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1 Introduction

The rough paths theory introduced by Lyons in [[17]] and then refined by several authors (see the
recent monograph [[12]] and the references therein) has led to a very deep understanding of the
standard rough systems

m
dy; :Zo'ij(.yt)dx{ . Yo=a€R’, te0,T], W
j=1

where 0;; : R — R is a smooth enough vector field and x : [0,T] — R™ is a so-called rough
path, that is to say a function allowing the construction of iterated integrals (see Assumption (X)),
for the definition of a 2-rough path and [[18]] for a rough path of any order). The theory provides
for instance a new pathwise interpretation of stochastic systems driven by very general Gaussian
processes, as well as fruitful and highly non-trivial continuity results for the It6 solution of (1), i.e.,

when x is a standard Brownian motion.

One of the new challenges of the rough paths theory now consists in adapting the machinery to
infinite-dimensional (rough) equations that involves a non-bounded operator, with, as a final ob-
jective, the possibility of new pathwise interpretations for stochastic PDEs. Some progresses have
recently been made in this direction, with on the one hand the viscosity-solution approach due to
Friz et al (see [2,[3}[10}9]]) and on the other hand, the development of a specific algebraic formalism
by Gubinelli et al (see [[14} 15, 8]).

The present paper is a contribution to this global project. It aims at providing, in a concise and
self-contained formulation, the analysis of the following rough evolution equation:

m
Yo=v€LP(0) , dy.=Aydt+) fi(yddxi , te[o,T], )
i=1

where A is a rather general elliptic operator on a bounded domain & of R" (see Assumptions (Al)-
(A2)), fi(¢)(&) := fi(¢(&)) and x generates a m-dimensional 2-rough path (see Assumption (X),).
Although the global form of (@) is quite similar to the equation treated in [8]], several differences
and notable improvements justify the interest of our study:

(i) The equation is here analysed on a compact domain & of R". This allows to simplify the conditions
relative to the vector field f;, which reduce to the classical assumptions of rough paths theory, ie
k-times differentiable (k € IN*) with bounded derivatives (see Assumption (F);).

(ii) The conditions on p are less stringent than in [|8]], where p has to be taken very large. It will here
be possible to show the existence and uniqueness of a solution in LP(&) (for a smooth enough
initial condition 1)) as soon as p > n (see Theorem [2.1T). In particular, we can go back to the
Hilbert framework of [[15]] for the one-dimensional equation (n = 1,p = 2).

(iii) Last but not least, the arguments we are about to use lead to the existence of a global solution for
(@), defined on any time interval [0, T]. This is is a breakthrough with respect to [[15} 8], where
only local solutions are obtained, on a time interval that depends on the data of the problem,
namely x, f and 4.
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In order to reach these three improvements, the strategy will combine elements of the formalism
used in [|8] with a discrete approach of the equation, close to the machinery developped in [[6] for
rough standard systems. A first step consists of course in giving some reasonable sense to Equa-
tion (2). We have chosen to work with an interpretation a la Davie, derived from the expansion
of the ordinary solution (see Definition [2.6]), and we have left aside the sewing map at the core
of the constructions in [|8]. Note however that the expansion under consideration here relies on
the operator-valued paths X, x5! x**i which were identified in [8]] (see Subsection 2.3), and
which plays the role of an infinite-dimensional rough path adapted to the problem. When applying
the whole procedure to a differentiable driving path x (resp. a standard Brownian motion), the
solution that we retrieve coincides with the classical solution (resp. the It6 solution), as reported in
Subsection [2.4] Together with the continuity statement of Theorem [2.12] this identification proce-
dure allows to fully justify our interpretation of (2)) (see Corollary[2.13]and Remark 2.14).

Once endowed with this interpretation, our solving method is based on a discrete approach of the
problem: as in [[6]], the solution is obtained as the limit of a discrete scheme the mesh of which tends
to 0. Nevertheless, some fundamental differences arise when trying to mimic the strategy of [6]].
To begin with, the middle-point argument at the root of the reasoning in the diffusion case (see the
proof of [|6, Lemma 2.4]) cannot take into account the space-time interactions that occur in the study
of PDEs, i.e., the classical estimates (22) and (23). Therefore, the argument must here be replaced
with a little bit more complex algorithm described in Appendix A, and which will be used throughout
the paper. Let us also mention that the expansion of the vector field f;(¢)(§) := f;(¢(&)) is not as
easy to control as in the standard finite-dimensional case, even if one assumes that the functions
fi; : R — R are very smooth. Observe for instance that if W*? (a € (0, 1)) stands for the fractional
Sobolev space likely to accomodate the solution path, and if f; is assumed to be differentiable,
bounded with bounded derivative, then one can only rely on the non-uniform estimate (see [23]])

1fi(llwer < lfilloqry + 11 locryll@llwar  for any ¢ € WEP.

Consequently, more subtle patching arguments must be put forward so as to exhibit a global solution.
The strategy involves in particular a careful examination of the dependence on the initial condition
at each step of the procedure (see for instance the controls and (48)).

The paper is structured as follows: In Section[2] we gather all the elements that allow to understand
our interpretation of Equation (2), and we state the three main results of the paper, namely Theo-
rems The three sections that follow are dedicated to the proof of each of these results,
with the existence theorem first (Section[3]) and then the uniqueness (Section[) and continuity (Sec-
tion 5 results. Finally, Appendix A contains the description and the analysis of the algorithm at the
root of our machinery, while Appendix B is meant to provide the details relative to the identification
procedure in the Brownian case (see Proposition [2.9)).

For the sake of clarity, we shall only consider Equation (2) on the generic interval [0,1]. It is
however easy to realize that the whole reasoning remains valid on any (fixed) finite interval [0, T]
at the price of very minor modifications.

Throughout the paper, we will denote by ¢*P(R;R!) (k,I € IN*) the set of R!-valued functions
which are k-times differentiable with bounded derivatives.
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Finally, we will use the classical convention for the summation over indexes x'y; = e x'y;, when-
ever the underlying index set is obvious from the context.

2 Interpretation of the equation

We first give some precisions about the setting of our study, as far as the operator A, the driving
path x and the vector field f; are concerned (Subsection 2.1)). Then we introduce the notation and
the tools designed for our analysis (Subsections and [2.3), and which enable us to interpret (2])
(Subsection [2.4). We finally state the three main results of the paper (Subsection 2.5), and we
discuss some possible extensions of the strategy to rougher driving paths (Subsection 2.6]).

2.1 Assumptions

As it was announced in the introduction, we mean to tackle the equation dy, = Ay, dt + fi(y,) dxi,
t € [0,1], in LP(@), where @ is a bounded domain of R", A is an elliptic operator, f;(¢)(§) :=
fi(p(&)) and x is a Holder path. More precisely, to be in a position to interpret and solve this
equation, we will be led to assume that (some of) the following conditions are satisfied:

Assumption (A1): A generates an analytic semigroup of contraction S on any LP(&). Under this
hypothesis, we will denote Si; := S, (s < t), B, := LP(0), By ) := Dom(Ag), and we endow
the latter space with the graph norm || || By, T ||Ag<p llL>(0)- We also assume that for any function
gE¥ Lb(R;R), there exists a constant cg1 such that

1
1g(@llzp,,,, < 2L+ lIollp, , 3 3)

and for any function g € ¥€%P(RR; R), there exists a constant cg2 such that
Ig(Pllm,, <czil+lvll, b ifae(1/2,1)and 2ap > n, @

where, in (@) and (@), g(¢) is just understood in the composition sense, i.e., g(¢)(&) := g(@(&)).

Assumption (A2): If 2ap > n, then %, , is a Banach algebra continuously included in the space
B, of continuous functions on .

Assumption (X),: x allows the construction of a 2-rough path
(x,x*) € 6/ ([0,1];R™) x 6,7([0,1]; R™™)

for some (fixed) coefficient y € (1/3,1/2). In other words, we assume that x is a y-Holder path and
that there exists a 2-variable path x? (also called a Lévy area) such that forany0 <s<u <t <1,

9 2 2,0 20 2 _ i Yy j
|th|SC|t_5|Y and th _Xtu _Xusu_(xz_xlll)(xljl_xg)'
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We will then denote

Ixll, = A [x; 6] ([0, 1, R™)] + H [x% 67 ([0, 1] R™™)],

where
\xt - X5| 2 2 |X?s)
N [x;6/([0,1;RM] := sup ——— , #[x* %, ([0,1;R™™)] := sup 5
o<s<t<1 |t — S o<s<t<1 |t —s|*"

Assumption (F),: f belongs to €*P(R; R™).

Before pondering over the plausibility of these conditions, let us precise that we henceforth focus on
the mild formulation of Equation (2]

t
}’t=St¢+J Studxlilfi(}’u) , te€[0,1]. (5)
0
This is a standard change of perspective for the study of (stochastic) PDEs (see [|5]), which allows to
use the regularizing properties of the semigroup. In retrospect, owing to the regularity assumptions
on f, it will however be possible to make a link between the mild and strong interpretations of the
equation, see Remark [2.14]

Application: Properties (A1)-(A2) are satisfied by any elliptic operator on L?((0,1)") that can be
written as

A=="08:(a;-8:)+c . 2(4,):=W>P((0,1)")nW,P((0,1)"), 6)
i,j=1

where ¢ > 0 and the functional coefficients a;; are bounded, differentiable with bounded derivatives
on [0,1]". Indeed, under these assumptions, it is proven in [[7] that A generates an analytic semi-
group of contraction. Then, thanks to [20], one can identify the domain 2(A%) with the complex
interpolation [L,, 2(A,)], and one can use the result of [22]] to assert that ||.|| a(42) ~ -1l F25 where

F 2,02‘ is the classical Triebel-Lizorkin space described (for instance) in [21]]. The results of [21]] (resp.
[23]) finally enables us to check Condition (A2) (resp. the controls (B) and (@)).

As far as Condition (X), is concerned, the process that we have in mind in this paper is the fractional
Brownian motion B with Hurst index H > 1/3, for which the (a.s) existence of a Lévy area has
been established in [4]]. Condition (X), is in fact satisfied by a larger class of Gaussian processes, as
reported in [12]].

In brief, under the above-stated regularity assumptions, the results that we are about to state and
prove can be applied to the stochastic equation

n m
dY, = | = D> 0 (ay- 8 Y) +cY, | de+ Y fi(v)dB" , te[0,1], £€(0,1)"
i,j=1 i=1
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2.2 Holder spaces

We suppose in this subsection that Assumption (A1) is satisfied. In order to introduce the functional
framework of our analysis, let us focus on the following consideration: we know that one of the most
appropriate space for the study of rough standard systems is the set of Holder paths {y : [0,1] —
RY ) Vi — y5| <c|t—s|"} (see [[13]), and this is (among others) due to the convenient expression

for the variations of the solution y of (I), namely y, — y, = f: oi(yu) dx{;. Here, if we denote by
y the solution of (5) (assume for the moment that x is a differentiable path), it is readily checked
that for all s < t,

t
Ye = Ys = f Studxifi(yu) T A Ys, where Qs = Sts —1d.
s

With this observation in mind, the following notation arises quite naturally:

Notation. For all paths y : [0,1] — 2%, and z : & — 9B, where & := {(¢,s) € [0, 1]%: s < t}, we
set, fors <u<te[0,1],

((Sy)ts =Ye = Ys (Sy)ts = (5y)ts A Ys =Yt _Sts.ySJ (7)

(gz)tus =2 T 2y — StuZuS' (8)

The (ordinary) system (5) can now be written in the convenient form

t
J’OZIP s (Sy)ts:J Studxifi(yu) , St€E [0:1] (9)

To make the notation (7)-(8) even more legitimate in this convolutional context, we let the reader
observe the following elementary properties:

Proposition 2.1. Let y : [0,1] — 9, and x : [0,1] — R be differentiable paths. Then it holds:

e Telescopic sum: 5(86y)ys = 0 and (5y), = Z?:_ol S“iH(Sy)tthi for any partition {s = ty <
t; <...<t,=t}ofaninterval [s,t] of [0,1].

e Chasles relation: if ¢, :== fst Seudx, Yy, then § = 0.

Like with the standard finite-dimensional systems, the rough-paths treatment of Equation (O)) leans
on the controlled expansion of the convolutional integral f: S dxfl fi(yy). To express this control
with the highest accuracy, we are naturally led to consider the following semi-norms, that can be
seen as adapted versions of the classical Holder seminorms: if y : [0,1] - V, 2 : & — V and
h: % — V, where V is any Banach space and % := {(t,u,s) € [0,1]®> : s <u < t}, we denote, for
any A > 0,

5 )es
WO)elly ) 0(ta, 01V = sup llyelly, (100

a<s<t<b |t —S|)L te[a,b]

Ny 6] ([a,b]; V)] =
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h
, N[h6;([a,b;V)]:= sup P25l (11)

a<s<u<t<b |t —S|7L .

Nz;6}([a,b];V)] == sup 1251l

a<s<t<b |t — s|7L

Then 6}([a, b]; V) stands for the set of paths y : [0,1] — V such that A [y; €] ([a, b]; V)] < oo,
and we define %;([a, b];V) and %31([a, b]; V) along the same lines. With this notation, observe for

instance that if y € 6,"([a, b]; £(V,W)) and z € (52[5([0, b]; V), the path h defined as h;,s = ¥y %y
(s <u < t) belongs to ‘@Hﬁ([a, bl; W).

When [a, b] = [0, 1], we will use the short form %”kk(V) = ‘61?([61, b]; V).

2.3 Infinite-dimensional rough path

By anticipating the proof of Proposition we know that, when x is a differentiable path, the
expansion of f; S dxlil fi(y,) puts forward the three following operator-valued paths constructed

from x:
t t t
J Swdxy, f ag dx, f Studxy (67)ys.
S S S

A priori, these expressions do not make sense for a non-differentiable y-Holder (rough)-path x. An
integration by parts argument, retrospectively justified by Lemmas [2.3] and [2.4] leads here to the
general definition:

Definition 2.2. Under Assumptions (A1) and (X),, we define the three operator-valued paths X XL
XU and X*¥%U by the formulas

t
X;Cs’l = St5(5xi)ts _J A’Stu(5xi)tu du, (12)
) t
X?sx’l = ats(5xl)ts - f AStu(5xl)tu du; (13)
t
X = s —f ASpy [ X+ (631 (637, | du. (14)
s

If in addition Assumption (F), is satisfied, we set F;;(p) := fi(p) - fj(¢) and we associate to every path
¥ : [0,1] — 2B, the two quantities

JY = (83 — XS Fi(ye) = X5V F (), (15)

K= (6))es — X3 fi(5s). (16)

Lemma 2.3. Suppose that x is a m-dimensional differentiable path and let x* be its Lévy area, un-

derstood in the classical Lebesgue sense as the iterated integral st’ij = f ' dxfl (6x7),s. Then, under
S
Assumption (A1),

t t t
X';’i = J Stu Xmll , ngx’i = J Ay dxlll 5 stx’l] = J Stu dxlll (6xj)u5' (17)
s s s
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Proof. As aforementioned, this is just a matter of integration by parts. For instance, one has

t t
J S dxfl (5x7)y5 (‘ Siudy (xﬁ;ij
s J

t
2,ij 2,ij 2,ij
Stu du (_(6X J)tus +tX, —X )

tu

t

Suady (—(Bx) (57 = x5

[
f

t
2,ij 2,ij 1 i
= 5] —f A5 [K50 + (6x1) (630), | du.
S

O

Observe now that the three expressions contained in (I7) can also be directly interpreted as It0
integrals when x stands for a standard Brownian motion. This interpretation remains consistent
with Definition

Lemma 2.4. Suppose that x is m-dimensional Brownian motion defined on a complete filtered proba-
bility space (00, #, P), and let x2 be its Lévy area, understood in the It6 sense as the first iterated integral
of x. Then, under Assumption (A1), the three identifications of the previous lemma remain valid in this
context.

Proof. Tt suffices to replace the integration by parts argument with It6’s formula, upon noticing that

only Wiener integrals are involved here. For X**, we know indeed that for any fixed s, the process
2,ij u i i . . .
u—x;’ = f ) dx, (6x’),s is a semimartingale and

t

t
f Stu dx,i (5xj)us :J Stu du(xigij)-
s

S

O

To end up with this subsection, let us highlight the regularity properties that will be at our disposal
throughout the study:

Proposition 2.5. Under Assumptions (A1) and (X),, one has, for all a € (0,1),x € [0,7),

x5l e (gg(g(‘%a,pf %a,p)) N ng_K(g(@a’p, e%a+;<,p)): (18)
i +
X% € GI(L( By B,)), (19)
XX (gzzy(g(%a,p) ‘%a,p)) n %EY_K(Q(%(“,, gga.;.;(,p))- (20)

We will denote by ||X||, o, the norm attached to X := (X*,X**,X**) through Properties (L8)-(20),
that is to say

Xl = D AT G (L By B D)+ -+ N XS 67N (L (B, B )
i,j=1
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With this notation, one has ||X||, o« < ¢y qxllXll,. Moreover, if X stands for the path associated to

another trajectory X satisfying (X),, then
X = Xy e < € {14 Il + %1 } % = %1l 21)

Proof. Properties (18)-(20) are straightforward consequences of the well-known estimates (see
(19 )
I1Sesell .., Scclt=sI™llellm,, . lIASkella,,,, Sclt=sI""lela,,, (22)

lag@llg, < calt =s* I, (23)

For example, for any ¢ € 3, ,,

t
X5 ellas,,,, < IIxIIY{It—SIVIISMII@W,F+J It—uIYIIAStusoll%mpdu}

S

t
_ gy
= CK”x”y”(P”%a’p{h—sV K+J [t —ul +r Kdu}
s

crillxllylielli s, , 1€ —s".

IA

The controls of [|X||, 4, and ||X -X ||« can be readily checked from the very definitions (12)-(14).
Observe for instance that

t t
||J AStu(5xi)tu(5xj)us du — f AStu(5ii)tu(5-’?j)us dul|$(%p,%p)
s s

IA

(67| + [(8%)e,

t
J IASeull 2,8, {60 = %)eu 5(x) = )|} du
N

t
¢ {1+ IIxlly + 1%l } l1x — %, (f |6 —ul 7T Ju—s|” du)
N

¢t = s {1+ I1xlly + 1ll, } 1% = &1,

IA

IA

2.4 Interpretation of the equation

Let us now turn to the interpretation of () for a generic 2-rough paths x = (x, x2). Like in [6], our
approach is based on the Taylor expansion of the ordinary mild equation. We first give the general
definition of a solution and then we clarify this definition by considering the two previously-known
situations, namely when x is a differentiable path and when x is a standard Brownian motion.
Remember that the notation J” has been introduced in Definition [2.2]

Definition 2.6. Under Assumptions (A1), (X)Y and (F)q, forall A > 0and ¢ € B p» We will call a
solution in %, , of the equation

t

J’t:St‘/)'i‘J St—ufi(yu)dle , te€[0,1], (24)
0
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any path y : [0,1] — 9B, , such that y, =) and there exists two coefficients u > 1, & > 0 for which
JY € 6,([0,1]; B,) and JY € 6;([0,1]; By ). (25)

Remark 2.7. The reader familiar with the strategy of [l6] will not be surprised by the condition
JV e ‘62“([0, 1]; #,) for some coefficient u > 1. The second condition J¥ € 6, ([0,1]; 9, ,) may be
less expected. In fact, due to the property (23), the fractional spaces %, , naturally arise from the

controlled expansion of f: Sy dxfl fi(y,) (observe for instance (27)).
Proposition 2.8. Suppose that x is a m-dimensional differentiable path, and let x> be its Lévy area,
understood in the Lebesgue sense. We suppose that Assumptions (A1) and (F) are both satisfied. Then,

for all m € (0,1) and ¥ € A, ,,, the (ordinary) solution of Equation 24) is also a solution in %, , in
the sense of Definition

Proof. Let y be the ordinary solution of ([24), with initial condition ¢ € %, ,. Then y €
‘610([0,1];981]’1,) and since (8y),, = f:Smdxflfi(yu) and f is bounded, one clearly has y €
‘511([0, 1]; 98,). Now, notice that owing to the identification (I17), we get

t

t
Kt};:f Studxlilfi(yu)_xfs’lfi(ys):f Studle6(fi(y))u5;

and so, due to (23), one has

t
1K lls, < IIJ'CIIOO,[o,uIIf'IIOOJ 106 )usl 5, du (26)

A

t
Cx,ff {”(Sy)usl'%P + ||aus||.,sf(gs,,,p,93p)||}’s||9aw} (27)
N

t
1+
e T
N

To complete the proof, observe that by resorting to the identification (I7)) once again, we can write
t : ; .
J) = fs S dx), M, with

My = (i3 = (63D usf{ ()~ £;()

1
= J drfi/(ys+r(6y)us)'(5y)us_(5xj)usfi/(ys)'fj(ys)
0
1
= f drfi/(ys+r(5y)us)'ausys
0

1
+J drfi/(ys + r(By)us) : (3}’)115 - (5xj)usfi/(ys) 'fj(.ys):
0
and thus
1 1
M, = f dr £ (ys +1(8Y )us) * Qus Vs +f dr f{(ys + 18y )us) - K
0 0

1

1
+ J drfl-’(ys+r(6y)us)-ng’ffj(ys)+f dr [f s +1(6Y)us) = ()] - (637 )usfi(y5), (28)
0

0
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where we have used the trivial relation X' = X2 4+ (5x/),,. From this expression, it is easy to
show that IIMLl[nggp <c, [u—s|", which leads to (2Z5) with y=1+m, e =1. O

Proposition 2.9. Suppose that x is a m-dimensional standard Brownian motion defined on a complete
filtered probability space (0, Z,P), and let x> be its Lévy area, understood in the Itd sense. Suppose

also that Assumptions (A1) and (F), are both satisfied. Then, for all n € (1/2,1) and + € A, ,, the
It6 solution of Equation (24) is almost surely a solution in 9, ,, in the sense of Definition
Proof. For the sake of clarity, we have postponed the proof of this result to Appendix B. O

Together with the forthcoming uniqueness result contained in Theorem [2.17] the above-stated prop-
erties allow to identify, in the two reference situations (i.e., when x is a differentiable path and
when x is a standard Brownian motion), the solution in the sense of Definition [2.6] with the classical
solution. We will then lean on the continuity Theorem [2.12]to fully justify our interpretation of (24)
(see Remark [2.T4).

2.5 Main results

With the tools and the definitions we have just introduced, we are in a position to state the three
main results of this paper, which successively provide the existence, uniqueness and continuity of
the solution to ([24).

Theorem 2.10. Under Assumptions (A1), (X), and (F), forall Y’ € (1 -,y +1/2) and ¢ € A
Equation (Z4) admits a solution y in 9, ,, in the sense of Definition 2.6] which satisfies

Y.p’

N y; 6/ ([0,1]; B,)] + A [y; 60([0,1]; By )] < CUUIXIL, 1l ),
for some function C : (RT)? — R growing with its arguments.

Theorem 2.11. If p > n and if Assumptions (A1), (A2), (X), and (F)5 are all satisfied, then for all
Y e(l—y,y+1/2)and ¢ € B, the solution y in B, , given by Theorem 2.10lis unique. Moreover,
for any

0<B<inf(3y—Ly+y -1Ly—-(y —1/2),

there exists a constant c, , ¢ g such that for all n,

Cx.f,B

— vy < 2Pk
Jax Ny —yells,, < 2y

where y" stands for the path given by the discrete scheme (35).

Theorem 2.12. Under the assumptions of Theorem[2. 11} the solution of (24) is continuous with respect
to the initial condition and the driving rough path. More precisely, if y (resp. ¥) is the solution in %, ,
associated to (x,x2) (resp. (%,%2)), with initial condition v (resp. 1)), then

Ny = 5;6]([0,1]; B+ A [y — 7; 62([0,1]; B, ,)]
< C (Il Il el o NP, ) Il = Bln,, + k=5 ), 29)

for some functions C : (RT)* — R* growing with its arguments.
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Together with the identification result established in Proposition [2.8] these three theorems offer
another perspective on the solution of Equation (24), which may be more in accordance with the
formalism used in [[12]] for rough standard systems:

Corollary 2.13. Under the assumptions of Theorem .11} suppose that i) € %, , and let (X"), be a
sequence of differentiable paths such that ||x — X"[|, + |Ix% — )“(2’”||2}, — 0 as n tends to infinity, where
%" stands for the standard Lévy area constructed from X". Let 7" be the (ordinary) solution of (Z24)
associated to each X". If y is the solution of (24) given by Theorem 2.11} then

Ny = 3" 6] ([0,1]; B+ A [y — 3" 6,([0,1); B, ;)] = O (30)

as n tends to infinity.

Remark 2.14. Through the latter result, one can see that the exhibited solution y is a solution in
the rough paths sense, that is to say a limit of ordinary solutions with respect to some particular
topology (compare with [[12, Definition 10.17]). In this context, y can legitimately be called a mild
solution of (2)), as a limit of classical mild solutions. Furthermore, it is worth noticing that given the
regularity assumptions on f;, if we suppose in addition that the initial condition vy belongs to the
domain @(Ap), then each (ordinary) mild solution y" is also a strong solution (see [[19, Theorem
6.1.6]). Consequently, if 1) € 2(A,), y can also be considered as a strong solution of (2)), keeping
in mind the topology of the underlying convergence result (30).

2.6 Extension to rougher paths

Before we turn to the proof of Theorems [2.10H2.12] let us say a few words about the possibility of
extending these results to a rougher path x, or otherwise stated when the Hélder coefficient y is
smaller than 1/3.

Remember that for standard finite-dimensional rough systems, the results obtained by Davie in [|6]
have been generalized to any y € (0, 1) by Friz and Victoir ([[11]]): essentially, the system (I} can be
interpreted and solved provided that (i) the vector field o;; is smooth enough and (ii) one is able to

1 1
1 < 1
<r<+.

construct the iterated integrals of x up to the k-th order, where - =]

As far as Equation (24) is concerned, let us first consider the next step of the procedure, which

corresponds to % <y < % For more simplicity, we assume that f; is infinitely differentiable with

bounded derivatives. Suppose for the moment that x is a differentiable path, and let us introduce,
on top of (X, X%, X*"), the two additional operator-valued paths

t t
axx _ i j xxx,ijk _ i 2,jk
X —J ap,dx, (6x7)ys , Xig = | Spdx, x5
N N

Let us also define F(¢) = fi(¢), F2(¢) = f{(0) - f;(0), Fi (@) = f"(9) - £i() - fillp) + £/ () -
f].’ (¢) - fr(p), and the three intermediate quantities

L= (8Y)es = Xis FHYs) 5 K= (8Y)es = Xi5 Fl () = X"V FE (),
~ . Jij ,”k
T = (03)es = X FH () = X VPR (ys) = X3V F D ()

S
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Once endowed with this notation, a Taylor expansion of the (ordinary) equation (24), similar to
(28], shows that for all s < t € [0,1], one has

t
(8))es = XS FH () + X5 FA () + X5 ”ka}k(ysHJ Seudx} YL, @BD
S

where the ’residual’ path y! can be decomposed as y® = ybb1 4 52 with
1
vl = J A f{ (o +1(8Y )us) - | Qs + XETFN () + XENIKES () |
0

f drf dr' r £ (ys + (8 us) - (63 s £5(¥s) - X Fi (), (32)

1i2 —
us

1
f drfi/(ys+r(6.y)us)'K,{s
0
1
¥ f dr [0+ 1590 — D] 25 £ £100) - fily)
0
1 1
+J drf dr/rfi//(ys+r(5y)us)'1’i,5'(5xj)us'fj(.ys)
0 0

1 1
+ f drf dr'r [ £/ + r(83)us) = F 3] - (635 (6x)s - F50r) - filys)- (33)
0 0

By looking closely at these expressions, it is not difficult to realize that the arguments dis-
played in the forthcoming sections BH5] can be adapted to the decomposition (3I) so as to han-
dle the case where y € l l] (compare for instance ([B2)-(33) with (40)-(43)). This sup-
poses that the intermediate paths JY,K”Y,LY should be controlled with the respective topologies
%24 Y(%p) N6, (By p)s <€23 Y(%p), ‘622 Y(QBP), and that the space parameter y’ should be picked in the
(non-empty) interval (1 — y,y + 1/2), as in Theorems This also supposes, in order to
extend the path X***, that x allows the construction of a 3-rough path x = (x,x? = f f dxdx,x3 =

ff f dxdxdx) € ‘6{ X ‘622 " x (623 . We know that this assumption covers in particular the case of a
fractional Brownian motion with Hurst index H > 1/4, see [[4].

The situation gets more complicated as soon as y < 1/4, since we can no longer pick ¥’ in the (now
empty) interval (1 — v,y + 1/2), and this assumption played a fundamental role in our estimates.
Indeed, on the one hand, the condition y’ > 1 — y ensures that the order of the terms derived from
(32) or @1 is greater than y + y’ > 1, or otherwise stated that these paths can be considered as
residual terms. On the other hand, the condition y/ < y + 1/2 is used in some estimates like 7))
to go from %,/ , to %B,/,, and thus take profit of the linear control (@) (instead of the quadratic
control (4)). Therefore, when y < 1/4, some sharpness is to be lost in our estimates and the
method under consideration in this paper would only provide us with a local solution, on a time
interval linked to x, f and v¢. To overcome this difficulty, it may be useful to modify the path
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(XX, XX XXX XXX XXXX " ) into a more appropriate trajectory, which would for instance includes
mixed operators such as

t
Xi‘;l’l(wcpz):f Sedx) [ayspr-92] , $1,92€ B. (34)
S

Observe however that the extension of ([34) to a generic y-Hoélder path x (with y < 1) can no longer
be done via an integration by parts argument (as in Lemma [2.3)), which considerably increases the
difficulty of the study.

3 Existence of a solution

This section is devoted to the proof of Theorem Thus, we henceforth suppose that the as-
sumptions of the theorem, namely (A1), (X)Y and (F),, are all satisfied. Besides, we fix a parameter
v' €(1—y,y+1/2) and an initial condition ) € B,/ ,.

3.1 Additional notation

We consider the sequence (IT"), of dyadic partitions of [0,1] (i.e., ty = Zk—n) and we define the
discrete path y" following the iteration formula:
n._ noo._ n x,i (1 X0 @oron n n
yo '_w H yt2+1 '_St,r(lJrltZyt”(l +Xt;<1+lt;(lfl(yt]’(1)+Xt1f{1+1t;(1pl](yt;:) > tk eIl (35)
The path y" is then extended on [0, 1] by linear interpolation. For the sake of clarity, we will denote
in this section J" := JY" and K" := K”". Observe that owing to the very definition of y", one has
Jh =0.

n n
Gtk

In the rest of the paper, we will also appeal to the discrete versions of the generalized Hélder norms
introduced in Subsection 2.2l Thus, for any n € IN, we denote [a, b], := [a, b] N II" and

X 1(6R) sl 5,
N'[h; (gll(l]:t;: tg]]m %a,p)] ‘= sup —)LP
tp<s<t<t] [t —s|
s, tel”

We define the two quantities A[.; ‘52’1( [a,b],; Bap)]and AL ‘€3A( [a,b],; $,,)] along the same
lines.

Now, for any (not necessarily uniform) partition IT of [0, 1] made of points of IT", we define the path
J foralls < t € 1" as

0 if(s,t )N =0
Jtré’n = (Sjn)tus if(S,f)ﬂﬁzu
N-1 . ~ N -
Jis =i, = 2=t SeienJi g, ~Serdi (s, NTI={ty, ., Ty}
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Remark 3.1. Since J,, . = 0, one has in particular J;IS,H” = J;. Besides, if 11,11 are two partitions
k+1"k

of [0,1] made of points of TI" and such that ITN (s, t) zﬁ{fl,..., iy} (N >3)and [N (s, t) =

{f1,e s tketstryts. . Iy} for 1<k <N —1, then J' — g = Stgkﬂ(gjn)fkﬂfkgkil. With the same

notation, if TN (s, t) = {1,..., fy_1}, then JBT — g2 = (SJ”)thngl.

3.2 Preliminary results on J"

We fix t” < tg € 1" and we apply the algorithm described in Appendix A to the uniform partition

k— n_4n

{t; t;‘H,..., t'}. Set N :=q — p, and so, for any k € {p,...,q}, t} = t”+ %. We also

denote by (IT™ )me{l ,,,,, n—1} the (decreasing) sequence of partltlons of [t”, t"] deduced from the
mae=Jg

algorithm, and I1™0 := {t", t" .., t"}. Finally, set J'; . With this notation in hand, one

p) p+15 tntn tntn
has

N-1

§ +1

J—ri1 — {Jn,m _ Jn,m } .

ty t" tgt; t;‘t;‘
m=0

Once endowed with this decomposition, we can show the following result, which turns out to be the
starting point of our reasoning:

Lemma 3.2. For all yu > 1 and k > 0, there exists a constant ¢ = ¢, , such that

p—=r’
n
p

{ N8I 6F (e, €T By )] + A BT 6D, 0 s BRI}, (36)

oK

K
n_ 4n n__
tq tp + tq t

”Jt”t"”‘%%p <c {

and
||Jt”t”||c%p S ¢

n_
tq t

A [6I7 65 ([Ley, th T ns Bp)]. (37)

Proof. We use the notation of Appendix A. By refering to Remark[3.1] one easily deduces

N-1
{ _ nm+1}
tntn tntn
m=0 P
M-1
CIOPE S * Z Sqe, (5J et
r=1 rAT PR m=A, 42
+(5J )t“t" t" +1{AM_1+1<N—1}(5J )t”t” tn-

+k q ptk p
PrRAM—1+1 prhy PHkn -1
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Then, if C,, := A [6J"; G5 ([t ty D s By p)] + N[EJT; %é‘([[t;, t;l]]n; %,)], one has

p’q
nm+1
Z”Jtntn - [‘n[‘; ||‘%Y/,p

K
< n__ .n
< 2C, tq tp

M-1 K Ay o m
n__ _ n _4n
+Cn ~ tq t +hy +m_AZ o t tp+k+ tp+k;; tp+k,;
- —r-1

K p=y’
< C 3 [th—tT + |t —t"
- n q p q p

& |
1""1 m + — |4
2+Z + L I LAy
m=A,_1+2
—_

< Gy t”—t”K+ t"—t”“ ! C
— KUY q p q p n»

thanks to Proposition[6.2l The second control (37) can be obtained with the same arguments, upon
noticing that (65) entails in particular

M-1 - ) u 1 A,
O _ +_ -\ <
+N“ E |km km| <c¢, <oo.
r=1 m=A,_1+2

O
Lemma 3.3. For every path y : [0,1] — %, and alls <u <t € [0,1],
(Sjy)tus =X;(L’¢i6(fi(y))us Xx l(5x])usFl](ys) +Xxx 115(Fij(.y))us (38)
and also X
(5Jy)tus :Itus+IItus+IIItus+IVtus: (39)
with
. 1
Itus ::Xx,l (J drfi/(.ys + r(5.y)us) ’ Kl{s) H (40)
Lus = X5 ( dr /(s + 1Y )us) - { s ys + X Jf](ys)}) , 41)
=X U dr [£/0s + 1Y) = £ )] -(axf)usfj(ys)) , (42)
IVeus = Xy 5 (F3 (0 s (43)
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Proof. Those are only straightforward expansions. For (38), we use the fact that if m,, := g.h;,
then (0m), s = (08)ushs — gy (6h),s, together with the algebraic relations

(6X¥D)s =0, (6X5U), =Xf’i(5xj)us foralls<u<t,

that can be readily checked from the expressions and (I4). The expansion of 6(f;(y)),s —
(6x7),sF;ij(¥s) which then leads to (39) has already been elaborated on in the proof of Proposition
2.8 see (29). O

3.3 Existence of a solution

Thanks to the above preliminary results, we are first able to control J" on successive time intervals
independent of n:

Proposition 3.4. Suppose that u, € satisfy
/ / 1
3y>u>1 , y+y>u>1 , y—(y—§)>£>0. (44)
Then there exists a time Ty = To(x, f,7,Y’, 4, €) > 0, Ty € ", such that for any k,
N G5 ([kTo, (k+ DT AT s By )] < 1+ Uy N, (45)

and
NI 6y ([kTo, (k+ D)To A1 B < 1+ Iy Nz, - (46)

Proof. This is an iteration procedure over the points of the partition, for which we first focus on
the case k = 0 in (@5) and (46). Assume that both estimates hold true on [O, tg]] .- Then, for any
t € o, tg]]n, one has, thanks to (I8), (20) and (3),

—(y/ =1
1y, < Wil + 1Sl + S0 D LA, ,, +IF @y, ) @47
(v =1
< Wiplls,, + 1Sl +cl "2 {14 1yl }
< & {1+l } (48)

and so A [y"; <€10([[O, tg]]n, By p)] < ci’f {1 + ”d)”%y’,p}' Besides, if s < t € [0, t;‘]]n,

16y Mislla, < IEllm, +1XE fiDla, + 1XSF(rDl,

—_o|7r 3
je=sled {1+l }

IA

and hence
Ny G100, T B < {1+ Il }- (49)

One can also rely on the estimate

X

KN, < 17 s, + 1X5 7 iyl g, < € 16— s {1 + llwllﬂ,,p}- (50)
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Now, from the decomposition (39), we easily deduce, for all0 <s <u <t € [0, t(’; 11

16 sl < 5 {1+ IplLm, } {1 = 5P +1e =577}
Indeed, one has for instance
” [fi/(ys + r(gy)us) _fl‘/(ys):l : (5xj)usfj(ys)||95p
S Cx.f |u _5|Y ”(5.)/)115”%[,
g 1t =51 {118 Vuell s, + 0¥l s, |

Cop {1+, F{lu—sP +lu=s7} < coplu—sP {1+l },

IA

IA

where the constant c,  may of course vary from line to line. Consequently,
~ 3y— /_
BT G0, 60, s B < €5 {1 Il } {127 4 197
On the other hand, it is readily checked from that
~ (1

18T sl < Sy {1+l e =502,

and therefore )
= Sr=(r'=3)
N8I 6) 0, 8y T B S {1+ 1, b
By using the estimate (36), we get
3y— - r=(r'-3)-¢
A0 T B ) < {15l } (107 7 ) 07

It only remains to pick T, such that

7 Sy—u |, oy —u o r—('—3)-e
7, (TO TR TR ) <

We can follow the same lines to show (46) from the estimate (37).

It is now easy to realize that the same reasoning (with the same constants) can be applied on the
interval [T, 2T, ] by replacing v with y?o, and then on the interval [2T,,3T,], etc. O

Corollary 3.5. With the notation of Proposition there exists a constant c, r such that for any k,
NI 6J (KT, e+ 2DTo A B < {1+ 1zl o+ {1+ I8l b D)

JV[JH: (gzg([[kTO: (k + Z)TO A 1:l]n: <%y’,p)] < {1 + ||)’6<+1)T0||93Y,Jp} + Cx,f {1 + ”y]ZTO“%y/’P} . (52)
Proof. fkTy <s<(k+ 1Ty <t < (k+2)T,,

Ity = I gy, — Stk 0T e yry s — (O et )my 50
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We already know that

u
M2 ey, + Wy, ol < 6= {24+ 1yipyr la,, + 158l b

By using the decomposition ([@9), together with the estimates (48], and (5Q), we get
||(5J”)t,(k+1)TO,SII%p <c |t —s|* {1 + ||y,’:Toll%,P}, which yields (&1)). can be shown with the
same arguments. O

Proof of Theorem With the same estimates as in (48], we first deduce from Proposition [3.4]
N1y G(IKRTy, (ke + DTy AT By ] Sk {14 1yiy |

where the constant c)lc f does not depend on k. As T, is independent of y", this leads to

Ay 6200, 10 By )] < 2 {1+l }- (53)
From this uniform control, we get, by repeating the argument of Corollary [3.5]

N6 ([0,1T s B < ¢t {141l | (54)
and then

Ay 6 (10,10, BT < ¢S {1+l }- (55)

Now remember that y" is extended on [0, 1] by linear interpolation, and so

Ay 6/ ([0,1; B,)] < 3A4[y" 6/ ([0,11,; 8,)]
3N Y™ 6y ([0,1],5 B)] + ¢y N [¥"; 62([0,11 5 By )]

6
¢ {1+ ls,, )

Thus, we are in a position to apply the Ascoli Theorem and to assert the existence of a subsequence
y™ of y™ that converges to an element y in ‘6’10([0, 1]; %,). It remains to check that y is a solution
of 24). To do so, let s < t € [0,1] and consider two sequences s, < t, € II"* such that s,
decreases to s and ¢, increases to t. Then

IA

IA

N g k.
W2, < 3= T35 N, + 13 =00 N, + 1075, N, (56)
On the one hand,
g
15 = Jis N, < cepH [y = y™; 60([0,1]; 8,)] = O,

while on the other hand

Yk gy "k X, xXx,ij 4 xx,ij
(R4 s, < ¢ {IIX5 - x

Tt s e, 3, + Xt N, )}

"ks”k ErgSnye

o {1y =yl + Iy =yl }
from which we easily deduce, with the uniform controls and in mind,

Nk nk
[Bp J;Vnksnkn% — 0.



Finally, owing to (54),

T {1+ Il Fle—sl".

Going back to (56), this proves that J¥ € ?’f ([0 1] %,). Then we follow the same lines starting
]

with the estimate A[J"; €5 ([0,1],; B, )] < ¢t {1+ lls, } to get J7 € 65([0,1; By,),
and so y is indeed a solution of (24) in By p- O

¥k
A

4 Uniqueness of the solution

In this section, we mean to prove Theorem .11l Accordingly, we assume that p > n and that
Conditions (A1), (A2), X, and (F); are all checked. Let y be a solution of (24) in By ps for some
(fixed) parameter v’ € (1 —y,1/2 + y), with initial condition ¢ € % and let y" be the path
described by the scheme (@3], with the same initial condition ).

Y'.p>

We introduce, for all s < t € I1", the quantity

Ay -y (s, t])] =
Ny =y 6L (s, tT s B+ AN [y =y 625, 15 By )]+ NKY =K 627 ([s, 1,5 B,)1-
Besides, we fix u > 1, ¢ > 0 such that ||J}; |, <c|t—s/* and ||J}, ||%, <clt—s|°.

The proof of Theorem [2.11]is based on the two following preliminary results, which aim at control-
ling, as in the previous section, the residual term J:

Lemma 4.1. For all fi > 1 and x > 0, there exists two constants c,, c; such that if s <t € IT",

" 1 1 -
19 =95, < & { o + s | e {le—sf* e =o'}
{W[S(ﬂ =) G5 (s, ths By )]+ N [6CY =" 6 ([s, 1,5 B}

cy |t —s|

y
g — ||% = W

teple—sP A8 —07"); 6L (s, 1 By)]-

Proof. Going back to the notation of Subsection 3.1} we decompose J;; — J;, " as
y gyt | gt oyt y,1"
Jts_Jts - |:Jts _Jts ]+Rts >
with, ifs =t and t = t}',

mn" Jy

)
y
e, T Z Seer, e ene
i=k

To handle the term into brackets, we use the same arguments as in the proof of Lemma [3.2] which
yield here

Y,
Rts

’Hn n’l-[n ~
" = N, < e {IE =51+ e =177

{HT607 =07 65 (s, 15 By )]+ HTEGY =37 ); 65 (s, €15 8,1
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and
,Hn n’l—[n ~ ~ n 4
13 =i s, < cuy It =sl* Ao —J7); 65 ([s, t1,; B,)].

Then it suffices to observe that

IR;™ | <C—y{|t_tn |+Z_ZZ (¢ } ol
ts B, = (2“)“_1 -1 p i+1 i - (zn)u—l
and
n ¢ A VA 1 1
IR, < e+ Dl el g < (Grray=)
O

Lemma 4.2. Set fi :=inf(y +7v’,3y). Then for all s < t € 1",
NEUY =37 )65 (s, tT s B < ¢y pp N [y — ¥ 2( 05, 1)1, (58)
N[EWY —J7); 6N ([, t] s By )] S €y ppeH [y — ¥ 2([s, €11 (59)

Proof. is a consequence of the decomposition ([@9). Indeed, one has for instance, if Ny =
Ny 6/ ([0,1]; B+ N [y; 62([0,1]; B, )],

IF s +1(8y)us) = () = F (8 +1(6y"us) + (vl s,

1
< IIrJ dr' [f' s+ 118y )us) = F/ 2 417 (6Yus) | (6 )usll 3,
0

1
e a7 4150 =l
0
1

cr My lu —SIYJ drll(ys +rr' (6 )us) — (0 + 176yl 8,
0

+cf fu—s|" Ay —y"; 2(D)]
< cr lu—=sl" Ay —y" 2(D)],

IA

where we have used the continuous inclusion %,/ , C %B,. As for (59D, it suffices to observe, with
the expression ([38) in mind, that for instance, due to the assumption (A2) and the control (4), one
has

X5 A0 = fi s,
< eelt=s 1AW~ fiDls,,

1
< olt—sl” IIJ dr f{yu+ 7y =y = ylla,,
0

1
Celt sl lyg - yunggy,,pnf ar £+ 108 =y )la
0

<
S Copby i [t =S ALy =y 2(1)]
S Coppylt—slP Ay —y" 2] (60)
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where, to get the last estimate, we have appealed to the uniform control A}« < c, (., established in
the proof of Theorem O

Proof of Theorem 2. 11l Let T; <1 & II". Write
By =y =X5 [fi0) = HOM] +X5°Y [Fy(r) = Fym] + [ -7 ]

and use the two previous lemmas to deduce first

~ C
Ny =" 6 ([0, 1110 B < ¢y py TT Ny — ¥y 2([0, T11,)] + (zn)yu_l

and secondly
=/V[y - yn; cglo([[o, Tl]]n; f%y’,p)] < Cy,x,f,'t/JT]YJV[y - yn’ Q([[O, Tl]]n)]

1 1
+o @y * @)

Then, since K, —Kt};n =stx’ij [Fij(ys) - Fij(ysn)] + [J;VS —Jtysn] , one has

n C
NIKY =K 56 ([0, Ty T Bp)] < €yepip TT AN [y = ¥y 210, Ty 1)1 + ==

(zn)u—l
and we have thus proved that
n 1 Y n 1 1 1
Ay =y52(00,1I)] <cy, ;1 ATy =¥ 2(00, T 1)) +c @y T @y

1 r_1 .
Choose T; such that Cy o fp T} = 5 to obtain

1 1
Ty -y 2(10,1,],)] < 2c] {(2,1)5 + } .

By using the same arguments on [kT;,(k+1)T;],, we get

1 1
) 1
Ny =y 2(0kTy, (k+ DT ],)] < 2¢, {(2,1)8 + 2T } + o llyier, — }’liln”%Y/J,,

and it is now easy to establish that

5 1 1
</Vl:.y_.yn; (gl)’( [[05 1]]n; %p)]+ﬂ[y_yn; (gl()( [[0: 1]]11; <%)/,p)] = Cy,x,fp {(zn)g + (2,1)“_1 } . (61)

This inequality clearly proves the uniqueness of the solution and therefore, it enables us to identify
y with the solution constructed in Section[3] This identification allows in turn to choose u and ¢ as
in Proposition and to assert that A4}, < c, ¢, which completes the proof.

O
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5 Continuity of the solution

It remains to prove Theorem [2.12] In accordance with the statement of this result, we suppose that
p > n and that Assumptions (A1), (A2), (X), and (F) are all satisfied. We fix y € (1-7y,y+1/2)and
the two initial conditions ’l,b,’([! € %A, ,- We denote by X = (X*,X**,X**) (resp. X = (X*, X%, X))
the path constructed from (x,x?) (resp. (&,%2)) through Definition 2.2l With this notation, we
define y" as the path described by the scheme and j" as the path obtained by replacing
(, X*, X**) with (¢, X*, X*) in the latter scheme.

Besides, we define J and K by replacing (X*,X**) with (X*,X**) in Formulas (I5) and (16). For
the sake of clarity, we also set J" := J¥", K" :=K”", J" :=JY", K" = K?", and as in the previous
section, we introduce the intermediate quantity

ALy" = 7%Qs, 1]
= N[y =" 6] ([, t 10 Bp)I+N [y =5 6L ([s, D s By )1+ A K" =K™; 657 (5, t1 05 B,)]-

Remember that owing to the results of Section 3] we can rely on the uniform control
5 2
ALy 6] (10,175 B+ ATy 6P([0, 1105 By )]+ ATK™; 6,7 ([0, 1115 Bp)] < €y
with an equivalent result for §". The proof of Theorem[2.12]now leans on the two following lemmas:

Lemma 5.1. For all i > 1 and x > 0, there exists a constant ¢ = cy,. such that ifs <t € IT",

7 o
2 =Tl <c{le—si+1c—s/'}

(N80 =T 65 (s, ths By )] + N6 =T 6 ([s, €15 B,)1 |

and
5 = Tille, < clt —sl" HTEU™ =T 64 ([s, tT s B,)]-
Proof. It suffices to follow the lines of the proof of Lemma O

Lemma 5.2. Set i :=inf(y +y/,3y). Then for all s <t € II",
N =T G5, (s B < g fN Ty = 75005, D))+ k=%l ) (62)
and
A6 =T 65 ([, t1ns By )] < € gy I " = 75 Qs D)1+ Ix =%l }. - (63)

Proof. This is the same type of arguments as in the proof of Lemma [4.21 For (62), resort to the
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decomposition and notice for instance that
_ 1 . 1
X7 (J drfi’(y5”+r(5y”)us)-K,Ts) - X5 (f drfi’(iff+r(537")us)‘1<ﬂs) |3,
0 0
< clxy —Xfﬁl||z(%p,gap)||Kfs||<@p + ||Xfﬁl||z(@p,%p)

1 1
IIJ dr f/(yd +r(6y™"us) - Kijs — f dr f{(F +1(67Mus)  Kigll s,
0 0

IA

3 ~
Coap It =1 lIx =X, +cx |t —ul”

1
{nf dr [/ +r(8y™u) — £/ + 15| KL,
0

1
+ J dr f{(50+ (55 [KL - K] ||%p}
0
< ol le=sPTIR =Rl + 2l =P ATy = 775 QCLs, €T,

where we have used the continuous inclusion %,/ , C %B,. (63) can be proved likewise, with the
same kind of estimates as in the proof of (60).

O

Proof of Theorem 2.12] By following the same procedure as in the proof of Theorem 2.11] we first
deduce

N [y" = 7%Q(10, T,1,)]
<cl i ALY = 57QM00, T + I = lls,, + Ix =l }
Indeed, one has for instance, if 0 <s <t < T,
X5 [AOD = HGDIls, < clt=sl Iyl =504,
celt =5 {180 = 7™ ollm, + 11 = il }

et = s { Ty N Ty = 77 L0, ToT )1 + 11 — Pl -

IA

IA

1 T = 1 50 as to retrieve

Then we take T, such that cx’f’ a2 2

Ay =75 QI0 I 26! Al =l + =Kl } -

Xx,X

Repeating the procedure on [T,,2T,], [2T5,3T,],..., leads to the uniform control
Ny =3 6] (10,11 n; B+ A [y" = 37 6([0,1] 15 By )]
<cerpi {0 —Dla,, +Ix-%l,}. ©4)

To conclude with, let us introduce, for all s < t € [0,1], two sequences s, < t, € [1" such that s,
decreases to s and t, increases to t, and write (for instance) successively

160y = Peslla, < N6Q = Pee i, + 180 = i llg, + 180 = 7)ol
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160y = e, <UEQ =¥ es g, + 160" = 57es g, + 16 = 71,
The control (64), together with the approximation result (61I)), then provides (29)).

6 Appendix A: a useful algorithm

We give here the description and an analysis of the algorithm used in the proofs of Lemmas[3.2] [4.7]
and[5.11

Consider a generic partition {0,1,2,...,N}. We remove the inner points of this partition
({1,2,...,N —1}) one by one according to the following procedure (see Figure 1):

e At step 1, we successively remove, from the right to the left, every two points, starting from N
(excluded) until O (also excluded). Then, still at step 1, we take off the point of the (updated)
partition between 0 (excluded) and the last removed point, if such a middle point exists.

e We repeat the procedure with the remaining points (steps 2,3,...) until the partition is empty.

We denote by:

M the number of steps necessary to empty the partition.

.
~
»
3
N/
3
m
=
=z
=
—~
=
(¢']
%)
[¢°]
a)
c
[¢]
=
@)
(0]
o
=
w
o
)
0
[¢°]
wn
2.
<
o
<
]
(0]
3
]
<
(0]
[a W
o
2.
o=}
~
#

.....

e k' the point of the partition (at time’ m of the algorithm) that follows k,, (when reading from
the left to the right), k, the point that precedes it.

o A, the total number of points that have been taken off at the end of step r. We also set Aj := 0.

Lemma 6.1. Forevery r € {0,1,...,M},

In particular, |A, —A,_1 — g <1land 2M~! <N <2M*1,

Proof. This stems from a straightforward iteration procedure based on the formula A,,; = A, +
[WJ ,r€{0,1,...,M — 1}, where |.] stands for the integer part. O
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+ - +
ka ka kas kag ko ka0
I X Xk } Xk } Xk } Xk } X } X } X } X } Xk
Kag
I 23 23 f 23 f X f X
k36

I 23 f 23

k37
I X

Figure 1: The algorithm for N = 38. Each line corresponds to one step. Thus, M =5, A; = 19,

A2 = 29, A3 = 34, A4 = 36.

Proposition 6.2. Suppose that u > 1, 0 <y’ <1 and k > 0. Then

/

M-1 T K 1 A, -r
- — —_m Tk |®
Z 1 N + NH Z 1 |km km| = CK,IM’”
r=1 m=Ar,1+2
for some finite constant c,. ,, - independent of N.

(65)

Proof. Actually, we use the following explicit expressions: at step r (r € {1,...,M —1}),if N —A,_;

is even, one has, for every m € [A,_; + 1,A, — 17,
ki=N-2"(m—-A,_)+2",

k;l =N— 2r(m _Ar—1)>

(66)

67)

and k; =N —2"(A, —A,_1)+2", k; =0, while if N —A,_; is odd, Formulas (66) and remain
true forme [A,_; +1,A, — 1], butk, =0,ki =k; ,=N—2"(A, —A,_; —1)+2". From these

expressions, we first deduce

M-1 k= K 1 M1 oM\ ¥

A _1+1 _ 1 2
Y-t g rersd(f) =
r=1 r=1
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according to Lemma Then, if N — A,_; is even, one has

_')//

A, s
I R e
m:Ar,1+2
A1 -7’ 5 -y’ ”
D I e B TS el L E S B 5
m=A,_1+2 N
2r(.u—)’/) Ar—Ar_1—2 ) kz— - ”
= — Z m7+|1-—=| |ki
N N r
5 27 1y
= CV/N—Y(A —A 1 —2)77
s v "
t— N-7 (A Ar 1 _1) (N 2" (A Ar 1 _1))
@ @)
< G A AL =2 v+ T W =2 A - DY

since A, —A,_; > 2. In the same way, if N —A,_; is odd, one has

_‘)//

Ar k+ u
m —
Z 1-- |kr—r'—1 - km|
m=A,_1+2
(2 )M Y -
- 7 — Y
—= CY/ N- Y (A Ar 1 2)
@)

E— N-7 (A Ar 1_2) Y(N 2" (A Ar 1_2))M

2y ;@)
3 A —A —_lr 4
= YN (Ar = A1 =2) N~V
since, in that case, A, —A,_; > 3. Thanks to Lemma[6.1] we now easily deduce

/

-r ¢t M-l

|kt — ke | < ,“Zm“ MZWMY

(N —2"(A, —A, —2))"

1 M1 A

r=1 m=A,_1+2

—__m
N

7 Appendix B

This section is devoted to the proof of Proposition[2.9] To this end, we will resort to the two following
lemmas, respectively borrowed from [[15]] and [[1]]:

Lemma 7.1. Fix a time T > 0. For all a,3 > 0, p,q = 1, there exists a constant ¢ such that for every
Re (62([0’ T]; <%ot,p);

HIREL0TY; B ) < {Up 20, R+ AR 610,705 2]}

1515



where

1
IRyulla,, ) fa
U[o’,q,a,p(R) = —/3 dudv .
o<u<v<t \ |V —1

Lemma 7.2. For every p > 2, the Burkholder-Davies-Gundy inequality holds in %,. In other words, for
every T > 0, if B is a one-dimensional Brownian motion defined on complete filtered probability space
(Q, Z,P) and H is an adapted process with values in L([0, T]; %By,), then for any q > 2, there exists a

constant ¢ independent of H such that
q T q/2
} <cE (J IH,I1% du) . (68)
B, 0 »

t
f H,dB,
0

E[sup

0<t<T

Proof of Proposition On the whole, this is the same identification procedure as in the proof of
Proposition [2.8] The only difference lies in the fact that the direct estimates of the integrals under
consideration will here be replaced with a joint use of Lemmas[/.T]and [7.2]

We denote by y the (Itd) solution of ([24), with initial condition v € %, ,,. Let us fix y € (1/3,1/2)
such that y + 1 > 1 and 2y > 7. If one refers to [[16, Theorem 1], one can assert that y €

<€1°([0, 1]; 4,p) a.s, and one even knows that sup,c(q 17 E [Ilytllqgg ] < oo for every g € IN. Then,
> ’ n.p

since (8y),; = f: S dxlil fi(y,)), one has, thanks to Lemma [7.2]

t t q/2
E{HJ Studxifi(yu)”qggpi| < CcE (f ||Stufi(yu)||2%pdu)

t
c|t—s|q/2_1J E [||5mfi(yu)||fégp} du
S

< c|t—s|?, (69)

IA

and consequently, with the notation of Lemma [7.1]

) E[1665)vul%, ]
E [UHf,q,o,pwy)} = oz dudv
0<u<v<l

lv—ul"

) 1/q
(Jf ly —u)9G12 dudv) <00
0<u<v<1

by picking g > 1/ (% — 7). Together with the result of Lemma([7.1] this yields y € %’Y ([0,1]; %,) as.

1/q

IA

As far as K¥ is concerned, we already know that 6K¥ = X*!5(f;(y)), which leads to 6K” €
%;Y([O, 1]; 8,) a.s. Then, from the expression K;; = fst Seudx! 5(fi(¥))ys> we deduce, as in (69D,

E [IlK?;llqggp] < c|t —s|%, and accordingly, thanks to Lemmal[7.1] K” € ‘6227’([0, 1]; 8,) a.s.
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Finally, for J7, we first lean on the decomposition of 6J7 to assert that 6J7 € <€3Y+n([0, 1]; %,)
a.s. Then we appeal to the expression of JY that we have exhibited in the proof of Propo-

sition 2.8, namely J;;, = f; Su dxfl Mlis with M' given by (28), to show that E [IIJt};Ilqgg ] <
p

clt— 5|q(§+n). Together with Lemma these results clearly provide the expected regularity, i.e.,
Jr e (gZM([O’ 1], ‘%P) a.s, with u=y + n > 1.

The control of the regularity of J” as a process with values in %, , stems from the same rea-
soning. Indeed, we first deduce from that §J7 € ‘633’ ([0,1]; 4, ,) a.s, since for instance

”Xfﬁlfi(}’u)H@w < Cyfy |t —ul" and
. _ o
”X;{z;l(axj)usFij(ys)“@n,p S Cx L _S|2)/ (1=3) ”Fij(.)/u)”%l/z,p < Cx.f.y |t _5|Y .

We can then write JV as J;, = L[Studxi S(fi(¥))ys —stx’ijFij(ys) to easily derive E [IIJ?;II; ] <
n.p
C foy It —5|92 and hence J¥ € ‘6’;([0, 1]; A, ) as.
OJ
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