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Abstract

We consider i.i.d. random variables {w(b) : b € E;} parameterized by the family of bonds
in Z¢, d > 2. The random variable w(b) is thought of as the conductance of bond b and it
ranges in a finite interval [0,cy]. Assuming the probability m of the event {w(b) > 0} to be
supercritical and denoting by ¢ (w) the unique infinite cluster associated to the bonds with posi-
tive conductance, we study the zero range process on ¢ (w) with w(b)-proportional probability
rate of jumps along bond b. For almost all realizations of the environment we prove that the
hydrodynamic behavior of the zero range process is governed by the nonlinear heat equation
o,p = mV - (9V¢p(p/m)), where the matrix 2 and the function ¢ are w-independent. As
byproduct of the above result and the blocking effect of the finite clusters, we discuss the bulk
behavior of the zero range process on Z¢ with conductance field w. We do not require any ellip-
ticity condition.
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1 Introduction

Percolation provides a simple and, at the same time, very rich model of disordered medium [G]],
[Ke]]. The motion of a random walker on percolation clusters has been deeply investigated in Physics
(see [BH] and reference therein) and also numerous rigorous results are now available. In the
last years, for the supercritical percolation cluster it has been possible to prove the convergence
of the diffusively rescaled random walk to the Brownian motion for almost all realizations of the
percolation [|SS]], [BB], [[MP], improving the annealed invariance principle obtained in [DFGWI.
We address here our attention to interacting random walkers, moving on the supercritical Bernoulli
bond percolation cluster with additional environmental disorder given by random conductances
(for recent results on random walks among random conductances see [BP], [M], [[F] and reference
therein).

Particle interactions can be of different kind. An example is given by site exclusion, the hydrody-
namic behavior of the resulting exclusion process has been studied in [[F]]. Another basic example,
considered here, is the zero range interaction: particles lie on the sites of the infinite cluster without
any constraint, while the probability rate of the jump of a particle from site x to a neighboring site
y is given by g(n(x))w(x, y), where g is a suitable function on N, 1n(x) is the number of particles
at site x and w(x, y) is the conductance of the bond {x, y}. We suppose that the concuctances are
i.i.d. random variables taking value in [0, cy].

The above exclusion and zero range processes are non-gradient systems, since due to the disorder
the algebraic local current cannot be written as spatial gradient of some local function. Neverthe-
less, thanks to the independence of the conductances from any bond orientation, one can study
the hydrodynamic behavior avoiding the heavy machinery of non-gradient particle systems [V],
[KL]] [Chapter VII]. Indeed, in the case of exclusion processes, due to the above symmetry of the
conductance field the infinitesimal variation of the occupancy number 1(x) is a linear combination
of occupancy numbers. This degree conservation strongly simplifies the analysis of the limiting be-
havior of the random empirical measure with respect to genuinely non—gradient disordered models
as in [QI]], [EM], [Q2], and can be reduced to an homogenization problem [[F]]. In the case of
zero-range processes, this degree conservation is broken. Nevertheless, due to the symmetry of the
conductance field, adapting the method of the corrected empirical measure [[GJ1]] to the present
contest one can reduce the proof of the hydrodynamic limit to an homogenization problem plus the
proof of the Replacement Lemma. The resulting diffusive hydrodynamic equation does not depend
on the environment and keeps memory on the particle interaction.

The homogenization problem has been solved in [[F] also for more general random conductance
fields. The core of the problem here is the proof of the Replacement Lemma. This technical lemma
compares the particle density on microscopic boxes with the particle density on macroscopic boxes
and it is a key tool in order to go from the microscopic scale to the macroscopic one. This comparison
is usually made by moving particles along macroscopic paths by microscopic steps and then summing
the local variations at each step. The resulting method corresponds to the so called Moving Particle
Lemma and becomes efficient if the chosen macroscopic paths allow a spread—out particle flux,
without any concentration in some special bond. While for a.a. w any two points x,y in a box
Ay of side N centered at the origin can be connected inside the infinite cluster by a path y, , of
length at most O(N) [AP], it is very hard (maybe impossible) to exhibit such a family of paths
{Yx,y}x,yen, With a reasonable upper bound of the number of paths going through a given bond b,
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uniformly in b. Due to this obstacle, we will prove the Moving Particle Lemma not in its standard
form, but in a weaker form, allowing anyway to complete the proof of the Replacement Lemma.
We point out that in this step we use some technical results of [[AP], where the chemical distance
inside the supercritical Bernoulli bond percolation cluster is studied. It is only here that we need
the hypothesis of i.i.d. conductances. Extending part of the results of [AP], one would get the
hydrodynamic limit of zero range processes among random conductances on infinite clusters of
more general conductance fields as in [[F].

We comment another technical problem we had to handle with. The discussion in [[GJ1]] refers to the
zero range process on a finite toroidal grid with conductances bounded above and below by some
positive constants, and some steps cannot work here due to the presence of infinite particles. A
particular care has to be devoted to the control of phenomena of particle concentration and slightly
stronger homogenization results are required.

Finally, in the Appendix we discuss the bulk behavior of the zero range process on Z¢ with i.i.d.
random conductances in [0, cy], in the case of initial distributions with slowly varying parameter.
Due to the blocking effect of the clusters with finite size, the bulk behavior is not described by a
nonlinear heat equation.

We recall that the problem of density fluctuations for the zero range process on the supercritical
Bernoulli bond percolation cluster with constant conductances has been studied in [[GJ2]]. Recently,
the hydrodynamic limit of other interacting particle systems on Z¢, or fractal spaces, with random
conductances has been proved (cf. [[F1]], [FJL], [JL], [LF], [Val]). We point out the pioneering paper
[Fr], where J. Fritz has proved the hydrodynamic behaviour of a one-dimensional Ginzburg-Landau
model with conservation law in the presence of random conductances.

2 Models and results

2.1 The environment

The environment w modeling the disordered medium is given by i.i.d. random variables (w(b) :
b € Ey), parameterized by the set E; of non-oriented bonds in 7%, d > 2. w and w(b) are thought
of as the conductance field and the conductance at bond b, respectively. We call Q the law of the
field w and we assume that w(b) € [0, ¢y] for Q-a.a. w, for some fixed positive constant c,. Hence,
without loss of generality, we can suppose that Q is a probability measure on the product space
Q := [0,cy]®. Moreover, in order to simplify the notation, we write w(x, y) for the conductance
w(b) if b = {x, y}. Note that w(x,y) = w(y, x).

Consider the random graph G(w) = (V(w), E(w)) with vertex set V(w) and bond set E(w) defined
as

E(w):={beE; : w(b) >0},

V(w):={x ez : x b for some b € E(w)}.
Assuming the probability Q(w(b) > 0) to be supercritical, the translation invariant Borel subset
Q, C Q given by the configurations w for which the graph G(w) has a unique infinite connected

component (cluster) €(w) C V(w) has Q-probability 1 [G]. Below, we denote by &(w) the bonds
in E(w) connecting points of 6 (w) and we will often understand the fact that w € Q.
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For later use, given ¢ > 0 we define the random field &, = (&.(b) : b€ Ey) as

5.(b) 1 ifw(b)>c, @.1)
@ = .
¢ 0 otherwise.

For ¢ = 0 we simply set & := @,.

2.2 The zero range process on the infinite cluster ¢ (w)
We fix a nondecreasing function g : N — [0, c0) such that g(0) =0, g(k) > 0 for all k > 0 and

g":=sup|glk+1)—g(k)| <oo. (2.2)
keN

Given a realization w of the environment, we consider the zero range process 7, on the graph
Y(w) = (6 (w), &(w)) where a particle jumps from x to y with rate g(n(x))w(x,y). This is the
Markov process with paths n(t) in the Skohorod space D ([0, c0), N%("’)) whose Markov generator
% acts on local functions as

2fm=>Y. > gmwlx,x+e)(fn™*+)=fm), 2.3)
eERB x€b(w):
x+eeb(w)
where 8B = {£e;, *e,,...,xe4}, e4,...,e4 being the canonical basis of 74, and where in general

n(x)—1, ifz=x,
() =4 n0)+1, ifz=y,
n(2), ifz#x,y.

We recall that a function f is called local if f (1) depends only on n(x) for a finite number of sites
x. Since ¢ (w) is infinite, the above process is well defined only for suitable initial distribution. As
discussed in [[A]], the process is well defined when the initial distribution has support on configura-
tions 7 such that [|n|| := ). n(x)a(x) < oo, a(-) being a strictly positive real valued function
on ¢ (w) such that

x€€6(w)

Z Z w(x,x+e)a(x +e) < Ma(x)

xeb(w)ecRB
for some positive constant M.
Given ¢ > 0, set Z(y) := Zk>0g0k/g(k)! where g(0)! =1, g(k)! = g(1)g(2)---g(k) for k > 1.
Since Z() is an increasing function and g(k)! > g(1)X, there exists a critical value ¢, € (0, 00]
such that Z(¢) < 0 if ¢ < ¢, and Z(p) = oo if ¢ > @ . Then, for 0 < ¢ < ¢, we define v, as the
product probability measure on N¢(“) such that

(Pk

Z() g(k)!”

Taking for example a(x) = e ™! in the definition of ||n|| one obtains that Vo(llnll) < oo, thus
implying that the zero range process is well defined whenever the initial distribution is given by v,

vo(n(x) =k)= €N, x € 6(w).
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or by a probability measure u stochastically dominated by v,,. In this last case, as proven in [A],
by the monotonicity of g one obtains that the zero range process 1, starting from u is stochastically
dominated by the zero range process {, starting from v, i.e. one can construct on an enlarged
probability space both processes 1, and , s.t. ,(x) < {,(x) almost surely. Finally, we recall that
all measures v,, are reversible for the zero range process and that V(p(een(x)) < oo for some 6 > 0,
thus implying that vw(n(x)k) < oo for all k > 0 (cf. Section 2.3 of [KL]).

As usually done, we assume that lim,;, Z(¢) = co. Then, cf. Section 2.3 in [KL], the function
R(¢) := v,(n(0)) is strictly increasing and gives a bijection from [0, ¢.) to [0, c0). Given p € [0, 00)
we will write ¢(p) for the unique value such that R(¢) = p. Then we set

Vo = 17(,a(p) > ’;b(p) = Vp(g(nx)) x € 6(w). (2.4)

As proven in Section 2.3 of [KL], ¢ is Lipschitz with constant g*.

2.3 The hydrodynamic limit

Given an integer N > 1 and a probability measure u" on N¢(©) we denote by P, v the law of the
zero range process with generator N2.¢ (see (2.3)) and with initial distribution u" (assuming this
dynamics to be admissible). We denote by E,, v the associated expectation. In order to state the
hydrodynamic limit, we define B(2) as the family of bounded Borel functions on 2 and let 2 be the
d x d symmetric matrix characterized by the variational formula

1
(a,%2a) = — inf Z f w(0,e)(a, + Y (T ,0) — w(w))zﬂo,eeﬁg(w)(@(dw) , VaeR?, (2.5)
Q

myeB@) | St

where 4, denotes the canonical basis of Z9,
m:=Q(0e ¥ (w)) (2.6)

and the translated environment 7, is defined as 7,w(x,y) = w(x + ¢,y + e) for all bonds {x, y}
in E;. In general, I, denotes the characteristic function of A.

The above matrix 9 is the diffusion matrix of the random walk among random conductances on the
supercritical percolation cluster and it equals the identity matrix multiplied by a positive constant
(see the discussion in [[F] and references therein).

Theorem 2.1. For Q-almost all environments ¢ the following holds. Let py : R — [0,00) be a
bounded Borel function and let {uy}y > 1 be a sequence of probability measures on N (@) such that for
all 5 > 0 and all continuous functions G on R? with compact support (shortly G € C.(R%)), it holds

lim ,uN(‘N_d Z G(x/N)n(x) —f G(x)po(x)dx‘ > 5) =0. 2.7)
Rd

Nfeo x€6(w)

Moreover, suppose that there exist pg, P, Co > 0 such that u is stochastically dominated by Vp, and
the entropy H(uM [vp,) is bounded by CoN{.
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Then, for all t > 0, G € C.(RY) and & > 0, it holds

lim B, 0 (

N~y G(x/N)nt(x)—J G(x)p(x,t)dx‘>5)=0, (2.8)
]Rd

x€6(w)
where p : R? x [0,00) — R is assumed to be the unique weak solution of the heat equation

Op =mV - (2V¢(p/m)) (2.9)

with boundary condition p, at t = 0.

We define the empirical measure 7™V (n) associated to the particle configuration 1 as

1
W)= g D) )8y € MR,

x€6(w)

where 4 (R?) denotes the Polish space of non-negative Radon measures on R? endowed with the
vague topology (namely, v, — v in ./ if and only if v,,(f) — v(f) for each f € C.(R?)). We refer to
the Appendix of [[S] for a detailed discussion about the space .# endowed of the vague topology. We
write nlt\’ for the empirical measure (7)), 1, being the zero range process with generator N2.¢.
Then condition simply means that under u" the random measure " converges in probability
to po(x)dx, while under P, v the random measure n]tv converges in probability to p(x, t)dx, for
each fixed t > 0. In order to prove the conclusion of Theorem one only needs to show that the
law of the random path ¥ € D([0, T], .#) weakly converges to the delta distribution concentrated
on the path [0,T] 3t — p(x,t)dx € .# (see [KL][Chapter 5]). It is this stronger result that we
prove here.

Let us give some comments on our assumptions. We have restricted to increasing functions g in
order to assure attractiveness and therefore that the dynamics is well defined whenever the initial
distributions are stochastically dominated by some invariant measure v,, . This simplifies also some
technical estimates. One could remove the monotone assumption on g and choose other conditions
assuring a well defined dynamics and some basic technical estimates involved in the proof, which
would be similar to the ones appearing in [[KL]] [Chapter 5].

The entropy bound H(u" Ivp,) < CoN 4 is rather restrictive. Indeed, given a locally Riemann in-
tegrable bounded profile p, : R — [0,00), let " be the product measure on N¢(@) with slowly
varying parameter associated to the profile p,/m at scale N. Namely, u" is the product measure on
N*¢(@) such that

uN (n(x) = k) = v (e /wym(n(x) = k).

Due to the ergodicity of Q condition (2.7) is fulfilled and, setting p’ := sup, p(x), u” is stochasti-
cally dominated by v,/ /,,. On the other hand, the entropy H (uN |vp,) is given by

1 1 po(x/N) po(x/N)
N )= er;w)oT [logv(oT) ~logg (p.) | }+

po(x/N)
m

= > {logz (e (o))~ logz (s

xeb(w)

)) @10
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Hence, H(u lup.) < CoN 4 only if p, approaches sufficiently fast the constant mp, at infinity. All
these technical problems are due to the infinite space. In order to weaken the entropic assumption
one should proceed as in [LM]]. Since here we want to concentrate on the Moving Particle Lemma,
which is the real new problem, we keep our assumptions.

Finally, we have assumed uniqueness of the solution of differential equation with initial con-
dition p,. Results on uniqueness can be found in [BC], [[KL][Chapter 5] and [Val]. Proceeding as in
[KL][Section 5.7] and using the ideas developed below, one can prove that the limit points of the
sequence {nltv }te[o,77 are concentrated on paths t — p(x, t)dx satisfying an energy estimate.

3 Tightness of {7)'},c1o 11

As already mentioned, in order to reduce the proof of Theorem to the Replacement Lemma
one has to adapt the method of the corrected empirical measure developed in [[GJ1]] and after that
invoke some homogenization properties proved in [[Fl]. The discussion in [[GJI]] refers to the zero
range process on a finite toroidal grid and has to be modified in order to solve technical problems
due to the presence of infinite particles.

Given N € N, we define Ly as the generator of the random walk among random conductances w
on the supercritical percolation cluster, after diffusive rescaling. More precisely, we define €y (w) =
{x/N : x € €(w)} and set

Luf(e/N)=N* 37 wle,x+e){f((x+e)/N) = f(x/N)} €RY

ecRB:
x+e€b(w)

for all x € ¥(w) and f : €y(w) — R. We denote by vg the uniform measure on %y(w) given
by vi\)’ =N er%N(w) 0,. Below we will think of the operator Ly as acting on Lz(vg ). We write
(G, ~)Vg and || - [|2(,ny for the scalar product and the norm in Lz(vg ), respectively. Note that Ly is a
symmetric operator, such that (f, —Ly f )vgjj > 0 for each nonzero function f € Lz(vg ). In particular,
Al — Ly is invertible for each A > 0. Moreover, it holds

1

Flvdw =5 D, D>, olux+a[f(x+te)=f()]- [gk+e) —gx)]
x€6(w) e<ERB:
x+e€b(w)

for all functions f, g € L2(vN). Given A > 0, G € C*(R?) and N € N, we define G- as the unique
element of L*(vY) such that

AGp —LyGr = G*, (3.2)
where G” is defined as the restriction to 6y (w) of the function AG — V- 9VG € cx (RD).

Let us collect some useful facts on the function Gf},:

Lemma 3.1. Fix A > 0. Then, for each G € C*° (R?) it holds

||G]%]”L1(vg)’ ||G]%]||L2(vg) < C(ka G)a (34)
Ly G llzrgmys Iy G ll 2y < e(2, G, (3.5)
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for a suitable positive constant c(A,G) depending on A and G, but not from N. Moreover, for Q-a.s.
conductance fields cw it holds

. A _ d

151%10 Gy — G||L2(vg) =0, VG € C°(RY), (3.6)
. A _ d

151%10 Gy — G”Ll(vg) =0, VG e CP(RY). 3.7)

Proof. By taking the scalar product with Gi‘, in (3.2) one obtains that

MGz (G ~Ln Gy = (G, Dy < NGl IG™ 2y -

Using that supy |G| 12Ny < 0o, from the above expression one easily obtains the uniform up-
per bounds on (GI%,, —LNGI%,)VN and ||G]<L[||L2(VN). Since supy > ”G)L”LZ(VN) < 00, by difference one
obtains the uniform upper bound on ||Ly GA | L2(vN)-

In order to estimate ||G]’}]|| L) let us write p; N(x, y) for the probability that the random walk on
%6y (w) with generator Ly and startlng point x is at site y at time t. Then, since the jump rates
depend on the unoriented bonds, p, Nix,y)= 28 pN(y, x). Since

G)= Y. f e MpY (x,y)GM(¥), (3.8)

YE€By(w) Y0

for all x € 6y(w), the above symmetry allows to conclude that

G}, Ly < f “MpN (e, YIGH ()| =
X.Ye(gN(w)

1 A 1 A
i 2 16 (x)|—>szd|G Wldu<oo. (3.9)

x€by(w)

Again, since supy > IG|| LNy < oo, by difference one obtains the uniform upper bound on
”H-‘NG[%]”Ll(VL]X)'

The homogenization result (3.6) follows from Theorem 2.4 (iii) in [[F]. Finally, let us consider (3.7).
Given £ > 0, using Schwarz inequality, one can bound

IG% = Gl <
IG% Il > Oll ) + IGEIul > Ollay + V21 = GlI2E v, -

Since G € Cfo(]Rd) the second term in the r.h.s. is zero for £ large enough. The last term in the r.h.s.
goes to zero due to (3.6). In order to conclude we need to show that

lim lim |Gy @Il > Ol = 0. (3.10)
Since G* CCOO(Rd) we can fix nonnegative functions F, f € Cfo(Rd) such that —f < G* < F. We
call FY:, £ the solutions in L2(vY) of the equations
AF} —LyFl=F,
ARG —Lnfy =1,
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respectively. From the integral representation we derive that F ﬁ, f]& are nonnegative, and that
- fz& < Gﬁ < FI% on é6y(w). In particular, in order to prove it is enough to prove the same
claim with F If}, fz\% instead of Gl’},. We give the proof for F 1@, the other case is completely similar. Let
us define H € C*(R?) as the unique solution in L%(dx) of the equation

AH -V -9VH=F. (3.11)

Again, by a suitable integral representation, we get that H is nonnegative. Applying Schwarz in-
equality, we can estimate

IFG @Il > Ollpewy = IEG 1y = IFG@Iul < Ollpy) <
1FG oy = IH@Iul < Ol + IH@) = FOIul < Oll o) <
FS N6y = IH@)IClu] < Ol + €2 F; —HIZ . (3.12)

L2(vi)’
Since Fﬁ and F are nonnegative functions, when repeating the steps in (3.9) with FI%, F instead of
GI%,, G respectively, we get the the inequality is an equality and therefore

IEG iy = A7 an = IH g -
This observation, the above bound (3.12)) and Theorem 2.4 (iii) in [[F]] imply that

I@OIIF,@(LOH(IHI > Oy < IH@I(ul > Ol 1wy

At this point it is trivial to derive (3.10) for F If} O

In the rest of this section, we will assume that w is a good conductance field, i.e. the infinite cluster
€ (w) is well-defined and w satisfies Lemma We recall that these properties hold Q-a.s.

The first step in proving the hydrodynamic limit consists in showing that the sequence of processes
{N} 0,7 is tight in the Skohorod space D([0, T], ). By adapting the proof of Proposition IV.1.7
in [KL] to the vague convergence, one obtains that it is enough to show that the sequence of pro-
cesses {nltv [G1}iero,r] is tight in the Skohorod space D([0, T],R) for all G € C°(R). A key relation
between the zero range process and the random walk among random conductances is given by

1
N2 (PN (mIG]) = —5 D, &) (LyG)(x/N). (3.13)
x€b(w)

The check of is trivial and based on integration by parts. At this point, due to the disorder
given by the conductance field w, a second integration by parts as usually done for gradient systems
(cf. [KL][Chapter 5]) would be useless since the resulting object would remain wild. A way to over-
come this technical problem is given by the method of the corrected empirical measure: as explained
below, the sequence of processes {ﬂltv [Gl}icro,r] behaves asymptotically as {nlt\’ [G])\L]]}te[O,T]’ thus
the tightness of the former follows from the tightness of the latter. We need some care since the
total number of particles can be infinite, hence it is not trivial that the process {n’t\’ [Gl/};]}te[o,ﬂ is
well defined.

We start with a technical lemma which will be frequently used:
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Lemma 3.2. Let H be a nonnegative function on 6y(w) belonging to Ll(vg) N Lz(vg) and let k > 0.
Then

1
Powr( sup — 3 0 HGN) > A) <Ak, pod [IHIZ, )+ IHIZ, ) (314)
= x€6(w) @ @

forall A> 0.

Proof. We use a maximal inequality for reversible Markov processes due to Kipnis and Varadhan
[KV] (cf. Theorem 11.1 in Appendix 1 of [KL]). Let us set

1
Fim=—7 D5 n0)Hx/N), (3.15)
xeb(w)

supposing first that H has bounded support. Note that F(n) < F(n') if n(x) < n'(x) for all
x € ¥(w). Hence by the stochastic domination assumption, it is enough to prove (3.14) with
Pw’vpo (always referred to the diffusively accelerated process) instead of P, ,v. We recall that v, is
reversible w.r.t. the the zero range process. Moreover

1
Ve ()= 7 D, HO/NHCy [N, (00 n1(r)) < ek, po)lIHIG: (3.16)

x,y€€(w)

while

2

N
vpo(F,—szF)=W D H/NH(y /Ny, (n(x)F, —2n(y)") <
x,y€€(w)

N2
ekpo)zg D, D, H&/NH(/N).
x€6(w) yeb (w):
lx—yl=1
Using the bound H(x/N)H(y/N) < H(x/N)?+ H(y/N)? and the fact that d > 2, we conclude that

Voo (F,—N*2F) < c(k, po)IH|I? (3.17)

L2(vNy”

By the result of Kipnis and Varadhan it holds

P ( sup D7 0 () H(x/N) >A) < E\/v (F2)+ Twv, (F,—N2%F) (3.18)
@Vpg 0<tIiT d ( )nt S A Po Por : :
XN X€6(w

At this point the thesis follows from the above bounds (3.16]) and (3.17). In order to remove the
assumption that H is local, it is enough to apply the result to the sequence of functions H,,(x) :=
H(x)y(|x| < n) and then apply the Monotone Convergence Theorem as n T 0o. O

Remark 1. We observe that the arguments used in the proof of Lemma 4.3 in [ICLO|] imply that, given
a function H of bounded support and defining F as in (3.15), it holds

2 2
Ew,vpo (ogs?liT(F(m) —F(no)) ) < cTv,, (F,—N“%F).

268



In particular, it holds

E,, ( sup F(nt)z)<cvpo(Fz)—I—chpo(F,—Nz.,%F).
PONogeXT

Using the bounds (3.16) and (3.17), the domination assumption and the Monotone Convergence The-
orem, under the same assumption of Lemma [3.2] one obtains

1 2
Eor (s [ D0 G HG/N)]) < etk po) [IHIE, ) + I ] (319
NN x€%(w)

Using afterwards the Markov inequality, one concludes that

1
k < -2 2 2
Powr (390 3 XEEMm(x) H(xe/N) > A) < clk, pdA2 [IIH Iy + 12,00 | (3:20)

for all A> 0. The use of (3.14) or (3.20) in the rest of the discussion is completely equivalent.

Due to Lemma and Lemma the process {nlt\’ [Gﬁ]}te[o,ﬂ is well defined w.rt E,, ,v. Let us
explain why this process is a good approximation of the process {n]tv [Gl}icro,r:

Lemma 3.3. Let G € CCOO(Rd ). Then, given 6 > 0, it holds

. NraAq_ N _
llflTrEOPw’“N(ogs?I;T{nt [Gy]—m, [G]| > 5) 0. (3.21)

Proof. By Lemma [3.2]we can bound the above probability by

c(p0)5 ™\ [11G% = GI, ) +11G} = Gl
At this point the thesis follows from Lemma (3.1 O

Due to the above Lemma, in order to prove the tightness of {nltv [G1}iero,r] it is enough to prove the
tightness of {77:1:] [G]%]]}te[O,T]' Now we can go on with the standard method based on martingales
and Aldous criterion for tightness (cf. [KL][Chapter 5]), but again we need to handle with care
our objects due to the risk of explosion. We fix a good realization w of the conductance field. Due
to Lemma Lemma and the bound g(k) < g*k, we conclude that the process {Mﬁv bo<esr
where

t
1
MY (G) := nf(Gﬁ)—ﬂ’a’(Gﬁ)—f N > 8(n,(x))Ly G (x/N)ds, (3.22)
0 x€B(w)

is well defined P,, ,n—a.s.

Lemma 3.4. Given 6 > 0,

lim]P’wHN( sup |M§V(G)|>5)=o. (3.23)
Nfoo 7 0<t<T
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Proof. Given n > 1, we define the cut—off function G’1 :6y(w) — Ras G]’},’n(x) = GLOI(|x| < n).

Then GA is a local function and by the results of [ ] (together with the stochastic domination
assumptlon) we know that

‘1
MG = N’tV(Gﬁ,n)—nS’(G,@,n)—L i D ey (x)LyG} ,(x/N)ds

x€6(w)

is an L?~martingale of quadratic variation

< MP(G) >= NZd Y sl I [G (/W) G /N,
x€6(w) J\/xe—(i/ﬁz)l

Note that, by the stochastic domination assumption and the bound g(k) < g%k,
E, (< MN’"(G) >) <

J 7 20 2 Eow,, [000]e(x,0)[GF ,(y/N) = G (x/N)]*ds

x€b(w) yeb(w):
lx—y|=1

= g potN~U G} p —L G vy - (3.24)

By Doob’s inequality and ([3.24)), we conclude that

n ¢ n
Pow( sup IMY(G) > 8) < 55Eop (IM)(G)F) <

0<t<T

cg"Tpo ¢'g"Tpo
o O TGy < T (429

Above we have used that hmnToo(GN o ]LNG]%],H)VLI\OI = (Gﬁ, —]LNG]%])VCIX < c(A) (see Lemma.

The above process {Mt ’ (G)}te[O,T] is a good approximation of {MfV(G)}te[O’T] asn 1 co. Indeed, it
holds
lim PQ,HN( sup [MV(G) - MY (G)| > 5) —0, 6>0. (3.26)
nfoo 0<t<T
Indeed, since ||G§,’n - GﬁIILl(Vg)’Lz(Vg) and ||IL,NG]%,’H - LNGKLI”LI(Vg),LZ(VCIX) converge to zero as N T oo
and since g(k) < g*k, the above claim follows from Lemma [3.2]

At this point, (3.26) and (3.25) imply (3.23). O

Let us prove the tightness of {nltv [G]%,] }re[o,17 using Aldous criterion (cf. Proposition 1.2 and Propo-
sition 1.6 in Section 4 of [KL]):

Lemma 3.5. Given G € CCOO(Rd ), the sequence of processes {n]tv [G]%[]}te[O,T] is tight in D([0, T],R).
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Proof. Fix 6 > 0 and uppose that 7 is a stopping time w.r.t. the canonical filtration bounded by T.
With some abuse of notation we write 7 + 6 for the quantity min{t + 6, T}. Then, given € > 0, by

Lemmata[3.1]and [3.2]

T+6
Pw,u”(f Nd Z g(ﬂs(x))LNGﬁ(X/N)ds

xeb(w)

P, .~ (08" sup — Z 1,(x)|Ly G (x/N)Ids>8)<Cg*9/£. (3.27)
OT] xe‘g(w)

>s)<

In particular,

7+0 1 N
limlimsup sup P, uN( — Z g(ns(x))Ly Gy(x/N)ds| > e) =0. (3.28)
70 Ntoo 71,0€[0,7] T N x€€(w)
An estimate similar to (3.27) implies that
lim sup P (x))LyGL(x/N)ds| > s) =0. (3.29)
efoo N >p1 @ Nd ) NN
Let us now come back to Lemma 3.4} Let 7, 6 as above. Then
limsupP,, N(|MT+9 - MY > 3) limsupP,, MN( sup |MN|> 5/2) =0 (3.30)
NToo Ntoo 0<s<T
Collecting (3.28)), (3.29) and (3.30), together with Lemma 3.4} we conclude that
limlimsup sup P, ~v(|7 , ,[G ] -, [Gl] =0, (3.31)
70 Ntoo 1,0€[0,y] “H (| o | )
lim sup P~ (17 [Gh]>¢) =0. (3.32)
efooy>1

Aldous criterion for tightness allows to derive the thesis from (3.31)) and (3.32).

O
Let us come back to and investigate the integral term there. The following holds:
Lemma 3.6. Let I(t) := fOtN_d er%(w) g(ns(x)) (G (x/N) — G(x/N))ds. Then, for all 5 > 0,
hm Pw 'uN( sup [I(¢t)| >6)=0. (3.33)

=X t X
Proof. Since g(k) < g*k and by Schwarz inequality we can bound

I(t) <J =Tg"|IGy - Glli{fmojug T{N_d D7 0y (x?[GRi(x/N) = Glx/N) [}/
“0sss x€6(w)

Using the stochastic domination assumption and applying Lemma [3.2] we obtain

P, ( sup [I(t)]>6) <P,, (J>6)<
o< <T > PO

(1/6)*T*(g" Gy — GllLl(Vw)\/llGl Gllfsomy + 16T = GliZag ) (3:34)

The thesis now follows by applying Lemma O]
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We are finally arrived at the conclusion. Indeed, due to Lemma|3.3|and Lemma 3.5|we know that the
sequence of processes {nltv }te[o,r7 is tight in the Skohorod space D([0, T], #). Moreover, starting
from the identity (3.22), applying Lemma (3.4} using the identity (3.2) which equivalent to

LyGh =AGh — G* = A(G} —G)+ V- 9VG,

and finally invoking Lemma we conclude that, fixed a good conductance field w, for any G €
CCO"(]Rd) and for any § > 0

> 5) —0. (3.35)

lim Py, v ( sup

‘1
M P (| sup |7 (6) =m0 (6) - L i 2 &)V IVG(x/N)ds

x€6(w)

Using the stochastic domination assumption it is trivial to prove that any limit point of the sequence
{n)} (0,17 is concentrate on trajectories {7,},c[0,r] such that m, is absolutely continuous w.r.t.
to the Lebesgue measure. Moreover, in order to characterize the limit points as solution of the
differential equation (2.9) one would need non only (3.35). Indeed, it is necessary to prove that,
given w good, for each function G € C* ([0, T] x R4) it holds

lim P,, ~ ( sup n]tv(Gt) - ng(Go)—

NToo 0<t<T

J 1% Z g(ns(x))V'QVGs(X/N)dS—f N (3,G,)ds
0 0

x€b(w)

> 5) =0, (3.36)

where G,(x) := G(s,x). One can easily recover (3.36) from the same estimates used to get (3.35)
and suitable approximations of G which are piecewise linear in t as in the final part of Section 3 in
[[GJT]]. In order to avoid heavy notation will continue the investigation of (3.35) only.

4 The Replacement Lemma

As consequence of the discussion in the previous section, in order to prove the hydrodynamical limit
stated in Theorem 2.1 we only need to control the term

t
1
f — > gn(x)V-2VG(x/N)ds. 4.1)
N
0 x€6(w)
To this aim we first introduce some notation. Given a family of parameters a4, as,...,a,, we will
write
lim sup
o1 —0a1,03—Ag,...,0,—Ay
instead of

limsup limsup ---limsup .
=0y Ap_170p—1 a1 —=a

Below, given x € Z¢ and k € N, we write A, i for the box

Ay :i=x+[—k, k14nzd,
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and we write n%(x) for the density

1
k
n*(x):= — E n(y).
(2k+1) YEA (NE(w)

If x = 0 we simply write A instead of Ag .

Then, we claim that for Q-a.a. w, given G € C.(R?), § > 0 and a sequence u" of probability

measures on N¢(@) stochastically dominated by some v,, and such that H (uN [vp,) < CoN it holds

limsup P, ;v (
N1Too,e/0 ’

g(ns(x))G(x/N)ds—

Nd
0 N x€B(w)

f % Z ¢ (nN (x)/m)G(x/N)ds| > 5) =0. (4.2)
0

xezd

Let us first assume the above claim and explain how to conclude, supposing for simplicity of notation
that eN € N.

Given u € R? and ¢ > 0, define bye 1= (2¢)"9I{u € [—¢, £]?}. Then the integral 7™ [LX/N,g] ,xez4,
can be written as

(2¢eN +1)4
N eN
|:Lx/N €:| (ZEN)d N (x). (4.3)
Let us define
f = > (Y [ten,e/mDV - DVG(x/N)ds. (4.4)
xezd

Then, due to (4.3) and since ¢ is Lipschitz with constant g*, we can estimate from above the
difference between (4.4) and the second integral term in (4.2) with G substituted by V- 2VG as

(2eN + 1)1 -
(2eN)d

d
(2eN) f Ndzan(x)W PV G(x/N)|ds (4.5)

Since the integral term in (4.5) has finite expectation w.r.t Pw’vpo and therefore also w.r.t. Py, v,
we conclude that the above difference goes to zero in probability w.r.t. P, ~. At this point the
conclusion of the proof of Theorem [2.1|can be obtained by the same arguments used in [KL][pages
78,79].

Let us come back to our claim. Since

ST e GNGE/N) = Y gny())(x € 6())G(x/N),

x€6(w) xezd

by a standard integration by parts argument and using that G € CC"O(Rd) one can replace the first
integral in (4.2)) by

JNdZ (2(+1)d Z 8(715(}'))]G(X/N).

Y:YEA NG (w)

Then the claim (4.2) follows from
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Lemma 4.1. (Replacement Lemma) For Q-a.a. w, given 6 > 0, M € N and given a sequence of prob-
ability measures uN on N¢(@) stochastically dominated by some vy, and such that H (uN [vp,) < CoN d
it holds

limsup P, ;v [Jtid Z Ven (TMs, Tw)ds > 5] =0, (4.6)
NToo,e]0 ’ 0 N xEAyN
where 1
o) = | mp atCoym)|
)= | 2 800 ~me (o' ©)/m)

Y:YEANE(w)

Let us define T y as the set of measurable functions f : N%(@) _ [0, 00) such that i) v, (f) =1,
() 2(f) := vp*(\/? ,—% \/? ) < CoN92 and (iii) f dv,, is stochastically dominated by v, (shortly,
fdv,, =<dv, ). Using the assumption H (uN [vp,) < CoN 4 and entropy production arguments as in
[KL] [Chapter 5], in order to prove the Replacement Lemma it is enough to show that for Q-a.a. w,
given pg, Py, Co, M > 0, it holds

. 1
limsup sup f — Z Ven (T, Tyw)f (v, (dn) =0. 4.7)
NToo,el0 fE€Tc) N N XEAyN

Trivially, since v, stochastically dominates v,, if p; > p,, it is enough to prove that, given
0> Psx>Co,M > 0, for Q-a.a. w (4.7) is verified. We claim that the above result follows from
the the One Block and the Two Blocks estimates:

Lemma 4.2. (One block estimate) Fix pg, py, Cy, M > 0. Then, for Q-a.a. w it holds

1
limsup sup JIW Z Vi(tyem, Txw)f (m)v,, (dn) =0. (4.8)

NToo,ZToofeTCO,N XEAyn

Lemma 4.3. (Two blocks estimate) Fix p, py, Cy, M > 0. Then, for Q-a.a. w it holds

limsup  sup
NToo,el0,0T00 fET ¢,

1 1
14 eN
— — 7' ) =N G| | F v, (dn) =0.  (4.9)
J 5.2 [awry 2. |
We point out that the form of the Two Blocks Estimate is slightly weaker from the one in
[KL][Chapter 5], nevertheless it is strong enough to imply, together with the One Block Estimate,
equation (4.7). Indeed, let us define a(y) :=1(y € 6(w)) and

1
Il(n):=m Z Avyen, 8(N(Y)a(y) —Avyep  Avien,, 8(n(2))alz)], (4.10)
XEAyN
1
Iz(n):=m Z AVyen, (szeAy,eg(n(Z))a(Z)—mq’>(n“(y)/m)) , (4.11)
XEAyN
1
B)= 5 D Aven, mé(n (y)/m) —mp(n™N(x)/m)) (4.12)
XEAyN
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where Av denotes the standard average. Then

1
~d Z Ven (T2, T, ) =

XEAyN

1

Nd Z ‘AvyeAx’gNg(n(y))a(y) —mep(N(x)/m)| <(I; + I, +13)(n). (4.13)

XEAyN

Let us explain a simple bound that will be frequently used below, often without any mention. Con-
sider a family of numbers b(x), x € 74 Then, taking L,{ > 0 we can write

AvxeAL b(x) — AVxeALAVuGAX’g b(u) =

1 1
— > b(x)(]I(xEAL)—mﬁ{ueAL:Ix—uloogf}).

ALl &2,
In particular, it holds
1
|AVyen, B(x) = Aveer, Avyen,  b(W)] < o D1 bl (4.14)
L X€ML \AL—¢

Due to the above bound we conclude that

*

<7 S Y pwaw.

d d
N (28N + 1) XEAMN ueAx,EN+€ \Ax,sN—(Z

In particular, using that fdv, = dv, , we conclude that fIl(n)f(n)vp*(dT)) < cl/(eN). The sec-
ond term I,(n) can be estimated for ¢ < 1 as

1 1
LM <5 2, Ayer T m0) < o3 3, Vil o).

x€AyN XEAM+1N

Due to the One block estimate one gets that

limsup  sup J IL(n)f (v, (dn)=0.
NToo,le,ZToofeTCo’N

The same result holds also for I5(7) due to the Lipschitz property of ¢ and the Two Blocks estimate.
The above observations together with (4.13)) imply (4.7).

5 Proof of the Two Blocks Estimate

For simplicity of notation we set £, = (2¢ + 1)? and we take M = 1 (the general case can be treated
similarly). Moreover, given A C Z?, we write #(A) for the number of particles in the region A,

namely A (A) := erAmf(w) ().
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Let us set

1
A(n) = ~d Z Avyen N ) =N (), (6.1
XE€AN
1
Bn)i= =5 D Avyer, AVien, . [1 ) =1 (), (5.2)
XE€EAN
1
C)i=—— > Avyen., 2. |n'G)-1'G)|. (5.3)
N Aenl XEAy ’ ZEA, on:

lz—yloo 2 2¢

Since due to (4.14)

PNX) =Av,en, 1@+ E, (8l <clANTT DY n@,

uEAx,5N+l \Ax,sté

using that fdv, —<dv, , in order to prove the Two Blocks estimate we only need to show that

limsup  sup JB(ﬂ)f(n)Vp*(d’f)) =0.
N100,6]0,0T00 feTCO,N

Since
1
B <C+——— D Avyen,, 2. (1) +1'(),
N |A5N| ’

XEAN ZEA, (Nt
|Z_y|oo g 2L
using again that fdv, =< dv,, in order to prove the Two Blocks Estimate we only need to show
that

limsup  sup
NToo,el0,0T00 fET ¢,

J 1 Z Z Z | A Ay = AN )|f ()Y, (dN)=0. (5.4)

d 2d pd
N (EN) ¢ XEAN YEA oN  ZEA ,N:
|z_y|oo > 2L

Let us now make an observation that will be frequently used below. Let X € Z9 be a subset possibly
depending on «w and on some parameters (for simplicity, we consider a real-value parameter L € N).
Suppose that for Q-a.a. w it holds

XNAxl

lim sup N

NToo,LToo

Then, in order to prove (5.4) we only need to show that

lim sup sup
N100,6]0,€700,LTo0 fE€T ¢y v

1
f i 2 2 2 M\ = N A \|f (v, (dn) = 0. (5.5)

d 2d pd
N (8N) f X€AN yeAx’gN zeAx’sN:
‘Z_yloo 2 ZZ

276



We know that there exists ay > 0 such that for each a € (0, ay] the random field &, defined in
is a supercritical Bernoulli bond percolation. Let us write 6, (w) for the associated infinite cluster.
By ergodicity,
limsup |(€ \ 6,) N Ax|/|Ay] =1imQ(0 € €\ ¥,) =0. (5.6)
NToo,al0 al0
Hence, due to the above considerations, is proven if we show that, for each a € (0,a,], it
holds with € replaced by 6,. Moreover, since fdv, = v, , using Chebyshev inequality it is
simple to prove that

1

N1o0,e(0,T00,AT00 XEAy YEA oy ZEAy on:
2=yl =2¢

I(A(Ay g UA, ) >ALDf (v, (dn)=0.

At this point, we only need to prove the following: Fixed a € (0,a,] and A > 0, for Q-a.a. w it
holds

1
lim sup sup JWZ Z Z

N100,e/0,(T00 feTz‘O,N XEAN _yEAX)EN ZEAX,EN:
|Z_.y‘oo > 2L

)W((ga n Ay,(i) - t/V(Cga mAz,€)|H(</V(Ay,Z UAZ,({) gAff)f(’f))Vp*(dﬂ) = 0; (5.7)

where T’EO’N is the family of measurable functions f : N¥(©) — [0, 00) such that vy, (f) =1 and
D(f) < CoN2.

We now use the results of [[AP] about the chemical distance in the supercritical Bernoulli bond
percolation @,, for some fixed a € (0,a,]. We fix a positive integer K (this corresponds to the
parameter N in [AP], which is fixed large enough once for all). Given a € Z¢ and s > 0, we set
Das = Aogi1)as As in [AP], we call &, the microscopic random field. The macroscopic one
o ={o(a):aecZ} o, 1}Zd is defined in [[AP] stating that o(a) = 1 if and only if the microscopic
field @, satisfies certain geometric properties inside the box A, sk /4. These properties are described
on page 1038 in [JAP]], but their content is not relevant here, hence we do not recall them. What
is relevant for us is that there exists a function p : N — [0,1) with limy, p(K) = 1, such that
o stochastically dominates a Bernoulli site percolation of parameter p(K) (see Proposition 2.1 in
[AP]). Below we denote by ;4 the law of this last random field, taking K large enough such that
p(K) is supercritical. As in [JAP] we call a point a € Z¢ white or black if o(a) = 1 or 0 respectively,
and we write in boldface the sites referred to the macroscopic field. Recall that a subset of Z¢ is
*—connected if it is connected with respect to the adjacency relation

xiy<:>|x—y|oo=1.

¢* is defined as the set of all *—connected macroscopic black clusters. Given a € Z¢, C, denotes the
element of ¢* containing a (with the convention that C; = @ if a is white), while C; is defined as
C; = C; Ud°“'C;. We recall that, given a finite subset A C 74, its outer boundary is defined as

O A:={xe A :TyeA, {x,y} €E4}.
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We use the convention that d°“‘C} = {a} for a white site a € Z4. Hence, for a white it holds
C: = {a}.
a

Let us recall the first part of Proposition 3.1 in [AP]. To this aim, given x,y € Z%, we write a(x)
and a(y) for the unique sites in Z¢ such that x € A,k and y € A, . Weset n:=|a(x)—a(y)|; and
choose a macroscopic path A, , = (ay,as,...,a,) with a; = a(x) and a, = a(y) (in particular, we
require that |a; — a;,1]|, = 1). We build the path A, , in the following way: we start in a(x), then
we move by unitary steps along the line a(x) + Ze; until reaching the point a’ having the same first
coordinate as a(y), then we move by unitary steps along the line a’ + Ze, until reaching the point
having the same first two coordinates as a(y) and so on. Then, Proposition 3.1 in [JAP]] implies (for
K large enough, as we assume) that given any points x, y € 6, there exists a path y, , joining x to
Yy inside 6, such that y, , is contained in

Wy, = Uaea, , (UweC;Aw,SKM) . (5.8)

These are the main results of [[AP] that we will use below. Note that, since the sets C: can be
arbitrarily large, the information that y, , C W, , is not strong enough to allow to repeat the usual
arguments in order to prove the Moving Particle Lemma, and therefore the Two Blocks Estimate.
Hence, one needs some new ideas, that now we present.

First, we isolate a set of bad points as follows. We fix a parameter L > 0 and we define the subsets
B(L),B(L) c 74 as

B(L):={ae€Z®:|Ci|>L}, (5.9)
B(L) = UaEB(L)Aa,loK . (510)

Lemma 5.1. Given a in (0, ay], for Q-a.a. w it holds

. IB(L) N Ayl
limsup ———— =

(5.11)
NToo,LToo |AN|

Proof. Since |B(L) N Ay| < ¢(K)|B(L) N Ay|, we only need to prove the thesis with B(L) replaced
by B(L). We introduce the nondecreasing function p; : N — [0, 00) defined as p;(n) :=1I(n > L)n.
Then we can bound
BL)NAYI< D> pi(CH).

C'es™:

C*NAN#0
Since o stochastically dominates the Bernoulli site percolation with law P;x) and due to Lemma
2.3 in [IDP]], we conclude that

QBN Ayl > alryD <@ DT pu(C)>alay]) <

Cres™:
CNAN#0
Pao (D pu@)=anyl) <P pu(@) = alryl), (5.12)
C'es™: acAy
CNAy#D
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where the random variables é: (called pre—clusters) are i.i.d. and have the same law of C:‘) under
P5k)- Their construction is due to Fontes and Newman [FNI], [FN2[]. Due to formula (4.47) of
[AP], E[pvp(K)(|C3|) is finite for K large, in particular

lim E(p;(Cy)) = 0. (5.13)
LToo
By applying Cramér’s theorem, we deduce that

P(( Y pu(€)) > 2B(p, (ENIAy] ) < eV,

acAy

for some positive constant c(L) and for all N > 1. Hence, due to (5.12) and Borel-Cantelli lemma,
we can conclude that for Q-a.a. w it holds

IB(L)NAnl/IAN < 2E(p1(Cg)), VN > No(L,w).

At this point, the thesis follows from (5.13). O

At this point, due to the arguments leading to (5.5), we only need to prove the following: given
a €(0,ay] and A> 0, for Q-a.a. w it holds

1
lim sup sup J —_—
Ntoo,el0,fToo,LToo feTe v J N (eN)> e erAN ye%;m ZGEN;

| (Ty ) = A (T )| IA (Ty g0 UT 0) SALDf (v, (dn) =0 (5.14)

where
Tuta= (AyNG)\B(L), ueZ’. (5.15)

Above we have used also that
I(A (Ay g UA, ) SALD) TN (Ty 00 UT5pq) ALY,

Note that in the integral of ((5.14)), the function f multiplies an &y-measurable function, where Zy
is the o—algebra generated by the random variables {n(x) : x € Gy} and Gy, is the set of good points

define as
GN = (AN+1 ﬂ‘ga)\B(L) (5.16)

Since 9(-) is a convex functional (see Corollary 10.3 in Appendix 1 of [KL]), it must be
D, (f|F)) < D(F) < N2

Hence, by taking the conditional expectation w.r.t. &y in (5.14), we conclude that we only need
to prove (5.14) by substituting ’I”'&O n with Tnco y defined as the family of Zy—measurable functions

f :N%@) [0, 00) such that v(f) =1 and 2(f) < CoN~2.

Recall the definition of the function ¢(+) given before (2.4)). By the change of variable n — n — &,
one easily proves the identity

vo, [gI(VF) =V Fm)?] = oo v, [(VF ) = V)], 617
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where in general > denotes the configuration obtained from 1 by adding a particle at site z, i.e.
n®t =n+5,. Let us write V., for the operator

Vyyh(n) := h(n**) = h(n>™).
We can finally state our weak version of the Moving Particle Lemma:

Lemma 5.2. For Q-a.a. w the following holds. Fixed a € (0,a,] and L > 0, there exists a positive
constant k = k(L, a) such that

e 20(p,) Sy
Nd(eN)2dg2d Z Z Z Z Z Vp*((vu,v %)

¥ XEAN YEA N 2EA Nt UET) o VET 4
|Z_y|oo 2 2¢

<N*19(f)/Kk < Co/x, (5.18)
for any function f € Tﬂco y and for any N, £, Cy,.

Proof. Recall the definition of the path y, , given for x, y € 6, in the discussion before (5.8). Given

a bond b non intersecting Gy, since f is &#y-measurable it holds Vb\/? = 0. Using this simple
observation, by a standard telescoping argument together with Schwarz inequality, we obtain that

n-1 n—1
Vp* ((vu,v \/7)2) < { ZO H({ui: ui+1} n GN 7é 0)} ’ { ZO Vp* ((vui,uiH \/?)2) } ’ (5.19)

i=
where the path v, , is written as (u = ug,us,...,u, = v). Recall that if v, ((V,,,,, \/?)2) # 0 then
the set {u;,u;, 1} must intersect the set of good points Gy defined in (5.16)).

If b is a bond of y,,, then b must be contained in the set W, , defined in (5.8). In particular,
there exists a € A, ,, and w € C], such that b is contained in A, sx/4. Denoting d,,(-,-) the distance
between subsets of Z? induced by the uniform norm | - |,, we can write

d(b, (2K + 1)w) < 5K /4. (5.20)

We claim that, if b intersects Gy, then |C}| < L. If a is white then |C}| = 1 and the claim is trivally
true. Let us suppose that a is black and that |G| > L. By definition of C}, there exists some point
a’ € C} such that [w—a’|,, <1, i.e.

do (2K + 1w, (2K +1)a’) <2K + 1. (5.21)

Due to (5.20) and (5.21)) we conclude that b € Ay 1ok = A(ax41)a,10- On the other hand, C’, = C;
and by definition of the set of bad points we get that A, jox € B(L). The above observations
imply that b € B(L) in contradiction with the fact that b intersects the set of good points Gy. This
concludes the proof of our claim: |G| < L.

We define [y, , [, := Z?:_ol I({u;,u; 41} NGy # 0). We claim that for almost all conductance field w
there exists a constant ¢(K, L) depending only on K and L such that, for all (x, y,z,u,v) as in (5.18)),
|Yuvls < ceN. Indeed, by the above claim, we get that

[Vl < Ask)al Z ICXI(CE <L) < c(d)L|Asg 4l 1A, | < C(K,L)eN .

acA, ,
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Given a bond b € E; let us estimate the cardinality of the set X(b), given by the strings (x, y,z,u,v)
with x,y,2,u,v as in the Lh.s. of (5.18), such that b is a bond of the path Yuy and b intersects
Gy. Up to now we know that there exist w,a such that b intersects Ay sx/4, a €A, W E Cz and
|C;| < L. In particular, it must be

doo(b, (2K + 1)A,,) <
doo(b, (2K + 1)W) + (2K + 1)do(W, Cy) + (2K + 1)diam(C?) <
5K/4+(2K+1)(1+1L). (5.22)

Hence, if (x,y,2,u,v) € X(b), then the distance between b and (2K + 1)A,, is bounded by some
constant depending only on K and L. Note that the macroscopic path A, ,, has length bounded by
ceN /K. Let us consider now the set Y(b) of macroscopic path (ay,a;,...,a;) such that

k<ceN/K, (5.23)
dy (b, (2K +1){ag,ay,...,a;}) <5K/4+(2K+1)(1+1L). (5.24)

By the same computations used in the proof of the standard Moving Particle Lemma, one easily
obtains that |Y(b)| < c¢(K,L)(eN){*1. Fixed a macroscopic path in Y(b) there are at most c(K)
ways to choose microscopic points u, v such that the macroscopic path equals A, ,, . Fixed also u and
v, we have at most Zfd ways to choose (y,z) as in (5.18). Fixed (y,z) we have at most c(¢N)? ways
to choose x as in (5.18). Hence |X(b)| < c(K, L)(eN)***1¢24_ Finally, recall that the length of v,
is bounded by ceN. Since moreover all paths y, , are in 6,, from the above observations and from

(5.17) we derive that

(ceN)e"%¢(p.)

Lhs. of 5.18) < N(eN P2

D IXB)Iv, (T /FID <

beE,
c(K, LY(eN )+ 2623 .
NNt 2 S CIL N 9(f) < CIK. L )Gy (5.29)

O

Since a is fixed, we will stress only the dependence of the constant x(L,a) in Lemma on L
writing simply x(L). We introduce the function

1
EDEDID VDS

XEAN YEA o  ZEA N
‘Z_yloo 2 2t

Z(n) =

‘W(ry,é,a) _ :/V(rz,f,a)

T T I(A(Ty0aUT,0q) SALD).

Recall that we need to prove (5.14) where T*&O’N is substituted by the family Tnco v defined before

(5.17). Due to the above Lemma, we can substitute Tnco ~ with the family 1!

Co/K(L),N of measurable
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functions f : N¢(@) — [0,00) such that v(f) = 1 and such that the Lh.s. of (5.18) is bounded by
Cy/x(L). Namely, we need to prove that, given a € (0, ag] and A > 0, for Q-a.a. w it holds

lim sup sup v, (Z(n)f(n)) =0. (5.26)
N100,£/0,{T00,LToo feTu
Co/x(L),N

Since by Lemma [5.2]

k(L)
sup Vp*(\/?>_m Z Z Z Z Z vu,v\/F)§C,

fETncO/K(L),N * XEAN YEA N 2EA Nt UED, o VET 4
|Z_.y|[x> > 2t

we only need to prove that, given a € (0, ag] and A,y > 0, for Q-a.a. w it holds

limsup supspecLz(Vp*){Q’(n) + %%d) Z Z Vu’v] } <0, (5.27)

NTo0,€0,¢T00,LToo u€rl, o, vel, ¢4

where supspeci2(y y() denotes the supremum of the spectrum in Lz(vp*) of the given operator.
Now we use the subadditivity property

1

supspec;zy, (Y X)) < Y supspecyag, y(%1)
i

to bound the Lh.s. of (5.27) by

lim sup ; Z Z Z SupspecLz(Vp*){‘W(ry’e’a) _ ‘/V(Fz,f,a)

d 2d d d
N100,e40,0100,LT00 N (EN) XEAN YEA en  ZEAL Nt e* f*
l2=yloo 2 2L

(L)
I (FyaUTaea) SAED + 520 D0 > Vis}. (5.28)

* u€rly, ,ver

z,0,a

We observe that the operator inside the {-}-brackets depends only on 7 restricted to 'y , ;=T ; , U
', - By calling v , . the canonical measure on %, , := {n € I\ (T'y ) = k} obtained by
conditioning the marginal of v, on N> to the event {4 (T ;) =k}, we can bound (5.28) by

) 1
lim sup OOW Z Z Z sup

NTOO,E‘.LO,ZTOO,LT XEAN yeAx,sN ZeAx,sN: kE{O,].,,A@f}

2=y oo =20,
JV(F L, ) L/V(rz,f,a) YK(L)
SUPSPeCLZ(w(,y,z){‘ Eg == ¢d +82€2d Z Z v“’v}' (5.29)

uel"y,g’a VEFZ’[’D‘

Given integers k,ny,n, € N, define for j = 1,2 the set T'; := {1,2,...,n;}, with the convention that
I'; =0 if n; = 0. Then define the space

i, =1(1,02) ENTV X N2: Y0 2i(a)+ Y olay) =k}

a, €' a,€l’y
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and set A({;) = Zai cr. Ci(a;). Finally, call v; ,, ,,, the probability measure on % ,, ,, obtained by
first taking the product measure on N1 x N'2 with the same marginals as v,,, and afterwards by
conditioning this product measure to the event that the total number of particles is k. Finally, define

F(k,ny,ny,e,0,L):= supspecLz(vk}nl’nz){ng |,/V(§1) - JV(Q’Z)) + %%d) Z Z Vu’v} . (5.30)

uel’; vel'y

Note that the operator yx(L){ ;2‘1 Zuerl Zvel"z Vv is the Markov generator of a process on 4 . »,
such that the measure v ,,, ,, is reversible and ergodic. In particular, 0 is a simple eigenvalue for
this process. Fixed £, we will vary the triple (k,n;,n,) in a finite set, more precisely we will take
ny, Ny < Ef and 0 < k < Aéf. Then, applying Perturbation Theory (see Corollary 1.2 in Appendix
3.1 of [KL), we conclude that

limsup sup |F(k,nq,ny,e,£,L)— G(k,f,ny,n,)| =0 (5.31)
el0  k,nq,ny
where
Gk, €,n1,15) = Vi, n, (04| N (E) = (L)) (5.32)

The above result implies that in order to prove that (5.29) is nonnegative we only need to show that

1
lim sup ——— Z Z Z sup  G(k,{,n,,n,) < 0, (5.33)
Ntooel0,to0Lto0 NY(EN)™ G0 I S keqon,...ac)

where
n_y = |Fy,[,a| B n, = |Fz,l,a| .

Lemma 5.3. Given 6 > 0, for Q-a.a. w it holds

1

N100,610,€100,LTo0 XEAN YEA, e ZEA, e

I(|n, /t? = my| > & or |n /€8 —my| >5) =0, (5.34)
where m, = Q(0 € 6,).

Proof. Recall definition (5.15) and set N, = [6, N Ay |, N, = [€, N A, |. Then

1
WZ > > I(ny, —Ny>60%) <

XEAN yeAx,gN zeAmN

c
— IIB(L) N Ayl > 560 <
Nd(gN)d ng ye/\Zx,gN g
c C
SNIEN)d Z Z IB(L)N Ayl < WlB(L)mAN+€N|-

* XEAN YEA N
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Due to the above bound, the same bound for n, and N,, Lemma and finally a §/2-argument,
we conclude that it is enough to prove (5.34) substituting n, and n, with N, and N, respectively.
Moreover, due to ergodicity, for Q-a.a. w it holds

1
lim sup —Z Z I(IN, /€4 —mgy| > &)

d d
N1To0o,e]0,fT00 N (SN) XEAy YEA, on

1
<c limsup — Z ]I(INy/Kf —my|>6) = climsup@(lNy/Ef —my|>6)=0. (5.35)
Nfoo,tto0 N& S5 €100

A similar bound can be obtained for z instead of y, thus implying (5.34). O
Since G(k,{,ny,n,) <A and since

Nk m
Kf n1+n2€$

G(kJ e: np, nZ) < 'Vk,nl,nz (

)+

Vi,ny,ny (

O
Eg n1+n2£g

ni—n
)+AM, (5.36)
Tl1+n2

by the above Lemma in order to prove (5.33)) we only need to prove for j = 1,2 that

AN (L) k n;
limsup sup Vk,nl,nz( dJ - —:1 ) =0, (5.37)
100,510 (k,ny,n5)€.% 10 ny +ny £
where
S = {(k, ny,n,) € N3
k ny ny
7 A g€ lmy—5,(m, +8)A1], 7 e [ma—é',(ma+5)/\1]}. (5.38)

At this point (5.33)) derives from the local central limit theorem as in in [KL[][page 89, Step 6].

6 Proof of the One Block Estimate

We use here several arguments developed in the previous section. In order to avoid repetitions, we
will only sketch the proof. As before, for simplicity of notation we take M = 1.

Let us define m, := Q(0 € 6,). Note that m = lim,o m,. Setting a = nt(y), b= N (6N Ay,g)/Ef,
since ¢ is Lipschitz we can bound
a b a a b b b
M (=) = ma(—)| < Im = mgld(—) + mgld () = ()| + mald(—) — (—)| <
m m, m m m m My

m-—m m 1 1
ug*a+g*—a|a — b| +g*bma~— — —| <
m m  mg,

m—mg| ¢ . My . d 1 1
g )+ g N (A \ G+ N (G, N A I Imy| = — —| = 9(n, w).
me¢ m mg
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Note that ¢(n) is increasing in 1. Hence, using that f(n)v, (dn) < f(n)v,,(dn), we easily obtain
that

1
limsup  sup JIW Z Y(tyem, Tw)f (M)vy, (dn) =0. (6.1)

NToo,f100,al0 fEY ) N x€Ay
Due to the above result and reasoning as in the derivation of (5.14) where T‘EO y can be replaced

by THCO v (see the discussion after (5.14)), we only need to prove that given C, > 0, A > 0 and
a € (0,ay], for Q-a.a. w it holds

lim sup sup
N1Too,l100,LToo fETnCO,N

JAVXGAN Z;d Z g(n(J’)) - ma¢ (Jv(rx,é,a)/maeg) H(ﬂ(rx,é,a) < Aff)f(n)vp*(’f)) =0.
yerx,l,a
(6.2)

At this point by the same arguments of Lemma 5.2 one can prove that

Lemma 6.1. For Q-a.a. w the following holds. Fixed a € (0,a,] and L > 0, there exists a positive
constant k = x(a, L) such that

PEIN 2 Y0 DT v, (Vo VFP) < N29(f)/x < Go/x, (6.3)

LLEFX’[,(I verx,l,a
for any function f € TﬁcO,N and for any N, ¢, C,,.

Due to the above lemma, as in the derivation of (5.27) we only need to prove that given a € (0, ag],
A,y > 0, for Q-a.a. w it holds:

limsup supspecpz, )
NT00,0100,L 00 P

{AvxeAN ]I(JV(FX,Z,(X) <Aef)

G gy = mad (N (Tyg0)/met?)

.yerx,é,a
2
RO I | R

uerl’ vel

x,,a x,l,a

Using subadditivity as in the derivation of (5.28)) we can bound the above Lh.s. by
limsup Avyey, Supspeciz,
N100,£100,LT00 o
{ Gy - |1 <Al
* 8(77(3’)) ma¢ (ﬂ(rx,f,a)/ma *) (ﬂ(rx,f,a) <A *)

Y€l ta
(L)N?
+Y';2d—+2 DD A | )

uerl’ vel

x,{,a x,l,a
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Again by conditioning on the number of particles in ', ;, , and afterwards applying perturbation
theory (see (5.29), (5.31) and (5.33))), one only needs to show that

limsup Avyen, sup  G(k,{,n,)=0, (6.6)
NToo,l100,L oo ke{o,1,...,A4}

where 1, := Ty 4 ¢|, Vi is the measure on {{ € N": "' (i) = k} obtained by taking the product
measure with the same marginals as v, and then conditioning on the event that the total number
of particles equals k, and where

fel

n

GUe £,m) =iy | 674 g(£(0)) — mapUe/mat?)] ]
i=1

1=

One can prove that for Q-a.a. w it holds

limsup Aveep I(In /€% —m,| >5)=0, (6.7)
N1Too,l100,LToo

for each positive constant § > 0. As in [KL[][Chapter 5], one has that
lim sup vy, [0t Y g(¢(D) - ¢(k/m)|] =o0. 6.8)
t1o0 (k,n)e # i=1

where

k
g = {(k,n)€N2 : 7 <A,

At this point (6.6) follows from and (6.8)).

n
E—de(ma—6,(ma+5)/\1)}.

A Zero range process on Z¢ with random conductances

Recall that the enviroment w = (w(b) : b € Ey) is given by a family of i.i.d. random variables
parameterized by the set E; of non—orientied bonds in Z¢, d > 2. We denote by Q the law of w,
we assume that Q(w(b) € [0,¢y]) = 1 and that Q(w(b) > 0) is supercritical. We fix a function
g : N — [0,00) as in Subsection Given a realization of w, we consider the zero range process
n(t) on Z< whose Markov generator N2 acts on local functions as

N2Zf(n)=N?D> > g(n(x)elx,x+e) (f(r**) = f(n)) (A1)

e€ERB xe74

where # = {+e;, +e,,...,%e4}, e1,...,e4 being the canonical basis of Z¢. Given an admissible ini-
tial distribution " on {0, I}Zd (i.e. such that the corresponding zero range process is well defined),
we denote by P, ;v the law of (1), : t > 0). Trivially, the zero range process behaves independently
on the different clusters of the conductance field.

If Q(w(b) > 0) = 1, then Q-a.s. the infinite cluster 6 (w) coincides with Z¢ and the hydrodynamic
behavior of the zero range process on Z¢ is described by Theorem If Q(ew(b) > 0) < 1 the bulk

286



behavior of the zero range process on Z is different due to the presence of finite clusters acting as
traps, as we now explain.

First, we observe that the finite clusters cannot be too big. Indeed, as byproduct of Borel-Cantelli
Lemma and Theorems (8.18) and (8.21) in [IG]], there exists a positive constant y > 0 such that for
Q-a.a. w the following property (P1) holds:

(P1) for each N > 1 and each finite cluster C intersecting the box [—N,N ]d, the diameter of C is
bounded by yIn(1 + N).

Lemma A.1. Suppose that w has a unique infinite cluster 6 (w) and that w satisfies the above property
(P1). Let G € C,(R%) and n € NZ* be such that n(x) =0 for all x € €(w). Call Ag the support of
G and call A the set of points z € R? having distance from A¢ at most 1. Then there exist positive
constants No(G,7), C(G,y) depending only on G and vy such that the zero range process on Z% with
initial configuration m satisfies a.s. the following properties: m.(x) = 0 for all x € 6(w) and, for
N > No(G,7),

In(1+N
.N_d Z G(x/N)n(x)—N~1 Z G(x/N)n(x)| < C(G,Y)% Z

xez4d xez4d x€Z4:x/[NeAg

n(x). (A2)

We point out that the zero range process is well defined when starting in 7), indeed the dynamics
reduces to a family of independent zero range processes on the finite clusters, while the infinite
cluster € (w) remains empty.

Proof. The fact that n,(x) = 0 with x € € (w) is trivial. Let us prove (A.2)). Without loss of generality
we can suppose that G has support in [—1,1]? (the general case is treated similarly). Let us write
C f] , Cév R C};’V for the family of finite clusters intersecting the box [N, N]<. For each cluster C lN

we fix a point x)¥ € CN. Since by the property (P1) each CY has diameter at most yIn(1 + N), we
have
|G(x/N)— G(x}'/N)| < C(G)yIn(1+N)/N, Vi:1<i<ky, Vxecl.

The above estimate implies that

ky
N4 G0/ ) =N Y G N) Y )| <
=1

xezd i xecN
y
CGYN™TIn(1+N) > > n,(x).
i=1 xeCiN

Using now that the number of particles in each cluster is time-independent and that for N large
enough ClN C [—2N,2N]foralli=1,...,ky, we get the thesis. O

As a consequence of Lemma[A.]] if w has a unique infinite cluster and if w satisfies property (P1),
then for any admissible initial configuration 1, (i.e. such that the zero range process on Z¢ is well
defined when starting in 1,) and any G € C.(R?), it holds

N~ Gle/N)n(x)=N"* > Glx/NIn(x)+N™4 Y Glx/N)mo(x)+o(1), (A.3)

xezd x€6(w) x€6(w)
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where |0(1)| < C(G, y)lnl(\}dtllv) 2ixezd x/Nek, M(x)- At this point, denoting by @ the initial distribu-

tion of the zero range process 1, on Z¢, one can derive the hydrodynamic limit of 7, if the marginals
of iN on 6 (w) and Z¢\ € (w), respectively, are associated to suitable macroscopic profiles. In what
follows, we discuss a special case where this last property is satisfied.

We fix a smooth, bounded nonnegative function p, : R¢ — [0, 00) and for each N we define 3" as
the product probability measure on NZ* such that for all x € Z¢ it holds

.aN (n(x) = k) = 'Vpo(x/N)(n(x) = k) > (A4)

where vy is defined as in Subsectionwith the difference that now it is referred to all Z? and not
only to € (w).

We call VN the marginal of @V on €(w): u" is a product probability measure on N¢(©) satisfying
for all x € 6(w) (note that u" depends on w). Similarly, we call V() the marginal of v,
on % (w). By the discussion at the end of Section |2} if the smooth profile p, converges sufficiently
fast at infinity to a positive constant p,, it holds

limsupN_dH(,uvap*,cg(w)) <00 Q-a.s. (A.5)
NToo

Theorem A.2. Suppose that the bounded smooth profile p, : R? — [0, 00) satisfies (A.5). Then for all
t>0,GeC. (R and § >0, for Q-a.a. w it holds

lim B, 0 (

N4 Z G(x/N)n.(x) —f G()p(x, t)dx’ > 5) =0 (A.6)
Rd

xezd
where, setting m = Q(0 € € (w)),
pl, t)=mp(x,t)+ (1 —m)pe(x) (A.7)
and p : R4 x [0,00) — R is the unique weak solution of the heat equation
P =V-(2Ve(p)) (A.8)
with boundary condition py=p att =0.

Proof. Since @V is a product measure and the dynamics on different clusters is independent, the
process restricted to 6(w) has law P, ,v. As discussed at the end of Section |2} to this last process
we can apply Theorem Since, for Q-a.a. w the initial distributions u" are associated to the
macroscopic profile mp,, we conclude that for Q-a.a. w it holds

lim B, s (

N4 Z G(x/N)nt(x)—mJ G(x)ﬁ(x,t)dx’>6)20. (A.9)
Rd

x€b(w)

Let us now consider the evolution outside the infinite cluster. Let us write

N~ DT G /N)ng(x) =N~ > Glx/N)no(x) =N™¢ > G(x/N)no(x).

xE6(w) xezd x€6(w)
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We know that, when 7 is sampled with distribution iV, the addenda in the r.h.s. converge in prob-
ability to f G(x)po(x) and mf G(x)po(dx), for Q-a.a. w. As a consequence the 1.h.s. converges in

probability to (1 — m)f G(x)po(x) for Q-a.a. w. In addition,

sup{f@N(dmN—d >, )} <oo.

N=>1 x:x/NeAg

The above observations and Lemma (cf. (A.3)) imply that

lim Pwﬁw( N4 E G(x/N)nt(x)—(l—m)f G(x)po(x)dx’ > 5) =0. (A.10)
NToo ? d
x¢6(w) R
The thesis then follows from and (A.10). O
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