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Abstract

Suppose we are given the free product V of a finite family of finite or countable sets. We consider
a transient random walk on the free product arising naturally from a convex combination of ran-
dom walks on the free factors. We prove the existence of the asymptotic entropy and present
three different, equivalent formulas, which are derived by three different techniques. In partic-
ular, we will show that the entropy is the rate of escape with respect to the Greenian metric.
Moreover, we link asymptotic entropy with the rate of escape and volume growth resulting in
two inequalities.
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1 Introduction

Suppose we are given a finite family of finite or countable sets V1, ..., V, with distinguished vertices
0, €V, forie{l,...,r}. The free product of the sets V; is given by V := V; *...xV,, the set of all finite
words of the form x; ... x, such that each letter is an element of Ul.r:1 V; \ {o;} and two consecutive
letters arise not from the same V;. We consider a transient Markov chain (X,),ey, on V starting at
the empty word o, which arises from a convex combination of transition probabilities on the sets V;.
Denote by 7, the distribution of X,. We are interested in whether the sequence E[—log 7,(X,)]/n
converges, and if so, to compute this constant. If the limit exists, it is called the asymptotic entropy.
In this paper, we study this question for random walks on general free products. In particular, we
will derive three different formulas for the entropy by using three different techniques.

Let us outline some results about random walks on free products: for free products of finite groups,
Mairesse and Mathéus [21]] computed an explicit formula for the rate of escape and asymptotic
entropy by solving a finite system of polynomial equations. Their result remains valid in the case
of free products of infinite groups, but one needs then to solve an infinite system of polynomial
equations. Gilch [11]] computed two different formulas for the rate of escape with respect to the
word length of random walks on free products of graphs by different techniques, and also a third
formula for free products of (not necessarily finite) groups. The techniques of [[11]] are adapted to
the present setting. Asymptotic behaviour of return probabilities of random walks on free products
has also been studied in many ways; e.g. Gerl and Woess [[10], [128]], Sawyer [24], Cartwright and
Soardi [|5], and Lalley [[18]], Candellero and Gilch [[4].

Our proof of existence of the entropy envolves generating functions techniques. The techniques we
use for rewriting probability generating functions in terms of functions on the factors of the free
product were introduced independently and simultaneously by Cartwright and Soardi [5], Woess
(28], Voiculescu [27] and McLaughlin [22]. In particular, we will see that asymptotic entropy is
the rate of escape with respect to a distance function in terms of Green functions. While it is well-
known by Kingman’s subadditive ergodic theorem (see Kingman [17]]) that entropy (introduced by
Avez [[1]]) exists for random walks on groups whenever E[—log 7t;(X;)] < 00, existence for random
walks on other structures is not known a priori. We are not able to apply Kingman’s theorem in our
present setting, since we have no (general) subadditivity and we have only a partial composition
law for two elements of the free product. For more details about entropy of random walks on groups
we refer to Kaimanovich and Vershik [[14]] and Derriennic [7].

An important link between drifts and harmonic analysis was obtained by Varopoulos [26]]. He proved
that for symmetric finite range random walks on groups the existence of non-trivial bounded har-
monic functions is equivalent to a non-zero rate of escape. Karlsson and Ledrappier [[16] generalized
this result to symmetric random walks with finite first moment of the step lengths. This leads to a
link between the rate of escape and the entropy of random walks, compare e.g. with Kaimanovich
and Vershik [[14] and Erschler [[8]. Erschler and Kaimanovich [[9] asked if drift and entropy of ran-
dom walks on groups vary continuously on the probability measure, which governs the random
walk. We prove real-analyticity of the entropy when varying the probabilty measure of constant
support; compare also with the recent work of Ledrappier [[19]], who simultaneously proved this
property for finite-range random walks on free groups.

Apart from the proof of existence of the asymptotic entropy h = lim,,_,,, E[—log 7,(X,,)]/n (The-
orem [3.7), we will calculate explicit formulas for the entropy (see Theorems and
Corollary [4.2) and we will show that the entropy is non-zero. The technique of our proof of exis-
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tence of the entropy was motivated by Benjamini and Peres [2]], where it is shown that for random
walks on groups the entropy equals the rate of escape w.r.t. the Greenian distance; compare also
with Blachére, Haissinsky and Mathieu [[3]. We are also able to show that, for random walks on
free products of graphs, the asymptotic entropy equals just the rate of escape w.r.t. the Greenian
distance (see Corollary[3.3]in view of Theorem 3.7). Moreover, we prove convergence in probability
and convergence in L; (if the non-zero single transition probabilities are bounded away from 0) of
the sequence —%log n,(X,) to h (see Corollary , and we show also that h can be computed
along almost every sample path as the limes inferior of the aforementioned sequence (Corollary
B.9). In the case of random walks on discrete groups, Kingman’s subadditive ergodic theorem pro-
vides both the almost sure convergence and the convergence in L, to the asymptotic entropy; in the
case of general free products there is neither a global composition law for elements of the free prod-
uct nor subadditivity. Thus, in the latter case we have to introduce and investigate new processes.
The question of almost sure convergence of —%log m,(X,) to some constant h, however, remains
open. Similar results concerning existence and formulas for the entropy are proved in Gilch and
Miiller [12] for random walks on directed covers of graphs. The reasoning of our proofs follows the
argumentation in [[12]]: we will show that the entropy equals the rate of escape w.r.t. some special
length function, and we deduce the proposed properties analogously. In the present case of free
products of graphs, the reasoning is getting more complicated due to the more complex structure of
free products in contrast to directed covers, although the main results about existence and conver-
gence types are very similar. We will point out these difficulties and main differences to [12] at the
end of Section Finally, we will link entropy with the rate of escape and the growth rate of the
free product, resulting in two inequalities (Corollary[6.4).

The plan of the paper is as follows: in Section [2| we define the random walk on the free product
and the associated generating functions. In Section [3|we prove existence of the asymptotic entropy
and give also an explicit formula for it. Another formula is derived in Section 4| with the help of
double generating functions and a theorem of Sawyer and Steger [25]. In Section [5|we use another
technique to compute a third explicit formula for the entropy of random walks on free products of
(not necessarily finite) groups. Section[6]links entropy with the rate of escape and the growth rate
of the free product. Sample computations are presented in Section

2 Random Walks on Free Products

2.1 Free Products and Random Walks

Let £ :=1{1,...,r} €N, where r > 2. For each i € .#, consider a random walk with transition matrix
P; on a finite or countable state space V;. W.l.o.g. we assume that the sets V; are pairwise disjoint
and we exclude the case r = 2 = |V;| = |V;| (see below for further explanation). The corresponding
single and n-step transition probabilities are denoted by p;(x, y) and pgn)(x, y), where x,y € V,. For
every i € #, we select an element o; of V; as the “root”. To help visualize this, we think of graphs &;
with vertex sets V; and roots o; such that there is an oriented edge x — y if and only if p;(x,y) > 0.
Thus, we have a natural graph metric on the set V;. Furthermore, we shall assume that for every
i € £ and every x € V; there is some n, € N such that pgn")(oi,x) > 0. For sake of simplicity we
assume p;(x,x) = 0 for every i € .¢ and x € V,. Moreover, we assume that the random walks on V;
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are uniformly irreducible, that is, there are s(()i) > 0 and K; € N such that for all x,y € V;

pi(x,y)>0 = pgk)(x,y) > e(()i) for some k <K;. (2.1)

We set K := max;c4K; and €; := min;c 4 8(()i). For instance, this property is satisfied for nearest
neighbour random walks on Cayley graphs of finitely generated groups, which are governed by
probability measures on the groups.

Let V* :=V; \ {o;} for every i € # and let V,* :=(_J;c, V.. The free product is given by

vV = Vl*...*Vr

= {xlxz Xy | MEN,X; €V, X €V = xjyq VS } U {o}. (2.2)
The elements of V are “words” with letters, also called blocks, from the sets Vl.X such that no two
consecutive letters come from the same V;. The empty word o describes the root of V. If u =
Up...up€Vandv=v...v, € Vwith u, €V, and v; ¢ V; then uv stands for their concatenation
as words. This is only a partial composition law, which makes defining the asymptotic entropy more
complicated than in the case of free products of groups. In particular, we set uo; :=u for alli € .
and ou := u. Note that V; € V and o; as a word in V is identified with o. The block length of a word
U =uy...u, is given by ||u|| := m. Additionally, we set ||o|| := 0. The type T(u) of u is defined to
be i if u,, € V.*; we set 7(0) := 0. Finally, @i denotes the last letter u,, of u. The set V can again be
interpreted as the vertex set of a graph &, which is constructed as follows: take copies of Z7,... %,
and glue them together at their roots to one single common root, which becomes o; inductively, at
each vertex vy ... v, with v, € V; attach a copy of every &, j # i, and so on. Thus, we have also a
natural graph metric associated to the elements in V.

The next step is the construction of a new Markov chain on the free product. For this purpose, we lift
P; to a transition matrix P; on V: if x € V with 7(x) # i and v,w € V;, then p;(xv,xw) := p;(v,w).
Otherwise we set p;(x,y) := 0. We choose 0 < ay,...,a, € R with >.._, a; = 1. Then we obtain a
new transition matrix on V given by

P= Z a;P;.

ey

ies

The random walk on V starting at o, which is governed by P, is described by the sequence of random
variables (X, )pen, - For x, y € V, the associated single and n-step transition probabilities are denoted
by p(x, y) and p™(x, y). Thus, P governs a nearest neighbour random walk on the graph &, where
P arises from a convex combination of the nearest neighbour random walks on the graphs &;.

Theorem 3.3 in [[11]] shows existence (including a formula) of a positive number ¢, such that £, =
lim,_,, ||X,||/n almost surely. The number ¢, is called the rate of escape w.r.t. the block length.
Denote by 7, the distribution of X,,. If there is a real number h such that

1
h= lim —E[—log 7,(X,)],
n—oo n

then h is called the asymptotic entropy of the process (X, )nen,; We write Ny := N\ {0}. If the sets
V; are groups and the random walks P; are governed by probability measures u;, existence of the
asymptotic entropy rate is well-known, and in this case we even have h = lim,_, —% log 7,,(X,,)
almost surely; see Derriennic [[7]] and Kaimanovich and Vershik [[I4]. We prove existence of h in the
case of general free products.
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2.2 Generating Functions

Our main tool will be the usage of generating functions, which we introduce now. The Green func-
tions related to P; and P are given by

Gi(x, yilz) ==Y p™M(xy)z"  and  G(x,ylz) =Y p™M(x,y)z",

n=0 n>0

where z € C, x;,y; € V; and x,y € V. At this point we make the basic assumption that the radius
of convergence R of G(,|z) is strictly bigger than 1. This implies transience of our random walk on
V. Thus, we may exclude the case r = 2 = |V;| = |V,|, because we get recurrence in this case. For
instance, if all P; govern reversible Markov chains, then R > 1; see [29] Theorem 10.3]. Furthermore,
it is easy to see that R > 1 holds also if there is some i € .# such that pl(”)(oi, 0;)=0forallneN.

The first visit generating functions related to P; and P are given by

Fi(x;, yilz) = ZP[Y,fi)=yi,VmSn—1:Yngi)#yilYéi)=xi]z” and
n>0

F(x,ylz) := ZIP[any,VmSn—l:Xm7éy|X0=x:|z”,
n=0

where (Y,fi))neNo describes a random walk on V; governed by P;,. The stopping time of the first
return to o is defined as T, :=inf{m > 1| X,, = o}. For i € .#, define
a;z

Hy(z) = ;P[To =nX g V7]t and &)=

We write also &; := &;(1), §pin := min;e 4 §; and &, := max;c 4 &;. Observe that §; < 1; see [11}
Lemma 2.3]. We have F(x;,y;|2) = F;(x;, y;1€;(2)) for all x;,y; € V;; see Woess [29, Prop. 9.18c].
Thus,

a;z
1= Yicogiy 2sev, 40505, 8)2F; (5,05 |€;(2))

For x; € V; and x € V, define the stopping times TS) :=inf{m > 1| Yrg) = x;} and T, := inf{m >
1| X,, = x}, which take both values in NU {oo}. Then the last visit generating functions related to P;
and P are defined as

€i(z) =

Li(x;,yilz) = ZP[YH(O =Yi Tg) >n| Yo(l) = xi] z",
n=0
L(x,ylz) := ZIP[XH =y, T, >n|Xy=x]3z".
n=>0

fXxX=X1...X5,Y =X1...XpXpny1 €V with 7(x,41) =i then
L(x, y|2) = L; (0}, %41 | £:(2)); (2.3)

this equation is proved completely analogously to [29, Prop. 9.18c]. If all paths from x € V to
w €V have to pass through y € V, then

L(x,w|z) = L(x, ylz) - L(y, wl2);
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this can be easily checked by conditioning on the last visit of y when walking from x to w. We have
the following important equations, which follow by conditioning on the last visits of x; and x, the
first visits of y; and y respectively:
Gi(xp, yilz) = Gilxy, xilz) - Li(xy, yilz) = Fi(xi, yil2) - Gi(yi, yil2),
G(x,ylz) = G(x,x|z)-L(x,ylz) =F(x,y|z)-G(y, ylz).

Observe that the generating functions F(-,-|z) and L(-,-|z) have also radii of convergence strictl
bigger than 1.

2.4

3 The Asymptotic Entropy

3.1 Rate of Escape w.r.t. specific Length Function

In this subsection we prove existence of the rate of escape with respect to a specific length function.
From this we will deduce existence and a formula for the asymptotic entropy in the upcoming
subsection.

We assign to each element x; € V; the “length”
li(x;) := —log L(0, x;|1) = —log L;(0;, x;|&;).

We extend it to a length function on V by assigning to v, ...v,, € V the length
n n
[(vi...v,):= ZZT(VJ(W) = —ZlogL(o, v;|1) = —logL(o,v;...v,|1).
i=1 i=1

Observe that the lengths can also be negative. E.g., this can be interpreted as height differences.
The aim of this subsection is to show existence of a number £ € R such that the quotient {(X,)/n
tends to £ almost surely as n — co. We call £ the rate of escape w.r.t. the length function ().

We follow now the reasoning of [[11, Section 3]. Denote by X ,(lk) the projection of X, to the first k
letters. We define the k-th exit time as

e, = min{m €Ny ) Yn>m :X,(lk) is constant}.

Moreover, we define Wy := X, , 7; := T(Wy) and k(n) := max{k € N | ¢, < n}. We remark that
||X,|| = oo as n — oo, and consequently e; < co almost surely for every k € N; see [11, Prop. 2.5].
Recall that W, is just the laster letter of the random word Xe,- The process (Ty)key is Markovian
and has transition probabilities

aj & 1-¢; 1
—— -1
@ 51'1—§i((1—€j)Gj(0j,0j|€j) )

for i # j and G(i,i) = 0; see [11, Lemma 3.4]. This process is positive recurrent with invariant
probability measure

q(i, j) =

i(1=2¢;
v(i) = C_l'%(1—(1—51‘)@(01‘,01‘@0),
where € := ;ai(lg—:é)(l—(1—§i)Gi(0i:0i|§i));
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see [[11} Section 3]. Furthermore, the rate of escape w.r.t. the block length exists almost surely and
is given by the almost sure constant limit

Xl k 1
£y = lim = lim — =

n—oo N k—oo e :
PO D jesin V(D)

125
J1-g; 1'i,j

(see [11, Theorem 3.3]), where

1) = =2 1 =

@ () \ (1 - £;(2))G; (0},0;[&;))

Lemma 3.1. The process (Wk, Tk) rey 18 Markovian and has transition probabilities

1- oo .
UETEL 0, hIE, i,

J

q((g, D, () =4 ® e
0, ifi=j.

Furthermore, the process is positive recurrent with invariant probability measure

n(g,1) = Y v(a(Cx ), (g,1).

jes

Remark: Observe that the transition probabilities q((g, ), (h, j)) of (Wi, Ti) ey do not depend on
g. Therefore, we will write sometimes an asterisk instead of g.

Proof. By [[11} Section 3], the process (Wk, € — €,_1, Tk ) key 1S Markovian and has transition prob-
abilities

O KOs, ), i,

q (g’ m’ i)) (hJ n)j) =
( ) O, ifi =j,

where kg")(s) =P[X, =5Vl <n:X ¢ VXX, =o0] fors € V*\ V. Thus, (Wk:fk)keN is also
Markovian and has the following transition probabilities if i # j:

S (g5 ) = 3 S K, )

n>1 51 s€V;n>1

q((g,1),(h, 1))

1—€jZL]‘(OJ’,5|§j) h)_ﬁél_gj

= pLs, - L(O:hlg)
1—51'56\/], 1-H;(1) a; ;1=

In the third equality we conditioned on the last visit of o before finally walking from o to s and
we remark that h € ij. A straight-forward computation shows that 7 is the invariant probability
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measure of (Wy, 7)) > Where we write ./ := {(g, 1) \ iedg,geV>}:

> me-a(@D, ) = Do D)K. (8, 1) - q (1) (1, 1))

(g,)ed (g,))ed kesg
= (G0 (1) Yo v) D (k). (g,1)
i€y kes gev
= D g0, (h1)) Y v(k)-q(k, i)
[1=84 key
= Y a(C60), (B, ) - v(@) = m(h, ).
184

Now we are able to prove the following:

Proposition 3.2. There is a number { € R such that

X,
¢ = lim —— almost surely.
n—oo n

Proof. Define h : ./ — R by h(g,j) := l(g). Then Zﬁzlh(\Tvl,n) = Zizll(wl) = [(W,). An
application of the ergodic theorem for positive recurrent Markov chains yields

l(wk) 1 k ~ n—o0
X ZE;h(WA,’u) _)Ch = hdﬂ.',

if the integral on the right hand side exists. We now show that this property holds. Observe that the
values G;(0;, g|&;) are uniformly bounded from above for all (g, j) € .«/:

1 1
— (n) n
Gj(oj>g|€j)_§> p; (Of’g)€f§1—g-51—g .
n=0 J max

For g € V.*, denote by |g| the smallest n € N such that p(Tr&)(oT(g), g) > 0. Uniform irreducibility
of the random walk P; on V; implies that there are some ¢y > 0 and K € N such that for all j € .#,
x;j,yj € V; with p;(x;,y;) > 0 we have pgk)(xj,yj) > g, for some k < K. Thus, for (g,j) € .o/ we
have

G;(0;,81E;) > e > (g,£K, ).

Observe that the inequality |g] - |log(80 gﬁm)| < log1/(1 — &) holds if and only if |g| < log(1 —

gmax)/ log(so Eﬁin). Define the sets

log(l B gmax)
108(80 gﬁin)

log(l - gmax)

M,:={g€V> .
= log(eo £X ;)

lg] =

}, M, := {g eV |lgl<
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Recall Equation |D We can now prove existence of f hdm:

J|h|d7‘c

IA

IA

IA

IA

D7 |10gL;(0;,81€))] - (g, )

(g.))ed
D7 108G, 81| m(g. )+ . |logGj(o;,05E))] - (g, )
(g.))ed (g.))ed

> |ogGilo;,g1E))| - g, )

(8:))e.e/:g€M;

+ D, [logGi(o;.8l€))| - nlg. i) + maxlog Gy(o;, 0[€))
(8,))e.o/:gEM; !

ST JlogleotX )8! g, 1)

(8,))eo:geM;

+ D [log(l— Ema)| - g, ) + maxlog G(o;, 01l )
(g.))e et geM, !

ST JloglenESi)l - gl e, )

(g,j)ed:geM;

+[log(1 — & )| + max10g G;(0;,0;1¢) < 0o,

since Z(g’j)ed |g|- (g, j) < oo; see [11], Proof of Prop. 3.2]. From this follows that (W} )/k tends
to Cj, almost surely. The next step is to show that

Z(Xn) - Z(Wk(n)) n—o0
n

0 almost surely. (3.1)

To prove this, assume now that we have the representations Wy(,y = g185...8kn) and X, =
€182 ---8k(n) - -- §|x, |- Define M := max{|log(ey &K, ), 10g(1 — & o)l }. Then:

1(X,) = I(Wiy)| =

1%,
‘— 10g L (g,)(0x(g), 8i | 5r(gi))‘
i=k(n)+1
X,
. log Grg) (Ox(g- 8i | E(2) '
- i=k(n)+1 Gr(g) (02(g)> 02 | €xca)
1%,
= Do |108Ge(e)(0n(g & | Exe) ]

i=k(n)+1:g;eM;
[1X ]l

+ Z 108 Gy (025, 81 | Ex(e) |
i=k(n)+1:g;€M,

+([IX ]l = k() - | 1og(1 = & )
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I1X,

< D1 |logeo €K, )|
i=k(n)+1:g;eM;
[1X I
+ > 10801 = Eed| + (1Kl = k() - | 10g(1 = &)
i=k(n)+1:g;€M,
[IXa I [IXa l
< Do lgl-M+ YL M+ (Xl —km)-M
i=k(n)+1:g;eM; i=k(n)+1:g;€M,

< 3-M -(n—ek(n)).

Dividing the last inequality by n and letting n — oo provides analogously to Nagnibeda and Woess
(23| Section 5] that lim,,_,, (1(X,) — (W) /n = 0 almost surely. Recall also that k/e; — £, and
ey(n)/n — 1 almost surely; compare [23, Proof of Theorem D] and [11} Prop. 3.2, Thm. 3.3]. Now
we can conclude:

1(X,)  1(Xp) = UWyn)) N [(Wiem) k(1) exn) nooo
no n k(n) exm n

Cp Ly almost surely. (3.2)

O

We now compute the constant Cj, from the last proposition explicitly:

G = Y, 18D w(i)-q((x),(g)

(g,))ed 184
Q18
= > > —logLi(o},glg)v(i)—= 2 ——= L;(0;,8lE)). (3.3)
i,jes X a; 6] 1- gi
5 > gEV!
i#j !

We conclude this subsection with the following observation:

Corollary 3.3. The rate of escape { is non-negative and it is the rate of escape w.r.t. the Greenian
metric, which is given by dgpeen(x,y) := —log F(x, y|1). That is,

1
¢ = lim ——1logF(e,X,|1)>0.
n—oo n
Proof. By (2.4), we get
| 1 1
£ = lim ——logF(e,X,|1) — —log G(X,,X,|1) + —log G(o0,0]|1).
n—oo n n n

Since F(e,X,|1) <1 it remains to show that G(x, x|1) is uniformly bounded in x € V: for v,w €V,
the first visit generating function is defined as

U(v,wl|z) ZZ]P’[Xn =w,Yme{l,...,n—1}: X, #w [ X, =v] z". (3.4)
n>1
Therefore,
1
G = U Ry e
(6 x12) = 2 UG xla)' = T—p—s

n>0

85



Since U(x,x|z) < 1 for all z € [1,R), U(x, xIO) = 0 and U(x, x|z) is continuous, str1cly increasing
and strictly convex, we must have U(x, x|1) < R, thatis, 1 < G(x,x|1) < (1 - l) . This finishes
the proof. O

3.2 Asymptotic Entropy

In this subsection we will prove that { equals the asymptotic entropy, and we will give explicit
formulas for it. The technique of the proof which we will give was motivated by Benjamini and
Peres [2]], where it is shown that the asymptotic entropy of random walks on discrete groups equals
the rate of escape w.r.t. the Greenian distance. The proof follows the same reasoning as in Gilch and
Miiller [[12]].

Recall that we made the assumption that the spectral radius of (X,),en, is strictly smaller than 1,
that is, the Green function G(o, 0|z) has radius of convergence R > 1. Moreover, the functions &;(2),
i € #, have radius of convergence bigger than 1. Recall that §; = &£;(1) < 1 for every i € .. Thus,
we can choose p € (1,R) such that £;(p) < 1 for all i € 4. We now need the following three
technical lemmas:

Lemma 3.4. For all m,n € N,

p™(0,X,) < G(o,0l0)- - ) e
1—maxicy &i(0)

Proof. Denote by 6, the circle with radius p in the complex plane centered at 0. A straightforward
computation shows for m € N:

1 ndz {1, ifm=0,

S g — = .
2mi <, Z 0, ifm#0.

Let be x = x;...x; € V. An application of Fubini’s Theorem yields

dz
Zp(k)(o x)zkz m—

6, k>0

2711

1 _dz
— G(o,x|z)z ™ —
271 %, b4

= (k)(o X)§ — —p(’")(o x).
27'51 =

Since G(o, x|2) is analytic on 6, we have |G (o, x|z)| < G(o,ng) for all |z| = p. Thus,

1
p'™(0,x) < 7 o ™1 G(o,x|@)-2mp = G(o,x|@) - 0™

Iterated applications of equations (2.3)) and (2.4) provide

Il 1 Il
6(o,xle) = Glo0l0) | | -ty (ortu xulE (o)) = 6000 ()
Since ||X,|| < n, we obtain
p™(e,X,) < G(o,0|0)- ( ! )n o ™.
1 — max;c 4 &;(0)
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Lemma 3.5. Let (A;)pens (@p)neny (bn)nen be sequences of strictly positive numbers with A,, = a,,+ b,,.
Assume that lim,,_, —%logAn = ¢ € [0,00) and that lim,_,,, b,/q" = O for all ¢ € (0,1). Then
lim,_, —% loga, =c.

Proof. Under the made assumptions it can not be that liminf,_,,, a,/q" = 0 for every q € (0, 1).
Indeed, assume that this would hold. Choose any q > 0. Then there is a subseqence (a,, Jxey With
a,, /q"* — 0. Moreover, there is N; € N such that a,, , b, < q"¢/2 for all k > N,. But this implies

1 1
——log(ay, + by, ) = ——log(q"™) = —logq.
Ny Ny

The last inequality holds for every q > 0, yielding that limsup,,_, ., —% logA,, = o0, a contradiction.
Thus, there is some N € N such that b,, < a, foralln > N. We get for alln > N:

“logla+by) < ——log(a,) = 11(1 +1)
nogan n — nogan_ nOg 2an 2an

< 11 1 1b < 11 1 11 b
s - og(ian+§ n) < ——logo —— og(a, + by).

Taking limits yields that —% log(a,,) tends to c, since the leftmost and rightmost side of this inequality
chain tend to c. O

For the next lemma recall the definition of K from ([2.1)).
Lemma 3.6. For n € N, consider the function f, : V — R defined by

2
£ ()= | H108 Tl p ™00, i pM(0,2) >0,
" 0, otherwise.

Then there are constants d and D such thatd < f,(x) <D forallneNand x € V.

Proof. Assume that p(”)(o, x) > 0. Recall from the proof of Corollary that we have G(x,x|1) <
(1- }1{)_1. Therefore,

Kn?
1
2, P™(0,x) < (o, x[1) < F(o,xID)- Gx,x|D) < -

5

1
m=0 R

that is

1
100z~ log

For the upper bound, observe that, by uniform irreducibility, x € V with p(”)(o,x) > 0 can be

reached from o in N, <K - |x| < Kn steps with a probability of at least 8(|)X|, where ¢, > 0 from 1l

2
is independent from x. Thus, at least one of the summands in Zﬁ"zo p™(0, x) has a value greater
or equal to e(l)xl > gg. Thus, f,,(x) < —log &. O]

Now we can state and prove our first main result:
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Theorem 3.7. Assume R > 1. Then the asymptotic entropy exists and is given by

h=t- Y Ug)m(g,7(8) =L.

geV
Proof. By (2.4) we can rewrite £ as
. 1 . 1. G(o0,X,[1)
¢=lim ——logL(0,X,|1) = lim ——log————-=— = lim — logG(o,Xn|1).
n—oo n n—oo n G(o,0|1) n—0o
Since
G(0,X,11) = p™(0,X,) > p(0,X,) = m,(X,),

m=0
we have 1

liminf ——log 7,,(X,) > ¢. (3.5)

n—o0 n

The next aim is to prove limsup,,_, —%E [log 7, (X,)] < ¢. We now apply Lemma by setting

Kn?
= Z p'™(0,X,), a, := Zp(m)(o,Xn) and b, := Z p'™(0,X,).
m=>0 m=0 m>Kn?+1
By Lemma 3.4}
G(O, O|Q) 1 n 1 n Q—an—l
b, < Z — .(1_ £ )) :G(0,0|Q)o(1_ £ )) T
mok2+1 @ MmaX;e g i(Q MmaX;e g Gi(Q e

Therefore, b, decays faster than any geometric sequence. Applying Lemma [3.5|yields
2

{=lim —— log Z p(m)(o,Xn) almost surely.
=0

n—o00

By Lemma we may apply the Dominated Convergence Theorem and get:

n—oo

(= f lim ——logZp(m)(o X,)dP
2

1
= 1l - M0, X.)dP
lmJ - ogZp (0,X;)

n—o00
m=0

1 Kn
= lim —— p(”)(o,x)log Z p(m)(o,x).
m=

e e
Recall that Shannon’s Inequality gives

= > p™(0,x)logu(x) = = > p™(0, x)log p™ (o, x)

xX€V x€V
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for every finitely supported probability measure u on V. We apply now this inequality by setting
1 Kn* _(m) )
u(x) = g 2ameo P (0, X):

1 1
¢ > limsup— Z p(”)(o,x)log(an +1)— - Zp(”)(o,x)logp(")(o,x)
n—oo T xeV n x€V
1
= limsup—— f log 7, (X,,) dP.
n—o00 n

Now we can conclude with Fatou’s Lemma:
—log . (X —log . (X
(< J liminf 28" &n) 1p o liminff ~logmXn) 4
n—oo n n—oo n

J —IOg ﬂ:n(Xn)

n

A

< limsup dP </{. (3.6)

n—o0

Thus, 1imn_,oo—%E [log ,(X,)] exists and the limit equals £. The rest follows from |D and
13.3). O

We now give another formula for the asymptotic entropy which shows that it is strictly positive.

Theorem 3.8. Assume R > 1. Then the asymptotic entropy is given by

h=1ty- Y. —m(g 7(2))a((g,7(8)), (h, 7(h)) logq((g, 7(g)), (b, T(h))) > 0.

g,hev

Remarks: Observe that the sum on the right hand side of Theorem equals the entropy rate (for
positive recurrent Markov chains) of (Wy, T ) .y, which is defined by the almost sure constant limit

1 ~ ~
hQ = nh_)nt;lo—;log‘un ((W]_, Tl), ey (Wn, Tn)),

where u, ((g1,71),---,(gn Tn)) is the joint distribution of ((Wy,71),...,(W,,7,)). Thatis, h =
{ - hg. For more details, we refer e.g. to Cover and Thomas [6, Chapter 4].

At this point it is essential that we have defined the length function I(-) with the help of the functions
L(x, y|z) and not by the Greenian metric.

Proof. For a moment let be x = x;...x, € V. Then:

n

[(x) = —log l_[ Lrtx) (Of(xj), legf(xj))
i=1

a'r(xj) gT(Xj_l) 1- gr(xj)

= —log L) (0200 Xj1E 2 (x )

=2 e Srt) 17 Sexg )
gr(xl) ar(xn) (1 - gr(xn))
ar(xl) Er(xn) (1 - gr(xl))

- IOg Lr(xl) (OT(Xl)) X1 |§T(x1)) + IOg

= — logl_[q ((xj_l, T(Xj—l)), (xj, T(Xj)))
j=2

Er(xl) Ar(x,) (1 - gﬂ:(xn))
Ar(xy) gr(xn) (1 - gfr(xl))

_IOgLT(xl)(OT(xl)’x1|€r(xl)) +10g (37)
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We now replace x by X, in the last equation: since [(X,,)/n tends to h almost surely, the subsequence
(l(Xek)/ek)kGN converges also to h. Since min;c 4 &; > 0 and max;c 4 §; < 1, we get

1o St i) (1= () koo
—log
€x aﬂ:(xl) gf(xk) (1 - gr(xl))

0 almost surely,

where x; := X, and x; := W, = )?ek. By positive recurrence of (Wk, Tk ) ren» an application of the
ergodic theorem yields

1. &~ -~ N
% IOgQQ((Wj—b 7i-1),(W;, 7))

5 w=— Y w(g,7(8)) 4((8.7(8)) (h, T(h) logq (g, =(8)), (h, () > O as.,
g,hev;
7(g)#7(h)

whenever h’ < co. Obviously, for every x; € V.*

. 1
lim ——10g L;(y,)(0c(x,)> X11Ec(x;)) =0 almost surely.
k—oo €

Since lim;_,, k/e;, = £, we get

[(X [(Xe,) Kk
i tim o)y ‘*")—zh’-fo,
k—oo € k—oo ke

whenever h’ < co. In particular, h > 0 since £, > 0 by [11} Section 4].

It remains to show that it cannot be that h’ = co. For this purpose, assume now h’ = co. Define for
N € N the function hy : (VX)* - R by

hy(g,h) :=N A (—logq((g,7(g)), (h, T(h))).

Then

1 - -
_Ezz:loghN(XejlaXej)
]:

k—

= hy=— Y. 7(s.7(2)) q((g,7(8)). (h, 7(h))) loghy(g,h)  almost surely.
g,hevy,
t(g)#7(h)

Observe that hy, — 0o as N — oo. Since hy(g,h) < —logq((g,7(g)),(h,7(h))) and h’ = oo by
assumption there is for every M € R and almost every trajectory of (Wk) ey an almost surely finite
random time Tg € N such that for all k > T,

1 - -
- EZIOgQ((Wj—laTj—l): (W;,7;)) > M. (3.8)
j=2
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On the other hand side there is for every M > 0, every small € > 0 and almost every trajectory an
almost surely finite random time Ty, such that for all k > Ty,

k
1 ~

_e—k E log LT(Xej)(OT(Xej)’Xej|€T(Xej)) €(h—e,h+¢) and
=1

1 g - -
- Zlogq ((Xej_1’ Tj—l)a (Xej) T]))
€ =

k1 . =
- __EZlogQ((Xej—l’Tj—l)>(Xej’Tf)) >lo-M.
€ =

Furthermore, since min;c 4 &; > 0 and max;c 4 §; < 1 there is an almost surely finite random time
T, = Ty, such that for all k > T, and all x; =X, and x; =X,

1 gm’(xl) Ar(x;) (1 - g’r(xk))
——1log
€k aﬂ:(xl) gﬂ:(xk) (1 - gfr(xl))

€(—e¢,e) and

1
o 10g L (x,) (0(x,), X11E 2(xp)) € (=8, 8).

Choose now M > (h+3¢)/{,. Then we get the desired contradiction, when we substitute in equality
(3.7) the vertex x by X, with k > T,, divide by e, on both sides and see that the left side is in
(h—e€,h+ ¢) and the rightmost side is bigger than h+ ¢. This finishes the proof of Theorem O

Corollary 3.9. Assume R > 1. Then we have for almost every path of the random walk (X, )nen,

1 X
hzliminf—w.

n—o00 n

Proof. Recall Inequality (3.5). Integrating both sides of this inequality yields together with the
inequality chain (3.6) that

. logm,(Xy)

liminf ————= — hdP =0,

n—0o0 n

providing that h = liminf,_, —% log ,,(X,,) for almost every realisation of the random walk. O

The following lemma gives some properties concerning general measure theory:

Lemma 3.10. Let (Z,)qen, be a sequence of non-negative random variables and 0 < ¢ € R. Suppose
that liminf,_,  Z, > ¢ almost surely and lim,,_, ., E[Z,] = c. Then the following holds:

P . : o
1. Z, — ¢, thatis, Z, converges in probability to c.

L
2. If Z, is uniformly bounded then Z, — c, that is, ”Zn - c{d}P’ —0asn— oo

91



Proof. First, we prove convergence in probability of (Z,),en,- For every 6; > 0, there is some index
Nj, such that for all n > N5,

JanIF’e(c—51,c+51).

Furthermore, due to the above made assumptions on (Z,),ey, there is for every 6, > 0 some index
Ns, such that for all n > Nj,

]P)[Zn>c—51] > 1—52. (39)
Since ¢ = lim,,_,4, f Z, dP it must be that for every arbitrary but fixed ¢ > 0, every 6; < ¢ and for
all n big enough

P[Z,>c—6,](c—6)+P[Z,>c+¢] -(8+51)§JanIP’Sc+51,

or equivalently,
C+51 —]P)[Zn >C—51:| '(C—51)

P[Z,>c+¢] < c1o,

Letting 6, — O we get

limsupP[Z, > c+¢] < d
1msu >C gl = .
n—>oop n €+51

Since we can choose &, arbitrarily small we get

n—oo

P[Z,>c+e] —0 foralle>0.

This yields convergence in probability of Z,, to c.

In order to prove the second part of the lemma we define for any small € > 0 and n € N the events
Anei=[lZ,—c|<e] and B, :=[|Z, —c|>¢].

For arbitrary but fixed ¢ > 0, convergence in probability of Z, to c gives an integer N, € N such
that P[B,, ] < € for all n > N,. Since 0 < Z, < M is assumed to be uniformly bounded, we get for
n=N,:

e—0
len—c|dP=f |Zn—c|d]P)+f |Z,—cldP<e+e(M+c) —0.
A B

n,e ne

Thus, we have proved the second part of the lemma. O

We can apply the last lemma immediately to our setting:

Corollary 3.11. Assume R > 1. Then we have the following types of convergence:

1. Convergence in probability:

1 P
——logm,(X,) — h.
n
2. Assume that there is ¢y > 0 such that p(x,y) = ¢, whenever p(x,y) > 0. Then:

1
——logm,(X,,) h,
n
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Proof. Setting Z, = —%log n,(X,) and applying Lemma yields the claim. Note that the as-

sumption p(x, y) = g yields 0 < —=2=2 log:"(xn) <

—logc,. O
The assumption of the second part of the last corollary is obviously satisfied if we consider free
products of finite graphs.

The reasoning in our proofs for existence of the entropy and its different properties (in particular,
the reasoning in Section [3.2)) is very similar to the argumentation in [[12]]. However, the structure of
free products of graphs is more complicated than in the case of directed covers as considered in [[12]].
We outline the main differences to the reasoning in the aforementionend article. First, in [12] a very
similar rate of escape (compare [[12} Theorem 3.8] with Proposition [3.2)) is considered, which arises
from a length function induced by last visit generating functions. While the proof of existence of the
rate of escape in [[12] is easy to check, we have to make more effort in the case of free products,
since —logL;(0;,x|1) is not necessarily bounded for x € V;. Additionally, one has to study the
various ingridients of the proof more carefully, since non-trivial loops are possible in our setting in
contrast to random walks on trees. Secondly, in [[12] the invariant measure 7 (g, (g)) of our proof
collapses to v (7(g)), that is, in [[12]] one has to study the sequence (7(Wy)),y, While in our setting
we have to study the more complex sequence (Wk, T(Wi)) keny; compare [[12], proof of Theorem 3.8]
with Lemma [3.1] and Proposition

4 A Formula via Double Generating Functions
In this section we derive another formula for the asymptotic entropy. The main tool is the following
theorem of Sawyer and Steger [25, Theorem 2.2]:

Theorem 4.1 (Sawyer and Steger). Let (Y,,)qen, be a sequence of real-valued random variables such
that, for some 6 > 0,

C(r,s)
E( exp(—rY, —sn)) = for0<r,s<a,
;_o g(r,s)

where C(r,s) and g(r,s) are analytic for |r|,|s| < & and C(0,0) # 0. Denote by g/ and g_ the partial
derivatives of g with respect to r and s. Then
Yy n—oo §.(0,0)

e —
n 2.(0,0)

almost surely.

Setting z = e¢~* and Y,, := —log L(0,X,|1) the expectation in Theorembecomes

8(rz)= Y. > p™(0,x)L(0,x[1)"z" = > G(o,x|z)L(0, x[1)".

x€V n=0 xX€V

We define fori € 4, r,z € C:

n
ZL(r,z) = 1+Z Z l_[Lf(xj)(Or(xj),leff(xj)(z))'Lf(xj)(or(xj),leif(xj))r,
n>1xy..x,€V\{o} j=1

2H(2) = ) Lo, xIEi(@)) Liop, xIE).

xev>

93



Finally, %;(r,z2) is defined by

n
gi—‘r(r; Z) ' (1 + Z Z l_[ L’c(x]-) (OT(xj)’legr(xj)(z)) : Lr(x]-) (OT(xj):legf(xj))r) .

n>2x,..x,€V>*\{o}, j=2

T(xg)#l

With these definitions we have £ (r,z) =1+ Ziey %:(r,2) and &(r,2) = G(o,0|z) - £(r,2). Simple
computations analogously to [[1T, Lemma 4.2, Corollary 4.3] yield

G(o,0|2)

é’(r,z) = T*(r’z), where ¥ (T',Z) :;

L5 (r,2)
1+ 2i+(r,z)'
We now define C(r,2) := G(o0,0|z) and g(r,z) := 1 — £*(r,2) and apply Theorem [4.1] by differenti-
ating g(r,z) and evaluating the derivatives at (0, 1):
Z ervix Li(o;,x|&;) - log Li(0;, x|&;)
r=0,z=1 icy (1+ ZXG‘GX Li(Oi,X|€i))2
= = Gil0,08)- (1 —ED*+ > Gi(o;,x|&)logLi(0;,x|&;)

i€y xevx
L

= =) Gilo,0E)- (1 —E)*-
ies

log G;(0;,0;|&;
(Z Gi(0;,x|&;)1og G;(0;, x|&;) — %l;m)’
xX€V; '

og(r,z)
or

og(r,z)
Js

- 2 (1- (- E@)G on0lE @)

r=0,s=0 =N

= 252(1)' (Gios,0i18:) — (1 = £)G](04,041&,)).

1S54

z=1

Corollary 4.2. Assume R > 1. Then the entropy can be rewritten as

2g(rz)
28(12) 0, 1)

h=———.
2g(rz2)
2802 o, 1)

5 Entropy of Random Walks on Free Products of Groups

In this section let each V; be a finitely generated group I'; with identity e; = 0;. W.l.o.g. we assume
that the V;’s are pairwise disjoint. The free product is again a group with concatenation (followed
by iterated cancellations and contractions) as group operation. We write I, :=T; \ {e;}. Suppose
we are given a probability measure u; on I'; \ {e;} for every i € .# governing a random walk on T,
that is, p;(x,y) = u;(x"'y) for all x,y € T;. Let (a;);cs be a family of strictly positive real numbers
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with },._, a; = 1. Then the random walk on the free product I' := I'y --- % T, is defined by the
transition probabilities p(x, y) = u(x~'y), where

au(w), ifwery,
B =1,

X otherwise.

Analogously, u™ denotes the n-th convolution power of u. The random walk on T starting at the
identity e of T is again denoted by the sequence (X;,)ney,. In particular, the radius of convergence
of the associated Green function is strictly bigger than 1; see |29, Theorem 10.10, Corollary 12.5].
In the case of free products of groups it is well-known that the entropy exists and can be written as
_logﬂ:n(Xn) . _logF(e,Xn“-)

— = lim —MM8;

5

h= lim

n—o0 n n—o0 n

see Derriennic [[7]], Kaimanovich and Vershik [[14] and Blachere, Haissinsky and Mathieu [3]]. For
free products of finite groups, Mairesse and Mathéus [21]] give an explicit formula for h, which
remains also valid for free products of countable groups, but in the latter case one needs the solution
of an infinite system of polynomial equations. In the following we will derive another formula for
the entropy, which holds also for free products of infinite groups.

We set [(g1...8,) := —logF(e,g;...g,|1). Observe that transitivity yields F(g, gh|1) = F(e,h|1).
Thus,

[(g1...80) = —log| [F(g1...gj-1,81.--8j11) == logF(e,g;|1).
j=1 j=1

First, we rewrite the following expectations as

EI(X,) = D0 au(@) ) I u™(h),

ie¥ gerl; hel’
El(X,1) = Y., ami(g) Y. 1(gh)u™(h).
ic¢ gerl; her’

Thus,

El(X;41) — EU(X,)

D02 aui(e) f (1(gh) - L(h)) du™(h)

i€f gel;
F(e,gX,|1)
= S et | g S g an
ies gel;
Recall that ||X,|| — oo almost surely. That is, X,, converges almost surely to a random infinite word
N
X4 of the form x;x,... € (Uir:l le) , where two consecutive letters are not from the same I'".
Denote by X g) the first letter of X,. Let be g € T'*. For n > e, the integrand in ll is constant:
if (X)) #1i then

F(e,8X,1)
— S =logF(e, 8),
B TFlex, 1) ¢ (e.8)
and if (X)) =i then
Fle,gX,|1) _~ F(e,gx{|1)

log =log———.
F(e,X,|1) F(e,x%|1)
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By [[11} Section 5], fori € .# and g €T,

o)) = PX{)er]=1-(1-¢&)G(o;,0;&) and
P[Xgi):g] = F(o0;,8l&) (1 —&;)Gi(0;,0i1&;:) = (1 — &;) Gi(0;, 81E7).

Recall that F(e, g|1) = F;(0;, g|&;) for each g € T';. We get:

Theorem 5.1. Whenever h; := _deFi ui(g)logu;(g) < oo for all i € #, that is, when all random
walks on the factors T'; have finite single-step entropy, then the asymptotic entropy h of the random
walk on T is given by

== > am(®)] (1 - o) logFi(o;,glE) + (1~ £) G0, 0:1E) F(2))

ief gel;
where ,

er;. 5.2
Fi(0;,8'|E}) forg (5-2)

F(g):= Y, Fi0;,8'I&;)log

/ X
g'el;}

Proof. Consider the sequence El(X,, 1) — El(X,,). If this sequence converges, its limit must equal h.
By the above made considerations we get

IEl(Xn+1) - El(Xn)

= () [(1—g(i))logﬂ(oi,g|5i)+ > Px() =gTlog

ief gel; g’e]"ix

Fi(oi)ggllgi):|
Fi(o;,8'1E) |’

if the sum on the right hand side is finite. We have now established the proposed formula, but it
remains to verify finiteness of the sum above. This follows from the following observations:

Claim A: =) ., ZgEFi a;u;(g)(1 —p(i))logF;(o;, g|&;) is finite.
Observe that F;(o0;, g|&;) = ui(g)&; for g € supp(u;). Thus,

0<— > p(g)logFi(0;,g15) < — > mi(g)log(u;(8)&;) = h; — log;.

geT; geT;
This proves Claim A.

Claim B: > ey Xlger, aitki(8)(1 = gi)zg’erix Gi(0;,8'I€:) %
Observe that F;(0;, g8'|E;)/F;(0;,&'IE;) = Gi(0;,88'1€:)/Gi(0;, &'1E;). Obviously,

is finite.

log

W(8"E! < GilopglE) < 7= foreveryneNand g/ €T,

i
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For geTsetN(g):={neN, | u™(g) > 0}. Then:

0 < Z PIX(D = g']- |log G(0;, &'IE))|

g'ery
= Z(1—§i)‘Gi(0i,g/|5i)'{10gGi(0i,g/|5i)|
g'ery
= >.0a-8) > u"(g) & |logGi(o;g'IE)]
g'er; neN(g’)
< >a-&) D) uM)- g max{-log(u(g)EL), ~log(1 — £}
g'ery nen(g’)
-1
< (=&)Y ne— > uM()logu"(g)~(1 - &) log&; Y n&r
neN(g’) n g'eT; n=1
*)

~(1-&)log(1 - &) &n

n>1

Recall that h; < oo together with Kingman’s subadditive ergodic theorem implies existence of a

constant H; > 0 with
. 1
lim —— E u () log () = H,. (5.3)

n—00
n ger;

Thus, if n € N is large enough, the sum () is in the interval (H; — ¢, H; + ¢) for any arbitrarily small
€ > 0. That is, the sum (%) is uniformly bounded for all n € N. From this follows that the rightmost
side of the last inequality chain is finite.

Furthermore, we have for each g € I'; with ,ul(.")( g)>0:

0 < > Px{=g|logG(o;8'1E)|

g'ery
= Z(1—§i)'Gi(0i,g/|€i)'{IOgGi(Oi,gg/|€i)|
g'er;
= =&)Y u(g) &l [logGilo;,gg'IE))]
g'ery neN(g’)
< Y a-&) Y, uMg)- & max{-log(u(g) V(g ErH), ~log(1 - £,)}
g'ery neN(g’)
< —a-g) Y e > ue)logu™(g) ~ (1 - £) log&i- D (n+ 1)

neN(g’) g'er; n>1

—logu;(g) —log(1—&;).
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If we sum up over all g with u(g) > 0, we get:

= (1= Y. &> uM(g)logu(g")

i€¥ ger; neN(g’) g'er;
3}

=30 T api(g)1 — £ log &y » (n+1)&!

ic¥ geT; n>1

an

= > @) logui(g) — Y | a;log(1— ).

i€¢ g€rl; (S5

(;Irl) <00

Convergence of (I) follows from (5.3), (II) converges since &§; < 1 and (III) is convergent by
assumption h; < co. This finishes the proof of Claim B, and thus the proof of the theorem. O

Erschler and Kaimanovich [[9] asked if drift and entropy of random walks on groups depend contin-
uously on the probability measure, which governs the random walk. Ledrappier [19] proves in his
recent, simultaneous paper that drift and entropy of finite-range random walks on free groups vary
analytically with the probability measure of constant support. By Theorem 5.1, we are even able to
show continuity for free products of finitely generated groups, but restricted to nearest neighbour
random walks with fixed set of generators.

Corollary 5.2. Let T'; be generated as a semigroup by S;. Denote by &; the set of probability measures U;
on S; with u;(x;) > 0 for all x; € S;. Furthermore, we write .« :={(ay,...,a,) | a; >0, a; =1}
Then the entropy function

h:"dx@l Xoees Xgr_)R:(ala'“;aruu’la"':‘u’r)Hh(aly"':aruulw":uu‘r)
is real-analytic.

Proof. The claim follows directly with the formula given in Theorem [5.1} the involved generating
functions F;(o0;, g|z) and G;(0;, 0;|2) are analytic when varying the probability measure of constant
support, and the values &; can also be rewritten as

IS
k; I..
&= Z x(kl»'--;kr:ll,lr'-:lr,|Sr|)l_[ai l_['ui(xi,j)"l,
kl:'“rkrsll,l ..... lr:|5r‘21 =82 ]:1
where S; = {x; 1,...,X;s,}. This yields the claim. O]

Remarks:

1. Corollary[5.2|holds also for the case of free products of finite graphs, if one varies the transition
probabilities continously under the assumption that the sets {(x;,y;) € V; x V; | p;(x;, y;) > 0}
remain constant: one has to rewrite &; as power series in terms of (finitely many) p;(x;, y;)
and gets analyticity with the formula given in Theorem
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2. Analyticity holds also for the drift (w.r.t. the block length and w.r.t. the natural graph metric)
of nearest neighbour random walks due to the formulas given in [11} Section 5 and 7].

3. The formula for entropy and drift given in Mairesse and Mathéus [21]] for random walks on
free products of finite groups depends also analytically on the transition probabilities.

6 Entropy Inequalities

In this section we consider the case of free products of finite sets V4,...,V,, where V; has |V;| vertices.
We want to establish a connection between asymptotic entropy, rate of escape and the volume
growth rate of the free product V. For n € Ny, let Sy(n) be the set of all words of V of block length
n. The following lemmas give an answer how fast the free product grows.

Lemma 6.1. The sphere growth rate w.r.t. the block length is given by

_log|Se(n)|
So = lim ————— =
n—o0 n

log A‘OJ

where A is the Perron-Frobenius eigenvalue of the r X r-matrix D = (d; j)1<  j<r with d; ; =0 for i = j
and d; ; = |V;| — 1 otherwise.

Proof. Denote by D the r x r-diagonal matrix, which has entries [V;| — 1,|V,| — 1,...,|V,| — 1 on its
diagonal. Let 1 be the (r x 1)-vector with all entries equal to 1. Thus, we can write

1So(n)| = 17DD" 1.
Let 0 < v; <1 and v, > 1 be eigenvectors of D w.r.t. the Perron-Frobenius eigenvalue A,. Then

So(m)| = 1TDD" vy =Cp- A7,
1So(m)| < 1TDD" vy =Cy- ALY,

where C;, C, are some constants independent from n. Thus,

log|S =
—g|n0(n)l = log |So(m)] V" = log .

O

Recall from the Perron-Frobenius theorem that Ay > Z::Li £i(ITi| = 1) for each j € #; in particular,
Ao = 1. We also take a look on the natural graph metric and its growth rate. For this purpose, we
define

Si(n):={xeV {p(”)(o,x) >0,Ym <n:p™(o,x) =0},

that is, the set of all vertices in V which are at distance n to the root o w.r.t. the natural graph metric.

We now construct a new graph, whose adjacency matrix allows us to describe the exponential growth
of S;(n) as n — oo. For this purpose, we visualize the sets V;,...,V, as graphs X7, ..., Z, with vertex
sets V1,..., V. equipped with the following edges: for x, y € V,, there is a directed edge from x to y
if and only if p;(x, y) > 0. Consider now directed spanning trees 7, ...,J, of the graphs &1, ..., %,
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such that the graph distances of vertices in J; to the root o; remain the same as in &;. We now
investigate the free product 7 = ; *---*xZ,, which is again a tree. We make the crucial observation
that 7 can be seen as the directed cover of a finite directed graph F, where F is defined in the
following way:

V.* with root o.

1. The vertex set of F is given by {o} U J,c, V.

2. The edges of F are given as follows: first, we add all edges inherited from one of the trees
7,...,T,., where o plays the role of o; for each i € .#. Secondly, we add for all i € .¢ and
every x € V. an edge from x to each y € ij, j # i, whenever there is an edge from o; to y
in7:.

j

The tree & can be seen as a periodic tree, which is also called a tree with finitely many cone types; for
more details we refer to Lyons [[20]] and Nagnibeda and Woess [23]]. Now we are able to state the
following lemma:

Lemma 6.2. The sphere growth rate w.r.t. the natural graph metric defined by

. log|S;(n)
s = lim ————

n—o00 n

exists. Moreover, we have the equation s; = log A,, where A, is the Perron-Frobenius eigenvalue of the
adjacency matrix of the graph F.

Proof. Since the graph metric remains invariant under the restriction of V to & and since it is
well-known that the growth rate exists for periodic trees (see Lyons [[20, Chapter 3.3]), we have
existence of the limit s;. More precisely, |S;(n)|*/" tends to the Perron-Frobenius eigenvalue of the
adjacency matrix of F as n — o0o. For sake of completeness, we remark that the root of & plays a
special role (as a cone type) but this does not affect the application of the results about directed
covers to our case. O

For i € {0, 1}, we write B;(n) = UZ:O S;(k). Now we can prove:

Lemma 6.3. The volume growth w.r.t. the block length, w.r.t. the natural graph metric respectively, is
given by

. log|By(n)| . log|B,(n)|

go:= lim ———— =logl,, g;:= lim —————

n—o00 n n—o00 n

=logA, respectively.

Proof. For ease of better readability, we omit the subindex i € {0,1} in the following, since the
proofs for g, and g; are completely analogous. Choose any small € > 0. Then there is some K, such
that for all k > K,

AKeTke < |S(k)| < Akeke,

Write C, = Zﬁgl |S(i)|. Then for n > K,:

n n C n 1
1/n  _ n n k,ke — €n €
|B(n)| = ” k2_0|5(k)| <1l Ce +k§—K: Afe™ = Ae Alene +kZK: An—ke(n—k)e

[ c .
Aeg\/—€+(n—Ke+1)u>Ae£.

IA

Anens
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In the last inequality we used the fact A > 1. Since we can choose ¢ > 0 arbitrarily small, we get
limsup,,_, IB(n)|Y/" < A. Analogously:

¢ C 1y eke n—0oo0 _
B)[Y" > 7G4+ Y Akeke = A 73+ >, 2% e,
k=K, k=K,

That is, lim,,_,, %log |B(n)| =log A. O

For i € {0,1}, define [; : V — N, by [o(x) = ||Ix|| and [;(x) = inf{m € Ny | p“™(0,x) > 0}. Then
the limits ¢; = lim,_,, [;(X,)/n exist; see [11, Theorem 3.3, Section 7.II]. Now we can establish a
connection between entropy, rate of escape and volume growth:

Corollary 6.4. h< gg-{yand h < g; - {;.

Proof. Letbe i€ {0,1} and € > 0. Then there is some N, € N such that for all n > N,
1—e<P({x eV |—logm,(x) > (h—e)n,l;(x) < (£ +e)n}) <e h=or. |Bl~((€l~ + &)n) |

That is,

log(1 —¢) log}Bi ((¢; +e)n) }
h—eg)+ ———=<{;+¢€)-
(h=e) n <(tite) (£;+¢e)n
If we let n tend to infinity and make ¢ arbitrarily small, we get the claim. O

Finally, we remark that an analogous inequality for random walks on groups was given by
Guivarc’h [[13], and more generally for space- and time-homogeneous Markov chains by Kaima-
novich and Woess [[15, Theorem 5.3].

7 Examples

7.1 Free Product of Finite Graphs

Consider the graphs Z; and &, with the transition probabilities sketched in Figure We set
a, = a, = 1/2. For the computation of £, we need the following functions:

)
)

1 1
Fi(gr,ole) = Ti5a3 Fy(hi,0002) = F 19573

= %2 - =2

E1(z) = a1 Ex(z) = a1

22 1-5()P2 22 1-5@?)2

Simple computations with the help of [11] Section 3] and MATHEMATICA allow us to determine the
rate of escape of the random walk on & * &, as £, = 0.41563. For the computation of the entropy,
we need also the following generating functions:

2

Z Z
Li(01,8112) = ———=, Li(01,89l2) = ———, Ly(09,h|2)=—F—,
1001, 8112) 1—22/2 1001, 82l2) 1—22/2 2(02,h(2) 1—-23/2
La(ophale) = — =, Ly(op hole) = —L2

09,h5|2) = ———, 09,h3|2) = ———.

2102, 2 1—23/2 2102, 113 1—23/2

Thus, we get the asymptotic entropy as h = 0.32005.
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Figure 1: Finite graphs &; and &,

7.2 (ZxZ)2)%(Z x Z]2)

Consider the free product I' = I'y % I, of the infinite groups I'; = Z X (Z/27Z) with a; = 1/2 and
u; ((£1,0)) = p;((0,1)) = 1/3 for each i € {1,2}. We set a :=(1,0), b :=(1,1), ¢ := (0,1) and
A(x,y) :=x for (x,y) € T;. Define

F(alz) = ZJP’[YH =a,Vm<n:A(Y,)<1 | Y, =(0,0)] 2",
n>1

F(blz) = > P[Y,=b¥m<n:A(Y,)<1|Y%=(0,0)]z",
n>1

where (Y;,)nen, is @ random walk on Z X Z/2 governed by u;. The above functions satisfy the
following system of equations:

Falz) = %(1 +F(blz) + Falz)® + ﬁ(b|z)2),

F(blz) = % (F(ale) + Flale)F(bls) + F(bla)F (ale)).

From this system we obtain explicit formulas for F(alz) and F(blz). We write F(n,j|z) :=
F,((0,0),(n,j)lz) for (n,j) € Z x Z/2. To compute the entropy rate we have to solve the following
system of equations:

Falz) = g(l+F(b|z)+F(a|z)F(a|z)+F(b|z)F(b|z)),
F(blz) = g(F(dz)+F(a|z)+F(a|z)F(b|z)+F(b|z)F(a|z)),
Flclz) = §(1+2F(b|z)).

Moreover, we need the value £,(1) = £,(1) = £. This value can be computed analogously to [[11}
Section 6.2], that is, & has to be computed numerically from the equation

£ 3
222 * T T - e

Solving this equation with MaTHEMATICA yields & = 0.55973. To compute the entropy we have to
evaluate the functions F(g|z) at z = & for each g € Z X Z,. For even n € N, we have the following
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formulas:

P = 3 (5 JFORP Py
k=0
n/2-1 n
(Zk + 1)F(b|€)Zk+1ﬁ(a|€)”‘2"‘1F(cIE),

F((£n,1)|&)

=0
1
( n )F(b|€)2k+1ﬁ(a|§)n_2k_l +

—_

0 +
/2 n . ~
( )F(b|§)2’<F(a|£)“‘2’<F(c|€).

Forodd n €N,

(n-1)/2
F(n0)E) = (Z"k)ﬁ(b|§)2’<ﬁ(a|§)“—2’<+
k=0
(n-1)/2
)F(b|§>2k+1ﬁ(a|g)n—Zk—lF(dg),

— (Zk +1

(n=1)/2 n
F((£n,1)E) = ( )F(b|§)2k+lﬁ<a|5)"—2’<—1 ;
;) 2k +1

(n-1)/2

ne 2k n—2k
(g1 ) PCOIEP Fealey P el

k=0

Moreover, we define F := P[dn € N : A(X,,) = 1]. This probability can be computed by conditioning
on the first step and solving

F= g(l +F +F?),
that is, F = 0.24291. Observe that we get the following estimations:

Fi(0,gl&) < FMOl forgezx7,,
Fi(o,gl8) > FM&I1.min{F(0y,al&),Fi(01,blE)} for g € (Z x Zy) \ {(0,0),c}.

These bounds allow us to cap the sum over all g’ € T in li and to estimate the tails of these
sums. Thus, we can compute the entropy rate numerically as h = 1.14985.
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