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Abstract

In this paper we prove the uniqueness of solutions to degenerate Fokker-Planck
equations with bounded coefficients, under the additional assumptions that the dif-
fusion coefficient has W;"? regularity, while the gradient of the drift coefficient is
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merely given by a singular integral.
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1 Introduction

This short note is motivated by the work of Rockner and Zhang [21], where they
proved the uniqueness of solutions to degenerate Fokker-Planck equations with bounded
coefficients, satisfying a pointwise inequality. Before going to the details, we first in-
troduce some notations. Let o : [0,7] x RY — R? ® R™ and b : [0,7] x R? — RY be
measurable functions. Define the second order differential operator

d

d m
Lig(e) = 3 3 D ot @)l @0)dse(e) + Y b@)de(r), peCR®Y, A1)

ij=1k=1 =1

where 0;¢(x) = g—a‘i(m) and 0;¢(x) = %(m), 1 < 4,j < d. We consider the Fokker—
Planck equation
Orpie = L, ptle=0 = po, (1.2)

where L7 is the adjoint operator of L;. Here is the rigorous meaning of this equation:
for any ¢ € C°(R%),
d
G | e@dn) = [ Lipta)du(a),
R¢ R4

where the initial condition means that p; weakly* converges to p as t tends to 0. If y; is
absolutely continuous with respect to the Lebesgue measure with the density function
u; for all ¢ € [0, 7], then the density function u; solves the PDE below in the weak sense:

8tut = L’{ut, ’U,|t:0 = Up. (13)
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Uniqueness of degenerate Fokker-Planck equations

We can now recall the main result of Rockner and Zhang [21]. They assume that the
coefficients o and b are bounded and for any R > 0 and a.e. x,y € B(R) := {z € R :
lz] < R},

2(x = y,be(x) = be(y)) + lloe(z) — e < (Fre(@) + fre()) |z —yl?,  (1.4)

where fr € L9([0,T] x B(R)) for some ¢ > 1. Under these conditions, they proved the
uniqueness of solutions to (1.3), in an integrability class depending on ¢, with probabil-
ity density p as the initial value ug. Their method is based on the natural connection
between Fokker-Planck equations and stochastic differential equations (SDE), see Sub-
section 2.1 for more details. We mention that (1.4) is satisfied when b; € Wllo’cq and
or € Wh?V4 with ¢ > 1 for a.e. t € [0,7], but is in general not so when ¢ = 1. Our
purpose in this work is to generalize Rockner and Zhang’s result to cover the case that
by € Wllo"cl. Indeed, by employing Bouchut and Crippa’s estimate (see Theorem 2.15 of
the current paper), we can treat more general situation where the drift coefficient b has
a gradient given by a singular integral.
Here are our assumptions on the coefficients o and b.

Assumption 1.1. Assume that

(H1) the functions ¢ and b are essentially bounded;
(H2) o € L*([0,T], Wu2(RY));
(H3) fora.e.t € (0,T) and for everyi,j =1,...,d, we have

;b = Si.(gix(t)) holds in D'(R%); (1.5)
k=1

where S; i are singular integral operators of fundamental type in R? (see Definition
2.13 for the precise meaning) and the functions g, € L'((0,T) x R?) for all i,j =
1,...,dand k =1,...,mq. In vectorial form, the above identity can be written as

9;be = Y Sjr(gjn(t)) holds in D'(R?), fora.e.te (0,T), (1.6)
k=1

in which S;;, is a vector consisting of d singular integral operators and for each
j=1,...,dand k =1,...,mo, we have g € L' ((0,T) x R, R?).

Some comments on the assumptions are in order. We assume o and b are bounded
because we shall make use of a representation formula by Figalli (see [16, Theorem
2.6] or Theorem 2.5 below), where such boundedness condition are imposed on the
coefficients. The assumption (H2) on ¢ is natural, and it has already been used in
[18, 21, 20].

The motivation for considering the condition (H3) on the drift b comes from the re-
cent developments in the DiPerna-Lions theory, especially the papers [9, 10] by Bouchut
and Crippa, where the authors established the existence and uniqueness of flows associ-
ated to such vector field b. This theory has its origin in the celebrated work of DiPerna
and Lions [13], who proved that if b is a Wﬁml vector field with bounded divergence,
then there exists a unique flow of measurable maps generated by b which leaves the
Lebesgue measure quasi-invariant. Ambrosio [1] extended the main result in [13] to
the case where the vector field has only BV spatial regularity, see [2, 3] for more de-
tails. In the recent preprint [5], Ambrosio and Trevisan developed the DiPerna-Lions
theory in a rather general setting, that is, on metric measure spaces. This theory is
indirect in the sense that the authors first established the well-posedness of the corre-
sponding first order linear PDE (transport equation or continuity equation), from which
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they deduced the results on ODE. See [4, 14] for the developments in the infinite dimen-
sional Wiener space. Crippa and De Lellis [12] obtained some a-priori estimates on the
flow in the Lagrangian formulation, which enables them to give a direct construction of
the flow (see [23, 15] for the extension to the stochastic setting). While this approach
works very well when the vector field b has Wllof regularity with p > 1, it is not so for
the case p = 1. This motivates Bouchut and Crippa to further develop the direct method
to cover the case b € T/Vlloc1 . Indeed, they are able to deal with more general vector
fields b whose gradient is given by a singular integral, cf. [10]. Remark that this family
of functions include the Sobolev space W1, but does not contain the BV class, nor is
contained in it.

We can now state the main result of this paper.

Theorem 1.2 (Uniqueness of Fokker-Planck equations). Under the assumptions (H1)-
(H3), for any given probability density function p on RY, there is at most one weak
solution u, to the Fokker-Planck equation (1.3) in the class L>([0,T], L* N L>=(R%))
with ug = p.

We recall some known results concerning the uniqueness of Fokker-Planck equa-
tions. Let P(R?) be the set of probability measures on R®. In the non-degenerate case,
it was shown in [6] that if in addition the diffusion coefficient o is Lipschitz continuous
and the drift vector field b is locally integrable and coercive, then the uniqueness holds
for (1.2) in P(R?) when the initial measure has finite entropy. On the other hand, Le
Bris and Lions [18] established the well-posedness of degenerate Fokker-Planck type
equations with coefficients fulfilling quite general Sobolev regularity, by extending the
DiPerna-Lions theory to this setting. In [20], we slightly generalize the main result in
[18] to the case where the drift b has only BV spatial regularity, in the spirit of [1].
The study of Fokker-Planck equations in the infinite dimensional setting can be found
in [7, 19]. Bogachev et al. considered in the recent paper [8] a class of second order
differential operators in divergence form, whose diffusion coefficient ¢ is written as the
product of a nonnegative function g (possibly unbounded and non-smooth) and a pos-
itive definite matrix A. They proved the uniqueness of solutions to (1.3) in a suitable
class, provided that A is bounded and Lipschitzian, and the vector field b in the drift
coefficient ,/pb is bounded too. We stress that, in Theorem 1.2, we require neither the
non-degeneracy condition nor Lipschitz continuity on ¢, and the drift b has only very
weak differentiability which is not included in the BV class.

Remark 1.3. Before finishing this section, we give the following two remarks:

(i) This paper is only concerned with the uniqueness of solutions to the Fokker-Planck
equation (1.3). To show the existence of solutions to (1.3), one usually needs
some assumptions on the divergence of the coefficients, for instance [div(b)]~ €
L([0,T], L>=(R%)). Under such conditions, one can prove some a-priori estimates
on the solution u to (1.3), see e.g. [18, Section 5.2, p.1289] for more details.

(ii) The proof of Theorem 1.2 follows the line of arguments in [21, Theorem 1.1]. A
close look at the proof reveals that this method allows us to prove the pathwise
uniqueness of solutions to SDE (2.1), once we have some a-priori estimates on the
distributions of solutions, cf. [11, Theorem 1.1].

This paper is organized as follows. In Section 2, we first recall some well known re-
sults on the connection between Fokker-Planck equations and SDEs, then we introduce
the pointwise estimate of weakly differentiable functions with gradient given by a sin-
gular integral. Finally we prove in Section 3 our main result by following the arguments
in [21, 10].
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2 Preliminary results

In this section we recall some known results which are necessary for proving our
main result.

2.1 Connection between Fokker-Planck equations and SDEs

This subsection mainly follows the beginning parts of [21, Sections 1 and 2]. We
first introduce some notations. Denote by W7 = C([0,T]; R™) the space of continuous
functions from [0,7] to R™. Let F;* be the canonical filtration generated by coordi-
nate process Wi(w) = w;, w € WJ'. We write v for the standard Wiener measure on
(W, ) so that ¢ — Wy(w) is an m-dimensional standard Brownian motion.

Given bounded measurable functions o : [0,7] x R? = R*®@ R™ and b: [0,T] x R¢ —
R?, we consider the It6 SDE

dXt = O't(Xt) th + bt(Xt) dt7 X‘t:() = Xo. (21)

Let u; be the distribution of X;. Then it is well known that, by It6’s formula, y; is a
distributional solution to the Fokker-Planck equation (1.2).

Recall that P(RY) is the set of probability measures on (R¢, B(R%)). Here are two
well known notions of solutions to (2.1) in the theory of SDEs, which are stated in detail
to fix notations.

Definition 2.1 (Martingale solution). Given uy € P(R%), a probability measure P,
on (W‘%,}'{ﬁ) is called a martingale solution to SDE (2.1) with initial distribution pg if
P, 0wy = o, and for any ¢ € CX(RY), p(w;) — p(wy) — fg’ Lop(w,)ds is an (F?)-
martingale under P, .

Definition 2.2 (Weak solution). Let ug € P(Rd). The SDE (2.1) is said to have a weak
solution with initial law p if there exist a filtered probability space (2, G, (Gt)o<i<T, P),
on which are defined a (G;)-adapted continuous process X; taking values in R? and an
m-dimensional standard (G;)-Brownian motion W;, such that X is distributed as py and
a.s.,

t t
Xt:Xo+/ aS(XS)dWS+/ bo(X,)ds, Vte[0,T).
0 0

We denote this solution by (0, G, (G)o<i<r, P; X, W).
The next result can be found in the proof of [17, Chap. IV, Theorem 1.1].

Proposition 2.3. Given two weak solutions (2", G, (Qt(i))0<t<T,P(“; XO W) i =
1,2 to SDE (2.1), having the same initial law g € P(]Rd), there exist a filtered probabil-
ity space (2, G, (G)o<i<T, P), a standard m-dimensional (G;)-Brownian motion W, and
two R¢-valued continuous (G,)-adapted processes Y9 i = 1,2, such that P(Yo(l) =
Y?) = 1 and for i = 1,2, X® and Y®) have the same distributions in W4, and
(2,6, (Gt)o<t<r, P; YD, W) is a weak solution of SDE (2.1).

The assertion below is a special case of [17, Chap. IV, Proposition 2.1].

Proposition 2.4 (Existence of martingale solution implies that of weak solution). Let
po € P(RY) and P,, be a martingale solution of SDE (2.1). Then there exists a weak
solution (2, G, (Gt)o<t<T, P; X, W) to SDE (2.1) such that Po X' = P,,.

Finally we remind the following result which is an easy consequence of Figalli’s rep-
resentation theorem (see [16, Theorem 2.6]) for solutions to the Fokker-Planck equation
(1.2).
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Theorem 2.5. Assume that ¢ and b are two bounded measurable functions. Given
wo € P(RY), let u; € P(R?) be a measure-valued solution to equation (1.2) with initial
value ;i9. Then there exists a martingale solution P,,, to SDE (2.1) with initial law pg
such that for all p € C°(RY), one has

/ () dyuy () = / () APy (w), Vit e [0,T)
R4 d

Wi

2.2 FElements from harmonic analysis and Bouchut and Crippa’s estimate

In this subsection we first recall some basic facts in harmonic analysis, and then
we introduce the pointwise estimate of Bouchut and Crippa on weakly differentiable
functions whose gradients are given by singular integrals. The main reference is [10,
Sections 2-4].

2.2.1 Weak Lebesgue spaces

Denote by £¢ the Lebesgue measure on R?, and B(R) the ball in R centered at the
origin with radius R.

Definition 2.6. Let O C R? be an open set and u a measurable function (possibly vector
valued) defined on O. For any p € [1,00), define

llln o) = sup (¥'L%({x € O : fu(@)] > A}, (2.2)

and denote by MP?(O) the totality of measurable functions u defined on O such that
[lwlllare0) < 00. MP(O) is called the weak Lebesgue space. For p = co, we set M>(0) =
L>(0O) by convention.

It is worth mentioning that M”(O) is not a Banach space, since || - [[a»(0) is not
subadditive and hence not a norm. From the simple inequality below

XLz €O |u()] > A}) < / u(@)[” do < [ullfs o),
{lul>A}
we conclude that LP(0) € M?(O) and |||ull|ar» 0y < ||ullzr(0)-
The following result (see [10, Lemma 2.2] for its proof) concerning the interpolation
between M! and MP (p > 1) is one of the key ingredient in the proof of Section 3.

Lemma 2.7. Let O C R? be a set with finite Lebesgue measure and u : O — R, a
nonnegative measurable function. Then for any p € (1, 00), it holds

p H|UH|MP(O) d 11
llzs o) < —P—llullan o [mog (c )+ )], 2.3)
O - el o
and for p = oo,
HUHLOOO
lll 0y < Mullars o) [1 1 log (”cd<0> . 2.4)
H|UH|M1(O)

2.2.2 Maximal functions

We first introduce the notion of local maximal functions. Let R > 0 and v : R — R be a
measurable function. Set for z € R¢

1
o . dy = sup ——— dy, 2.5
ru(z) oilrlng]{g@,T) lu(y)| dy oS, ZIB () /B(m) lu(y)| dy (2.5)
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where B(z,r) is the ball centered at x of radius > 0. The following properties of the
local maximal function are well known, see for instance [12, Lemmas A.2 and A.3]. In
the sequel, C with subscripts d,p and so on means it is a positive constant depending
on these parameters.

Proposition 2.8. Fixany R,p > 0. Ifu € L}, .(R%), then it holds

loc
IMeullarn By < CallullLi(BRr+p)) (2.6)
and ifu € LP (R%) with p € (1,00), then

loc
[MrullLe((o)) < CapllullLesree)- (2.7)

Moreover; if u belongs to the Sobolev space Wlloc1 (Rd), then there exist a constant Cy; > 0
and a negligible set N C R? such that for all z,y € N¢ with |z — y| < R, one has

lu(z) — u(y)| < Calz — y|(Mg|Vul(x) + Mg|Vul(y)). (2.8)

We shall also need the so-called grand maximal function which is an important tool
in the theory of Hardy spaces. Denote by L>°(R%) the space of bounded functions with
compact support.

Definition 2.9 (Grand maximal function). Given a family of functions {p®}, C L (R9)
and u € L}, (R?), we define the grand maximal function of u relative to {p®}, as

loc

M peyu(r) = supsup |(p? * u)(x)’ = sup sup
a >0 a >0

/]Rd pe(x — y)u(y) dy|, (2.9)

where p2(z) = e~ 9p*(e71z), z € RY. When the family {p*}, C C>*(R%), the space of
smooth functions with compact support, the same definition applies for distributions
u € D'(R?), more precisely,

M{,oyu(z) = supsup | (u, p2(z — -))|.
a >0

Remark 2.10. Here are two comments on the above definition.

(i) Compared to the definition (2.5) of the local maximal function, we move the abso-
lute value outside the integral sign. This allows some kind of cancellation effect
when the grand maximal function is composed with the singular integral operator,
see [10, Section 3] for more details.

(ii) Taking p*(x) = [L%(B(1))]"'1pa)(x) and replacing sup, by supy..< in (2.9), we
get the local maximal function Mru(z) defined in (2.5), except that the absolute
value is outside the integral sign.

2.2.3 Singular integral operators

We now recall some facts on singular kernels and singular integral operators, see [22,
Chap. II] for details. Let S(RY) be the Schwartz space and S’(R¢) the space of tempered
distributions.

Definition 2.11 (Singular kernel). We call K a singular kernel on R if

(i) K € 8'(R?) and its Fourier transform K € L™ (R%);
(i) the restriction K| (o) of K outside the origin belongs to L}, (R*\ {0}) and there
exists a constant A > 0 such that

/ |K(x —y) — K(z)|de < A, forally c R
{l|>2[yl}
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Theorem 2.12 (Calderén-Zygmund). Let K be a singular kernel. For u € L?(R%),
define Su = K % u in the sense of multiplication in the Fourier variable. Then for every
p € (1,00), the following strong estimate holds:

ISull ooy < Cap(A+ [ Kllz=) ull o may, € LP 0 L3R (2.10)
when p = 1, the weak estimate below holds:
IlSulllar (ray < Ca(A+ ||K || o) ullprray, w € L' N LAH(R?). (2.11)

As a direct consequence of the above theorem, for any 1 < p < oo, we can extend the
domain of S to the whole L?(R?) with values in L?(R?), and the inequality (2.10) holds
for all u € LP(R?); furthermore, S can be extended to the whole of L!(R%) with values
in M1 (R%), and the estimate (2.11) holds for all u € L*(R?). The operator S constructed
in this way is called the singular integral operator associated to the singular kernel K.

Following the terminology of [10], we introduce a special class of singular kernels.

Definition 2.13 (Singular kernel of fundamental type). We say that K is a singular
kernel of fundamental type if it possesses the following properties:

() K|ga\oy € CHRT\ {0});

(ii) there is a positive constant C such that |K (z)| < Cy/|x|? for all z # 0;
(iii) there exists a positive constant C such that |VK (z)| < Cy/|z|**! for all z # 0;
(iv) there is a constant A, > 0 such that

’/ K(x)dx| < Ay forall0 < Ry < Ry < 0.
{R1<‘£C‘<R2}

2.2.4 Bouchut and Crippa’s estimate

Now we are ready to introduce the important pointwise estimate of Bouchut and Crippa
on weakly differentiable functions whose gradient is given by a singular integral. First
of all, we present the following result (cf. [10, Theorem 3.3]) on the cancellation effect
between the singular integral and the maximal function introduced in Definition 2.9.

Theorem 2.14. Let K be a singular kernel of fundamental type as in Definition 2.13
and set Su = K % u foru € L>(RY). Let {p“},, be a family of kernels satisfying

supp(p®) C B(1) and |p®||L1we) < Q1 for every a. (2.12)

Assume that for every ¢ > 0 and every a, it holds (¢?K(e-)) x p* € C,(R?) with the
uniform norm estimate

(K (e)) = p“||cb(]Rd) < Qy foreverye >0 and every a. (2.13)
Then we have
(i) there is a dimensional constant Cy such that for all u € L' N L?(R%),
||’M{p“}(SU)H|M1(]Rd) < Ca[Q2 + Q1(Co + Cr + || K[ )] lull 11 (e, (2.14)

where Cy and C are constants in Definition 2.13;
(i) if Q3 := sup,, ||p®||L~(ra) is finite, then there exists a constant Cy dependent on d

such that
HM{pa}(Su)HLz(Rd) < C4Qs|| K || ||ull p2(ray for allu € L*(RY). (2.15)
ECP 19 (2014), paper 43. ecp.ejpecp.org
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Finally we can introduce Bouchut and Crippa’s pointwise estimate (see [10, Propo-
sition 4.2]).

Theorem 2.15. Letu € L}, (RY) and assume that for every j = 1,...,d, it holds
mo
Oju=">_Sixgjx inD'R7), (2.16)
k=1

where S}, are singular integral operators of fundamental type as in Definition 2.13 and
gjx € LY(RY) for all j = 1,...,d and k = 1,...,mq. Then there exists a nonnegative
function U € M*(R?) and a negligible set N C R? such that

lu(z) — u(y)| < |z —y|(U(z) + U(y)) foreveryz,y € R4\ N. (2.17)

Moreover, the function U is explicitly given by

3

0

d
U= Z Mipei gesa-13(Sjkgjk)s (2.18)
j=1k=1

=
Il

where the maximal function relative to a family of kernels is defined in Definition 2.9,
and the functions A%7 € C°(R%) are explicitly defined as

Ag’j(x)—h<§x)zj, cesSili=1,....d (2.19)
and the kernel h satisfies
h € C(RY), / h(y)dy =1 and supp(h) C B(1/2). (2.20)
Rd

At the beginning of the proof of [10, Proposition 4.2], it has been checked that
Theorem 2.14 now applies to the singular kernels S;; and the family of mollifiers
ASJ, since they verify the conditions (2.12) and (2.13). We would like to mention
that, in Section 3, we actually use the smooth version of the above theorem, that is,
{gjr : 1 <j<d1<k<me}C C®RYNL(RY. In this case, (2.17) holds for all
z,y € R? (cf. Step 1 of the proof of [10, Proposition 4.2]).

3 Proof of the main result

This section is devoted to the proof of Theorem 1.2, which is quite long and will be
divided into several steps.

Proof of Theorem 1.2. We follow the idea of the proof of [21, Theorem 1.1]. Let ugi),i =
1,2 be two weak solutions to (1.3) in the class L*°([0,7], L' N L>*(R%)) with the same
initial value p. Set dug(z) = p(z) dz. Then by Theorem 2.5, there exist two martingale
solutions P,S?,i = 1,2 to the SDE (2.1) with the same initial probability distribution puy,
such that for all p € C°(R9),

/ cp(x)ugi)(x)dx:/ cp(wt)dPl%)(w), 1=1,2. (3.1)
JRA \£

Applying Proposition 2.4, we obtain two weak solutions (), G ( N ocicr, PO; XD,

W®) (i = 1,2) to SDE (2.1) satisfying P() o (X®) ™" = p{ i = 1,2. Finally by Proposi-

tion 2.3, we can find a common filtered probability space (2, G, (G¢)o<i<r, P), on which
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are defined a standard m-dimensional (G;)-Brownian motion W and two continuous (G;)-
adapted processes Y () (i = 1,2), such that P(Y" = Y{*)) = 1 and Y is distributed as
P,Sf,) on WdT; moreover for ¢ = 1, 2, it holds a.s. that

v =y 4+ / bs (Y.) ds + / os(YV)dw, forallt <T.
0 0

Set Z; = Yt(l) - Yt@) and for R > 0, define the stopping time 7p = inf {t € [0,7] :
YV v |v/*| > R} with the convention that inf ) = T. Since the coefficients o and b
are bounded, it is clear that

lim 7r(w) =T almost surely. (3.2)

R—o0

Fix 6 > 0. We have by Itd’s formula that

. 2
og (|ZWR|2 . 1) _ / " 225, 0 () = s (V) + [los (67) — 0 (BT

52 0 ‘Zs|2+62
e (2, [ (V) — o, (V)] W)
= FAERE
[ [ (1) = o ()] 24
0 (125> + 62)2

Taking expectation on both sides with respect to P yields

2 tAT 1y (2)
Elog(MH)QE/ *(Zeb(R) — b ()
0

52 1 Z,|2 + 62
. 2
Y i L PR
0 |Zs[? + 62
= Il +IQ

In the sequel we shall estimate the two terms separately.

Step 1. We first deal with the simpler term I,. Choose x € C°(R¢ R, ) such that
supp(x) C B(1) and [, x(z)dz = 1. For e € (0,1) let x.(z) = e~ %x(x/e), x € R%. Define
0¢ = 0, * X.. Then by (H1), for a.e. s € [0,T], 0% € C;°(RY) for every € € (0,1). By the
triangular inequality, we have

nen [ IS0 O,
=, 2.+

tATR Ho (1)) o (1))H + H (Y(z ) - US(YS(Q))HQ (3.4)
+3IE/0 Z P+ 02 ds

= 1271 + 1272.

To estimate the first term, we shall use (2.8). Note that o is now smooth, hence the
inequality (2.8) holds without the exceptional set N. Thus

tATR
12’1530513/ [Mag| Vot (YD) + Mag| Vot (V)] ds
0

2

t
gacgm/o (Mol Vol (V)]1 0,y + (Mol V| (V)]0 oy s
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Recall that Y( 2 has the same law with Xé ), which is distributed as u( )( Ydz, i =1,2.
Consequently,

t
Iz, SC/ / (M2R|VU§|(£L'))2(U£,1)(1')+ng)(:[')) deds
B(R)
2 \ 2
<C ul® oo o / / Myg|Voe|(z))* duds
;H HL (0.T.L(®RD) | B(R)( 2R (z))

t
SC’/ / (|VU§\($))2dzds
0 JB(3R)

< C||VU||2L2([0,T],L2(B(3R+1))) < o0,

where in the third inequality we have used (2.7). Note that the bound is independent of
€ (0,1). In the same way,

fo2 = ﬁZE/ oS () — o (37 )H Ly <ry 98
=5 Z/ /(R) o5 (x) — os(2)|[*ul? (z) dwds
ZH“ HL°° [0,T7] Loc(]Rd))/ /B |05 (x) — o4 (x)||* dods

(R)

which vanishes as ¢ — 0 by the assumption (H2). Substituting the above two estimates
into (3.4) gives us

Ig S é”VO'”QLQ([07T],L2(B(3R+1))) = OT,R < +00. (35)

Step 2. Now we turn to the difficult term I; for which we shall need Bouchut and
Crippa’s estimate in Theorem 2.15. Again we set b5 = by x x. € C°(R?) for any ¢ € (0,1)
and a.e. s € [0, 7]. Then similar to (3.4), we have

e [ 0SB0,
B 0 |Zs)? + 62

< QE/MTR [z (V) — b5 (v d
S
=B NI AT (3.6)
tAT e (v (1) (v (2 (2)
cop [ B G ) ),
0

=111+ 1.

The estimate of the term I » is analogous to that of I5 :

Lo < ZE/ |65 (VD) — by (Y )]1{‘Ys<i>‘§3}ds

by (z ) (z) dzd
<251 150 b o .
<3 ZH“ ||L°°([OT Lo ]Rd))// |b5(z) — bs(x)| dzds

—0 assiO
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Uniqueness of degenerate Fokker-Planck equations

since b € L>([0,T], L>=°(RY)).
Finally we deal with the term [; ;. Fix any n > 0. From (H3), we have

(%bi = Z Sjk (gjk(s) * Xs)'

Moreover, for the finite family {g;,;1 < j < d,1 <k <mo} C L*((0,7) x R%, R?), we can
find C,, > 0 and a set 4,, C (0,T) x R? with finite measure such that for every j = 1,...,d
and k =1,...,mg, we have the decomposition below:

gin(s,2) = g\ (s,2) + g7 (5,)

satisfying
Hg HLl (0,7) xR, Ry =T SuPp(gjk) C A, and Hg]('i)HLQ((O,T)x]Rd,Rd) <Gy (38
Now by Theorem 2.15 (see in particular the remark after it),
’bi(a:) — bi(y)‘ <|x-— y|(U§(x) + US‘E(y))7 for all z,y € RY, (3.9)

where

mo d
Us =D > Miacs eesi1y [Sin(g5n(s) * x<)]

k=1 j—=1
i (M{A€~j,565d—1} [Sjk(gﬁ)(s) *Xe)] + M{pes gesa-1y [Sjk(g§i)(s) . Xs)D
k=1j=1
= Ut US
Therefore
Ly < 2]E/OMTR min{ [z (v ; o) Jex (}’/:()1)) - igf@)’ } B

tATR 2 bs o
g 2]E/ min{””gmd);y—;(;@) +U§(YS<2))}ds
0

i . (3.10)
< 2]E/ min {””g(“‘) Ust (v V) + Ust(v®) } ds
0
tATR 2 b -
+ 21E/0 min {”'g“f” Us (YD) + Uf’Q(Ys(”)} ds
=L+,
Similar to the treatment of I ;, we have
tATR
L2 < 2E/ (U2 (YD) + U2 (V)] ds
<2Z// U2 (x)ul () deds
2
<23 [ / U5 s
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By Theorem 2.14(ii), we can find a positive constant L; > 0 such that

T ) 3
||U5’2||L2([O,T],L2(]Rd)) = |:/ /]Rd |U:’2($)’ dl‘d8:|

<LIZZ[/ / ’g]k (s, 2)|” dmds]

k=1 j=1
< LidmoCy,

where the last inequality follows from (3.8). Thus by Cauchy’s inequality,

I112 < Cy\/TLYB(R)) HUE’QHquo,T},mB(m)) < Ca1,rCy. (3.11)

It remains to estimate the quantity /; ; ; defined in (3.10). We have

2 tATR 21lb -
I S2Z]E/ min{”s“gw ve (v )}ds
2YJba | 1= (1) |

265 | oo
<C// { A PATCD U;»l(x)}dxds.
B(R) d

For simplicity of notations, we denote by s(x) the integrand on the right hand side.
Using the simple inequality

MU= larz, < ([T Hlar

we deduce from Theorem 2.14(i) that there exists a positive constant L, > 0, such that

d mo

MU= M arr 0,1y xmety < /o Lzzz ||g HLl(Rd ds < LadmoTn,
j=1k=1

where the last inequality is due to (3.8). Therefore, by the definition of v,

e laer 0.y By < TS s (omyxrey < LadmoTn =: Lon. (3.13)
On the other hand,
91l Lo 0,1y x (B(RY) < w.
Combining this estimate with (3.13) and applying (2.4), we get
2[[bllz Tﬁd(B(R))>]
0 Lon )

19l 21 0,1y x B(R)) < ﬁzn[l + log (

in which we have used the fact that the function s — s(1+1log™(C/s)) is nondecreasing
on [0, 00). Substituting this inequality into (3.12) finally leads to

- b7 TLYB(R
s < Clan[1 + 10g (20 TEPUIDY
] Lon

Combining the above estimate with (3.10) and (3.11), we obtain

2[[bllz~ Tﬁd(B(RD)]
6 f/QU ,

Ii1 < Cqr,rCy + CLan [1 + log (
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Uniqueness of degenerate Fokker-Planck equations

which, together with (3.6) and (3.7), yields

(3.14)

A 20bllL= TLYB(R
11§Cd7T7RO7,+CL277|:1+10g( || ||L . ( ( ))>:|

0 f/QT]

Step 3. Having the estimates (3.5) and (3.14) in hand, we are ready to complete the
proof as follows. Substituting the two estimates (3.5) and (3.14) into (3.3), we get for
any t € [0,7] that

Ziprs |2 : .. 2bl| e TLUB(R
EElog (Wﬁ‘l) SCT7R+Cd’T7RCn+CL277|:1+lOg( ” (!L . ( ( ))>:|

[Azle
Fix any 6 > 0. The above inequality implies

Cr.r + Car.rCy + CLan Lon 2|10 o=
02 + 92 log 1)
[T+ sl 4 1]
A7 d
C'GL2277 log (Tﬁ (B(R)))_
log [(5)” +1]

Notice that in the second term, the quantity

1 21jbl] 1~
log [(2)% + 1] log< 5 )

is bounded as ¢ tends to 0. Therefore first letting § | 0 and then | 0 we arrive at
P(\ZMTR| > 0) = 0. Since 0 can be arbitrarily small, it follows that Z;»., = 0 almost

P(‘Zt/\‘rR| > 9) <

E277

surely. Finally, we conclude from (3.2) that for any ¢ € [0,7T], Z, = Yt(l) — Yt(g) =0 a.s.
The continuity of the two processes Yt(l) and Yt@) yields that, almost surely, Yt(l) = Yt(g)

forall ¢t € [0,T]. Therefore P,Eé) = P,Sﬁ), which, together with the representation formula
(3.1), leads to the uniqueness of solutions to (1.3). O
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