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Abstract

We use excursion theory and the ergodic theorem to present an extreme-value analysis of the
classical law of the iterated logarithm (LIL) for Brownian motion. A simplified version of our
method also proves, in a paragraph, the classical theorem of Darling and Erdés (1956).

1 Introduction

Let {B(t)}+>0 be a standard Brownian motion. The law of the iterated logarithm (LIL)
of Khintchine (1933) states that limsup, . (2tInlnt)~*/2B(t) = 1 a.s. Equivalently,

B
With probability one, sup (5)

s>t V2slnlns

The goal of this note is to determine the rate at which this convergence occurs.
We consider the extreme-value distribution function (Resnick, 1987, p. 38),

—1 ast—o0. (1.1)

A(z) :=exp (—e™) Yz € R. (1.2)
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Also, let Lz := L(z) := In(z), and define, iteratively, Lyi12 := Liq1(x) := L(Lyz) for k > 1.
Then, our main result can be described as follows:

Theorem 1.1. For all x € R,

. B(s) 3 3
lim P {2Lst (s —1) —zLgt+ Lyt +L| —= | < =A 1.3
o et (g S =) = ghats e (G5) s op a0

. |B(s)] 3 3
lim P {2Lst —1) —sLat+Lgg+L| —= ) < = A(z). 1.4
Jim P {21 (iglz,rsbs platthattb{gpg) vy =A@ (Y

An anonymous referee has kindly pointed out that our Theorem 1.1 is similar to the classical
result of Darling and Erdés (1956). We will show that, in a sense, this is so: While the
Darling-Erd6s theorem does not seem to imply Theorem 1.1. a simplified version of our proof
of Theorem 1.1 also proves the Darling-Erdds theorem. See Section 5 below for details.
Theorem 1.1 is accompanied by the following strong law:

Theorem 1.2. With probability one,

1 — —1)=-. 1.5
Pl Lt (S;ilt) V2sLgys 4 (1.5)

This should be compared with the following consequence of the theorem of Erdés (1942):

. LQt B(S) 3
1 — —-1)=- .S. 1.6
I?lsogp Lst (S;L;E) v2sLas 4 a-s (1.6)

[Erdds’s theorem is stated for Bernoulli walks, but applies equally well—and for precisely the
same reasons—to Brownian motion. For the most general result along these lines see Feller
(1946); see also Einmahl (1989) where a gap in Feller’s proof is bridged.]

Theorem 1.1 is derived by analyzing the excursions of the Ornstein—Uhlenbeck process,

X(t)=e'2B(e!) t>0. (1.7)

Our method is influenced by the ideas of Motoo (1959), although it has some new features as
well. Motoo’s method has been used also in other similar contexts as well. See, for instance,
the works of Anderson (1970), Berman (1964; 1986; 1988), Bertoin (1998), Breiman (1968),
Rootzén (1988), and Serfozo (1980). For other results related to the general theme of this
paper see Fill (1983), Sen and Wichura (1984), and Wichura (1973).

Acknowledgement. An anonymous referee kindly suggested that we consider the connection
to the Darling—Erd8s theorem. He/she also pointed out the reference Einmahl (1989). These

remarks have improved the presentation of the paper, and put it in more proper historical
context. We thank this referee heartily.

2 Proof of Theorem 1.1

An application of 1t6’s formula shows us that the process X satisfies the s.d.e.,

exp(t) t
X(t) = X(0)+/1 %dB(s) - %/0 X (s) ds. 2.1)
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The stochastic integral in (2.1) has quadratic variation fleXp(t) s~lds = t. Therefore, this
stochastic integral defines a Brownian motion. Call the said Brownian motion W to see that
X satisfies the s.d.e.,

dX = dW — %X dt. (2.2)

In particular, the quadratic variation of X at time ¢ is £. This means that the semi-martingale
local times of X are occupation densities (Revuz and Yor, 1999, Chapter VI). In particular, if
{€9(X)}+>0 denotes the local time of X at zero, then

1 t
Z?(X):lin(1)2—€/ L{x(s)<c} ds  as. and in LP(P) (2.3)
E— 0 -

See Revuz and Yor (1999, Corollary 1.6, p. 224).
Let {7(t)}+>0 denote the right-continuous inverse-process to £°(X). By the ergodic theorem,
7(t)/t converges a.s. as t tends to co. In fact,

t
lim ®) =V2r a.s. (2.4)
t—oo ¢

To compute the constant /2w, we note that by monotonicity, 7(¢)/t ~ t/£9(X) a.s. But
another application of the ergodic theorem implies that £9(X) ~ E[¢9(X)] a.s. The assertion
(2.4) then follows from the fact that E[(?(X)] = t/+/27; see (2.3).

Define

X
€¢ 1= sup () Vi >

s>7(t) V2Ls B

Lemma 2.1. Almost surely,

Mj 1 LQTL
n— =0 — 4/ — , 2.6
: ?é‘ﬁm) (Ln \ n) = o) (26)

M; = sup  X(s)  Vj>1. (2.7)
1

s€[r(7),7(G+1)]
1 1 Loj .
VIn7(j) Vlns 2L\ jLj U ) 28)

On the other hand, according to (1.1) and (2.4), almost surely,

M =0 (Vinr(j+1) =0 (VLj) (G —o0). (29)

The lemma follows from a little algebra. O

where

Proof. According to (2.4),

sup
s€[r(5),7(G+1)]

Lemma 2.1, and monotonicity, together prove that Theorem 1.1 is equivalent to the following;:
For all z € R,

M 3 3
lim P<{2Ln | su J,—l)——Ln+Ln+L(—><m}:A:ﬂ. 2.10
i {atn (s G 1) <o v () <of <o e
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We can derive this because: (i) By the strong Markov property of the OU process X, {M;}32;
is an i.i.d. sequence; and (ii) the distribution of M; can be found by a combining a little bit of
stochastic calculus with an iota of excursion theory. In fact, one has a slightly more general
result for It6 diffusions (i.e., diffusions that solve smooth s.d.e.’s) at no extra cost.

Proposition 2.2. Assume that o,a € C*°(R), o is bounded away from zero, and {Wy}i>¢ is
a Brownian motion. Let {Z,},>0 denote the regular Ité diffusion on (—oo, 00) which solves the
s.d.e.,

dZt = O'(Zt) th + a(Zt)dt (211)

Write {0;}+>0 for the inverse local-time of {Z;}+>0 at zero, and define f to be a scale function
for Z. Then for all A > 0,

N (1O
ZOO) (st o) 212

Proof. The scale function of a diffusion is defined only up to an affine transformation. There-
fore, we can assume, without loss of generality, that f/(0) = 1 and f(0) = 0; else, we choose
the scale function x — {f(x) — f(0)}/f'(0) instead. Explicitly, {Z;}+>0 has the scale function
(Revuz and Yor, 1999, Exercise VII.3.20)

f(z) = /Om exp (2/Oy ;Q(Q)du> dy. (2.13)

Owing to It6’s formula, Ny := f(Z;) satisfies

P sup Z; < A
t€[0,61]

dNy = f(Z) o(Z) dWy = f' (f7HNy)) o (fH(NVy)) dWe, (2.14)

and so N is a local martingale. According to the Dambis, Dubins, Schwartz representation
theorem (Revuz and Yor, 1999, Theorem V.1.6, p. 181), there exists a Brownian motion
{b(t) }+>0 such that

Ny =b(ay), where

t 2.15
ar=at)=(N); = /0 [ (f_l(NT))]2 o (fTHNy) dr Yt (2.15)

The process N is manifestly a diffusion; therefore, it has continuous local-time processes
{€F(N)}i>0,0er which satisfy the occupation density formula (Revuz and Yor, 1999, Corollary
VIL.1.6, p. 224 and time-change). By (2.13), f’ > 0, and because ¢ is bounded away from zero,
o?f" > 0. Therefore, the inverse process {a~!(¢)};>0 exists a.s., and is uniquely defined by
a(at(t)) =t for all t > 0.

Let {£7(b)}+>0.0er denote the local-time processes of the Brownian motion b. It is well known
(Rogers and Williams, 2000, Theorem V.49.1) that

(N) =8,y(b) "t =0 (2.16)

—2

By (2.11) and (2.14), d{Z), = [f' (f~*(Ny))] ~ d(N);. Thus, if L(Z) denotes the local times
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of Z, then almost surely,

LD ds— | _ [P hUTI)
/_ @) L(Z)do = /O h(Z,)d(Z), /0 o
_ [T -1 W) -1
= [ 7o) mgy Al W) (2.17)
I N S0\ L
LGS e )

This proves that f/(z)L¢(Z) = ¢/ (N) as. In particular, LY(Z) = (9(N) for all ¢ > 0, a.s.
It follows from (2.16) that a.s.,

LY(Z) =ty (b)  Tt>0. (2.18)

Define ¢; := inf {s > 0: £2(b) >t} to be the inverse local time of the Brownian motion b.
According to (2.18), ¢; = a(6;) for all t > 0, a.s. Thus,
No = o>

b0:o>.

The last identity follows from (2.15) and the fact that o and a~! are both continuous and
strictly increasing a.s.

Define N to be the total number of excursion of the Brownian motion b that exceed § by
local-time 1. Then,

P sup Zs < A
36[0,91]

Z0:O> :P< sup Ny < f(N)

s€[0,61]

(2.19)

s€[0,1]

“r( o sy

P( sup bs < f(N)

s€[0,¢1]

b0:O> =P (Njy =0 by =0)

=exp {=E [Ny [ bo = 0]},

(2.20)

because N is a Poisson random variable (Ito, 1970). According to Proposition 3.6 of Revuz
and Yor (1999, p. 492), E[Nj3|by = 0] = (28)~! for all 3 > 0. See also Revuz and Yor
(1999, Exercise XII.4.11). The result follows. O

Remark 2.3. Also, the following equality holds:

N FO
Z°‘0>‘ (500 1w 221)

This follows as above after noting that f(—x) = —f(z), and that E[N} by = 0] = 7', where
N é denotes the number of excursions of the Brownian motion b that exceed (3 in absolute value
by local-time 1.

P| sup |Z; <A
t€[0,64]

Proof of Theorem 1.1. If we apply the preceding computation to the diffusion X itself, then
we find that P{M; < A\} = exp{—1/(25()))}, where S is the scale function of X which satisfies
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S’(0) = 1 and S(0) = 0. According to (2.2) and (2.13), S(z) = fom exp(y?/2) dy, whence it
follows that for all A > 0,

=exp | — ! =ex _ AT
PAM: = A} = exp ( 2f0)‘ exp(y?/2) dy) p( QGXP(A2/2)> ’ (222)

where §(\) = o(\) as A — oo.

Let {8, (x)}22, be a sequence which, for x fixed, satisfies (3, (z) — oo as n — oo. We assume,
in addition, that ay,(x) := S,(x)/Ln goes to zero as n — oo. We will suppress x in the
notation and write «,, and 8, for a,(x) and 8, (x), respectively.

A little calculus shows that if «,, > 0, then

M, 11T _ 1
P {jgg vary =t 5%} - gexp ( 25 ((1+ %mm))
. (_ [1+o(1)](1+ a,) i VI

. ](1+%an)2
j=n

[+ o] (1+ 50u) ) (2.23)

V2ay, (14 1ay,) apnon(iten/4)

[1 + 0(1)]gn(z)(Ln)>/2e=Fn )
V28, '

~ e (_ [1+0(1)] (1+ an) VIn )

Here,

([ 2Ln+ B, B2 [T Lz

If a, <0, then the probability on the right-hand side of (2.23) is 0. Define

n

On = @p(z) = ngn — Lsn —1In (3/\/5) + z, (2.25)

and set 3, := ¢, in (2.23). This yields

M; ©n —cpe™® if g, >0
InP J_ <1+ ~ ’ 2.26
" {?gﬁ V2L 2Ln} {0 if ¢, <0, (2:26)

where ¢,, := ¢, () is defined as

2L 2
Cp 1= Lf% exp | — ¥
2Ln + 5¢n 4Ln
Note that the rate of convergence in (2.26) is independent of z. If x € R is fixed, then by
letting n — oo in (2.26) we find that

-1

—Lzn —1n(3/v2) +
%LQTL

1+ (2.27)

M.
lim P{2Ln|(su J_ 1> < n} = A(x). 2.28
n—o0 { (j>12 V2Lj =7 ) (229



202

Electronic Communications in Probability

This proves (2.10), whence equation (1.3) of Theorem 1.1 follows.
By using (2.21), we obtain also that as n — oo,

| M| an} -1 - 3/2
InP<sup —— <1+ — Nfﬁneﬁ" Ln . 2.29
Lt <1+ fre b (229
Because 3, = ¢, = %LQ’I’L — Lsn—1In (%) + x, (1.4) follows. O

3 Proof of Theorem 1.2

In light of (1.6) it suffices to prove that

N 1 B(s) 3
1 f—— (s —1) > - .S. 3.1
iminf 72 (z@mhs ) = (3.1)

We aim to prove that

M; L
j;g \/ﬁ > /1+ c%: eventually a.s. if ¢ < g (3.2)

Theorem 1.2 follows from this by the similar reasons that yielded Theorem 1.1 from (2.10).
But (3.2) follows from (2.23):

p sup Mj < 1—}—8@ :exp{—l+0(1) ] (Ln)(3/2)—c}. (33)
j>n V205 ~ Ln 2ev/2 Lon

Replace n by p™ where p > 1 is fixed. We find that if ¢ < (3/2) then the probabilities sum in
n. Thus, by the Borel-Cantelli lemma, for all p > 1 and ¢ < (3/2) fixed,

M, Lo(p™
sup J 1+C Q(p)

= >
izpm V2Lj L(p")

eventually a.s. (3.4)

Equation (3.2) follows from this and monotonicity.

4 An Expectation Bound

We can use our results to improve on the bounds of Dobric and Marano (2003) for the rate of
convergence of E[sup,s Bs(2sL2s) /%] to 1.

Proposition 4.1. Ast — oo,

B(s) 3Lst 1Lig 1v—In(3/V2) 1
E T ot L LR el G — 41
[i‘;ﬁ’ \/25L2J YAt 2Lt T2 Lt %\zg) (4.1)

where v = 0.5772 denotes Euler’s constant.
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Proof. Define

M, 3
U, = 2Ln (sup ——2— — 1 ——Ln+Ln—|—ln(3 \/5) 49
(sz\/QLJ ) g e / (42)

We have shown that U,, converges weakly to A. We now establish that sup,, E [U2] < oo. This
implies uniform integrability, whence we can deduce that E[U,,] — [z dA(z).

Let ¢, (2) be as defined in (2.25), and note that z := (3/2)Lon — Lsn — In(3/v/2) solves
on(—z7) = 0.

We recall the definition of ¢, (x) in (2.27) and rewrite (2.26) to find that for all x > —z7,

InP{U, <z} = —cp(x)(1+0(1))e". (4.3)

Consequently, for n large enough,

/OOO zP{U, < -z} < /OI:L x eXp (—%cn(—x)ew> dx. (4.4)

For n sufficiently large and 0 < x < 2%, ¢, (—x) > e72/(3/2) > (1/12). Thus, for n sufficiently
large,

/ 2P {U, < -2} < / " rem ¢ dr < / ze 71 dz < 0. (4.5)
0 0 0
Also for n sufficiently large,
/ 2P{U, >z} < / x (1 - e’%c"(z)e_m) dz < / gxcn(x)e*”” dzx. (4.6)
0 0 0

We can get the easy bound ¢, (z) < (3/2+2)/(1/4) = (6 4 4x), valid for = > 0. This, in turn,
yields the following:

/ xP{U, > z}dzx < / gx (6 +4zx)e " dzr < o0. (4.7)
0 0

The preceding, (4.5), and integration by parts, together prove that sup, E[U2] < oo; this
proves that {U,}5°; is uniformly integrable. From Lemma 2.1, it follows that as ¢ — oo,

B, 3 3 >
2Lt | E —— | =1 — =Lst + L4t +1 — dA(z). 4.8
? < [Ssg)v%hs] ) grat it n(\@) 4)/7001' (=) (4.8)

It remains to prove that [ 2 dA(z) =; but [ zd[e~ '] is manifestly equal to

o0 d (oo} 1’\/
—/ Lt)e tdt = —— t*~letat|  =-— (2) (4.9)
0 dz Jo 2=1 F(z) =1
Confer with Davis (1965, Eq. 6.3.2) for the final identity. O

5 Miscellany

This final section is concerned with some remarks about random walks. Throughout let
X1, Xo,... beii.d. random variables with

E[X1] =0, E[X7] =1, and E[X{Ls(|X1|Ve€%)] < oo. (5.1)
Let S, := X1+ -+ X, (n > 1) denote the corresponding random walk.
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5.1 An Application to Random Walks

According to Theorem 2 of Einmahl (1987), there exists a probability space on which one can
construct {5, }°° ; together with a Brownian motion B such that |S,, — B(n)|?> = o(n/Lan) a.s.
On the other hand, by the reflection principle and the Borel-Cantelli lemma, |B(t) — B(n)|? =
o(n/Lan) uniformly for all ¢t € [n,n + 1] a.s., and with room to spare. These remarks, and a
few more lines of elementary computations, together yield the following.

Theorem 5.1. If (5.1) holds and x € R, then as n — oo,

Sk 3 3
P{2Lon (sup —— — 1) = 2Lgn+ Lin+ L —= ) <2y — A 5.2
{ o (212”3 V2kLsk ) glent Lan+ (\/5> —33} (@), (5.2)

)3 (ava) =}
P<:2L — 1) -=L L Ll— ) < Az). 5.3
{ on <}s€1>112 SELok 5 3n + Lan + n3) = r o — Az) (5.3)

It would be interesting to know if the preceding remains valid if only E[X;] = 0 and E[X?] = 1.
The answer may well be, “No”; see Einmahl (1989) for a related result. We owe this observation
to an anonymous referee.

5.2 On the Darling—Erd6s Theorem

An anonymous referee has suggested that our Theorem 1.1 is similar to the Darling—Erddés
theorem. Here, we show this is true at the technical level. We do so by presenting a simplified
version of our proof of Theorem 1.1 which yields also the following “Darling-Erdés (1956)
theorem.” Similar ideas appeared earlier in Bertoin (1998).

Theorem 5.2. For all x € R, as n — oo,

p {2L2n (maxlf\’;%’f/ﬁ) - 1) - % + L(;‘”) < x} s A). (5.4)

There is also a related result about |Si| that is proved by similar means. We will restrict
attention to the statement of Theorem 5.2 only.

In their original paper, Darling and Erdds (1956) proved this under the more restrictive condi-
tion that E{|X1]?} < oo. They proceed by first working on the Gaussian case and then using a
“weak invariance principle.” The present formulation requires only that E{X 2Ly (| X1|Ve®)} <
00; it can be shown to follow directly from the Darling—Frd&s theorem, in the Gaussian case,
and the strong invariance principle of Einmahl (1987) in place of the said weak invariance prin-
ciple. Einmahl (1989, p. 242) attributes this observation to David M. Mason; see also Einmahl
and Mason (1989). Furthermore, Einmahl proves that the P-integrability of X2 Ls(]X2| V €¢)
is optimal. For other related results see, for example, the works of Bertoin (1998), Oodaira
(1976), and Shorack (1979).

Proof. We will use the notation of the proof of Theorem 1.1 throughout.
By (2.22) and independence,

lim P{ max M; < /2Ln + Lan — 2L’y} = 67’Y/\/§, (5.5)

n— 00 1<j<n
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valid for all v > 0. But max;j<, M; = X*(7(n)), where X*(t) := sup,<, X(s). This, (2.4),
and monotonicity together imply that for all z € R,

. X* (n 27‘(‘) Lon _ e 2
nILH;oP{Ln<W_1>_TSx}_eXp<_\/§>' (5.6)

Yet another appeal to monotonicity yields that for all z € R,

. X*(t) Lot 2
lm P It| ————our -1 —— <z =exp| — . 5.7
e 2L (t/V/2n) 4 P ( V2 ) 5.7)

We have used also the well-known fact that X*(t) ~ v/2Lt a.s. But

X*(t) X*(t) In(2r)
| —="2 1) =o(1)+ Lt 1)+ 2 5.8
2L (t//27) W ( V2Lt ) 4 >

Hence, for all x € R,

tlir{éP{Lt (‘)52(_2 - 1) - % < x} = exp (—;:/2;) . (5.9)

)

The preceding is the “Darling-Erdds theorem for Brownian motion.” The remainder of the
theorem follows from strong approximations. O

Remark 5.3. Several times in the previous proof we used the classical fact that X*(t) ~ /2Lt
a.s. This too follows from the methods of the paper. We include a proof in order to illustrate
the power of these techniques. Firstly, we note that X*(t) < (1 4 o(1))v/2Lt by the LIL.
Secondly, in accord with (2.22), P{max;<, M; < (1 —€)vV2Ln} < exp(—cn®) for some ¢ > 0
which does not depend on (n,e). This and the Borel-Cantelli lemma together prove that
max,<, M; > (1+0(1))v2Ln. Equation (2.4) and monotonicity together prove that X*(t) >
(1+ o(1))v/2Lt, which has the desired effect.
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