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Abstract

We establish a large deviation principle for the largest eigenvalue of a rank one deformation
of a matrix from the GUE or GOE. As a corollary, we get another proof of the phenomenon,
well-known in learning theory and finance, that the largest eigenvalue separates from the
bulk when the perturbation is large enough.

A large part of the paper is devoted to an auxiliary result on the continuity of spherical
integrals in the case when one of the matrix is of rank one, as studied in (12).
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1 Introduction

We consider in this paper rank one deformations of matrices from Gaussian ensembles, that is
matrices which can be written Wy + Ay, with Wy from the Gaussian Orthogonal (or Unitary)
Ensemble and Ay rank one deterministic, real symmetric if Wiy is from the GOE and Hermitian
if Wiy is from the GUE.

Since the fifties, the classical Gaussian ensembles (see Mehta (19)) have been extensively stud-
ied. Various results for the global regime were established (Wigner semicircle law (22), large
deviations for the spectral measure (9)...); the statistics of the spacings between eigenvalues
were investigated for example in (§; (1), as well as the behaviour of extremal eigenvalues (Tracy-
Widom distribution (21)). In the meantime, people got interested in the universality of some of
these results. In this context, it is natural to look at various deformations of these ensembles,
for example the rank one deformations we are interested in.

This so-called “deformed Wigner ensemble” was studied in (16) and (6), where the authors
focused mainly on the problem of the local spacings and in (20) and (1), where they studied
the behaviour of the largest eigenvalue. In this framework, our goal in this paper will be to
establish a large deviation principle for the largest eigenvalue of Xy = Wy + Ay, that we
denote in the sequel by z%;,. Note that our result can also be seen as a generalization of the
result established in (4) for the largest eigenvalue of a matrix distributed according to the GOE.
If we denote by # the unique non zero eigenvalue of Ay, the joint law of the eigenvalues z1,...,zN
of Xy = Wpx + Ay is given by

1 _N SN
QY (day,...,den) = —57 [ [ i — 2P 150, Xn)e ™2 =1 idary . day, (1)
N i<j
where [ ﬁ, is the spherical integral defined by
@@xw:/wwwwmmmmm:/wwmmemm,

with m]ﬂv the Haar probability measure on Oy the orthogonal group of size N if § = 1, on the
unitary group Uy if § = 2 and Zﬁ,’e is a normalizing constant. The fact that the joint law of
the eigenvalues of Xy and that I ]ﬁ\,(ﬁ, Xpn) depend on Ay only through its non zero eigenvalue

0 comes from the unitary invariance respectively of the law of W and of the Haar measure mﬁ, .

Our main result is the following

Theorem 1.1. For 3 = 1 or 2, if 8 > 0, then under Q?V, the largest eigenvalue 3 =
max{zy,...,zN} salisfies a large deviation principle in the scale N, with good rate function
Keﬂ defined as follows:

.If@g\/g,

+00, if x < /20
Kg(x): /m\/m&z, if\/2ﬁ<x<0+%7
My (), ifo>0+2,
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1 [* 1 1
WithMgﬁ(x):—/ \/22—2ﬁdz—6x+1x2+§—glogg—i—iHQ.
V26

g, | +oo, if v < /28
K“"’C)‘{Lé*(x), if > VI3,

r 2
witth(x):%/oJrQ% \/22—2ﬂdz—¢9(x— (9+%)> —1—3 <:c— <9+%)> ]

One can see in particular that Keﬂ differs from the rate function for the deviations of the largest
eigenvalue of the non-deformed model that was obtained in (4).

Note that in the case when 6 < 0, similar results would hold for the smallest eigenvalue of the
deformed ensemble. We let the precise statement to the reader and assume in the sequel that
6> 0.

Remark 1.2. Let us mention that, although we did not investigate this point in full details, very
stmilar results can be obtained with our techniques in the case of sample covariance matrices
for the so-called “single spike model” that is matrices of the form XX*, where X is a p X
n matriz, whose column vectors are iid Gaussian (real or complex) with a covariance matriz
diag(a,1,1,...,1), with a single spike a > 1 (see below for references).

We have to mention an important corollary of Theorem [[1] :

Corollary 1.3. For 8 =1 or 2, under Q?\,, xy converges almost surely to the edge of the support
of the semicircle law og as long as 0 < 0. := g and separates from the support when 6 > 6.

In this case, it converges to 0 + 2%.

This allows us to give a new proof, via large deviations, to this known phenomena which is
crucial for applications to finance and learning theory (cf. for example ([15; [18)).

On the mathematical level, this kind of phase transition has been pointed out and proved by
several authors in the case of non-white sample covariance matrices (cf. for example (3) for
the complete analysis in the complex Gaussian case, (L0), (9) for more general models, (17) for
statistical applications to PCA).

The organisation of the paper is as follows : as we can see in ([Il) above, the expression of the
joint law Q?\/ of the eigenvalues involves the spherical integrals [ Jﬁ\, in the case when one of the
matrices is of rank one. We got the asymptotics of this quantity in (12) but we will need a
precise continuity result of these spherical integrals to which Section B]is devoted. In Section B
we prove Theorem [Tl Finally, in a very short Section Fl we show how to derive Corollary
from this Large Deviation Principle.
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2 Continuity of spherical integrals

The question we want to address in this section is the continuity, in a topology to be prescribed,
of I ]@(0, By), in its second argument By. The matrix By is supposed to be symmetric if § =1
and Hermitian if 8 = 2. Due to invariance property of the Haar measure, we can always assume
that By is real diagonal.

We denote by Ai(Bn),...,An(By) the eigenvalues of By in decreasing order and we let

N
1
By = N Z dx,(By); @ is the Dudley distance defined on probability measures by
i=2
) —
) =swp{| [ san= [ ravlsisry [HEOZI0 <o 2y}

The following continuity property holds

Proposition 2.1. For 8 =1 or2, for any 0 > 0 and any k > 0, there exists a function g, : Ry —
R4 going to zero at zero such that, for any 6 > 0 and N large enough, if By and Bl are two
sequences of real diagonal matrices such that d(ﬁBNaﬁBg\,) < N7 and |\ (By) — M(Bly)| <6,
with sup [| By |[|ec < 00 then

1

1
~ 108 I (0, By) — - log I (6, Biy)| < g5(9).

Remark 2.2. According to Theorem 6 of (12), we know that, for some values of 0, the limit of
% log Iﬁ,(@,BN) as N goes to infinity depends not only on the limiting spectral measure of By
but also on the limit of A\1(By). Therefore 3 log Iﬁ,(@,BN) cannot be continuous in the spectral
measure of By but we have also to localize A\1(By). That is precisely the content of Proposition
[Z2 above. We also refer the reader to the remarks made in (12) on point (3) of Lemma 14
therein.

A key step to show Proposition Bl is to get an equivalent as explicit as possible of
% log I]%(H,BN). This is given by

Lemma 2.3. If By has spectral radius uniformly bounded in N, then for any § > 0, for N large
enough,

N
1 g 3 20 20

where vy s the unique solution in [)\N(BN) — %, A (By) — %] of the equation

1134



This lemma can be regarded as a generalization to any value of 6 of the second point of Lemma
14 in (12).

The remaining of this section is devoted to its proof. For the sake of simplicity, we prove in full
details the case § = 1 and leave to the reader the changes to the other cases.

2.1 Some preliminary inequalities

Notation and remarks.

e We denote by A\ > ... > Ay the eigenvalues of By in decreasing order.
e For £ €]0,1/2[, we define
Kn@&):={je{l,...,N}/x\j € (A — N5\,

and we denote by jo the cardinality of Ky (§).

N

1 1

e The eigenvalues A\ > ... > Ay being fixed, we can see that the function x — — Z
N i1 Xr — )\z
is strictly decreasing taking negative values on (—oo, Ay ) and strictly decreasing taking

positive values on (A1, 00). Therefore, vy as introduced in Lemma 23 is well defined and

1 11°¢
we can define similarly o as the unique solution in [)\N(BN) ~ 59 M(By) — %} of the
equation
11 O 1
- = —=
N29 i:j0+1 Q}N —|— % — )\Z

Moreover, if 8 > 0, one can easily see that vy + % and Uy + % both lie in (A1, 00).

e [ and V denotes respectively the expectation and the variance under the standard Gaussian
measure on RY.
e As 1+ 20uy — 20\ > 0, we can define the probability measure on RV given by

N
Pn(dgy,...,dgn) = (2#)_% H {\/l + 20uy — 20\ e_%(1+29”1\’_29ki)9§d9i )
=1

We denote by Ep, and Vp, respectively the expectation and the variance under Py.

e Similarly, we define the probability measure on RY =70 given by

N
Py(dgjys1, - dgy) = 2m) =7 T [V1+ 200y — 20); e 302005 -20stqq,
i=j0+1

We denote by E P and V Py respectively the expectation and the variance under Py.
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Before going to the proof of Lemma [Z3] we enumerate hereafter some inequalities on the quan-
tities we have just introduced, that will be useful further.

Fact 2.4. Let 68 > 0. We have the following inequalities :

1 1
1. Fori =2 jo+ 1, vy + — )\iZN_gcmdf)N—i———)\iZN_g.
20 260
2. UN—f—i—)\l} Jo Ngandw oy + — )\i2i.
20 20N ¢9 20N

1 1
3. iy <un <A\ <0 <oy + o
UN S UN 1 ’UN+20 ’UN+20

4. For any 6 > 0, for any & € (0,1/2), for any € > 0, there exists Ny such that for any
N > Ny such that jo < SN173 3 , Jov — o] <

Proof :

1. As mentionned in the remarks above, vy + % > M. Fori>g0+1, N\ <A — N~—¢ so that
UN + % > A\ >\ + N €. The same holds for oy.

2. We have the following inequality

Jo < < 20N,
UN + 29 ()\1 N-— 6 Z UN + 20 )\Z

where the right inequality comes from the fact that sz\i 1 ﬁ = 20N and for all 7,
20 H

UN + % — A; = 0 and the left one is inherited from the definition of jy. Putting the leftmost

and rightmost terms together, we get the first inequality announced in point () above.

The second one is even simpler : we have that ZZ]\L 1 w%_/\ = 260N wand each term is
260 g

positive so that any of them is smaller than 20.N.

3. Suppose that vy < ¥y, then for all ¢ > jo+ 1, vy + % — A\ < On+ % -\

N N

1 1
20N = E —_— < E _—
7 1 ) 1y
i1 ONtag = A L N g — A
but the rightmost term is smaller or equal to 20 N. Therefore, oy < vy.
N
1 1 1
The \;’s being in decreasing order, we get that 260 = — < ,
' N;UN+%—)\Z‘ N+ 355 — A1

1 1
thi — < A+ —, lLe. < g
1sg1vest+20 +20,1e UN 1

4. Let € >0, 6 >0 and £ € (0,1/2) be fixed. From (@), we have that

IV D) \’U +
N N N 2 1
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IfUN+%_)\1 < g, then |UN—17N| <e.
Otherwise, we can write, thanks to (@), that
N N N

1 1 5 !
S Y e Y

— 1 T\
i1 UN Fag = A S UN g = A i=jo+1

From Cauchy-Schwarz inequality, we get

Jo N
1 1 1
——— 2 (vNy — UN . _
Z ( )N—]o ‘:Z L_)\i

2

1
Z-:1UN+%_)\Z' Zjo+lvN+29
Therefore,
_ (N — jo)yn . X 1
loN —ON| € 7o With yn = _— .
Now, we are in the case when vy + % — A1 = g, so that yy < j?o For N such that
jo < ON'E,
£
5 N — jo)oN'~3
loy — On| < ( ) —t <¢
g(20N — N~ 2)2
where the last inequality holds for N large enough. O

2.2 Proof of Lemma

We first prove the upper bound: the starting point will be the same as in (12). It is a well
known fact that the first column vector of a random orthogonal matrix distributed according to
the Haar measure on Oy has the same law as a standard Gaussian vector in R divided by its
Euclidian norm. Therefore, we can write

N 2
i=1 Mig;
IN(0,By) =E <exp {N@%}) .
i=19i

From concentration for the norm of a Gaussian vector (cf. (12) for details), we get that, for any
 such that 0 < k < 1/2,

SN dig?
IE(].AN(H)eXp{A7\[072:£\,_119i2 })

where Ay (k) = {‘% - 1‘ < N‘”ﬂ} and d(k, N') goes to one at infinity for any 0 < k < 1/2.

1< < (K, N), (2)

From there, we have

N N
In(0,By) < O(k, N)eNoon+N' "0 +on)g llAN(n) exp {9 > gl —0on > g?}]
=1 i=1

< 5(,{’ N)eNevNJer*"G(MJrvN) H |:\/1 + 20vN — 2(9)\2‘] o ,
=1

=
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where M is the uniform bound on the spectral radius of By and we use that Py(An(k)) < 1.
Therefore, for any § > 0, we get that for NV large enough,

N
1 1
N log In(6, Bn) < fun — B Zzllog (14 20vn —20);) + 6.

For the proof of the lower bound, we have to treat two distinct cases. In both cases, the
starting point, inherited from (), is the following:

N N
L () ©XD {GZ Xigi — Oon Zg?}] ,

i=1 i=1

IN(0,By) = §(k, N)eNovn N 0(M+on) g

but our startegy will be different according to whether there is a lot of eigenvalues at the
vicinity of the largest eigenvalue A\; or not, that is according to the size of jg defined above.

For k €]0,1/2[ fixed, we choose in the sequel £ such that 0 < £ < 5 — k.

1

2
. . . _€

e First case : N is such that jo > 6N'"3.

In this case, the situation is very similar to what happens with a small 6, we therefore follow

the proof of (12). Indeed, we write

E

N N N
—1
14 () €XD {92)\1-92-2 —Q’UNZQZZ}] = {\/1 + 20vy —20);| Pn(An(k)),
i=1

i=1 i=1
and show that, for N large enough, Py(Axn(k)) > 1/2.

An easy computation gives that

1 2 & 1
- 2 —_
VPN |:N HQH :| N2 ; (1 + 20vy — 29)\1')2

and our goal is to show that this variance decreases fast enough.
From (@) in Fact Z4] we have

1 1 7o _ 0 ¢ _ o
— —\ > — N> —-N¢>_N3:3-_N¥¢>_N¢
UNTF o TN Z N T 55 T2 50N 20" ° 20
This gives that
Voo | 2l0l2] € —— N%N < 2 N%-1
Py NHgH ~ N252 ~ 52
Therefore, by Chebichev inequality,
¢ 2 k21 1
Pn(An(r)©) < ﬁN <5

where the last inequality holds for N large enough with our choice of &.
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e Second case : N is such that jo < SN~
The strategy will be a bit different : separatlng the eigenvalues of By that are in Kn(§) and
the others, we get

In(0,By) > N0y —N1=59(M+iy) (1‘ L lgll2—1] <N+ ©XP {GZ)\ZgZ — Oon Zgz })
=1

Mk N
> eNOON—N'""0(M+0y) 1‘L2N. 5 ‘<N < exp 4 0 Z \ig? — Oy Z g2
N 1:]0+1gz

1=jo+1 i=jo+1
E(1,
‘N z 19

2|<nn exp {92)‘@% —Q’UNZQZ}> .

The first term will be treated similarly to what we made in the first case. We can easily check
N N N

1 ) 1 ) 2 1
that Ep NZ g; | =1and Varp NZ 9; :WZ (15 2058 — 200"
i=70+1 i=j0+1 i=j0+1
1 & 1 1
From () in Fact BZ4] we get that V5 N Z g | < 502N? NEN < WNZ&L Therefore
i=jo+1
N
5 1 2 NTF 2 oki2e-1
Pullg 22 -1 | <iEN :
i=jo+1

which goes to zero with our choice of &.
This gives that for N large enough,

1

Ef|1, ) Non exp ¢ 6 E \ig? — 0N E g? H
—1|<5— 1 7 —
27, =jo+19i Pt it o1 \/1 + 29’0]\[ 2(9)\

3)
We now go to the last term. From (@) in Fact 4 we have that ox < A1, so that for any @ < jo,
\i — Oy = —N~¢. Therefore,

exp {«9 [iw - 6N)g?] } > exp (—eN—fjo) > exp (—eaNl—%) ,

i=1

so that
E
< ‘ Zz 1 (3

where the last inequality is again obtained through Chebichev inequality.

1 =
Nng )-exp( 0(5]\71__)
i=1

> %.exp (—05]\[1_375) ) (4)

2| N mexp{HZ)\zgl —HUNZgZ}> > ]P’(

N2
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Putting together [Bl) and (), we get that for NV large enough

- 5 _ 1
0oy — — log(l + 200N — 2(9)\1) — Z N log IN(H BN)

2N <
i=jo+1

The last step is now to prove that, for N large enough,

)

<c9vN——Zlog (1 + 20uy — 20 )) — | 0on - 5 Z log(1 + 200x — 20)) || < >
z jo+1

(5)
On one side, we have that
- .
Oy — 5 > log(l 4 20vy — 20N;) | — | 0on — SN Z log(1 + 2005 — 20);)
1=jo+1 i=jo+1
N

1 1 )

<|ov = N[ | 0+ 5 — 1 | S

2N2%1UN+@_)\i 4

where we use (@) in Fact 24, with N large enough and € = %.

From () in Fact Z4 we have that % < 1420vy —20); and from @), vy < A\ < M, where M is
the uniform bound on the spectral radius of By, so that 1+ 20vy — 20\; < 14 20M. Therefore,
for N large enough,

Jo

1 1
— E log(1 + 20vy —20);)| < log N
2N £~ og(L + 20y 2 avolos
1 5
< —5N 3 log N < <7
This concludes the proof of Lemma O

2.3 Proof of Proposition 271

Let £ > 0 be fixed and (By)neny and (B)y)nven two sequences of matrices. We denote by
AL = ... 2 Ayand \] > ... > Ny the eigenvalues of By and B}, respectively, both in decreasing
order.

We assume that d(0p,, Vp, ) < N7" and [\ — A} < 6 for NV large enough and that there exists
M such that supy || By|lec < M and supy || Blyllec < M.

N
We introduce also the following notations: Hp, (2) =¥ Z and Hp (2) = Z

z_
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e First case : N and ¢ are such that 20 € Hp, (A1 + 26, +00)) N Hp ((A] + 24, +00)).

In this frame work, continuity has been established in Lemma 14 of (12). It comes from Lemma
and the fact that, for any A € Uny>0 Nn>n, (Supp 2By Nsupp oy ), 2 — (2 — A)~!is con-
tinuous bounded (with a norm independent of §) on Un,>0Nn>n, (A1 426, +00)N(A] +26, +00)).

e Second case : N and ¢ are such that 20 ¢ Hp, ((A\1+24,+00)) and 20 ¢ Hp, ((\]+20,+00)).
In this case, 20 ¢ Hp,((\ + 26,+00)) = vy + 55 € (A1, A1 + 26) and similarly vy + 55 €

(N[, A] + 26) so that
loy — viy| < 36.

Thanks to Lemma 23] we know that it is enough to study
N N
| 1 1 1,

Asd(vp,, 1935\[) < N™%, we proceed as in the proof of Lemma 5.1 in (14) and define a permutation

oy that allows to put in pairs all but (N'1=% A N§) of the );’s with a corresponding )\:71\7(1') which
lies at a distance less than § from \;.
As in (14), we denote by Jy the set of indices i such that we have such a pairing. Then we have

1 1 1 / ’
Ay < N Z maX( ' ) (lo~v = on| + 12X = Aoy i)])

1€J0
1 1 , 1 ,
+N Z log (UN + % )\Z> log <vN + 20 )\i)
1€Jdy
N N
1 1 1 1
- + = 44
= 1 1
(N;W”% Ai N;”?ﬁ%_ ﬁm(z'))
1 1 , 1 ,
+N< log (UN+29 )\Z> log UN+2¢9 )\i)
e Jg
2 1k 1
< 1660 + N[N AN ||log(2N0)| V log [ 2M + 2 )|

where we used once again that

1 1 1
— < — N\ <2M + —
oNg SUN T og T LY,

so that we get the required continuity in this second case.
e Third case : N and 6 are such that 20 € Hp, (A1 +23, +00)) and 20 ¢ Hp, ((N| + 20, +00)).

In this case, we proceed exactly as in the second case. The only point is that establishing that
vy cannot be far from vy will be a bit more involved. We address this point in detail.
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On one side we have from Fact P24 that

1
A’lgvf\;—f—%é L+ 26 (6)

On the other side, as [\ — \j| < d, \] + 20 is greater than A\; and the map By — Hp, is
continuous outside the support of all the spectral measures so that

Hpy (N +20) — Hpy (N +20)| < C(9),

with the function C' going to zero at zero.

Furthermore, Hp, is decreasing on (A}, 4+00) so that H B;\,()\’l +20) < 20, yielding
Hp, (\] +20) <20+ C(5),

and Hpg, being decreasing

1
HBN()\l +35) < 2(9+C(5) :HBN (UN+ %> +C(5),

what implies

1
)\1<UN+%<)\1+35+K(5),

with the function K going to zero at zero. and, together with (f) this gives that
luy — viy| < 58+ K(6).
Now the same estimates as in the second case above lead to the same conclusion. This gives

Proposition X1 O

3 Large deviations for z%

The goal of this section is to prove the large deviation principle for x%, the largest eigenvalue of
a matrix from the deformed Gaussian ensemble, announced in the introduction in Theorem [Tl

A first step will be to prove the following

Proposition 3.1. For 3 =1 or 2 and 0 > 0, if we define

1
P (day,... dey) = — [[ loi = ;P 150, Xn)e™ 3 E5otday . day, (7)
N i<j

with Zﬁ, the normalizing constant in the case 8 = 0, and we let

Fﬂ(x) — +00, if v < +\/20
o —g + glogg — pg(x,08) — Igﬁ (x,0), otherwise,
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1
where og denotes the semicircle law whose density on R is given by %1[7\/@7@}\/ 23 — t2dt,
for p € P(R) and x € R,

1
Dz, 1) = 5/10g o = yldu(y) — 527,
1
and Ig(x,ﬁ) = A}im Nlog I]%(H,BN), where By has limiting spectral measure p and limiting
— 00
largest eigenvalue x, then we have the following large deviations bounds :

1. there exists a function fg : RT — R going to infinity at infinity such that for all N

P% ( max _|x;| > M> < e Nfo(M),
i=1..N

2. For any x, for any M such that |z| < M,

*

hmhlrnsup—logIP"9 (r <y <zx+9, max|xz| M) < —Feﬁ(az)
510 Nooo N

3. For any z,

1
l(siféll}?ii?ofﬁ log P (z < 2y <z +0) > —Feﬁ(az)

1
Remark 3.2. The function Iﬁ(m,@) = A}im N log I]%(H,BN) is well defined by virtue of Theo-
— 00

rem 6 in (12) (an explicit expression for it will be given in Section [ZA below).

3.1 Proof of Proposition 31

e We first prove the “exponential tightness” property ().

It is more convenient to rewrite ([) as

N g2

P (dxy, ..., dey) = ; — xj|ﬁe_%tr(XN_AN)2dx1 ..dzy.

N i<j

Now, a well known inequality (see for example Lemma 2.3 in (2)) gives that

(XN AN mmZ]mk—a k)’

where the minimum is taken over all permutations 7 of {1,..., N}. But all a;’s are zero, except
one of them, let’s say a1, which is equal to §. As the law of the z;’s in invariant by permutations,
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we can assume that 7, (1) = 1, where 7, is the permutation for which the minimum is reached.
Therefore

(XN AN) (.%'1 (9)2 —i—Zx?

We can now use the very same estimates as in Lemma 6.3 in (4) to get ({l). More precisely, we
can write

8
N

(z—0)2

|($—(9)+(9—.’Ej|ﬁ677] <e 4

for x large enough, so that, for M large enough,

Zlﬁ\ffl —IN(M—6)2+ g2
—FF € 4 2 .

PY ( max |z;| > M> < NPY (1] = M) < s
N

From Selberg formula (cf for example proof of Proposition 3.1 in (3)), we can show that

B
1 Z
—log =YL, C. This concludes the proof of @.
N Z]BV N—o00
e For all z < /20,
1
]\}gnoo N log P (2 < x) = —oo. (8)

Indeed, we know from Theorem 1.1 in () that the spectral measure of Wy satisfies a large
deviation principle in the scale N? with a good rate function whose unique minimizer is the
semicircle law 0. We can check that adding a deterministic matrix of bounded rank (uniformly
in N) does not affect the spectral measure in this scale so that the spectral measure of Xy
satisfies the same large deviation principle.

Therefore, if we let z < /203, f € Cp(R) such that f(y) = 0if y < z but [ fdog > 0 and if we
consider the closed set F := {u/ [ fdu = 0}, we have that

N
Qu(ky <2) <Q% (% > flw) = 0> < Qx (i € F),
i=1

where [iy := % Zf;l g, is the spectral measure of Xn. As og ¢ F,

lim sup — N logQN(x <z)<0.

N—oo

B
1 A
Furthermore, as we saw above, — log Nl C, the same holds for IE”?V and we immedi-
N Zﬁ; N—oo

ately deduce what gives immediately ().

e Let now = > /28 and § > 0.
Let M > |z| and ¢ small enough so that M > |z+4|. One important remark is that, by invariance
by permutation, we have,

P (z < 2y <z +0, max |z;| < M) < NPY (2 < o1 <2+ 6, 21 > max x;, max |z < M).
i=1..N i=2..N " Ti=1..N

We introduce now the following notations :
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° ]P’%_1 is the measure on RY~! such that, for each Borel set E, we have

[ 1
P%l(AeE):]P?V_1< 1—N)\€E>.

With these notations, we have

B:=P(z <l <z+9, Iria>§v|xz| < M)
1=1...

z+0 .
< / dxy / e(N_l)Qﬁ(ml’WN).C]%.I]%(H, XN).dPY_(z2,...,2N),
x [-M,MN-1

N(N-1
8 (4 )

PR )
where CN = N—0. <1 — —>
zy N

Let 0 < k < %,Wehave

z+0 .
B < C’f,/x dxy [%NEB(UB,N”), e(N_1)¢5(x1’”N)I]€,(¢9,XN).dIE”%fl(xQ, ceyTN)

maX;=2.. N T;<Z1

+ (2M)NeNMOICTPN 7y ¢ B(og, N7%)), (9)

where B(og, N™") is the ball of size N™" centered at og, for the Dudley distance (defined at
the very beginning of Section 2).

We first show that the second term is exponentially negligible. We have
Py~ (&N & Blog, N %)) <Py (| En—1 — Fplloo > N7%),

where Fy_1 and Fj are respectively the (cumulative) distribution function of 7y and og.
We know from the result of Bai in ({1I) that

1
[BN ™ Fy—1 = Fsl = O(N™3),

where E%_l is the expectation under IP’%_I, so that

_ _ _ _ N—F
P11 = Bl > N < B (1vos - BY vl > 25 ).

But, by a result of concentration of (13) (see Theorem 1.1), we have that there exists a constant
C > 0 such that for all N € N,

PN (| Fvo1 — EN T 'Fv iloe = N7F) < e OV,
so that

1
limsupN logP%il(ﬁN ¢ B(UﬁaNﬂi)) = — 0.

N—oo
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We can now come back to the first term in (). The same computation as in the proof of
Proposition 3.1 in (5), based on Selberg formula, gives that

5. 8.5
g Oy 5= ~5loB3 + 75

1
N

Applying Proposition EZI] together with Theorem 6 of (12), we can conclude that

1
lim sup — log P (z < 2y < 246, max |z;| < M) < —Elog é—l—é—i— sup  [®g(z,05)+12 (2,0)].
Nooo IN 1...N 2 2 2 z€[z,a+6] s

One can easily see that z — ®g(z,03) is continuous on (1/23, +00) and the continuity of Igﬂ(., 0)
will be shown in the proof of Lemma B4 below. We therefore get the upper bound :

1
limsuplimsupﬁlogl[”?v(x <y < x—l—é,rlna]s[(]xi\ < M) < —glogg—l—g—l—fbg(x,aﬁ)—i—ffﬁ(x,ﬁ).

610 N—o00

e We now conclude the proof of Proposition Bl by showing the lower bound (). We proceed
as in (4). Let y > x > r > +/2(. Then,

Ph(y > ai >2) > Py(o € [o,y], max |ai] <)

> Cﬁ, exp [ (N —1) zeigtfy] (Pp(z, 1) + 14(2,0) — gu(z —y))
MeBT(Uﬁ:N_K)

Py (@ € Br(og, N79),

where B,(0g, N~") = B(og, N~") N P([—r,r]), with P([—r,7]) the set of probability measure
whose support is included in [—r, 7] and g, going to zero at zero by virtue of Proposition 21
We proceed as for the upper bound to show that PY " (7y € B,(03, N7%)) is going to 1.
Knowing the asymptotics of C’ﬁ,, we get

I}gljgofp?v(y >z =) > —g logg + g + Zeifgy](%(z, 05) +15,(2,0) — gu(x — v)).

We let now y decrease to . ®g(.,03) and Ig’gﬁ(.,ﬁ) are continuous on (1/2f3,+00) (see Lemma
B4 below) so that we have the required lower bound

e g g, B B
llgril?fl}\grilglofPN(y >ay =) > —Elog 5to T Os(z,03) + Ifﬁ(x,ﬁ).
This concludes the proof of Proposition Bl O

3.2 Proof of Theorem [[.1]

We first introduce a few notations that will be useful.
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Definition 3.3. For p a compactly supported measure, we define H,, its Hilbert transform by

H, R\ co(supp ) — R

. /Zi)\du()\)

with co(supp w) the convex enveloppe of the support of .

It is easy to check that H, is injective, therefore we can define its inverse G, defined on the
image of H, such that G,(H,(z)) = z. The R-transform R, is then given, for z # 0, by
Ru(2) = Gu(2) — L. Moreover, one can check that | :=lim,_o R, (z) ezists and we let R,,(0) = I,
so that R, is continuous at 0.

Lemma 3.4. Fég is lower semicontinuous with compact level sets.

Proof. We know from Theorem 6 in (12) that

1(2,0) = Bu(,0) — g/log (1 + 2—501)@,9) - %A) du(N),

R, (%), i Huz)> %,
otherwise,

with  v(x,0) := {

x J— ﬁ
20
Therefore, we have to check that Igﬂ (z,0) is continuous at z* satisfying H,,(z*) = % for a 0

such that z* > 1/203. From Definition B3] we see that v(.,0) is continuous at z*. Moreover as
z* > /20, it is outside the support of o3 and z — [log(z — A)dog()) is continuous at z*.
Therefore Ff is continuous on (y/2f3, +00) and lower semi-continuous on R.

Moreover, we can check that, for z large enough, Ifﬁ (z,0) < 6z, so that Ff(:c) ~ oo %xQ, its
level sets are therefore compact. U

We now go to the proof of Theorem [l If we define Lg(:c) = Ff(x) —infyer Fég(:c), then Lg
is a good rate function and a direct consequence of Proposition Bl is that, for

1<J
8,0
we have that lim — log =~ = inf Fﬁ () so that, under Q?\,, x* satisfies a large deviation
N—ooo N Zf, zeR

. . : 8
principle with good rate function L.

To conclude the proof, we have to study the function Ff and show that Lg coincide with the
function K 5 as defined in Theorem [T

We recall that, for z > /23, we have

F(a) = =5 + S1og 5 5 [logle —sldos(y) + 5a* — 12, 2.0).

where
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Relying for example on the proof of Lemma 2.7 in (4), we have that

—é+6log——ﬂ/log|x—y|dog )+ 3: —/ V22 —20dz, (10)

so that

/ Vz2 =2 dz—Iﬁ (x,0). (11)

From Lemma 2.7 in (4), we also get that

1
Haﬁ(x):ﬁ(x—\/xQ—Qﬁ) for z > /2, (12)
. \/ . .
from which we deduce that hm H;, and H,, is decreasing.
3 20
e If 0 > /3, then for all x > /28, Hy,(x) > 5 and
2
Igﬁ(ac,e) =0z — g - glog <g> s log |z — y|dos(y) := Sp(x),

so that from () and (1), we get that

1 [* 1
——/ \/22—2ﬂdz—¢9x+—x2+é 6logﬁ+ﬁlog0
2 /. om 4 4 2 °2 "2

Differentiating this function on (1/23,+00), we see that it is decreasing on (1/20,60 + 2%) and
then increasing so that its infimum is reached at 6 + 2%. This gives immediately in this case
that KJ)(z) = Fy () — inf, F () = L (2), as defined in Theorem [T1.

20
o If O < ﬁ then we can check that on [\/2 0+ 2%] we have H,,(r) > — and

B
1° (x 0) ﬁ / Ry, (u)du. Moreover, from ([2), we get that the inverse of H,, is given by
Goy(a ):%+- so that R, ( ) =22 and 15, (z,0) = 162
In this case, Fﬁ / V2?2 —=20dz — —(92 which is increasing.
29
For z > 0 + @,H(,ﬁ(m) < 3 so that Igﬁ(:c,Q) = Sp(z) as above.

Therefore, Feﬁ is increasing on [\/ 20,0 + 2%] and on {0 + 2%, —|—oo> and is lower-semicontinuous
so that its infimum is reached at /23 and is equal to —%02.

Therefore, Kg(x) = / V22 =2Bdz on [V2(3,0 + 2%] and coincides with Mg(x) on
V2B

[0 + %, —|—oo> . This concludes the proof of Theorem [[11. O
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4

Proof of Corollary

In the proof of Theorem [[Jl above, we saw that Kg is increasing on [\/23, +00) if < \/g, SO
that in this case its infimum is reached at /23.
We also saw that, differentiating Ff on (v/203,4+0), we got that when 6 > \/g, it reaches its

minimum at 6 + 2%. This is enough to conclude. O
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