-
forms £(.) defined for complex numbers such that Re(z) > 0. The lemma follows. O

Lemma 2.7. There exist a sequence of random variables (a, ), and a random variable
A defined on (0, 1) endowed with the Lebesgue measure A such that, for everyn > 1, a,,
1

and (b,V;, ”)% have the same distribution, such that E,[sup,,> a,] < +co and such that
(an)n converges almost surely and in L' to the random variable A.

Proof. Following the the Skorohod representation theorem, we define

an(x) := inf {u >0: P ((annﬁ)é < u) > x}

and A as follows :
Alz) :=ct ifa=1

and
Azx) = inf{u >0:P (\L|gl/6 < u) > x} ifa>1.

_1
Remark that Lemma 2.4 insures the uniform integrability of ((ann s )§> . Therefore,
n
from Lemma 2.3, the sequence (a,,), converges almost surely and in L' to the random

variable A as n goes to infinity.

Moreover, from the formula Ej[sup,,>; an] = f0+°° A(sup,, a,, > t) dt and the fact that

n

supan(z) >t < infP ((ann_ﬂ)}i < t) <z,

we get

_ 1 o A
A(supa, >t) =supP <(ann s > t> <t 7supE [b,% Vn ‘5’3] ,
with v := 2 when 8 < 1; v:=63/(8—1) when o > 1 and 5 > 1 or when o = 1 and

B € (1,2). In each of this case, this gives Ex[sup,,>; an| < +oco from Lemma 2.4. If o = 1
and § = 2, we take v = 2 and use the fact that

1 2 logn)2
<n ogn) ] < sup 7( 0gn) E[Ri] < 00,

2
n n

sup & [b?:VL_T’*} =supE

with R, := #{y € Z : N,(y) > 0} (according to inequality (3b) in [15]) and we conclude
analogously. O

EJP 17 (2012), paper 78. ejp.ejpecp.org
Page 9/22


http://dx.doi.org/10.1214/EJP.v17-1843
http://ejp.ejpecp.org/

Renewal theorems for random walks in random scenery

Therefore, using the previous lemma, the series i) can be rewritten, for every real
number ¢ # 0, as

(t) =By | D e e (iridasane) | 2.7)
n>1

Lemma 2.8. There exists ty > 0 such that when o > 1 or (¢ = 1 and 3 > 1), the family
of random variables

L 3 el tan (Artiasgn(e)

v(t)
nzl 0<|t|<to

is uniformly integrable and such that, if o > 1, the family

‘t|ﬁ 58 —1t18(a=1n)®8 ;
i E bl a—98 1t (a, " n)° (A1 +iA2sgn(t))
) &=

= 0<|t|<to
is also uniformly integrable.

Proof. If a > 1, thanks to lemma 2.5, we know that, for every real number ¢ € (0, 1) and
every complex number z such that Re(z) > 0, we have

. , SN T N
3 el me ) gy =3 B () 5 K o (2), (2.8)
n>1 5ﬁ 66 |

and,

_ sup, an 1 (14 L
\t|ﬁ Z(a;ln)we*‘t\ﬁ(%ln)wz < mf%fginﬂr (1 + w) |2| (1+55) + Ki10(2), (2.9)
n>1

from which we conclude.
Now, let us consider the case @« = 1 and 8 > 1. According to lemmas 2.5 and 2.6,
since 0 < A1|t|°(1 + sup,, a,)~* < Ay, we have

D el e (A HiASIRO) | < [ (A1) + L{iDo) <A1|t|"<1 + supanfl)
n>1 "
1-5
< Koi1(41) + co|t|_6 (1+ supay) (— log (A1|t\5(1 + sup an)_l))

for some positive constant ¢y > 0. Hence, there exists ¢; € (0,1) such that for every
0 < [t| < t1, the quantity ‘Zn>1 e””ﬁbﬁ‘l;l(A1+iAzsgn(t))’ is less than

8 1-8
—1og (411t1”(1 + sup, an) 1)

—log (A1 |t|ﬁc)

c¢1 |1+ (1+supay)

for some positive constant ¢; > 0.

If 8 > 1, since ¢(1 + sup
almost surely less than ¢;(2 + sup,, a,) for every |t| < (cAl)_%. Then, we can choose g

as the infimum of (cAl)*% and ¢;. The uniform integrability then follows from Lemma
2.7. O

an)) > 1 a.s., the right-hand side of the above inequality is

n
1(
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Lemma 2.9. If(a« > 1,8# 1) or (a« =1,8 > 1), we have

lim 1 Z (e—\tlﬁ(arféﬁbﬁ)(Al-ﬁ-iAﬁgn(t)) _ e—|t|’3(Aiéﬁbﬁ)(Al-ﬁ-iAzSgn(t))) =0 a.s..

t—0 y(t) =

Moreover, whena > 1and 8 <1,

i 3 ( DR =118 (5208 (Aridasgn(t)) _ jl’ige—ltl%“”bﬁ)(f“ﬁm?sg”(”)) =0 as..

=0 () = \af

Proof. We only prove the first assertion, the proof of the second one following the same
scheme. Let 3 # 1 and o > 1. Let € € (0,1/4),

Utle—uaj
3 ’(e—\t|Ba;6’3b£<A1+iA2sgn<t)> _ e—\t|ﬂA’5’3bfL(A1+iAgsgn(t)))‘ = O(Jt]F7Y%) = o(x(2)).
n=1

Now it remains to prove the almost sure convergence to 0 as t goes to 0 of the following
quantity :

g = 1 Z o~ t1%a; 7] (A +iAasgn(t) _ efltI/’A“""bi(A1+iA2sgn(t))) )
V(1) “ s
n>[[t|e=1/9]
By applying Taylor’s inequality to the function v — e~ [t [vI""bn(Ai+idzson(®)  we have
B _
leel < 6B8(A1+ \A2|)‘|t| > (_ inf 1) 0000 ¢~ A U s ey an) PO
- y(t) n>[|t]e=1/9]
n>[|¢]e=1/9]
o a;t — A1

B -1
(bup”>[‘t|571/5] Cln)

= o(l) as.,

using lemmas 2.5 and 2.6 and according to the fact that (a,), converges almost surely
to A. O

Proof of Proposition 2.2. First consider the case a > 1 and 8 # 1. Thanks to lemmas
2.5 and 2.9, we get that

1 B, 68,8 : A 1
—|t|”a, °" b, (A1+iAzsgn(t)) _ T A i A t —-1/68 t —-1/6 3 0a.s.
"Y(t) n§>1:e 5ﬂ (55)( 1+ ngn( )) | | a.s

as t goes to 0. Therefore, due to (2.7) and to the uniform integrability (Lemma 2.8), we
deduce (2.3). The proof of (2.5) is similar (using Lemma 2.6) and is omitted.
Again, to prove (2.4), we use (2.7). Since for ¢t # 0,

W (t) = —Bsgn(t)(Ar +idesgn(t)[t* 1Y B [a;wbggltma;”bﬁ<A1+m2sgn<t>>} :

n>1

and

’Yl(t) = *%(Al + iAQSgn(t))il/&B|t|71/6717

we decompose

<§;(A1 + iAgsgn(t))(lJrl/‘SB)) V’(” - 1]

EJP 17 (2012), paper 78. ejp.ejpecp.org
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as the sum of

RS (e—Itl"(an‘”bﬁ(AmAzsgn(t))ﬁlgbﬁ _ 1P AT b (As+iAzsgn(t)) 14” bﬂ)

n>1 an Avem
and of
1
s | > o 11725908 (s piasson(oy 11 o A i+ 55)
AT U[1/555 (Ay + iAgsgn(t)) +1/8

n>1

The second assertion in Lemma 2.9 and the uniform integrability in Lemma 2.8 implies
that the first sum goes to 0 as ¢t goes to 0. From Lemma 2.5, we get that the second one
goes to 0 as t goes to 0. O

3 Proof of Theorem 1.1

We first begin to prove that for every a € R, the sequence of

n

Kna(h) =Y {E[(Z)] - E[h(Zy — a)]}

k=1

converges as n tends to infinity. Indeed, for every a € R, we have

Kna(h) = %/Ifz(t) (i ]E[eitzk]> (1 —e ™) dt. (3.1)
k=1

Proposition 3.1. i)- The series

> B[]

n>1
is bounded on any set [r,+oo[ with r > 0 and so the series

o) = 3 Bl

n>1
is well defined for every t # 0.
ii)- We have
]. . /j .
lim —— ’E o7 _ [efm V,L(AlﬂAzsgn(t))] ’ —0,
t—0 'y(t) T; [ ]

and so

1 B
fim 7 0(0) (0] = 0

Proof. In order to prove ii), we show that

1

1 B — [t Vo (A1 +idasgn(t)) | | _
ti 5 3= (B T] welemat) |~ [ "

n>1 YyeZ

From Lemma 6 in [6] and Lemma 12 in [7], for every n > 0 and every n > 1, there exists
a subset 2, such that for every p > 1, P(2,,) = 1 —o(n"?) and such that, on 2,,, we have

1 ’
N} =sup N,(x) < n'=at" and V, >nf7,
xT
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withn' = L ifa>1,>1;7 =n1-p)ifa>1,<landy =nl-B);ifa=1.
Hence, it is enough to prove that

S IE[En(t)1g,]| = o(y(t) as t =0,
n>1
with B, (t) := [T ez @e(tNn(y)) — e~ 17Va(Artidasgn(e)
In [6, 7], we also define some 77 < npmax(1, ﬂfl) and we take some 7 such that n+7n < al—ﬁ

Hence, for every ¢¢ > 0, there exists n; such that for every n > n;, we have n"+’7_a17 <
€0.-

In the proofs of propositions 8, 9 and 10 of [6] (and propositions 14, 15 of [7]) or using
the strong lattice property, we prove that there exist ¢ > 0, # > 0 and ng such that for
every t and every integer n > ngy and such that |t| > n~°*7, we have, on Q,,

H “pf(th(y))l < e_Cng and H |¢(th(y))| < e—cng.

YyEZ YyEZ

Now, let t and n > n; be such that || < n~9%7. Recall that we have

[pe(w) = o(w)| < [ul®h(Jul),

with h a continuous and monotone function on [0; +0c0) vanishing in 0. Therefore there
exist €9 > 0 and o > 0 such that, for every u € [—eg; £0], we have

max(|¢(u)], [pe (u)]) < exp(—olul?).
We have
Eat)] < (H Isog(th(z)N) [pe (N (y)) — S(ENR(y))] (H |¢(th(Z))I> :

z<y z2>y

_ = 1
Now, since |t| < n~%t7, on Q,, for every y € Z, we have [t|N,(y) < n"7 a7 < gy, we
get

|En(t)] < Zh(n"+ﬁ*$ﬂ)\t|ﬁNn(y)Bexp(—a\t|6Vn)exp(aag)

Y

< R(n"5) PV, exp(—o [P V,) expl(ol).
Now, we fix some t # 0. Let us write

Ni(t):=={n>1:n>ng |t|>n "}

and
7 1
No(t) :i={n>1:n>ny, [t| <n T n>[t| 72}
We have
Z |E,(t)| < 2max(ng,n1),
n<max(ng,n1)
> B <27 = o(y(t)), as t 0,
n<|t|” 35
> Bl <2y e
neN; (t) n>1
EJP 17 (2012), paper 78. ejp.ejpecp.org
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and
> BB, < e n (B0 PR Y Viexp(—altVa)] = o(v(1)),
neN>(t) n>1

as t — 0, using Proposition 2.2 and the continuity of the function A at 0 (and the fact
that [¢|°V, exp(—a|t|’V,) < ko exp(—30]t|?V,,) for some ko > 0). Then, ii)- is proved and
i)- can easily be deduced from the above arguments. O

The integrand in (3.1) is bounded by O(t) := |A(t)[|]1 — e~ 3 | [E[eZ]].

Let » > 0, on the set {t;|t| > r}, by i)- from Proposition 3.1, since / is integrable,
O is integrable. From Propositions 2.2 and 3.1 (item ii)-) and from the fact that h is
continuous at 0, ©(¢) is in O (|t|y(¢)) (at t = 0), which is integrable in the neighborhood
of 0 in all cases considered in Theorem 1.1 except («, 3) = (1,2). From the dominated
convergence theorem, we deduce that

: 1 7 —ita
Jim Ko a(h) = %/Ih(t)w(t) (1—e ) at. (3.2)
In the case (a,3) = (1,2), by assumption, for every integer n > 1, the function ¢ —
h(t) >, _, E[e!'?*] being even, we have

K, q(h) = %/Iﬁ(t) <Z ]E[eitzk]) (1 — cos(ta)) dt. (3.3)
k=1

The integrand in (3.3) is uniformly bounded in n by a function in O (log(1/[t|)~!) (at
t = 0), which is integrable in the neighborhood of 0. From the dominated convergence
theorem, we deduce that

n—-+oo

lim Ky o (h) = % /I R () (1 — cos(ta)) dt. (3.4)

In the rest of the proof we only consider the strongly non-lattice case, the lattice
case can be handled in the same way.
Let us first consider the case « > 1,8 € (1, 2]. We recall that, in this case, we have set

1 _1
C = (68)'T(=)E[L|;°].
(08)" T(55)ElLl5"]

Since the function ¢t — h(t)i(t) is integrable on Z \ [—=, 7] (note that  is integrable and
¢ is bounded on 7 \ [—7, 7] by Proposition 3.1), we have

ql-1/0 L ,
Jim = /{uzw} h(t)(t) (1 —e )| dt = 0.
We define the functions
g(t) == (1 — e ™) |t|7V° (A 4+ iAysgn(t))"Y%P ) g4 (t) :== ag(at) (3.5)

and f(t) == 1j_(t) h(t)[t|'/ () (A; + iAssgn(t))'/°P. We have:

Ql-1/6 o » 1 a1 *
o [0 (- a= [ swaoa= Lo

Since g is integrable on R and f is bounded on R and continuous at ¢t = 0 with f(0) =
Ch(0) (by Propositions 4 and 12), it follows from classical arguments of approximate
identity that

Jim (£ +9,)(0) = Cho) [ g(o).

EJP 17 (2012), paper 78. ejp.ejpecp.org
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Let us observe that
] e [e%} 1— e—it
Rg(t)dt = 2Re (A] + ZAQ) o8 o W dt| .

Apply the residue theorem to the function z — z=1/9 (1 — e~%) with the contour in the
complex plane defined by the line segment from —ir to —iR (r < R), the circular arc
connecting —¢R to R, the line segment from R to r and the circular arc from r to —ir.
Then, by letting r tend to 0 and R to 400, we obtain

1 —e ) 1\ =
dt = F(2——) ig5(1-9),
/0 1175 -9 5)¢"

From this formula we easily deduce the first statement of theorem 1.1 using the fact
that

)
1 'se A
(A1 +iAg)7 %8 = 671, with 6 = arctan <2) .
(A3 + A3)=27 A
Now assume a > 1,3 =1ora = 1,5 € (1,2). We have y(t) = b|t|?(—log|t|)'~# (with
by = AT'if B =1 and with b; = ¢ (A; +iAasgn(t))~ ' if a = 1,8 € (1,2)). Moreover, by
combining propositions 2.2 and 3.1, we have

. 17 _ _
tim [(+(0) 7 (8) ~ 1] = 0.
Hence, for every ¢ € (0, 1), there exists 0 < A. < 1 such that
Ve, [t < Ac = [ |d(t) —~(t)] < ey(t) and |h(t) — h(0)] < £]. (3.6)

Since 1[) is bounded on [A., +oo] and his integrable on 7, we have

1 7 7 —ita
%me&wwmue>w

Let a be such that a > A;l/ﬁ. We have

< C(e).

-8

1 a. - a
sﬂWM/ (8] dt,
™ 0

27

/ WG (1 — =)t
{lt|<a=F}

that can be neglected as a goes to infinity since

0B
/ laty(t)| dt = O (a(B_l)2 log(a)l_ﬁ) =o(a’'log(a)'P)asa — oo if a=1, f€(1,2)
0

as a goes to infinity and since

/Oa at|y(t)| dt = O(1) = o(log(a)) asa — c0if f=1.

It remains to estimate ;- f{a h(t)i(t)(1 — e~i*@)dt that we decompose into two

“ALt<AL}

parts:

1 7 7 7 —ita

hia) =5 [ (O3 (0) ~ hOp )1~ e *)ds

T J{a=f<t|<Ac}

and R
h(0 .
Ir(a) := #/ (1 — e " ™)y(t)dt.
T J{a=F<|t|<Ac}
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*We first estimate I5(a) for a large. Remark that by the change of variables u = at,

)= @/ (1- e*i“)’y<g) du.
2ma {a'=P<|u|<aA:} a

We treat separately the cases § =1and a = 1,0 € (1,2). If 5 = 1, we have

Ig(a

1 . U 1 1—cosu 1
— (1-— e_w)’y(f du = —/ du ~ log(a)
2mwa {1<|u|<aA.} a) Ay {1<u<aA.} u Ay

since ) -
lim / — cos(u) du = 1.
z—+o0 log(x) J; u

This comes from the fact that ( JT et dt) is bounded.

If«=1and g € (1,2), we have
1 Cius (U
(I—e )7(7) du =

21 J{q1-5 <|u|<aA.} a

_ g / (1— ™) (A + iAzsgn(u)) ™" [u] = (log(a) — log |ul)' " du
{

2mc al=F<|u|l<aA.}

af(log(a?))1—P
T

2me

with

log [u] "' ~"
loga '

Folw) = T ()1 = =)(As + idasgn) (1
We observe that
|[fa(w)| < F(u) := min(1, [u])| Ay +iAs|~|ul 75" 7
(with F integrable on R since 8 € (1,2)) and that we have
Yu # 0, aEToo fa(u) = (1 — e7™)(A; +iAssgn(u)) " Hul ™ =: g(u).

So,
(log(a”))?

1—e ™~(u/a)du = — u) du.
a—s+oo 2mab /{a15<u|<aAE}( )7( / ) e ]Rg( )

We recall that

00 9 _ ,—it
/g(t)dt = 2Re {(Al +iA2)‘1/ 1-¢ dt}
R 0 th

and that - a
/ l—e dt — F(Q_ﬂ)e%(ﬂfl)ﬂ’
0 t8 5—1
This gives
. (log(a”)) !
QEIEOO TIQ(CL) = Dl.

*Second, we estimate I;(a). From (3.6), we have

£(O(1) + [1(0)]) _ita
[i(a)] £ ————7= 1= e "]y (1) dt
& {a=P<t]<AL}
< o< 11— e_i“W(g) du.
A J{a-B<|u|<aA.} a
EJP 17 (2012), paper 78. ejp.ejpecp.org
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When 8 =1, [I;(a)| < elog(a). When o =1 and § € (1, 2), from the above computations,
we also have
1 p-1
i S e = [ lotw)a.
a—=+oo  2Ta {a'=B<|u<aA.} ~ 2rc

Therefore, we get |I;(a)| < Cea’~(loga)l~~.
The case (o, 8) = (1,2) can be handled in the same way as @ = 1, § € (1,2) using the
inequality 1 — cos(t) < min(2,?). Details are omitted.

4 Proof of Theorem 1.3 (transient case)

We suppose that « > 1 and 5 < 1. So § > 1. We will again use the notation

~ (69) T (55 Bl .

Let h : R — C be a Lebesgue-integrable function such that its Fourier transform h is
differentiable, with h and (h)’ Lebesgue-integrable. Then, using the Fourier inversion
formula, we obtain for every n > 1,

2nB[h(Z,, — a)] = /R h(t)E[e"Zn]e~ e dt.

We get

27 Z E[h(Z, — a) Z/ etonle e gt

n>1 n>1

Since here 3 < 1 (thus 6 > 1), the function ¢ — h(t) > st |E[¢?*4"]| is integrable (note
that Zn21 ’]E[e“Z”H corresponds to the case A, = 0, then use Proposition 2.1 and (2.3)).
Therefore, from (2.1), we have

21> E[h(Z, —a)] = /R h(t) ¥ (t) e dt.

Let S(R) denote the so-called Schwartz space. Let r € (0, +o0) and let x € S(R) be such
that

x| <1 and Vte[-rr], x(t)=1. 4.1)
We have
21> E[h(Z, — a)] = I(a) + Lx(a) + I3(a),
n>1
with

1

ChO) [ X017 (41 + idasgn(t) 5 e,

~
iy
—

S
S~—

Il

Ir(a) == /R () {B(t)q/)(t) — CRO)|t|~F (A; + z'Angn(t))—%ﬂ} e~ita g,
Iy(a) = /{ A X s e

The study of I5(a) is easy. Set gs(t) = (1 — x(¢))h(t)y(t). From (4.1), we have I3(a) =
g3(a), and from Propositions 2.1 and 4, g3 and g} are Lebesgue-integrable on R. An
integration by parts then gives

Is(a) = O(a™') = 0(a/°~') as a goes to co.

The next two subsections are devoted to the study of I;(a) and Iz(a).
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4.1 Study of I;(a)
Let us prove that:
. 1/5—1 _ i -
aEI—ir-looa Ii(a) =Ch(0)cs 5
where c; 5 is a constant defined in Lemma 4.1 below. The last property follows from
Lemma 4.2 below. Before let us establish the following.

Lemma 4.1. For every function g € S(R),

/}Ruw( g(u) - du:/]R 9(v) (cEs1n, (0) + G510 (v) do,

Ay +iAy sgn(u))élﬂ [l
where
02{5 = % sin (l(ﬂ + 1 arctan (AQ)))
(A3 4+ A3)= oN\2 3 Ay
and

Note that, since § > 1, the functions w — |w|~*/% and w ~ |w|~(1~3) are Lebesgue-
integrable on any neighborhood of w = 0, so that the two previous integrals are well
defined.

Proof. For every u # 0, we have
1 1 Foo (A +1iA 35
lul 7% (A1 + iA2sgn(u)) ™% = / e elul? (Artidasgn(u) 7 gy,
0

1 ) 1
For any = > 0, let us denote by f, the Fourier transform of u s e~ #l4l? (A1+idzsgn(u)) o7

By Fubini’s theorem and Parseval’s identity, we have

g +o00
/ g(u) —du = / (/ g(u)e—xlu\%(A1+iAzsgn(u))$ du) do
R |u|5 (A; + iAgsgn(u))i? 0 K

[ ([ s i

Next, since we have: Vo > 0, Vo € R, f,(v) = 27°f1 (%), we obtain, from Fubini’s the-
orem, with the change of variable y = |v|/2° and finally by the dominated convergence
theorem (since cai’ﬁ are well defined, see below), that

g(u) . |: Hoo -5 v :|
du = 1 — ) dx| d
/]R o s+ iAgsgn(a) & u lim. Rg(v) /A x=° fi <x5) x| dv

= lim [ g(v)v]/2? [/OWA filson(v)y) dy] dv

450 [ SyL/0

g\ _
= /]val(—l)/é (cz{ﬁlRJr(v)—FcéﬁlRf (v)) dv,

with

+o00 +oo
+ o fl(y)d d oo _:/ fl(—y)d
G5 /0 Syl/3 Yy and &5 ¢ ) Sy1/3 Y-
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Let us compute c}' - We have

G =t ho

L
— li - —-1/6 iy |L|3(A1+1Agsgn(¢)f’ d d
A /0 e )

lim |u| 1115 16_”6(A1+1A239n("))65 dv | du
A to0 lul 6

L
&8

e “lul¥ A (A1 +iAosgn(u)) TR
= lim / lu|~ St du
A—+oo A1 + Z'A2Sgn(u))m

1
+o0 | —uB AT (Ay+iA)PP
= lim 2Re / u~se" du
0

A—+o0 (Al + Z'Ag)ﬁ

3

using the change of variables (u,v) = (yz,x). Now applying the residue theorem to the

‘ 11 o
function z — 2~ 5eiZe 2° A ° (A1+i42)°% with the contour in the complexe plane defined
as follows : the line segment from r to R (r < R), the circular arc connecting R to iR, the

line segment from ¢ R to ir and the circular arc from ér to r and letting » — 0, R — +o0,

we get that
+o0o
) / -
0

+oo 1
/ u ‘%ewefuéA 5 (Ar+ida) w du = é€' i
0
Taking A — 400, we get the expression of cgrﬁ. O

1odm 1 e
e te—1e28 ATS (A1+iAz) % g

(M)
Sh
il

Lemma 4.2. We have: lim alfl/‘s/ X(t)|t|*%(A1 +iAy sgn(t))fﬁe*im dt = c; 4.
R

a——+o0

Proof. Let v € S(R) such that 4 = x, and define: Vz € R, 7,(x) := ay(—ax). From
Lemma 4.1 and from the change of variable v = wa, we get

/X(t)wl/ﬁ(Al i Agsgn(t))”F e—ite gt — / FCE @) O3 (Ay + iAssgn(t))” 7 dt
R R

_ /R'Y(’U+a)|U|1/671(C;{B]‘R+(’U)+C5_731]R*(v))dv
= /o1 avylalw w) dw
[ @ (afw-+1)) gstw)a
ql/o-1 . w) dw
[ 3o (1= w) gstw) d

= a7 (a % g5) (1),

where * denotes the convolution product on R and

95(v) 1= [o]"/°7 (e p1m, (v) + €5 5 1R (v))-
Observe that we have
[ Autwdw = [ @y =x(0) = 1.
R R

Now, from the fact that 4 € S(R) (actually use sup,cg(1 + 2?)|5(z)| < o0), that gs is
continuous at —1 and that the function w — w~2gs(w) is Lebesgue-integrable at infinity,
it can be easily deduced from classical arguments of approximate identity that we have
(see Prop. 1.14 in D. Guibourg’s thesis [12] for details): lim,_ 4 oo (Ya*gs)(—1) = gs5(—1) =
c(; 8- O
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4.2 Study of I(a)

Let us prove that:
Ly(a) = o(a*°"') as a goes to cc.

Set ®(t) 1= (t) — C|t|~5 (A; + iAssgn(t)) . We have
Ir(a) = /R X (@) {E(t)q/)(t) — CRO)]t|~F (A1 + @'Azsgn(t))—ﬁ} e dt = Ji(a) + Ja(a)
with

Ji(a) == /R x(t){h(t)—E(O)}w(t)e—iwdt and Jy(a) := h(0) / X (t)®(t)e™ " dt.

R

Note that .J;(a) = §i(—a), with g; := x(h — h(0))y. From Proposition 2.2 and since h is
continuously differentiable, we have () = O(|t|=*/%) and (h(t) — h(0))¢'(t) = O(|t|~*/9)
when ¢ — 0. Hence ¢; and ¢} are Lebesgue-integrable on R, so that we obtain by
integration by parts:

Ji(a) = O(a™") = o(a'"'/%) as a goes to cc.

To study Ja(a), let us set G(t) := x(¢)®(t), and write

Gt e ™ dt +h G(t)e g
(0) [{ltﬁ} () et dt + h(0) /{M} (1) et dt
= h(0)Jy1(a) + h(0)Js2(a) (4.3)

>

Jg(a) =

where J 1(a) and Js 2(a) are above defined in an obvious way. From Proposition 2.2 we
have ®(t) = 9o (t)|t| =5, with lim,_,0 9 (u) = 0. Since || < 1, we obtain:

| J2.1(a)] S/{tw}‘q’(’f)\dtf : <2W) T sup Wo(t)] = ola} ), (4.4)

I-3\a/ sz
as a goes to infinity. Next we have J3 2(a) = — f{\t|>2—”} G(t) e~ (= %s9m(0)a gt hence

el = {/{w:} Gl /{|t|>::} 01+ Gom(0) dt} |

from which we deduce:

| Jo2(a)| < ;/{Iwg} ‘G(t) e (t+ gsgn(t))‘ dt+/{ G| dt.  (4.5)

2
Tt)<2z}

The last integral in (4.5) is o(a%‘l) (use the second inequality in (4.4)). Next, by using
Proposition 2.2, one can easily see that there exists ¢; : R\ {0} — C such that

G'(u) = |u|~"F ¥y (u)  with lim 91 (u) = 0.
uU—r
Lete >0, and let o = a(e) > 0 be such that sup |, [¥1(s)| < 55. Note that
27 o s
a>—and|t|< -| = [t| < ’t+ fsgn(t)’ < a.
o 2 a

Then, by applying Taylor’s inequality to (G, we obtain for all a such that a > %’r
b em [T 1 T\1—%
’G(t) —G(tJr—sgn(t))‘ <™ 14 dtge:(f) . (4.6
{z<lti<3} a 0alj= a
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Moreover, since ® and ¢’ are bounded on R \ [-§; §] (by Proposition 2.1), and from

x € S(R), there exists a positive constant D, such that:

a «

Ve e R\ [—5,5

|, le'@) <22

Thus, if a is large enough, namely if a is such that % (g)% < ¢, then we have

+o0 T

/{t|2c2x} ‘G(t) -G (t+ gsgn(t))‘ dt < QDQZ/; rar < - (5)17% wn

From (4.5) (4.6) (4.7), it follows that we have when « is sufficiently large: Jg,g(a) <
€ (g)l_? From this fact and from (4.3) (4.4), we have:

Jo(a) = o(a'/?~1) as a goes to co.

The desired property for I>(a) is then established. This completes the proof of Theo-
rem 1.3. O

Remark 4.3. The generalization of our proof to the more general context when the
distribution of &y belongs to the normal domain of attraction of a stable distribution of
index (3 is not as simple as in the recurrent case. Indeed we used precise estimation of
the derivative of 1) that should require the existence of the derivative of ¢ outside 0,
which does not appear as a natural hypothesis when 3 < 1 since &, is not integrable.
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