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Abstract

The main purpose of this article is to study the symmetric martingale property and capacity
defined by G-expectation introduced by Peng (cf. http://arxiv.org/PS_cache/math/pdf/0601/
0601035v2.pdf) in 2006. We show that the G-capacity can not be dynamic, and also demonstrate
the relationship between symmetric G-martingale and the martingale under linear expectation.
Based on these results and path-wise analysis, we obtain the martingale characterization the-
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to prove Lévy’s theorem.

Key words: G-Brownian motion, G-expectation, Martingale characterization, Capacity.
AMS 2000 Subject Classification: Primary 60H05, 60H10.

Submitted to EJP on January 3, 2010, final version accepted November 9, 2010.

*Supported by National Natural Science Foundation of China (Grant No. 10901168), Natural Science Foundation
Project of CQ CSTC (Grant No. 2009BB2039) and the Project of Chinese Ministry of Education (Grant No. 09YJCZH122).

TCorresponding Author. Supported by NNSFC(Grant No. 10771214 and 71071155), MOE Humanities Social Science
Key Research Institute in University Foundation (Grant No. 07JJD910244), Fundamental Research Funds for the Central
Universities, and Research Funds of Renmin University of China (Grant No.10XNL007)

2041


http://dx.doi.org/10.1214/EJP.v15-832

1 INTRODUCTION

In 1969, Robert C. Merton introduced stochastic calculus to finance, see [20], and indeed to the
broader field of economics, beginning an amazing decade of developments. The most famous pricing
formula for the European call option was given by Black and Scholes in 1973, see [2]]. As these
developments unfolded, Cox and Ross [6] notice that, without loss of generality, to price some
derivative security as an option, one would get the correct result by assuming that all of the securities
have the same expected rate of return. This is the “risk neutral” pricing method. This notion is first
given by Harrison and Kreps [[14], who formalize (under conditions) the near equivalence of the
absence arbitrage with the existence of some new “risk neutral” probability measure under which
all expected rates of return are indeed equal to the current risk free rate. To get this “risk-neutral"
probability measure, Harrison and Kreps apply Girsanov’s theorem to change the measure.

Black & Scholes’s result and Cox’s result have been widely used since it appeared. But their work
deeply depends on certain assumptions, e.g., the interest rate and the volatility of the stock price
remain constant and known. In fact, the interest rate and the volatility of the stock price are not
always constant and known, which are called mean uncertainty and volatility uncertainty. As for
the mean uncertainty, Girsanov’s theorem or Peng’s g-expectation is a powerful tool to solve the
problem, see [[3] and [[11]]. How to deal with the volatility uncertainty is a big problem, see [1I],
[15], [19], [27]. As in [9], the main difficulty is that we have to deal with a series of probability
measures which are not absolutely continuous with respect to one single probability measure. It
shows that this problem can not be solved in a given probability space.

In 2006, Peng made a change to the heat equation that Brownian motion satisfies, see [23]], [24],
and constructed the G-normal distribution via the modified heat equation. With this G-normal dis-
tribution, a nonlinear expectation is given which is called G-expectation and the related conditional
expectation is constructed, which is a kind of dynamic coherent risk measure introduced by Delbaen
in [[7]]. Under this framework, the canonical process is a G-Brownian motion. The stochastic calculus
of Itd’s type with respect to the G-Brownian motion and the related It6’s formula are also derived.
G-Brownian motion, different from Brownian motion in the classical case, is not defined on a given
probability space.

It is interesting to get a pricing formula (Black-Scholes formula) in G-framework. To do this, it
is important to give the Girsanov theorem in this framework. Its proof depends heavily on the
martingale characterization of Brownian motion, due to Lévy. This theorem enables us to recognize
a Brownian motion just with one or two martingale properties of a process.

In order to get the Girsanov theorem, we need to describe this G-Brownian motion by its martingale
properties. That is the martingale characterization theorem for G-Brownian motion.

In [29], the authors give the martingale characterization theorem for G-Brownian motion under
Markovian condition, but this condition is not so convenient in applications.

In this paper, we define capacity via G-expectation, and state that G-expectation is not filtration
consistent. Then we investigate the relationship between symmetric G-martingales and martingales
under linear expectation, when the corresponding G-heat equation is uniformly parabolic. Based
on these results, we give the martingale characterization theorem for G-Brownian motion without
Markovian condition which improves the related result in [29]]. The current result extends the
classical Levy’s theorem. Additionally, we give a different method to prove Levy’s theorem.

The main contribution of this work is to investigate the properties for symmetric G-martingales, and
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give the martingale characterization of G-Brownian motion when the corresponding G-heat equation
is uniformly parabolic, see in section 5. G-expectation theory has received more attention since
Peng’s basic paper appeared, see [23]], [24], [25]. Soner et al [21]] study the G-martingale problem
under some condition, and investigate the representation theorem for all G-martingales including
the non-symmetric martingale based on a class of backward stochastic differential equations. In
the current work, we are focused on symmetric G-martingale, our method is totally different from
the method in [21]]. As for the martingale characterization for G-Brownian motion, our method is
different from [29]], which is based on viscosity solution theory for nonlinear parabolic equation.
But in this paper, the path wise analysis is important to underly our result, which is a different
approach from [29]. Meanwhile, the result in this paper is very useful for further application in
finance, especially for option pricing problems with volatility uncertainty. By using the result in this
paper, we can prove the Girsanov type theorem under G-framework and the pricing formula.

The rest of the paper is organized as follows. In section 2, we review the G-framework established
in [23]] and adapt it according to our objective. In section 3, we investigate some properties of
G-expectation by using stochastic control, define the capacity via G-expectation, and show that
it is not filtration consistent. In section 4, we investigate the relation between the symmetric G-
martingale and the martingale under each probability measure P,, when the corresponding G-heat
equation is uniformly parabolic. In section 5, based on path wise analysis, we give the martingale
characterization for G-Brownian motion. The last section is conclusion and discussion about this
work and future work.

2 G-FRAMEWORK

In this section, we recall the G-framework established in [23]. Let Q = C,(R") be the space of all
R-valued continuous paths functions (e, ),eg+, With wy = 0. For any w?, w? € Q, we define

0
ple!, %)= 3 27 (max |of — &7 A 1],
i=1 ’

We set, for each t € [0, 00),

W, == {naineql,
F. = BW)=BW),
P = BuW)=[)BW),
s>t
F = \/gfs.
s>0

Then (2, %) is the canonical space with the natural filtration.

This space is used throughout the rest of this paper. For each T > 0, consider the following spaces
of afrandom variablesas

L?p(g'l") = {X = (p(wtl)wtz - wtla' e :wtm - wtm,l)ﬂ Vm > 1, t, 5ty € [07 T])V(P € llP(Rm)} >

where lip(R™) is the collection of bounded Lipschitz continuous functions on R™.
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Obviously, it holds that L?p(ﬁt) - L?p(ﬂ'T), for any t < T < oco. We notice that X,Y € L?p(Fit)
means XY € L?p(g}) and |X| € L?p(ﬁ}). We further denote

L) =L (F).
n=1

We set B;(w) = w,, and define
Egle(B; +x)] = u(t, x),

where u(t, x) is the viscosity solution to the following G-heat equation

u(0,x) = p(x).

p(-) elip(R),G(a) = 1 sup ao?,04€[0,1].

0%<o2<1
For any X(w) = ¢(By,,B;, —=B;,,***,B; —B; )€ L?p(ﬂ'), 0<t;<--<t, <o,
Egle(B,,,B, =B, B, — By )] =¢m,
where ¢,, is obtained via the backward deduction:

SO]_(X]," ' :xm—l) = EG[QP(X‘I:' o axm—laBtm _Btm_l)];

(102()(1:" ’ ’xm—Z) = EG[@](XI:' o ’Xm—Z:Btm_l _Btm_z)],

Om-1(x1) = Eg[¢m—a(x1,Br, — B )],
Pm = EG[(pm—l(Btl)]'

And
Eg [X|9tj] = @m—j(Btl:Btz — By, 'Btj - Btj,1)~

Definition 2.1. The expectation E;[ -], introduced through the above procedure is called G-expectation.
The corresponding canonical process B is called a G-Brownian motion under Eg[-].

Remark 2.2. As in [23]], the G-expectation satisfies
(a) Monotonicity: Eg[Y] > E;[Y'], ifY > Y, Y,Y’' € L?p(g).
(b) Self dominated property: Eg[X]—Eg[Y] <Eg[X—-Y], X,Y € L?p(g).
(c) Positive homogeneity EG[AY] = AE;[Y], A >0,Y € L?p(ﬁr‘).
(d) Constant translatability Eq[X +c] =Eg[X]+c¢, X € L?p(ﬁ'), ¢ is a constant.

Besides (a) ~ (d), the conditional G-expectation still satisfies the properties:
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(e) Time consistency Eg[Eq[X|Z )| Z,] = Eq[X|Zips), X € L?p(g).
() Eg[XY|Z,]=XVEg[Y|Z])+X E;[-Y|Z,], X € L?p(ﬂs), Y e L?p(g).
(@ EqlX+Y|Z])=X+E;[Y|Z,], X <€ L?p(gg), Y € L?p(ﬂ').
Remark 2.3. By properties (c) and (d), Eg[-] satisfies Eg[c] = c where c is a constant.

Remark 2.4. By theory of stochastic control as in [30]], we know that, for any fixed T > 0,

ty tm
Eg[X]=supE | ¢ f v,dB;, - - ,J v,dB; = sup Ep [X], 2.1
v.enN t ¢ P,eA

m—1

_ 0 . . . .
where X = ¢(w¢, -, w0, —w; )E Lip(gT): E is the linear expectation under weiner measure,
and G-expectation becomes linear expectation when oy =1, {B,},>q is Brownian motion under Weiner
measure.

J vdB,(-): C[0,T] — C[0, T].
0
Here

A = {v,v is progressively measurable and quadratic integrable s.t.,

O'(Z) <v2(t) < 1,a.s. with respect to Weiner measure,0 <t < T},

A = {P,: P, is the distribution off v,dB,,v. € N'}.
0

Lemma 2.5. Forany X € L?p(?), if Eg[|1X|] = 0, then for any w € Q, we have X(w) = 0.

t
Proof: X = ¢(w,), Eg[X] = supveA/E[Igo(f v,dB,)|] = 0. Let v =1, then E[|¢(B,)|] = 0. Since
0

¢(+) is Lipschitz continuous, then ¢(-) = 0. Similarly, we can prove that for any X € L%(? )
satisfying E;[|X|] = 0, we have X(w) =0,Vw € Q. |

Remark 2.6. Denote || X|| = Eg[|X]],VX € L?p(?). By Lemma we can prove that (L?p(ﬁ'), |-1D is
a normed space. Let (Lé.(g'), || - ||) be the completion of (L?p(ﬂ'), || - 1), then G-expectation and related

conditional expectation can be continuously extended to the Banach space-(Lé(ﬂ' ), I+ D). G-expectation
satisfies properties (a) ~ (d), and conditional G-expectation satisfies properties (a) ~ (g). In the
completion space, property (f) holds for any bounded random variable X, but we have E¢[XY |Z,] =
XEG[Y], VY € LL(Z]), VX € LL(Z,), and X > 0. Similarly, we can define ||IX||, = EV/P[|X|P],p > 1.

Let Lg(g) be the completion space of L?p(g) under norm || - ||,. Obviously Lg(g) C Lg(g) for any
1< p <p/, and it holds for any Lg(gl‘t) (the proof can be found in [23]).

Definition 2.7. X,Y € LX.(F7), X <Y in LY, if E[((X —Y)")]1=0,p>1.

Definition 2.8. X,,,X €Ly, p > 1, X, — X in L}, if Eg[1X,, —X|P] — 0, as n — oo,
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Forp>1and 0 < T < oo (fixed T). Consider the following type of simple processes

N-1
M20,T) = {n:nlw)= Y& (@, (0,
j=0

VN>1,0=ty<---<ty=T, & () €Ly(F,), j=0.--,N -1}

For each n,(w) = Z;V:_Ol & tj(co)l [tj’tm)(t) eEM g’O(O, T), the related Bochner’s integral is defined as

T N-1
J ne(w)dt = Z gtj(w)(tj+1 —t;),
0 j=0

and
T

_ 1 1
Eg[n]= ;J Eg[n ]dt = T Z Eg[E. ()](tj11 —t)).
0 j=0

We can easily check that E;[-] : Mé’O(O, T) — R satisfies (a) ~ (d) in Section 2.

1/p

1 T 1N—1
||n||p=(;f ImZNde) /P = | = D Bl (@)1t — )
0 j=0

As discussed in Remark || -1l, forms a norm in Mg’O(O, T). Let Mg(O, T) be the completion of
M g’O(O, T) under this norm.

3 CapraciTy UNDER G-FRAMEWORK

3.1 G-Expectation and Related Properties

G-expectation is a kind of time consistent nonlinear expectations, which has the properties of linear
expectation in Weiner space except linearity. In this section, we prove some fundamental properties
of G-expectation.

We set

SP={MIM :R" xQ—>R,M(t,w) € LL(F),VT >0, {M,},c[0,r] € M5(0,T)}.

First we will prove that an important class of random variable-bounded continuous functions belongs
to the completion space- L;(F)

Remark 3.1. If X € L(l;(?T), there is a sequence f,, € L?p(ﬂT), such that f,, converges to f in Lé(,ﬂ'T),

then for each P, € A, f, converges to f in L'(, P,), and this convergence is uniform with respect to P,.
We have Eg[f ] = supp ey Ep, [f ] (see Proposition 2.2 in [9]]).

Next we will prove the tightness of A.
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Lemma 3.2. A is tight, that is, for any € > 0, there exists a compact set K € C([0,T]) C §, such that
forany P, € A, P,(K°) < g, where K® is the complement of K.

Proof: For any continuous function x(t), t € [0, T], define

wx(5): sup |xt _xs|-
|s—t|<6,s,t€[0,T]

By Arzela-Ascoli theorem and Prokhrov theorem (see Theorem 4.4.11 in [[4]]), to prove the tightness
of A, we only need to prove that for any a > 0, for any P, € A, we have

lim P, ({x : @,(5) 2 a}) = 0.

For a > 0, by Proposition [7.2]in the Appendix we know that

Ep[02(3)] _

lim P : > <l
5111}) Y ({X wx(6) = a}) — 511% 2 4

a
then A is tight. |

Remark 3.3. For any fixed T, C[0, T] is a polish space, by Prokhrov theorem, we know that A is weakly
compact. For X,, € L%(?T), X, | 0 pointwise. As in the Appendix of [9], by Dinni lemma, E;[X,] | O.

Lemma 3.4. Forany fixed T >0,0<t < T, f € C,(W,), we have f € Lé(ﬁ}).

Proof: For any bounded continuous f € C,(W,), |f| < M, M > 0, there exists a sequence of random
variables f, € L?p(ﬁ}), such that f,, monotonically converges to f.

As A is tight, for any € > 0, there exists a compact set K € %, such that

sup Ep [Igc] <,
Per

where K¢ is the complement of K. Since a compact set is closed in any metric space, we know that
K° is an open set, hence

EG [IKC] = sup EPv [IKC] <E.
P,eA
And by Dini’s theorem on any compact set K, f,, converges to f uniformly,
Tim EglIf, — 11 < lim (Eg[1f, — flI) + ElIf — flIxe1] < Me,

then lim,_, o, Eg[|f,—f|] = O, note that this convergence is uniform with respecttot, so f € Lé(ﬂ}).

3.2 Capacity under G-Framework

Since the publication of Kolomogrov’s famous book on probability, the study of “the nonlinear prob-
ability" theory named “capacity” has been studied intensively in the past decades, see [5], [8],
(121, [16], (18], [22], [26]. Hence it is meaningful to extend such a theory to G-framework, and
this section contributes to such an extension. We shall now define a nonlinear measure through
G-expectation and investigate its properties.
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Definition 3.5. Pg(A) = supp ep P,(A), for any Borel set A, where P, is the distribution of J vdB;

and v is a bounded adapted process, and A is the collection of all such P,,.

By Remark [3.1] and Remark [3.3] P; is a regular Choquet capacity (we call it G-capacity), that is, it
has the following properties:

(1) For any Borel set A, 0 < P;(A) < 1;
(2) IfAC B, then P5(A) < P4 (B);
(3) IfA, is a sequence of Borel sets, then P (| J,A,) < D, Pe(An);

(4) If A, is an increasing sequence of Borel sets, then

Po((JAn) = limPs(A,).

Remark 3.6. Here property (4) dose not hold for the intersection of decreasing sets. There are two ways
to define capacity under G framework, see [[10]].

Let A be the closure of A under weak topology.

(1) Pg(A)= SUpp,en P,(A),
(2) Pg(A) = suppz P, (A).

Then Pg and P all satisfy the properties in Remark

We use the standard capacity related vocabulary: A set A is polar if P;(A) = 0, a property holds grquasi-
surelygs (q.s.), if it holds outside a polar set. Here P, quasi-surely is equivalent to P quasi-surely. Even
in general, P5(A) < P(A), but if PG(A) =0, I, € Lé(ﬁl}). Then by Theorem 59 in [10|]](page 24),
P;(A) = P¢(A) = 0. Thus, a property holds Pg-quasi-surely if and only if it holds P ;-quasi-surely.

Remark 3.7. As in the Appendix of [9l], we consider the Lebesgue extension of G-expectation, we
can define G-expectation for a large class of measurable functions, such as all the functions with
supp ep Ep, [1X]] < 0o, but we can not define G conditional expectation. So far we can only define

G conditional expectation for the random variables in Lé(ﬁr‘ ), in the rest of the paper, we denote
supp ep Ep, [X] = Eg[X], but that dose not mean X € Lé(gz').

First we give the property of this Choquet capacity-P;:
Proposition 3.8. Let p > 1.

(1) IfAis a polar set, then for any & € L2 o(Fr), EglI4&] =

(2 P{lE]>a} < G“g' ] ,E€Ll(Fr), a>0.

(3) IfX,, X € L% (7)), EglIX;, — XpIP] — O, then there exists a sub-sequence X, of X, such that
X, —X,q.s.
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Proof: (1)Without loss of generality, let p =1. If £ € L?p(ﬂ}), then Eg[I,£] =0. If £ € Lé(ﬂ}),
then there exists a sequence of random variables &,, which satisfies E;[|E,, — §|]] — 0, and
Eg[|E 14 — E14|]] — 0, hence we obtain

Egl&I\] = nli_)ngoEG[gnIA] =0.

(2) From
EGlIEIP] = EGlIEIP g1 ay + 1E1P Ije1<ay] = aPPGHIE] > ab,

we get the result.
(3) By (2), we know that for any € > 0,

lim P;{|X,—X|>e¢e}=0.
n—.oo
Then for every positive integer k, there exists n; > 0, such that

1 1
PAlX,—X|>—=}<—, Vn>n,.
ol = X112 7} < - "

Suppose nj <np <...<m <...letX; = X,,, be a sub-sequence of X,,. Then
PoiX| + X} =P {UﬂUp(;Hv -X|> em}
m k 4
2P {ﬂUlX@—Xl Zem}
m k v
ZPG {U|X1/<0+m+v —X|= Em}
m v
/ > 1
ZZPG |Xk0+m+v —X|z oko+m—+v
m v
1 1
22 g =g O
m—d £ed D 2

Therefore, Pg{X; - X} =0. |

IA

IA

IA

IA

Next we investigate the relation between X <Y in LY., and X <Y, g.s.

Lemma 3.9. E;[(X —Y)*]=0ifand only if X <Y, q.s.

Proof: Without loss of generality, suppose that p =1, if X <Y, q.s., {X —Y > 0} is a polar set. Then
by Proposition [3.8] we know that

Ecl(X —Y)" 1 =Ec[(X = Y)Ix_y>q] = 0.
IfX <Yin Lé, which means E;[(X — Y)"] = 0, then by Proposition for any ¢ > 0, we have

_ +
Pel(X — V)* > ¢] s—EG[(XE D,
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Let € | 0, for P is a Choquet capacity, we know

P[(X-Y)T>0]= li_)r%PG[(X—Y)JF >e]=0,

sowe have P;[X > Y] =P;[(X —Y)">0]=0, thatis X <Y g.s. |

Remark 3.10. After defining the capacity, one important issue is whether I, € Lé.(ﬁ' ), for any Borel
set A€ &. Here we give a counter example that there exists a sequence of Borel sets which do not belong
to Lé.(ﬁ' ).

Example 3.11. Let

_ B,,,—B
A,={ w:lim, j——=——= —c(1-1/2n,1) }, n=1,2,--

0
v/ 2tloglog1/t

1 .
Then A, | ¢, for any fixed n, let v=1— 3 00
n

BH—S - Bs

+/2tloglog1/t

1 —
P,(A))=P{ w:(1— 3—)limt_,0 e(1-1/2n,1) y =1,
n

which means lim,_,, Pg(A,) = 1.

For any sequences of random variables {X,} C Lé(ﬁr‘ ), satisfying X,, | O q.s., we have E;[X,] | O,
see Theorem 26 in [[10]. So the sets A,, do not belong to L(l;(?).

Actually, the next lemma tells us even not all the open Borel sets belong to Lé(ﬂ' ).

Lemma 3.12. There exists an open set A € Zr, such that 1, dose not belongs to Lé.(g}).

Proof: We prove this result by contradiction. If for any open set A € &, I, € Lé(ﬂT) holds. For
all the open sets satisfying A, | ¢, we have P;(A,) | 0. Because for any Borel set B, there exists
compact sets {F,} C B satisfying P;(B \ F,)) | 0, see [16]. Then we have for any Borel set B € Z,
Iy € LL(Z7). But Example shows that not all the Borel sets belong to L{(Zr), which is a
contradiction. |

Then we can not define conditional G-expectation for I,, where A is any Borel set, and even for
any open set, that means we can not define conditional G-capacity, and that is why we claim that
G-expectation is not filtration consistent.

4 SYMMETRIC MARTINGALE IN G-FRAMEWORK

We begin with the definition of martingale in G-framework.

Definition 4.1. M € 2 is called a martingale, if for any 0 < s < t < oo, it satisfies E[M,|Z,] =
M,; if furthermore M is symmetric, that is E[—M,|%,] = —E[M,|%,], then it is called a symmetric
martingale.

In this section, when the corresponding G-heat equation is uniformly parabolic, which means o >
0, we prove that the symmetric martingale is a martingale under each probability measure P,, and
give the Doob’s martingale inequality for symmetric martingales.
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4.1 Path analysis

In this section, we give some path properties of quadratic variation process (B), and the related
t t

stochastic integral f n(s)dB;, n € MCZ;(O, T) and f 1n1(s)d(B);, n:(s) € Mé(O, T).
0 0

From the definition of E;[-], we know that the canonical process B, is a quadratic integrable mar-
tingale under each P,. So they have a universal version of “quadratic variation process of B,", and

by the definition of stochastic integral with respect to G-Brownian motion, for any n € Mé(O, T),
T

T
J n,dB;, is well defined, which means 1,dB; is a P, local martingale. Similar arguments can
0

0
be found in Lemma 2.10 in [[I0]. Then, due to the Doob’s martingale inequality for each P,, the
following result holds.

t
Lemma 4.2. For any n € MCZ;(O, T), J 1(s)dBs is quasi-sure continuous.
0

Proof: If n € Mé’O(O, T), then the result is true. If n € M(z;(O, T), then there exist {n,} C Mé’O(O, T)
T

such that J Ec[In(s) = n,(s)*1ds — 0.
0

For we have

t

T
sup Ep [ sup | [ (n—mn,)dB,*] < K sup Ep, [J (n —n,)*d(B),]
vE 0

Pen " 0<t<T Jy
T T
< KsupEp [f (n—n,)?ds] < KJ sup Ep [(n —n,)*]ds — 0.
PVEA 0 0 PVGA

t

t t

Hence, f 1, (s)dB, uniformly converges to J 1n(s)dB, q.s. Therefore, f 1(s)dB, is continuous
0 0 0

q.s. 1

By similar argument we can get the following lemma.

t

t
Lemma 4.3. Forany n € Mé(O, T), J n(s)d(B), and f n(s)ds are quasi-surely continuous.
0 0

4.2 Representation theorem

In this section, we are concerned with the G-martingale when the corresponding G-heat equation
is uniformly parabolic (oy > 0). In the following, for any X € L?p(?T), we will give X a repre-
sentation in terms of stochastic integral. For this part, Peng gives the conjecture for representation
theorem of G-martingales. Soner et al [[21]] prove this theorem for a large class of G-martingales by
BSDE method. Here for the ease of exposition, we prove the theorem separately for some special
martingales.

First we prove a lemma.
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Lemma 4.4. Suppose o > 0, if u is the solution of G-heat equation, then we have

t—r

uxx(Bv)d <B>v - f (ujc_x - O'(Z)U;x)dv.
0

t—r t—r

u(r,B,_,)=u(t,0)+ f

0

u,(B,)dB, + f

0

Proof: The proof follows that of It&’s formula. Due to the regularity of parabolic equation, see [[18]],
we know u, u,, u,, are all uniformly continuous. Since Lipschitz continuous functions are dense in
uniform continuous functions, we assume that u, u,., u,., are Lipschitz continuous.

t—r
Let 6,, = ——, we have
n

n—1
u(r:Bt—r) - u(tz 0) = |:u(t - (k + 1)5n;B(k+1)5n) - u(t - k5n,Bk5n)]
k=0
n—1
= > [ult = (k+1)8,,Bgrrys,) — u(t — k&, By, )]
k=0
n—1
+ Z |:U(t — k5n)B(k+1)5n) — U(t — k5ruBk5n):|
k=0
n—1
= >, [~uelt —=k8,,Bys,)8, + uy(t =k, Bz, )(Bges1ys, — Brs,)
k=0
1 2
+5uxx(t — k&4, Bis, )(Bicr1)s, —Bks, )" | — &En+ Mo
where
1 n—1
M = 3 [t (t — k&, Brs, + 01 (Bs1)s, — Brs, ) — Uex (t — kS, Bs ) (B(s1)s, — Brs, )
k=0
n—1
En = D [uelt —k8,+ 6264, Burns,) — ue(t — kb, Besnys,) | Sns
k=0
n—1

+ > [uc(t = k8, Bresnys,) — ue(t —kb,,Bys,)] 85

>
o

and 0, 0, are constants in [0, 1], which depend on w, t and n. Hence,

n—1
Eglinall < ZEG [|uxx(f — k&, Brs, + 0(Bk+1)s, — Bks,))
=0
—Uyy(t — k6, Bis, N(Brs1)s, — Bkén)z]
n—1 n—1
< K ) EGlIBgs1s, — Bis,I’1 < KZ52/2 — 0.
k=0 k=0

Here, K is the Lipschitz constant of u,.,, and by similar argument we get E;[|§,]] — 0 as n — oo.
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Then, we have

n
EGlI> | —u(t = k8, Bis ks, 15, (V) — e (t = v, B < C(8, + 51/2) —> 0.

k=1
Therefore,
n—1 t—r
D —u,(t — k6, Bys, )5, —> J —u,(t —v,B,)dv.
k=0 0
Similarly we get
n-1 t—r
Zux(t - kénin5n)(B(k+1)5n - Bk5n) — f llx(t -V, Bv)dBv
k=0 0
Note
n—1 n—1
Egll Zuxx(f — k&, Bis, ) Beer1ys, — Brs,)* — Zuxx(t — k&5, Bis, )((B) k415, — (B)is, )I*]
k=0 k=0
n—1
< D Bl (t — k8, Bis P (Bsnys, — Brs,)* — (Besnys, — (Bis, )]
k=0
+ ZZEG [ty (t = j 0, Bjs Mx (t — i8,,Bis J(B(j1)s, — Bjs,)* — ((B)(j+1s, — (B)js,))
J#
((Bi41)s, — Bis, ) — ((B)isnys, — (B)is, )]
n—1 (k+1)5,
< ZEG[(C+C|Bk6n|2)|J (B, — Bis,)dB, |’]
k=0 kS,
n—1 (k+1)5, n—1
< D CEll (B, — Bys,)dB,[*] <C Y .62 —0,
k=0 ké, k=0
and
n-1 t—r
D (et = k8, Bis J(B) sy, — (Bhis,) — f ty(t —v,B,)d(B),.
k=0 0
Since u solves G-heat equation, we get
t—r t—r
u(r,B,_,)—u(t,0) = J —u,(t —v,B,)dv +J u,(t—v,B,)dB,
0 0
t—r
—I—J Uy (t —v,B,)d(B),
0
t—r t—r
= J ux(t—v,Bv)dBv—I—f Uy (t —v,B,)d(B),
0 0

1 t—r
—3 f (u;LX — Ogu;x)dv.
0
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Theorem 4.5. When o > 0, then for any X € L?p(ﬂT), we have

X:EG“SD(')|]+Jstst+f n(s)d(B f (n* —ogn™)ds.
0 0

Proof: When m = 1, for the regularity of the u, lim, o u(r, B;_.(w)) = ¢(B(w)).
By Lemma and path analysis in Section 3, we know

Lp(Bt) = U(f,O)‘I'f ux(t_V:Bv)dBv
0

t
—I—f Uy, (t—v,B,)d(B f (uxx—aou )dv.
0

Due to the definition of G-expectation, E;[¢(B,)] = u(t,0), so the result holds when m = 1.
By similar argument, we get

T
(p(BT_Bt) = U(T—t,0)+f ux(T_V)BV_Bt)dBv

t
T
—I—J Uy (T —v,B, —B,)d(B j (uxx—aou )dv.
t

When m = 2, for each x

T
¢(x,By —B,) = u(T—t,x,O)+J u,(T —v,x,B, — B;)dB,

t

T
+J u_yy(T - V,X,BV _Bt)d(B>v
t
T
—f (u}fy(T —-v,x,B, —B,)— O'gu;y(T —v,x,B, —B,))dv.
t

By continuous dependence estimate theorem in [[13]], we know for each fixed t, u(T — t, x,0) is
lipschitz continuous and bounded with respect to x, then there exist n € M}(0,T) and z € M3(0, T),
such that

t t t
u(T —t,B;,0) = Eg[|u(T —t,B,,0)|] +J z,dB; +J n,d(B), — J (n;Ir — Ugns_)ds. 4.2)
0 0 0
That is
T T T
¢(B¢, By —B.) = Egl¢ (B¢, By — B,)] +J 2,d B +j Nsd(B)s _J (77:— - Ugm_)d&
0 0 0

Here n and z are different from (4.2)).
Then by induction, we know the result is true for any X € L?p (Fr). |
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4.3 Properties for the Symmetric Martingale

From [23], we know Eg[((B), — t)*] = Eg[(o5t — (B);)T] =0. Then o3t < (B), < t, and o 3(T —
t)<(B)r—(B);<T—t,forany t <T.

Lemma 4.6. Forany n € Mé(O, T), we have

T

T T T
f nt(s)d(B), — f nt(s)ds < 0q.s.,and f 1N~ (s)d(B), — Ggf 1n~(s)ds > 0.
0 0

0 0

Proof: If ne M é’O(O, T), then

T

T n—1 n—1
f N ()d(B) =D ETUB), ,, = (B) ) S D EF (t1 —t)) = J 0" (s)ds,
0 j=0 0

j=0
and

T n—1 n—1 T
f 0 G)AB) = > &5 (B, — (B)) 2 0% Y &t — 1)) = ogf 0" (s)ds.
0 =0 0

. J
j=0 j

If n € M3(0, T), then there exists 1, € Mé’O(O, T), such that

T
Eg [J (Mp—md(B)s|| — O,
0

Then there exists a subsequence 7, C 7, such that

T
J (nn_n)ds — 0.
0

T
J Mk —md(B); — 0, q.s.,
0

and
T
J (Mg —m)ds — 0, g.s..
0
Therefore
T T
J n*(s)d(B), —J n*(s)ds < 0,qs
0 0
T T
f N~ (s)d(B); —Uéf n (s)ds = 0,q.s
0 0

Theorem 4.7. Suppose oy > 0, then for any X € Lé(gz'T), n = Eg[X | Z,] satisfies

sup Ep [(X —n)I4] =0, VA€ Z,.

P,EA
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Proof: If X € L?P(&’T), then

T

T T
XT :EG[XT] +J 2"sst'i'f nsd<B)s_f (7)+—U§7)_)d8-
0 0

0

By Theorem 4.1.42 in [24], we have
t

t t
n=Eg[Xr | 7] :EG[XT]+J stBs+f nsd<B)s—J (" —ogn)ds.
0 0

0

t
Since f z,dB; is a quadratic integrable martingale for each P,, then
0

B T T T
sup Ep [(X —n)I4] = supEp, (J Nsd(B)s —J (nT—on )ds + f zsst)IA}
P,eA P,eA | Je ‘ ¢

B T T
= sup Ep, (J Nsd(B)s —f (n* - Oén‘)dS)IA} <0.
| J¢t t

P,EA

On the other hand

T T T T
sup Ep, [(J nsd(B); — f (n*— Gén‘)dS)IA] > guaEpv U nsd(B); — f (n* - Uén‘)dS] =0.
t t vE t t

P,EA

Therefore supp ep Ep, [(X —m)I4] =0.
IfX e Lé(é’z}), then there exist X,, € L?p(é’z}), such that E;[|X — X, |] — 0 and

EgllEg[X | #.] — Eg[X, | Z,1I] — 0.

Hence,
sup Ep [(X —Eg[X | Z:DI4] = supEp [(X — X, + Eg[X, | Z] — Eg[X | Z:DIa
P,eA P,eA
+ (Xn - EG[Xn | g’.t])IA]
< Eg[IX = X,|]1 + EgllEG[X | Z:] — Eg[X, | Z¢]l]
+ sup Ep [(X, — Eg[X, | Z:])I4] — O.
P,eA
On the other hand

S'UGREPV[(X —Eg[X |7 DI\l = S‘éREPv[(X" — Eg[ X, | Z: DI
—EclIX = X,|] = EGlIEG[X | 7] — Eg[X, | Z]I] — 0.

So supp < Ep, (X —Eg[X | Z,]DI4] =0. i

The next corollary states that there is a universal version of the conditional expectation for the
symmetric random variables under each P,.
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Corollary 4.8. If oy > 0, M € Lé(ﬁr}), and —Eg[My | ] = Eg[—My | Z,], then

Eg[Mr | F] = Ep, My | Z:], P,.as.

Then consequently we have the main result of this section.

Theorem 4.9. If M is a symmetric martingale under G expectation with oy > 0, then M is a martingale
under each P,.

Remark 4.10. We can not hope that
EPV [(X|Z,] < Eg[X|F] = —Eg[-X|F] < —Epv[—X|9}] = EPV (X|Z,]

Obviously for any X € Lé(ﬁ' ), Eg[X] = Ep [X]. But this is not trivial for conditional G expectation,
since it is defined as the “Markovian" version, so Ep [X|Z,] < Eg[X|Z,] does not hold for each P,.

As a corollary, we can get the Doob’s Martingale inequality for “symmetric G-martingale".
Corollary 4.11. When oy > O, ff My € Lé(ﬂ}), and —Eg[Mr | ] = Eg[—Mr | Z.] and M, is

1
quasi-surely continuous then we have Pg[supg<,<7 M| = A] < ﬁEGHMHp]: foranyp>1, T >0,

as a special case Eg[supg<,<T IM,|?] < 2E;[|M7]?].
Proof: By the Doob’s martingale inequality in probability space, we have

Pg[ sup M| =A]
0<t<T
= supP[ sup |M,|=2]
P,eA  O<t<T

1
sup —Ep [|M7|P]
PVeI/J\Ap P

IA

1
= 5EclMrP)

5 MARTINGALE CHARACTERIZATION OF G-BROWNIAN MOTION

We are ready to prove the Martingale Characterization theorem for G-Brownian Motion.
Theorem 5.1. Let M € &2. Suppose that
(D M is a symmetric martingale;
() M? —t is a martingale;
(1D for oy >0, o3t — M? is a martingale; and

(IV) M is continuous, which means for every w € Q, M(t, w) is a continuous function.
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Then M is a G-Brownian motion in the sense that M has the same finite distribution as the G-Brownian
motion B.

Remark 5.2. The Lévy’s martingale characterization of Brownian motion in a probability space states
that, B, is a continuous martingale with respect to %,, and Bt2 —t is a &, martingale, iff B, is a
Brownian motion. Our martingale characterization of G-Brownian motion covers Lévy’s martingale
characterization of Browninan motion, when oy = 1. In a probability space, the quadratic process
(B), of Brownian motion B, almost sure equals to t with respect to the probability measure P. But
in the G-framework, the quadratic process (B), of G -Brownian motion B, is not a fixed function any
more. Instead, it is a stochastic process in G-framework. The criteria (III) is the description of the
nonsymmetric property for (B),. Condition (IV) is reasonable, thanks to [10|], for any G-Brownian
motion, it has continuous path.

In a probability space, thanks to the characteristic function of normal distribution, Lévy’s martingale
characteristic theorem of Brownian motion holds. But in G-framework, there is no characteristic
function of “G-normal distribution"(see the definition in [[23]]), we have to find a different method
to solve this problem.

Next we shall prove Theorem [5.1]in 4 steps.

Proof of Theorem [5.1;
T

Step 1. Vn Mé(O, T), we define the stochastic integral of Itd’s type f ndM,, and prove that
0

t
J ndM, is a symmetric martingale under E;[-].
0
By conditions (I) ~ (IV) in Theorem [5.1}, we have the following proposition.

Proposition 5.3. forany t; < tj,; <t; < tigy,
(1) Eg [(Mtjﬂ - ij)gtj(MtiH - Mti)gti] =0, gtj < Lg(gtj); gtl- < Lg(g’.ti);

(2) Egl(M,,,, — Mtj)2|9tj] =Eg [(Mth _Mtj)z] =tjy1— L

tj+1

(3) EglX +&,(M,,, — M Y1 =Eg[X +&, (M, )* — (M, )], X € Lg(Fr), &, € LG(F).

Jj+1

t T t
Let J ndM; = f NIo,¢1(s)dM;. The next lemma shows that J ndM; is a symmetric martingale.
0 0 0

t
Lemma 5.4. Forany n € Mg(O, T),t€[0,T], f ndM, is a symmetric martingale.
0

Step 2: The quadratic variation process (M), of M, exists. Defining the stochastic integral with
respect to (M), in M é(O, T), we can get the isometric formula in the G-framework.

Now we give the isometry formula in the G-framework.

First, we give a proposition.
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Proposition 5.5. Forall 0 <s <t, £ € Lé(ﬂ;) and X € Lé(?) we have
Eg[X +E(M? - M))] = Eg[X + E(M, — M,)*] = Eg[X + E((M), — (M))].

Lemma 5.6. For n € M2(0, T), it holds that

T T

n*(s)d(M),] < f Eg[n*(s)]ds.

0

T
EG[(J n(s)dM,)*] = Ec[f
0 0

Remark 5.7. We can prove Lemma [5.4) and [5.6| by the similar method to that in [23]] and [29]]. Thus
we omit the proof.

Next, we investigate the property of the quadratic process (M),.

Lemma 5.8. (1)

t 2
EG |: (J (Mv - Ms)de)

t

‘ 1
<g.s:| = EG |:J (Mv _Ms)2d<M)v:| = E(t _5)2-

t

1
(2) Foranyne€ Mé(O, T), EJ ned(M), — f G(n,)ds is a martingale.
0

0

t—s
Proof: (1) Lets =ty <t; <...<ty=t,and tj;; — t; = N . Note that

J

N-1 t
(Mtj - Ms)(Mtj+1 - Mtj) - J (Mv - Ms)de in Lé(gt)
=0 s

J

Then 5
N-1 t 2
>, - M), - M) | — ( f (M, —Ms)de) in L.
j=0 s
And we have
| t 2 N-1 >
Eg | |Eg [U (M, —M5>dMV) 4 —Eg | | DM, - M), -M,) | | Z
s j=0
[ t 2 N-1 2
< Eg |Eg ( J (M, —Ms)de) — | Do, -m),, -M,) | ||
s j=0

2

t 2 N-1
= EG (f (Mv - Ms)de) - Z(Mt]— - Ms)(Mtj+1 - Mtj) — 0.
N =0

J
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So

2
N-1 t 2
(Z(Mtj_Ms)(Mth_Mrj)) Fs| — Eg |:(J (MV—Ms)de) 9'5:| in Lé.
j=0 s
Now
= 2
Eg | | QoM — MM, - M) | |,
=0
[ (v 2
= Eg Z(Mt M)z(Mt+1 Mt) T
\ i=0
N-1
= (t; —s)(tjs1 —
j=0
We know

t

} = hm Z(t =s)(tjy1 — t)—J vdVZ%(t—s)Z.

S

(o)

-1
(2) For any 1 € Mé’O(O, T), n: = Z;V:O Etj(co)l[tj’tm)(t), for any t € [0, T], suppose t = ty_i.
Then,

[ rT T
EG J nsd<M>s_zf G(ns)ds <Q.t:|
L Jo 0
N-1 N-1
= Eg | DL E(M), — (M) ) =2 GEN i — )| Foy
j=0

j=0

N-2 N-2
= D5, — D) =2 Y GEN e — )+ &, Eo | (M), = (M),
=0 =0

L B [~ — 00, )| 22y, | — 26080 — o)

= f Nsd(M); — ZJ G(ns)ds +2G(En_1)(ty — ty—1) —2G(En_1)(ty — ty—1)
0 0

= f nsd<M>s_2f G(T)s)ds
0 0

If 7]\)[ € MA(0,T), thezle there exists a sequenc}e\zf N e Mé’O(O, T), such that n¥ — 7 in M}(0, T), and
(MM — )", (")” — (n)7, then G(n") — G(n).
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Now
T

r T
EG f nsd<M>s - ZJ G(ns)ds
0

0

gt:| - (J nsd<M)s_2J G(ns)ds)
0 0

T

T

Ny d(M); — 2f G(n)ds
0

:EG

:

T T
f (s —nNd(M) — ZJ (G(n,) — G(nY))ds +J
0 0 0

- (J nsd<M>s - ZJ G(ns)ds)
0 0

T
t t
_nN _ _ N . 1
+J Ins — g |d{M); ZJ |G(ns) — G(n )lds — 0 in L.
0 0

T
Eg U Ins—nﬁvld(Mh—Zj 1G(n;) — G(n)lds
0 0
cg.t:| - (J nsd<M>s_2f G(T)s)ds)
0 0

— 0 in L.

A

Similarly we have
T

M T
EG J nsd<M>s - ZJ G(ﬂs)dS
0

0

A%
s
Q

T T
J (s —nM)d(M); — 2 J (G(n,) — G(nY))ds
0 0

- (‘ (ns - Tlév)d <M>s - ZJ (G(ns) - G(T)év))ds
0

0
9t:| ZJ nsd<M>s_2J G(ns)ds-
0 0

Lemma 5.9. For anys < t € [0,T], Eg[(M, — M,)*] < K(t —s)?, for some K > 0.

(.

So
T

[ T
EG J nsd<M>s - ZJ G(ns)ds
LJO

0

Proof: We first prove that (M), is continuous in [0, T] quasi-surely, which means (M), has continu-
ous path outside a polar set. To prove the continuity of (M),, we only need to prove the continuity

t
ofJ M,d M.
0

Note that f
0

continuous path. If n € M é(O, T), then there exits n,, € M 2’0(0, T), such that
EglII,(t) = I(D)]*] — 0,

t t

ndM, is a symmetric martingale, see step 1. If n € Mé’O(O, T), then f ndM; has
0

t

where I,(t) = J N,dM;,. By Lemma4.11, we have
0

T
Eg[ sup |I,() — I, (6)*] < EG[J N — Nml*dt] — 0.
0

0<t<T
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Then by Proposition we know that supg<,<y |I,(t) — I,(t)|? is convergence q.s., so I(t) is
continuous quasi-surely.

Since M is continuous, (M) is continuous quasi-surely. And

Z( YN ac T tN/\t)2 +2 Z tN/\t( tN LAt T <M>tj.v/\t)'

jt+1

We know
N-1
S (M) MYy = (M), ) — f Lin L1
j=0
So Z]].V:_Ol(( )tN At - (M >tN A¢) is convergent in L. Since (M) is continuous in [0, T] quasi-surely,
Z;VZ_Ol((M )tN+1 A — (M )t ,\t)2 converges to 0 quasi-surely. Then we get
J

j+1

N-1 .
Eol(M))] < EG[I\}EEO Z“ A <M>t§v/\t)] +J Eg[(M)]ds = %tZ.
j=0 0

1
Similarly we can get that E;[((M), — (M),)?] < ﬁ(t —5)2.

t 2
Since (M, — M,)* = ((M)t — (M), +2J (M, — Ms)dMV) , we get

Eg[(M, — M)*] < EG[({M),; — (M))*] + 2J Eg[(M, — M,)*1dv < K(t —s)?,

where K is a constant. |
Step 3.

Lemma 5.10. Let u(t,x) € C»2([0, T] X R) be bounded. Suppose that u(t,x) and the partial deriva-
tives u, and u, , are all uniformly continuous. Then forany 0 <s <t <T,0<s+0<t+6<T, we
have

u(t,Mys — Ms) —u(s, M5 — M)

t+6 1 t+6
= f Euxx(v—S,Mv—Mg)d(M)v+f u,(v—90,M, — Ms)dM,,
s+0 s+6

o+t
—I—f u,(v—06,M, — Ms)dv.
6+s

Proof: We know u(t,x), u,(t,x) and u,,(t,x) are all uniformly continuous. Without loss of gener-
ality, suppose u(t, x), u.(t,x) and u,,(t,x) are all Lipschitz continuous, and suppose the Lipschitz
constant is C. Since u,(t,x) is bounded and continuous and we only consider the problem in the
finite time horizon, by the proof of Lemma we can also suppose that u,(t, x) is uniformly con-
tinuous. For every N > 0, we have

N t—s
t:{sys+5N)“.JS+N5N:t}, SNZTi
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and

U(t,Mt+5 - Mg) - U(S, Ms+5 — M5)

N-1
= >, [(u(tj+1,M5+rj+1 —Mz) —u(t;, M, +5— Mé))
=0
+ (u(,tj,Mgﬂj+1 — M) = u(t;, My 45 - Mé))]
N-1 N-1
= (U(Vj+1 - 5:Mv - M5) - u(vj - 5:Mv - M5)) + Z ux(vj - 51Mvj - Mé)(Mij - Mv]-)
j=0 j=0
1 N-1
+5 D (v = 8,M, — Mz)(M,, ., — M, )?
j=0
1 N-1
+ E [uxx(vj - 51Mvj - M5 + ej(w)(Mijrl - Mvj)) - uxx(vj - 59Mvj - M5):| (Mij - Mvj)z
j=0
N-1 [Vvin N-1
= f ut(V - 5: Mvj+1 - M5)dV + Z ux(vj - 5: Mvj - M6)(Mv]-+1 - Mvj)
J=0 Jv; Jj=0
1 N-1
+5 D (v = 8,M, — Ms)(M,, ., — M, )* +
=0
1 N-1
52 [1t0x (v = 8,M,, = Mg + 6,(0)(M,,, = M,))) =ty (v; = 6, M, — M5) | (M, = M, )%,
=0

where 6;(w) €(0,1), v; =6 +t;.

Now that
[ |n—1 Vi1 t+6
Eg ZJ u(v—-56,M, —M5)dv—J u,(v—26,M, — Ms)dv
j=0 Jv; s+6
[ N-1 Vj+1
< E; ZJ CIM, — M, |dv
j=0 Jv;
N-1g N-1g 32
Zly. =y 32 = Z
< Z 3|V_]+1 v]| Z 351\[ _>O;
j=0 j=0
and
N-1
Z ux(vj - 5:Mvj - MS)I[tj,tj+1) - ux(v - 51Mv - M5)>
j=0
we have
N-1 t+6
D u (v = 8,M, — M5)(M,,, — M,) — J (v — &,M, — Mg)dM, in L2
j=0 s+6
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Since

2

N-1 N-1
Eg Z uxx(vj - 55Mvj - MS)(MVJ-_H - Mvj)z - Z uxx(vj - 5’M"j - M§)(<M>vj+1 - <M>vj+1)
j=0 j=0
2
N-1 Vit
= Eg ||D uxx(vj—5,M, — M5)f (M, — M, )dM,
j=0 Vi
[N—1 Vien 2
< Eg Z ujzcx(vj - 5)Mvj—M5) J (Mv - Mvj)de +2Eg Zuxx(vj - 5>Mvj - Mé)
| =0 Vi J#
Vi+1 Vit1
ey (v; — 8, M, — M5)J (M, — Mvj)dMVJ (M, — M, )dM,
vj v;
N-1 N-1
< Y Eglud, (v - 6,M,) — M;16% < C Y Eg[1+6 + M, — M;16% — 0,
j=0 j=0
we have
N-1 t+6
D (v = 8,M, — Mg)((M),,, — (M), ) — J Uy (v — 8, M, — M5)d (M),
j=0 s+6
So the result holds. 1
Step 4.

Lemma 5.11. If u(t, x) is the viscosity solution to the G-heat equation, and o > 0, then
Egle(M; +x)] =u(t,x), ¢ €lip(R).

Proof: For 0 < 0 < 1, then by Theorem 4.13 in [[17]], u(t, x) € C%2((0, T] xR), and u(t, x), u,(t, x)
and u,.,(t,x) are all uniformly continuous, u,(t,x) is bounded and continuous, see in [28]. Then
by Lemma|5.10} for any 0 < ¢ <v < T, we have

v—e+6
u(e,Mg,,_o —Ms+x)—u(v,x)= J —u,(v+6 —s,M; — Mg+ x)ds
9]
v—e+6

v—e+6
—I—f ux(v+5—s,Ms—M5+x)dMs—|—5f Uy (V+ 6 —s,M, — M5 + x)d(M);.
§ &
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By Lemma [5.8] it is easy to check that
Eglu(e, Mgy —Ms + x)] —u(v,x)

v—e+0
= Eg [f —u,(v+06—s,M, — Mg+ x)ds
5

v—e+6
+§f Uy (V+6 —s,M; — Mj +x)d(M)s:|
9]

1 v—e+6
= Eg [EJ U (V+ 6 —s, M, — Mg + x)d (M),
5

v—e+6
—f G(uy,(v+06 —s, M, —M§+X))d5j|
5

= 0.
Then lim,_, E;[u(e, Mg4y_. — M5 + x)] = u(v, x).

We also have
Egllu(e,Msyy— — M5+ x) —u(0,Ms,, — Ms +x)] < 2CEg[vVe + IMsy,—. — M5, |] <4CVe,

where C is the Lipschitz constant of ¢.
Then Eg[p(Msy — Ms + x)] = u(t,x) = Eg[¢(M, + x)].

Without loss of generality, by the definition of G-Brownian motion, see [23]], we only need to prove
the case for m = 2:

Eg
= Eg,
Eg
= Eg

‘P(MtlaMtz _Mtl)]
EG[(P(Mtl:MtZ - Mtl)lgtl:u
EG[(P(x;MtZ _Mtl)lgtl]x:Mtl]
EG[SO(X:MtZ—tl)]x:MtI]-

— /o

Based on Step 1 ~ Step 4, M has the same finite distribution with G-Brownian motion B, we com-
plete the proof of the Theorem|5.1 |

6 DiscussIiON

In this paper, we investigate the properties of capacity defined by G-expectation, and prove that G-
expectation is not filtration consistent. Meanwhile by path-wise analysis, we prove that symmetric
G-martingales are martingales under each P,. Based on these arguments, we obtain the martingale
characterization theorem for a G-Brownian motion. The application of this framework in finance
can be found in [[9]. Our martingale characterization theorem of G-Brownian motion includes Lévy’s
martingale characterization theorem of Brownian motion. In the proof of classical Levy’s martingale
characterization theorem, the characterization function of normal distribution plays an important
role. But in G-framework the characterization function of “G-normal" distribution dose not hold.
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Our proof of martingale characterization of G-Brownian motion gives a totally different method to
prove Levy’s martingale characterization of Brownian motion. In our proof the compactness of A is
essential. Based on our result one can investigate some elementary problems such as the martingale
representation with respect to G-Brownian motion in G-framework.

7 APPENDIX

Lemma 7.1. If M € Lé(ﬂ}), @ (x) is Lipschitz continuous, then ¢(M(t)) € Lé(ﬁ}).

Proof: Without loss of generality, suppose ¢(x) > 0. We know that there exists a sequence ¢,(x) €
lip(R) such that ¢,,(x) — ¢(x) monotonically. By the Lipschitz continuous of ¢(x), and the fact
that E¢[|¢(M,)|?] < co, we have

EgLlp(M) = (M1 < Eg Lo (MO g, 1]
1/2 1/2 1/2 El/z[Mz]
< B¢ HeMIPIEG U, 2] < Eg [l M)P)———= —0

Proposition 7.2. For any v € A, set I = E[supj;_ tl(élj v.dB.|], then lims_,yI5s = O, where E

refers to the expectation under Weiner measure, and B is the canonical process which is the Brownian
motion under Weiner measure. (see the definition of A’ in §3 )

Proof: The proof is trivial, and hence omitted. |
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