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Introduction

In a recent joint work with P. Tarres ([15], see also [22]), we studied the convergence of the so-
called two armed bandit algorithm. The purpose of the present paper is to investigate a modified
version of this recursive algorithm, in which a penalization is introduced. In the terminology of
learning theory (see [17;[1§]), the algorithm studied in [I5] appeared as a Linear Reward-Inaction
(LRI) scheme (with possibly decreasing step), whereas the one we will introduce is related to
the Linear Reward-Penalty (LRP) or (LReP) schemes.

In our previous paper, we introduced the algorithm in a financial context. However, historically,
this recursive procedure was designed independently in the fields of mathematical psychology
(see [19]) and of engineering (see [2I]). Its name goes back to another interpretation as a model
of slot machine with two “arms” providing two different rates of gain. It can also be interpreted
as an adaptive procedure for clinical trials, based on its connections with generalized urn models
(see [15]) that are often proposed in the literature for that purpose (see e.g. [I] and the references
therein).

Another important motivation for investigating is that the two armed bandit algorithm is known
in the field of stochastic approximation as the simplest example of a recursive stochastic algo-
rithm having a noiseless trap in the following sense: one zero of its mean function is repulsive
for the related ODE but the algorithm has no stochastic noise at this equilibrium. Therefore,
the standard “first order” ODFE method as well as the “second order” approach based on the
repeling effect induced by the presence of noise (see e.g. the seminal paper [20] by Pemantle) do
not seem to apply for proving the non-convergence of the algorithm toward this “noiseless trap”.

Let us first present the (LRI) procedure (with possibly decreasing step) in a gambling framework:
one considers a slot machine in a casino (a “bandit”) with two arms, say A and B (by contrast
with the famous “one-armed-bandit” machines). When playing arm A (resp. B), the average
yield (for 1 Euro) is p, € (0,1) (resp. p,). These parameters are unknown to the gambler. For
the sake of simplicity one may assume that the slot machine has a 0-1 gross profit: one wins
0 or 1. Then p, and p, are the respective theoretical frequencies of winning with the arms.
More precisely, the events A,, (resp. B,,) “winning at time n using A (resp. B)” are iid with
probability P(A,) = p, (resp. P(B,) = p,) with p,, p, € (0,1). The (LRI) procedure is an
adaptive natural method to detect the most performing arm: at every time n, the player selects
an arm at random, namely A with probability X,, and B with probability 1 — X,,. Once the
selected arm has delivered its verdict, the probability X,, is updated as follows (in view of the
arm selection at time n + 1):

Xot1 = X+ Y11 (Lo, <xinans, (1= Xn) — Lo, > X308 Xn) » - Xo=2z€ [0,1],

where (Uy,),>1 is an iid sequence of uniform random variables on the interval [0, 1], independent
of (An, Bn)n>1. In words, if the player plays arm A (as a result of the biased tossing) and
wins 1 Euro at time n + 1, the probability to choose A (at time n + 2) will be increased
by Yn+1(1 — X,,) (i.e. proportionally to the probability of selecting B). If the gain is 0, the
probability is left unchanged. One proceeds symmetrically when B is selected. The (0, 1)-valued
parameter sequence (7, )n>1 rules the intensity of the updating. When ~,, = v€ (0,1), the above
alorithm reduces to the original (LRI) procedure (see [I8]) and ~y is known as the reward rate
parameter. This sequence (7, ) specifies how the recursive learning procedure keeps the memory
of the past and how fast it forgets the starting value Xo = z € (0, 1) of the procedure. Also note
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that such a procedure is only based on rewarding: no arm is ever “penalized” when it provides
no gain (“Reward” or “Inaction”).

In a financial framework, A and B can be two traders who manage at time n, X,, % and 1—X,, %
of a fund respectively. In the framework of clinical tests, A and B model two possible clinical
protocols to be tested on patients. In the framework of engineering, one may think of two
subcontractors which provide a car manufacturer with specific mechanical devices (windscreen-
wipers, tires, gearbox, etc) with respective reliability p, and p,.

This procedure has been designed in order to be “infallible” (or “optimal” in the learning automata
terminology) i.e. to always select asymptotically the most profitable arm. The underlying feature
of the above (LRI) procedure that supports such an intuition is that it is the only recursive
procedure of that type which is always a sub-(resp. super)-martingale as soon as p, > p, (resp.
p, < pg) as emphasized in [I4]. To be more specific, by “infallibility” we mean that if p, > p,,
then X,, converges to 1 with probability 1 provided Xy € (0,1) (and if p, < p,, the limit is 0
with symmetric results).

Unfortunately it turns out that this intuition is misleading: the algorithm is often “fallible”,
depending on the choice of the step sequence 7. In fact “infallibility” needs some further stringent
assumptions on this step sequence (see [15], and also [23] for an ergodic version of the algorithm).
Furthermore, the rate of convergence of the procedure either to its “target” 1 or to its “trap” 0
is never ruled by a CLT with rate /7, like standard stochastic approximation algorithms are
(see [11]). It is shown in [I4] that its rate structure is complex, highly non-standard and strongly
depends on the (unknown) values p, and p,. As a result, this rate becomes quite poor as these
probabilities get close to each other. This illustrates in a rather striking way the effects induced
by a “noiselss trap” on the dynamics of a stochastic approximation procedure.

In order to improve the efficiency of the algorithm, i.e. to make it “unconditionally” infallible, a
natural idea is to introduce a penalty when the selected arm delivers no gain. More precisely, if
the selected arm at time n performs badly, its probability to be selected is decreased by a penalty
factor p,7y,. This leads to introduce a (variant of the) Linear Reward Penalty — or “penalized
two-armed bandit” — procedure:

Xnt1 = Xp+ Y1 (1{Un+1§Xn}mAn+1(1 - Xn) - 1{Un+1>Xn}mBn+1Xn)
~Tn+1Pn+1 <Xn1{Un+1§Xn}mA;+l —(1- Xn)l{Un+1>Xn}mB;;+l) , neN,

where the notation A€ is used for the complement of an event A. The precise assumptions on the
reward rate v, and the penalty rate y,p, will be given in the following sections. When ~,, = vy
and p, = p the procedure reduces to the original (LRP) procedure.

From a stochastic approximation viewpoint as well as for practical applications, our main results
are on the one hand that infallibility always holds and on the other hand that it is possible to
specify the sequences (vy,) and (p,) regardless of the values of p, and p, so that the convergence
rate satisfies a CLT theorem like standard stochastic approximation procedures. However with
a quite important difference: the limiting distribution is never Gaussian: it can be characterized
as the (absolutely continuous) invariant distribution of a homogeneous Markov process with
jumps.

The paper is organized as follows. In Section [I} we discuss the convergence of the sequence
(Xn)n>0. First we show that, if p,, is a positive constant p, the sequence converges with prob-
ability one to a limit 7, € (0,1) satisfying a7, > % if and only if p, > p,, so that, although the
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algorithm manages to distinguish which arm is the most performing, it does not prescribe to
play exclusively with that arm. However, when p is small, one observes a kind of asymptotic
infallibility, namely that 27, — 1 as p — 0 (see section below). Note that a somewhat similar
setting (but with -, =) has been investigated in learning automata theory as the “LReP”
procedure (see [I12] or also [13]). To obtain true infallibility, we consider a sequence (pp)n>1
which goes to zero so that the penalty rate becomes negligible with respect to the reward rate
(Ynpn = 0(n)). This framework (p, — 0) seems new in the learning theory literature. Then, we
are able to establish the infallibility of the algorithm under very light conditions on the reward
rate vy, (and p,) in which p, and p, are not involved. From a purely stochastic approximation
viewpoint, this modification of the original procedure has the same mean function and time
scale (hence the same target and trap, see ) as the LRI procedure with decreasing step but it
always keeps the algorithm away from the trap, without adding noise at any equilibrium point.
(In fact, this last condition was necessary in order to keep the algorithm inside its domain [0, 1]
since the equilibrium points are endpoints 0 and 1.)

The other two sections are devoted to the rate of convergence. In Section [2, we show that
under some conditions (including lim 7,/p, = 0) the sequence Y,, = (1 — X,,)/p, converges
n—oo

in probability to (1 — p,)/m, where 7 = p, — p, > 0. With additional assumptions, we prove
that this convergence occurs with probability 1. In Section |3, we show that if the ratio v, /pp
goes to a positive limit as n goes to infinity, then (Y;,),>1 converges in a weak sense to a
probability distribution v. This distribution is identified as the unique stationary distribution
of a discontinuous Markov process. This result is obtained by using weak functional methods
applied to a re-scaling of the algorithm. This approach can be seen as an extension of the
SDE method used to prove the CLT in a more standard framework of stochastic approximation
(see [11I]). Furthermore, we show that v is absolutely continuous with continuous, possibly
non-smooth, piecewise C*° density. An interesting consequence of these results for practical
applications is that, by choosing p, and 7, proportional to n~'/2, one can achieve convergence
at the rate 1/\/n, without any a priori knowledge about the values of p, and p,. This is in
contrast with the case of the LRI procedure, where the rate of convergence depends heavily on
these parameters (see [14]) and becomes quite poor when they get close to each other.

NOTATION. Let (an)n>0 and (bn)n>0 be two sequences of positive real numbers. The symbol
an ~ b, means a, = b, + o(by).

1 Convergence of the LRP algorithm with decreasing step

1.1 Some classical background on stochastic approximation

We will rely on the ODE lemma recalled below for a stochastic procedure (Z,,) taking its values
in a given compact interval I.

Theorem 1. (a) KUSHNER & CLARK’S ODE LEMMA (SEE [10]): Consider a function g : I —
R, such that Id+ g leaves I stableEL and the stochastic approximation procedure defined on I by

Zn—i—l = Zn + 7n+1(g(Zn) + ARn-‘,—l)a n = 07 ZOe I,

Ythen, for every y€ [0,1], Id + vg = v(Id + g) + (1 — ~)Id still takes values in the convex set I.

344



where (Yn)n>1 18 a sequence of [0, 1]-valued real numbers satisfying v, — 0 and <, vn = +00.
Set N(t) :=min{n : v1 + -+ Y41 > t}. Let z* be an attracting zero of g in I and G(z*) its
attracting interval. If, for every T > 0,

n

max Y ARp| — 0 P-a.s. as t — +o0, 1
N()<n<N(+T) k:]%H (1)

then, Z, =2 z* on the event
{Z,, visits infinitely often a compact subset of G(z*)}.

(b) THE HOEFFDING CONDITION (SEE [2]): If (AR, )n>0 15 a sequence of L*°-bounded martingale

9

increments, if (v,) is non-increasing and Z e m < 400 for every ¥ > 0, then Assumption (|1
n>1

is satisfied.

1.2 Basic properties of the algorithm

We first recall the definition of the algorithm. We are interested in the asymptotic behavior of
the sequence (X,),en, where Xg = z, with z € (0,1), and

Xn+1 - Xn + ’7n+1 (l{Un+1§Xn}ﬂAn+1(1 - Xn) - 1{Un+1>Xn}mBn+1Xn)
—Yn+1Pn+1 (an{Un_Han}mAfH_l - (1= Xn)l{Un+1>Xn}mB;+1> , nelN.
Throughout the paper, we assume that (v,)n>1 is a non-increasing sequence of positive numbers

o
satisfying v, < 1, nyn = 400 and

n=1

s
Vi > 0, E e m < oo,
n

and that (pn)n>1 is a sequence of positive numbers satisfying v,pn < 1; (Up)n>1 is a sequence of
independent random variables which are uniformly distributed on the interval [0, 1], the events
A,, B, satisty

P(A,) =p,, P(B,) =p,, neN,

where 0 < p, < p, < 1, and the sequences (Uy)n>1 and (14,,1p,)n>1 are independent. The
natural filtration of the sequence (Uy, 14,18, )n>1 is denoted by (F,)n>0 and we set

T =D, — Dg-
With this notation, we have, for n > 0,
Xn+1 =X, + Tn+1 (Wh(Xn) + pn+1/<'(Xn)) + ’7n+1AMn+17 (2)

where the functions h and x are defined by

hz)=xz(l1-2), kK(@)=-(1-p)a*+(1-p,)1-=)? 0<z<l,
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AMyy1 = Mp+1 — M, and the sequence (M,,),>0 is the martingale defined by My = 0 and
AMpy1 = Ly, <xoindna (1= Xn) = L, s X,00Ba Xn — Th(Xy)
—Pnt1 (an{Un+1§X,L}ﬂA$L+1 — (1= Xn) L, > x 0B, T H(Xn)> 3

Observe that the increments AM,, 1 are bounded.

1.3 The case of a constant penalty rate (an (LR:P) setting)
In this subsection, we assume

Vn>1, pn=p,
with 0 < p < 1. We then have

Xn+1 = Xn + Ynt1 (hp(Xn) + AMy41),

where
ho(x) = wh(z) + pr(x), 0<x <1,

Note that h,(0) = p(1 —p;) > 0 and h,(1) = —p(1 —p,) < 0, and that there exists a unique
zy € (0,1) such that h,(z}) = 0. By a straightforward computation, we have

_ _ 2 2 _ —
v o= T2 ) AV AP pE) (L= pa) g
g 2m(1 - p)
x[.bem| = (1= p.) if =0 or p=1.

(1=py)+(1—ps)

In particular, 2, = 1/2 if 7 = 0 regardless of the value of p. We also have h,(1/2) = 7(1+p)/4 >
0, so that
r,>1/2 if 7>0. (4)

Now, let x be a solution of the ODE dx/dt = h,(x). If 2(0) € [0,2}],  is non-decreasing and
tlim x(t) = z,. If 2(0) € [z},1], * is non-increasing and tlirn x(t) = x,. It follows that the
—00 —00

interval [0, 1] is a domain of attraction for z7. Consequently, using Kushner and Clark’s ODE

Lemma (see Theorem [1]), one reaches the following conclusion.

Proposition 1. Assume that p, = p€ (0,1], then

X, X2 x; as n — oo.
The natural interpretation, given the above inequalities on z7, is that this algorithm never
fails in pointing the best arm thanks to Inequality , but it will never select the best arm
asymptotically as the original LRI procedure did. However, note that

z, —1 as p—0

which makes the family of algorithms (indexed by p) “asymptotically” infallible as p — 0. These
results are in some way similar to those obtained in [I2] for the so-called (LReP) scheme (with
constant reward and penalty rates v and p). By considering a penalty rate p, going to zero we
will show that the resulting algorithm becomes “unconditionaly” infallible as n goes to infinity.
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1.4 Convergence when the penalty rate goes to zero

Proposition 2. Assume lim p, = 0. The sequence (X, )nen is almost surely convergent and
n—oo

its limit X satisfies Xoo € {0,1} with probability 1.
PRrOOF: We first write the algorithm in its canonical form
Xn+1 = Xn + Ynr1(mh(Xp) + ARpy1) with AR, = AM,, + pnk(Xn—1). (5)

It is straightforward to check that the ODE & = h(z) has two equilibrium points, 0 and 1, 1
being attractive with (0, 1] as an attracting interval and 0 is unstable.

Since the martingale increments AM,, are bounded, it follows from the assumptions on the
sequence (v, )p>1 and the Hoeffding condition (see Theorem [1|(b)) that

n
P-a.s.
a AM, as t
N(t)gglgﬁ(t{r) Z Rl = too,
k=N(t)+1
for every T' > 0. On the other hand, the function x being bounded on [0, 1] and p,, converging
to 0, we have, for every 7" > 0, with the notation ||r|lcc = supgep 1[5 (2)];

n
max K(Xg_1)| < ||E|loo (T + max pp — 0 ast — 4o0.
N (8 <neN(t4T) Z Viprt(Xg—1)| < [[K]loo( 7N(t+T))kZN(t)+€k -
k=N (t)+1
Finally, the sequence (AR,,),>1 satisfies Assumption . Consequently, either X,, visits in-
finitely often an interval [, 1] for some ¢ > 0 and X,, converges toward 1, or X,, converges
toward 0. o

Remark 1. If 7 =0, i.e. p, = p,, the algorithm reduces to

Xot1 = X + Ynr1pnr1(1 = py ) (1 — 2X5) + Yo 1AMy 1.

The number 1/2 is the unique equilibrium of the ODE & = (1 — p,)(1 — 2z), and the interval
[0,1] is a domain of attraction. Assuming Y 7, ppyn = 400, and that the sequence (75,/pn)n>1
is non-increasing and satisfies

Vi > 0, Zexp (—19?) < 400,
n=1 n

it can be proved, using the Kushner-Clark ODE Lemma (Theorem , that lim X, = 1/2

n—oo
almost surely. As concerns the asymptotics of the algorithm when 7 = 0 and ~v,, = g p, (for

which the above condition is not satisfied), we refer to the final remark of the paper.

From now on, we will assume that p, > p,. The next proposition shows that the penalized
algorithm is infallible under very light assumptions on -, and p,.

Proposition 3. (Infallibility) Assume lim p, = 0. If the sequence (Vn/pn)n>1 is bounded and
n—oo -

Y on YnPn =00, and if m > 0, we have lim X, =1 almost surely.
n—oo
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Proor: We have from , since h > 0 on the interval [0, 1],

n n
Xn 2 Xo+ ) vipin(Xjo1) + Y AM;, n>1.
j=1 =1

Since the jumps AM; are bounded, we have

2

n n n
D AM;|| < CY A7 < Csup(v/p) > Vi
Jj=1 L2 Jj=1 jeN j=1

for some positive constant C'. Therefore, since ), vnpn = 00,

n o~ AM n~ AM
L?- lim %:0 so that  limsup 23_1% d

>0 a.s..
n—oo YN Yip; no i1 VP

Here, we use the fact that a sequence which converges in L? has a subsequence which converges
almost surely. Now, on the set { X = 0}, we have

> viis(Xj)
lim =0 = 1(0) > 0.
> vin
j=1

Hence, it follows that, still on the set { X = 0},

: Xn
lim sup ———

j=1

Therefore, we must have P(Xoo =0) =0.

> 0.

The following Proposition will give a control on the conditional variance process of the martingale
(M,,)nen which will be crucial to elucidate the rate of convergence of the algorithm.

Proposition 4. We have, for n > 0,
E(AMZ | Fa) < pu(1—Xo) + ppia (1= py).
Proor: We have
AMpi1 = Vo1 — E(Vaga | Fo) + W = EWaga | Fn),

with
Vat1 = 1{Un+1SXn}ﬁAn+1(1 - X)) — 1{Un+1>Xn}ﬂBn+1X”
and
Wit1 = —pnt1 <an{Un+1gxn}rmg+1 —(1- Xn)l{Un+1>Xn}mBg+l) .
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Note that Vj,4+1Wy41 = 0, so that

E (AMTQL+1 ‘ -7:71) = E(VnQJrl ‘ }—n) +E(W3+1 | fN) - (E(Vn+1 + Wn+1 | fn>)2
< BV | Fa) + EWiiy | Fo).

Now, using p, < p, and X,, <1,

E (V2| F) = paXo(l—X,)? +p,(1 - Xn)X?2
pA(l - Xn)
and EWZ o | Fo) = pray (Xa(1—py) + (1= X0)(1—pg))
pria (1= pg)-

IA

IN

This proves the Proposition. ¢

2 The rate of convergence: pointwise convergence

2.1 Convergence in probability

Theorem 2. Assume

lim p, =0, lim =0, > pu1n=00, pn—pu-1=0(pnYn)- (6)
n

n—oo n—oo pn
Then, the sequence ((1 — Xy,)/pn)n>1 converges to (1 —p,)/m in probability.

Note that the assumptions of Theorem [2| are satisfied if v, = C/n® and p, = C'/n", with
C,C' >0,0<r<aanda+r < 1. In fact, we will see that for this choice of parameters,
convergence holds with probability one (see Theorem .

Before proving Theorem [2| we introduce the notation

1-X
Y, = =,
Pn
We have, from ,
1-— XnJrl = 1-X,— '7n+17TXn(1 - Xn) - pn+17n+1/€(Xn) - 'YnJrlAMrH»l
1-X 1-X
n+1 _ n _ ’YTL+1 7_‘_)(n(]- _ Xn) _ "yn+1/{/(Xn) _ fyn‘i'l AMn+1.
Pn+1 Pn+1 Pn+1 Pn+1

Hence

1 1 In+1

Yn+1 = Yn + (1 — Xn) < WXn) — ’}/n_‘_l/ﬁ}(Xn) — ’Yn+1 AMn+1

Pn+1  Pn Pn+l Pn+1
Yop1 = Y, (1 + VYn+1En — 7Tn7n+1Xn) - 'Yn+1"<ﬂ(Xn) - ZZii AMy 1,
where
En = P ( 1 —1> and m, = P s
Yn+1 \Pn+1  Pn Pn+1
It follows from the assumption p, — pn—1 = 0(ppy,) that nll)ngo en = 0 and nll)rgo Ty, = T.
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Lemma 1. Assume (@ and consider two positive numbers 1~ and 7T with0 <7~ <7 <7t <

1. Givenl e N, let
= inf{n > 1| mX, —en > 7T or mX, —éen < T }.
We have

o llim P! =o00) =1,

o forn>1,if 0 = [l (1 =7 w) and 6, = [[p_ 1 (1 — 7 k) (with the convention

0 =1),
Y nAvt ~ nAvt ~
l k k
S Z GTH(Xk—l) - Z TAMk
nAvt k=l+1"k =111 Pk
and
Y nAvt ~ nAvt ~
l k k
L ZYis Y ok(Xe) = D — S AM
nAvl k=l+1 "k k=141 PEY

Moreover, with the notation ||k||cc = SUPgeyet |K(T)],

supE (Ynl{yz>n}) <EY + %
n>l - ™

(7)

Remark 2. Note that, as the proof will show, Lemma [I| remains valid if the condition
lim v,/p, = 0 in is replaced by the boundedness of the sequence (V,/pn)n>1. In par-
n—od -

ticular, the last statement, which implies the tightness of the sequence (Y;,)>1, will be used in

Section [Bl

PROOF: Since lim (7,X, —¢&,) = 7 a.s., we clearly have lim P(v! = o) = 1.

n—oo |—o00

On the other hand, for I <n < I/l, we have

Yoy < Yn(l - '7n+177_) - ’YnJrl“(Xn) - ZTH—i AMyiq
n-+

and

Yn—i—l > Yn(l - '7n+177+) - ’Yn—i—l'%(Xn) - Zn-f A]Mn—&-la
n+

so that, with the notation 6,7 = ]p_;,;(1 — 7" ) and 6, =[5, 1 (1 — 7 %),

Y, Y,
ntl - tn %Hﬁ(Xn) __ntl AM,,

Opin — On O, P10, 1
and v v
n+1 n Yn+1 Yn+1
> 2 Tl (o, — — L A
GIH Gﬁ 9;{-&-1 " Pn+1ei+1 "

By summing up these inequalities, we get @ and .
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By taking expectations in , we get

nAvt

Y,
E-m < EY+||slloE Y 2
enAM k—++10k
‘HHOO nAvt ( 1 >
= —E Z = =
k=l+1 0 O

n

We then have

_ Y Al YAl
nAvt nAvt
< 0, |EY, + Illoe 1
- T 977
Rlloo
< my Al .

Lemma 2. Assume @ and let (Op)nen be a sequence of positive numbers such that 0, =
[Ti_1(1 — pyi) for some p € (0,1). The sequence <0 > ory kak AMk)neN converges to 0 in
probability.

PRrROOF: It suffices to show convergence to 0 in probability for the associated conditional variances
T,, defined by

i 2
T, —92§ j k ]E AMZ | Fe-1) -
2 i | Fr1)
We know from Proposition [ that

E (AM,? | f/ﬂ—l) < pA(]‘ - Xk:—l) + p%(l _pB)
= pipr—1Yio1+ pp(1—py).

Therefore, T, < p, T,gl) +(1- pB)T,(ZQ), where

n 2
1 _ 22{: Vi
k=1

and
e o
02> -5
k=1 "k
We first prove that lim TT(LQ) = 0. Note that, since py; < 1,
n—oo
1 1 2pk — P22
O e O 05
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Therefore,
02 & 1 1

T <N "y | 23— |
- 0 O

and lim T 2 = 0 follows from Cesaro’s lemma.
n—oo

We now deal with Tél) . First note that the assumption p, — pp—1 = o0(ppyn) implies
lim p,/pn—1 = 1, so that, the sequence (v;,),>1 being non-increasing with limit 0, we only
n—oo -

need to prove that lim T él) = 0 in probability, where

n—oo

=07 Z
Now, with the notation of Lemma [I] we have, for n > 1 > 1 and € > 0,

n 2
P (T’Tgl) > 5) < ]P’(Vl < 00) + P < Z 92 Ykl{,,l_oo} > 6)

< POl <oo)+ 9220% E (Yilpioo ) -

0,%;)

Using Lemma lim 7,/pn = 0 and (EP, we have
n—oo

A 07 Z 93’“ E (Yilgion) =0

We also know that lim P(¢! < co) = 0. Hence,

[—o0

lim P (T,(Ll) > 5) =0. o

n—oo

PROOF OF THEOREM : First note that if 6,, = [[;_;(1 — pyx), with 0 < p < 1, we have

" 1”<1 1>
—r(Xp_1) = — — — —— | 8(Xk_1).
O (K1) p; Op  Op_1 (Ki-)

Hence, using lim X,, =1 and k(1) = —(1 —p,),

n—oo

n 1 o
lim an g—zﬁ(Xk,l) Y

n—oo p

Going back to and and using Lemmawith p =" and 7, and the fact that llim ]P’(yl =
— 00

1-— 1-—
o0) = 1, we have, for all ¢ > 0, lim P(Y, > fp“ +¢) = lim P(Y, < +pA —¢) =0, and
n—oo i n—oo
since 7 and 7~ can be made arbitrarily close to 7, the Theorem is proved. o
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2.2 Almost sure convergence

Theorem 3. In addition to (@, we assume that for all § € [0,1],

’ang - ’anlpgfl = O(Vgpg)v

and that, for some n > 0, we have

14+n

vC > 0, Zexp( C’pn ><oo.

Then, with probability 1,
. 1- Xn 1-— Pa
lim = .

n—oo  ppn m

Note that the assumptions of Theorem [3| are satisfied if 7, = Cn~® and p, = C'n

C,C'>0,0<r<aanda+r<1.

The proof of Theorem [3] is based on the following lemma, which will be proved later.

(10)

(11)

. with

Lemma 3. Under the assumptions of Theorem@ let a € [0,1] and let (0)ne>1 be a sequence of
positive numbers such that 0, = [[;_,(1 — pyx), for some p € (0,1). On the set {sup,(pY,) <

oo}, we have

hm ann gkAMk =0 a.s.,
k=1 F

where 1 satisfies .

PROOF OF THEOREM [3} We start from the following form of (2):

1= Xp1 = (1= Xp)(1 = 417 Xn) — pus1¥n+165(Xn)

— 1AMy 1.

We know that lim X,, = 1 a.s.. Therefore, given 7+ and 77—, with 0 < 7~ <7 < 7+ < 1, there

n—oo

exists [ € N such that, for n > [,

1= Xog1 S (1= Xp) (1= Y417 ) = Prg1Vnr16(Xn)

and
1= Xpp1 > (1-X,)(1 = 7n+177+) — Pt 1Vn+16(Xn)

1— Xn-H < 1-X, _ Prn+1Tn+1 KZ(Xn) Tn+1

i1~ n 01 011

and

1—- Xn+1 > 1-—- Xn Pn+1Tn+1

o = et af 6

n+1 n+1 n+1
By summing up these inequalities, we get, for n > [ + 1,
1-X PRk -
o= S<(1-X)) - %H(qu) - Z
" k=l+1 "k k=1+1
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- ’7n+1AMn+17
so that, with the notation 6, = [T_,, (1 —7") and 6, =[[}_,, (1

k(X)) — 4L AN,



and

1-X
e ox) - Y M- Y Baw,
" k=I+1 k—it+1 'k
Hence . .
0 0 0
Y, < (1 - X)) PRTE (X p) — LN YA (12)
Pn Pro T 0y Pr S 0y
and . .
o, 9+ [Uhs
Vo> m(1-x) - Y P ) - Y TR A, (13)
Pn Pr 5 k Pro 250 Yk
We have, with probability 1, hm k(Xy) = k(1) = —(1 —p,), and, since > 7| ppyn = +00,
~ Y ~ Py
kVk kVk
— = k(Xp-1) ~ =1 = p,) o (14)
k=l+1 "k k=141 "k

On the other hand,

Pk 1 1 1 >
-V = = P | 7— — 77—
0, T Z <6k 0,4

k=l+1

1 pn
~ b (15)

where we have used the condition pj —pr—1 = o(pryx) and Y 72, pgj’“ = +o0o. We deduce

from and that

0, 1
lim 2 MKJ(Xk,l) =— _pA
n—oo Py — 0
and, also, that lim - = 0. By a similar argument, we get lim -+ = 0 and

n—0o0 Pp 9;; k-1 T+

It follows from Lemma [3] that given a € [0,1], we have, on the set E, := {sup,(p"Y,) <oo},

lim an Hi Z Tk AM; = 0.

n—oo
k=1 k

Together with and this implies

o lim Y, =(1—-p,)/mas., if 51 <0,

n—oo
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a—n
e lim Y,p,”> =0as.,if %57 > 0.
n—oo
We obviously have P(FE,) = 1 for a« = 1. We deduce from the previous argument that if
P(E,) =1 and 5% > 0, then P(Ey) = 1, with o/ = 2571, Set ag = 1 and oy = =571 If
ap < 7, we have lim Y, = (1 —p,)/m a.s. on Ey,. If ag > n, let j be the largest integer such
n—oo

that a; > n (note that j exists because kli»nolo ap = —n < 0). We have P(E,, ,) = 1, and, on
Eoj,y, nlgrolo Y, = (1 —p,)/m as., because “2="1 < (. o

We now turn to the proof of Lemma [3] which is based on the following classical martingale
inequality (see [16], remark 1, p.14 for a proof in the case of i.i.d. random variables: the
extension to bounded martingale increments is straightforward).

Lemma 4. (Bernstein’s inequality for bounded martingale increments) Let (Z;)1<i<n be a finite
sequence of square integrable random variables, adapted to the filtration (F;)i<i<n, such that

1. B(Z | Fii1)=0,i=1,...,n,
2. B(Z? | Fioq) <o?,i=1,...,n,
3. |Zi| < Ap,i=1,...,n,

where a%, e 0721, A, are deterministic positive constants.

)\2
> M) <2exp —m ;

We will also need the following technical result.

Then, the following inequality holds:

>

=1

YA >0, IP’(

with b2 =Y ", o2.

Lemma 5. Let (0,),>1 be a sequence of positive numbers such that 0, = [[p_,(1 — pyx), for
some p € (0,1) and let (&,)n>1 be a sequence of non-negative numbers satisfying

Ynén — Yn—1§n—1 = 0(7721571)

We have

Z": ek wén
— 62 2p62
PROOF: First observe that the condition v,&, — Yn_1&n—1 = 0(y2&,) implies v,&n ~ Yn_1&n—1

and that, given € > 0, we have, for n large enough,

_57721£n

'Yngn - 'Yn—lgn—l >
> _EPYnflfYngn’
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where we have used the fact that the sequence () is non-increasing. Since ¥,&, ~ Yn—1&n—1,
we have, for n large enough, say n > ny,

’Ynfn > ’Ynflgnfl(l - 25’)%71)-

Therefore, for n > ny,
n

Ynén 2 Yrobno H (1 — 2eYk_1)-
k=ng+1

From this, we easily deduce that lim ~,&,/0, = oo and that > ~2¢,/02 =
n—oo

Now, from
11 2mp—ip? 2
2 7 = 2 2
ak ek’—l ek 9k:
we deduce (recall that lim 5, = 0)
n—oo

Vi w11
o 2\ 0.)

and, since > y2&,/02 = oo,

'kak i . i . 1
Z 2p Z:ngk (92 6]%_1

k

= (%& + Z Vh—18k—1 — Wkﬁk)eg )
k-1

_ ’Ynfn ’kak

N 2])02 (Z ) ’

where, for the first equality, we have assumed &, = 0, and, for the last one, we have used again
Yné€n — Tn—1§n—1 = 0('77215n)' <&

PROOF OF LEMMA [3 Given p > 0, let
v, =inf{n >0 piY, > u}.
Note that {sup,, p3Yn < 00} = U, o{vu = oo}

On the set {v, = oo}, we have

g —AM; = g —1 A M.

We now apply Lemmawith Z;i = %HKW}AMZ-. We have, using Proposition

B(Z2 | Fy) = L i<y E(AM? | Fiy)

92
,YZ

< 02 1{2<l’u} (pAPz 1Yo+ P@(l _pB))
'Vz

< ” (Papi T+ pi(1—1y)),
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where we have used the fact that, on {i < v,}, p¢,Y;—1 < p. Since lim p, = 0 and
n—oo

lim py/pn—1 = 1 (which follows from p, — pp—1 = o(ynpn)), we have

E(Z} | Fi1) < of,

l—«

2
with 02 = C, % Z"_Q , for some C}, > 0, depending only on x. Using Lemma |5 with &, = p.=¢,

we have

n —
Zag ~C %P# ¢
ot pe2

On the other hand, we have, because the jumps AM; are bounded,

Vi
Zi| < C—,
| l’ — 91
0 . .
for some C' > 0. Note that ij‘;%:il = %71(71‘11)%), and, since v — Yg_1 = 0(7,3) (take =0 in

(10)), we have, for k large enough, yx — Yk—1 > —pYYk—1, s0 that vz /vk—1 > 1 — pyk, and the
sequence (7, /0,) is non-decreasing for n large enough. Therefore, we have

sup |Zi] < Ay,
1<i<n

_a—n
with A, =C"%,/6,, for some C'>0. Now, applying Lemma |4| with )\:)\gp; 2 /6, we get

Yk 1-esn Npn ot
IP c9n Z?l{kﬁvu}AMk 2)\0pn 2 S 2€Xp — =
k=1 F 20202 + 2X\o0ppn ° S
Cypn @17
< 2exp (— — =
Covnpn *+ C3Ynpn  °
<

p1+n
2exp | —C1™ ,
Tn

where the positive constants C, Co, C3 and Cy depend on A\g and p, but not on n. Using
and the Borel-Cantelli lemma, we conclude that, on {v, = oo}, we have, for n large enough,

S A,
O
k=1

and, since )\g is arbitrary, this completes the proof of the Lemma. o

a—n

17
0, < Xopn 2, as.,

3 Weak convergence of the normalized algorithm

Throughout this section, we assume (in addition to the initial conditions on the sequence

(7n)n€N) ~
V2 —72_1 =o(2) and p*" =g+ o(7n), (16)

n
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where ¢ is a positive constant. Note that a possible choice is 7, = ag//n and p,, = a/+/n, with
a > 0.

Under these conditions, we have p, — p,_1 = 0(72), and we can write, as in the beginning of

Section [2]

Yn+1 =Y, (1 + VYnti1En — 7Tn’YnJrl‘Xvn) - ’7n+1’i(Xn) - Zn+1 AMnJrla (17)
n+
where lim ¢, = 0 and lim 7, = 7. As observed in Remark we know that, under the assump-

n—00 n—o0

tions , the sequence (Y},)n>1 is tight. We will prove that it is convergent in distribution.

Theorem 4. Under conditions (@, the sequence (Y, = (1 — X,.)/pn)nen converges weakly to
the unique stationary distribution of the Markov process on [0,400) with generator L defined by

fly+g) — fly)
g

Lf(y) = psy +(1=p, =0 f' (), y=>0, (18)

for f continuously differentiable and compactly supported in [0, +00).

The method for proving Theorem [4]is based on the classical functional approach to central limit
theorems for stochastic algorithms (see Bouton [3], Kushner [II], Duflo [7]). The long time
behavior of the sequence (Y;,) will be elucidated through the study of a sequence of continuous-

time processes Y (") = (Yt(n))tzo, which will be proved to converge weakly to the Markov process
with generator L. We will show that this Markov process has a unique stationary distribution,
and that this is the weak limit of the sequence (Y},),cN-

The sequence Y (™ is defined as follows. Given n € N, and ¢ > 0, set
Y™ = Ynn, (19)

where

m
N(n,t) :min{m2n| Z’}’k+1 >t},

k=n
so that N (n,0) = n, fort € [0,vn41), and, for m > n+1, N(n,t) = mifand only if )" . 3 <
1
t< Z?Lﬂ V-

Theorem 5. Under the assumptions of Theorem [{], the sequence of continuous time processes
(Y(™),.en converges weakly (in the sense of Skorokhod) to a Markov process with generator L.

The proof of Theorem [5|is done in two steps: in section [3.1 we prove tightness, in section

we characterize the limit by a martingale problem. In section we study the stationary
distribution of the limit Markov process and we prove Theorem []

3.1 Tightness

It follows from that the process Y admits the following decomposition:

v =¥, + B + M, (20)
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with

N(n,t)
BM™ = — Z Ve [ (Xp—1) + (Tp—1Xp—1 — €k—1)Yi_1]
k=n+1
and
N(n,t)
Mt(n) _ Z %AMk
k1 Pk

The process (Mt(n))tzo is a square integrable martingale with respect to the filtration (ft(n))tzo,
with .7:2&(”) = FN(n,t), and we have

N(n,t) - 2
(M™M), = > <> E(AME | Fia).
k=n-+1 Pk

We already know (see Remark [2)) that the sequence (Y),),en is tight. Recall that in order for
the sequence (M) to be tight, it is sufficient that the sequence ((M™)) is C-tight (see [8],
Theorem 4.13, p. 358, chapter VI). Therefore, the tightness of the sequence (Y (™) in the sense
of Skorokhod will follow from the following result.

Proposition 5. Under the assumptions (@, the sequences (B™) and ((M™)) are C-tight.

For the proof of this proposition,we will need the following lemma.

Lemma 6. Define 1! as in Lemma for 1 € N. There exists a positive constant C such that,
for alll,n,N € N withl <n < N, we have

A+ EY) (X100 %)

VA > 1, ]P’(sup |Yan\2)\>§P(l/l<oo)+C' 3

n<j<N

PRrROOF: The function k being bounded on [0, 1], it follows from that there exist positive,
deterministic constants a and b such that, for all n € N,

QAR AMn-‘,—l < Yn+1 - Yn < Tn+1 (a + an) - Tntl A]\471—&—1~ (21)

- ’Yn—l—l(a + an) -
Pn+1 Pn+1

We also know from Proposition [4] that
E (AMELJA | fn) < Papn¥n + (1 - pB)p%ﬁFl‘ (22)

From , we derive, for j > n,

J

S A
k=n+1 Pk

J
V; = Yal < > ywla+bYio) +
k=n+1
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Let )7;4 = Ykl{kg,/z} and AMk = 1{kSVl}AMk On the set ¥ = 0o, we have Y1 = ?k,l and
AM,;, = AMk. Hence

N
IP’( sup |Yj—Yn|2)\) < ]P)(I/Z<OO)+P< Z 'yk(a+b}~/k_1)2/\/2> +

n<jsN k=n+1
P sup >A/2].
n<j<N

We have, using Markov’s inequality and Lemma
N _ 9 N _

J
LYNVA
k=n+1 Pk

k=n-+1 k=n-+1
9 N
< —la+bsupE (Y 1, )
b\ ( k>Il) EL{vl>k} k:zn;rl Yk
2 ||m|| .
k=n+1

On the other hand, using Doob’s inequality,

P ( sup %Aﬁk
n<j<N

k=n+1

16 - i 72
>M2) < HE Y LE (AMk\fk,l)

k—n+1 Pk

< E Z 1{k<yl} Papk1Yi1 + (1—p,)p}) .
k= n+1

Using lim(y,,/pn) = 9, pk—1 ~ pk, lim p, = 0 and Lemma we get, for some C > 0,
n n

E N
§ W) _HEY) gzk+ vk)’

J
3 l’;AMk

k=n+1

Pl sup
n<j<N

and, since we have assumed A > 1, the proof of the lemma is completed. o

PROOF OF PROPOSITION [B} Given s and ¢, with 0 < s < ¢, we have, using the boundedness of
KJ?

N(n,t)
BV —BM < 3 yla+bYion)
k=N(n,s)+1
for some a,b > 0.
Similarly, using , we have
N(n,t)
‘<M(n)>t —_ <M(n)>s < Z ’Yk;(a, + b/Ykz—l)
k=N(n,s)+1
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for some o/,b' > 0. These inequalities express the fact that the processes B(™ and (M (”)> are
strongly dominated (in the sense Of [ ] deﬁnition 3 34) by a linear combination of the processes

X®) and Z™, where X Zk n+1 i and Z Zk n+1 Ve Yr_1. Therefore, we only need

to prove that the sequences (X)) and (Z(™) are C-tight. This is obvious for the sequence
X () which in fact converges to the deterministic process t. We now prove that Z (n) ig C-tight.
We have, for 0 < s <t <T

N(n,t)
|Zt(n)_ZS(n)| < < sup )Y}) Z Vi

n<j<N(n,T N(ns)+1

k=
< (t-s+YNms+1) sup Y;
n<j<N(n,T)

< (t—=s+vg1) sup Y,
n<j<N(n,T)

where we have used . (Zfr)l Y < tand s < Zk o + s)+1 v, and the monotony of the sequence
(Yn)n>1-

Therefore, for § > 0, and n large enough so that v, < 4,

Pl sup  [ZM-2z0M2n) < P sup Vjz-—1—
0<s<t<T t—5<6 n<j<N(n,T) 0+ Yn41

Ui
< P sup Y > —
(nsJ‘SN(n,T) TT 2 )
Ui
< >
< p(n>2)

+P sup Y;-Y,| >
(nngN(n,T)| 2 45)

For | < n, we have, from Lemma [6]

AC5 N T)
]P( sup |Y; Y, > ) < Pl<oo)+ —(1+EY) Z Vi
n<j<N(n,T) 40 1 po

< PO < o0) + 4(’:7”(1 +EY).

We easily conclude from these estimates and Lemma [I| that, given 7' > 0, ¢ > 0 and n > 0, we
have for n large enough and § small enough,

P ( sup \Zt(n) — Zg”)| > 77) <&,
0<s<t<T,t—5<5

which proves the C-tightness of the sequence (Z (n))nzo- o
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3.2 Identification of the limit

Lemma 7. Let f be a C' function with compact support in [0, +00). We have
E(f(Yns1) = f(Ya) | Fn) = i Lf (Vo) + mm1Zn, n €N,

where the operator L is defined by

f(y+g;— f(y) ny

Lf(y) =psy 1—p, —pa)f'(y), y>0, (23)

and the sequence (Zy)nen satisfies lim Z, = 0 in probability.
n—oo

PROOF: From , we have

1
Vo1 = Yot ynpi(—r(1) = 1Y) — EAM, G 4+ 90416
Pn+1
= Yo+ mn(l—p, —7Y) — Inid AMpi1 + Yny16n
Pn+1
= Y, + '7n+1(1 — Py — 7'f'Y;l) - gAMn+1 + ’7n+1<n + <g - Zn+1) AMnJrl, (24)
n+

where (¢, = k(1) — k(Xy) + Yo(m — (7 Xy, — €n)), so that (, is F,-measurable and, using the
tightness of (Y,,), lim {, = 0 in probability. Going back to , we rewrite the martingale
n—oo

increment AM,, 1 as follows:

AMniy = —Xn (1{Un+1>Xn}mBn+1 —pp(1 - X")) + pn¥n (1{Un+1SXn}ﬁAn+1 - pAXn)
—Pn+1 <Xn1{Un+1§Xn}ﬂAg+1 — (1= X0) L, > x0Bs,, T H(Xn)) .
Hence,
Yori = Yo + v (1 - Py —TYn + Cn) +&ng1 + AMy 1,
where
Ent1 = gXn (1{Un+1>Xn}ﬂBn+1 - pB(l - Xn))
and
y Tn+1
AMn—f—l = (9 - P) +1> AMn+1 — QPnYn (l{Un+1§Xn}ﬂAn+1 —pAXn)
n

+9pni1 (an{UanXn}mAc — (1= X)), >xnBe,, T '@(Xn)> :

n+1 n+1

Note that, due to our assumptions on =, and p,, we have, for some deterministic positive
constant C,

)AM,M‘ < Cysr(14Y,), neN. (25)

Now, let B B B
Y, =Y, + ’Yn—i—l(l — Dy — Y, + Cn) and Yn+1 =Y, + é-n—‘rla

so that Y,,11 = Y41 + AMnH. We have

f(Yn-I—l) - f(Yn) = f(Yn-I—l) - f(Yn-I—l) + f(Yn+1) - f(Yn)
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We will first show that

fVni1) = f(Yng1) = f/(?n)AMn-i-l + Y141, where IP- nlggo E(Ths1 | Fn) =0, (26)
with the notation P-1im for a limit in probability. Denote by w the modulus of continuity of f’:

w(®)= swp |f'(y)— @] 5>0.

lz—y|<o

We have, for some (random) 6 € (0, 1),

fYns1) = f(Vng1) = ' (Ynp1 + 0AM1) AMys
f/(Yn)AMn—H + Vn—i—l’

where Vj 1 = ( F' (Vi1 + 0AM, 1) — f'(f/n)) AN,+1. We have

Vil < w0 (Insal + 1AM 1] ) [AN4|
Cw (|€ns1] + Cyng1 (1 +Y0)) Vg1 (1 4 Ya),

where we have used Y, = Y, + &nt1 and . In order to get , it suffices to prove that
lim E (w (|£11] + Cynt1(1 +Y3)) | Fn) = 0 in probability. On the set {Up4+1 > Xp} N Bpta,
n—oo

we have |{p41] = gXpn (1 — p, (1 — X,)) < g, and, on the complement, [£,41]| = g Xnp, (1—X,,) <
g(1 — X,,). Hence

IN

E(w (|&nt1| + Cmpr(L+Y0)) | Fa) < pp(1 = Xn)w (9 + Cyngar (1 + Yn))
+(1 = p, (1 — Xp))w (Yn) ,
where Y, = g(1 — X)) + Cyp41(1 +Y;,). Observe that lim Y, =0 in probability (recall that
n—oo
nlingo X, = 1 almost surely). Therefore, we have .

We deduce from E(AM,, 41 | F,) = 0 that

E (f(Yn+1) - f(Yn) | }—n) = ’Yn+1E(Tn+1 ‘ fn) +E (f(Yn—i-l) - f(Yn) ’ }—n) )

so that the proof will be completed when we have shown

P- Iim E <f(Yn+1) - f(Yn) B ’Yn-i—lLf(Yn) | fn) —0. (27)

n—00 Yrn+1

We have

E(f(Yast) | 7o) = E(f(V+un) | 7o)
= py(1— Xn)f(?n +9Xn(1 = ps (1 = X3)))

*[.4em] +(1 = ps (1 = X)) f (Yo — gXnp, (1 — X5))
= pBPnYnf(f/n + ngz(l - pB(l - X))
*[.dem] +(1 = pppnYn) f(Yn — 9 Xups (1 — X5)).
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Hence B
]E(f(yn+l)_f(yn) |fn) = Fy + G,

with
Fo = papa¥a (f(Va + 9Xn (1 = (1 = X0)) = £(Va)

and
G = (1= pupnYa) (Vo = 9Xum (1= Xa)) = £(V2)

For the behavior of F}, as n goes to infinity, we use
P- lim (?n FgXn(l—py(1— X0) = Y, — g) —0,

and lim p,/vn+1 = 1/g, so that
n—oo

P- lim ( F, _pBYnf(Yn+g)_f(Yn)> _
Yn4+1 g

For the behavior of G, we write, using lim p,/v,+1 = 1/g again,
n—oo

Y, — anpB(l - Xn) = Y, + Tn+1 (1 — Py — Yy, + Cn) - ngannYn
= Yo+ vm+1(1—py — 0 Ya) + Yot 17,

with P- lim 7, = 0, so that, using the fact that f is C'! with compact support and the tightness
n—oo
of (Yn),

. Gn
P- lim ( —(1-p, —pAYn)f’(Yn)> =0,
n—oo ’)/n+1
which completes the proof of (27]). o

PROOF OF THEOREM [B}  As mentioned before, it follows from Proposition [5| that the sequence
of processes (Y(™) is tight in the Skorokhod sense.

On the other hand, it follows from Lemma [7] that, if f is a C! function with compact support
in [0, +00), we have

FOV) = F(V0) + > wLf Yeo1) + > wZr-1 + My,
k=1 k=1

where (M,,) is a martingale and (Z,,) is an adapted sequence satisfying P- lim Z,, = 0. Therefore,
N(n,t)
PO SO =MD+ B LI (i) + Zi)

k=N(n,0)+1

where Mt(") = MN(n,) — MN(n,0)- It is easy to verify that M™) is a martingale with respect to
Fn,
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We also have

N(n,t) N(n,t)
/Lf( Nds = > wLf(Yi1) - > % F™)
k=n+1 k=n+1

Therefore

S~ prm) - / LAY )ds = M™ + R,

where P- lim Rgn) = 0. It follows that any weak limit of the sequence (Y(™), oy solves the

n—od

martingale problem associated with L. From this, together with the study of the stationary
distribution of L (see Section [3.3), we will deduce Theorem [4] and Theorem o

3.3 The stationary distribution

Theorem 6. The Markov process (Y)t>0, on [0,400), with generator L has a unique stationary
probability distribution v. Moreover, v has a density on [0,400), which vanishes on (0,r,] (where
r, = (1—p,)/p,), and is positive and continuous on the open interval (r,,+00). The stationary
distribution v also satisfies the following property: for every compact set K in [0,4+00), and
every bounded continuous function f, we have

lim sup ‘ f(2)) /fdl/ =0, (28)

t—o0 yGK

where &, refers to the initial condition Yy = y.

Before proving Theorem |§|7 we will show how Theorem {4| follows from .

PrROOF OF THEOREM : Fix t > 0. For n large enough, we have v, <t < >}, 7k, so that
there exists n € {1,...,n — 1} such that

Z ’7k<t<2’7k

k=n+1

Let t, = > 3 _si1 Y- We have
0<t—t,<v and Y=Y,

Since t is fixed, the condition ) 7' .., v, <t implies lim 7 = co and lim ¢, = t.

n—oo n—oo
Now, given € > 0, there is a compact set K such that for every weak limit p of the sequence
(Yn)nen, p(K¢) < e. Using (28)), we choose ¢ such that

<e.

sup ‘Eymm) - [ rav

yeK
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Now take a weakly convergent subsequence (Y;, )xen. By another subsequence extraction, we
can assume that the sequence (Y(ﬁk)) converges weakly to a process Y (%) which satisfies the
martingale problem associated with L. We then have, due to the quasi-left continuity of y ()

Jim Ef(Y7) = Ef(r),

for every bounded continuous function f (keep in mind that the functional tightness of (M (™)
follows from Theorem 1.13 in [§] which in turn relies on the so-called Aldous criterion; any
weak limiting process of such a sequence in the Skorokhod sense is then quasi-left continuous
and so is Y(%) since every weak limit of the sequence (B(™) is pathwise continuous). Hence

klim Ef(Y,,)=Ef (YI;(OO)). Observe that the law of YO(OO) is a weak limit of the sequence Y, so
—00
that IP’(YE)(OO) € K¢ < e. Now we have

Eﬂ%Q—/ﬂszﬂ%Q—EﬂEWU+EﬂK@5—/fW,

so that, if u denotes the law of YO(OO),

Ef(Ya,) — /fdu

< @ﬂnmh/fw

/E (V) duly /fdu

€+ 2|| flloop(K°)
(1 +2|[flo0)-

lim sup
k—o0

<
<

It follows that any weak limit of the sequence (Y},),en is equal to v, which completes the proof
of Theorem [4 o

For the proof of Theorem [ we first observe that the generator L depends in an affine way on
the state variable y. This affine structure suggests that the Laplace transform Eye*pyt has the
form e?r(+¥¥p(t)  for some functions ¢p and 1,. Affine models have been recently extensively
studied in connection with interest rate modelling (see for instance [5] or [6]). The following
proposition gives a precise description of the Laplace transform.

Proposition 6. Let (Y;)i>0 be the Markov process with generator L on [0,+00). We have, for
p>0,y€[0,+00),
Ey e P = exp (gp(t) + yp(t)) (29)

where 1y, is the unique solution, on [0,+00) of the differential equation

ed¥ —1

wl =D _pva with 1/}(0) iy 2

g

vﬁﬂ—ﬂ—nﬂﬂ#ﬂﬁ“

Before proving the Proposition, we study the involved ordinary differential equation.

and
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Lemma 8. Given ¢y € (—00,0], the ordinary differential equation

eIV — 1
V' = p,

— Py (30)

has a unique solution on [0, +00) satisfying the initial condition ¥ (0) = 1)y. Moreover, we have

Yt >0, (0) <y(t)e™ <O0.

PRrROOF: Existence and uniqueness of a local solution follows from the Cauchy-Lipschitz theorem.
In order to prove non-explosion, observe that if ¢ solves , we have, using the inequality

(e9 = 1)/g >,
W 4+ mp > 0.

Therefore, the function ¢ — 1 (¢)e™ is non-decreasing, so that 1(0) < v(t)e™. Since 0 is an
equilibrium of the equation, we have ¥(¢t) < 0 if ¢(0) < 0, and the inequality is strict unless
(0) = 0. Hence (0) < 1)(t)e™ < 0 and the lemma follows easily. o

PROOF OF PROPOSITION [6}  Let uy(t,y) = exp(pp(t) + y1p(t)), where b, and ¢, are defined
as in the statement of the Proposition. The existence of 1, follows from Lemma An easy

computation shows that E)aitp — Lu, = 0 on [0,+00) x [0,400), so that, for T > 0, the process
(up(T = 1,Y})) <y is @ martingale, and [E u, (T, Yp) = Eu,(0,Y7), and the Proposition follows
easily. o o

PROOF OF THEOREM [G

e Uniqueness of the invariant distribution. We deduce from Lemma [§] that, with the notation of
+oo

PropositionH [Yp(t)] < e”™ and tlim op(t) =(1—p,) Yp(s)ds. Therefore

— 00 0

Jim E, () = exp ((1 o [ ws)ds) ,

and the convergence is uniform on compact sets. This implies the uniqueness of the stationary
distribution as well as . We also have the Laplace transform of v:

/R+ e Pu(dy) = exp ((1 —p,) /OOO Qpp(s)dS) _

Note that, since ¥, < 0 and wz’g = pBew% — p,¥p, We have 7,/}; + p,p < 0. Therefore,
Gy(t) < —pea, and

Vp >0, /e_pyV(dy) <exp(—p(1 —p,)/py) = exp(—pr,).

This yields f[o ") ePra=Y)y(dy) < 1, so that (by taking p — +o0), v([0,7,)) = 0.

e Further properties of the invariant distribution . The stationary distribution satisfies
J Lfdv = 0 for any continuously differentiable function f with compact support in [0, +00).
This reads

vieck [ <ryf y+ 9; W - y)f’(y)>V(dy) —0, (31)
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where r =p, /p, and r, = (1 —p,)/p,-

We first show that v({r,}) = 0. Let ¢ be a non-negative continuously differentiable function
satisfying ¢ = 1 in a neighbourhood of the origin and ¢ = 0 outside the interval [—1,1]. For
n > 1 let

fuly) =0y —ry), yeR

We have f,,(y) =0if |y —r,| > 1/n. In particular, the support of f, lies in [0, +00), for n large
enough. Applying with f = f,, we get

/ (ryf”(y * 9; ~5) 4 gy - m>)u<dy> 0.

Observe that lim f, =1 {ry} SO that

nliggo/y(fn(y +9) = Fn)v(dy) = (ry = gJv({ry — g}) = rav({ra}) = —rav({ra}),

where we have used v(—oo,7,) = 0. On the other hand, we have |(r, — y)n¢'(n(y —r,))| <
sup,ep (u¢'(u)), and lim (n¢'(n(y —r,))) = 0, so that, by dominated convergence,
n—oo

lim [ (ra —y)ny' (n(y —r,))v(dy) = 0.

n—oo

Hence v({r,}) = 0.

We now study the measure v on the open interval (r,, +00). Denote by D the set of all infinitely
differentiable functions with compact support in (r,, +00). We deduce from that, for f € D,

;/V(dy)yf(erg) - ;/V(dy)yf(y) +/V(dy)(7“A —y)f'(y) =0. (32)

Denote by v, the measure defined by /ug(dy)f(y) = /V(dy)f(y + g). We deduce from

that v satisfies the following equation in the sense of distributions:

(y—r )V + 1= (r/g9)yv = —g(y — 9)vg,

or
1— _
gty ry—g vy, (33)
Y—Ty gy —Ty
Denote by F' the function defined by
Fly) =9y =)t y>r,, (34)

where d = rr, /g. We have
1—-(r/g)y
F'(y) = - F(y),
) = )

so that the equation satisfied by v reads

<;y) _ %yg, (35)



where the function G is defined by G(y) = —gﬁ.

On the set (r,,r, +g), the measure v, vanishes, so that v = A\gF for some non-negative constant
Ao. At this point, we know that the restriction of the measure v to the set (0,7, 4+ g) has a
density which vanishes on (0,7,) and is given by A\oF on (r,,7, + g).

We will prove by induction that the distribution v coincides with a continuous function on
(r,,r, + ng), which is infinitely differentiable on (r, + (n — 1)g,7, + ng). The claim has been
proved for n = 1. Assume that it is true for n. On the set (r,,r, + (n+1)g), the distributional
derivative of (1/F)v coincides with the function y — (G(y)/F(y))v(y — g), which is locally
integrable on (r,,r, + ng + g), continuous on (r, + g,r, + ng + g), and infinitely differentiable
on (r, +ng,r, +ng-+g), due to the induction hypothesis (there may be a discontinuity at r, + g
if d < 1). It follows that (1/F)v is a continuous (resp. infinitely differentiable) function, and so
isvon (r,,7, + (n+1)g) (resp. (r, +ng,r, +ng+g)). We have proved that v has a continuous
density on (r,,+00), which is infinitely differentiable on the open set | J;~ , (7, +(n—1)g,r, +ng).

Finally, we prove that the density of v is positive on (r,,+00). Note that G(y) < 0ify > g¢
and that the density vanishes at y — g if y < g. Therefore (%V)/ < 0, so that the function
y — v(y)/F(y) is non-decreasing. It follows that Ay cannot be zero (otherwise v would be
identically zero). Hence v(y) > O fory € (r,,r,+g). Now, if v(y) > O fory € (r,+ng—g,r,+ng),
the function v/F is strictly decreasing on (r, + ng,r, + ng + g) and, therefore, cannot vanish.
So, by induction, the density is positive on (r,,400). This completes the proof of Theorem @

¢

Additional remarks e The proof of Theorem [f] provides a bit more information on the invariant
distribution v. Let g > 0 and let ¢, denote its continuous density on (r,,400): the function
¢g is C* on [r,,+00) \ (r, + gN) and it follows from and the definitions of r and r, (and
d=rr,/g, see the proof of Theorem @ that

¢9(TA) = +oo if g > g*, §Z5g(7”A)E (07+OO) if g= g* and gbg(rA) =0 if g< g*
where ¢g* = % € (0, I;J). As concerns the regularity of the density ¢, at points y €
A

A
r, + gN, one easily derives from Equation that for every m, k € N,

— ¢y is C™FF at r, + kg as soon as g < mg—J_l,
— the (m + k)™ derivative (bémJFk) is only right and left continuous at r, + kg if g = fil'

e One can characterize the finite positive exponential moments of v by slightly extending the
proof of Proposition |§| (Laplace transform). For every y > 1, let 6(y) denote the unique (strictly)
positive solution of the equation

e —1 _
o
0 0
Note that logy < 6(y) < 2(y — 1) and that lim _bly) =1 and lim W) = 1. The result is
y—12(y — 1) y—o logy
as follows
/epyy(dy) < +oo ifandonlyif p<p,:=g0(p,/ps)- (36)
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With the notations of Proposition [6] it follows from Fatou’s Lemma that
Vp>0, /epyy(dy) < litm inf F, (/™). (37)

We know that N
Ey(epyt) — e@p(t)‘f'yd’p(t)

with ¢,(t) = (1 —p,) fg Jp(s)ds and Jp is solution on the non-negative real line (if any) of
. b u
V)= GWO), D0 =p with Glw) = —pyut (e 1)
The function G is convex on Ry and satisfies G(0) = G(p;) = 0, G((0,p})) C (—00,0).
Let p€ (0, pg). The convexity of G implies

Gl G
u T op

Vu € [0,p],

G(p)t

It follows that Jp does exist on Ry and satisfies 0 < @Zp(t) < pe » (hence it goes to 0 when ¢
goes to infinity). One derives that

+oo p2
lim (1) = (1=p) | G0t < =01 —p) g

t——+o00

Combining this with yields

p2

/ ePu(dy) < e TPITH < oo
On the other hand if p = pj, {Ep(t) = p; and @p(t) = (1 — p,)p;t. Consequently

vt >0, /ep;yy(dy) = /]Ey(epzyt)y(dy) = e(l_pA)pgt/ep;yy(dy).

Now the right hand side of this equality goes to oo as ¢ goes to infinity since (1 — pA)pZ > (0 which
shows that /ep;yy(dy) =400 (since it cannot be 0).

e One has, in accordance with the convergence rate result obtained for p,, = o(7,), that

/yV(dy) = 1_Tp“‘-

To prove this claim, one first notes, using the definition (18] of the generator L, that L(Id)(y) =
1 —p, — my. Hence the above claim will follow from [ L(

Id)(y)v(dy) = 0. Let ¢ : Ry — Ry

denote a continuously differentiable function such that p(y) =y if y€ [0,1], ¢(y) =0if y > 2
and ¢’ is bounded on Ry. Set v, (y) = ne(y/n), n > 1. One checks that L(y,) — L(Id) as n
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Figure 1: Graphs of the p.d.f ¢4, p, = 2/5, g = 1; the vertical dotted line shows the mean
17% of v. Left: p, =1/3 (¢* > g =1). Center: p, = 4/15 (¢* = g = 1). Right: p, = 1/6
(" <g=1).

goes to infinity and |L(¢,)(y)| < ay + b for some positive real constants a, b. One derives by
the dominated convergence theorem that

[ pud@rtdy =tim [ L) @widy =0

where we used that the function ¢,, has compact support on [0, +00). One shows similarly that

/L(u — u?)(y)v(dy) = 0 to derive that

/<y_1_7rpA>2V(dy) 291)3(27:2@1)'

Note that, as one could expect, this variance goes to 0 as g — 0. As a conclusion, we present in
Figure 1 three examples of shape for ¢,. They were obtained from an exact simulation of the
Markov process (Y;):>0 (associated to the generator L) at its jump times: we approximated the
p.d.f. by a histogram method using Birkhoff’s ergodic Theorem.

A final remark about the case 7 = 0 and 7, = gp,. In that setting (see Remark [I|) the
asymptotics of the algorithm cannot be elucidated by using the ODFE approach since it holds in
a weak sense. Setting Y;, = 1 — 2X,, one checks that Y, € [-1, 1] and

Yoy = Ya(1 - 29p721+1(1 - pA)) — 29 pry1AMp 41

and that E((AM,41)%|Fni1) = %‘(1 —Y?2) + O(p2,,). Then, a similar approach as that
developed in this section (but significantly less technical since (Y},) is bounded by 1) shows
that Y, converges in distribution to the invariant distribution p of the Brownian diffusion with
generator Lf(y) = —29(1 —p,)yf'(y) + %ngA(l — ) f"(y). In that case, it is well-known that
u has a density function for which a closed form is available (see [9]), namely

2r 4

p(dy) =m(y)dy with m(y) = Cy, (1—y?) 9

_11(—1,1)(?4)-

Note that when g = 2r, =2(1/p, —1) > 0, p is but the uniform distribution over [—1, 1].
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