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Abstract

In this paper we present a recurrence criterion for the frog model on Z? with an i.i.d.
initial configuration of sleeping frogs and such that the underlying random walk has a
drift to the right.
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1 Introduction

The frog model is a certain model of interacting random walks on a graph. Imagine
a graph G = (V, E) with a distinguished vertex z, € V, called the origin. At time 0,
there is exactly one active frog at 2y and on each vertex x € V' \ {zo} there is a number
Ne € Zy := 7N [0,00) of sleeping frogs. The frog at 2, now starts a nearest-neighbour
random walk on the graph G. If it hits a vertex « with 7, > 0 sleeping frogs, they all
become active at once and start performing nearest-neighbour random walks, indepen-
dently of each other and of the original frog. More generally, each time an active frogs
hits a vertex x € V with n, > 0 sleeping frogs, they all become active at once and start
nearest-neighbour random walks, independently of each other and of all other frogs. In
this description, the transition function of the underlying random walk is supposed to
be the same for all frogs. The frog model is called recurrent, if the probability that the
origin x is visited infinitely often equals 1, otherwise the model is called transient. The
frog model with V = Z¢, E the set of nearest-neighbour edges on Z¢, x( := 0, 1, = 1 for
each x € Z*\ {0} and the underlying random walk being simple random walk (SRW) on
7* was studied by Telcs and Wormald [6]. They showed in particular that the frog model
is recurrent for each dimension d. This result was refined by Popov [4], who considered
frogs in a random environment. More precisely, he considered the situation, where there
is, for each 2 € Z% \ {0}, originally one sleeping frog at = with probability p(z) and no
frog with probability 1 — p(x), independently of all other vertices, and found the exact
rate of decay for the function p(x) to distinguish transience from recurrence. Another
modification of the model is to consider the frog model with death, allowing activated
particles to disappear after a random, e.g. geometric, lifetime. Such a model, also
with a random initial configuration of sleeping frogs, was analyzed by [1] who proved
phase transition results for both survival and recurrence of the particle system using
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a slightly different definition of recurrence. Note that the frog model on Z¢ (without
death and) with SRW is trivially recurrent for d = 1, 2, due to Pélya’s theorem. Thus, in
[3] Gantert and Schmidt considered the frog model on Z with the underlying random
walk having a drift to the right. They considered both fixed and i.i.d. random initial
configurations (nx):peZ\{O} of sleeping frogs and derived precise criteria to separate
transience from recurrence. In the case of an i.i.d. initial configuration of sleeping frogs
they also proved a 0 — 1 law, which says that the probability of infinitely many returns to
0 equals 1, if E[log™ (n:)] = oo, and equals 0, otherwise, independently of the concrete
value of the drift. The purpose of the present note is to prove that the frog model on Z¢,
d > 2, with an i.i.d. initial configuration of sleeping frogs is recurrent, whenever the
distribution giving the number of sleeping frogs per site is heavy-tailed enough. The
paper is structured as follows: In Section 2 we give a precise description of the model
we consider and state our main theorem, Theorem 2.1. In Section 3 we give the proof of
Theorem 2.1 and finally, in Section 4 we give proofs of two auxiliary lemmas, which we
need in Section 3 in order to prove Theorem 2.1.

Acknowledgments. We would like to thank Silke Rolles and Nina Gantert for useful
discussion und comments.

2 Setting and main theorem

As mentioned above, we consider recurrence of the frog model on 7% with an i.i.d.
initial configuration and such that the underlying random walk has a drift to the right.
We denote by S the set of all possible initial configurations of sleeping frogs, i.e.

Z4\{0
S :={n= (N2)seza\jo} € ZY M }}-
Further, we denote by p the transition function of the underlying nearest-neighbour
random walk. Thus, letting £ := {£e; : 1 < j < d}, where e; denotes the j-th standard

basis vector in R%, j = 1,...,d, we assume that p : Z? — [0, 00) is a function such that
> ple)=1
ecé

and p(z) = 0 for all z € Z? \ €. In order to make the random walk irreducible, we will
further assume that 0 < p(e) < 1 holds for all e € £. Additionally, we will abuse notation
to write p(z,y) := p(y — x) also for the corresponding transition matrix. Since we assume
that the underlying random walk has a drift to the right, we suppose that there is an
a € (0,1) such that

m = Zp(e)e:ael. (2.1)

ecé

Since the transition function p will be kept fixed throughout, we omit it from the notation.
For a fixed n € S we denote by P, a probability measure on a suitable measurable
space (2, F), which describes the evolution of the frog model with initial configuration
n and underlying random walk given by the transition function p as described in the
introduction. We refrain from giving a mathematical construction of the frog model
with respect to n but refer the interested reader to [5]. Now, let p be a probabil-
ity distribution on (Z,,P(Z.)) and let IP,, be the corresponding product measure on
(Zfd\{o},P(ZJr)@Zd\{O}), ie. P, = p®Z\MO} | The corresponding expectation operator
will be denoted by IE,,. Finally, we denote by P the IP,,-mixture of the measures P,, i.e.

P(4) = /sz\m Py(A)P,(d), A€ F. (2.2)
+
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Thus, the measure P describes the evolution of the frog model with respect to a random
i.i.d. initial configuration n. From (2.2) we can make the following easy but important
observation:
An event A € F holds P-a.s. if and only if it holds P,-a.s. forP,-a.a. n € S.

With this notation at hand, we are ready to state the main result of this note:

Theorem 2.1. If additionally to the above assumptions, the distribution u is such that
a+1 d+1

E, [log+(nx)%] =30 log(j)“*" pu(j) = oo, then the frog model with drift to the right

and i.i.d. initial configuration n ~ IP,, is recurrent, i.e.

P(0 is visited infinitely often ) = 1.

Remark 2.2. (a) If d = 1, Theorem 2.1 reduces to one of the results by Gantert and
Schmidt [3] that the frog model is recurrent, if IE,[log™ (11)] = +oo.

(b) Thanks to discussion with Serguei Popov we believe that for the frog model on 74,
d > 2, with an i.i.d. initial configuration of sleeping frogs, in general, the question
of transience and recurrence depends on the concrete value of the drift, unless
the distribution of n is heavy-tailed enough, as in the situation of Theorem 2.1.
Establishing a phase transition result for recurrence and transience for distributions
of n with lighter tails is part of a follow-up project.

3 Proof of Theorem 2.1

First, we need to fix some more notation. Fix an integer o > 1, which is further
specified later on and forn € N = {1,2,...} let

3
F, = {:z: €2':Za’ <2y < a®*? and |r;] < o” for j = 2,...,d}. (3.1)

Furthermore, for z,y € Z¢ we denote by f(z,y) the probability that the underlying
random walk ever hits y, if it starts at z. Thus, if we denote this random walk by (X, ),>0,
then f(x,y) = P(3n > 0: X,, = y|Xo = z). If we choose, according to our assumptions,
€ > 0 such that ¢ < p(+e) < 1 — ¢ holds for each e € £, then we have the following lower
bound for the probabilities f(z,y):

f(z,y) > el forallz,yecz, (3.2)

where we denote by |z| := maxi<;<q|z;| the maximum norm of a vector

r = (z1,...,74) € R% This follows from the fact that one can get from z to y in at most
d|ly — x| steps. If y lies to the right of z, then one can do better. More precisely, we have
the following bound.

Lemma 3.1. For each finite constant v > 0, there exists a constant ¢; = ¢1(y,p) > 0
such that for all z,y € Z¢ with y; > 1 and |y; — ;| < v/y1 — 21, j = 2,...,d, we have

C1

f(x7y) Z d—1 *

(1 —21) 7

A sketch of the proof of Lemma 3.1 is given in Section 4. The following lemma about
the behaviour of maxima of nonnegative i.i.d. random variables is one of the cornerstones
of the proof of Theorem 2.1. Throughout, we denote by |A| the cardinality of the set A.

Lemma 3.2. Let r > 0 be a finite constant, J be a countably infinite index set and let
(Y;);es be a sequence of nonnegative i.i.d. random variables such that E[log™ (Y;)"] = oo.
Furthermore, let (L;);ew be a sequence of pairwise disjoint subsets of J such that
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L :==|L;| > 23" holds for each i € IN, where ¢y, c3 > 0 and 3 > 1 are constants (Here, 3
needs not necessarily be an integer). For i € IN define

M; := maxYj. (3.3)
JEL;

Then, for each finite constant ¢ > 0 it holds that
P(M; > exp(cﬂ%i) for infinitely many i € N) = 1. (3.4)

The proof of Lemma 3.2 is given in Section 4.
Now we can proceed to the proof of Theorem 2.1, which uses a technique from [4].
Choose the positive integer « such that

a> max(S, é) (3.5)

where c; is the constant from Lemma 3.1. Further, we define
Vii={2zecZ: |z|<a®™}, neN. (3.6)

Let us repeat the following important observation from [4]: For recurrence of the frog
model, everything that matters is the trajectories of the activated frogs. The actual
moment that a certain frog gets activated is unimportant. Thus, if we know that a certain
frog starting from vertex = € Z? will sooner or later be at vertex y, we will say that the
frogs at vertex y are activated by a frog from z, even if it is not the first frog to visit
vertex y. We will call a vertex = € Z? active if at least one active frog ever visits z.

Fix k € IN with k > 2 and define the event

Ay = {at a certain moment and at some vertex z € Vi \ V1 at least

od+ D (k=1) frogs get activated by the initial frog starting from the origin} .

In the following, we will implicitly be conditioning on the event A;. Note that the event
A only depends on the randomness coming from the path of the initial frog and from
the values of the 7,, where = € V. Define

By :={xr} Do:=10. (3.7)
We will try to construct inductively sets D; C Fj4,_1, ¢ € IN, such that with
Bi = Fyi-1\ D;
the following hold: We have
D = QD G+E=1) o1 B;| > (1) (i+k—1) (3.8)

and all the sites in D, are visited by frogs starting from B;_i, ¢ € IN. Furthermore,
denoting for each ¢ € IN and y € Fj4;_1 by (y, the indicator of the following event

{at least one active frog starting from B;_; eventually visits y},

we require that

Z Cyny > a(d+1)(z’+k—1) (3.9)
YyEB;

holds for each ¢ € IN. Note that by the definition of the sets F;, in (3.1) we have

= -
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and hence, since o2 > 4, we get
5
|F| > izd—la"““l) (3.11)

and
‘Fn‘ S 3d71a2an(d+l) S ad+1an(d+l) . (312)

Note that by (3.11) forall: € IN
|Fya 1] — 200061 > (@1 +k—1) (g2d—1 _ 2) S 0.

Thus, in principle, there are enough vertices in Fj;_; to form disjoint sets B; and D; as
required. The next thing to do is prove that, in fact, with high enough probability enough
vertices in Fy;_; are visited by frogs starting from B;_; and also that the number of
activated frogs is large enough for (3.9) to occur. Suppose that for 0 < 5 < the sets B;
and D; have already been succesfully constructed. We will soon be more precise about
what this exactly means. For i € Z, we define events G, ;, G, 2 and G; as follows: Let

Gin =Gl = 3 ¢, > 220000 5 (3.13)

YEFk+i

If G;; happens than we can construct the set D;;; by choosing exactly ald+1)(i+k)
vertices from Fj; that are visited by frogs starting from B, according to (3.13) and let
Bi+1 = Fk+i \Di-i-l' Then, we define

Gin:=G =8 3 ¢ny > @RS and Gy =G =Gi1NGia.  (3.14)

YEB; 11

We will call the ith inductive step succesful if G; happens (given that

Ag,Go,...,G;_1 happen). As just explained, in this case it is possible to form subsets
Bit1,D;41 of Fy; with all the desired properties. In what follows we will implicitly be
conditioning on the event A NGy N ... N G;_1 but will suppress this from the formulas
for ease of notation. Also, for the computations which follow the following remark from
[4] will be crucial: Suppose that there are disjoint subsets A, B C 7% and we know that
for each = € A there is a frog starting from a vertex y € B which activates the frogs at
vertex x. Then, all the frogs starting from A are independent, since we only allow for
interaction when an active frog is waking up a sleeping frog.

Note that foralli € Z, and all x € Fy4;_1,y € Fyx1; we have

%oﬂk“) <(yr—z1) < a2(kFitl) (3.15)
Lemma 3.3. Under the above assumptions and conditionally on the event A, N Gy N
...NG;_1, we have foralli € Z and all y,z € Fj,y;:

E[(y] > 1 —exp(—2) (3.16)
Var(¢,) < 1 (3.17)
Cov((y, ¢:) < exp(—aFT2071) < exp(—iak~?) (3.18)

Proof of Lemma 3.3. By the above remark we have

ElG]=P(G=1)=1-P(¢,=0=1- T[] (1 - f(z,9)"" (3.19)

zeB;
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Now, from Lemma 3.1, (3.15) and the fact that (3.9) holds since we are conditioning on
G,;_1, we obtain

IT = sey)™ < ]I (1_(@“)

r€B; r€B; Y1 — xl) 2
@+ 1) (ki—1)

< (1 —a” 2<k+z‘+21)(d71>)
QA+ (kti=1)
— (1 _ Cla—(kﬂﬂ)(dﬂ)) , (3.20)
By the inequality
(1 —2)Y <exp(—zy) (3.21)

valid for all z € (0,1) and y > 0, we have

(k@) a(d+D(k+i-1)
(ki _
(1 — o ) < exp (—01 a(dl)(kJril))

< eXp(—c1a2(k+i_1)) . (3.22)
Now, using k£ > 2, ¢ > 0 and a > 1/¢; we conclude from (3.19), (3.20) and (3.22) that
E[G,) > 1 - exp(-2),

proving (3.16). Since 0 < ¢, <1 (3.17) is trivially true. To prove (3.18), note that

COV(nyCz) = COV(l - <y7 1- Cz) = P(Cy =(, = 0) - P(Cy = O)P(Cz = O)
< P(¢ =0) < exp(—c;a®F 1) (3.23)

from (3.22). Using o* > a > 1/c; and o > i we obtain (3.18).

The next lemma gives an upper bound on the probability that the event G; ; does not
happen (conditionally on the event A,y NGy N...NG;_1).

Lemma 3.4. There is a finite constant c4 = ¢4(a, d) > 0, which is independent of k, such
that for all: € IN

PG =P X <200 | < oy(a- 40 1 exp(—iak2))
YEF k4

and

P =P | 3 ¢ < 20tk S04(a—k<al+1>JFGXp(_aH))_ (3.24)
yEFy

Proof of Lemma 3.4. By inequalities (3.11) and (3.16) we have

5d— i
> Bl = [Fetil(1 = exp(=2)) = 527 a1 — exp(~2)). (3.25)
YEFk1i
ECP 19 (2014), paper 79. ecp.ejpecp.org
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Thus, using the simple inequality P(X < a) < P(X <) if a < b we obtain

P Z Cy<2a(d+1)(i+k)

YEFk4i
=P Z (¢y — El¢)]) < 2aD0HR) _ Z E[¢,)
YyEFKy; YEF i
o (d+1)(i+k) d—1/1 _ 0Ny
<P yg;ﬂ(ﬁy E[¢)]) < —a (22 (1 —exp(—2)) 2) (3.26)

Now note that we have

22'“(1 —exp(—2)) —2 > 5(1 —exp(=2)) —2=:¢>0 (3.27)

for all d > 1. Note that ¢ does not depend on k. Hence, by (3.27), Chebyshev’s inequality,
inequalities (3.12), (3.17) and the second inequality in (3.18) we have for each ¢ > 1.

P(G5y) < ¢ 20 200D LN™ varg) + Y Cov(¢, G

YEF 1 Y,2€F kit
y#z

< ¢ 20 2dH) (k) (ada(k+i)(d+1) 1 @2d 20kt (d+1) exp(_mk—z))

< ey (a_(k“)(dﬂ) + exp(—iak_2)) , (3.28)
where ¢, = ¢ 2a?? is also independent of k. For i = 0 we obtain the desired upper bound
(3.24) by using the first inequality in (3.18) instead of the second one.

O

Next, we aim at bounding below the conditional probability of G, » given that G, ;
happens. Note that if G; ; happens, the set B;; is well-defined and also we have

P(Gi2|Gia) 2 P(ZYj > ai) : (3.29)
j=1
where Y7,Y5,... are i.i.d. with the same distribution y as the 7, and we write a; :=

ald+tD)(k+) ;i = N, for short. This follows directly from independence and (3.8). Since
the Y; are nonnegative and have infinite mean, we know from Cramér’s theorem (see
Theorem 2.2.3 and the following Remark (c)in [2]) that with the notation S, Z =1 Y;,
n € N, we have

P(S, <n)< Qexp(fnb) ,nelN, (3.30)

where b = I(1) > 0 is the value at 1 of the Legendre-Fenchel transform 7(z) of the
cumulant generating function of Y;. That I(1) > 0 also follows from the fact that Y7 is
nonnegative and has infinite mean. From (3.29) and (3.30) we conclude that for each
i>0

P(Gi2|Gi1) = P(Sa, > a;) > 1— P(S,, <a;) > 1—2exp(—ba;)), (3.31)
where we let b := I(1) > 0. Now, using

P(G§) =1 = P(Gi) =1~ P(G2|Gia)P(Gin) = 1 = P(Gi2|Gia) (1 - P(G,))
<1- P(Gi2|Gir) + P(Gf 1)

and a; > ia®, from Lemma 3.4 and (3.31) we immediately infer the following lemma.
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Lemma 3.5. With the constant ¢y = c4(«, d) from Lemma 3.4 we have

P(GY) < 64( ~(k+i)(d+1) + exp(—ia®~ )) + 2exp(—iba¥) i€ N, (3.32)
and
P(G§) < es (@Mt exp(—a*~?) ) + 2exp(—ba*) (3.33)
Now, for = > 0, define the function
a—z(d-l—l) exp(—oﬂ”*z) oo
g(x) i==cy (1 — @ T 1o exp(—am7) + exp(—a”?) (3.34)
exp(—ba“")
2 —ba” _ 3.35
2o+ 2R o
and note that
lim g(z) =0. (3.36)
Tr—r o0

From Lemma 3.4 and the multiplication rule for conditional probabilites, we obtain that
under our initial assumption that the event A; happens we have

(ﬂG) - 1£noop(ﬂa) = lim H (1—P(G5|GoN... NGy 1))

> hrn lfzp GC‘GOQ Gi—l))

m—0o0

1=0

e}

=1-> P(G{|GoN...NGi1) =1—g(k), (3.37)
i=0
where we have used the simple inequality

[[a-p)=1->"n
i=0 i=0

valid for numbers py, . ..,pm € [0,1].

Proposition 3.6. Fix k € IN. Assume for the frog model that the i.i.d. random variables
a+1

Ne, x € Z4\ {0} satisfy E, [log+(nw)%] = co. Then, if the event A, happens and, thus,

By can be constructed as in (3.7), we have

P(O is visited infinitely often | ﬂ Gi> =1

i=0
Proof of Proposition 3.6. First note that, if £ > 1 is fixed, the sets DZ, 1 € NN, satisfy
D; C Fy.;_1 and, hence, we have D, NV}, = () and also D; N |J, ez, Bi = = () for each

1 € IN. The event A, does not depend on the values of the random Varlables N, for x ¢ Vk.
Furthermore, the event )., G; only depends on the 7, such that z € A, U, €Z+
Thus, after conditioning on Ak and on(),cz, Gj, by independence, we still have the ii d.
property for the 7,, where z € | Di. This will allow us to apply Lemma 3.2 below.
D;, by (3.2) we have

i€Z
Note that for each fixed configuration 7,, = € |,

1€EZ 4
0 > d|z| > da2k+2i
> Y s —ZZM Z D e
i=1z€D; i=1 zeD;
o0
> Z (3.38)
ECP 19 (2014), paper 79. ecp.ejpecp.org
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where § := ™ € (0,1) and M; := max,ep, 2, © € IN. Fori € N let
I := |D;| = aF=D(d+D)qid+1)  Then, by using Lemma 3.2 with L; := D;, ¢ := —log¥,
co = aF=DE+Y oy = d + 1, r = 2L and B = a we obtain that P,,-a.s.

M; > exp(ca®) for infinitely many i € IN. (3.39)

Hence, P,-a.s., there is a strictly increasing sequence (i,,)men Of positive integers such
that forallm € IN
M;,, > exp(ca®™). (3.40)

Thus, from (3.38) and (3.40) we have P,-a.s.

i=1 z€D; m=1 m=1

M

1=o00. (3.41)
1

<

n

By construction, for each i € IN, the frogs in D; get activated by frogs starting from B;_;.
Hence, by the remark before Lemma 3.3, all frogs in | J;-, D; are independent. Hence,
from (3.41) and the second Borel-Cantelli lemma we conclude that PP,-a.s.

P, (() is visited infinitely often | ") Gl-) =1.

i=0
Thus, also
o0
P(O is visited infinitely often | ﬂ Gi> =1,
i=0
as claimed.
O
Now, note that from (3.37) and Proposition 3.6 we have
P(O is visited infinitely often ) > P(O is visited infinitely often ] ﬂ Gi)P(ﬂ Gi)
i=0 i=0
>1—g(k). (3.42)

Since limy_,o g(k) = 0 by (3.42) the proof of Theorem 2.1 will be completed, if we can
show that P-a.s. the event Ay happens for arbitrarily large k£ € IN. This is guaranteed by
the following lemma.

Lemma 3.7. We have
P <lim sup Ak> =1.

k— o0
Proof of Lemma 3.7. Denote by 7 the path of the initial frog starting from the origin.
By the properties of the underlying random walk, clearly, = contains infinitely many
different vertices. We are going to use Lemma 3.2 with J =7, Y, = n,, x € 7, and
r = (d+ 1)/2. The pairwise disjoint sets L;, ¢ € IN, are constructed inductively as follows:
Let L; contain the first o — 1 pairwise different vertices in 7 \ {0}. Clearly, L; C V;. If
L;_; for i > 2 has already been constructed, let L; contain exactly the next o’ — o?*~2
vertices in 7, which are not contained in V;_;. Then, L; C V; \ V;_;. Note that the sets L;

satisfy I; := |L;| > c2a?’, where ¢, = 1 — o~ 2. Hence, from Lemma 3.2 (with cz3 =2, c =1,
B =a and r = (d + 1)/2) we conclude that P ,-a.s.
M; = maLX Ny > eXp(adAlTil) infinitely often. (3.43)
xel;
ECP 19 (2014), paper 79. ecp.ejpecp.org
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In particular, P,-a.s. for each kg € IN there exists a k > k¢ such that
M, > a(szl)(dJrl)?

implying that P-a.s. the event A, happens for arbitrarily large values of k.

4 Proofs of auxiliary lemmas

This section is devoted to the proofs of Lemmas 3.2 and 3.1. In order to prove Lemma
3.2 we need some facts about the behaviour of the maxima of nonnegative i.i.d. random
variables, some of which rely on the following simple lemma on real sequences:

Lemma 4.1. Let u : [0,00) — [0,00) be an increasing and invertible function and let
(yn)new be a sequence of numbers in the interval [a, 00). Forn € IN let m,, := maxi<j<p y;.
Then, the following two conditions are equivalent:

(i) my > u~t(n) for infinitely many n € IN
(ii) y, > u~!(n) for infinitely many n € IN
Proof of Lemma 4.1. Of course, (ii) trivially implies (i). So let us prove the converse. Let
ng :=inf{n € N : m,, >u"*(n)}.

By (i) no is finite and m,,, = y,,. Hence, there is an n € N such that y,, > v~ (n). It thus
suffices to show that for each n; € N with y,,, > u~!(n;) there is a further ny > n; such
that y,,, > u~1(n2). Since u~! is unbounded, there is a k € IN such that v~ (k) > y,,. By
(i) there is an n > k such that

My > ufl(n) > ufl(k') > YUng s

since u~ ! is also increasing. Now, choose ny € {k + 1,...,n} minimal such that m,,, >
u~1(n). Then, m,,_1 < u~!(n) and

uil(n2) < uil(n) < Mp, = max(mnl—la yng) = Ynsy

since m,, 1 < u~1(n).

For a sequence (Y;);en of nonnegative random variables and n € IN we define

M) := max Y;. 4.1)

1<j<n

Lemma 4.2. Let (Y;);cn be an i.i.d. sequence of nonnegative random variables and let
u: [0,00) — [0,00) be an increasing and invertible function.

(a) If E[u(Y1)] < oo, then P(M], < u~'(n) eventually ) = 1.
(b) If E[u(Y1)] = oo, then P(M], > u~!(n) infinitely often ) = 1.

Proof. We first prove (a). Since the Y,, are identically distributed and also v~ ! is increas-
ing, we have

S PYazuTl(n) =D P(Vi=u "l (n) < / P(Yy > u™(2))dx
n=1 n=1 0
= / P(u(Y1) > z)dz = Elu(Y1)] < o0
0
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From the first Borel-Cantelli lemma we conclude that P(Y,, > v~!(n) infinitely often ) = 0
and from Lemma 4.1 we obtain P(M/, > u~!(n) infinitely often ) = 0, which is equivalent
to the assertion.

Now, we turn to the proof of (b). By assumption we have

oo oo oo
ZP(Yn >ut(n)) = ZP(Yl >u"t(n)) > / P(Y1 > u !(x))dx
n=0 n=0 0
= Eu(Y1)] = 0.
By independence, the second Borel-Cantelli lemma implies that
P(M], > v !(n) infinitely often ) > P(Y,, > u~'(n) infinitely often ) = 1.
O

Corollary 4.3. Let (Y;);en be an i.i.d. sequence of nonnegative random variables and
letr > 0.

(a) If E[log*(Y1)"] < oo, then for all constants ¢, L > 0

P( max Y; < exp(cL'"n) eventually) =1.
1<i< | Ln|

(b) If E[log™ (Y1)"] = oo, then for every constant ¢ > 0

P(M,’L > exp(en'/") infinitely often) =1.

(c) If E[log™ (Y1)"] = oo, then for every constant ¢ > 0 and every non-decreasing se-
quence (s;);en of positive integers such that lim;_, s; = co and inf;>5 2= > 0

s

P(MS/ > exp(cs;'/") for infinitely many z) =1.

Proof. (a) follows from Lemma 4.2 (a) by choosing u(z) = (log™(2)/c)” and noting that
M], < exp(cn!/™) eventually implies max; <;<| 7, ¥; < exp(cL'/"n) eventually. Similarly,
(b) follows from Lemma 4.2 (b). To prove (c) choose a set G with P(G) = 1 according to
(b) such that for all w € G there exists a strictly increasing sequence (n)xecn (depending
on w) with

M) (w) > exp(én,lc/r)for allk € IN,

Nk
where ¢ := c(inf;>9 si—1/s;)"'/" < oo by the assumptions on the sequence (8i)ien. Then,
for each w € G and for infinitely many values of i € IN there is a £k = k; such that
si—1 < ng < s;. The claim now follows from the chain of inequalities

M (w) > My, (w) > exp(éni/r) > exp(s:/ré(si;l)l/r) > exp(csil/r) .

8;
O
Proof of Lemma 3.2. For i € IN define
M} := max Y; =maxM;. (4.2)
j€Up<; L k<i
Note that by disjointness of the sets L; we have for the cardinality of | J, <i L
: : Cgk} C3 ﬂcgi B ]' ~ Cgi
’UL,L’:ZZ]CZZCQE :Cgﬁ WZ(CB —|::Sl‘, (43)
k<i k=1 k=1
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where ¢ > 0 is a constant depending only on ¢z, c3 and 3. Hence, for each i € IN, M is
stochastically larger than M from Corollary 4.3 (c) and the integer sequence (s;)icn
satisfies the above assumptions. In particular, we have

P(M; > exp(c's;"/") for infinitely many i) = 1 (4.4)
for each finite constant ¢’ > 0. This immediately implies that

P(Mz* > exp(cﬂ%i) for infinitely many z) =1 (4.5)
for each finite constant ¢ > 0. Now using

M} = max My
1<k<i

loglogz—logc

the claim follows from Lemma 4.1 applied to the function u(z) = r o 1oz 7

Sketch of the proof of Lemma 3.1. First note that the probability f(x,y) is also the
probability that the continuous time random walk (CTRW)

(Xo)is0 = (X, .., x (D)

corresponding to p ever visits y if it is starting at z. The benefit of working in continuous
time here is that for CTRW the coordinates are independent, which is not true for
discrete time random walks. Because of (2.1), letting 7 := inf{t > 0 : Xt(l) =y}, we
know that P, (7 < oo) = 1. Furthermore,

flz,y) = PI(EIt >0: X :y) > Pz(XT =1y)

:/ Po(X, =y| 7= t)Pu(7 € di)
0
:L Po((X® . X ) = (o ya) Pa(r € d)

nal—en) @) (@)
>/ Po((X75 0 X7) = (y2, -+, ya)) Pe (7 € dt) (4.6)
8

(i)

where 0 < 1 < 72 < oo are chosen such that P, (vi(y1 — 1) < 7 < 72(y1 — 21)) > 1/2.
Now, since |(y2 — @2, ...,ya — zq)| < ¥v/y1 — 1, by the local CLT for continuous time
random walks there is a universal constant ¢ > 0 such that

c
Px((Xt(Q)aaXt(d)):(y%7yd)) 2 tdi (47)
2
for all t > v1(y1 — z1). Thus, from (4.6) and (4.7) we get
¢ Y2 (y1—x1)
fy) > = [ P.(r € di)
(72(3/1 - $1))T Y1 (y1—x1)
> T
2(v2(y1 — 1)) =
_d=1
yielding the claim with ¢; := ¢y, °
O
ECP 19 (2014), paper 79. ecp.ejpecp.org

Page 12/13


http://dx.doi.org/10.1214/ECP.v19-3740
http://ecp.ejpecp.org/

Recurrence for the frog model with drift on Z¢

References

[1] O. S. M. Alves, F. P. Machado, and S. Yu. Popov, Phase transition for the frog model, Electron. J.
Probab. 7 (2002), no. 16, 21. MR-1943889

[2] A. Dembo and O. Zeitouni, Large deviations techniques and applications, Stochastic Modelling
and Applied Probability, vol. 38, Springer-Verlag, Berlin, 2010, Corrected reprint of the second
(1998) edition. MR-2571413

[3] N. Gantert and P. Schmidt, Recurrence for the frog model with drift on Z, Markov Process.
Related Fields 15 (2009), no. 1, 51-58. MR-2509423

[4] S. Yu. Popov, Frogs in random environment, J. Statist. Phys. 102 (2001), no. 1-2, 191-201.
MR-1819703

, Frogs and some other interacting random walks models, Discrete random walks (Paris,

2003), Discrete Math. Theor. Comput. Sci. Proc., AC, Assoc. Discrete Math. Theor. Comput.

Sci., Nancy, 2003, pp. 277-288 (electronic). MR-2042394

[6] A. Telcs and N. C. Wormald, Branching and tree indexed random walks on fractals, J. Appl.
Probab. 36 (1999), no. 4, 999-1011. MR-1742145

[5]

ECP 19 (2014), paper 79. ecp.ejpecp.org
Page 13/13


http://www.ams.org/mathscinet-getitem?mr=1943889
http://www.ams.org/mathscinet-getitem?mr=2571413
http://www.ams.org/mathscinet-getitem?mr=2509423
http://www.ams.org/mathscinet-getitem?mr=1819703
http://www.ams.org/mathscinet-getitem?mr=2042394
http://www.ams.org/mathscinet-getitem?mr=1742145
http://dx.doi.org/10.1214/ECP.v19-3740
http://ecp.ejpecp.org/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

Free for authors, free for readers

Quick publication (no backlog)

Low cost, based on free software (OJS?)

Non profit, sponsored by IMS?, BS?, PKP*
Purely electronic and secure (LOCKSS®)

Donate to the IMS open access fund® (click here to donate!)

e Submit your best articles to EJP-ECP

e Choose EJP-ECP over for-profit journals

10JS: Open Journal Systems http://pkp.sfu.ca/ojs/

2IMS: Institute of Mathematical Statistics http://www.imstat.org/

3BS: Bernoulli Society http://www.bernoulli-society.org/

4PK: Public Knowledge Project http://pkp.sfu.ca/

SLOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

SIMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/Open_Journal_Systems
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
http://en.wikipedia.org/wiki/Public_Knowledge_Project
http://en.wikipedia.org/wiki/LOCKSS
https://secure.imstat.org/secure/orders/donations.asp
http://pkp.sfu.ca/ojs/
http://www.imstat.org/
http://www.bernoulli-society.org/
http://pkp.sfu.ca/
http://www.lockss.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Setting and main theorem
	Proof of Theorem 2.1
	Proofs of auxiliary lemmas
	References

