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Abstract

A Bernoulli random walk is a random trajectory starting from 0 and having i.i.d. incre-
ments, each of them being +1 or —1, equally likely. The other families quoted in the title are
Bernoulli random walks under various conditions. A peak in a trajectory is a local maximum.
In this paper, we condition the families of trajectories to have a given number of peaks. We
show that, asymptotically, the main effect of setting the number of peaks is to change the
order of magnitude of the trajectories. The counting process of the peaks, that encodes the
repartition of the peaks in the trajectories, is also studied. It is shown that suitably nor-
malized, it converges to a Brownian bridge which is independent of the limiting trajectory.
Applications in terms of plane trees and parallelogram polyominoes are provided, as well as

an application to the “comparison” between runs and Kolmogorov-Smirnov statistics.

Key words: Weak convergence, Bernoulli random walks, Brownian meander, bridge, ex-
cursion, peaks.

229


http://dx.doi.org/10.1214/EJP.v12-397

AMS 2000 Subject Classification: Primary 60J65, 60B10.

Submitted to EJP on January 25 2006, final version accepted February 28 2007.

230



1 Introduction

Let N = {0,1,2,3,...} be the set of non-negative integers. For any n € N, we denote by W,

the set of Bernoulli chains with n steps :
Wy, ={S = (5(7))o<i<n :5(0) =0,5(+1)=S5()£1 for any ¢ € [0,n — 1] }.

The sets of Bernoulli bridges B,,, Bernoulli excursions &,, Bernoulli meanders M,, with n steps

are defined by

B, = {S :SeW,,Sn)=0},
En = {S :SeW,,S(n)=0,5(i) >0 for any i € [0,n]},
M, = {S :SeW,,S(i) >0 for any i € [0,n]}.

The cardinalities of these sets are given by

2n 1 2n n
n = 271’ B n — ) g n — ) n = ) 1
I e o S () B
and for every odd number n, B, = &, = &. The two first formulas are obvious, the third can be

proved for instance thanks to the cyclical lemma (see also the 66 examples of the appearance of
the Catalan numbers #&,, in combinatorics in Stanley (23, ex. 6.19 p.219)), and the last one,
may be proved iteratively or thanks to a bijection with Bernoulli bridges (see Section EZI).

Let n € N. For every S € W, the set of peaks of S, denoted by Sx, is defined by
Sy={z :zel,n-1], Sz—-1)=5+1)=S5(x)—1}.

The set (—S), is called the set of valleys of S : it is easy to check that for any S, #S\ —#(—S)x
belongs to {+1,0,—1}. The value of this difference depends only on the signs of the first and
last steps of S. In this paper, we focus only on the number of peaks and we denote by WT(Lk)
(resp. Bﬁf), S,(Lk) and ./\/l%k)) the subset of W, (resp. B, &,, M,,) of trajectories having exactly

k peaks (for any k > |n/2] these sets are empty). We have

Proposition 1. For any k > 0 and any n > 0,

- (73) o= () ae - 1(0)(,7,) o () (7).

where, by convention

m!
m T — if p and m are non negative integers and p € [0, m],
=4 pm—p)

0 in any other cases.
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Figure 1: Trajectories from VV12 ) Bg ) 512 , and /\/l12 Black dots correspond to peaks.

The formula giving #EQ(Z) is due to Narayana (&) computed in relation with pairs of k-
compositions of n satisfying some constraints (see also Stanley (23, ex. 6.36 p.237) and Theorem
3.4.3 in Krattenthaler (14), with u = 1, e; = es = n). The formula giving #Bg? can be also
found in (14, Formula (3.6)). The survey (14) of Krattenthaler is very related to the present
work and we refer the interested reader to this work and references therein. Among other things,
he investigates the link between the number of peaks in some Bernoulli trajectories and the tra-
jectories themselves (14, Theorem 3.4.4) (see also Section [[J). His results concern also the
enumerations of trajectories with a prescribed number of peaks staying above a given line, as
well as some multidimensional case (the number of non intersecting Bernoulli trajectories with
a total number of turns).

Let P%, P2, P¢ and P be the uniform law on W, By, &, and My, and P2*®) p2® pe®) 4nq
IF’YT’(k) be the uniform law on Wy(ﬁ), Bg{”‘), &(Lk) and /\/l%k). For x € {w, b,e,m}, a random variable
under PZ’(k) is then simply a random variable under P} conditioned to have k peaks. We are

interested in the asymptotic behavior of random chains under the distributions IP’Z’(k)

, when n
and k = K, go to infinity.

Let C[0, 1] be the set of continuous functions defined on [0, 1] with real values. For any S € W,,
denote u,, the function in C]0, 1] obtained from S by the following rescaling:

up(t) = %(S(Lntj) + {nt}(S([nt]) — S(|nt]))) for any ¢ € [0, 1]. (2)

We call Brownian bridge b, Brownian excursion e and Brownian meander m the (normalized)
processes characterized as follows : let w be a 1-dimensional standard Brownian motion. Let
d=inf{t :¢t>1,w, =0} and g = sup{t :¢ < 1,w; = 0}. Almost surely, we have d — g > 0,

€ (0,1). The processes b,e and m have the following representations :

d (w |wg dyt| (d) |W |
(bt)icio,) = <—gt (L (Mt )sefo1) @ (ﬂ

\/§>te[0,1}’ (e )te[m] Vd—g )te[o,l]’ Vi—g )te[o,u'

As a consequence of the Donsker () theorem (for x = w), Kaigh (13) (for x = e), Iglehart (1)
or Belkin (2) (for x = m), and Liggett (15) (for x = b),
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Theorem 2. For any x € {w,b,e,m}, under P}, u, 9D, v in C0,1] endowed with the topology
n

of the uniform convergence.

In the case x € {b, e}, even if not specified, it is understood that n — +oc in 2N.

In fact, Theorem [l can be proved directly, thanks to the elementary enumeration of paths passing
via some prescribed positions in the model of Bernoulli paths. The method used to show the
tightnesses in our Theorem Bl may be used to prove the tightness in Theorem Bl thanks to some

probability tricks, this reduces to show the tightness under P, which is simple.

The finite dimensional distributions of w,e,b and m are recalled in Section BIl Numerous
relations exist between these processes, and their trajectories, and a lot of parameters have
been computed. We refer to Bertoin & Pitman (4), Biane & Yor (5), Pitman (20) to have an
overview of the subject. These convergences have also provided some discrete approaches to the
computation of values attached to these Brownian processes, and the literature about that is

considerable, see e.g. Csdki & Y. Hu (), and references therein.

We introduce the counting process of the number of peaks : for any S € W, denote by A(S) =
(A1(S))ig[o,n) the process :

Ai(S) = #SA N 0,1 for any [ € [0,n]. (3)
For S € W, A, (S) = #S, is simply the total number of peaks in S. We have

Proposition 3. For any x € {w,b,e,m}, under P,

A —n/4 (@)
—Jn TN(O, 1/16),

where N'(0,1/16) denotes the centered Gaussian distribution with variance 1/16.

We will now describe the main result of this paper. Its aim is to describe the influence of
the number of peaks on the shape of the families of trajectories introduced above. We will then
condition the different families by #S, = I, for a general sequence (KC,,) satisfying the following

constraints :
(H) = (For any n, K, eN, limK, = +oo, limn/Q—ICn:—i—oo).
n n

Notice that for every S € W,,, #Sx € [0, [n/2]] and then (H) is as large as possible to avoid

that the sequences ), and n/2 — K, have a finite accumulation point.

We set p,, := 2K, /n and

Bn = V n(l - pn)/pnv and 7y, = V npn(l - pn) = pnln- (4)
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Each peak can be viewed to be made by two consecutive steps; hence, if you pick at random one

)

step of a trajectory under PZ’(K" , the probability that this step belongs to a peak is p,,.

We consider S and A(S) as two continuous processes on [0, n], the values between integer points
being defined by linear interpolation. The normalized versions of S and A(S) are respectively

denoted by s, and A, :

S(nt) and A\, (t) :=2 M

Sn(t) . Bn Tn

(®)

Theorem 4. If (H) is satisfied, for any x € {w,b,e,m}, under ]P’;;’(IC”),

(5> An) L (x,b) (6)

n

where b is a Brownian bridge independent of x and where the weak convergence holds in C(]0,1))?

endowed with the topology of uniform convergence.

(Kn)

Hence, under P, , up to the scaling constant, the process s, behaves as under P). The

normalizing factor 3, that will be explained later in the paper, indicates the order of magnitude

of the process S under P B is a decreasing function of k). The normalizing constant -,

is smaller than /n/4 whatever is p,; 7, gives the asymptotic order of the “linearity defect” of
t — Ay The fact that (\,) converges to a Brownian bridge independent of the limit trajectory

is quite puzzling. For example, under PS5, one would expect that only few peaks appear in a

n’

neighborhood of 0, this resulting in a negative bias in A, near 0. This must be true, but this

bias is not important enough to change the asymptotic behavior of A,.
A second direct corollary of Theorem Hlis stated below:

X
n’

S(nt) Apt —tn/4 (d) N
(ﬁ’4 7 LM_WW%M "

n

Corollary 5. For any x € {w,b,e,m}, under PX, we have

and

S(nt) A — tA, (d) ~
(ﬁf4 = Lm (e, Be)eeionn ®)

n
where W is a Brownian motion independent of x, b is a Brownian bridge independent of x and

where the weak convergences hold in C([0,1])? endowed with the topology of uniform convergence.

Theorem [ is of course a consequence of Corollary

Proof. For any S € W, set ¢u(S) = 2A,(S)/n, Ba(S) = V(1 = ¢,(S))/qn(S), and 7,(S) =
V/1gn(S)(1 — ga(S)). We have

(S\(/Tg)’ yAnt \;ﬁtn/ll) _ (S(pt)i, 9 Jn. (2 M) +4tA"_T:/4> . (9)

Tn




By Proposition Bl and Theorem B, under P}, the five-tuple

 An—n/4 (S(nt)) 2<Ant—tAn> o P
vnoo Bn te[0,1] 7 Tn t€[0,1] VRV

)

converges in distribution to
(VS (88)eef0,1), (M)eefo,1), A, B)

where N is a centered Gaussian random variable with variance 1 and where conditionally on

N, (s,\) @ (x,g) where x and b are independent, b is a Brownian bridge, and A and B are

two random variables equal to 1 a.s.. By (@), (S\(/T:_f) ,4 A"t\;%"/ 4) converges to (x, (Bt +tN)iefo,1))

where N is independent of x and b, and then the result follows, since @t +tN)ieo,1 is a standard

Brownian motion. O

1.1 Consequences in terms of plane trees

Consider the set T,, of plane trees (rooted ordered trees) with n edges (we refer to (I; [16) for
more information on these objects). There exists a well known bijection between T,, and &g,
which may be informally described as follows. Consider a plane tree 7 € T}, (see Figure £), and
a fly walking around the tree 7 clockwise, starting from the root, at the speed 1 edge per unit of
time. Let V'(¢) be the distance from the root to the fly at time ¢. The process V (¢) is called in

the literature, the contour process or the Harris’ walk associated with 7. The contour process

Figure 2: A plane tree and its contour process

is the very important tool for the study of plane trees and their asymptotics and we refer to
Aldous (1), Pitman (21, Section 6), Duquesne & Le Gall (10), Marckert & Mokkadem ({16) for
considerations on the asymptotics of normalized trees. It is straightforward that the set of trees
encoded by 52(? is the subset of T;, of trees having exactly k leaves (say TT(Lk)), a leaf being a node
without any child. A corollary of Theorem Bl is that random plane tree with n edges and Koy,
leaves, converges, normalized by [32,/2, to the continuum random tree introduced by Aldous
(), which is encoded by 2e. The variable Agy,; gives the number of leaves visited at time 2nt.

proba.

By Theorem B, supye(o 1] [(A2nt — tK2n)/n| —" 0. This translates the fact that the leaves are

asymptotically uniformly distributed on a random tree chosen equally likely in T, ,(LKQ").
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1.2 Consequences in terms of parallelogram polyominoes

We refer to Delest & Viennot (8) for more information on parallelogram polyominoes. Unit
squares having their vertices at integer points in the Cartesian plane are called cells. A polyomino
is a finite union of cells with connected interior. The number of cells is the area and the length
of the border is called the perimeter (see Figure B)). A polyomino P is said to be convex if
the intersection of P with any horizontal or vertical line is a convex segment. For any convex
polyomino P there exists a minimal rectangle R(P) (that can be seen as a convex polyomino)
containing P. Then P touches the border of R(P) along four connected segments. A convex
polyomino P is said to be a parallelogram polyomino if the south-west point and the north-east
point of R(P) belong to P (see Figure Bl). Let denote by H(P) and V(P) the horizontal and

Figure 3: The first convex polyomino is not parallelogram, the second is. Their areas are 9
and 11, their perimeters equal that of their minimal rectangles, here 18. For both polyominoes
H(P) =4 and V(P) = 5. The last picture represents the Bernoulli excursion associated by p

with the parallelogram polyomino.

vertical length of the border of R(P), and let Pol,, be the set of parallelogram polyominoes with

perimeter n.

Proposition 6. (Delest & Viennot (8, Section 4)) For any integer N > 1, there is a bijection p
between Esn and Polan o, such that if P = p(S), the area of P is equal to the sum of the heights
of peaks of S, moreover #Sn = H(P), and V(P) = 2N + 2 — 2#S, (where 2N — 2#S, is the
number of steps of S that do not belong to a peak).

By symmetry with respect to the first diagonal, the random variables V(P) and H(P) have the
same distribution when P is taken equally likely in Polon 2. Hence, the proposition says that
under P§yr, 2N + 2 — 2#S, and #S, have the same distribution.

We describe in a few words Delest & Viennot’s bijection: the successive lengths of the columns
of the polyomino P give the successive heights of the peaks of S. The difference between the
heights of the floor-cells of the ith and i + 1th columns of P plus one gives the number of down
steps between the ith and ¢ + 1th peaks of S.

For i € {1,...,H(P)}, let v;(P) be the number of cells in the ith column of P. The values

(vi(P))iep,m(p)) coincide with the ordered sequence (.5;);es, - Let Pg’;()% 19) be the uniform law
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on the set of parallelogram polyominos with perimeter 2n + 2 and width KC,, (that is such that
H(P) =K,). Assume that v is interpolated between integer points, and v(0) = 0. We have

Proposition 7. If (KC,,) satisfies (H), under pr)

Pol(2n+2)
(M> ﬂ) (et)te[o,l}
Bn te[0,1]

in C|0,1] endowed with the topology of uniform convergence.

Proof. Let (Vi)icq1,. k,3 be the successive height of the peaks in S. Assume also that
V(0) = 0 and that V is interpolated between integer points. By Delest & Viennot’s bijec-

tion, B, 1v(K,.) under ng,?()zn +2) has the same distribution as 3, 'V (KC,.) under PE* ) Since

(B 1S (nt) o) @, (et)¢ef0,1], to conclude, it suffices to show that

relon) B "o
Let J(i) be (abscissa of) the ith peak in S. We have, for any ¢t € {0,1/K,,...,K,/Ky},
V(Knt) — S(nt) = S(J(Kpt)) — S(nt). (11)
As one can see using the convergence of A\, to 3,
sgp‘w proba- o, (12)
Indeed, sup, |J(Knpt) — nt|/n < sup, |Ape — tKCpn| /0 probg. 0. Since (s;,) converges in C[0, 1] under

IF’?L’(’C"), by a simple argument about its modulus of continuity, using ([[Il) and ([[2), formula ([I0)

holds true. O

We would like to point out the work of de Sainte Catherine & Viennot (9), who exhibit a quite
unexpected link between the cardinalities of excursions having their peaks in a given subset of

N and the famous Tchebichev polynomials.

1.3 Consequences in terms of Kolmogorov-Smirnov statistics

We refer again to Krattenthaler (14, Example 3.3.2 and Theorem 3.4.4).
Let X = (X1,...,X,) and Y = (Y7,...,Y,) be two independent sets of independent random

variables, where the X; (resp. the Y;) are identically distributed. Assume that the cumulative
distributions Fx and Fy of the X;’s and Y;’s are continuous, and that we want to test the
hypothesis H that Fx = Fy in view of X and Y.

237



Let Z = (Z3,...,Z2,) be the order statistics of (Xi,...,X,,Y1,...,Y,); in other words Z; is
the ith smallest element in (X1,...,X,,Y7,...,Y,). We may associate almost surely to Z a
Bernoulli bridge S € By, saying that S(i) — S(: —1) = 1 or S(i) — S(i — 1) = —1 whether Z; is
in X orinY.

It is easy to see that S is uniform in By, (for any n) when Fx = Fy and that it is not the case
when Fx # Fy: assume that Fx(z) # Fy(z) for some x and denote by Nx(z) = #{i, X; < x}
and Ny (z) = #{i,Y; < z}. By the law of large numbers

Nx(z) (as.) Fye(z)  and Ny (z) (a.s)
n n n n

Fy (x)

which implies that S(Nx (z)+ Ny (z)) is at the first order n(Fx (z)— Fy (z)), that is much bigger
than the y/n order expected by Theorem I We examine now, as in (14) the run statistics

Ra(S) = #4i € [1,20 — 11, 5( + 1) # 5(1)}
that counts the number of runs in S (up to at most 1, twice the number of peaks) and

DF(S) = S max (i) and Dy ,(S) = ~ max [S()],

n n
the one-sided and two-sided Kolmogorov-Smirnov statistics.

The run statistics R, has been introduced by Wald and Wolfowitz (24). It is shown to be
independent of F'x when F'x = Fy. It is well adapted in many cases since no assumption on F'x
(but its continuity) is needed. Theorem 3.4.4 of Krattenthaler (14) (see also the consideration

just above Example 13.3.3) provides the exact enumeration of Bernoulli walks S for which
Dy, <t/n and R, =j.

The random variable R,, satisfies obviously
|Ry, — 2A9,| < 1. (13)
A simple consequence of assertion ([d) and ([[3)) is the following result

Corollary 8. If Fx = Fy then

<@ DTJLrn’\/—EDnTLa Rn_n/2) @) (Supb,Sup|b|aN)
V2 T2 n

where b is a Brownian bridge independent of N, a centered Gaussian random variable with

variance 1/2.

This means that asymptotically the run statistics and the Kolmogorov statistics are independent.

Comments 1. Notice that the process t — Ay can also be used to build a test H based on the

runs of S (using Corollary[). It is clearly much more precise than Ry, alone.
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2 Combinatorial facts : decomposition of trajectories

The decomposition of the trajectories is determinant in our approach, since we will prove directly
the convergence of finite dimensional distributions under P). An important difference with the
case where the peaks are not considered is that under Pﬁ’(k), S is not a Markov chain. Indeed,
the law of (S(j))i<j<n depends on S(I), on the number of peaks in [0,(], and also on the step
(S(I—1),5(1)). The computation of the distributions of vector (S(t1),. .., S(tx)) in these various
cases admits the complication that S may own a peak in some of the positions ¢1,...,tt. In
order to handle the contribution of these peaks, we have to specify what the types u or d (+1
or —1) of the first and last steps of the studied parts (S(¢;),...,S(tit1)) are.

We set the following notation : AS; = S(I) — S(I — 1), and write for convenience, AS; = u when
AS; =1, and AS; = d when AS; = —1. In this paper, we deal only with discrete trajectories S
such that ASy € {+1,—1} for any k. We will not recall this condition.

For a and b in {d,u}, and I, x,y,j in Z, set

Tg{b(lax7y) = {S 1S = (S(Z))nggh #S/\ :j7 ASl = a, A‘Svl = b7 S(O) =, S(l) = y}
T2 (Lz,y) = {S :SeT?(l,z,y), S(i) >0 for any i € [0,1]}.

For any [, j1, jo,z,y € Z, set
l+y—=x l—y+zx

SRS A S |
[la.jl’j%xvy} - < 2 . )( 2 . >
J1 J2

Proposition 9. For anyye€ Z,1>0, 7 >0,

We have

HT9(1,0, y) = [l j = Lpegy §— Lacas 0, 9] (14)
Foranyxz>0,y>1,1>0,j5>0,

#Tj7_(7 y) = [l .]7 1 Zz, y:| [l .7_ 17 .j7 -, y]7
#ij_(7 7y) - |:l7.]_17.7_17x7y]_|:l7.]_27.77 _x7y]7

Foranyx>1,y>1,1>0,5>0,

#TJ, ( ) y) = [la j) ja x, y] - [l) ja j) -, ?/],
#Tdygi_(7x7 y) - [17]_17 .j7 z, y] - [l').]_l’ jv -, y]

(notice that #T%7(1,0,y) = 0 and #T% (1,x,0) = 0). In other words

#Tgl;z(laxa y) = [l’ J— ]]-b:d’ J— ]la:lld x, y] - [l’ J— To=u — ]lb:da J, —x, y] (15)
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Proof. Let n,k € N. A composition of n in k parts is an ordered sequence x1, ...,z of non
negative integers, such that x1 + - -+ + x5 = n. The number of compositions of n in k parts (or

of compositions of n + k in k positive integer parts) is (”;{f;l)

We call run of the chain S = (5(i))o<i<;, a maximal non-empty interval I of [1,[] such that
(AS;)ier is constant. The trajectories S of T7,(l,y) are composed by j + 14—, runs of u and
Jj+1,—q runs of d. The u-runs form a composition of (I +y)/2 (this is the number of steps u) in
positive integer parts, and the d-runs form a composition of (I — y)/2 in positive integer parts.

Hence,
: L+y)/2—1\[/(—y)/2—1
4T7 (1, y) = ((' )/ > ((' )/ >
J+]lb:u_1 .]+]la:d_1
and Formula ([[d)) holds true.

The proofs of the other formulas are more tricky; the main reason for it is that the reflexion
principle does not conserve the number of peaks. What still holds is, for any x > 0, y > 0,
J=0,1>0

#T57 (L w,y) = #Th(L e y) — #15 (12,y)

Whe're le’)v(l, x,y) is the set of trajectories belonging to ij(l, x,y) thgt reach the level —1. Since
#T°, (1, x,y) = #T2,(1,0,y — ) is known, it remains to determine Tgl’)\/(l,x,y).

We define two actions on the set of chains :

m let S = (S(i))icfoy) € Wi For any t € [0,1] we denote by 8" = Ref(S, t) the path S’ = (5})o<i<i

obtained from S by a reflexion from the abscissa t; formally :

S'(i) = S(4) for any 0 < i <,
S'(i4t)=2S(i) —S(i+t) forany0<i<l—t

When g is a function from W, taking its values in [0, (], we write simply Ref(., g) for the reflexion
at abscissa ¢(S).

m let S = (S(i))icfoy) € Wi- Forany cand din N, 0 < ¢ < d <[, we denote by S’ = Cont(S, [, d])
the path 8’ = (5’(7))o<i<i—a obtained from S by a contraction of the interval [c,d] :

S'(i) = S(7) for any 0 <i <,
S'(c+i)=S(d+1i)—S(d)+ S(c) forany0<i<Il—(d—c)

As before, we write Cont(., [g1, g2]) for the contraction of the interval [¢g1(S), g2(S)].

We denote by 7_1(S) = inf{j : S(j) = —1} the hitting time of —1 by S. We proceed to a
classification of the paths S from Tg,’)\((l ,x,y) according to the two first steps following 7_1(S),
that exist since y is taken positive. We encode these two first steps following 7_; above the
symbol T : for any a, 8 € {u,d}, set

(apy"Y .
T o (La,y) =1{S :S €T, (l,2,y), ASy (s)11 =0, AST (s)s2 =}
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Figure 4: On the first column S and Ref(S,t), on the second column S and Cont(S, [¢, d])

. (aB)
Hence, Til’)v(l ,x,y) is the union of four elements of that type. Let us compute # T 4 for any

a, (.
For any a € {u,d}, z > 0, y > 1, the following bijections (denoted by «) hold

(duy" (udy"Y .
Tad (l’x’y)(_) Tau(l’x’_2_y) (_)qujl(l_2’xa_2_y)
(duyY (udy T1Y

Tau(laxay)‘_) T wd (Z,SC,—Q—y) HT(zd(l—Q,.’E,—Q—y),

On each line, the first bijection is Ref(.,7_1), the second one is Cont(.,[7_1,7_1 + 2]). Notice

that this last operation does not create any peak because AS7  (g) = d. The cardinalities of
(du) (du) (du) (du)
the sets in the right hand side are known, hence, T 44, T wd, T dus T wu are determined. Set

(@) (auy"Y (o)

Taw (Lxy)= T o (Lz,y)U T 4 (L, z,y). We have
(upY (@Y .
Tad (l’x’y)H Tau (l’x’*y*Q) HTc{uil(lfl’x’*yfl)
(wpY @y

Tau (lvxvy) e Tad (l,x,—y—2) HTid(l—l,x, _y_l)

The first bijection is Ref(.,7_1), the second one Cont(.,[7_1,7_1 + 1]). Now,

(ddyY (udy THY
HT o = #Ta r,y+2)
(Y (wuyf H LY
= #Tab (l’x’y+2)*#Tab (l’xay+2)
(u)jJrl,Y (du)jJrl,Y

= #Tab (l7x7y+2)_#Tab (l,x,y)

in the first line, we have replaced AS7 , = d by wu, in the third line we have replaced uu by
du. O
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2.1 Proof of Proposition [I]

(i) To build a path with k peaks, dispose k peaks, that is k pairs ud. Take a composition
T1,. .., To(kg1) of n — 2k in 2(k + 1) non negative parts. Fill in now the k + 1 intervals between
these peaks : in the [th interval dispose x9;_1 steps d and x9; steps wu.

(1) Assume n = 2N is even. To build a bridge with k peaks, dispose k pairs ud. Take two
compositions 1, ..., (1) and 27, . .. ’x2k+1) of N—kin k+1 parts. Fill now the k+1 intervals

between these peaks : in the Ith interval dispose z; steps d and z; steps u.
(@) HED =#T (0= 1,0, 1)+ #Ty, "2 (n =1, 0, 1)

For (iv), one may use the bijections described in Section Bl or proceed to a direct computation

as follows; first,

HMP) = #EF £ TEZ(n,0,y) + T (n,0,y). (16)

y>1

Denote by W (n, k) the sum in ([@). The integer W (n, k) is the number of meanders with length

n, ending in a positive position. Using that (}) + (") = (”zl), we have

Wn,k) = E [n,k:,k:—l,O,y]—[n,k‘—l,k‘,O,y]—|—[n,k:—1,k:—1,0,y]—[n,k:—Q,k:,O,y].
y=>1
n+y n+y

()T ()

Let a, b, ¢, k be positive integers, the following formula holds

(D -EENC) -0 o

yze y>c

Indeed: a term in the first sum counts the number of ways to choose 2k items among a + b+ 1,
choosing, the a + y + 1th, and k items among the a 4 y first ones, when, a term in the second
sum counts the number of ways to choose 2k items among a + b + 1, choosing, the a + y + 1th,
and k — 1 items among the a + y first ones. The choices counted by the first sum but not by the

second one, are those where exactly k items are chosen among the a + c first ones.

We need to consider the two cases n even and n odd :

e If n is even, using that S(n) =n mod 2=y mod 2, set N =n/2, Y = y/2 in the sum,

-2 ()-GO ()0

Y>1
If n=2N 41, take y = 2Y 4+ 1 in the sum
N+Y+1\/N-Y -1 N+Y+1\/N-Y -1 N+1\ /N
2N+1,k) = — = . O
wenen =2 (70 (L) RO = () G)

Y>0
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3 Asymptotic considerations and proofs

We first recall a classical result of probability theory, simple consequence of Billingsley (€,

Theorem 7.8), that allows to prove the weak convergence in R? using a local limit theorem.

Proposition 10. Let k be a positive integer and for each i € [1,k], (an ) a sequence of real

numbers such that a() — +00. For any n, let X,, = (Xr(ll), ... ,X(k)) be a ZF-valued random
variable. If VA = (A1,...,\;) € RE,

ol aP((xM, L XE) = (el walP ) — b M)

n

where ¢ is a density probability on RF, then (Xy(Ll)/oszl), . ,XT(Lk)/ang)) @ X where X is a

random variable with density ¢.

Proposition Bl is a simple consequence of this proposition, since by ([{l) and Proposition [[l the

application of the Stirling formula simply yields

VABX(| A, — /4] = [tV]) —

exp(—81§2)7

1
\/2m/16

for any x € {w,b,e,m} and any ¢ € R. Note that under P}, one may also compute the limiting
distribution using that A, (S) = 327" 1;cs,, which is a sum of Bernoulli random variables with

an easy to handle dependence.

3.1 Finite dimensional distribution of the Brownian processes

Notation For any sequence (0;); indexed by integers, the sequence (Ao;) is defined by Ao; =
0; — 0;—1 and (ZOZ) by ZOZ' =0; +0;_1.
For any ¢t > 0 and x,y € R, set

pe(z,y) = \/% exp (—%) .

Let £ > 1andlet (ty,...,t) € [0,1]¢ satisfying 0 < t; < --- < ty_; < t; := 1. The distributions of

the a.s. continuous processes w, b, e, m are characterized by their finite dimensional distributions.

Let f7 .+, be the density of (x¢,...,x, ) with respect to the Lebesgue measure on R*. We have
Iy (@1, . me) = H pat; (Ti—1,x;),  with zg = 0 by convention,
Fi (@ mem) = Ve Y (@, mem1)Pag, (-1, 0),
fo (@, 1) = \/Q_—Ptl 0,21) (H PAt; (Ti1, %) PAti(-Tila_-Ti)> 1., 2>0,
Tt @1,zer) = f 4, (w1, ) =t At “par,(ze-1,0).

243



We end this section with two classical facts: first ps(z,y) = pt(0,y — x) and, for any a > 0,

5 (T1,...,2) = a_kfg‘l,m’tk (x1/ay ..., xp /).

3.2 Finite dimensional convergence

We will show that for any x € {w, b, e, m}, under P, for any ¢ € {1,2,3,... }and 0 < ¢; <--- <
tp1 <tp:=1

(5n(t1)s- -+ 5n(t0) A1), An(te)) 2 (x(t1), - x(t0), Bt -, Bi(ke))

where t; := 1 has been chosen for computation convenience, and (x, B) has the prescribed distri-
bution (as in Theorem Hl). This implies the convergence of the finite dimensional distribution in
Theorem H
In order to handle easily the binomial coefficients appearing in [l, 1, Jo, , y] that involve half in-
tegers, we proceed as follows. Let N = [n/2] and let &, =n—2N =n mod 2. Fori e [1,/—1],
let tgn) be defined by

aNt™ = 2|nt; /2],

t8 =0, and i by 2Nl = 2N + €, = n (notice that ¢ is in {1,1+1/(n — 1)}).
Using that for any i, |2N tgn) — nt;| <2, we have clearly under ]P’Z’(IC”),
S(QNtz(n)) — S(ntl) proba. A2Nt(n) - Anti proba.
—

0and ——= "% 18
Bn Tn (18)

since v, and (3, goes to +0o. From now on, we focus on the values of the processes on the
discretization points 2Nt§”). For any ¢ € [[1,£ — 1], set

A= #8, N 2Nt + 1,286 — 1]

the number of peaks lying strictly between 2N t(ﬁ)l and 2N\,

i i
In order to obtain a local limit theorem, we are interested in the number of trajectories passing

via some prescribed positions.

3.2.1 Case x=w
Let 0 = ug,u1,...,us,v1,...,v_1 be fixed real numbers. Set
O := (t1,. . to—1, ULy Ug, V1, e, Up—1)

and for any i € [1,1 — 1], set
IC%Z) = I_ICnAtzJ + {'sz)’njv
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and

A¥(©) = {Se W) S@Nt™) =2[u;B,], for i€ [1,£—1],S(n) = 2usBa] + En,
A =KW for i e [1,0—1]}.
For any i € [1,1 — 1], denote by a;(S) = ASonir 41 and bi(S) = ASsne the first and last

increments of the ith part of S between the discretization points. Some peaks may appear in

the positions 2Nt}', and then, we must take into account the pairs (b;,a;1+1) to compute the

cardinality of AY(0©). For any S € A¥(©), the number of peaks in [2Nt,_1 + 1,n — 1] is

-1 -1
]Cg) — ,Cn — Z ,Cg) — Z ][(bi,ai+1)=(u,d)'
i=1 i=1
We have #AY(©) =

/—1 ) ;
3 (H BT (N AL, 2| i 1), 2B J)) STV (N AL, 2us 1 B, 20ueBa] + E)  (19)
i=1

Cc
where the sum is taken over every ¢ := ((ay,b1), ..., (ag, b)) € {u,d}’.
In order to evaluate the sum (Id), we introduce some binomial random variables B(l, py,) with

parameters [ and p, and we use the following version of the local limit theorem

Lemma 11. Let (I(n)) be a sequence of integers going to +oo and o2 = I(n)p,(1 — p,). We

have

n m — 1(n)py)?
BB pn) = m) = (10 )= ) = ———exp (<) o1/,
(20

This may be proved using Stirling formula. As a consequence, if (a,), (al,), (al) are sequences

of integers such that

/ " K
4 —nt)2=0(1) for t € (0,1), oy, WmTn
Bn T

then

1 v —u)?
P(B(ay + al,,pn) = alr) ~ exp (—7( ) > )
Tty t

We then get easily that

K:(Z) n p 2K£Li)7]]-bi:d7]]-ai:d
ATV QN AL, 2(ui 1), 2[wiBa)) (1 — pa) VA2 (q)
n

2 2
is equivalent to ﬁ exp (—2vi Zﬁ%) = 27, 2pat, (0,2v;)pat,; (0,2Au;) and

0

( (n) QKSf)—]lb[:d_]la[:d
#Tclzj@ (QNAt?’ 2[ufflﬁn]v 2["1’@571] + gn) (1 - p”)n_QNt£71_2 < >

1_pn
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. . D2+A _ -
is equivalent to WA}/[Y% exp < 2#) = 27, %pat, (2 Zlel v;,0)pat, (0, 2Auy).

Since p2ntl(1 — p,)n—2kn #WY(L’C") ~ 1/(ynV2m) we obtain

P (42(0)) = iffin> It ) 2 (v o1 o, o)
n
where
oy = 21*5 1- 2£pn(1_pn)2ez(1f—n>1“1—“+]lbéd+2f112]l(biv“i+1)<“»d)+]lbid+]l“i+1“
. Pn
= L2t 1-tg-t

The contribution of the sum over ¢ has been computed as follows:

(-1
Z SCf(C) — Z x]la1:“+]lb£:d H Z x]l(bi7ai+1):(“7d)+]1bi:d+]1ai+1:“
C

(a1,bg)€{+1,—1}2 i=1 (b;,a;+1)€{+1,-1}?
= (142242220 + 222 = 201271 (1 4 o)L

Finally, this says that

S(2Nt; . ~ .
@mﬂwmwi7J=mmm€MwM—m¢m:mmm6Mwm)e
ftvlv,/Q (U1, ul)ftl g, (V1,01 Fv2, v+ ).

Hence by Proposition [ and (@), and taking into account that for any i, A,(t;) —
—|KnAy, J proba

22] 1 Tn

orem Ml in the case x = w.

0, this allows to conclude to the finite dimensional convergence in The-

Comments 2. To compute a local limit theorem under the other distributions the numbers
ULy ... Up,V1,...,0 and the set AY have to be suitably changed. First, in each case, the set
Wq(l’C") has to be replaced by the right set.

e In the case of excursions and bridges, n is an even number and uy is taken equal to 0.

e In the case of excursions a1 = u, by = d

e In the case of excursions and meanders all the reals u; are chosen positive. Moreover, T=

must replace T in the summation (I3).

Up to these changes, the computations are very similar to the case of Bernoulli chains.

3.2.2 Casex=b

The computation is very similar to the previous case; the only differences are : here n = 2N is

2
even, #B&’Cn) = (,é\i) , we set uy to 0 and we take ©' := (t1,...,tp_1, U1, ..., up—1,1,01,...,00_1).
We get
b b/2
Phn) (45(0)) ~ tl/, ey (U1 ’uﬁ—l)ftl/,...,tg,l(vl’vl +v2, .01+ vpen),
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b .
n -

—1 1—£1—
where ¢) := D, =5 gﬁn ¢

3.2.3 Casex=c¢e

In this case n = 2N is even, uy = 0, a1 = u,by = d. In order to avoid some problems with the
formulas provided in Proposition [ that have to be handled with precautions when x or y are 0,
we will compute the local limit theorem “far” from 0. This will however suffice to conclude. For
i € [1,£—1] we take u; > 0, and (3, is assumed large enough so that |u;3,] > 0. For the calculus

in the case of x = e, in formula (M), we replace T by T=. Finally, #5}1’%) = %(,é\;) (,Civ_l).

We first treat the contribution of the non extreme parts of the trajectories, namely, i € [2,]—1],
IC(i) N p Q’Cg)*]lbi:d*]lai:u
HTy % = (NAL, 2w 180, 2| wiBa])) (1 — po)* VA4 2 (ﬁ)
n
is equivalent to 27, 2pas, (0, 2v;) (pAti(O, 2Au;) — pag; (0, 2Zui)).

Let us consider 4 = 1. Notice that #Tﬁ;?(l, 0,y) and #Tgf(l, 0,y) may be very different :

. Hy ﬂ_l . Hy l*y_l 24 I —
TIZ(1,0,y) = ( 2 )( 2 )2 and T92(1,0,y) — < 2 )( 2 ) 2y +l-y
j—1 i—1)j j—1 Jg—=1)i(l+y—2j+2)

e > P 2K£Ll)_]lb1=d
Ap, (n) == #T, 7, "= (2NALT,0,2[u18,]))(1 — py) 2N AH 2 <#
n
We notice that under (H)
n= O(ICTL/BTL)’ Tn = 0(” - 2K:n)v Tn < ﬁna TYn = O(Icn)
We then get,
1 8uq
A ~N— 0,2 0, 2v1).
b1 (’I’Z) n'yn(l — pn)2 tl PAtl( ) Ul)PAtl( ) Ul)
The case i = ¢ is treated with the same method. We obtain
#As (0 b
P%(Kn)(AZ(@/)) - #En(l(cn)) ~ e 1‘/631/,.2..71‘/[71(“1’ s ’uf—l)fn/,?-,tzfl(vl’ R Y S
n

where ¢& = 5, ‘1L,

3.2.4 Casex=m

The computation is the same as in the case x = e, except that uy is taken > 0 (and n large
enough such that [us3,| > 1)- The last piece in the decomposition of meanders is of the same

type as a standard excursion piece. We obtain

#AR (S 2 b/2
- #Mni((lc")) ~ tT/'"’tzfl(ul’.”’ué*l)ftl{...,tl—l(Q)l’Ul +v9, ... 01+ 1)
n

where ™ = 4 F15-¢,

P (47(6))
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4 Tightness

We begin with some recalls of some classical facts regarding tightness in C|0,1]. First, tight-
ness and relative compactness are equivalent in C|0, 1] (and in any Polish space, by Prohorov).

Consider the function modulus of continuity,

w: [0,1] x C[0,1] — R*
(0,f) — ws(f)
defined by
ws(f) == sup  [f(t) = f(s)l.

s,t€[0,1],|s—t| <4
A sequence of processes (z,,) such that z,(0) = 0 is tight in C[0, 1], if for any € > 0,7 > 0, there

exists > 0, such that for n large enough
Plws(zy) > ¢€) <.

If the sequences (x,) and (y,) are tight in C[0, 1] (and if for each n, z, and y,, are defined on
the same probability space €2,,), then the sequence (1, y,) is tight in C([0,1])%. We will use this

result here, and prove the tightness separately for (s,) and (\,) for every model P%.

We say that a sequence (z,,) in C[0, 1] is tight on [0, 1/2] if the sequence of restrictions (2,91 /2))
is tight in C'[0, 1/2]. We would like to stress on the fact that we deal only with processes piecewise
interpolated (on intervals [k/n, (k + 1)/n]); for these processes, for n large enough such that
1/n <9,

(sup{\xn(t) — 2n(s)], st € {k/n,k € [0,n]},]s — | <6} < 5/3) = (ws(am) < ).

In other words, one may assume that s and ¢ are discretization points, in our proofs of tightness.

We recall a result by Petrov (19, Exercise 2.6.11) :

Lemma 12. Let (X;); be i.i.d. centered random variables, such that E(e'X1) < e9™°/2 for |t| €
[0,7) and g > 0. Let Zy = X1+ -+ + X. Then

{ exp(—22/2Ng)  for any x € [0, NgT]

P( max |Zy| > z) <2
exp(—T'z) for any x > NgT.

1<k<N

(’C"), the passage via an alternative

The tightness of (sp, \,) is proved as follows: first, under Py’
model of “simple random walk” allows to remove the conditioning by A,, = K,,. Then, the tight-
ness under IF’E’(K") is deduced from that under IP)\TILV’(K"), thanks to the fact that the conditioning by
S(n) = 0 does not really change the distribution the first half of the trajectories. The tightness
under IP’?L’(’C") and Py (Kn) are then obtained from that under IP’?L’(K”) by some usual trajectory
transformations that preserve the main properties of the variations and peak distributions of

the trajectories.
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4.1 A correspondence between simple chains and Bernoulli chains
We denote by H,, the set of “simple chains”; starting from 0 and having n + 1 steps :

Hn = {H = (H;)o<i<n+1 : Ho=0,H;y1 = H; or Hyy1 = H; + 1 for any 4 € [0,n]}.

We consider the map
®,: W, — H,
S — H=9,(S)

where H is the simple chain with increments: for any i € [1,n + 1],

if ASZ 75 ASZ',1 then AHZ =1
if ASZ = ASi—l then AHZ =0

where by convention ASy = —1 and AS,41 = 1 (see illustration on Figure H).

0 i..i..l..i.h+1
Figure 5: Correspondence between simple chains and Bernoulli chains

The mapping ®@,, is a combinatorial trick. Obviously, the map S — H where H is defined by
AH; = (AS; +1)/2 is a bijection from W, onto H,_1. The map ®,, is then certainly not a
bijection (it is an injection). But, ®,, owns some interesting properties that will really simplify

our task.

Each increasing step in H corresponds to a changing of direction in S. Since ASy = —1, the
first one corresponds then to a valley, and the last one to a valley (which can not be in position

n, since AS, 1 = 1). Hence, for any j € [0,n],

M) = #8, 0.l = |52

Hence,
Sh={799(H) — 1,1 e N} and (—=S)p={7y1(H)—-1,l € N},
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where (—S), is the set of valleys of S and where 7;(H) = inf{j, H; = [} is the hitting time by
H of the level [. The process S may then be described with H:

Hy—1

S(k) =Y (- (Tia (H) = T(H)) + (—1)F (k - Ty, (H)). (21)
=0

To end these considerations, consider now the subset of simple chains with k£ increasing steps,
HE={H € H,,Hpy1 =k},

and focus on H2k*1. Each element H € H2**! is image by ®,, of a unique trajectory S that has
k peaks in [[1,n—1] and k41 valleys in [0, n] (that may be in position 0 and n by construction),

in other words, to a trajectory of Wy(Lk).

This may alternatively be viewed as follows: to build a trajectory of Wflk) choose 2k + 1 integers
i1 < iy < +-+ <iggy1 in the set [0,n]. Then construct a trajectory from W, in placing a valley
in iy,43,...,%09+1, & peak in ig, 44, ..., 99, and fill in the gaps between these points by straight

lines. Hence

Lemma 13. For any k € [0, n/2]], the restriction of ®,, on W is a bijection onto HZF+1,

For any p € [0,1], let Q be the distribution on H,, of the Bernoulli random walks with n + 1
iid. increments, Bernoulli B(p) distributed (that is Qp(AH; = 1) = 1 — Q(AH; = 0) = p).
For any H in H,,,
Qy({H}) = pm1(1 — p)n -,

and then, Q) gives the same weight to the trajectories ending at the same level. Hence the
conditional distribution Q( . |[H2*™) is the uniform law on H2*™. On the other hand, since
IP’VnV’(k) is the uniform distribution on Wq(lk), by Lemma [[3], IP’VnV’(k) od 1 js also the uniform law
on H2k*1, Hence

w, (k)

Lemma 14. For anyp € (0,1), n €N, k € [0, [n/2]], Qu( . [HZ*T) =P o @1

n

Using simple properties of binomial distribution, the value of p that maximizes QQ(H%’C"“)
is pp, = (2K, +1)/(n + 1). This morally explains why in Section Bl p,, appears as a suitable
parameter. For sake of simplicity, we will work again with p, = 2K,,/n instead of p,. We will
see that under Qj , the conditioning by H2F+1 s a “weak conditioning”, and to bound certain
quantities, this conditioning may be suppressed, leading to easy computations. The archetype

of this remark is the following property

Lemma 15. Assume (H). There exists ¢ > 0 such that for m large enough, for
any set A, on H, depending only on the first half part of the trajectories, (that is
o(Ho, Hy, ..., H|y 2)—measurable),

én(An) = an (An | H%Kn-i_l) <c an (An)- (22)
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Proof. The idea is taken from the proof of Lemma 1 in (12) :

J

— ZQZn(An\HLn/QJ =4, Hy1 = 2K, + 1) én(HLn/% = j)
J

= > Q@ (Al Hnpoy = 5) Qu(Hinja) = j)-
J

The latter equality comes from the Markov property of H under Q) that implies that
@Zn(HnJrl = 2K, + 1|AnaH|_n/2J = ]) = an(HnJrl = 2K, + 1|H\_n/2] = j) It suffices to
establish that there exists ¢ > 0 such that for n large enough, for any j

Qn(Hyjo) = §) < ¢ Qo (Hpnyz) = 5.

Write )
Qp, (Hins2) =2K, +1—j)
@gn (Hp1 =2K, +1)

using Lemma [[], the last quotient is bounded, uniformly on j and n > 1. O

én(HLn/QJ =7)=Qp, (Hyn2 = J)

A simple consequence of Lemma [0l is the following : let X,, be a positive random variable that
depends only on the first half part of the trajectories, then the expectation of X, under @n is
bounded by the expectation of ¢ X;, under Q} .

4.2 Tightness under pr(Kn)

Assume that (KC,,) satisfies (H), that S € W, and let H = ®,,(S). Set

H, tk,
St T gort e [0,1], (23)

hp(t) =
®) 2Yn Tn

where H is assumed to be interpolated between integer points. Thanks to formulas @), ),
&,
[An(t) = An(8)] < [P (t) = hn(s)] + 2/ 7n- (24)

Hence, the tightness of (h,) under @n implies the tightness of (\,) under Pﬁ’(’cn).

By symmetry of the random walk under these distributions, we may prove the tightness only on
[0,1/2]. By Lemma[T5l the tightness of (h;,) on [0,1/2] under Q} implies the tightness of (h,)
on [0,1/2] under Q,, and then that of (A,) on [0,1/2] under pr k) Hence, it suffices to prove
the tightness of (h,) on [0,1/2] under Qp to prove that of (\,) on [0, 1] under i)

Comments 3. The conditioning by the number of peaks is a strong conditioning on W,,. Indeed,
Wq(l’C") may have a very small (even exponentially small) probability under PY when K, is far
away from n/4 : no tight bound can be derived using comparison between PY and ]P’\TIZV’UC”) by just

removing the conditioning by A,, = IC;,. The passage by Qp ~ allows to remove this conditioning.
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Tightness of the sequence (),) under py ()
At first sight, under Qp , (hy) is a random walk with the right normalization, and it should
converge to the Brownian motion (and then the tightness should follow). However, we were

unable to find a reference for this result under the present setting. We will then prove it.

In the sub-case where there exists 6 > 0 such that, for n large enough, p, satisfies n’~! < p,, <
1 — n%~ ! then under Q.5 hn % w in C[0,1] : it is a consequence of Rackauskas, & Suquet
(22, Theorem 2). In this case the tightness holds in a space of Holder functions, with exponent
smaller than 1/2- When p,, = o(n®~!) or 1 — p, = o(n’~!), for any 8, (h,) is not tight in any

Hoélder space; this may be checked by considering a single normalized step.

Let € > 0 and 7 > 0 be fixed, and let us prove that for any n large enough, Qp (ws(hn) > ¢€) <7
for ¢ sufficiently small. So take a parameter § € (0,1). We have

ws(hy) <2 max max h,, — min h, (25)
0<j<(1/(20)] \ 12 (n) I3 (n)
where 2716 1 2+ 1[0 1
n+1 n+1

(notice that the length of Ij‘.s(n) is larger than 0 for n large enough, and smaller than 39). The
factor 2 in (2H) simply comes from the splitting up [0, 1] into parts. Since the extremities of the
Ij‘»s(n)’s coincide with the discretization points, by the Markov property of h,,,

. (ws(hn) = €) < (1/(20) + 1)@, ((sup ] > 2/2). (26)

I§(n)
We need to control the supremum of a random walk, and we then use Lemma
Lemma 16. Let B(p,,) be a Bernoulli random variable with parameter p,,. There exists K > 0,

such that for any n > 1, any [t| < v,

E(et(B(pn)_pn)/'Vn) S exp <——) . (27)

Proof. There exists K > 0 such that, for any |z| < 1, e* < 1+ + K22 Hence, for any [t| < 1,
E(c!BPr)=pn)y = p t1=pn) 4 (1 — p e Pr < 1+ Kt2(py(1 — pn)) < e2K°Pn(1=pn)  Hence, for
any [t| < ¥, E7) holds (recall that (1 — p,)pn/y2 = 1/n). O

Let us end the proof of tightness of (hy,). Since, for N € [0,n], h,(N/(n+1)) = Q(Tﬁﬁ—i—DN/Q

where Dy is a sum of N i.i.d. r.v. with law of (B(pyn)—pn)/¥n. Notice also that Q(Tﬁﬁ =o(1).
By Lemmas [[2 and [[A we get

Qp, ( sup |D;| > 5/2) < 2exp (—52n/(16NK)) for any ¢ < 4N~,K/n.
J<N
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Let € > 0 and § > 0 be fixed. For n large enough,

0<t<36

p(Ws(hn) =€) < (1/(20) +1) @y, ( sup [hn([(n+1)t])] = 6/2>

IN

82
20/ +1) o9 (-

and this is smaller than any n > 0 for § small enough, and n large enough. O

Tightness of (s,) under py (k)

Let 0 € (0,1). First, it suffices to prove the tightness of (s,) under P ) on [0,1/2]. Consider
formula (ZI0). Denote by Gi+1(H) = 7,41 (H) — 7;(H). For any s and ¢ such that ns and nt are
integer, and s < t, we have

Hpi—1
su(t) =sn(s) = 8,0 D0 ()™M Gipa(H) + (—1) (s — Ty, (H)) — (nt — Ty, (H))) . (28)
i=Hps
The range of s, in a subinterval I C [0,1/2] is then a function of the values of h, in the
same interval. Denote by y,(s,t) the right hand side of ([28). We may control the range of s,
under ]P’\TIZV’UC”) by making some computations on y,(s,¢) under @n, and then, by Lemma [H,
we may work with y,(s,t) under Qp . Under Qj , the variables G;(H) are geometrically G(py)
distributed (P(G1 = k) = pu(1 — pn)* Mj>1), and then the computations are simplified. By
Formula (28], we have

Hpi—1
Z By (Giga(H) = Gipt(H) iz, mod 2

i=Hps

lyn(s,t)] <

-1
+ 36, max G;(H)

where, in the sum, we have packed the variables G;(H) per 2.

Denote by 9y (s,t) the sum. Using that maxy<,, Gj is a non decreasing function of m, we have

n (Stuan G;(H)

Pn

3, > 6) < Qp (Hn>4K,) + Q. (Supjééll;; G;(H)

Since H,, is a binomial random variable with parameters n and p,, = 2/C;,/n, by the Bienaymé-

> e> . (29)

Tchebichev’s inequality, the first term in the right hand side is O(K;;!). For the second term,
write Qp (supj§4,cn G;j(H) >eB,) =1— (1 —P(G1 > 8,))*". Since P(Gy > ¢f3,) = (1 —
pn)kﬁ”*l, we find that the second term goes to 0 when n — +o0.

It remains to control the variables g, (s,t). Using the Markov property of the random walk
Zp = Zle ﬂ;l(GQZ(H) — Ggifl(H)), we get that under @Zn,

- (@) - -
sup |gn(s,)] = sup [gn(s, 1) <2 sup [7(0,1)].
s,tel}s(n) steIP(n) t€[0,34]
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Writing CNJZ instead of Go; — G9;_1, we have

{sup |9,(0,t)] > %} C ({Hgmg > 12,0} U { _sup

<38 G<6Knd

ﬁniliéi(H 5}) .
=1

Once again, by Bienaymé-Tchebichev, Qp ({ Hzns > 12K,6}) = O(1/(0K,,)). For the second set

in the union, we have to control the maximum of a random walk with increments the variables

G.

Lemma 17. Let Gy and Go be two independent geometrical random variables with parameter

pn. There exists ¢ > 0,¢ > 0, such that for any |t| < dyn,

G -G t?
E <exp (tg)) < exp (C—> (30)

B nPn

. 2

Proof. Write E (exp (u(G1 — G2))) = (e_“eranl)Sl(e“ernfl)'
14+ (1 —pp)? — (1 —py)(e* + e %). There exists a constant ¢ > 0, such that for any |u| < 1,
(e +e ™) <2+ cu? And then D > p2 — c(1 —p,)u® > p2(1 — %) > p2 exp(— C%)
this last equality holds when 9(1757")“2 < 1. Hence E (exp (u(G1 — G2))) < exp(—%) for

lu| < 1/6(1 =53Pn- Hence, ([B) holds for |t| < ¢ Bupn/v/1 — pn, and then for [t| < .

We end now the proof of tightness for the family (s,). According to Lemmas [[Z and [[7, for

The denominator D is equal to

e > 0,8 > 0 fixed, for a constant ¢’ > 0 and n large enough
G sup Gi(H) > £/2) < exp(—22/(¢"9)).

This allows to conclude as for (hn) O

4.3 Tightness under IPZ’(IC”)
b, (k)

In this section, n is an even number Since P,

with the conditional law P}’ ( |S(n) = 0). We first establish a lemma that allows to control
b,(K (k)

k)

is the uniform distribution on Bg , it coincides

the probability of a set under P n) , by the probability of the same set under P

Lemma 18. Assume (H). There exists a constant ¢ > 0 such that for n large enough, any
Ay C Wi,
PR (A,) < ¢ B, PR Kn)(4,,).
Proof. Write
Py (A, 5(n) = 0) Py (4,)
w,(Kn) S ) .

B (Sn) =0) T BY (S(n) = 0)

Now IP)\,'ZV’(K")(S(n) =0) = #B&“"’/#Wﬁ“"’ ~ /2/73; L, by the local limit theorem. O

P%(’Cn) (4,) =

Since 7y, — +00, this lemma is interesting only for sets with probability o(v;!), e.g. :
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Lemma 19. Assume (H). Let (o) be a sequence such that oy, — +o0o. There exist ¢ > 0,

d >0, such that for n large enough
PW (Kn) |An/2 - n/2| > an'Yn) <exp(—c 4 2)

and then
PR (|2~ K /2] > ann) < e exp(~cad).

Proof. Assume again that H = ®,(S). The variable A, /;_1(S) = |H,,/2/2] depends only on
the first half of the trajectories. By Lemma [[Hl for any set I,

P\TIZV’(K”) (An/Q—l(S) S In) = én (LHn/Q/QJ S In) < C” an (LHn/2/2J = In) ’

Under Qp , H,/p is a binomial random variable with parameters n/2 and p,. Now, using
Lemmas and with I, = C[K,/2 — anyn, Kn/2 + anyn)], we get the first assertion. The

second assertion is a consequence of Lemma O
Consider W, the set of simple walks satisfying

Wi ={S:S € Wy, |Anj — Ka/2| < 42/%.

Since by Lemma [[J ]P’Z’(’C")(Wn) — 1, we will from now on concentrate on these trajectories.

We stress on the fact that 72/ ‘= o(KCy,). Assume that the following lemma is proved.

Lemma 20. Assume (H). There exists a constant ¢ > 0 such that for n large enough, for any
subset A,, C W,, depending only on the first half of the trajectories,

P2 Rn)(A4,)) = P Ka) (A, ] S(n) = 0) < ¢ PYFn)(4,). (31)

b,(Kn)

This lemma, very similar to Lemma [[3, allows to obtain the tightness of (s, A,) under Py,

from that under Pﬁ’(’cn); proceed as follows. By symmetry of bridges under IPEL’(’C”)

, it suffices to
prove the tightness on [0,1/2]. Since PZ’(K")(Wn) — 1, we restrict our study to the trajectories
of W,. By (B]]) the tightness of (s, A,,) under P ) on [0,1] (and then on [0,1/2]) implies

that under P%*") on [0,1/2]. It only remains to prove Lemma

Proof of Lemma 20 First, for any A,,, depending only on the first half of the trajectories,

By (AlS(m) = 0) = 7 BYC(Au] (s, S(n/2),AS, ) = (Lz,a)  (32)
(l,z,a)

x P (A2, S(n/2), AS,, 2) = (La,a) | S(n) =0)  (33)

where the summation is taken on all possible triples (I,z,a). Indeed, under P, the sequence
Y = (Ag, S(k), ASk) is a Markov chain, and also under PP wKn) Then write P i) (An|S(n) =

0) = Y oay P (S(n) = 0/44, Y, 0 = (2, a))P n“"’(Yn/z = (l,z,a))/B " (S(n) = 0),

255



then the first conditioning by A,, may be deleted, by Markov. A trite computation leads to the

result.

Now, assume that A, C W,. The summation in (B2)) can be done on the triples (I, z,a), such

that [ € J,, := [K,/2 — %5/4,1Cn/2 —|—'y;r)/4]], z € [-n/2,n/2], a € {u,d}. To end the proof, we

check that there exists ¢ > 0, valid for any (I,z,a) € J, x [-n/2,n/2] x {u,d}, and n large
enough, such that

P ) (Y, 5 = (I,z,a) | S(n) = 0) < cPe &) (Y, 5 = (I,2,0)). (34)

We choose to condition by the last increment of S in [0,7n/2] for computation reasons.
For any a € {u,d}, denote T_, = T, U Ty, and similar notation for T, and T_ _.
e Case a = d. In this case, the left hand side of (4] equals

#TL (n)2,2,0)#T " (n/2,2,0)
#BL

and the right hand side

#TL 4 (n/2,2,0)#W. 5"
#W) '

Since for any ¢ > 0, the map = — I'(z)/I'(x — ¢) is log-concave,

w0 = (0 7) (6 2) = (E5) (1) = o

#B1  pa#t B p (1 - p) T o
#Wr(an) B #Wy(lKn)p%’C"Jrl(l o pn)n—2lCn Pn 27‘1’7%/2
To prove (B4)) when a = d it suffices to prove that

Using that

lim sup maxv—n% <+
" 1€/n Pn #Wn/;

(notice that [n/4] 4+ [n/4] = n/2 for any even n.) We have

4 4
o G
Kn—l — /1 2 2+1
Pr At Wolo (2(127/171)) (2/&/—2l+1pn)
The (second) parenthesis in the denominator is bounded. It remains to prove that

lim sup,, max;¢ s, Gy, (1) is bounded, for

() (1)

(2t 20)
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We will prove this assertion by showing that for any sequence (I,) of integers, that satisfies
l, € Jy for any n, (Gy(l,)) converges to a constant that does not depend on (I,,). This allows
to conclude, since one may take the sequence (l,,) s.t. Gy, (l,) maximizes G, (l) on J,, for any n.
Set p, = 4(K,, — l,,)/n. Since I, € J,,, for any n, p, € (0,1).Now, one checks easily that

_ WP (B([n/4], pn) = Ky — 1n) P (B([n/4], pn) = Kn — )

- P(B(n/2,pn) = 2(Kn — ln)) .

Since K, — I, ~ K, /2, by the central local limit theorem, it converge to 2/+/7.

e Case a = u. In this case, the left hand side of (B4 equals

#T (n)2,2,0)(F#TE " (n/2,2,0) + #TH """ (n/2,2,0))
#B

Gn(lyn)

and the right hand side

#T' ,(n/2,z, 0)(#)/\/7(;/%;“ n #Wg/cﬂl_l))

#W)
where W,’ia is the set of trajectories S with k peaks with AS; = a.

)

Once again, it suffices to check that the quotient
#T ()2, 2,0) + T (n )2, 2,0) = (1 + #) (# B 1>
“ - : - k=1 J\K,—1-1
divided by

1Cn—1 (anlfl) . n/2 + 1
#Wn/2,u + #Wn/Z,d - (Q(ICn _ l)

is bounded by ¢ #B}{C") / #WT(JC”). The same arguments lead to the same conclusion.O

4.4 Tightness under P"*"
The case n even

Assume first that n = 2N is even. We recall a bijection Wop : Boy — May, illustrated on

Figure @l that maps ng\), on ./\/lgj\),, and that moreover preserves sufficiently the trajectories, to

prove that the tightness of (san, Aany) under IP’Qb ]’yCQN ) yields that under Py, A’,(’CQN ),

The map Wop : Boy — Whn (we will see later that Won (Bay) = May) is defined as follows. Let
S € Boy and m = minS < 0 its minimum. For j € {1,...,—m}, let t; = 7_;(S) the reaching
time of —j by S. Write Ig = {t;,j > 1}. Notice that when m =0, Is = @.

The trajectory Won(S) = Z = (Z;)i=o0,...n is defined by Zy =0 and :

AZ - AS; if i ¢ Ig,
—-AS; =+1 ifiels.
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Proposition 21. For any even 2N, Won is a bijection from Ban onto Moy ; moreover, for any
(k) (k)

k, its restriction to Byy is a bijection onto My, that preserves the peak positions.

Proof. First, it is easy to see that if Z = WUyn(S), for any i < 2N,
Z; = S(i) + 2min S(j). (35)

J<i

Hence, Yoy (Ban) C Map. Since Uy is clearly an injection, the first assertion of the Proposition
follows #Bony = #Mopn. Since Vson neither creates nor destroys any peaks, nor even changes
the position of the peaks, the restriction of ¥on onto ng\), is a bijection onto \I’QN(ng\),) C ng\),

The equality #Bg]g\), = #/\/lgj\)[ suffices then to conclude. O

A bridge B

i e

An excursion-type path

0 t1 to

Figure 6: Synthetic description of ¥ox. The map oy turns over each increment corresponding
to a reaching time of a negative position. The map \112_1\1, turns over the last increments reaching

each position z € [1, Zan /2] (Zan is even).

By Proposition 2], the tightness of (Aay) under Py, (Kan) 5q consequence of that under IP’2b J’\(,KQN ),

For (son), [BH) implies that the modulus of continuity of the non normalized trajectories are
related by
wz(0) < 3wg(d) for any 0 € [0, n]

and then, the tightness of (son) under IP’Qm A’,(ICQN ) follows that under ]P’Qb ]’\EIQN ),

The case n odd

The case n = 2N 4 1 odd is very similar. There exists a bijection Won 41 between EQN+1 and
Many1 where gg ~N+1 is the subset of Whn 1 of trajectories ending at position +1. The map
Won 41 has the same properties as Won to conserve the peak positions, and the set ngﬁvlﬂ) =

B, N1 N Wé’cm +1) is sent on M2V g conclude, we need a tightness result for the uniform

N+1 2N+1
distribution on Bgﬁ,ﬁvlﬂ). But the result of Section regarding Bé’;ﬁN ) may be generalized to
BKan+1)

2N+1 -
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A bridge B
/\ A /\ W

.

An excursion-type path

5
S

|
|
]
! Von11(B)
I

0 t1 to

Figure 7: Synthetic description of Uon 1. The map Wony turns over each increment cor-
responding to a reaching time of a negative position. The map \112_]\1,+1 turns over the last
increments reaching each position = € [1, | Zan+1/2]] (Zan+1 is odd).

Hence, (san+1,Aon+1) is tight under IF’Qm N(ffN “), and then we may conclude that (s, \,) is tight
m, (Kn)
under P, .

4.5 Tightness under P
Here n = 2N is an even number. Consider

Boni1 = {S,8 € W1, S@N +1) = —1},
E2N+1 = {S,S € Wan41,5(j) >0 for any j € [0,2N],S(2N + 1) = —1}

and ng)ﬂ = BQN+1 N W;gzrl, Eég)ﬂ = E2N+1 N Wégzrl Informally, E2N+1 (resp. Egg)ﬂ)

are Bernoulli excursion from &y (resp. with K peaks) with an additional ending d-step, and

)

5 S (K
B2N+1 and BéN—f—l

are trajectories ending at —1 (resp. with K peaks).

Consider the map

R: E2N+1 X [[0, QNH — BQN+1
(S,0) — R(S,0) =8 = (5©),_o__anp1

defined by
ASY = ASkio modans1

or equivalently S,(f) = S(k+6 mod any1)—S(0) — Lpigsongi. Informally, S — S exchanges

the 0 first steps of S with the last 2V + 1 — 6’s ones. The map R is a bijection between
Foni1 x [0,2N] and Baoyyq: this is the so-called cyclical lemma attributed to Dvoretzky-
Motzkin, or Kemperman, or Otter see Pitman (21, Chapter 5) and Bertoin & al. (3). The peaks
positions of S() are obtained from that of S by a shift of — mod 2N +1, and #SS?) =#S,—1
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iff 0 € S, (if 0 ¢ S, then #8) = #8,).
For any S € Whn 41, set Z9(S) = 0, and for any k < 2N — #S,,

Em(S) :==min{j,j > En-1(8),5 < 2N,j ¢ Sa},

the successive non-peak positions of S in [0,2N]. Consider the map

5 m(K (K
R: By, < [0.2N-K] — B, |
(S,0) — R(S,0) = S(Ee(8))

Proposition 22. For any K < N, any N > 0, the map Risa bijection from Eég)ﬂ x[0,2N—-K]

onto Bégll

Proof. It is a consequence of the two following points: for any S, m +— =,,(S) is a bijection
from [0, #[0,2N] \ SA] onto [0,2N] \ Sx, and R is a bijection. O

Consider (S, 0) in Eég)ﬂ x [0,2N — KJ; for any wu,

sup  [S(m1) = S(m2)] < 2 sup SO (my) — SO (my)] (36)
|m1—ma|<u |m1—ma|<u
mi1 —m mi1 —m
sup | (Mg = Ay )(8) = =g Kan| < 2 sup (A = Ay)(8Y) = T Ko

|m1—ma|<u |m1—ma|<u

Endow Egg) x [0,2N — K] with the uniform distribution and consider a random element (S, )

+1
under this law (S is then uniform on Eégll) By the last proposition, S is uniform on Bégll.

By Bd), we have
e,(Kan) w,(Kan) _
Pon ™" (ws(san) = €) < Popi 1™ (2ws(san) > €l S2N +1) = 1)

and the same result holds for Aon. Once again the result of Section concerning IP’;;&,’CQN ) —

IF’;VJ’\S’CQN)(.|S(2N =0)) can be generalized to IF’;VJ’\S’CQN)(.|S(2N +1)=-1). O
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