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Abstract

We consider a continuous time Markov process (X, L), where X jumps between a finite number of
states and L is a piecewise linear process with state space R?. The process L represents an “inert
drift” or “reinforcement.” We find sufficient and necessary conditions for the process (X, L) to have
a stationary distribution of the product form, such that the marginal distribution of L is Gaussian.
We present a number of conjectures for processes with a similar structure but with continuous
state spaces.

1 Introduction

This research has been inspired by several papers on processes with inert drift [5, 4, 3, 1]. The
model involves a “particle” X and an “inert drift” L, neither of which is a Markov process by
itself, but the vector process (X, L) is Markov. It turns out that for some processes (X, L), the
stationary measure has the product form; see [1]. The first goal of this note is to give an explicit
characterization of all processes (X, L) with a finite state space for X and a product form stationary
distribution—see Theorem 2.1.

The second, more philosophical, goal of this paper is to develop a simple tool that could help
generate conjectures about stationary distributions for processes with continuous state space and
inert drift. So far, the only paper containing a rigorous result about the stationary distribution for
a process with continuous state space and inert drift, [1], was inspired by computer simulations.
Examples presented in Section 3 lead to a variety of conjectures that would be hard to arrive at
using pure intuition or computer simulations.
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2 The model

Let ¥ ={1,2,...,N} for some integer N > 1 and let d > 1 be an integer. We define a continuous
time Markov process (X(t),L(t)) on & x R? as follows. We associate with each state j € % a
vector v; € R%,1 < j < N. Define L;(t) = u({s € [0,t] : X(s) = j}), where u is Lebesgue measure,
and let L(t) = Zjey v;L;(t). To make the “reinforcement” non-trivial, we assume that at least one
of v;’s is not 0. Since L will always belong to the hyperplane spanned by v;’s, we also assume that
d = dim(span{vy,...,vy}).

We also select non-negative functions a;;(1) which define the Poisson rates of jumps from state i
to j. The rates depend on [ = L(t). We assume that a;;’s are right-continuous with left limits.
Formally speaking, the process (X, L) is defined by its generator A as follows,

AFG D=V Vif D+ Y aDIFGED = fG.D], j=1,...,N, [€R?,
i#j
for f : {1,...,N} x R? > R.
We assume that (X, L) is irreducible in the sense of Harris, i.e., for some open set U ¢ R and
some j, € &, for all (x,l) € & x R?, we have for some ¢ > 0,

P((X(t),L(t)) € {jo} x U) > 0.

We are interested only in processes satisfying (14) below. Using that condition, it is easy to check
Harris irreducibility for each of our models by a direct argument. A standard coupling argument
shows that Harris irreducibility implies uniqueness of the stationary probability distribution (as-
suming existence of such).

The (formal) adjoint of A is given by

A'g(,) = —v;-Vig(, D+ D [ay(Dgli, ) — a;(DgG, D], j=1,...,N, [€R. (D)
i#j
We are interested in invariant measures of product form so suppose that g(j,!) = p;g(l), where

_,p;=1and |_, g(1)dl = 1. We may assume that p; > 0 for all j; otherwise some points in
jes '] R J
& are never visited. Under these assumptions, (1) becomes

A'g(j,1)=—p;v;-Vg) +Z[piaij(l)g(l) —pja;(DgD], j=1,...,N, L€ R
i

Theorem 2.1. Assume that for every i and j, the function [ — a;;(1) is continuous. A probability
measure p;g(1)djdl is invariant for the process (X, L) if and only if

—pjv;- Ve + Z[piaij(l)g(l) —pja;(DgD]=0, j=1,...,N, L€ RY. 2

i

Proof. Recall that the state space ¥ for X is finite. Hence v, := supjc. |v;| < co. Fix arbitrary
r, t, € (0,00). It follows that,

sup a;(1) =a, < oo.
i,jes,leB(0,r+2t,v.)
Note that we always have |L(t) — L(u)| < v.|t —u|. Hence, if |L(0)| < r + t,v, and s,t > O,
s+t <t,, then |L(s +t)| < r + 2t,v, and, therefore,

sup  ayy);(L(w) < a, < oo.
JES uSs+t
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This implies that the probability of two or more jumps on the interval [s,s + t] is o(t). Assume
that |I| < r +t,v, and t < t,. Then we have the following three estimates. First,

PX(0)=j|X(0)=i,L(0)=1) = a;(Dt +R} (1), (3

where the remainder R}J. (£ satisfies sup; jc o 1ep(o.r.v,) Ijo (O] <R'(¢) for some R'(t) such that
lim,_,R!(t)/t = 0.
Let a;;(1) = — Z#i a;;(1). We have

PX()=i,Lt)=1+tv; | X(0)=1i,L(0)=1)=1+a;(Dt +Ril(t), @

where the remainder Ril(t) satisfies SUD;c o 1ep(0,.v.) IRil(t)I < R?(t) for some R?(t) such that
lim,_,oR?(t)/t = 0.
Finally,

PX(t)=1i,L(t)#1+tv; | X(0)=1i,L(0)=1) :R?,z(t)’ (5)
where the remainder R?’l(t) satisfies sup;c 1ep(o,.v.) IRil(t)l < R3(t) for some R3(t) such that
lim,_,oR3(t)/t = 0.

Now consider any C! function f(j,1) with support in % x B(0,r). Recall that |L(t) — L(u)| <
v, |t —ul. Hence, E; | f(X,,L,)=0for t <t, and |l| > r + v,t,.
Suppose that |Iy| < r +v.t,, t; €(0,t,) and s € (0, t, — t1). Then

Ei,lof(Xt1+S)Ltl+s) - Ei,lf(Xt1: Ltl)
=3 f ST PG +5) =k L(ey +5) €dr | X () = j,L(t) =1)
jes JR? ke JRY
X P(X(t;)=j,L(t;) €dl|X(0)=1,L(0)=1,)
- Z FU,DPX(ty) =j,L(t;) €dr | X(0) =1,L(0) = ly).
jes JRE
We combine this formula with (3)-(5) to see that,

Ei,lof(Xt1+sa Lt1+s) - Ei,lf(th> Ltl)

=>. f Do (kD + 0 ajDs +Rl ,(5)
RrRA

jes ke k#j
x P(X(t7) = j,L(t;) €dl| X(0) = i,L(0) = L)

+ | FG s+ a;(Ds +R2 ()

jes JRE
x P(X(t;)=j,L(t;)edl|X(0)=1i,L(0)=1,)

+3° | FGD+OENR ()

jes JRY
x P(X(t;)=j,L(t;) €dl|X(0)=1i,L(0)=1,)

ST £GDPG(E) = 4, L(e) € LI X(0) = £,1(0) = 1),

jes JRA
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which can be rewritten as

Z (G, +svy) = f(,DIPX (1) = j, L(ty) € dL [ X(0) = i, L(0) = Iy)

jes JRE

J (f(]l+sv Ja;(D+ ] f(k,l)ajk(l))s
165’ R4

ke k#j
X P(X(t;) =J,L(t;) €dl | X(0) =1,L(0) =)

Zf (( D, f, z)Rkl(s)+0(s)(ajk(1)s+Rkl(s)))
jes JRY

ke k#j
+F UL L svIRZ () + (UL D +O(s))R§,l(s))
X P(X(t1)=j,L(t;) €dl | X(0)=1i,L(0)=1p).

We will analyze the limit

o1
lslll'(l)l ;(Ei,lof(Xt1+s: Lt1+s) - Ei,lof(th’ Ltl))'

Note that

I;fgs 2, fRd (( ST F DR () +O(s)(a(Ds + R kl(s)))

ke k#j
+FG, L+svR? (5) + (f (G, 1) +0(5))R31(5))

x P(X(t;)=j,L(t;) €dl|X(0)=1,L(0)=1,)

=0.
We also have
15151 5 (f(j,l +sv;) = f(J,D)P(X(t;) =Jj, L(t;) €dl | X(0) =1,L(0) = 1,)
jES

f Vif (G, 0 - v PX(t1) = j, L(t;) € d1 | X(0) = 1, L(0) = L),
jeS R4

and

1813515]€JR& (f(]H—sv Ja;(D+ ] f(k,l)ajk(l))s

ke k#j
X P(X(t;)=j,L(t;)edl|X(0)=1i,L(0)=1,)

f D F U, Dag(DPX(t,) = j, L(t,) € dI | X(0) = 1, L(0) = Ip).
jES R4

kes
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This implies that

d
_Ei,lof(Xt; Lt)

1
dr = lslll‘(r)l ;(Ei,lof(th+sy Lt1+s) - Ei,lof(tha Ltl))

= ZJ (sz(j,l) v+ Zf(k,z)a,-km) P(X(t;) = j,L(t;) € AL | X(0) =1,L(0) =15) (6)
jes JRI kes

= ZJ Af(j,DP(X(t;) = j,L(t;) € dL | X(0) =1, L(0) = lo)
jes JRI

= Ei,loAf(thﬁLt1)7 )

for all i and |ly| < r + v,t,.
We will argue that

P((X(t1), L(t))) € - | X(0)=1,L(0) =1) — P((X(t1), L(t))) € - | X(0) =1, L(0) =1p),  (8)

weakly when [ — [,. Let T} be the time of the k-th jump of X. We have

t

P(T; >t|X(0)=1i,L(0)=1)=exp (f a; (1 +svi)ds) .
0

Since [ — a;;(1) is continuous, we conclude that
P(T, >t|X(0)=1i,L(0)=1)—P(T, >t |X(0)=1i,L(0)=1y),
weakly as [ — [,. This and continuity of [ — a;;(1) for every j implies that
P(X(T}), L(T})) € - | X(0) =i, L(0) =) — P((X(Ty), L(Ty) € - | X(0) = i, L(0) = ),
weakly when [ — [,. By the strong Markov property applied at T}’s, we obtain inductively that
P(X(Ti), L(T)) € - | X(0) =i, L(0) =1) — P((X(Ty), L(Ty)) € - | X(0) =1,L(0) = o),

when [ — [, for every k > 1. This easily implies (8), because the number of jumps is stochastically
bounded on any finite interval.
Since (j,1) = Vi f(j,1)-v; + Zkeyf(k,l)ajk(l) is a continuous function, it follows from (6) and

that [, — %Ei’lof(xt, Lt)‘t_t is continuous on the set |ly| < r + v, t,.
-t

Recall that E;; f(X,,L,) =0 for t < t, and |ly| = r + v,t,. Hence, [, — %Ei,lof(Xt’Lt) . is
continuous for all t; < t, and all values of i.

Fix some t < t, and let u,(j,1) = E; ;f (X, L,). We have just shown that for a fixed t < t, and any
j, the function I — u,(j,1) is C*. Hence we can apply with f(j,1) =u,(j, 1) to obtain,

d 1
an,lf(Xt’ Lt) = lsllrg ;(Ej,lf(XH-s: Lt+s) - Ej,lf(Xt: Lt)) (9)

1 )
= lsllnol ;(Eleut(Xs’ Ls) - ut(]; l))

= (Au)(j, D
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Since sup; (Vlf(j, D-vj+ Zkeyf(k,l)ajk(l)) < 00, formula (6) shows that

d
?ug (an,lf(Xs,Ls)) < 00. (10)
JlLsst.

Now assume that (2) is true and let 7t(dj,dl) = p;g(1)djdl. In view of (10), we can change the
order of integration in the following calculation. For 0 < t; < t, < t,, using (9),

E f(X(t3), L(t3)) — Eof (X(t1), L(t1)) 1n
= ZJ E; f(Xe,,Le,)pjg(D)dl — ZJ E; f (X, L, )p;g1)dl
R4 Rd

jES jES

t
> d
=ZJ f T Euf (X, L)dspg (Dl
R J ity

jes
ty d
:f ZJ —E;1f (X, Lp;g(Ddlds
t; jes JRI ds

= f Do )G, Dpgdlds.

t, jes JR?

Let h(j,1) = p;g(0). For a fixed j and s < t,, the function u(j,[) = 0 outside a compact set, so we
can use integration by parts to show that

Do @G, DpgDdl =) f u,(j, DA R, Dl 12)
jes JRY jes JRA
We combine this with the previous formula and the assumption that A*h = 0 to see that

ta

Eof (X(t2), L(6z)) = Enf (X(e), L)) = | D f us(j, D(A™R)(j, D)dlds = 0.
RI

t; jes

It follows that t — E,_ f (X (t), L(t)) is constant for every C* function f(j,) with compact support.
This proves that the distributions of (X(t;), L(t;)) and (X(t,), L(t,)) are identical under 7, for all
0<t;<ty,<t,.

Conversely, assume that 7(dj,dl) = p;g(I)djdl is invariant. Then the left hand side of (11) is
zero for all 0 < t; <ty < t,. This implies that

Do | G, Dpgdl =0

jes JRY

for a set of s that is dense on [0, 00). By (12),

>, f u,(j, DR, Ddl =0 (13)
R4

jES

for a set of s that is dense on [0,00). Note that limy,u,(j,1) = f(j,1). Hence, the collection of
C! functions u,(j,1), obtained by taking arbitrary C! functions f(j,!) with compact support and
positive reals s dense in [0, ), is dense in the family of C! functions with compact support. This
and (13) imply that A*h = 0, that is, (2) holds. O
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Corollary 2.2. If a probability measure p;g(l)djdl is invariant for the process (X, L) then

jes
Proof. Summing (2) over j, we obtain
> —pv;-ve) =0, (15)

jes

for all I. Since g is integrable over RY, it is standard to show that there exist [}, 1,...,l; which
span RY. Applying (15) to all I3, 1, ..., we obtain (14). O
It will be convenient to use the following notation,

b;;(1) = p;a;(D) — pja;; (D). (16)
Note that b;; = —bj;.

Corollary 2.3. A probability measure p;g(1)djdl is invariant for the process (X, L) and g(1) is the
Gaussian density

g() = (2m) 2 exp(-IL1*/2), 17)
if and only if the following equivalent conditions hold,
pjv;-l +Z[piaij(l) -pja;(D]1=0, j=1,...,N, l€R’, (18)
i#]
pyv- 1+ b(1)=0, j=1,...,N, [€R". (19)
i#]

Proof. If g(1) is the Gaussian density then Vg(l) = —lg(l) and is equivalent to (18). Con-
versely, if (2) and (18) are satisfied then Vg(1) = —1g(1), so g(1) must have the form (17). O

In the rest of the paper we will consider only processes satisfying (18)-(19).

Example 2.4. We now present some choices for a;;’s. Recall the notation x* = max(x,0), x~ =
—min(x,0), and the fact that x* — x~ = x. Given v;’s, p;’s and b;;’s which satisfy (19) and the

condition b;; = —bj;, we may take

a; (1) = (b ) /p:- (20)
Then . . ~
a;; ()= (b;(D)" /p; = (=by(M)" /p; = (b;D) /p),
SO
piag (D) = pja () = (by(D) " = (by(D) ™ = by D),
as desired.

The above is a special case, in a sense, of the following. Suppose that p; = p; for all i and j.
Assume that v;’s and b;;’s satisfy (19) and the condition b;; = —b;. Fix some ¢ > 0 and let

b (1) exp(cby;(1))
exp(cb;;(1)) — exp(—cb;;(1)) .

It is elementary to check that with this definition, (16) is satisfied for all i and j, because b;;(1) =
—b;;(1). The formula (21) arose naturally in [5]. Note that (20) (with all p;’s equal) is the limit
of (21) as ¢ — oo.

aij(l) = 21
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3 Approximation of processes with continuous state
space

This section is contains examples of processes (X, L) with finite state space for X, and conjectures
concerned with processes with continuous state space. There are no proofs in this section

First we will consider processes that resemble diffusions with reflection. In these models, the
“inert drift” is accumulated only at the “boundary” of the domain.

We will now assume that elements of . are points in a Euclidean space R" with n < N. We denote
them & = {x;,x,,...,xy}. In other words, by abuse of notation, we switch from j to x;. We also
take v; € R", i.e. d = n. Moreover, we limit ourselves to functions b;;(I) of the form b;; -l for some

vector b;; € R". Then (19) becomes

0+b12 +b13 +“'+b1N=—p1V1
—bi13 =0 +by3 +-+ by, =—pavy (22)

—biy —boyy — by —--- =0 = —pyvy.

Consider any orthogonal transformation A : R"™ — R". If {b;;,v;,p;} satisfy then so do
{Ab;;, Av;,p;}.

Suppose that a;;(1) have the form q;; - | for some a;; € R". If {a;;,v;, p;} satisfy then so do
{Aa;;, Avj,p;}. Moreover, the process with parameters {a,;, v;} has the same transition probabili-
ties as the one with parameters {Aa;;, Av;}.

j>
j>
Example 3.1. Our first example is a reflected random walk on the interval [0,1]. Let x; =
(j—1)/(N —1)for j=1,...,N. We will construct a process with all p;’s equal to each other, i.e.,
p;j=1/N. We will take [ € RY, v; = a and vy = —a, for some a = a(N) > 0, and all other v; =0,
so that the “inert drift” L changes only at the endpoints of the interval. We also allow jumps only
between adjacent points, so b;; =0 for |i — j| > 1. Then (22) yields

b12 = _a/N
_b12 + b23 =0
_b(N—l)N = (X/N.

Solving this, we obtain b,y = —a/N for all i.

We would like to find a family of semi-discrete models indexed by N that would converge to a
continuous process with product-form stationary distribution as N — oo. For 1 <i < N, we set
a;i+1)() =Ag(I,N) and a(;11y;(1) = A, (I, N). We would like the random walk to have variance of
order 1 at time 1, for large N, so we need

Ap+A;, =N2. (23)
Since b;(;1) = —a/N for all i, Az and A; have to satisfy
A; —Ag=al. 24)

When [ is of order 1, we would like to have drift of order 1 at time 1, so we take @ = N. Then

becomes
AL_ARZNZ. (25)
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Solving (23) and (25) gives

_N2+Nl N2 —NI

A =— Ap =
L 2 R 2

Unfortunately, A; and Ay given by the above formula can take negative values—this is not allowed
because g;;’s have to be positive. However, for every N, the stationary distribution of L is standard
normal, so [ typically takes values of order 1. We are interested in large N so, intuitively speaking,
Ap and A, are not likely to take negative values. To make this heuristics rigorous, we modify the

formulas for Ag and A; as follows,

N2+ NI N2 —NI
ALvaovm, ARzTVOV(—Nl). (26)

Let Py denote the distribution of (X, L) with the above parameters. We conjecture that as N — oo,
Py converge to the distribution of reflected Brownian motion in [0, 1] with inert drift, as defined
in [[5,/1]. The stationary distribution for this continuous time process is the product of the uniform
measure in [0,1] and the standard normal; see [1].

Example 3.2. This example is a semi-discrete approximation to reflected Brownian motion in a
bounded Euclidean subdomain of R", with inert drift. In this example we proceed in the reversed
order, starting with b;;’s and a;;’s.

Consider an open bounded connected set D C R". Let K be a (large) integer and let D, = Z"/KND,
i.e., Dy is the subset of the square lattice with mesh 1/K that is inside D. We assume that Dy is
connected, i.e., any vertices in Dy are connected by a path in Dy consisting of edges of length
1/K. We take & = Dy and [ € R".

We will consider nearest neighbor random walk, i.e., we will take a;;(1) = 0 for [x; — x;| > 1/K.
In analogy to (26), we define

2

Then b;;(1) = (K?/N)(x; — x;)- L. Let us call a point in ¥ = Dy an interior point if it has 2n
neighbors in Di. We now define v;’s using (22) with p; = 1/|Dg|. For all interior points x;, the
vector v; is 0, by symmetry. For all boundary (that is, non-interior) points x;, the vector v; is not
0.

Fix D € R" and consider large K. Let Py denote the distribution of (X, L) constructed in this
example. We conjecture that as K — 0o, Py converge to the distribution of normally reflected
Brownian motion in D with inert drift, as defined in [5|[1]. If D is C? then it is known that the
stationary distribution for this continuous time process is the product of the uniform measure in
D and the standard Gaussian distribution; see [1].

The next two examples are discrete counterparts of processes with continuous state space and
smooth inert drift. The setting is similar to that in Example [3.2. We consider an open bounded
connected set D € R". Let K be a (large) integer and let Dy = Z"/K N D, i.e., Dy is the subset
of the square lattice with mesh 1/K that is inside D. We assume that Dy is connected, i.e., any
vertices in Dy are connected by a path in Dy consisting of edges of length 1/K. We take & = Dy
and [ € R™.
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Example 3.3. This example is concerned with a situation when the stationary distribution has the
form p;g(1) where p;’s are not necessarily equal. We start with a C? “potential” V : D — R. We
will write V; instead of V(x;). Let p; = c exp(—V;). We need an auxiliary function

d. = 2(pi —pj)
YoV =V - pVi— V)

Note that d;; = d;; and for a fixed i, we have d;; — 1 when K — oo and |i — jx| = 1/K.
Let a;;(1) = 0 for |x; — x;| > 1/K, and for |x; — x;| = 1/K,

K2
a; ()= ?(2 +d;;j(Vi = V) + (xj — x;) - D).

We set
() = {aija)vo if @;;(1) > 0, 28)

(K?/2p;)(p; + pj)(x; — x;) - otherwise.

If a;;(1) > 0 and @;;(1) > 0 then

b (D) = piay;(D) — pja; (D)

= K;(Z(pi —pj)+ (pi(V; = V)) = p;(V; = ViDdij + (pi(x; — x;) — p;(x; — x;)) - 1)
= %2(2(1)1- —pj)—2(pi —p;) +(pi +pj)x; —x;)- 1)

= ;(pi +p)(x; —x;)- L.

It follows from (28) that the above formula holds also if @;;(1) < 0 or @;;(1) < 0. Consider an
interior point x;. For (19) to be satisfied, we have to take

1 K?
vi=—— Z ?(pi'i_pj)(xj_xi)-
Pj \q—x =1/

For large K, series expansion shows that

Vv; A —VV.

Fix D € R" and consider large K. Let Py denote the distribution of (X, L) constructed in this
example. We recall the following SDE from [1],

dY, = -VV(Y,)dt +S,dt +dB, ,
ds, = -vv(y,)drt,

where B is standard n-dimensional Brownian motion and V is as above. Let P, denote the distri-
bution of (Y,S). We conjecture that as K — 0o, Py converge to P,. Under mild assumptions on V,
it is known that the stationary distribution for (Y, S) is the product of the measure exp(—V (x))dx
and the standard Gaussian distribution; see [1].
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Example 3.4. We again consider the situation when all p;’s are equal, i.e., p; = 1/N. Consider a
C? function V : D — R. We let a;;(1) =0 for |x; — x;| > 1/K. If |x; — x;| = 1/K, we let

- K?
Gy(1) = — (L4 (V) + V) = ) ).
We set

ay (D) = {aij(l)VO if @;;(1) >0, 29)

K2(V; +V)(x; —x;)-1 otherwise.
Then b;;(1) = (1/N)K*(V; + V;)(x; — x;) -  and

vi=K2 Y (V4 V(X — x).
|xi_xj|=1/K

For large K, we have v; ~ —2VV.
Fix D C R" and consider large K. Let Py denote the distribution of (X, L) constructed in this

example. Consider the following SDE,
dy, =V(Y,)S,dt +dB, ,
ds, = —2vv(Y,)dt,
where B is standard n-dimensional Brownian motion and V is as above. Let P, denote the distribu-

tion of (Y, S). We conjecture that as K — 00, Py converge to P,, and that the stationary distribution
for (Y, S) is the product of the uniform measure on D and the standard Gaussian distribution.

The next example and conjecture are devoted to examples where the inert drift is related to the
curvature of the state space, in a suitable sense.

Example 3.5. In this example, we will identify R? and C. The imaginary unit will be denoted by i,
as usual. Let # consist of N points on a circle with radius r >0, x; =r exp(j2wi/N),j=1,...,N.
We assume that the p;’s are all equal to each other.

For any pair of adjacent points x; and x;, we let

NZ
ajk(l) = 7(1 + (xk - x]) : l)’

and
ax(DVvo if a;(1) > 0,
ajk(l) = 2 :
N*(xx —x;)-1 otherwise,

with the other a;;(1) = 0. Then bj;;1) = N(x;41 — x;) - I, and by (19) we have
Vj = Nz(x]‘_l - XJ) +N2(Xj+1 - XJ) = 2N2(COS(27'C/N) - 1)Xj‘

Note that v; = —4n%x; when N — oo.

Let Py be the distribution of (X, L) constructed above.

Let 6 be the circle with radius r > 0 and center 0, and let T, be the projection of R? onto the
tangent line to ¢ at y € 6. Consider the following SDE,

dY, = Ty(S,)dt +dB, ,
dS, = —4n?Y,dt,
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where Y takes values in 4 and B is Brownian motion on this circle. Let P, be the distribution of
(Y,S). We conjecture that as N — oo, Py converge to P,, and that the stationary distribution for
(Y, S) is the product of the uniform measure on the circle and the standard Gaussian distribution.

Conjecture 3.6. We propose a generalization of the conjecture stated in the previous example.
We could start with an explicit discrete approximation, just like in other examples discussed so far.
The notation would be complicated and the whole procedure would not be illuminating, so we
skip the approximation and discuss only the continuous model.

Let & C R" be a smooth (n — 1)-dimensional surface, let T, be the projection of R" onto the
tangent space to & at y € &, let n(y) be the inward normal to & at y € &, and let p be the
mean curvature at y € . Consider the following SDE,

dY, =Ty (S,)dt +dB, ,
dS, = cop 'n(Y,)dt,

where Y takes values in & and B is Brownian motion on this surface. We conjecture that for some
¢y depending only on the dimension n, the stationary distribution for (Y, S) exists, is unique and
is the product of the uniform measure on & and the standard Gaussian distribution.

We end with examples of processes that are discrete approximations of continuous-space processes
with jumps. It is not hard to construct examples of discrete-space processes that converge in
distribution to continuous-space processes with jumps. Stable processes are a popular family of
processes with jumps. These and similar examples of processes with jumps allow for jumps of
arbitrary size, and this does not mesh well with our model because we assume a finite state space
for X. Jump processes confined to a bounded domain have been defined (see, e.g., [2]) but
their structure is not very simple. For these technical reasons, we will present approximations to
processes similar to the stable process wrapped around a circle.

In both examples, we will identify R?> and C. Let & consist of N points on the unit circle D,
x; = exp(j2mi/N),j = 1,...,N. We assume that the p;’s are all equal to each other, hence,
p; = 1/N. In these examples, L takes values in R, not R2.

Example 3.7. Consider a C3-function V : D — R. We write V; = V(x;). We define

1 if x; and x; are adjacent on the unit circle,
0 otherwise.

A(j, k) = {

For any pair of points x; and x, not necessarily adjacent, we let

N? 1
@) = - (V= VDAGL L+ = D Ik =) +nN| 717,

nez

where a € (0,2). We define

- [0V if @, (1) > 0,
a. =
ik N*(V, = V))A(J, k)l otherwise.

Then
b (1) = N(Vi — V;)A(, k)L



626

Electronic Communications in Probability

and by we have

ve=-N> > V-V,
jialicp)=1

Note that v; — AV (x) = V”(x) when N — oo and x; — x.

Let Py be the distribution of (X, L) constructed above. Let W(x) = V(e'*) and let (Z,S) be a
Markov process with the state space R x R and the following transition probabilities. The compo-
nent Z is a jump process with the drift VW (Z)S = W'(Z)S. The jump density for the process Z is

Dines |(x —y)+n2m|717% We let S, = fot AW(Z,)ds. Let Y, = exp(iZ,) and P, be the distribution
of (Y,S). We conjecture that Py — P, as N — oo and the process (Y, S) has the stationary distribu-
tion which is the product of the uniform measure on D and the standard normal distribution. The
process (Y,S) is a “stable process with index a, with inert drift, wrapped on the unit circle.”

Example 3.8. Consider a continuous function V : D — R with f D V(x)dx = 0. Recall the notation
V; = V(x;). For any pair of points x; and x;, not necessarily adjacent, we let

1 (1
G = (E(Vk —VL+ D (k= )+ nN|—1_a) ,

nez

where a € (0,2). We define

[@pOvo  ifa,1)>o,
a'k(l) - 1
J (Vi = V)L otherwise.

Then b (1) = (1/N?)(V; — V;)l and by (19) we have

1
Vi = N E Vk - V]
1<j<N,j#k

Note that if arg x;, — y when N — oo then v, — V(") — fD V(x)dx = V(e).

Let Py be the distribution of (X, L) constructed above. Let W(x) = V(e'*) and let (Z,S) be a
Markov process with the state space R x R and the following transition probabilities. The com-
ponent Z is a jump process with the jump density f(x) = (W(x) — W(y))s — fznez((x -y)+
n2m) 1% at time t, given {Z, = y,S, =s}. Welet S, = fot W(Z,)ds. Let Y, = exp(iZ,) and P, be
the distribution of (Y,S). We conjecture that Py — P, as N — oo and the process (Y,S) has the
stationary distribution which is the product of the uniform measure on D and the standard normal
distribution.
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