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Positivity of hit-and-run and related algorithms*
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Abstract

We prove positivity of the Markov operators that correspond to the hit-and-run al-
gorithm, random scan Gibbs sampler, slice sampler and Metropolis algorithm with
positive proposal. In particular, the results show that it is not necessary to consider
the lazy versions of these Markov chains. The proof relies on a well known lemma
which relates the positivity of the product MTM?*, for some operators M and T, to
the positivity of T'. It remains to find that kind of representation of the Markov oper-
ator with a positive operator 7'.
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1 Introduction

In many applications, for example volume computation [1, 6, 9] or integration of
functions [7, 11, 15, 16], it is essential that one can approximately sample a distribution
in a convex body. The dimension d might be very large. One approach that is feasible for
a general class of problems is to run a Markov chain that has the desired distribution
as its limit distribution. In the following let us explain why the positivity of the Markov
operator is helpful to prove efficiency results for such sampling procedures.

We assume that we have a Markov chain in K ¢ R? which is reversible with respect
to (w.r.t.) the distribution 7. Let P: Lo(w) — Lo(7) be the corresponding Markov opera-
tor and let Lo (7) be all (w.r.t. ) square integrable functions f: K — R. We assume that
P is ergodic, which means that Pf = f implies that f is constant. Then let gap(P) = 1—3
be the absolute spectral gap, where [ denotes the largest absolute value of the ele-
ments of the spectrum of P without 1. In formulas 8 = sup{|«| : « € spec(P) \ 1}, where
spec(P) denotes the spectrum of P. For example a lower bound for gap(P) implies an
upper bound of the total variation distance [6] and on the mean square error of Markov
chain Monte Carlo algorithms for the approximation of expectations with respect to ,
see e.g. [16].

Maybe the most successful technique to bound gap(P) is the conductance technique
[3, 6]. But, unfortunately, bounds on the conductance allow only bounds on the second
largest element of the spectrum of the Markov operator. This is known as Cheeger’s
inequality [3]. To handle variation distance and absolute spectral gap it is necessary
to consider also the smallest element of the spectrum, which describes some kind of
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periodicity of Markov chains. Usually, this problem is avoided by considering the lazy
version of a Markov chain. That is, in each step, the Markov chain remains at the
current state with probability 1/2. Such a lazy version induces a Markov operator with
non-negative spectrum, which implies that the smallest element of the spectrum does
not matter. This strategy has almost no influence on the computational cost, since,
compared to the overall cost of one step of the chain, one additional random number is
mostly negligible. However, it is desirable to omit any slowdown whenever possible.

In particular, the best known bounds on the total variation distance of the hit-and-run
algorithm, see [5, 7, 8, 10], rely on the conductance and Corollary 1.5 resp. Corollary 1.6
of [6]. These corollaries give upper bounds on the total variation distance in terms of
the conductance resp. s-conductance, but it has to be assumed that the corresponding
Markov operator is positive, cf. Section 1.B of [6]. (More precisely, the assumption
that the smallest element of the spectrum is smaller in absolute value than the second
largest one is sufficient.) Thus, there is a small gap in the proofs of [7] and [8], which
might be easily fixed by considering the lazy version of the hit-and-run algorithm. We
prove, among others, that hit-and-run is positive. Thereby, we close the small gap and
show in addition that the results of [5] and [10] hold also for the non-lazy hit-and-run
algorithm as originally proposed in [17].

The technique that we will use to prove that the spectrum of a Markov operator is
positive is based on a simple and well known lemma from functional analysis. This was
already successfully applied in a discrete setting to prove positivity (and comparison
results) for the Swendsen-Wang process from statistical physics, see [18, 19]. Here, we
show that the hit-and-run algorithm, random scan Gibbs sampler, slice sampler and the
Metropolis algorithm with positive proposal are positive. In particular, it implies that
the independent Metropolis algorithm is positive. The result is new for the hit-and-run
algorithm and the Metropolis algorithm with positive proposal, whereas for the random
scan Gibbs sampler and the slice sampler it is known [4, 13].

2 The procedure

We consider a time-homogeneous Markov chain (X;);cn, where the X; are random
variables on a common probability space (2, F,P) that map into R, equipped with the
Borel o-algebra B, and satisfy the Markov property. Namely,

IP(Xn S An | anl € Anfla ...,Xo € AO) = IP(Xn € An | anl S Anfl)

for all n > 1 and any sequence of B-measurable sets Ay, A;,... with the property
P(X,—1 € Ay_1,....,Xo € Ap) > 0. We assume that the Markov chain has a unique
stationary distribution 7 and that it is reversible with respect to this measure. For a
more comprehensive introduction to the theory of Markov chains we refer to [12, 14].

To every Markov chain (X;);c corresponds a Markov kernel P: R? x B — [0, 1] such
that for each z € R?, P(x,-) is a probability measure on B and, for each A € B, P(, A)
is B-measurable. This Markov kernel is given by

P(z,A) = P(Xp41 €A| X, =2), 2€RY AecB, neN

and describes the probability that the Markov chain reaches the set A in one step from
x. Using this Markov kernel we define the Markov operator P (for notational conve-
nience we use the same letter as for the Markov kernel) by

Pf(z) = Rdf(y)P(w,dy% z€R?
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for all functions f € Ly = Ly(n), where L, is the Hilbert space of functions on f: R — R
with inner product

o) = [ 1@ an(o).

By reversibility of the Markov chain we know that P is a self-adjoint operator on L,. A
self-adjoint operator P is called positive, written P > 0, if

<P.f7.f>205 vaLQ-

It is well known that positive operators have only non-negative spectrum, for further
details see for example [2].

Our aim is to show that several Markov chains that are used to sample from distri-
butions in R? induce positive Markov operators. In this case, we say that the Markov
chain is positive. We will basically utilize the following lemma.

Lemma 2.1. Let H, and H, be Hilbert spaces and M : Hy, — H, be a bounded, linear
operator. Let M* be the adjoint operator of M and letT: Hy — Hy be a bounded, linear
and positive operator. Then MTM*: H; — H; is also positive.

Proof. We denote the inner product of H; by (-,-); for ¢ = 1,2. By the definition of the
adjoint operator and positivity of 7',

(MTM"f, f)1 = (TM"f,M"f)2 = 0.

This proves the statement. O

Suppose we have an operator P: H; — H; on a Hilbert space with the property
that it can be written as P = MTM*, where T: Hy, — Hy, M : Hy — Hs and M™* is the
adjoint of M for some (other) Hilbert space H,. If we can show, additionally, that 7" is
a positive operator, we obtain by the lemma above that P is also positive. Thus, the
proof of positivity of the Markov chains under consideration is done by a construction
of a suitable second Hilbert space such that the corresponding Markov operator can be
written in the above mentioned form.

3 Applications

Throughout this section we consider Markov chains in a subset K of R? with non-
empty interior. Additionally, we denote by By the d-dimensional unit ball and by S9!
its boundary. Let p: K — [0,00) be a (not necessarily normalized) density, i.e. a non-
negative Lebesgue-integrable function. We define the measure with density p by

(A) = J4p(z) dz

 [xp(z) dz

for all measurable sets A C K. For example, if p(z) = 1k (x) then « is simply the uniform
distribution on K. In what follows we present some Markov chains that can be used
sample approximately from 7, that is, 7 is their stationary distribution. We will see that
each of them is positive, independent from the choice of the density p.

We will define only the Markov operators for the corresponding Markov chains, since
the corresponding Markov kernel can be obtained by applying the operators to indicator
functions.
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3.1 Hit-and-run

The hit-and-run algorithm consists of two steps: Starting from x € K, choose a
random direction § € S¢~! and then choose the next state of the Markov chain with
respect to the density p restricted to the chord determined by x and 6.

Forz € K and § € S%~! we denote by L(z,6) the chord in K through x and z + 6, i.e.

L(z,0) ={x+s0 € K |seR}.

Additionally we write x4 for the volume of the (d — 1)-dimensional unit sphere and
(z,0) =/ p(y) dy (3.1)
L(x,0)

for the total weigth of the chord L(z,0). The Markov operator H that corresponds to
the hit-and-run chain is defined by

1 1
Hf(z) = ;d/sd lf(w@)/ M)f(y)p(y) dy do

for all f € Ly(w). To rewrite H in the desired form let ;1 be the product measure of
7 and the uniform distribution on S¢~! and L,(u) be the Hilbert space of functions
g: K x 891 — R with inner-product

(915 92) 1 / / (z,0) g2(x,0) do dm(x)
/id Sd— 1

for g1, g2 € La(1). We define the operators M: Lo(p) — Lo(w) and T: La(u) — Lo(p) by

1
Mg(z) = ;d/gd—lg(x,e) dé

and
1

Tg(x,0) = ﬁ(rv,f))/L(T ) 9(y,0) p(y) dy.

Recall that the adjoint operator of M is the unique operator M* that satisfies (f, Mg) =
(M*f,g), forall f € Ly(m), g € La(p), see [2, Thm. 3.9-2]. Since

(f,Mg) = Hd/ /S (@) g(x,0) d0 dn (),

we obtain that, forall § € ¢! and z € K,

M*f(x,0) = f().

This implies

Kd

) = - _1 — Hif(z
wrvese) = o e [ e dyas = aste)

and thus, that M and T are the desired “building blocks” for Lemma 2.1. First of all,
note that by Fubini’s Theorem the operator T is self-adjoint in Lo(u). It remains to show
that T is positive. We know that L(x,0) = L(y,0) for all y € L(z, 0). It follows that

1
T?g(x,0) = / Ty(y,0) p(y) dy
@0 = gy o, T 0 00)
R ol R RO oL
(2, 0) Jrwo) LY 0) Jriy.0
7,
= gz,9pzd2/ p(y) dy
{(x,0)? L(x,0) (2:9)p(2) L(z,0) )
= Tg(z,0).
ECP 18 (2013), paper 49. ecp.ejpecp.org
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Thus, T is a self-adjoint and idempotent operator on Lo (), which implies that 7' is a pro-
jection and, in particular, that it is positive, see e.g. [2, Thm. 9.5-2]. Finally, Lemma 2.1
shows that H is positive.

3.2 Gibbs sampler

The Gibbs sampler, or specifically the random scan Gibbs sampler, is conceptually
very similar to the hit-and-run algorithm. In each step, we choose a direction and
sample with respect to p restricted to the chord in this direction. But, in contrast to the
hit-and-run, we choose the direction from the d possible directions of the coordinate
axes.

Let e; = (1,0,...,0),...,eq = (0,...,0,1) be the Euclidean standard basis in R¢ and
£(-,-) be from (3.1). The Markov operator G of the Gibbs sampler is given by

1< 1
610 =3 Xz / L W) d

for all f € Ly(m). We follow almost the same lines as for the hit-and-run chain. Let m be
the product measure of 7 and the uniform distribution on [d] = {1,...,d}. By La(m) we
denote the Hilbert space of functions g: K x [d] — R equipped with the inner product

d
1 . .
1.92)m = 33 [ 91(0.3) 2l dn(a)
j=1"%
for g1, g2 € La(m). We define the operators M : La(m) — Lo(w) and T: La(m) — La(m)
by

Mg(z) =

d
Zg(x,j)

Ul =

and
1

Uz, e5) /L(ﬁ,ej) 9(y,7) p(y) dy.

By the same calculations as in Subsection 3.1 we obtain for all f € Ly(n), € K and
J € [d], that M* f(z,j) = f(z) and that G = MTM*. 1t is easily seen that T is self-adjoint
and idempotent. Hence, T is a projection and thus, positive, which proves the assertion
by Lemma 2.1.

Tg(zx,j) =

3.3 Slice sampler

For any ¢ > 0 assume that R; is the transition kernel of a Markov chain on the level
set K(t) of p, i.e.
K(t)={z € K | p(z) > 1}.

Note that voly(K(t)) < oo for each ¢ > 0 by the integrability of p. Further let R; be
reversible with respect to U, the uniform distribution on K (¢), i.e.

volg(A N K(t))

Ui(4) = volg(K (1))

ACK, t>0,

where vol; denotes the d-dimensional Lebesgue measure. Note that if K = K(0) is
bounded, then also Uy is well-defined and denotes the uniform distribution in K. The
slice sampler, starting from a state x works as follows: First choose a level ¢ uniformly
distributed in (0, p(x)] and then sample the next state with respect to R;(z, ) in the level
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set K (t). If Ry(z,-) = Uy(-) then the slice sampler is called simple slice sampler [13].
The corresponding Markov operator is defined by

1 p(z) 1 p(z)
Rf@) =~ /O Rif(w)dt =~ /O [ f0 R

for all f € Ly(w). For any ¢t > 0 we assume that R, is a positive operator on Ly(U;),
which is the set of all square integrable real functions with respect U, on K (1), i.e.

(Ref, flu, = R f(z) f(x) Uy(dz) > 0.
K(t)
To show that R is positive, let
K,={(z,t) |z € K, t € (0,p(x)]} Cc R

and let p be the uniform distribution in K,. Let Ly(p) be the Hilbert space of functions
g: K, — R with inner product

(91,92 = / 01 (2, ) gol, ) dpu(z, )

K,

for g1, g2 € La(1). We define the operators M: Lo(p) — Lo(w) and T: La(u) — La(p) by

1 p()
Mg(z) = —/ g(z,t) dt.
0

and
Tg(z,t) :/ 9(y,t) Ry(z,dy)
K(t)

for ¢ € Lo(p). The adjoint operator M*: Lo(m) — Lo(p) is M*f(x,t) = f(x). The
operator T is self-adjoint, since R; is reversible with respect to U;. For the positivity
define g;(x) = g(z,t), (z,t) € K,. We have

@ = [ Bs,

which implies positivity of T" by the positivity of R;. By the fact that R = MTM* and by
Lemma 2.1 it is proven that R is positive.

dt,

3.4 Metropolis algorithm

For simplicity we additionally assume that X C R is bounded. With some extra
work one could avoid this assumption. Let B be a positive proposal kernel which is
reversible with respect to Uy, the uniform distribution in K. Then the Markov operator
of the Metropolis algorithm is given by

Mi@) = [ sat B+ (1- [ a@nsea)) fe

where a(z,y) = 1A Z Eg; and f € Ly(). We interpret the Metropolis algorithm as a slice

sampler. For¢ > 0, z € K(t) and A C K define
Ry(z,A) = B(z, ANK(t)) + (1 — Bz, K(t))) 1a().
Recall that . )
Rf(x) = @ /0 - f(y) Ri(x,dy) dt,

is the Markov operator of the slice sampler and that U; is the uniform distribution in
K(t).
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Lemma 3.1. 1. If B is reversible with respect to Uy, then R; is reversible with re-
spect to U; for anyt > 0.

2. If B is positive on Lo(Uy), then R, is positive on Ly(Uy) for any t > 0.

3. The general slice sampler and the Metropolis algorithm coincide, i.e. Rf = M f
for f € Lo(m).

Proof. We have for any f,g € Lo(U;) that
(Rif.gv, = [ ) / F )9 Licsy () Bl dy) Up(dr)
K(t)

/ (1 - B, K1)/ (2)g(x) Uy(dz)
K(t)

VOld( )
volg(K(t))

+ / (1 - B(e, K(1))f(2)g(z) Uy(dz).
K(#)

= (B(1gwf), 1kt)9)vo

By using the self-adjointness of B on L,(Uy) we obtain that R; is self-adjoint on Ly (U;)
for any t > 0, which proves (1). Assertion (2) follows by similar arguments. One obtains

voly(K)
volg (K (t))

+ / (1— B(z, K (1)) f(x)? Uy(da),
K(t)

(Ref, o, = (BAxwf), Lxw o

which, by using the positivity of B, proves the positivity of R;. Note that the Markov
operator of the slice sampler can be written as

p(x)
/ f(y) B(z, dy) dt
K(t)

p(z)
+M/ L (@) (1 - Bz, K(1))) dt
/ / Lic(t (@)L (y) A £ (y) Bla, dy)

+ f(z ( // 1g (@ 1K(t)()dtB(l“dy)>

p(lx)/ooo 1k (@) 1k (y) dt = a(z,y).

Then (3) follows by

O

Note that, by the previous lemma all assumptions of Subsection 3.3 are satisfied if
we additionally assume that B is positive. Hence, the Metropolis algorithm defines a
positive Markov operator if the proposal is positive.
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