DOI: 10.1214/ECP.v16-1650

Elect. Comm. in Probab. 16 (2011), 507-516 ELECTRONIC

COMMUNICATIONS
in PROBABILITY

WHITE AND COLORED GAUSSIAN NOISES AS LIMITS OF SUMS
OF RANDOM DILATIONS AND TRANSLATIONS OF A SINGLE FUNC-
TION

GUSTAF GRIPENBERG

Department of Mathematics and Systems Analysis, Aalto University, PO. Box 11100, FI-00076 Aalto,
Finland

email: gustaf.gripenberg@aalto.fi

Submitted August 17, 2010, accepted in final form August 11, 2011

AMS 2000 Subject classification: 60G15; 60J65
Keywords: white noise; colored noise; Brownian motion; fractional Brownian motion; conver-
gence; dilation; translation

Abstract

It is shown that a stochastic process obtained by taking random sums of dilations and translations
of a given function converges to Gaussian white noise if a dilation parameter grows to infinity and
that it converges to Gaussian colored noise if a scaling parameter for the translations grows to
infinity. In particular, the question of when one obtains fractional Brownian motion by integrating
this colored noise is studied.

1 Introduction

The purpose of this note is to show that if h is a given scalar function and S,, A,,, B,, and T, are
real-valued random variables, then under fairly weak conditions the stochastic process

DXy,t = Z W/?SnAnh(YBnt - (Tl + Tn))’ (1)

nez

converges to Gaussian white noise (the distribution derivative of Brownian motion) as y — 09,
and the process

DY, :ZLSAh(B t—l(n+T)) )
At P \/Z n‘in n A n >
converges to a certain kind of colored noise with spectral density depending on the function h and
the random variables A,, and B,, as A — oo.

It is not surprising that the kind of time scaling appearing in (1) gives rise to white noise and it is
not claimed here that the kind of scaling of the translations used in (2) is the only possible way
to obtain colored noise, just that it is one possibility. Thus the motivation for studying (2) is that
it is a fairly simple model which may perhaps be of help in understanding the sources of different
kinds of colored noise.
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The convergence concept considered is that the random variable f]R f(t)Z,dt converges in distri-
bution to a Gaussian random variable for all test functions f, (all square integrable functions for
the case Z, = DX, , and a subspace of L*(R) in the case Z, = DY, ;). An important assumption is
that IE(S,) = 0 and that the random variables S, are independent of each other and of all other
random variables appearing in the sums.

If one takes h(t) = 1po1)(t), A, =B, =1, T, =0, and S, = £1 (each with probability %), then
the process t — fot DX, ; ds is the linear interpolation of a random walk jumping up or down with
step length % in each time interval of length 71, so in this case it is immediately clear that the limit
when y — oo is Brownian motion. It follows from Theorem 1 below that this is the case under
quite general assumptions. The convergence here means that the distributions of all finite linear
combinations of samples of the process converge to the corresponding distributions for Brownian
motion.

In many cases, however, it has turned out that Brownian motion is not a satisfactory process to
use as a model and that one should rather use, e.g., fractional Brownian motion, see [5] and
in particular [12] in the case of ethernet traffic. Fractional Brownian motion B{’ with Hurst
parameter H € (0, 1) is a centered Gaussian process with covariance function ]E(BSH Bf )= %(|S|2H +
[t|2H — |t —s|?"). Another way to express this is that

E U f(t)dB! f g(r)dB?) = (2m)'"#1'(2H + 1) sin(nH) f P2 F(£)g(E) de,
R R R

where B = fot dB and (&) = fR e 278t £ () dt, see e.g. [8]. In this note it is shown that for
suitable (real) functions f and g one has
i(5.)
Bn

A2
lim (f f(t)DYMdtf g(t)DY,, dt) :J E ( n
Ao R R R |Bn|

Thus we see that it is possible to obtain fractional Brownian motion as the limit of the process

2
)f(a)@da.

fot DY, ; ds but the point is that in order to get this process exactly rather special assumptions on
the function h and/or on the distribution of (A,, B,,) are needed whereas the assumptions that
suffice for the convergence of f(: DX, s ds to Brownian motion as y — oo are much more general.
But this note does not study the question to what extent fractional Brownian motion may be a
reasonable approximation to the limit of f Ot DY), ds.

Fractional Brownian motion can be approximated in many ways, see e.g. [1], [2], [3], [6], [9],
[10], and [11], depending partly on whether one wants to get an efficient simulation tool or
whether one wants, as in this note, to see to what extent it is a consequence of some universal
principles” and therefore expected to appear in many connections. One can also get a fractional
Brownian motion with Hurst parameter H = % as a limit from one-dimensional nearest-neighbor
symmetric simple exclusion processes, see e.g. [7].

2 Statement of results

Theorem 1. Assume that

(i) heLY(R;R), h(0) =1, and supgelpblfl(g)llgl"‘/2 < 00 for some number o > 1.
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(ii) The real valued random variables S, and the R3-valued random variables (A, B,, T,), where
n € Z, are independent and the distributions of S, and (A,,B,, T,) do not depend on n. In
addition P(B,, =0) =0, E(S,) =0, and E(Sﬁ) =1forallneZ.

A2
(i) (—) —1neZ
B

n

If f € L2 (R;R), then fRf(t)Ddet converges in distribution to an N(O, ||f||%2(]R))-distributed

random variable as y — oo and if g € L>(R; R) as well, then

lim E U f(ODX,, dt f g(t)DX”dt) = J F(®)a(&)de.
e R R R

Note that assumption (i) implies that h € L2(R; R).
Theorem 2. Assume that

(i) The function h : R — R is such that f]RIh(t)I(l +|t|™~tdt < oo for some number m > 0
and the (distribution) Fourier transform of h is induced by a measurable function h such that
fRIfl(E)I(l + &™)~ dE < oo for some number m > 0.

(ii) The real valued random variables S, and the R>-valued random variables (A,, B,, T,), where
n € Z, are independent and the distributions of S, and (A,,B,, T,) do not depend on n. In
addition P(B, = 0) =0, E(S,) =0, and E(S*) =1 for all n € Z.

(iii) There is a number a > 1 and a finite set K C R such that the function
AZ a - 2
e ()G
BTl Bn
is bounded on compact subsets of R \ K.
(iv) fand g € L?(R; R) are such that
A? “N |-
Jor G (=) PG
g \IBal B,

Then f R f(t)DY, , dt converges in distribution to an N (0, o?)-distributed random variable as A — 0o

where
A% .
azzj ]E( n h(i)
R |Bn| Bn
A2
limE(J f(t)DY“dtf g(t)DYMdt) =J ]E( “
A0 R ’ R ' R |Bn|

£

B

n

£

B,

2
) (IF ()P +1g(&)N?) dg < co.

2
) IF (&P de,

(&)

and

h

2
) F(&)g(®)de.
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(In this case the distribution Fourier transform of h is defined by the requirement that f R h(E)p(&)dE =
S h(©)@(t)dt where ¢(t) = [ e 2™ € (£)dE.)
If the probability density of the random variable B, is b with b(x) > 0 for all x > 0 and b(x) =0
for all x < 0, and A, = B;#*1/2/,/b(B,), (that is, there is a very specific relation between the
parts of the model) then
(5)
B,

2
I Ay
B,]

and provided the integral is finite we see that the limit of DY, , is the distribution derivative of a
multiple of fractional Brownian motion with Hurst parameter H.
If, on the other hand h(t) = sign (¢)|t|"~2/2, then

E (|2i| h (Bi) 2) = (A2|B,[*#~2) (Sin(f(l ; ZHD)Z G g1

Z(1-2H) (2m)2H-1
and if E(A2|B,|* %) < oo, then we again get the distribution derivative of a multiple of fractional
Brownian motion. But the function h is locally integrable in the case H € (%, 1) only. If H € (0, %]

2 00
) = IEIHHJ s*172|h(s)[ ds,
0

we can, however, interpret the integral f R %SnAnh(Bnt - %(n +T,))f (t)dt as a Cauchy principal
value, or in other words, consider h as a tempered distribution. Then the conclusion still holds
but in these cases hypothesis (iv) may be much more restrictive and exclude indicator functions
of intervals.

By considering h ( B,,t — %(n + Tn)) as dilation and translation of a tempered distribution one can
see that the proof of Theorem 2 extends to a proof of the following claim.

Corollary 3. The conclusion of Theorem 2 remains true provided hypothesis (i) is replaced by the
assumption

() his a real valued tempered distribution such that the distribution Fourier transform of h is
induced by a measurable function h such that leh(S)I(l +|&I™)~1dE < oo for some number
>0,

and integrals involving h are interpreted as the value of a tempered distribution at a test function.

3 Proofs

First we derive some results that are common for the processes DX, . and DY, , and throughout we
assume that all random variables S,, A,,, B,,, and T, are defined on a probability space (2, #,P).
Assume that f and g € L?(R) in the case of Theorem 1 and that hypothesis (iv) of Theorem 2
holds otherwise. Let

Uy, A, f,w) = \/;An(w)J h (YBn(w)t - %(n + Tn(w))) f(o)de.
R

(In many cases below we leave out the argument w of the random variables.) In the case of Theo-
rem 1 we have h € L?(R) and it is immediately clear that this is a well defined random variable. In
the other case we first make the additional assumption that f and g € &(R), the Schwartz space
of rapidly decreasing smooth functions, and then combine the argument below with a limiting
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procedure, and here hypothesis (iii) of Theorem 2 is used, to show that we indeed get a random
variable under hypothesis (iv) of Theorem 2. Note that fR f()DX,  dt = ZHGZ S,U(n,v,1,f)

and f]Rf(t)DYM dt = ZneZ S,U(n, 1,2, f) so it follows from hypothesis (ii) that

]E (J f(t)DXY,t dtf g(t)DX}/,t dt) = ZE(U(nJ Y: l;f)U(n’ Y) 1’ g))) (3)
R R nez
and
E U f(t)DYMdtJ g(t)DYMdt) = > B(U(n,1,A,f)U(n,1,2,8)). (&)
R R nez

If h is the Fourier-transform of h then the Fourier-transform of the function t — h(yB,(w)t — %(n—{—
T, )w))) (or the tempered distribution induced by this function) is the function

1

T XS]

@ i27EN/YAB, () g—i27E T, ()/1 2B, ()], (L)
YB,(w)

(or the tempered distribution induced by this function) and we deduce by Plancherel’s theorem
(or the definition of the distribution Fourier transform) that

_ Ay(w)
VTAB, ()]

U(n,y, A, f, ) J el27En/1AB () oi27E Ty () /Y AB, (@) (L)f(g) d&. (5)
R

YB,(w)

In order to get an estimate for ». _, E(U(n,, A, f)?) we rewrite U(n, 7, A, f, w) as

nez

Un,y, A, f,w) = \/Y_AAn(w)J ei2mEnel2n T (@Eh (AE)F (YAB,(w)E) dE
R

= Mn(w)fz 27 1 A (@R (A(E + K)) f (yAB(w)(E +K)) dE. (6)

1
2 keZ

Let A, B, and T be random variables on a probability space (2., Z., P,) with the same distribution
as A,, B,, and T,. It is crucial for the proof that when taking expectations one can use random
variables that do not depend on n. In the argument below one should first take g = f and show
that the sum ), _, E(U(n,7, A, f)? is finite and then go through the argument again, using the
fact that one may now invoke Fubini’s theorem and other results needed, in the case where f and
g may be different as well. By (6) we see that when one calculates expectations of the random
variables U(n, y, A, f ) one gets Fourier-coefficients of a periodic function and hence it follows from
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Parseval’s theorem that

D EUM, 1, A, U7, 4,8)) = f U(n, 1, A, f,@)U(n,7, 2, g, @) P(dw)
nez Q

nez
J MA(w)ZJ 12“5“282“”“)(5”)?1 (AE+D)f (rAB(w)(E +)) dE
nez JQ,

% JEZ

1

X f e27En " 2 T(NEHR (A(E + k) (yAB(w)(§ +K)) dEP,(dw)
% keZ

= Z(MA(«»)Z f ei2min N " 2T WED (A(E + ) f (yAB(w)(E + 1) d

Q, nez jez

keZ

X f ei2nén ZeiZ”T(w)(“k)fl(k(g +k))g (yAB(w)(& +k)) dg) P, (dw)

1

= f (MA(w)Z J C SR @ (A(E + ) (AB(w)(E +))
Q, -1

5 JEZ

y Z e 2rT@ERR (A(E + k) g (YAB(w)(E + k) dg) P, (dw)

keZ

=E (MAZ f 2 D 12 TEDR (A + 1)) f (rAB(E + )

3 JEZ

keZ

y Z 27T EHO (A(£ + k))md5)~ )

Let Z be either Z or Z \ {0}. By the Cauchy-Schwarz inequality we have

3 JEZ

fz (Z B (A& + )] |f (rAB(w)(E +J))|)

1

2 1 - 2105 2
< - - i[* j j . (8
—J_;Zl+|x(a+ T 2 ®

Let jo =01if Z = Z and j, = 1 if Z = Z \ {0}. Changing variables and adding intervals of
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integration we get,

f YA + 1) [ + D) |F (r2BGoXE + D) de

2 j€Z

=f 1+ 121 [RE)| |f (rAB(w)E)|* dg
|&]2jo/2
1 g
R — 1
TAMB(] J 15y 2o/ ( " ‘VB(‘”)

a . g )
h
) ‘ (YB(OJ)
Thus we conclude from (7), (8), and (9) (with Z = Z) that

A2 g a R 5
ZE(U(n,Y,k,f)Z)ScaJRE(H (1+ B )‘h (Y_B)

nez

2
HGR O

2
) If (&) dE, (10)

1

(provided A > 1) where ¢, = SUPgep Xljez, TeTE

By (7) we have (with Z = Z \ {0})

D BUMn, 1,4, /UM,7,2,8))
nez

=B (MAZ J | TEOR ((E +0))f (y2B(E + ) e P TEFOR(A(E + k) & (rAB(E +0)) d&)

1

+E ()/JLAZ f i 27T ETOR (A(E +0))f (yAB(E +0))
x> e—iZ:T(f+’<>h (A& + k))mclg)
keZ
ey [ S RGE ) ance 39
—5 jeZ
| x Y e 2T EBR (A(E + k))mclg) . an
‘ez

By the same change of variable as used above we see that

E (W‘Z f e TR GE + 0)f (YAB(E + 1))

1
2

x e 2nTE+0R () (£ + k))Mdé)

_E A—ZJI h(i) BIGIGI
|B| _ YB
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and for the remaining terms in (7) we use the Cauchy-Schwarz inequality together with (8) and

(9) in order to conclude that
(&
h( ) f(&)g(&)dg |

IGIZO)

TAB|

A [
D BUM,Y,1L,AUM,1,1,8) —F —f .

nez |B|

1 e (1]
S| E|l = 1+ |—
( (|B| HEES 1B
2 N EV o ae) )
(o), (o] ) () oo ac))
A2 a - ‘S 2 A ) %
e (B (5 o (o] ) o )
. :
X(E(EJR(l—FYB )' ( ) 7 @) dé))

It follows from the dominated convergence theorem and the assumptions (for the cases y — oo
and A — oo, respectively) that the right-hand side of this inequality tends to O when y — oo or
A — 00. Thus we conclude under the assumptions of Theorem 1 that

lim > (U, 7,1, U7, 1,8)) —f J{HGLS (12)

neZ

and under the assumptions of Theorem 2 that

2
lim ZE(U(n LA, F)U(n, 1,4 g))—f (A

neZ |B|

(5)
By the Cauchy-Schwarz inequality and (5) we have in the case of Theorem 1 when A =1,
[An(w)] J . ( 3 ) : :
S —0 h dg If (&P dg

+MU iz( )( |f(5)|2d5>;
VTBa() \ Jigs 7 | \ 7Bl IEl>v7

A
< L)l J R ||f||Lz<R)
|B,(e)] \ J|

)f(i)g(é)di (13

|U(n,7,1,£, )|

NI=
(X1

<_ 1
fl= V¥Bn(e)
1

1A, ()] - P ’
+ ——|lhll2(m) If(EIFdg | .
B, ()] IE1> T
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It follows from this inequality that if & > 0, |B,(w)| = &, and |A,(w)| < % then for each € > 0
there is a number y; . so that if y > y;5 . then [U(n,y,1, f, w)| < €. Thus it follows from (7) and
(10) when we replace A, byAn(l{A%} + 145/<53) that for each 6 > 0 we have

. A? 2 N
hmsupZE(U(n, 1L Lymypse) < 6 E (E(l{A>;} + 1p/<51) ) J If (&) dE,
R

Y70 hez

where ¢; = ¢, supgcg(1+ |€]9)|R(E)|?. Since ]E(I%) < oo it follows that

Jim > BUY, L) Ly nse) =0 a9
nez

for each € > 0. This is the well known Lindeberg condition and thus by (12) and the assumption
E(S,) = 0 the limit of f]R f(t)DX, , dt is normally distributed with mean 0 and variance || f |12

LZ(]R)J
see [4, Thm. 5.12]. The statement about the covariance follows from (3) and (12).
If y =1 and we consider the case of Theorem 2, then we can use the Cauchy-Schwarz inequality

and (5) to get
a) -1 1 dg %
|B,(w)

U, 1,1, f, 0)| < % (J}R (1+
N (&
) 5)

Ay (w)? £
X( o IBa(@)] (” B,()

3
B,(w)

2 3
If(é)lzdé) 15)

Let
[ Auw)? E N (&N 5
W)= | 1B (@ (” B,() )‘h(Bn(w)) FEFde
AR (Y (E e
w= | G (1+ S ) i (55)| Feore

and we note that g, and g have the same distributions. From (15) we see (note that the first
term on the right hand side is f]R(l +|&]*)71dE < oo) that for each € > 0 and m > 1 there is
a number A, . so that [U(n, 1,4, f, w)| < 1y ()>m|U, LA, f,0)] if [U(n, 1,4, f,w)| = € and
A = A e. Thus we conclude from (10) with the aid of the same argument as above (replace A, by
Anl{qn>m}) that

limsupZ EUM, 1,2, f P Yumirnsa) < CaB(ggsmq)

=
and since m was arbitrary we get
lim > EU, 1,2, Py ma) = 0. 16)
nez

for each € > 0. Since this is again the Lindeberg condition we can deduce from (13) that
f]R f(t)DY, . dt converges in distribution to a normally distributed random variable with mean

h(5)

0 and variance f]R E (%Zl

2\
) |f (&)|>dE. The statement about the covariance follows from
(4) and (13).
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