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Abstract

The classical result by It6 on the existence of strong solutions of stochastic differential
equations (SDEs) with Lipschitz coefficients can be extended to the case where the
drift is only measurable and bounded. These generalizations are based on techniques
presented by Zvonkin and Veretennikov, which rely on the uniform ellipticity of the
diffusion coefficient.

In this paper we study the case of degenerate ellipticity and give sufficient con-
ditions for the existence of a solution. The conditions on the diffusion coefficient
are more general than previous results and we gain fundamental insight into the
geometric properties of the discontinuity of the drift on the one hand and the diffusion
vector field on the other hand.

Besides presenting existence results for the degenerate elliptic situation, we give an

example illustrating the difficulties in obtaining more general results than those given.
The particular types of SDEs considered arise naturally in the framework of com-
bined optimal control and filtering problems.
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1 Introduction

In this article we are going to consider a d-dimensional time-homogeneous stochastic
differential equation (SDE) of the form

It6’s well-known existence and uniqueness theorem for SDEs states that for (locally) Lip-
schitz u, o there exists a unique (maximal local) strong solution, see, e.g., [7]. However,
in this article, we are interested in the case where p is not Lipschitz.
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SDEs with discontinuous drift and singular diffusion

Zvonkin [16] (for the one-dimensional case) and Veretennikov [13] (for the multi-
dimensional case) prove that if ¢ is bounded and Lipschitz and the infinitesimal generator
of the SDE is uniformly elliptic, i.e., if there exists a constant A > 0 such that for all
z € R? and all v € RY we have v'o(x)o(x) "v > Av'v, then there still exists a strong
solution, even if i is only measurable and bounded. Veretennikov [14] generalizes the
result by requiring that uniform ellipticity needs to hold only for those components in
which the drift is non-Lipschitz.

Zvonkin’s method is extended by Zhang [15] to a locally integrable drift function
and non-degenerate diffusion. Beyond the aforementioned classical results one can find
several approaches for dealing with discontinuous drift coefficients in the literature. A
very natural way is to use smooth approximations for discontinuous coefficients and
analyze the corresponding limiting process. Such a procedure is presented in a general
form by Krylov and Liptser [5], but still the presence of ellipticity is crucial. This
technique is also related to the question of stability of SDEs, see Protter [10, Chapter
V.4], for which results commonly ask for the a-priori existence of the limiting process. In
Meyer-Brandis and Proske [9] the existence question for the situation of a measurable
drift function and non-degenerate diffusion coefficient is dealt with using techniques
from Malliavin calculus.

Another method, different in spirit, is introduced by Halidias and Kloeden [3] who
prove existence of a solution to an SDE with a drift that is increasing in every coordinate
via a construction using sub- and super solutions. For our result, no monotonicity of the
drift is needed and it is therefore a more general existence and uniqueness result for the
degenerate setup.

That ellipticity plays a crucial role can be illustrated by the following example for
which uniform ellipticity fails: consider the 2-dimensional SDE

1
dx} = (2 —sgn(X} +X§)) dt + dWy, 12)

dX? = —dW,,

with X = (0,0). If (1.2) had a strong solution then we see from adding the two equations
that there would exist a one-dimensional adapted process X = X' + X? satisfying

t
X, = / (1 - sgn(f(s)) ds. (1.3)
o \2

For the sake of completeness we show in Section 4 that such a process X cannot exist.

The aim of this article is to give sufficient conditions on u, o such that the SDE has
a solution for the case where oo ' fails to be uniformly elliptic and where ;. is allowed
to be discontinuous and unbounded. This question is motivated by an example from
Leobacher et al. [6], where a SDE appears that clearly violates the classical conditions of
the theorem by It6 and does not necessarily include an increasing drift like the example
in Halidias and Kloeden [3]. In fact, we are especially interested in cases where the drift
is decreasing. We will present the example from Leobacher et al. [6] as an application of
our results in Section 4.

The first main result of our contribution is Theorem 3.1 which states that there exists
a unique maximal local solution of (1.1), if ¢ is sufficiently smooth, (O’UT)H >c¢>0,and
if p is discontinuous in {z; = 0}, but sufficiently smooth everywhere else. The result can
be generalized by a transformation of the domain, to allow for a discontinuity along a
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hypersurface, but what remains is a certain dependence of the result on the geometry of
the discontinuity of the drift coefficient.

The contribution of this article is two-fold: firstly, it closes a gap in combined filtering-
control problems, namely that of admissibility of threshold and band strategies, which
are very common types of optimal strategies. Secondly, it contributes to the theory of
SDEs, not only by giving one of the most general existence and uniqueness results for
the degenerate-elliptic case, but also by highlighting intriguing connections between the
geometry of a discontinuity of the drift on the one hand and the diffusion vector field on
the other hand.

The paper is organized as follows. In Section 2 we first fix notations and present the
classical notions of strong, local, and maximal local solutions. Towards the statement of
the main theorem a technical lemma and a particular form of I1t6’s formula are proven. In
Section 3 we prove the main results of this paper, and in Section 4 we apply our results
to a concrete problem coming from mathematical finance.

2 Definitions and first results

In the whole paper we work with a filtered probability space (2, F, (F;)¢>0, P), where
the filtration satisfies the usual conditions. Furthermore, we consider a d-dimensional
standard Brownian motion W = (W,),>¢ on that space. By || - || we always denote the
d-dimensional Euclidean norm. When using the notion “solution” we always refer to
“strong solution”.

First, let us recall the definitions of local, maximal local, and global solutions of SDEs.
Consider an SDE of the form

t t
Xt:xo—l—/ ,u(Xs)ds—F/ o(Xs)dWs, (2.1)
0 0

with initial data X, = 2o € L%, (Q2), where
p:RY—= RY and o :RY — R*?,

Definition 2.1 ([13]). An R¢-valued stochastic process (Xt)ogth is called a solution of
(2.1), if it is continuous, progressively measurable w.r.t. (F;);>o, and if it fulfills (2.1) for
allt € [0,T] a.s.

A solution (X;)o<¢<r is said to be unique, if any other solution (Xt)ogth is indistinguish-
able from (Xt)OStST'

Definition 2.2 ([8, Definition 3.141). Let ¢ be an (F);>o-stopping time such that 0 < { <
T a.s. An R¢-valued (F,);>0-adapted continuous stochastic process (X;)o<i<¢ is called
a local solution of equation (2.1), if Xqg = xg, and, moreover, there is a non-decreasing
sequence {(; }r>1 of (F;)i>0-stopping times such that 0 < ¢;, 1 ¢ a.s. and

tACk tACk
X, =z —|—/ w(Xs)ds —|—/ o(Xs)dWs
0

to

holds for any t € [0,T) a.s.
If, furthermore,

limsup || X;|| = co whenever ( < T,
t—C
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then it is called a maximal local solution and ( is called the explosion time.

A maximal local solution (X;)o<i<¢ is said to be unique, if any other maximal local
solution (Xt)0§t<§ is indistinguishable from it, namely ( = ( and X; = X; for 0 <t < (
a.s.

Definition 2.3 ([8, p. 94]). If the assumptions of an existence and uniqueness theorem

hold on every finite subinterval [0,T] of [0, c0), then (2.1) has a unique solution (X;):>o
on the entire interval [0, c0). Such a solution is called a global solution.

Furthermore, recall that a function ¢ on R¢ is locally Lipschitz, if for all n € IN there is
a constant L,, > 0 such that for those z1,z, € R¢
condition holds:

[6(21) — ¢(w2)[| < Lnllzs — z2f -

Consider the following system of SDEs on R¢:

dXt = M(Xt)dt+U(Xt) th s (22)

Xo = T.
Assumption 2.4. We assume the following for the coefficients of (2.2).

(i) o4, fori=2,...,d,5=1,...,d are locally Lipschitz,
(i) o1; € CL3(R x R4™Y), forj=1,....,d,
(iii) (00 ")11 > ¢ > 0 for some constant c and for all z € R9.

The function i : R — R? is allowed to be discontinuous. However, the form of the
discontinuity needs to be a special one.

Assumption 2.5. We assume the following for ji: there exist functions u*, u= € C13(R x
R1) such that

(x1,29,..., 2 if x>0
/’L(xl7"'7$d):{ # ( ! 2 d) !

uw(x1,x0,...,xq) Iif x1 <0

Remark 2.6. The value of y for z; = 0 is of no significance for us since, due to As-
sumption 2.4 (iii) a solution X to (2.2) does not spend a positive amount of time in the
hyperplane {z; = 0}.

Now, we are going to study the existence of a solution to system (2.2). Suppose first
that a solution to (2.2) exists and define

Zl = g1(Xy)

for some suitable function g; : R — R. For the sake of readability we are going to skip
the arguments in the following.
Heuristically using It6’s formula we calculate

d

391 0? g1 i ;
Az} = dX’ d[ X X7
t - 1 +5 Z (%cl@xj ’ ]t

|0 1, ¢ L g
= |1 8 —|—2(0'U )118 3 dt-i-z,uq dt

d
1 .. T 8 891
+3 > (1 =61, 4) (o0 i g a -dt + Z %is G awy .

4,5=1 4,j=1
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Now we would like to choose ¢g; # 0 such that

g 1, 1. Pg
H 8331 * 2(00 )11 (81‘1)2 B

to eliminate the problematic term p. This extends the idea of Zvonkin [16]. A solution
g1 can be obtained as follows.

(2.3)

g
G %m0 log )
gﬂ (O’O’T)ll 81‘1 8171
x1
2
S0 = CO(:EQ, ce ,o:d)/exp ( / (O_O_IL_Lrl)lleLj) dxy + Cl(l'g, ce ,xd) .
We are free to choose C (o, ...,zq) =0 and Cy(xs, ..., zq4) = 1, such that

T 13 )
w1 (t, o, ..., xq)
T) = exp | — dt | d€.
gl( ) /0 < /O (O'O'T)H(t,mg,...,wd) ) §

Note that %(O,xz, ...,mq) > 0forall (xg,...,74) € R¥L. Note further that for i # 1 the
terms of the form Ni% are locally Lipschitz since p; is locally bounded and g%li is zero
on {z; = 0}.

Using similar considerations we can find g : R — R such that for Z*¥ = X* 4 g, (X),
k = 2,...,d, the drift coefficient is Lipschitz. The corresponding ordinary differential
equation is

0 1 0?
i + /nafgk + *(O’O’T) Ik

= 2.4
o T2 0 (2.4)

11 ((9.’)31)2 -

for which we get a special solution

1 oot aa, ... T
gr(T1,. .., 24q) 12/ Cr(&§,m2,...,2q) exp <—/ ( it o2 ) dt | dg,
0 0

UUT)ll(t7x27 B ,l’d)
where
€ 9 n
/’Lk(nax27"'7xd) 2#1(t7x27~-~»$d)
Cr(& xo,..., 24 ::—/ exp(/ dt ) d
(€2 ) o (eoT)um, e, ... zq) o (o)t zo, ... 2q) !

by the method of variation of constants. Note that forall k # 1 and all:=1,...,d we
have %(O,x27...,xd) =0 for all (za,...,24) € RI7L,

Lemma 2.7. Consider a function g : R? — R of the form

X1 E
g('rlv"'7xd):/ C(E’x27"'7$d)exp (/ a’(taan"wxd)dt) dé.a
0 0

where C' is of the form

3
C(&,x2,. .., 7a) =/ c1(n, @2, ..., xa)dn + co
0

for some ¢y € R and a, ¢y are such that

o(s 2a) = at(z1,ma,...,2q) if 1 >0
Ly d a (x1,x9,...,xq) If x1 <0
+ .
| d(z1,29,...,2q) if 21 >0
01(x17 o ’xd) - { Cl_(l‘l,.lig, ,.Td) if xr < 0

for some functions at,a=, ¢, c; € C13(R x R471).
. . . 2 R 2
Then Dy is locally Lipschitz for D € {1, 8%1’ ﬁa%yz,y =1,..., d}\{d‘a—ﬁ}
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Proof. For i # 1 we may exchange differentiation w.r.t. x; and integration (see, e.g., [11,
Theorem 9.42]). Furthermore, we use that a, c; have continuous third derivatives w.r.t.
(z2,...,24), as warranted by our assumptions on the functions a, ¢;. Thus we get that

g, C%gi forv=1,...,d are locally Lipschitz and %&j is locally Lipschitz for i, j # 1.

It remains to show that 8958.25]1:1 is locally Lipschitz for all j > 1. Let » > 0 and let

z,y € By(0). %, % exist and are bounded on B, (0), say by K. Consider first the
3971 T;0Ty

case where z1,y; > 0 (i.e., both points lie on the same side of the hyperplane {z; = 0}):

g dD3g
_ < —xll.
(333?89161 (2), 00,022 ) ||l lly = =ll < V2K|ly — |

If exactly one of the x1,y; is zero, the same estimate holds.

If 1 < 0 < y, let z be the intersection of the hyperplane {z; = 0} with the line
connecting x and y. Now make the same estimate as above twice.

Finally, let z; = y1 = 0. Let 21 = [ly — z[|/2, (22,...,24) = 5((z2, ..., @a) + (Y2, .- -, ¥Ya))-
Then

0%g A (@)
8l‘j8l‘1 y 8a:j6x1

< sup
I=]|<r

g () - g .
0z 011 y 0z 011

d%g d*g d%g d%g
el Ol v, wel G Il o war vl © Rl wer vl C)
;021 ;021 ;021 x;021
<V2K(ly — 2| + ||z — z|) = 2K]ly — 2||.
O

From Lemma 2.7 together with Assumptions 2.4 (ii) and 2. 5 1t follows that for all k =
,d the function Dygj is locally Lipschitz for D € {1, 32, B.Llal li,j=1,...,d\{2 2}

Define a function G : R — R by

G(z1,...,zq) = (g1(x), 22 + g2(2), ..., xq + ga(x)) .

Then %C;F (0,z2,...,24) = d; k. In particular, due to the inverse function theorem [11,

Theorem 9.24], G is locally invertible, i.e., for every zo € R? there exist » > 0 and
H : G(B,(z0)) — R? such that

HolG= idB,p(mo) and Go H = idG(BT(wo)) .

Note that H inherits the smoothness from G.

Before proceeding we need to clarify the notion local in our context. Below we are
going to use the locally defined function H for establishing the existence of a solution to
(2.2). Naturally, for Xy = z( the - still to be constructed - solution X exists on B,.(zg).
Setting (¥ = ¢ = inf{t > 0| X; ¢ B,(z0)} for k € N in Definition 2.2 we will have that
(Xt/\ck)tzo fulfills (2.2). Therefore it is a local solution in the sense of Definition 2.2 but
on the restricted domain B, (z() we will have existence of a unique solution to (2.2) for
every initial point Xy € B, (xp). It is maximal in the sense that there will be no explosion
before reaching the boundary of B,.(z).

Now, let us assume for the moment that a solution X to the SDE (2.2) exists. Let
Zy = G(X). The functions g, for k = 2,...,d are defined in a way to guarantee that the
drift of Z* is locally Lipschitz, i.e., the discontinuities are removed from the drift.

Now, let us consider the following ‘transformed’ SDE:

dZ, = (VG(X)u(Xy) + tr (0(Xe) ' VG(Xy)o(Xy))) dt + VG(Xy)o(X,)dW;
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That is, X solves dX; = u(X:)dt + o(X;)dW, iff Z, = G(X}) solves

dZ,
fi(z) =
5(2) =

[(Z)dt +&5(Z,)dW,  with
(VG)(H(2))u(H(2)) + tr (o(H(2)) " (V?G)(H(2))o(H(2))) , (2.5)
(VG)(H(2))o(H(z)).

Lemma 2.8. Let Assumptions 2.4 and 2.5 be fulfilled.
Then system (2.5) has a unique local solution Z.

Proof. The drift and diffusion coefficients of (2.5) are locally Lipschitz by Lemma 2.7.
Thus, from [8, Theorem 3.15] we get that (2.5) has a unique local solution Z. O

For proving our main result we need an Ito-type formula for the function H and
the solution Z. There is a great number of extensions of the classical It6 formula for
functions that are not necessarily C?, e.g., Russo and Vallois [12], Follmer and Protter
[2], Eisenbaum [1], but usually they rely on non-degeneracy of the diffusion coefficient
of the argument process, either explicitly, or implicitly, by having Brownian motion as
the argument.

Theorem 2.9 (Ité’s formula). Let D C R? be an open set andf:DCRY—= R, f € CYD),
gt f(x) € C(D) foralli = 1,....d,j = 2,....d, Z5f(x) € C((R\{0} x R*"1) N D),
SUD{ 4[5, £0} \%f(xﬂ < oo. Furthermore, let X be an Ité process and ¢ = inf{t > 0| X; ¢
D).

Then forallt > 0

d d

tAC ‘
) = F + X [ g axie g

e 92 o
/0 FOXS) dIX7, X1, .

i=1 ij=1 O;0x;
Proof. Let
0, t<—1
Pty =4 B (r+1)2(r—1)2dr, -1<t<1
1, t>1,

€ C? 0<(t) <1forallt € R. For every n € IN and t € R we have that

Pp(2n(—t+ 1)) +(2n(t —1))p(2n(—t — 1)) +»(2n(t+1)) = 1.

Furthermore, let for every n € IN, f, be a C? function with lim,, o || D(f — fu)]lsc = 0

for every D € {1, 2 ’Bwaaz ,j = 1,...,d)\{Z} and such that for all n we have
1

| 2 o ~n||OO < K for some constant K. (E.g. f, could be the convolution of f with a

suitable C? function.)
Now define

fal@) = Y2n(—21 + 1)) f(2) + ¥(2n(z1 — 1)y (2n(—21 — 1)) ful@) + $(2n(21 + 1)) f ().

Since f,, € C? we may apply Itd’s formula:

) o
fn(Xt>=fn<Xo>+;/o A Ia(X)dXE+ 5 Z/ axm] X,)dIX', X7, (2.6)

1]1

Let us consider the term with the second derivative w.r.t. x;:

0 [ i [ i 1
[ e mxaai= [ty S0+ [ gy o0 X
0 " ory 0 "oory
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Since

t 2 "
9
‘/ Ly 5 Fn(Xe) dIX] SK/ Lxij<ay dX's
0 1 0

we have for the limit

) t 82 t 82 t
lim / 72fn(Xs)d[X1]s_/ Lix1 20y 53/ (Xs) d[X ] SK/ L{x1 =0y d[X s
o Oy 0 Oxy 0

n—roo

by bounded convergence.
From [4, Chapter 3, Theorem 7.1] we know that

t
/ 1{X51:0} d[Xl]s = 2/ 1{0}(a)At(a) da = 0,
0 R

where A;(a) denotes the local time of X! in a up to time ¢.

Thus, for n — oo all terms in (2.6) converge to the corresponding term with f,
replaced by f. O
3 Main result

Theorem 3.1. Let Assumptions 2.4 and 2.5 be fulfilled. Let Z be the unique local
solution of (2.5). Then

X=H(Z)
is the unique local solution to (2.2).

Proof. We have that VG(0, z, ..., z4) is the (d x d)-identity matrix, and if z; = 0, then
also z; = 0. Furthermore, the components of H fulfill the assumptions of Theorem 2.9.
Therefore, 1t6’s formula still holds. Its application to X = H(Z) yields

dXt = M(Xt) dt + O'(Xt>th s
which proves the claim. O

From Theorem 3.1 we know that a unique local solution of system (2.2) exists. Now
it remains to prove that there is a unique maximal local solution.

Theorem 3.2. Let Assumptions 2.4 and 2.5 be fulfilled. Then system (2.2) has a unique
maximal local solution.

Proof. The proof consists of three steps.

Step 1: For each = € R? there is a ball B._ () with radius ¢, > 0 such that (2.2) with
Xo = x has a unique local solution due to Theorem 3.1.

Step 2: Let D,,, n € IN be compact subsets of R? with D,, + R%, i.e., R? = |J,,cp DPa-
Furthermore, for all z € R? there is an ng € IN such that z € D,, for all n > ny.
We know from above that for all x € D,, there is a radius ¢, > 0 such that (2.2) with
Xo = z has a unique local solution on B, (z). Clearly, D, C ,cp B-, () and since D,
is compact, there exists m < oo such that D,, C Ukm:1 Bgzk(xk), i.e., the covering is finite.
Now, consider some fixed © € D,, = € Bswkl(l"kl)’ ooy Be, (mp.) for {ki,...,kmn} C

wr Pegy

{1,...,m} and m < m. Since we have uniqueness of the solution on every ball, we have
uniqueness on any finite intersection [ ; Bswk (zx;). Thus, (2.2) with X, = = has a unique
Nk
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local solution (©%, (") on ﬂ;ﬂzl B., (vy;), where © = X.
In detail, this means that there exist mappings

€ay,

¢:Qx Dy, — 0,00,
0:QxD, x[0,() = D,,

such that

* © and ( are measurable (cf. [10, Chapter V.6, Theorem 31] and due to a continuous
transformation of a measurable function),

* (" :Q = [0,00], ¢* =inf{t > 0|OF ¢ ﬂf’:l Be, (xx;)} is a stopping time w.r.t. our
J
filtration, ¢* > 0 a.s.
* ©7:Q x[0,¢*] — D, locally solves (2.2) with X, = «.

We can now use this to construct a solution on D,,. Let w € Q). Define

G(w) = ("(w),
X" (w) =07 (w), fort € [0,¢ (w)],

and

Gir1(w) = 0O (W) + Gw),
Xpm(w) = 0,40 @), fort € [Gi(w), Cira ().

Then, due to the strong Markov property (cf. [10, Chapter V.6, Theorem 32]), X*"
stopped at (P := inf{t > 0|X;"" ¢ D,,} defines a unique local solution to (2.2) on D,,.

Step 3: It remains to extend the solution to the whole domain R?. We already know
that for each = € R? there is an ny € IN such that for all n > ng, € D,. The sequence
of stopping times (P~ = inf{t > 0|X;"" ¢ D, } is increasing in n and thus we may define
f := lim,, 00 ¢P~. From Step 2 we know that for all such n > ny a unique local solution

X™m Q% [0,¢P") — R
exists. Clearly, for ny,ny > 0, n; # ny we have
XPM = X2 e [0,¢Pm AP as.
Therefore, define
X7 (w) = X™M(w)  fort < (P,

which is our unique maximal local solution.
O

We proved existence and uniqueness of a unique maximal local solution of system
(2.2) under Assumptions 2.4 and 2.5. Naturally, by imposing stronger conditions on the
coefficients we can show the corresponding global result.

Theorem 3.3. Let Assumptions 2.4 and 2.5 be fulfilled. Additionally, let o be globally
Lipschitz and let ;. satisfy a linear growth condition, i.e., |u(z)|| < D1 + Dsl|z|| for
constants Dy, Dy > 0.

Then there exists a unique global solution to (2.2).
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Proof. For the unique maximal local solution X we need to show that
P ( limsup || X,[|* = o0; ¢ <00 | =0
t—(

for all stopping times ¢. Now, let ¢ be a stopping time with P({ < o) > 0. Furthermore,
let (T),)n>0 be the sequence of stopping times defined by

T, = inf {t >0 X, > n} :
and let

tAT, tATy
X :x0+/ ,LL(XZ") ds+/ U(XST") dWs .
0 0

For T > 0 large enough such that P({ < T') > 0 we consider

2
E <sup HX;T” )
t<T
tATy, 2 tATy, 2
<E <||x0||2) +E | sup / p(XI) ds +E | sup / o (XI) dw
t<T 0 t<T 0

=: Fy + Ey + Es.

Let Dy, D5 be as above.

ATy,
Es §E<sup(t/\Tn)/ | (xI)
t<T 0

o)

tAT, 9
<E <sup (t/\Tn)/ (D1 + Dy || X)) d5>
0

t<T
2) dt .

T
<2D3T? 4 2TD3 / E <sup (| x T
0 s<t

By Doob’s £2-inequality and Itd’s isometry we get

2 2
d T d d

d T
B3 <4E Z / Zai.j(Xgn)dW§ =4ZE / ZUU(XZ") ds
i=1 0 j

i=1 0 =1 i=1
2
> dt

d T d T
<4d) E /O S oy(XI)2ds | <OT + CQLQ/O E (HXtT
i=1 j=1

2) dt,

where C1,C5 are constants independent of n and L is the maximum of all appearing
Lipschitz constants. Thus, we have

T
<CiT + CQL2/ E (sup ||XZ
0 s<t

T
By + By + B < ||lzo||” + 2D?T? + C\T + (2T'D3 + C,L?) / E <supHXST”H2> dt
0 s<t
2> dt .
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Therefore,
7, ||? r T, |2
X/ ) < A(T)+B(T)/ E (SupHXS”H ) dt
0 s<t

vT* <T. We can directly apply Gronwall’s inequality and get

E (sup

t<T*

E (sup XtT"

t<T*

2 *
) < AT)ePDT" ypand VT* < T.
Sending n — oo we arrive at
E <sup |Xt|2> < C(T) < oo.
t<T

Since the above expectation is finite for each 7', we can conclude
P ( limsup | X;||> = 00; ¢ < oo | = lim P [ limsup || X;||* = 00; ¢ < T
t—¢ T—oo t—¢

= lim P <limsup||Xt||2 = oo’g < T) P((<T)=0.
T—o0 t*)C
O

As a generalization we would like to allow discontinuities not only along {z; = 0},
but also along some sufficiently regular hypersurface {z € R?: f(z) = 0}. We consider
the system

dXe = p(f(Xe), X2, ..., XH)dt + o(X;) dW; (3.1)

XO = Zg.
Assumption 3.4. We assume the following for the coefficients of (3.1).
(i) 0;; € CL3(R x RI7Y), fori,j=1,...,d,
(i) f € C3°(R x R41), and \%| >0,
(iii) for some constant ¢ and for all x € R®
IVf(z) o(@)]* = ¢>0.

Remark 3.5. One may notice that item (iii) replaces the item (iii) from Assumption 2.4.
Item (iii) has a nice geometric interpretation: the diffusion component must not be
parallel to the surface where the drift is discontinuous.

Now we have a look at the transformation U; = f(X;). Due to our assumptions and
[11, Theorem 9.24], for any x( there exists a function e € C%°(R x R?~!) such that

e(f('r)7x25"'a'rd):xla
fle(u,xa,...,xq), T2, ..., Tq) = u.
We define
4 Of 1 & 02 f
lul(uax27"'7xd) - ;Nl(ua IQa'”?xd)awi + 92 ijzl(a'a )l] axlaxj )

fi(u, o, ..., xq) = pi(u, xa, ..., xq), 1=2,...,d,
d
_ of )
01j(u,x27...7$d): E 0'”87’ ]:1,...7d7
i=1 v

5ij(u,x2,...,xd):0ij, Z:2,...,d;j:17...,d,
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where all missing arguments are (e(u, 2, ...,Zq), T2, ..., Tq)-
This leads to the system

(AU, dX2, ..., dXH T = p(Uy, X2, ..., XDdt +6(Us, X2, ..., X)dWy (3.2)

(Uo, X2,..., X3) = (u, w2, ...,2q) = (f(x),72,...,74).

Theorem 3.6. Let system (3.1) fulfill Assumptions 2.5 and 3.4. Then (3.1) has a unique
maximal local solution. If, in addition, ¢ is globally Lipschitz and ji satisfies linear growth,
then (3.1) has a unique global solution.

Proof. Note that for the transformed system (3.2) our original assumptions on the
coefficients are fulfilled. Therefore, X = ¢(U, X2,..., X?) is the unique local solution to
(3.2). Furthermore, we can apply Theorem 3.2 and get that system (3.2) has a unique
maximal local solution. The remaining assertion follows immediately from Theorem
3.3. O

Remark 3.7. While in Veretennikov [14] only those components of the drift are allowed
to be discontinuous, the related part of the diffusion of which is uniformly elliptic,
our result allows all drift components to be discontinuous along a sufficiently smooth
hypersurface. Furthermore, in [14] all coefficients need to be bounded, which is not
required herein. Instead however, we require more smoothness of the coefficients.

The proof of the main result from [14] relies on highly evolved methods from the literature
on PDEs. Concretely, in [14] first weak existence is proven and then pathwise uniqueness.
In contrast to that our proof is more direct.

4 Examples

At this point we return to the initially cited problem from [6], which originates from
stochastic optimal control in mathematical finance.

Example 4.1. In [6] the question arises whether the system

ax} = (X2 = Kkl ) dt+odWy,
(4.1)
1
dX}? = — (0 — X2) (X} — 6,)dW},
g

where o > 0, and 6y, 65 are constants with 6; < Xf < 6y for ¢t > 0, has a solution. The
motivation of system (4.1) is as follows. X! originally corresponds to a dividend paying
firm value process of a company which is described by a Brownian motion with drift.
Since the drift is assumed to be unobservable, it is replaced by its estimator, which by
an application of filtering theory is given by the process X?2. The dividend payments are
governed by the threshold function b such that whenever X} > b(X?), dividends are paid
at a constant rate &.

If f(z,y) = x — b(y) fulfills items (ii) and (iii) of Assumption 3.4, all conditions on the
coefficients are fulfilled. Thus, applying Theorem 3.6 implies the existence of a unique
global solution of (4.1).

Now we complete the counterexample mentioned in the introduction: if the crucial
condition (oo )11 (x) > ¢ > 0 is violated, then there is no solution.

Example 4.2. There is no measurable function X satisfying the differential equation

%= [ (5 -5t ) as.

Xo=0.
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Proof. Suppose such an X would indeed exist. Since sgn(X,) is bounded, fot sgn(X,) ds
is continuous and therefore X is continuous.

Let ¢ > 0. X cannot be positive on (0,¢), since then the integrand would equal —%

on (0,¢) and thus X, = X; — [ 3ds = X; — =5t. From this we get X; = X, + 5t > &1,

thus contradicting the continuity of X in ¢ = 0.

Now suppose there was ¢; > 0 with X;, > 0. Then the set A = {t € [0,#;] : X; = 0} is
non-empty and bounded from above. Set ¢, := sup A. From the continuity of X it follows
that Xto = 0 and hence ¢ty < t;. Thus Xt = f(t_to defines a solution of (1.3) with Xo =0
and Xt > 0 on (0,t; — tp). But we have already ruled out the existence of such a solution.

Thus X can never be positive and, by analogous arguments, X can never be negative.
But neither can we have for ¢ > 0 that X, = 0 for all ¢ € (0, ¢), since that would imply

Xy = [{(L —sgn(0))ds = £ #0. O
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