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Abstract

Let f,,» be a kernel density estimator of a continuous and bounded d-dimensional density f.
Let 1(t) be a positive continuous function such that ||1f?||, < oo for some 0 < 3 < 1/2. We
are interested in the rate of consistency of such estimators with respect to the weighted sup-
norm determined by . This problem has been considered by Giné, Koltchinskii and Zinn
(2004) for a deterministic bandwidth h,,. We provide “uniform in h” versions of some of their
results, allowing us to determine the corresponding rates of consistency for kernel density
estimators where the bandwidth sequences may depend on the data and/or the location.
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1 Introduction

Let X, X1, Xo,... be i.i.d. R%valued random vectors and assume that the common distribution
of these random vectors has a bounded Lebesgue density function, which we shall denote by f.
A kernel K will be any measurable positive function which satisfies the following conditions:

(K.9) K(s)ds =1,
IRd

(K.ii) | K||oo := sup |K(z)| =k < 0.
zeR?

The kernel density estimator of f based upon the sample X1, ..., X, and bandwidth 0 < h < 1

is defined as follows,
d
fnh hg <h1/d>’ te R".

Choosing a suitable bandwidth sequence hn — 0 and assuming that the density f is continuous,
one obtains a strongly consistent estimator fn = fnh, of f,ie. one has with probability 1
fn(t) — f(t),t € RY. There are also results concerning uniform convergence and convergence
rates. For proving such results one usually writes the difference f,,(t) — f(t) as the sum of a
probabilistic term f,(z) — IEf,,(¢) and a deterministic term IEf, () — f(t), the so-called bias.
The order of the bias depends on smoothness properties of f only, whereas the first (random)
term can be studied via empirical process techniques as has been pointed out by Stute and
Pollard (see [11, 12, 13, 10]), among other authors.

After the work of Talagrand [14], who established optimal exponential inequalities for empirical
processes, there has been some renewed interest in these problems. Einmahl and Mason [3] looked
at a large class of kernel type estimators including density and regression function estimators
and determined the precise order of uniform convergence of the probabilistic term over compact
subsets. Giné and Guillou [5] (see also Deheuvels [1]) showed that if K is a “regular” kernel, the
density function f is bounded and h,, satisfies among others the regularity conditions

log(1/hy,) o and nhy, BN
loglogn logn
one has with probability 1,
A A |log hy,|
n — E nlloo = - | - 1
e A (1)

Moreover, this rate cannot be improved.

Recently, Giné, Koltchinskii and Zinn (see [8]) obtained refinements of these results by estab-
lishing the same convergence rate for density estimators with respect to weighted sup-norms.
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Under additional assumptions on the bandwidth sequence and the density function, they pro-
vided necessary and sufficient conditions for stochastic and almost sure boundedness for the
quantity

nhy, A R

mtsgfgd [ {fn(t) — Efn(t)}-
Results of this type can be very useful when estimating integral functionals of the density f
(see for example Mason [9]). Suppose for instance that we want to estimate [pa ¢(f(t))dt < oo
where ¢ : IR — IR is a measurable function. Then a possible estimator would be given by
Jrea @(fn(t))dt.  Assuming that ¢ is Lipschitz and that [ga fP(t)dt = ¢z < oo for some
0 < 8 < 1/2, one can conclude that for some constant D > 0,

[ otuntnie— [ oBgu0)] < Des sup 1120 Fualt) - ESp O}
R R

telR?

and we see that this term is of order y/|logh|/nh. For some further related results, see also
Giné, Koltchinskii and Sakhanenko [6, 7].

In practical applications the statistician has to look at the bias as well. It is well known that
if one chooses small bandwidth sequences, the bias will be small whereas the probabilistic
term which is of order O(y/|log hy|/nhy), might be too large. On the other hand, choosing a
large bandwidth sequence will increase the bias. So the statistician has to balance both terms
and typically, one obtains bandwidth sequences which depend on some quantity involving the
unknown distribution. Replacing this quantity by a suitable estimator, one ends up with a
bandwidth sequence depending on the data X7i,..., X, and, in some cases, also on the location
x. There are many elaborate schemes available in the statistical literature for finding such
bandwidth sequences. We refer the interested reader to the article by Deheuvels and Mason
[2] (especially Sections 2.3 and 2.4) and the references therein. Unfortunately, one can no
longer investigate the behavior of such estimators via the aforementioned results, since they are
dealing with density estimators based on deterministic bandwidth sequences.

To overcome this difficulty, Einmahl and Mason [4] introduced a method allowing them to
obtain “uniform in h” versions of some of their earlier results as well as of (1). These results
are immediately applicable for proving uniform consistency of kernel-type estimators when the
bandwidth A is a function of the location x or the data Xi,..., X,.

It is natural then to ask whether one can also obtain such “uniform in h” versions of some of
the results by Giné, Koltchinskii and Zinn [8]. We will answer this in the affirmative by using
a method which is based on a combination of some of their ideas with those of Einmahl and
Mason [4].

In order to formulate our results, let us first specify what we mean by a “regular” kernel K. First
of all, we will assume throughout that K is compactly supported. Rescaling K if necessary, we
can assume that its support is contained in [—1/2,1/2]%. Next consider the class of functions

K = {K((- )R R > 0,t € le}.

846



For € > 0, let N'(,K) = supg N (ke, K, dg), where the supremum is taken over all probability
measures Q on (R%, B), dq is the Lo(Q)-metric and, as usual, N (¢, K, dg) is the minimal number
of balls {g : dg(g,9') < €} of dg -radius € needed to cover K. We assume that K satisfies the
following uniform entropy condition:

(K.ii1) forsomeC' >0 and v >0: N(e,K)<Ce”, 0<e<]l.

Van der Vaart and Wellner [15] provide a number of sufficient conditions for (K.ii7) to hold.
For instance, it is satisfied for general d > 1, whenever K(z) = ¢ (p(x)), with p(z) being a
polynomial in d variables and ¢ a real valued function of bounded variation. Refer also to
condition (K) in [8].

Finally, to avoid using outer probability measures in all of our statements, we impose the fol-
lowing measurability assumption:

(K.iv) K is a pointwise measurable class.

With “pointwise measurable”, we mean that there exists a countable subclass Ky C K such
that we can find for any function g € K a sequence of functions g,, € Ky for which g,,(z) —
9(2),z € RY. This condition is discussed in van der Vaart and Wellner [15] and in particular
it is satisfied whenever K is right continuous. The following assumptions were introduced by
Giné, Koltchinskii and Zinn [8]. Note that we need slightly less regularity since we will not
determine the precise limiting constant or limiting distribution. In the following we will denote
the sup-norm on R by | -|.

Assumptions on the density. Let By := {t € R : f(t) > 0} be the positivity set of f,
and assume that By is open and that the density f is bounded and continuous on By. Further,
assume that

(D.i) Vo >0,3hg>0and0<c<oosuchthat Vo, z+y € By,
(@) < flaty) <cf @), fyl < ho,
(D.it) Vr>0,set Fr.(h) :={(z,y) :x+y € By, f(x) > h", |y| < h}, then
lim  sup 7]”(% +y) — 1‘ =0.
h=0 (¢ ek ny | f(2)
Assumptions on the weight function .
(W.i) Y By — IR" is positive and continuous,
(W.iz) Vd>0,3hg>0and 0 < c<oosuchthat Vz,z +y € By and
(@) <Yz +y) < (@), fyl < ho,
(W.iii) Vr>0,set G.(h) :={(z,y) :x+y € By, ¥(x) <h™", |y| < h}, then
lim sup 71#(37 *y) — 1’ =0.
h=0 (z yec(hy | ¥ ()
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Extra assumptions. For 0 < § < 1/2, assume that

(WD.i) 1F7%lloo = sup [f7 () (t)] < oo,
tEBf
g : f(@+y) _
(WD.ii) Vr >0, }lLILI%) (mﬁggr(h) o) 1‘ = 0.

A possible choice for the weight function would be 1) = f~? in which case the last assumptions
follow from the corresponding one involving the density. For some discussion of these conditions
and examples, see page 2573 of Giné, Koltchinskii and Zinn [8].

Now, consider two decreasing functions
a;:=a(t)=t"*Li(t) and b, :=0b(t) :=t HLao(t), t>0,
where 0 < u < a < 1 and Ly, Lo are slowly varying functions. Further define the functions

A(t) := \/tay logas|, t >0,
An(h) :=+/nh|logh|, n>1 a, <h<b,,

and it is easy to see that the function A is regularly varying at infinity with positive exponent

0 <n:=15% < 1/2 for some 0 < # < 1. Finally, we assume that A(t) is strictly increasing

2
(t > 0).

Theorem 1.1. Assume that the above hypotheses are satisfied for some 0 < 8 < 1/2, and that
we additionally have

lim sup tIP {¢(X) > A\(t)} < 0. (2)
t—o0
Then it follows that
nh
Ap = sup 7 1 (fan — IEfn,h)”oo

an<h<b, \| |1oghl

1s stochastically bounded.

Note that if we choose a,, = b, = h, we re-obtain the first part of Theorem 2.1 in Giné,
Koltchinskii and Zinn [8]. They have shown that assumption (2) is necessary for this part
of their result if By = IR? or K(0) = k. Therefore this assumption is also necessary for our
Theorem 1.1.

Remark. Choosing the estimator f, p, where hy, = H,(X1,..., Xp;2) € [ay, by] is a general
bandwidth sequence (possibly depending on x and the observations Xi,...,X,) one obtains
that

[ = B fnn)lloo = Op(/[10g an|/nan). 3)
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Indeed, due to the monotonicity of the function h — nh/|logh|,0 < h < 1 we can infer from the
stochastic boundedness of A,, that for all € > 0 and large enough n, there is a finite constant C,
such that

log a,
PLosup [6(un — Bl > oy LE L o

an<h<bn, Nanp

which in turn trivially implies (3). Note that this is exactly the same stochastic order as for the
estimator f, 4, where one uses the deterministic bandwidth sequence a,.

Theorem 1.2. Assume that the above hypotheses are satisfied for some 0 < 8 < 1/2, and that
we additionally have

/IOOIP{w(X) S AB}dt < oo ()

Then we have with probability one,

. nh
limsup sup —_—
n—0oo0 a,<h<by, | log h‘

[0(fon = Efop)ll < C ()

where C' is a finite constant.

Remark. If we consider the special case a,, = b,, and if we use the deterministic bandwidth
sequence h, = a,, we obtain from the almost sure finiteness of A,, that for the kernel density
estimator f,, = fy, »,,, with probability one,

o sup [0 = )

n— 00 wnhn/\ IOg hn‘

Moreover we can apply Proposition 2.6 of Giné, Koltchinskii and Zinn [8], and hence the latter
implies assumption (4) to be necessary for (5) if By = IR? or K(0) > 0.

Furthermore, with the same reasoning as in the previous remark following the stochastic
boundedness result, Theorem 1.2 applied to density estimators f;, 5, with general (stochastic)
bandwidth sequences h,, = Hy,(X1,...,Xn;x) € [an,by] leads to the same almost sure order
O(4/|log ay|/nay,) as the one one would obtain by choosing a deterministic bandwidth sequence

h, = ap,,.

< (C < 0.

We shall prove Theorem 1.1 in Section 2 and the proof of Theorem 1.2 will be given in Section 3.
In both cases we will bound A,, by a sum of several terms and we show already in Section 2 that
most of these terms are almost surely bounded. To do that, we have to bound certain binomial
probabilities, and use an empirical process representation of kernel estimators. So essentially,
there will be only one term left for which we still have to prove almost sure boundedness, which
will require the stronger assumption (4) in Theorem 1.2.

2 Proof of Theorem 1.1

Throughout this whole section we will assume that the general assumptions specified in Section
1 as well as condition (2) are satisfied. Moreover, we will assume without loss of generality that
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1fPloe < 1.

Recall that we have for any ¢ € By and a,, < h < by,

nh
| log A

V(O fnp(t) —Efun(t)}
D(t) < X;—t\  np(t) X —t
= K — EK . 6
An(h) ; hl/d An(h) hi/d (6)
We first show that the last term with the expectation can be ignored for certain ¢’s. To that
end we need the following lemma.

Lemma 2.1. For a,, < h < b, and for large enough n, we have for allt € By,

n(t) X —t nh
An(h)1EK< 17 > <26y [ (DY)

where ~y, — 0.

Proof. For any r > 0, we can split the centering term as follows in two parts:

WO (Xr) i) O F )
]EK< > a /1/21/2 Bl f(e+uh) d

An(h) hi/d (h)
< w( ) sup f(t + uhl/d)I{f(t)Shr}
(h) lu|<1/2
t-i-uhl/dEBf
knh(t
7( ) sup f(t + Uhl/d)f{f(t)>hr}
An(h) i<y

t+uh1/d€Bf
= Yu(t,h) + &L, h).
Now take 0 < § < 1 — (8 and choose 7 > 0 such that

pT(1=B8-0) )
sup ——————~ — 0. 7
an<h<b, (Mh) "1 An(h)
Note that such a 7 > 0 exists, since the denominator does not converge faster to zero than a
negative power of n, as does h € [an, by]. We now study both terms &, (¢, h) and 7, (¢, h) for the
choice r = 7. For > 0 chosen as above, there are hg > 0,c < oo such that for z,z +y € By
with |y| < hyg,

(@) < flaty) <ef (@) (8)
Moreover, for the choice of 7 > 0 we obtain by condition (D.ii) that for all A small enough and

x € By with f(z) > h7,
flz+y) <2f(@), |yl <hV (9)

Therefore, in view of (9) and recalling the definition of A, (h), we get for ¢ € IR? that

nh

mf(tw(t)- (10)

En(t,h) <2k
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Finally, using condition (W D.i) in combination with (7) and (8), it’s easy to show that

sup  sup Yu(t,h) =1y, — 0,
teclR? an <h<bp

finishing the proof of the lemma. O

To simplify notation we set

nh
A, = sup _—
" aa<hsn, | [loghl

[ (frp = Efnn)ll

and set for any function g : R? — R and C C RY, ||g||c := sup;ec |g(t)]. We start by showing
that choosing a suitable > 0 it will be sufficient to consider the above supremum only over the
region

A, = {t€ By :y(t) <b,"} C R (11)

Lemma 2.2. There exists an r > 0 such that with probability one,

nh
sup

- IE — 0.
an<h<b, \ [1ogh| [ Fap)lmaya,,

Proof. Choose 7 > 0 sufficiently large so that, eventually, b” < n~2. Note that ¥ (t) > b, "
implies that f(t) < b:/ﬁ, and consequently we get that f(t)y(t) < f(t)'F < b:t(l/ﬁ_l), such that
for 3 < 1/2 this last term is bounded above by n~2 for large n. Recalling Lemma 2.1 we can
conclude that

sup

nh
. IE - R 07

and it remains to be shown that with probability one,

h
Y, := sup e

hllRd — 0.
an<h<bn |10g h| wan, ||IR \An

It is obvious that

B(Y, £ 0} < 3 B{d(X,, A2) < by},

i=1
where as usual d(z, A) = infyca [z — y|,# € R% Then, since ¢(s) > b, implies by (W.ii) that

P(t) > c‘lb;r(lﬂs) for n large enough, |s —t| < b, and 6 > 0, due to our choice of r, it is possible
to find a small § > 0 such that, eventually, 1(t) > A(n3). Hence, it follows using (2) that

P{Y,, # 0} < nP{y(X) 2 A(n’)} = O(n™?),

which via Borel-Cantelli implies that with probability one, Y,, = 0 eventually. O
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We now study the remaining part of the process A, that is

nh
Al:=  sup —_—
an<h<b, \ |10gh|

||w(fn,h - IEfn,h)”An .

We will handle the uniformity in bandwidth over the region A,, by considering smaller intervals
[hnj, Bn,j+1], where we set '
hpj=2ay,, n>1j>0.

The following lemma shows that a finite number of such intervals is enough to cover [ay,, by].

Lemma 2.3. If l,, :== max{j : h,; < 2b,}, then for n large enough, I, < 2logn and [ay,by,] C
[hn,Oa hn,ln] .

Proof. Suppose I, > 2logn, then there is a jo > 2logn such that h,;, < 2b,, and
hence this jjo satisfies 41°6™"n="°Ly(n) < hy , < 2n #La(n). Consequently, we must have
n < 2n* #Ly(n)/Li(n), which for large n is impossible given that Lo/L; is slowly varying at
infinity. The second part of the lemma follows immediately after noticing that h,o = a, and
b, < hn,ln' o

For each j > 0, split A,, into the regions

_ 1Og I 1|
I : < a6 ] J+
Al {t €Ay JOwln < o7 [LoBmnl

R i B/2(1-p)
Ai,j = {t EA,:0<Y(t) < 6773 <n»J+1> ’

| log Funj41]

where we take ¢, = (logn)~!,n > 2. Note that if fi) > L, by condition (W D.i), < L=8/(0=F)
implying that for all j > 0, the union of A}m. and Ai,j equals A,. With (6) in mind, set for
0<j<l,—landi=1,2

; nh
AS)] = sup ]
hon s <h<hnjs1 \| 1081

O _ V(t) N~ (Xi—t
<I>n,j = sup sup (h Z;K wijd )

LEAL | n g <h<hy i1 An

)

: t) X—t

\PS)- = sup sup ) EK < > .
7 te Al ;hnj<h<hn ji1 An(h) hi/d

||¢(fn,h - IEfn,h)”Ail,j )

In particular, we have
(4) (4) (%) C_
Ay < ®0+ T i=1,2,

and from Lemma 2.1 and the definition of Al

nyjo 1t follows that we can ignore the centering term

\IIS; Hence, we get that

n,J 0<j<lpn—1 n,j’ (12)

A;§(5n+ max <I>(1)-) vV max A®
0<j<ln—1
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with 6, — 0, and we will prove stochastic boundedness of A/, by showing it for both

() ()

maxo<;<i,—1 ®, ; and maxo<;<;,—1 4, ;. Therefore, set

and note that A\, ; > A\(n2?). Let’s start with the first term, <I>7(113 We clearly have for 0 < j <
l, — 1 that

@511;- < Kk sup ZI{|X t| < hl/d} =: kly j.
’ teAl . g

1/d

For k=1,...,n,set B, = A}W- N{t:| Xk —t| < h,;}, then it easily follows that

l/d
P = <
o= g, 0 3OS - <

Recall from (11) that ¢(t) < b,” < h,,"; on A, for 0 < j < I, —1. Then it follows from conditions
(W.iii) and (W D.ii) that there is a p small such that (1 — p)y(t) < ¥(s) < (1 + p)(t) and

. 1/d . . 1 1/d
f(s) < (X +p)f(t)if |s—t| < h, ;. In this way we obtain for t € A, ;. |s —t[ < h,/; and large
enough n that for a positive constant C; > 1,

P(t) < Cryp(s) and  f(s)(s) < Clﬁiﬁ\/m
Nl 1

Hence, we can conclude that

ZI{|X Xil < 2nY/yI{Xy € AL 3, (13)
=1

4+ C7 max max dj(Xk)

I{X e Al 14
0<j<ln—11<k<n Ay j ,J,k{ k€ J} (14)

where M, j ==Y I{|X;—Xj| < 2h1/d} 1. Note that the first term is stochastically bounded

by assumption (2). Thus in order to show that maxo<;<;,—1 @533 is stochastically bounded, it
is enough to show that this is also the case for the second term in (14). As a matter of fact, it
follows from the following lemma that this term converges to zero in probability.

Lemma 2.4. We have for 1 <k <n and e > 0,

max  P{(Xg) My ;i I{Xi € AL ;} > €A} =O(n~'77),
0<j<lp—1

where n > 0 is a constant depending on o and (B only.
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Proof. Given X}, = t, M, ;; has a Binomial(n — 1,m, ;(t)) distribution, where m, ;(t) :=

P{|X —t| < 2h /]d} Furthermore, since for large enough n, ¥ (t) < C1b," < b,"~! on A,, it

1
follows for ¢ > 1 and large n that f(s)/f(t) <c¢,|s —t] < b/ so that
i (t) < A%hy, ; f(t).

Using the fact that the moment-generating function IE exp(sZ) of a Binomial(n, p)-variable Z is
bounded above by exp(npe®), we can conclude that for t € A}% j and any s > 0,

Pnj(t) = P{Y(Xp) M1 > ednj|| Xi =t}
Ao
< exp | cA%hy, i f(t)e® — € nJ)
< exp ()\n’j (026%;’868 — 63)) , §>0,te A}LJ
0 ’

Choosing s = log(1/€,)/2 = loglogn/2, we obtain for some ng (which is independent of j) that

€A, j loglogn
3(t)
Setting Bn,j ={te /Lll’j 2p(t) < A\pj/logn}, it’s obvious that for any 7 > 0,

Pn,j(t) < exp (— > , m>mng, te /Ll”

max  sup pp;(t) = O(n™"). (15)
0<i<tn—1,c .
Next, set Cy, j 1= fl}hj\BnJ ={te fl}m : Anj/logn < 1(t)}, then using once more the fact that
¥ < f78, we have that ¢ f < (log n/Anj) % on this set, where § = 37! — 2 > 0. By Markov’s
inequality, we then have for t € C,, ;,

pn,j(t) < 4dC€_1nhn,jf(t),¢(t)/)‘n,j
< 4%ce(log n)1+0)\;,?/| log I |

ds —1 (logn 672 =
4%c'e — , telCny. (16)

nan

IN

Further, note that by regular variation, A, j/logn > Aln(logn)—],j for some v > 0. Therefore,
we have from (2) that

P{(Xy) > A j/logn} = O ((logn)?/n), k=1,...,n.
Combining this with (15) and (16), we find that

11
omax | PAY (X Mo j i [{ Xk € Ay 5} 2 €An s}

—  max { / D (B) f(B)dt + / pn,j(t)f(t)dt}
By, ;

0<j<lp—1 "
< 0™ +0 ((logn/nan)’’?) P(X) = Any/ logn}
= O(nil*g(ka)(logn)”’Jr%Ll(n)*%)

< O(n173079),
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proving the lemma. O

It is now clear that maxp<j<,—1 ‘1)7(113

remains to be shown that this is also the case for maxg<j<;,—1 A

is stochastically bounded under condition (2), and it
(2)

nhj‘

Let «, be the empirical process based on the i.i.d sample Xi,...,X,. Then we have for any
measurable bounded function g : R — IR,

1 n
an(9) = —= ) (9(Xi) — Eg(Xy)).
i
For 0 < j <, — 1, consider the following class of functions defined by

=1
gnd = {¢(t)K <h1/d> 1 te A%,j’hn,j <h< hn’j+1} ,

then obviously,
[Vaaalg,, = Mnid,

where as usual ||/no| Gy = SUPgeg, |v/nay,(g)|. To show stochastic boundedness of ASZZ;"

will use a standard technique for empirical processes, based on a useful exponential inequality
of Talagrand [14], in combination with an appropriate upper bound of the moment quantity
E|Y ", cig(Xh)] Gy where €1,...,¢, are independent Rademacher random variables, inde-
pendent of Xy, ... ,Xn.

we

Lemma 2.5. For each j =0,...,l, — 1, the class G, ; is a VC-class of functions with envelope
function
B/2(1-p8
G = ke P ( nhn,j+1 > /200
7 " \[log it

that satisfies the uniform entropy condition
N(e,Gnj) <Ce ™ 0<e<],
where C' and v are positive constants (independent of n and j).

Proof. Consider the classes
Fag = {0(t) : te A},
Lt
,Cnd‘ = {K <hl/d> 1t e A?L,j, th S h S hn,j—i—l} N

_ . B/(2(1-8)
with envelope functions F,; := e,” (ﬂ;gim)

Fn,iKn; and it follows from our assumptions on K that KC, ; is a VC-class of functions. Fur-
thermore, it is easy to see that the covering number of F,, ;, which we consider as a class of
constant functions, can be bounded above as follows :

N (e\ /Q(Fij),fmj,dQ) <O, 0<e<l.
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Since KCp, j is a VC-class, we have for some positive constants v and Cy < oo that
N(Eﬁ,/Can,dQ) < Cohe”.

Thus, the conditions of lemma Al in Einmahl and Mason [3] are satisfied, and we obtain the
following uniform entropy bound for G, ; :

N(e,Gnj) <Ce ™!, 0<e<],

proving the lemma. u

Now, observe that for all ¢ € A%’j C A, and hyj < h < hy 11, we have by condition (W.iii) for

large 7,
sloom (352)] = o (5
. /IR () () K (1) /1) da

Recalling that Hz/; fB HOO <1, we see that this integral is bounded above by

1-2 2
2hn i1 | Flo 2PN K|S =: Cohajta-

As the exponent (3/2(1 — 3) in the definition of G, ; is strictly smaller than 1/2, it is easily
checked that by choosing the 5 in Proposition A.1 of Einmahl and Mason [3] to be equal to
Gn,j, and o2 nj = = Cghy j4+1, there exists an ng > 1 so that the assumptions of Proposition A.1
in Einmahl and Mason [3] are satisfied for all 0 < j <[, — 1 and n > ngy. Therefore, we can
conclude that

IE|| Zazg g, < C'\/nhpjlogn, n>mng, 0<j <1, —

where C’ is a positive constant depending on «, 3, and C only (where the 3 is again the one
from condition (W D.i)). Moreover, as for 0 < j <[, — 1 we have |loghy, ;| > |logb,| ~ plogn,
we see that for some nq > ny,

IEHZM M., < C"njy 0<j<ly—1. (17)

Recalling that A < 12 €i9(Xi)llg, ; /A, it follows from Markov’s inequality that the

variables Al 2 are stochastlcally bounded for all 0 < j < [, — 1. However, to prove that the

maximum of these variables is stochastically bounded too, we need to use more sophisticated
tools. One of them is the inequality of Talagrand [14] mentioned above. (For a suitable version,
refer to Inequality A.1 in [3].) Employing this inequality, we get that

{glgg [Vmaomlg, (lEllZs@g |Qn]+x>}
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Aga? A
< 2 |exp| — sz + exp (— 2x> ,
noy, ; Gnj

where A1, Ao are universal constants. Next, recall that 072” = 2Cgh,; and that G, ; <

ceﬁﬁ\/nhn,j/Hog hnj|, then choosing x = pA,; (p > 1), we can conclude from the foregoing
inequality and (17) that for large n,

P { VA, = A(C" + o)A}

Asp? A?L]‘ An,j
< 9 _L2 Tng — Appnd
- [exp ( 205 nhn,j +exp ZPij
Agp?
< 4dexp <— 205 |log hn jl |, (18)

where we used the fact that info<j<;, 1 A j/(Gn j|log hy j|) — 00 as n /" co. Finally, since
||\/ﬁaan >\ ,]A( ) we just showed that

n,j’
@ 5 —
T S A L

provided we choose M > A;(C" + /5uCg/As) and n is large enough. It’s now obvious that
2

maxo<;j<i,—14,, ; is stochastically bounded, which, in combination with (14) and the result in
lemma 2.4 proves Theorem 1.1. O

3 Proof of Theorem 1.2

In view of Lemma 2.2 it is sufficient to prove that under assumption (4), we have with probability

one that
limsup A, < M/,
n—oo
for a suitable positive constant M’ > 0. Recalling relation (12), we only need to show that for
suitable positive constants M7, MJ,

hmsup max <I>( ) <M, a.s, (20)
and o -

li A< M .S. 21

msup max A, 2, a.s (21)
The result in (21) follows easily from (19) and the Borel-Cantelli lemma, and as is shown below,
it turns out that (20) holds with M{ = 0, i.e this term goes to zero. Recall now from (14) that

D < C1k max P(Xr)
0<j<ln—1 ™I = 1<k<n A(n)
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X
+ (Cix max max Y(Xe)
0<j<In—11<k<n A j

where M, ;= >0 I{|X; — Xi| < Zhi/]d} — 1. From condition (4) and the assumption on a,,

we easily get that with probability one, ¥)(Xy)/A(n) — 0, and consequently we also have that
max<k<n ¥(Xg)/A(n) — 0, finishing the study of the first term. To simplify notation, set

X
Zn, = max max Y (&)
0<j<ln—11<k<n  Apj

Mk I{ Xy € A}, 1},

M, I{ X} € A}l,j}a

take ng = 25 k> 1, and set h;w' = hp,j and [} =1 Then note that

Ng41-

Y(X;
max Zp, < max max (X,)
np<n<ngi1 0<j<l 1<i<npi1 Ay j

where M{; = S H{[Xo — Xi| < 2077 — 1 and A, = {t : f(OP() < Cren,”

m=1

\/ | log hy, ;|/nihy, ;}, and after some minor modifications, we obtain similarly to Lemma 2.4
that for € > 0,

IP’{ max Z, > e} =0 (l;vn,;") , ' >0,

np<n<ngi1

which implies again via Borel-Cantelli that Z,, — 0 almost surely, proving (20) with M{ = 0. O
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