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1 Introduction

In his seminal paper [22], Follmer presented a new perspective on It6’s stochastic
calculus. The main theorem of Follmer [22] states that a deterministic cadlag path
satisfies the It0 formula provided it has quadratic variation along a given sequence
of partitions. This theorem enables us to construct the It integral fof f(Xs_)dX; for
a sufficiently nice function f and a path X with a quadratic variation. This suggests
the possibility of developing an analogue of the It6 calculus in completely analytic,
probability-free situations. We call this framework Follmer’s pathwise Ito calculus or,
more simply, the It6-Follmer calculus. It can be regarded as a deterministic counterpart
of the classical It6 calculus.

Recently, the It6-Follmer calculus has been receiving increasing attention from the
viewpoint of its financial applications. It is regarded as a useful tool to study financial
theory under probability-free settings and has been used to construct financial strategies
in a strictly pathwise manner (see, e.g., Follmer and Schied [24], Schied [67], Davis,
Obléj and Raval [13], and Schied, Speiser, and Voloshchenko [69]). We expect that the
It6-Follmer calculus will have a growing presence in financial applications.

The It6-Follmer calculus can be applied to a stochastic process having quadratic
variation. A standard example of such a process is a semimartingale. However, it is
known that the class of processes possessing quadratic variation is strictly larger than
that of semimartingales (see, e.g., Follmer [22, 23]). In this sense, the It6-Follmer
calculus enables us to extend stochastic integration theory beyond semimartingales.

There are several approaches to the pathwise construction of stochastic integra-
tion. First, we mention classic studies by Bichteler [3], Karandikar [38], and Willinger
and Taqqu [78, 79], but see also Nutz [53] and Lochowski [40, 43]. The theory of
Vovk’s outer measure and typical paths was pioneered by Vovk [73, 74, 75, 76, 77]
and further developed by several authors, including Perkowski and Promel [56, 55],
L.ochowski, Perkowski, and Promel [42], and Bartl, Kupper, and Neufeld [2]. Russo and
Vallois [58, 59, 60, 61, 62, 63, 64] developed a theory called stochastic calculus via regu-
larization. The rough path theory, pioneered by Lyons [44], and its generalization have
become important in stochastic calculus and its applications. In addition, we refer to
Gubinelli [29], Gubinelli and Tindel [30], Friz and Shekhar [26], and Friz and Zhang [27].
Some studies have investigated the relation between the It6-Follmer calculus and rough
path theory (see, e.g., Perkowski and Promel [56], and Friz and Hairer [25]).

Among the various pathwise methods, we consider Follmer’s approach to be the
simplest and the most intuitively clear. It needs only elementary arguments to establish
calculation rules such as It6’s formula within this framework. Moreover, the It6-Follmer
calculus requires only a minimal assumption that the integrator has quadratic variation.
We believe that these are advantages of Follmer’s theory, and also that careful observa-
tion of this theory helps us to understand the path properties of processes better when
we consider semimartingales and their stochastic integration.

Increasingly many works related to It6-Follmer calculus have been appearing recently.
First, we refer to Sondermann [70], Schied [67], Hirai [35], and Cont and Perkowski [11].
Schied [68], Mishura and Schied [52], and Cont and Das [7] construct deterministic
continuous paths with nontrivial quadratic variations. See also Chiu and Cont [6].
Functional extensions of the It6-Follmer calculus have been developed by Dupire [21],
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Cont and Fournié [8, 9, 10], and Ananova and Cont [1], for example. Extension of the
It6-Follmer calculus in terms of local times has been investigated in Davis, Oblgj, and
Raval [13], Davis, Obldj, and Siorpaes [14], Lochowski et al. [41], and Hirai [34, 36].

To our knowledge, however, the It6-Follmer calculus in an infinite dimensional setting
has not yet been sufficiently studied. Stochastic integration in infinite dimensions
naturally appears when we treat stochastic partial differential equations (see, e.g.
Da Prato and Zabczyk [12]). These have played an important role in modelling term
structures of interest rates or forward variances in mathematical finance, and also in
models of statistical mechanics and quantum field theories. Then we aim to extend
Follmer’s theory to Banach space-valued paths. In this paper, we prove the It6 formula
for a path in a Banach space with a suitably defined quadratic variation. We will study
relations between various quadratic variations and prove some transformation formulae
for quadratic variations in our second paper in this series [37]. We not only generalize
the state space of paths but also relax the assumption on the sequence of partitions along
which we consider the quadratic variation. In the context of the It6-Follmer calculus,
two types of assumptions about a sequence of partitions are frequently used. One is
|7 — 0, as used in Follmer [22], and the other is the condition O; (X;7,) — 0, which is
used in many papers handling continuous paths and some dealing with discontinuous
paths such as Vovk [76]. In this paper, we introduce new conditions to a sequence of
partitions and a cadlag path (Definition 3.4), which gives a unified approach.

There have been many attempts to extend classical stochastic calculus to Banach
or Hilbert space-valued processes. Examples include Kunita [39], Metivier [45], Pel-
laumail [54], Yor [81], Gravereaux and Pellaumail [28], Metivier and Pistone [48],
Meyer [49], Metivier and Pellaumail [47], Gyongy and Krylov [32, 33], Gyongy [31],
Metivier [46], Pratelli [57], Brooks and Dinculeanu [5], Mikulevicius and Rozovskii [50,
51], Dinculeanu [20], De Donno and Pratelli [15], van Neerven, Veraar, and Weis [71],
Veraar and Yaroslavtsev [72], and Yaroslavtsev [80]. Note that Di Girolami, Fabbri, and
Russo [17] treat quadratic covariation of Banach space-valued processes within the
framework of stochastic calculus via regularization, with Follmer’s calculus in mind.

Our method can be interpreted as a deterministic counterpart of these stochastic
integration theories in Banach spaces. Some of the works listed above, such as Metivier
and Pellaumail [47] and Dinculeanu [20], give proofs of It6’s formula in a similar manner
to Follmer’s calculus. One of the advantages of our approach appears in the statement
of the It6 formula. For a function f to satisfy the It6 formula, we require f to be just
C? class, while a stochastic approach needs some additional assumptions about the
boundedness of f and its derivatives.

Before explaining our contribution, we begin by summarizing the main result of
Follmer [22]. Let II = (m,)nen be a sequence of partitions of R>o such that |r,| =
SUp) sjer, |$ — 7| tends to 0 as n — oo. We say that a cadlag path X: R>o — R has
quadratic variation along II if there exists a cadlag increasing function [X, X| such that
forallt € R>o

(i) Z]m]eﬂn (Xsnt — Xyat)? converges to [X, X]; as n — oo, and
(i) A[X, X]; = (AXt)Q.

An Révalued cadlag path X = (X!,..., X%) has quadratic variation along II if the real-
valued path X? 4+ X7 has quadratic variation along the same sequence for each i and j.
Follmer [22] proved that if X has quadratic variation, then for any f € C’2(]Rd) the path
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t — f(X;) satisfies Itd’s formula. That is,

— ' 1 ! 62f i jic
1) = 150+ | DI X+ 5 3 [ G (X X
+ > {Af(X) — (DF(X.o), AX,)} (1.1)

0<s<t

holds for all ¢ € R>(. The first term on the right-hand side of (1.1) is defined as the limit

[ 05X = i Y (DI Kot Ko,

Ir,s]€my,

where ( , ) denotes the usual Euclidean inner product. We call this limit the [t6-Follmer
integral along II. Follmer’s theorem claims that if X has quadratic variation along II,
then the It6-Fo6llmer integral above exists and it satisfies equation (1.1).

As stated above, we aim to extend Follmer’s pathwise It6 formula to Banach space-
valued paths. Let us describe a simplified version of our main result. The precise
statement will be given as Theorem 3.6 and Corollary 3.7. Let E be a Banach space and
E®,FE be the tensor product Banach space with respect to a reasonable crossnorm c.
We say that an E-valued cadlag path X has strong/weak a-tensor quadratic variation
along IT = (7,,) if there is a cadlag path “[X, X]: R>o — E®,E of finite variation such
that, for all ¢t > 0,

(i) the sequence 3, ..
topology of EQ.FE, and
(ii) the equation A®[X,Y], = AX?? holds.

(Xsnt — Xpnt)®? converges to X, X], in the norm/weak

The path X has finite 2-variation along II if

V(X 1), = Suﬂ% Z | Xsat — Xonel? < o0
ne

Ir,s]€my,

for all t > 0. We say that a sequence of partitions (r,,) satisfies Condition (C) for a path
X: [0,00] — F in a Banach space if it satisfies Conditions (C1)-(C3) of Definition 3.4.
Roughly speaking, Conditions (C1) and (C2) state that (,,) reconstructs the information
of the jumps of X. Condition (C3) means that (7, ) controls the oscillation of X in some
sense. Under these settings, our main result, the It6 formula, is stated as follows. Let
X:R>o = E be a cadlag path that has strong/weak a-tensor quadratic variation and
finite 2-variation along (7,)nen, and let A: R>o — F be a cadlag path of finite variation
in a Banach space. Suppose that (r,,) satisfies Condition (C) for (A4, X) and the left-side
discretization of (4, X) along () approximates (A_, X_) pointwise (see Definition 3.1
for the exact definition). If f: F x F — G is a C1? function such that the second
derivative induces a continuous map D2f: F x E — E(E@aE, @), then the composite
function f(A, X) satisfies

f(Ae, Xi) — (Ao, Xo)

t t
- / Duf(As, X )AAS + / D, (A, X, )X,
0 0

+5 | DA XX 4 3D (AS(4 X0) = Daf (A, X JAX)

0<s<t

The second integral on the right-hand side is defined respectively as the strong/weak
limit of left-side Riemannian sums along (7).
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To conclude this section, we give an outline of the remainder of this paper. Section 2
is a preliminary part of this article. We introduce basic notation and terminology in the
first subsection. The next subsection is devoted to a review of cadlag paths and Stieltjes
integrals in Banach spaces. In Section 3, we set up basic notions in It6-F6llmer calculus
in Banach spaces and state the main results of the paper (Theorem 3.6 and Corollary 3.7).
In Section 4, we study conditions on the sequence of partitions and the relation between
them and cadlag paths. Fundamental properties of quadratic variations are studied
in Section 5. The purpose of Section 6 is to show Lemma 3.10, which is essentially
used in the proof of the main theorem. In the last section of the main part, Section 7,
we prove the It0 formula for a Banach space-valued path having quadratic variation.
In appendices, we present some auxiliary results related to differential calculus and
integration in Banach spaces.

2 Preliminaries

2.1 Notations and terminologies

In this section, we introduce basic notation and terminology used throughout this
article.

The symbol IN denotes the set of natural numbers {0,1,2,...} and R denotes that of
real numbers. If A is a subset of R and a € R, we define A>, ={z € A |z > a}.

If £ and F' are two real Banach spaces, L(E, F') denotes the space of bounded linear
maps from FE to F'. In addition, given another Banach space GG, we define 12(2)(E7 F;@G) as
the space of bounded bilinear maps from E x F to G. Recall that £L(E, F) and L2 (E, F; G)
are Banach spaces with norms

1Bz, y)|
Izl iglizo NZllyll

L
1L = sup 122l
|lz||£0 HfUH

1Bl =

respectively.
Now we introduce another topology on the space L(F,G). Let Kg be the family of all
compact subsets of E. For each K € K, define a seminorm pg by the formula

pr (L) =inf{C >0 |Vz € K, | Lz|r < C|z||g} (2.1)

for each L € L(E, F). Then the family (px)kex, induces a locally convex Hausdorff
topology on L(E, F'). We use the symbol £L.(E, F') for this topological vector space.

Let [0,00[ =R>p = {r € R | r > 0} and let E be a Hausdorff topological vector space.
A cadlag path in F is a function X : R>¢ — E that is right continuous at every ¢ > 0 and
has a left limit at every ¢t > 0. The terms RCLL and right-regular are also used to stand
for the same property. Similarly, a caglad (also called LCRL or left-regular) path in E
is a function X : R>( — E that is left continuous on |0, co[ and has right limits on [0, oo
The symbols D([0, o[, E) and D(R>¢, E) denote the set of all cadlag paths in E. If X is
an element of D(R>, E), we define

X(t—) = llTI%X(S) = S_l)ggld X, AX(t)=X(t) — X(t—).

We also use X;, X;_, and AX; to indicate the values X (¢), X (t—), and AX(t), respectively.
Next, set

D(X) ={t € Rxo | [[AX]| # 0},
De(X) ={t € Rxo | [AX:]| = £},
DF(X) = D(X)\ Do(X) = {t € Rz | 0 < |AX,]| < &}
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We simply write D, D., and D¢ if there is no ambiguity. Given a discrete set D C [0, oo
and a cadlag path X, we define

Ip(X)=J(D;X)y = Y AX.p(s).

0<s<t

Recall that a subset D is discrete if it is a discrete topological subspace of [0, cof; i.e.
every element of D is an isolated point with respect to the subspace topology. By
assumption, the set D N [0,¢] is finite for all ¢, and therefore the summation above is
well-defined. Then Jp(X) is a cadlag path of finite variation. For abbreviation, we often
write J.(X) instead of J(D.(X); X).

Throughout this paper, the term partition of R>( always means the set of intervals
of the form 7 = {J¢;,t;41];¢ € IN} which satisfies 0 = ¢y < t; < --- — oo. The set of
all partitions of R>¢ is denoted by Par(Rx>() or Par([0, oo[). Similarly, given a compact
interval [a,b] C R>o, let Par([a,b]) be the set of all finite partitions of the form = =
{Jti,tix1);0 < i <m—1} witha =1ty < t; < --- < t, = b. For a partition 7 of R>o or a
compact interval, we define 7? C R>( as the set of all endpoints of elements of 7. If
™ = ﬂti;ti—i-l];i € I}, then 7P = {ti;ti—i-l;i € I}

2.2 Remarks on cadlag paths and Stieltjes integration
In this subsection, we review some basic properties of cadlag paths that will be
referred to later.

Let E be a Banach space. F-valued right continuous and left continuous step functions
are functions of the form

Z Litistinn[@is L{oybo + Z L tisa1bit1s
iEN ieN

respectively, where 0 = tp < t; < --- <t, <--- — oo and a;, b; € E for all i € IN. Right

continuous step functions are cadlag and left continuous step functions are caglad. Every

right continuous step function f = >, 111, 4,,,[a: is strongly B(R>¢)/B(E) measurable

because it is the pointwise limit of the sequence (f,,) defined by f, = > (i<, Lt .ts1(0i-
A cadlag path in a Banach space satisfies the following properties.

Lemma 2.1. Let f be a cadlag path in a Banach space E.

(i) For every C > 0, there are only finitely many s satisfying ||Afs|p > C in each
compact interval of [0, oo|.

(ii) The image f(I) of any compact interval I C [0, oo[ is relatively compact in E.

(iii) Suppose that every jump of f is smaller than C' > 0 on a compact interval I C [0, oo|.
Then for all € > 0, there exists a 6 > 0 such that || f(s) — f(u)||g < C + € holds for
any s,u € I satisfying |s — u| < 4.

(iv) The path f is the uniform limit of some sequence of right continuous step functions
on each compact interval.

(v) Foreveryt >0 and ¢ > 0, there is a partition = € Par([0,]) that satisfies

w(f;[rsl) = sup [|f(u) = f(v)ll <e

w,wE[r,s|
for all |r, s] € 7.
One can find an analogue of Lemma 2.1 for cadlag paths in an arbitrary separable

complete metric space in Billingsley [4, 122].

EJP 28 (2023), paper 89. https://www.imstat.org/ejp
Page 6/41


https://doi.org/10.1214/23-EJP986
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Ito-Follmer calculus in Banach spaces I

Next, recall that a function f: [0,00] — F is of bounded variation on a compact
interval I C [0, oo if

V(fiD) = s 3 [1f(s) — f)lle < oo

wGParI]T slen

For convenience, set V(f;0) = 0 and V(f;[a, a]) = 0 for every a € [0, oo[. The function f
has finite variation if it has bounded variation on every compact subinterval of [0, co[. The
set of all cadlag paths of finite variation in E is denoted by F'V (R>, E) or FV ([0, o0, E).
We define the total variation path V(f) of a function f of FV (R, E) by V(f): =
V(f;[0,t]). Then V(f) is increasing and satisfies V' (f)o = 0.

We list several basic properties of a path of finite variation below. See Dinculeanu [20,
§18] for a proof.

Lemma 2.2. Let f: [0,00] — F be a cadlag path of finite variation in a Banach space.

(i) Ifa,b,c € [0,00[ satisfy a < b < ¢, then
V(f.la,c]) = V(f,la,b]) + V(f,[b,c]).

(ii) The total variation path V(f) is cadlag.
(iii) The jump of V(f) att > 0 is given by AV (f)(t) = ||Af(t)| k-
(iv) The family (Af(s))sejo.y) is absolutely summable for allt > 0; i.e.

sup {ZnAf(s)nE

F': a finite subset of [0, t]} < 0.
seF

(v) The function f¢ defined by

W)= > Af(s)

0<s<t
is again a cadlag path of finite variation.
Note that the summation in (v) of Lemma 2.2 is defined in the following manner. Let
D be the set of all finite subsets of |0, ¢]. We regard D as a directed set with the order

defined by inclusion. Then the net (> . _, Af(s))4ep converges in E by Condition (iv) of
Lemma 2.2, and hence we can define

> Af(s) = lim > Af(s)

0<s<t sed

sed

The function f9 defined in Proposition 2.2 is called the discontinuous part of f. We also
define f¢ = f — f9 and call it the continuous part of f.

Let 7 the semiring of subsets of R>( consisting of all bounded intervals of the form
]a, b] and the singleton {0}. Given an f € D(R>, E), define

pg(la,b) = f(0) = f(a), np({0}) = f(0)

for any two real numbers satisfying 0 < a < b. If f has finite variation, the function
py: I — E can be uniquely extended to a o-additive measure defined on the §-ring D
generated by Z. Refer to Theorem 18.19 of Dinculeanu [20, 208] for a proof. Notice
that this correspondence between a function and a measure satisfies ()¢ = u fa and
(117)¢ = pyse. See Appendix B.1 for the definition of the measures (u)? and (uf)°.
Because there is a measure p; associated with f, we can consider the Stieltjes
integral with respect to f. Let B: F x E — G be a continuous bilinear map between
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Banach spaces. Set L{ (ur; F) = Li, .(Jjus]; F), where |us| denotes the variation measure
of yu introduced in Appendix B.1. Then for each g € L{ (us; F) and a bounded interval
I =]a, b], the Stieltjes integral is defined by the formula

/ " Blg(s). df(s)) = | Blats).as) = [ Blats).nstas).

See Appendix B.1 for the definition of [, B(g(s), us(ds)). If g: R>o — Lc(E, G) is a caglad
path, we can also define the Stieltjes integral as

o are = [ g,

where the integral on the right-hand side is constructed in Appendix B.2. Finally, note
that the decomposition f = f¢ 4 f4 gives a decomposition of the integral

/ Blg(s). df(s)) = / Blg(s).df°(s)) + / Blg(s),df(s)).

I I I

3 Settings and the main result

In this section, we introduce the main results of this paper, namely, the It6 formula
within the framework of the It6-F6llmer calculus in Banach spaces. The statement is to
be found in Theorem 3.6 and Corollary 3.7.

First, we introduce some notations about difference operators. Given a function
X:R>9— Eandt > 0, define functions 6.X and 6.X; on 7 into E by the formulae

SX(I) = 6X(Jr,s]) = Xy — X, 6Xo(I) = 6X(IN[0,4]) = Xop — Xont

for each I = |r,s] € Z. We also define § X ({0}) = 6X,({0}) = X,. Moreover, consider a
bilinear map B: F' x E — G in Banach spaces and another function Y': R>q — F. Then
we define functions B(Y,dX) and B(Y,dX;) from 7 to G by the formulae

B(Y,6X)(Ir,s]) = B(Y:,0X(|r,s])),  B(Y,0X:)(Jr,s]) = B(Y;, 60X (Jr, s] N[0, ]))
for I =]r,s] € 7 and
B(Y,6X)({0}) = B(Y,6X)({0}) = B(Yo, Xo).
By using this notation, the left-side Riemannian sum along a partition 7 is expressed as

Y B, Xins = Xinr) = Y B(Yinr, Xins — Xinr) = »_ B(Y,6X,)(I).

Jr,slem r,s]em Ienm
We also define B(dY, X) and B(§Y;, X) in a similar manner. The function B(6X;,6Y;): 7 —
G is defined as the composition of B and (0X;,0Y;): Z — F X E.

Definition 3.1. Let E, F, and G be Banach spaces and let B: E x F — G be a bounded
bilinear map. Suppose that II = (7, )nen is @ sequence of partitions of R>¢.

(i) A path (X,Y) € D(R>o,E x F) has B-quadratic covariation along II if there
exists a G-valued cadlag path Qg(X,Y) of finite variation satisfying the following
conditions:

(a) forallt € R>q
nll_{Tolo Z 5Xt,5Yt ) Qp(X,Y):

Ienm,

in the norm topology of G;
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(b) for allt € R>o, the jump of Qp(X,Y) is given by
AQpB(X,Y); = B(AX, AYy).

Then the path Qp(X,Y) is called the B-quadratic covariation of X andY. IfE = F
and X =Y, we call Qp(X, X) the B-quadratic variation of X.

(ii) If the convergence of (i)-(a) holds in the weak topology of G, we say that (X,Y’) has
the weak B-quadratic covariation Qp(X,Y).

We often call a B-quadratic covariation a strong B-quadratic covariation if we stress
that the convergence holds in the norm topology. The quadratic covariation Qg (X,Y)
depends on the sequence of partitions II. Given a partition 7, we often write

QE(X,Y): = B(0X:,6Y)(1).

Ienm

Because X and Y are cadlag, the map ¢t — Q% (X,Y), is also cadlag. It is not, however,
of finite variation unless X and Y are of finite variation. With this notation, we can
say that the strong/weak B-quadratic covariation Qp(X,Y) is the pointwise limit of
(QF (X,Y))nen respectively in the norm/weak topology satisfying the jump condition
(i)-(b) of Definition 3.1.

An important class of a bounded bilinear map B is the canonical bilinear map into a
tensor product of Banach spaces. Let « be a norm on the algebraic tensor product £ ® F'
of two Banach spaces. The norm « is called a reasonable crossnorm if it satisfies the
following two conditions:

(i) the inequality a(z ® y) < ||z||||y|| holds for all z € E and y € F;
(ii) the inequality ||2*®y* (o F,a)- < [|z*[/||ly*|| holds for all * € E* and y* € F**, where
| l(EoF,a)+ denotes the usual operator norm on the normed space (E ® F,«a).

The completion of the normed space (E® F, «), which is generally incomplete, is denoted
by E®,.F. See Diestel and Uhl [18] and Ryan [65] for basic facts about tensor products
of Banach spaces. The quadratic covariation of (X,Y’) with respect to the canonical
bilinear map ®: E x F — E®,F is denoted by *[X,Y], and it is called the a-tensor
quadratic covariation. We also write [X,Y]" = QF (X,Y’) and call it the discrete tensor
quadratic covariation of (X,Y") along =. If E = F, we can consider a-tensor quadratic
covariations *[X,Y] and *[Y, X]. Although one of them exists if and only if the other
does, they are not equal in general. The path ¢[X, X] is called the a-tensor quadratic
variation.

There are various important reasonable crossnorms in Banach space theory. The
greatest crossnorm v, also called the projective tensor norm !, is defined by the following
formula

7(z)=inf {lewilElyillF

i€l

I is finite, x; € F and y; € F forall¢ € I, and Z:Z:m@yz}.
iel

We simply write EQF = E@WF and call it the projective tensor product of F and F.
~v-tensor quadratic variations are also called projective tensor quadratic variations.
An advantage of the projective tensor product is that there is a canonical isometric
isomorphism L(E, L(E,G)) ~ L(ERE,G) ~ L3 (E,E;G). We use this identification
without mention. If ¥ and F' are Hilbert spaces, Hilbert-Schmidt crossnorm is also

1The projective tensor norm is often denoted by 7. We use ~, following Diestel and Uhl [18], because the
symbol 7 is used to indicate a partition in this article.
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a natural object. For LP(u;) and LP(u9) defined on some measure spaces, there is a
crossnorm A, such that L”(ul)@ApLP(ug) >~ [P(u1 ® pe). See Defant and Floret [16,
Section 71.

The tensor quadratic variation of an R?-valued path X = (X!,..., X%) has the matrix
representation
P¥17)(1h . [)(1,)(dh
[X7 X]t = : .
XX - X XY,

A cadlag path X: R>o — R? has tensor quadratic variation if and only if it has quadratic
variation in the sense of Definition 2.3 of Hirai [35].

Remark 3.2. (i) Our definition of strong tensor quadratic variations can be regarded
as a pathwise analogue of tensor quadratic variations in classical stochastic in-
tegration theory in infinite dimensions such as Metivier and Pellaumail [47] and
Metivier [46]. See also Dinculeanu [20]. Although one can define tensor quadratic
variations in general Banach spaces, classical existence results only deal with
Hilbert spaces.

(ii) Another important approach is developing recently in the context of the martingale
theory in UMD Banach spaces. Yaroslavtsev [80] shows that a local martingale in
a UMD Banach space has the covariation bilinear form [M]. In our terminology,
the covariation bilinear form corresponds to the cylindrical quadratic variation in
the sense of Corollary 3.5 in Hirai [37]. By this corollary, we see that a cadlag path
with weak tensor quadratic variation has cylindrical quadratic variation.
Now we introduce a different type of quadratic variation, namely, scalar quadratic
variation. Again we assume that II = (7, ) is a sequence of partitions of Rx.

Definition 3.3. Let E' be a Banach space and X be an E-valued cadlag path.
(i) The 2-variation of X on [0, ¢] along II is defined by

VA(X;T0)y = sup Y [|6X, (1),

neN Ien,

We say the X has finite 2-variation along 11 if V2(X;II); < oo for all t > 0.
(ii) A cadlag path X: R>o — E has scalar quadratic variation along II if there exists a
real-valued cadlag increasing path Q(X) such that

(a) forallt € R>o,
D IBX (DI —— QX),

Iem,

(b) for allt € R, the jump of Q(X) att is given by AQ(X); = ||AX,||%.
We call the increasing path Q(X) the scalar quadratic variation of X along (7).

If X has scalar quadratic variation along II, then it has finite 2-variation along II.

The scalar quadratic variation of a Hilbert space valued path X coincides with the
bilinear quadratic variation @ | y(X, X), where ( , ) is the inner product of the state
space. If a cadlag path X = (X!,..., Xd): R>o — R? has tensor quadratic variation
along (7,,), then it has scalar quadratic variation given by

Q(X); = Trace[X, X] = Y [X',X"],.
1<i<d

This trace representation is still valid for Hilbert space-valued cadlag paths. This result
is proved in Hirai [37].
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Next, we introduce some conditions on a sequence of partitions and a cadlag path.
Let m € Par([0, oo[) and ¢ € ]0, co[. The symbol 7 () denotes the element of 7 that contains
t. By definition, there exists only one such interval. In addition, set 7(¢t) = sup 7 (¢) and
7(t) = inf 7w(t). Then we have n(t) = |x(t),7(t)].

Let f: S — F be a function into a Banach space and A be a subset of S. Define the
oscillation of f on A by

w(f; A) = sup [|f(z) = f()lle.

z,yeA

Using this notation, we introduce two kinds of oscillation of a path X € D(R>¢, F) along
a partition 7 € Par(R>¢) as follows.

OF (X;m) = sup w(X;]r,5] N [0,1]),
r,s]em

O, (X;m)= sup w(X;|r,s[N[0,t]) = sup w(X;[r,s[N]0,¢]).

Ir,slem Jr,s]em

The second equality in the definition of O, (X; ) is valid because X is supposed to be
right continuous. These oscillations satisfy the relation O; (X;7) < O; (X;) for all
t > 0. If X is continuous, these two quantities coincide.

Definition 3.4. Let E be a Banach space, X € D(R>¢, E), and (7,),cn be a sequence
of partitions of Rxg.

(i) The sequence () satisfies Condition (C) for X if it satisfies (C1)-(C3) below.

(C1) Lett € [0,00[ and € > 0. Then there exists an N € N such that for alln > N

and for all I € w,, the set I N[0,¢] N D.(X) has at most one element.
(C2) Lets € D(X) andt € [s,o00[. Then

lim 6X¢(mn(s)) = lim {X (7, (s) At) — X(mu(s) At)} = AX,.

n—oo n—oo

(C3) For allt € Ry,
lim lim O (X — J.(X);m,) = 0.
lim im OF (X = Jo(X); ) =0
(ii) The sequence (m,) approximates X : R>o — E from the left if lim,,_,o X (7, (t)) =
X (t—) holds for allt > 0. Then we call (7,,) a left approximation sequence for X.

Remark 3.5. (i) Let (m,) be a sequence of partitions along which we consider a
quadratic variation of a path. In this paper, we often require that (r,) satisfies
Condition (C) defined above. Therefore, we can say that (C) is a condition for
integrators of [t0-Follmer integration.

(ii) In contrast to (i), Condition (ii) of Definition 3.4 needs to be satisfied by integrands
of It6-Follmer or Stieltjes integrals. This will be mainly used in Theorem 3.6 and
Lemma 3.10.

Under these assumptions, we have the following C'? type It6 formula for Banach
space-valued paths.

Theorem 3.6 (It6 formula). Let E, Ey, F, and G be Banach spaces, B: E x E — E; be
a bounded bilinear map, (A, X) € D(R>o, F x E), and (w,,) be a sequence of partitions
that satisfies Condition (C) for (A, X) and approximates (A, X) from the left. Suppose
that X has weak B-quadratic variation and finite 2-variation along (7,,) and suppose also
that A has finite variation.

Moreover, let f: F x E — G be a function satisfying the following conditions:

(i) the map F > a — f(a,x) € G is Gateaux differentiable for allz € E and D, f: F x
E — L.(F,G) is continuous;
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(ii)) the map FE > z — f(a,z) € G is twice Gateaux differentiable for all a € F and
D.f: F x E— L.FE,QG) is continuous;
(iii) there is a continuous function DzBf: FxE — L.(E1,G) that commutes the diagram

Dif ~
FxE ——— L.(EQF,G)

D%X TB*

L.(E1,G)

where B*: L.(E1,G) — L(E®E, Q) is defined by B*(T)(z ® y) = T o B(z,y).

Then the It6-Féllmer integral f(f D, f(As—, Xs_)dX, exists in the weak topology and it
satisfies

F(A4, X0) — (A, Xo) = /0 Daf(As, X, )dAS + /0 D, f(A,_, X, )dX,

/D FlAm, X )dQp(X, X)S+ > {Af(As, Xo) — Dof(Asm, Xo0)AX,}. (3.1)

0<s<t

Moreover, if the quadratic variation (Qp exits in the strong sense, the convergence of
the It6-Follmer integral holds in the norm topology of G.

Here, note that (3.1) is an equation in the Banach space G. The It6-Follmer integral
in Theorem 3.6 is defined by

t
| st xyax. = 32 Daf(n X)X = Xor)

with suitable topology (see Definition 7.1.)

As a direct consequence of Theorem 3.6, we can derive the It6 formula related to
tensor quadratic variations.
Corollary 3.7. Let F and F' be Banach spaces and let a be a reasonable cross norm on
E ® E. Suppose that X € D(R>o, E) has strong or weak «-tensor quadratic variation
and finite 2-variation along (m,) and suppose also that A € FV (R, F'). Moreover, let
f: F x E— G be a function satisfying the following conditions:

(i) the map F > a — f(a,x) € G is Gateaux differentiable for allz € E and D, f: F x
E — L.(F,G) is continuous;
(ii) the map FE > z — f(a,z) € G is twice Gateaux differentiable for all a € F and
D,f: Fx E— LF,G) is continuous;
(iii) the second derivative of f induces a continuous function D>f: FxE — L. (E®.E, G).

Then f(A, X) admits the following Ité formula:

t t
F(AL X)) — F(Ag, Xo) = / Daf(Ay_, X, )dAS + /0 Daf(As_, X, )dX,

/D2 FlA, X )d¥(X, X5+ Y {AF(As, Xo) — Dy f(Aem, X0 )AX,}

0<s<t
The convergence of the It6-Follmer integral holds in the norm or weak topology, respec-
tively.

Remark 3.8. (i) Let f: F x E — G be a C'"2 function in the sense of Fréchet differen-
tiation, i.e.
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(a) the function a — f(a,x) is Fréchet differentiable for all x € E and D, f: F X

E — L(F, Q) is continuous;
(b) the function = — f(a,z) is twice Fréchet differentiable for all ¢ € F, and

Df: Fx E — L(E,G)and D*f: F x E — L(E®E, G) are continuous.

Then f satisfies the assumptions in Corollary 3.7 for the projective tensor norm .

(ii) Define a class FC%(E) to be the set of all real functions of the form G = g o P with
P: F — V being the projection to a finite-dimensional subspace and g € CZ(V).
Let C be the completion of FC? with respect to the norm

( «@ )
z€EE el zEE

Then every element of C satisfies the assumptions in Corollary 3.7.

Remark 3.9. A possible direction of development is a functional extension of Theo-
rem 3.6 and Corollary 3.7, that is, infinite-dimensional functional It6 calculus. For
such an extension, we should introduce Dupire’s derivative of a functional of infinite
dimensional paths. This seems an important future work. See, as referred to in Section 1,
Dupire [21], Cont and Fournié [8, 9, 10], and Ananova and Cont [1], for functional 1t6
calculus in finite-dimensional state space.

The following lemma is essentially used to prove Theorem 3.6.

Lemma 3.10. Let B: F x E — FE; be a bounded bilinear map between Banach spaces
and (m,) be a sequence of partitions of R>¢. Suppose that a path X € D(R>¢, E) has
weak B-quadratic variation and finite 2-variation along (r, ). Moreover, assume that (m,)
satisfies Condition (C) for X and approximates a £ € D(R>¢, L.(E1,G)) from the left.
Then for all t € [0, 00|

> EB(6X1, 6X)(I) —— £u—dQp(X, X). (3.2)

n— 00
lIeny, ]Ovt]

holds in the weak topology of G.
If in addition, Qp(X, X) is the strong B-quadratic variation, then (3.2) holds in the
norm topology.

4 Auxiliary results regarding sequences of partitions

In this section, we investigate conditions on a sequence of partitions along which we
deal with quadratic variations and It6-F6llmer integrals. Recall that basic notions were
defined in Definition 3.4.

Definition 4.1. Let E be a Banach space, X € D(R>¢, E), and (7, ),en be a sequence
of partitions of Rx>g.

(i) The sequence (7,,) controls the oscillation of X iflim,_, . O; (X;7,) = 0 holds for
all t.
(ii) The sequence (,) exhausts the jumps of X if D(X) C U, e Nizp Th-

Example 4.2. (i) Let r be an irrational number and X = 1[T,OO[. For each n € N, we
set m, = {]k27", (k+ 1)27"]; k € IN}. Then the sequence (r,) satisfies |7, | — 0 as
n — oo. This sequence, however, does not control the oscillation of X.

(ii) Let X = 1j; o[ and m, = {]k, k + 1];k € IN}. Though the sequence (7, ) controls the

oscillation of X, it does not satisfy |r,| — 0.

(iii) Let X = 1j1/3,oc[ @and 7, = {]k,k + 1];k € N}. The sequence (7,) neither controls
the oscillation of X nor satisfies |m,,| — 0. However, it satisfies Condition (C) for X
in the sense of Definition 3.4.
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Condition (i) of Definition 4.1 is characterized as follows.

Lemma 4.3. Let X be a cadlag path in E and (m,,) be a sequence of partitions of R>.
Then the following conditions are equivalent.

(i) The sequence (m,) controls the oscillation of X .
(ii) The sequence (m,,) satisfies the following conditions:

(a) the sequence (m,) exhausts the jumps of X ;
(b) if X is not constant on |s,t[ C R>o, then |s, t[ contains at least one element of

wb for sufficiently large n.

Lemma 4.3 is a generalization of Lemma 1 of Vovk [76, 272]. Note that the condition
‘s, t[ contains at least one point of 7P’ is equivalent to ‘there is no I € m, including |s,t[.’

Proof. Step 1.1: (i) = (ii)-(a). Let s € D(X) and set ¢ = ||AX(s)||g. Moreover, fix T > s
arbitrarily. Then, by assumption, we can choose an N € IN such that O; (X, 7,) < /2
holds for all n > N. We will show that s = 7, (s) holds for all n > N. Take an s’ from the
interval |m,(s), s[ such that

HXS’ - XsfHE < O;(X’ Wn) <

| ™

Then, we have

1Xs = Xollp 2 |AX, |5 = | Xem = Xl >e— 2 = <.
This shows that s ¢ |m,(s), T,(s)[, and therefore s = 7,(s). Hence (m,) exhausts the
jumps of X.

Step 1.2: (i) = (ii)-(b). Assume that ¢ := w(X;]s,t[) > 0. Choose an N € N that
satisfies O; (X, m,) < ¢ for all n > N. For an arbitrarily fixed n > N, choose a unique
i satisfying s € [t}, ¢}, [. It remains to show that ¢}, , € |s,t[. Seeking a contradiction,
suppose ti',, > t. Then [s,t[ C [t}, ], ;[ and hence

Oy (X,m) > sup [Xu — Xl > sup || Xy — Xyl =€

u,vE[ty, 7, [N[0,1] w,vE[s,t]

i

This contradicts the condition that O; (X, 7,) < ¢.

Step 2: (ii)) => (i). Suppose that (r,,) satisfies the conditions (ii)-(a) and (b).

Fix an ¢ > 0 and a ¢t > 0 arbitrarily. Because X is cadlag, we can take a sequence
0=15p <81 << sy =tsuch that w(X;]s;,si+1[) < €/2 for all i (see Lemma 2.1). By
assumption, we can choose an N € N satisfying the following conditions:

1. If n > N, there are no I € m, and ¢ € {0,...,N} satisfying ]s;, s;+1] C [ and
w(X;]si, siv1[) > 0.
2. {80,...,SN} ﬂD(X) C ﬂnzNﬂ—E‘

Let n > N and |u,v] € m,. First, assume that w(X;]u, v[) > 0. By Condition 1, we see
that there are only two cases for the relationship between Ju,v] and (s;)o<;<n as follows.

A. There is a unique i such that Ju, v] C ]s;, s;41].
B. There is a unique 7 such that s; € Ju, v].

In Case A, the oscillation of X on Ju, v[ is estimated as

w(X5Ju, o[ N]0,2]) < w(X;]si, si1a]) <

N ™
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On the other hand, in Case B, X is continuous at s; € Ju, v[ by Condition 2. Therefore,
w(X;Ju,v[N[0,¢]) < w(X;]si—1, si]) + w(X;]si, siv1]) < e.

If w(X;]u,v[) = 0, we clearly have the same estimate. By the discussion above, we find
that w(X;]u,v[N[0,t]) < e holds for all Ju, v] € 7,, and consequently

O; (X;m,) = sup w(X;]r,s[N]0,¢]) <e

Ir,s]€my,
for every n > N. This completes the proof. O

We next consider the condition that (7,,) approximates a path from the left. Given a
partition 7, define the left discretization of a path £: R>¢ — E along 7 by

WEZ Z E(T)l]r,s]~

Ir,slem

If ¢ is cadlag, then the sequence (w,) approximates ¢ from the left in the sense of
Definition 3.4 if and only if (™¢),,cv converges to £_ pointwise. Consider the following
example.

Example 4.4. Let X = 115 | and 7, = {]k,k + 1];k € IN}. As we saw in Example 4.2,
the sequence (7,,) satisfies Condition (C) for X. For each n € IN, the left discretization of
X is given by ™ X = 1j; o[- The sequence ("™ X) does not converge to X pointwise, and
hence (7,,) does not approximate X from the left.

As we mentioned in Section 1, two types of assumptions about a sequence of partitions
are frequently used in the context of the It6-Follmer calculus. One is that |7,| — 0 and
the other is that (m, ) controls the oscillation of X. In the next proposition, we show that
both conditions imply that (7,,) satisfies Condition (C) for X.

Proposition 4.5. Let (m,) be a sequence of partitions of R>( and let E be a Banach
space.

(i) Suppose that (,) satisfies |r,| — 0. Then it satisfies Condition (C) for every cadlag
path in E. Moreover, it approximates every cadlag path in FE from the left.

(ii) Suppose that (w,) controls the oscillation of X € D(R>o, E). Then it satisfies
Condition (C) for X and approximates X from the left.

Proof. (i) If |m,| — 0, then 7, (¢) — t and m,(¢f) — ¢ hold for every ¢t > 0. This directly
implies that (7, ) approximates X from the left. Moreover, we have § X, (7, (t)) — X; for
every t,u > 0 with ¢ < u. Hence, (7,) satisfies Condition (C2). Condition (C3) follows
from (iii) of Lemma 2.1. Condition (C1) remains to be shown. Given an ¢ > 0, define

r=1inf{ju —v| | u,v € D(X)N[0,t],u # v} > 0.

If D.(X) N[0,¢] has only one element, there is nothing to do. Otherwise, r is not zero,
because D.(X) N [0,t] has at most finitely many elements (see (i) of Lemma 2.1). Now
we take an N satisfying |m,| < r for all n > N. Then for each n > N and Ju,v] € 7, the
set Ju,v] N [0,¢] contains at most one element of D..

(ii) Assume that (7, ) controls the oscillation of X. Then we see that (r,,) approximates
X from the left by the following estimate.

[ Xr, 1) — Xi— B < w(X; [ma(t), T (H)[N[0,2]) < Of (X, 70).
Now, let us show that (m,) satisfies (C) for X. To obtain (C2), take a t € D(X).

Because (7,,) exhausts the jumps of X (Lemma 4.3), we have 7, (¢) = ¢ for sufficiently
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large n. This combined with the fact that (7,,) is a left-approximation sequence implies
(C2). Next, consider (C1). Let ¢ > 0 and fix an N. € IN so that O; (X, m,) < ¢ holds
for any n > N.. Then, for every n > N, and |r, s| € m,, the interval |r,s[ N [0,¢] does
not contain any jump of X that is greater than . Therefore, |r, s] possesses at most
one element of D.(X). This means that (7, ) satisfies (C1). All that is left is to check
Condition (C3). Choose an M, that satisfies O, (X;m,) <e/2forall I € 7, and n > M.
As we just have shown, JE/Q(X) is zero on the interior of each I € w,, and n > M,. Hence,

w(X = Jey2(X);]r, ] N[0,8]) < w(X — Jepo(X);]r, s[N[0,8]) + [AX = Jej2(X))sll e
<Oy (Xsmm) +[[AX = Jep2(X))slle < e

holds for all |r, s] € m, and n > M., which implies (C3). O

In the last part of this section, we give an additional lemma about a sequence of
partitions.

Lemma 4.6. (i) Let X be a cadlag path in a Banach space E. If (w,,) approximates £
from the left, then (m,) also approximates f o { from the left for every continuous
function f: E — E’ to an arbitrary Banach space.

(ii)) Let X and Y be cadlag paths in Banach spaces E and F, respectively. If (7,)
satisfies Condition (C) for the path (X,Y) in E X F, then (r,,) satisfies (C) for each
of X and Y. Here, we regard E x F' as a Banach space endowed with the direct

Proof. (i) immediately follows from the continuity of f.

To show (ii), suppose that (,,) satisfies (C) for (X,Y). It suffices to show that (7,,)
satisfies (C) for X. First, fix t € R>g and € > 0 arbitrarily, and then choose an N so that
D.(X,Y)NINJ0,t has at most one element for all n > N and I € =,. The inclusion
D.(X)NINJ[0,t] C D(X,Y)NINJ0,¢ implies that the cardinality of I N[0, N D.(X) is
no greater than 1. Condition (C2) follows directly from the definition of product topology.
Condition (C3) remains to be shown. For an arbitrary § > 0, choose an ¢y > 0 satisfying

sup lim O ((X,Y) — Jo(X,Y);m,) < §

e<eq M0 2
Set ey =¢0 A (0/2). Given ¢ < ¢, we can take M, > 0 such that

(a) IN[0,t]N D(X,Y) has at most one element for all I € 7, and n > M..
(b) sup, >y OF (X,Y) = J(X,Y);m,) < 6/2.

If n > M, and I € «,, then for any u,v € I, we have

(X = Je(X))u = (X = Je(X))ul &
< (X = J(De(X,Y), X))u — (X = J(De(X,Y), X))ol
+||( ( E(X,Y),X) J(D (X) X))u_(J(DE(X7Y)7X)_J(DS(X)’X))vHE
Y

< sup Of (X,Y) = J(X,Y);mp) +
n>M.

6 0

5—1—5 0.

Here, note that the second inequality holds by Condition (a) above. Thus, we get

lim O (X — J.(X);7m,) < sup OF (X — J.(X);m,) < 0.

n—oo n>M,
for arbitrary € < ;. This implies (C3) for X. O
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5 Properties of quadratic variations

This section is devoted to studying some basic properties of quadratic variations
introduced in Section 3. Throughout this section, suppose that we are given a sequence
IT = (7 )nen of partitions of R>o.

First, we give some examples of quadratic variations.

Example 5.1. Let A be a path of finite variation in a Banach space E. If (,,) satisfies
|| — 0, then A has projective tensor and scalar quadratic variations given by

A AL = Y (AA)® QA= Y AAR

0<s<t 0<s<t

This result will be proved later in this section.

Example 5.2. Let z: [0, 00[ — R be a cadlag path and (=, ) a sequence of partitions such
that |7,| — 0. Given arbitrary C!'-function f: R — F into a Banach space F, let us set
X (t) = f(z(t)). If x has quadratic variation along (7,), then X has projective tensor
quadratic variation given by

X, X, /Dfxs)®dxx ZAfo

0<s<t

This is one of the main results of the second article in this series [37].
For the construction of a real continuous path of nontrivial quadratic variation, refer
to Schied [68], Mishura and Schied [52], and Cont and Das [7].

The next examples are from the theory of stochastic processes.

Example 5.3. (i) Let (Q,F,(F;)i>0, P) be a filtered probability space satisfying the
usual conditions. Consider a semimartingale X = (X;);>0 in a separable Hilbert
space H. Moreover, let 7 = (7]} ), be an increasing sequence of bounded stopping
times such that 7' — oo as k — oo and sup, (7! — 7") — 0 as n — oo almost
surely. Then the process [X, X|™ converges to the quadratic variation process
[X, X] uniformly on compacts in probability (ucp). By passing to an appropriate
subsequence, we see that almost all paths have quadratic variation along the
subsequence. See Gravereaux and Pellaumail [28] or Metivier and Pellaumail [47]
for details.

(ii) In addition to the assumptions of (i), let f: H —+ E be a C' function into a Banach
space E. Then, along a suitable subsequence of (r,), almost all paths of f(X)
have quadratic variation. If, moreover, f is of C? class, the It6-Follmer integral
fd Df(X,_)dX; exists and its paths have quadratic variation along the same subse-
quence. Now, since the Banach space FE is chosen arbitrarily, it may fail to satisfy
some useful properties required by the martingale theory, e.g. UMD property or
martingale type 2 property. The path f(X), however, behaves well enough from
the viewpoint of the It6-Follmer calculus.

Now we consider the transpose of quadratic covariation. Let B € £(2 (E,F;@G)
and define the transpose ‘B: F x E — G of B by 'B(y,z) = B(z,y). Then (X,Y) €
D(R>o, E x F) has strong/weak B-quadratic covariation if and only if (Y, X') does with
respect to the transpose ! B.

Recall that a d-dimensional cadlag path X = (Xj,...,X,4) has tensor quadratic
variation if and only if X; and X; have quadratic covariation for each i and j. This
characterization is generalized to bilinear quadratic covariations in Banach spaces.

Proposition 5.4. Let E;, F;, and G;; be Banach spaces and let B;;: E; x F; — G;; be a
bounded bilinear map fori, j € {1,2}. Define a continuous bilinear map B: (E; x E3) x

EJP 28 (2023), paper 89. https://www.imstat.org/ejp
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(F1 X FQ) — Hi,j Gij by

B((z1,22), (1, y2)) = (Bij (@i, vi))i jef1,2)-

IfX = (Xl,Xg) S D(Rzo,El X EQ) andY = (Y17Y2) € D(R207F1 X F2), then (X,Y) has
strong or weak B-quadratic covariation if and only if (X;,Y;) has respectively strong
or weak B,;-quadratic covariation for all i,j € {1,2}. In this case, these quadratic
covariations satisfy

QB ((X1, X2), Y1,Y2)) = (@B, (Xi, Xj))ije{1,2}- (5.1)

Using the matrix notation, we can also express equation (5.1) as

Qn((x1, X, (1, v2) = (G 1) G ),

Proof. By the definition of B, we can easily check that

Iermy, Iermy,

Z B((((le)u (6X2)¢), ((6Y1)s, (55/2)15))(1) = (Z Bi; ((6X5)e, (5Yi)t)(f)) ,
ije{1,2)

B (A(X1, X2)o, A(Y1, Ya),) = (Biy (AXi(6), AY; (1)), e 1.0y

hold for all ¢ > 0. These immediately prove the assertion. O

Applying Proposition 5.4 to the canonical bilinear map ®: E; x E; — Ei@)an, we
obtain the following corollary.
Corollary 5.5. Let (X1, X5) € D(R>o, E1 x E») and let a be a uniform crossnorm. Then
(X1,X2) has strong or weak a-tensor quadratic variation if and only if (X;, X;) has strong
or weak a-tensor quadratic covariation, respectively, for every i,j € {1,2}.

Like the quadratic covariation [X,Y] of scalar paths, quadratic covariation Qp is
bilinear in an appropriate sense.

Proposition 5.6. Let X1, X, € D(R>¢, E) and Y1,Y> € D(R>o, F). Suppose that (X;,Y;)

iy Lyj
has strong or weak quadratic covariation with respect to B € E(Q)(E, F; @) for each

i,j € {1,2}. Then, (X1 + X»,Y1 + Ya2) has respectively strong or weak B-quadratic
covariation given by

Qp(X1+ X2, Y14+ Y2)= Y Qp(X:,Y)).
ije{1,2}

Proof. By the bilinearity of B, we see that

Y BEX+Xo)e M+ Yo) ) (D)= Y Y B(6(Xi)e 6(Y;))(1)

I€m, i,je{1,2} Temn,

for every ¢t > 0. Therefore, by assumption, the left-hand side converges to ), ;@ B(X:,Y;)
in the corresponding topology. Again by bilinearity,

Al D> Qe(XyY) | ()= > BAX:), A(Y)):) = B(AX1 + Xa)e, A(Y1 + Y2)y) .

i,j€{1,2} i,j€{1,2}
Hence, Zij Qp(X;,Y;) is the B-quadratic covariation of X; + X, and Y; + Y5. O
EJP 28 (2023), paper 89. https://www.imstat.org/ejp
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Corollary 5.7. Let E and F be Banach spaces and « be a reasonable crossnorm on
E ® F. Suppose that (X;,Y;) € D(R>o, E x F) has strong or weak a-tensor quadratic
covariation for every i, j € {1,2}. Then, (X1 + X2,Y7 + Y2) has strong or weak a-tensor
quadratic covariation, respectively, and it satisfies

X1+ Xo, Y1 + Vo] = “[Xyq, V1] + %[ Xy, Vo] + [ X, V1] + ¥[ X2, V2.

Next, we investigate the quadratic variation of a path of finite variation. For conve-
nience, we introduce the following notation. Let D C R>( and define functions e}, and
e, from P(Rxo) to {0,1} by

eh =1—ce}h.

1(A):{(1) if AmeO)’
if AND=10

The symbol P(R>() above denotes the power set of Rx>(.

Proposition 5.8. Let I/, ', and G be Banach spaces and let B € E(Q)(E, F;G). Assume
that A € FV(R>, E), X € D(R>o, F'), and (m,,) satisfies Condition (C) for (A, X). Then
(A, X) has the strong B-quadratic variation given by

Qp(A,X) = Y B(AA,AX,).

0<s<t

Proof. Fix t € R>( and take an arbitrary ¢ > 0. For convenience, set D = D(A, X),
D. =D.(A,X), and D* = D*(A, X). Then,

> B(6A,6X)(I) - > B(AA,,AX,)

Iem, O<u<t

<\ Y. B(0AL6X)(Dep (1) = > B(AAL,AX,)| +

Iem, 0<u<t

> B(3Ay, 6X)(Dep, (1)

Iem,

(5.2)
for any t € R>9. We will observe the behaviour of each term on the right-hand side
of (5.2).

Because (m,,) satisfies Condition (C) for X, there exists an N; such that D. N [0,¢] N[
contains at most one point for all » > Ny and I € «,. If n > N1, we have

> B(6A, X)) (Nep (I) = Y B(6Ar,6Xy) (mn(u)).
Iem, ueD,

Therefore, by Condition (C2),

lim Y B(6A,6X,)(I)ep, (1) > B(AA,AX,).

n—00
Ienm, uw€D-N[0,t]

This implies that

lim || Y B(6A:,0Xe)(Iep (I) = Y B(AA,, AX,)

n— oo
Ien, O<u<t

= > Ba4,AX,)| <|B| s?(yt]llAXuH > laA.
ue|0,

u€D=N[0,t] u€D=N[0,t]
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Next, we consider the second term on the right-hand side of (5.2). Since X has no
jumps greater than € on I whenever €2D5 (I) = 1, we have the estimate

16X (D)l €D, (1) = 16(X = Jp (X))e(D]leD. (I) < OF (X = Jp.(X);mn)ep, (I).

Hence

> B(6Ay, 6X:)(I)eh, (1)

Iermy,

< 1Bl Y 164Dz 18Xe(D)]| r €b, (1)
G Iem,

< |BIOF (X — Jp.(X);mn)V (A)s.

From the discussion above, we can deduce that

lim || Y B(0A;,6X,)(I)— Y B(AA,AX,)

e Iem, O<u<t a
<1BI swp [AXr Y 1A + [BIV(A), T Of (X~ Jp, (X):m,).
u€l0¢] ueD=N[0,t]
Consequently,

n@ Z B(6A;,6X,)(I) — Z B(AA,,AX,)|| =0,

Ienm, 0<u<t a

which is the desired conclusion. O

Applying Proposition 5.8 to the canonical bilinear maps ®@: E x ' — E®,F and
®: F x E — FR. F, we get the following corollary.

Corollary 5.9. Let A € FV(R>¢, E) and X € D(R>o, F). If (w,) satisfies Condition (C)
for (A, X), then it has tensor quadratic covariations “[A, X] and ® [X, A] given by

“AX]e= ) ABAX, VX A= ) AX,®AA,
0<s<t 0<s<t
for every reasonable crossnorms « and ' on E® F and F ® E, respectively.
Using Corollaries 5.7 and 5.9, we obtain the following.

Corollary 5.10. Let (X, A) € D(R>o, E) x FV(R>o, E) and suppose that (r,,) satisfies
Condition (C) for (X, A). If X: R>9 — E has a-tensor quadratic variation along (),
then X + A has a-tensor quadratic variation given by

Q[X+A7X+A] = a[XvX] +a[X7A] +a[AaX] +a[A7A]

for every reasonable crossnorm a on E ® E.

By a discussion similar to the proof of Proposition 5.8, we see that a path of finite
variation has scalar quadratic variation.

Proposition 5.11. Let A be a cadlag path of finite variation in a Banach space E. If (m,,)
satisfies Condition (C) for A, then A has the scalar quadratic covariation given by

Q(A)y = Y [IAA)%

0<s<t
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In the preceding part of this paper, we have used the summation

> B(Xopt = Xonts Yot — Yone)

Ir,s]€mp

to define the quadratic covariation. We can also consider a different summation

Z 1[07t[(7‘)B(X3 - X7"7 YQ - )/7)7

Ir,s]€my,

which is a slight modification of that used in the original paper by Follmer [22]. Let us
investigate the relation between these two summations.

Proposition 5.12. Let (X,Y) € D(Rxo, E x F) and B € L?(E, F;G). Suppose that
(X,Y)m@) — (X,Y); holds for allt € R>o. Then the following two conditions are
equivalent, respectively.

(i) The path (X,Y) has strong/weak B-quadratic covariation along ().
(ii) There exists a cadlag path V € FV (R>o,G) such that

(a) for allt € R
S Lo (NBEX,8Y)(r.s]) —— V,
]T’S]ETUL
in the norm/weak topology of G,
(b) forallt € R>g
AV; = B(AX;, AY;).

If these conditions are satisfied, then V coincides with the quadratic covariation
QRp(X,Y).

Proof. We show the assertion about strong convergence. For each ¢t > 0

> B(6X1,6Y)(r,s]) = > Lo (r)B(6X,8Y)(r, s])
Ir,s]€mn Ir,s]€my,
= 1B (6X¢,0Y1) (mn(t)) — B (0X,0Y) (mn(t))]]
< B (0X; = 6X,0Y1) (mn(8)[ + B (60X, 8Y; — 6Y) (ma(2)) |
< 1Bl Xy = Xellll6Ye (mn (O] + |1 BII6X (o ()Y () — Yel-

Hence, by assumption, the convergences of these two sequences are equivalent and
their limits coincide.

In the weak case, we have a similar estimate for the pairing (z*, ), which shows the
assertion about the weak quadratic covariation. O

According to Proposition 5.12, we see that the two definitions of quadratic covariation
are equivalent provided that () satisfies the assumption in the proposition. The first
definition, which is given in Definition 3.1, is more intuitive. The second one has some
technical advantages because the path ¢ — > ;. 1/0;B(6X,0Y)() is of finite variation
2
Remark 5.13. Following a discussion similar to that in Proposition 5.12, we can
obtain an equivalent definition of scalar quadratic variation using the summation
> rex 11046 X (I)||? if (7,) satisfies the same condition as Proposition 5.12.

2Note that the path ¢ > >, Lio,e(B(6X,6Y)(I) is caglad but not cadlag.
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6 Proof of Lemma 3.10

In this section, we prove Lemma 3.10, which is essentially used to show the main
theorems of this paper. To prove it, we prepare some additional lemmas. Though
Lemma 3.10 includes both weak and strong convergence results, we mainly focus on the
proof of the weak case 3.

Throughout this section, let the symbols F, F;, and G denote Banach spaces and

B: E x E — FE, denote a bounded bilinear map.

Lemma 6.1. Let s > 0 and let (7, )nen be a sequence of partitions. Then (m,,) approxi-
mates 1y, from the left if and only if 7,,(s) — s asn — oc.

Proof. First, assume that (m,) approximates 1, from the left and take an ¢ > 0
arbitrarily. By definition, 1y (s +e—) = 0. Since (r,) approximates 1}y, from the
left and 1jy ;[ takes only two values 0 and 1, one sees that 1 /(7.(s +¢)) = 0 holds
for a large enough n. Therefore, m,(s + ¢) > s for large enough n. This leads to
Tn(s) < ma(s +¢€) < s + ¢ for a sufficiently large n. Hence 7,(s) — s as n — oo.
Conversely, assume that (7,(s))nen converges to s as n — oo. If 0 < ¢t < s, then
the convergence 1jg s(mn(t)) — ljo,s((t—) = 1 is obvious. Let ¢t > s. We see from the
assumption that 7, (s) < t for large enough n. For such an n, we have s < 7, (s) < m,(t) <
t, and hence 1jg (7, (t)) = 0 = 1jp 5/(t—). This shows that lim;,, o 1jo,s[(7n (%)) = 1jo,s(t—).
Hence (7,) is a left approximation sequence for 1 . O

Lemma 6.2. Suppose that X € D(R>¢, E) has weak B-quadratic variation along a
sequence (m,) satisfying Condition (C) for X. Let r,s be two real numbers satisfying
0 <r < s. If (m,) approximates 1|, ;[ from the left, then

lim Y 1, B0X,,0X,)(I) = Qp(X, X)ant — QB(X, X)rnt (6.1)

n—oo
Iem,

holds for allt € R>( in the weak topology.
If X has strong B-quadratic variation, then the convergence of (6.1) holds in the
norm topology.

Proof. We show the case of weak convergence. By considering the decomposition

> 1y BOXe, X)) = > 1o BOXe,0X)(I) = > 1o (B(6X1,6X,)(I),

Ien, Iemy, Iemy,

we can assume that » = 0 without loss of generality.
If t < s, the equation

D 1o B(6X1,6X:)(I) = Y B(6X4,0X)(I)

Ierm, Ien,

holds for all n € IN. Therefore,

lim <z*, Z 1[075[3(6Xt,6Xt)(I)> =(*,0Q5(X, X)) = (", QB(X, X)irs)

n—oo
Iem,

for all z* € EY.

3For the strong case, the reader can refer to an earlier version of this article at arXiv: 2104.08138v2
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Next, assume s < t. Then, by Lemma 6.1, 7, (s) — s as n — oo. Hence,

lim <z > 1[0,S[B(§Xt,5xt)(1)> = lim_ <z > 1p.4B(6X, 5X)(I)>

Iemy, Iemy,
= <Z*7QB(X7X)S>
= (2", QB (X, X)snt)-

Note that the second equality follows from the same argument as the proof of Proposi-
tion 5.12.

In both cases, we have the desired convergence.

If X has strong B-quadratic variation, we can directly show the norm convergence of
the sequence without taking the pairing (z*, ). O

Lemma 6.3. Let X be a cadlag path in E with weak B-quadratic variation along a
sequence (m,) satisfying Condition (C) for X. Suppose that £ € D(R>o, L(E1,G)) has the
representation

é-: Zl[Tifl,Ti[ai) (6'2)

i>1

where 0 =19 <71 < -+ < 7; < Ty41 < --- — oo and each q; is an element of L(E;,G).
If (m,,) approximates ¢ from the left, then the Stieltjes integral of {_ with respect to
Qp(X, X) is approximated as

lim Y EB(6X,,6X,)(1) = | £-dQp(X, X).. (6.3)

" e 104

in the weak topology.
If X has strong B-quadratic variation, then (6.3) holds in the norm topology of G.

Proof. We show the weak convergence case. First, note that the Stieltjes integral on the
right-hand side of (6.3) has the representation

| §e-dQp(X,X)s = aifQp(X, X)rnt — Qp(X, X)r,_,at}-

10,¢ i>1

On the other hand, the summation on the left-hand side of (6.3) is calculated as

> EB(EX, X)) = ai > pr, 7 (B(6X1,6X4)(1).

Ierm, i>1 Ien,

Therefore, it suffices to show that

nll}H;o <Z*a1’ Z l[TblTL[B(6Xt75Xt)(I)> = <Z*ai7 QB(XaX)Ti/\t - QB(Xa X)Ti—l/\t>

Iem,

for all z* € G* and ¢ > 1. This follows directly from Lemma 6.2.
If Qp(X,X) is the strong B-quadratic variation, the sequence of discrete sums
converges in the norm topology by the strong version of Lemma 6.2. O

Lemma 6.4. Let V be a locally convex Hausdorff topological vector space of which
topology is generated by the family of seminorms (p;)icy-

(i) Let f: R>¢o — V be a cadlag path. Then for every i € I and ¢ > 0, there is a right
continuous step function h such that p;(f(t) — h(t)) < e for allt > 0.
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(ii) If a sequence of partitions (, ) approximates f from the left, then the step function
h in (i) can be chosen so that (m,) still approximates h from the left.

Proof. Fix e > 0 and i € I. We define the oscillation of f on S C R>g by

wi(f;5) = sup{pi(f(t) = f(s)) | 5,0 € 5}

(i) Let us construct a partition of R recursively. First, let £y = 0. Next, assume that
there is a sequence 0 =ty < - - < t,, such that w;(f; [tk, tkt+1]) < e fork € {0,...,n —1}.

Case A. If w;(f;[tn,0[) = 0, then we set t,,11 = t, + 1.

Case B. If w;(f; [tn,o0]) > ¢, first let

thyq =inf {t > &, |w;(f; [tn, t]) > €},
and then define

tnit = {SUP{t > t;z—ﬁ-l | Wi(f§ [t{n—i-htD = 0} if Wz‘(fé [t/n-l-lv OOD >0 (6.4)

/ .
{7 otherwise.

Note that f is not constant on any interval of the form [t,y1,¢] (¢ > t,4+1) when
wilf; [th 1, 00]) > 0.

Case C. If 0 < w;(f;[tn,o0]) < ¢, then let t;,,, = t, + 1 and define ¢, by the
formula (6.4).

The sequence defined above satisfies t,, — oo. Indeed, if w;(f;[tn,00[) < ¢ for
some n € IN, we have ¢,,, > t, + k for all £ € IN, by definition. Now assume that
wi(f; [tn,o0[) > € for all n € N and ¢,, T t* < oo. In this case, w;(f; [t* — d,t*[) > ¢ holds
for arbitrary small §. This contradicts the existence of the left limit at ¢*.

Let P := (t,)nen and define a function fp by the formula

fP - Z 1[t7l7tn+1[f(tn+17)-

n>0

Fort € [t,,tn+1], we see that

pi(f(t) = fp(t)) = pi(f(t) = f(tnt1=)) S wilf;[tn, tnia]) < e

Hence fp is a right continuous step function satisfying the desired condition.
(ii) We shall show that the function fp defined above is approximated from left by the
left-approximation sequence (7y) for f. Note that, by the definition of fp,

fp(s—) = Z 1]tn,tn+1](s)f(tn+1_)

n>0

holds for all s > 0.

Now fix s > 0 arbitrarily and choose a unique ng € IN such that s € |t,,,, tny+1]. If f is
discontinuous at ¢,,, then we see that 7 (t,,) — tn, by the same argument as the proof
of Lemma 6.1. In this case, t,, < T (tn,) < mc(s) < s for large enough & and therefore
we have

lim fp(7(s)) = f(tng+1—) = fp(s—).

k—o0

Next, assume that f is continuous at ¢,,, and f is not constant on any interval of the
form [t,,,t[ for t > t,,. Take t’ such that t,,, < t' < s and f(t'—) # f(tn,) = f(tn,—). If
m(t') < tn, for infinitely many k, then we can take a subsequence such that 7y, (') < t,,
for all [. By definition, 7, (¢') = 7, (t,,) and hence o

FE=) = Jim f(uw,(#)) = Jim F (5, (bny)) = F(tng )
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which contradicts the assumption on ¢'. This shows that ¢,,, < mx(t') < m(s) < s holds
for large enough k and consequently

lim fp(mi(s)) = f(tno+1—) = fr(s—).

k—o0

Finally, assume that f is continuous at ¢,,, and f is constant on [t,,, t[ for some t > ¢,,,.
In this case, we have w;(f;[tn,,0]) = 0 by the definition of P = (¢,). Also note that
tny < mi(s) < s or mi(tn,) = mk(s) holds for each k. In both cases,

lim fp(mg(s)) = f(tny—) = f(tnog+1—) = fr(s—).

k—o0

The second equality follows from the continuity of f at ¢,, and the property that
w;i(f; [tno, 00[) = 0. This completes the proof. O

Finally, we start dealing with the proof of Lemma 3.10.

Proof of Lemma 3.10. First, fix t > 0 and ¢ > 0 arbitrarily and choose a compact set
K C E; satisfying

B(6X:,0X,)(Z N[0,1]) UsQr(X, X)(ZN[0,4]) C K.

By Lemma 6.4, we can find an £.(E, G)-valued right continuous step function

h = Z 1["’1’—177'71[%

i>1

so that px (h(s) — &(s)) < € holds for all s € [0,¢] and (r,,) approximates h from the left.
Then, for all z* € G,

’<z > gB(éXt,éXt)(I)> - <Z . gu_dQB(X,X)u>|

Iem,

<

S (276 BOX X)) (I) — Y {="h. B(6X,,6X,) (1)

Iem, Ienm,

+ <z*7 Z hB((SXt75Xt)(I)>_<Z*7/ h(u—)dQB(X7X)u>
10,¢]

r.slems

+ . (6.5)

/ (2 h(u—), dQp (X, X).) — / ("), dQp(X. X))
10,t]

10,¢]

We will observe the behaviour of each part of the right-hand side. We can deduce
from Lemma 6.3 that the second term converges to 0 as n — oo. By the choice of h, we
find that

S (56 BOX0,0X0)) (1) = S (2*hy BOX0,6X0)) (D] < el [1B] 32 10,113

Iem, Iem, Iem,
Therefore,
m [ ("¢, B(6X4,6Xy)) (I) = Y (2"h, B(6X,6X)) (I)| < e]|2*|||| BV (X 10):.
n—oo
Ien, Ieny,
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On the other hand, we have

<[l o px (h(u=) = &{(u=))dV(Qp(X, X))

<e|2*V(Qa(X, X)),

/]0 | hu) (). 4@, X))

by Proposition B.7. Consequently,

lim
n— o0

<z*, Z EB(0X:,0X:)(I) — /]0 ; §u_dQB(X,X)u>|

Iem,

<ellZ*{VA(X; ) + V(QB(X, X))}

Because ¢ is chosen arbitrarily, we get the desired conclusion.

If Qp(X, X) is the strong quadratic variation, we replace (6.5) with a similar norm
inequality. In this case, we see that the corresponding second term converges to 0 by
the strong version of Lemma 6.3. The remaining terms are estimated in almost the same
way as above. O

7 The Ito formula

This section is devoted to showing the It6 formula within our framework of the
Ito6-Follmer calculus in Banach spaces. Let us begin by defining It6-F6llmer integrals.

Definition 7.1. Let E be a locally convex space, and let F and G be Banach spaces.
Consider cadlag paths H and X in FE and F, respectively, and a continuous bilinear map
B: E x F — G. Suppose that a sequence of partitions (,,) approximates H from the left.
We call the limit

n—00
Ir,slemy,

/OB(HS,dXS):/]OJ]B(HS,dXS) = lim > B(H,dX,(rs]) €G

the (strong) It6-Follmer integral of H with respect to X along (m,) if it exists. If this
convergence holds in the weak topology, we call the limit the weak It6-Follmer integral.

Similarly, the strong and the weak It6—Féllmer integral for a B' € L®)(F, E;G) are
defined as the limit

B'(dX,,H,) = lim Y B'(6X:(Jr,s)), H,) € G
10,1 nHOO]T,S]Eﬂn
with the corresponding topology.

If B is the canonical bilinear map ®: E x F — E®.F, we write

/ B(H,_,dX) = H,_ ®dX;.
10,t] 10,¢]

Remark 7.2. The It6-Fo6llmer integral of Definition 7.1 inherits the bilinear property
from B € L) (E, F;G) in the following sense.

(i) Suppose that the following two It6-Follmer integrals exist:
/ B(H,_,dXs), B(K,_,dXy).
10,t] 10,¢]
Then, for every «, 8 € R, the I[t6-Follmer integral of aH + K with respect to X
exists and satisfies

B(H,_ + K,_,dX,)=a B(H,_,dX,)+ B(K,_,dX,).
10,t] 10,t] 10,t]
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(ii) Suppose that the following two It6o-Follmer integrals exist:

B(H,_,dX,), / B(H,_,dYy).

10,¢] 10,t]

Then, for every «, 8 € R, the It6-Follmer integral of H with respect to aX + gY
exists and satisfies

/ B(H,_,d(aX + 8Y),) =« B(H,_,dX,)+ B(H,_,dY,).
10,t] 10,¢] 10,¢]

First, we consider the case where the integrator is a path of finite variation. From
the dominated convergence theorem, we can easily deduce the following proposition.

Proposition 7.3. Let H € D(Rx¢,E), A € FV(R>0,F), and B € L®(E,F;G). If a
sequence of partitions (, ) approximates H from the left, we have

(IF)/ B(H,_,dA,) = (S) B(H,_,dA,).
10,t] 10,t]

Here, the integral of the left-hand side is the It6-Follmer integral by Definition 7.1, and
that of the right-hand side is the usual Stieltjes integral.

Now we start to prove our main theorem.

Proof of Theorem 3.6. We show the weak convergence of the It6-Follmer integral.
First, fix t > 0 arbitrarily and choose compact convex sets K; C F, Ko C F, and
K3 C G such that

A([0,4]) € K1, X([0,1]) € Ka, B(5X,0X)(ZN[0,1]) C K.

Step 1: Convergence of the summation in the formula (3.3). In this step, we confirm
that the summation of jump terms converges absolutely. This is proved by the following
estimate, which follows from Taylor’s formula (Proposition A.3):

Z ||f(AS,Xs) - f(Asvasf) - sz(AS*vaf)AXSH

0<s<t
SZ||f(As—>XS)_f(As—vXs—)_Dwf(As—7Xs—)AXSH+ZHf(ASaXS)_f(As—aXs)H
0<s<t 0<s<t
< sup  [DEf@a)lIBI D] IAXP+  sup [[Daf(a,2)]| Y AL
(a,x)EK1 X Ko 0<s<t (a,2)EK1 X Ko 0<s<t
< 00.

Note that the uniform boundedness principle combined with the strong continuity shows
that sup, . || D3 f(a, z)|| and sup(, ,)[|Daf(a, z)| are finite.
Moreover, we see that

Y ID2(Am, X )AXER | = Y | DR S (A, Xom ) B(AXE?)]|

0<s<t 0<s<t

< D2 ’ B AXS 9 -
B (aw)?Il{IijZH Bf(a x)H H ” Z ” H o0

0<s<t
and
D IDaf(As, Xo )AA| < sup |[Daf(a, )| Y [AAL]l < oo
0<s<t (a,)€K1x Kz 0<s<t
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This shows that equation (3.1) is equivalent to the following equation:

f(A, Xp) = f(Ao, Xo) — ] ]D:cf(As—axs—)dXs
0,t

1
= Daf(As—vxs—)dAs+§ DQBf(AS—aXs—)dQB(va)s

10,¢] 10,¢]

+ Z {Af(Asy Xs) - Dxf(Asf>Xsf)AXs}
0<s<t

S Daf(As_,XS_)AAS—% S DLf(A,, X, )B(AX,,AX,).  (7.1)
0<s<t 0<s<t

We will therefore prove (7.1) instead of (3.1).
Step 2: The Taylor expansion. Let I = Ju,v] € 7, and consider the first-order Taylor
expansion with respect to the variable a on I N[0,¢] = Ju A t,v A t]. Then we have

f(Av/\t7Xv/\t) - f(Au/\t7Xv/\t) = Daf(A7 X)(SAt(I) + ’rt(I) (72)

where
mn:/ {Daf (Aunt + 05 A0(T), Xons) — Daf (Aunts Xune)} 644(1) do.
[0,1]

Here, recall that the notation ‘D, f(A, X)§A;’ was introduced in the second paragraph of
Section 3.
Next, we consider the second-order Taylor expansion

F(Aunts Xont) = f(Aunts Xunt) = Do f(A, X)X (1) + lDif(A, X)(6X)¥*(I) + Re(1),

2
(7.3)
with R;(I) given by
1
Ri(I) = 3 /[ ](1 —0) { D2 f(Aunt, Xunt + 06X (1)) — D2 f(Aunt, Xunt) } 6X: ® 6X¢(I) d6
0,1
1

= 5 / (1 - 9) {DQBf(Au/\hXu/\t+95Xt(I))_DQBf(Au/\t, X'u,/\t)} B((SXt76Xt)(I> d9
[0,1]

By the definition of D% f, we can rewrite (7.3) as
1
F(Aunt, Xoat) = f(Aunts Xunt) = Do f(A, X)X (1) + §D129f(AaX)B(5Xt®2)(I) + Ri(I),

(7.4)

Combining equations (7.3) and (7.4), we obtain
1
6f(A7X>t = Daf(Aa X)(SAt + Dxf(AaX)(SXt + iDBf(Aa X)B(6X?2) + Tt + Rt- (75)

Now take ¢ > 0 arbitrarily. For simplicity, write D = D(A4,X), D. = D.(A4,X), and
D¢ = D*(A, X). Using the notations e}, and e7, introduced in Section 5, we can derive
from (7.5) the equation

SF(A,X)e — 0f (A, X)eh, = Dy f(A, X)3X; — Dy f(A, X)0Xseh,
+ Daf(Aa X)(SAt - -Daf(A7 X)(SAte})E + Tte2DE

+ 3 DRF(A, X)BOXE?) — S DRI(A X)BOXF)eh, + Ruch,.
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Moreover, by summing up this equality along 7, we see that

F(A, Xy) = f(Ao, Xo) = > Daf(A, X)5X,(I)

Iem,
= > 0f(AX)Dep (I) = Y Dy f(A,X)5Xi(Iep, ()

Iem, Ien,
+ 3 Daf(A, X)6A(I) = > Dof(A X)dA(I)ep, (1)

Ien, Ien,

1

+ %;n §D% F(A, X)B(6XE?)( I;ﬂ “D%f(A, X)BOXE?)(I)eb (1)
+ Y neb (D) + Y Ri(D)ep, (1)

Ien, Ienmy,

= 1) — 157 (1) + I (0) — 17 () + 17 (0) - 18 (1) + () + I (1), (7.6)

Step 3: Behaviour of I{"(t), ..., I{" () of (7.6). Since () satisfies Condition (C) for
(A, X), we can easily verify that

lim V() = Y Daf(Ae, Xoo)AA,

n—oo
s€D:N[0,t]

lim I8 () = Y. Duf(Ac, X, )AX,

n—roo
s€D.N[0,t]
(n) 1 2 ®2_} ®2
Jm V() =5 Y DAL X)AX)T =5 Y DRf(A-, X )BAXER).
s€D.N[0,t] s€D.NI[0,t]

If s € D and s < t, we can deduce from Proposition A.4 and the dominated convergence
theorem that

0f (A, X)e(mn(s)) :/0 {DSI(A, X))z, (s) + 00 (A, X)i (7 ()] }{O(A, X)i(mn(s)) } dO

— | DA, X)ee +0A(A, X)JA(A, X), dO = AF(A, X),

n—oo 0

Hence,

lim 1) = > Af(ALX,).

n—roo
s€D.N[0,t]

By Lemma 3.10, we have

. 1
lim I( L)() -

ne 2 S0

DzBf(As—7XS—)dQB(X7X)S

in the weak topology.
The dominated convergence theorem (Proposition B.8) gives

lim ISV () = [ Duf(As_, X._)dA,.

n—oo ]O,t]
It remains to estimate the residual terms. If Ju,v] N D, = ), then

w(X, Ju, 0] N[0,]) < OF (X = J(D=(X); X); 7m0),
w(A, Ju,v] N1[0,4]) < Of (A = J(De(A); A); ).
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Now we write, for convenience,

ale,n) = O (X — J(De(X); X); ),

Ble,n) = O (A — J(D:(A); A); ).
By the assumption that (,,) satisfies Condition (C) for (A, X) — and hence so does each
of A and X — we see that

lim lim = lim lim =0.
B T ale,n) =0, lim T Ble,n) =0

By definition,
< 3 e (Ju))

Ju,v]Emy,

X /[O . I{Daf (Aunt + 05 A¢(Ju,v]), Xont) — Daf (Aunts Xune)} 0A¢(Ju, v])|| 4O

< V(A) sup pri—k, (Daf(2) = Da f(w)).
z,WEK1 X Ko
|z—w|<a(e,n)+B(e,n)

Similarly, we have

g L eh (Ju,v 1—90
W= X ehlua) [ a-0)

Ju,v]E€my,

D3 f(Aunts Xunt + 05X, (Ju,v])) — D f(Aunts Xunt) } BEXE?) (Ju, v])||d0

< sup  pr,(DRf(2) = Dy f(w) B Y I6X(1)] %,
e e femn

Consequently, for every z* € G* with ||z*|| =1,
lim |(z*, (RHS of (7.1)) — (RHS of (7.6)))]

n— oo

S Z {Af(ASaXs) - <Dxf(As—7Xs—)a AX&>}

seD=N[0,4]

Y Daf(A X)AA +|| Y D2A(ALL X ) (AX)E
seDeN[0,t] seD=N[0,t]
+ im  sup i (DEf(2) = DR f(w)) V(X0

n—oo  Z wekK,
|l <ale.m)

+ T sup pics—icy (Daf(2) — Daf(w))V(A).. (7.7)
n—oo z,WEK1 X Ko
lz—w|<a(e,n)+B(e,n)

Finally, by letting ¢ — 0, we see that the right-hand side of (7.6) converges weakly to

that of (7.1). This completes the proof for the weak case.
If Qp(X,X) is the strong B-quadratic variation, then Ién) converges in the norm
topology by the strong version of Lemma 3.10. In this case, we obtain the norm
convergence of the Riemannian sums by replacing (7.7) with a similar norm estimate. O

Combining Corollaries 3.7 and 5.9, we obtain the integration by parts formula. Note
that the existence of the Ito0-F6llmer integral fot A,_ ® dX, follows from Corollary 3.7
and Proposition 7.3.

Corollary 7.4. Let (7,), X, and A satisfy the same assumptions as Corollary 3.7. Then,

t t
At®Xt:/ dAS®XS,+/ A,- ®dX,+ YA, X],.
0 0
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A Differential calculus in Banach spaces

In this section, we review some basic results about differential calculus in Banach
spaces.

Definition A.1. Let F and F be Banach spaces and U an open subset of E.

(i) A function f: U — F is Gateaux differentiable at x € U if there exitsan L € L(E, F)
such that

t—0,t

. 1
hmiog{f(m +th) — f(xz)} = Lh

for all h € E. The function f is Gateaux differentiable if it is Gateaux differentiable
at all points in U.

(ii) A function f: U — F is Fréchet differentiable at x € U if there exits an L € L(E, F)
such that
[ f(z+h) — f(z) — Lhl| = o([|A]])-

The function f is Fréchet differentiable if it is Fréchet differentiable at all points in
U.

The bounded operators L in (i) and (ii) are called Gateaux and Fréchet derivatives,
respectively, and denoted by the same symbol Df(x). If f is Fréchet differentiable,
then it is Gateaux differentiable and both derivatives coincide. Hence this notation is
consistent.

Higher-order Gateaux and Fréchet derivatives are defined inductively by the for-
mula D"tlf = DD"f. The n-th Gateaux derivative D" f(z) at € U is an element of
L(E®" F) = £M(E"; F), where L™ (E"; F) denotes the set of bounded n-linear maps.
Moreover, if f is n-times Fréchet differentiable, the multilinear map D" f(z): E™ — F'is
symmetric.

Before introducing Taylor’s theorem, we define a mild continuity condition for a
function defined on a subset of a Banach space.

Definition A.2. Let E be Banach spaces and U an open convex subset of E. A function
f: U — T into a topological space is continuous along line segments if, for every x and y
in U, its restriction to the line segment {0z + (1 — 0)y | 6 € [0,1]} is continuous.

One can easily see that a Gateaux differentiable function f: U — F is continuous
along line segments.

The following proposition gives a version of Taylor’s formula that we use in this
article. It plays an essential role to prove the It6 formula in Section 7. Although that
theorem seems classical, we give a proof for the reader’s convenience.

Proposition A.3. Let I and F' be Banach spaces and U an open convex subset of E.
Assume that f: U — F is n-times Gateaux differentiable and D" f is strongly continuous
along line segments. Then it admits Taylor’s formula

flx+u)— f(z) = Z %Dkf(x)u—k/o ﬂD”f(x—i—@u)u@”dH

—_ 1\
1<k<n-—1 (n 1)'
forallx € U andu € F withx +u € U.

Proof. The proof is by induction on n.
Suppose that f is Gateaux differentiable and D f is strongly continuous along line
segments. Then the map 6 — f(z + 6u) has the continuous derivative

d
@f(er@u) = Df(z + fu)u.
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Hence, by the fundamental theorem of calculus, we get

f(m—i—u)—f(m)z/o Df(z + Ou)udf.

Next, assume that the assertion holds for n. Let f: U — F be an n + 1-times
Géateaux differentiable function whose derivative D"*!f is strongly continuous along
line segments. By assumption, f satisfies

_ 1 ! (1 _e)n—l n n
flz+u)— flz) = Z HDkf(x)u@)k—l—/o WD f(z +0u)u®"dl. (A1)

1<k<n-1

Computation by the Leibniz rule shows

d (1_0)71 npe, RN (1_9)7171 n RN (1 B g)n n+1 ®n+1
Therefore,
1 _ g\n—1 1 _ \n
~ LD f(apusn = / L= o f e+ bupu®ab + / Q=0 ot (0 4 Gupu®+1d6.
n! o (n—=1)! 0 n!
(A.2)
Combining (A.1) and (A.2), we get the equation
1 k Rk ! (1 _ a)n n+1 ®@n+1
fla+u)— flz) = Z — D f(x)u®" + ———D"" f(x + fu)u dé.
1<k<n

This completes the proof. O

The following proposition is also used in the proof of the main theorem.

Proposition A.4. Let Fy, F,, and F' be Banach spaces. Assume that f: E1 x Fs — F
satisfies the following conditions:

(i) The map x; — f(x1,x2) is Gdteaux differentiable for all xo € F5 and D,, f: Fy x
Es — L(E\, F) is strongly continuous;

(ii) The map x2 — f(x1,x2) is Gateaux differentiable for all z; € FE7 and D, f: Fy x
Ey; — L(E,, F) is strongly continuous.

Then f: E; x E; — F has the Gateaux derivative given by Df = (D, f, D.,f) and
Df: Ey X Ey — L(Ey @ Eo, F) is strongly continuous. Moreover, D f|x induces a contin-
uous map Df|x: K x (Ey x Ey) — F for every compact set K C Ey x Es.

Proof. Fix an (x1,x2) € Fy X Es and take an arbitrary directional vector (hq, hs) € Eq X Es.
Applying Taylor’s formula to the first variable, we get

1

f([El—Fth,l, $2+th2)—f(d?1, .IQ) = Dxlf(xﬁ—ﬁthl, $2+th2)th1 d0+f(151, I2+th2)—f([r17 1‘2)
0

for all ¢ # 0. Since D,, f is strongly continuous, we see that

lim Dl-lf(l‘l +0thy, $2+th2)h1 :lef(xl, Qfg)hl, sup HDMf(.Il +0thy, l‘2+th2)” < 0.
t—0 0,t€]0,1]

Note that the inequality above follows from the uniform boundedness principle. There-
fore, by the dominated convergence theorem,

1 1 1
? / lef(:m +0thy, s —‘rﬁhz)thl do = / lef(:El +0thy, xo +th2)h1 de E) f(acl, aig)hl.
0 0
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This shows

. 1
lim —{f(21 +thi,z2 +the) — f(21,22)} = Dy, f(@1,22)h1 + Dy, f (21, 22)ho,
t—0,t£0
which means that (D, f, D,, f) is the Gateaux derivative of f at (z1,z2). The strong
continuity of Df = (D, f, Dy, f) is obvious.
The last claim follows from Lemma A.5 below. O

Lemma A.5. Let K be a compact topological space and let E and F' be Banach spaces.
Assume that amap p: K — L(E, F) is strongly continuous. Then, the map ¢: K xE — F
induced by ¢ is continuous.

Proof. Fix (t,z) € K x E and take an arbitrary net (¢, zx)xca that converges to (¢, z) in
the product topology. Then

le@z = pt)aall < llet)z = ezl + suplle@lle = 2all

Because ¢ is strongly continuous, the first term on the right-hand side converges to 0. The
strong continuity and the uniform boundedness principle imply that sup,¢ x||¢(t)|| < co.
Hence the second term also converges to 0. As a consequence, we find that ¢(ty, z)) =
p(tx)x) converges to p(t, x) == @(t)x. O

B Vector integration

B.1 A brief review of vector integration in Banach spaces

In this subsection, we will review an integration theory for vector functions and vector
measures of finite variation. Let F, F, and G be three Banach spacesand B: F x E — G
be a bounded bilinear map. We aim to introduce integrals of the form [ B(f,du), where
f is an F-valued ‘nice’ function and u is an E-valued o-additive measure defined on
a 6-ring of subsets of R>¢. See Dinculeanu [20, Chapter 1 § 2] for details about the
contents of this section. We also refer to Diestel and Uhl [18] and Dinculeanu [19], which
are classical references in the theory of vector measures and integration.

Let 7 be the semiring of subsets of R>( consisting of all bounded intervals of the
form ]a, b] and the singleton {0}. Moreover, let D be the §-ring generated by Z. Note that
both Z and D generate the Borel o-algebra. The variation of a o-additive vector measure
p: D — E on a subset A of R>¢ is defined by the formula

|1l (A) = sup {ZIW(AA)IIE

AEA

(Ax)aea: a finite disjoint family of elements of D, U Ay C A}.
AEA

We say that p has finite variation if |u|(A) < oo for all A € D. The measure ; has bounded

variation whenever |u|(R>o) < co. Since p is assumed to be o-additive, the variation

measure |u|: D — Rx¢ is also o-additive. Then there is a unique o-additive measure,

denoted by the same symbol |u|, on the o-algebra B(R>() that extends |u|: D — R>o.
An F-valued D-simple function is a function f: R>¢ — F' of the form

f=>laa,

AEA

where A is a finite set, (ax)xea € E®, and (Ay)ren € D* is a disjoint family. We can
immediately define the integral of f by

| Bl = 3 Blas (4.

AEA
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Let Sp(D) denote the set of all F-valued D-simple functions. Then Sr(D) is dense in the
Lebesgue-Bochner space

f is strongly B(R>)-measurable, /

L1(|M|;F)::{f: Rso—F
]RZO

1 ()l |pl(ds) < 00}.

Since the integration map f — f]R>0 B(f,du) is bounded and linear, it can be uniquely
extended to a bounded linear operator T,: L*(Jju; F) — G. If a strongly measurable

function f: R>o — F and an A € B(Rx) satisfy f14 € L!(|u|; F), then we define the
integral of f on A as

/Bmwmwzjmmm:nmn
A A

1
loc

In particular, every f € L
use the notation

(|pe|; F) can be integrated on every bounded interval. We also

Ammm:45ww>

if A is a bounded interval of the form A = ]a, b]. By a direct calculation, one can derive

the inequality
H/mmm <181 [ 176 lelulias)
A G A

for all such A and f. This estimate guarantees that the dominated convergence theorem
remains valid in this situation.

Finally, we introduce a decomposition of a vector measure on R into atomic and
nonatomic parts. As before, let 1: D — E be a o-additive measure of finite variation. Set

D ={teRxo | |ul({t}) >0}

Because p has finite variation, we see that D is countable. Besides, since each singleton
{t} belongs to D, we have the equality ||p({t})|| = |u¢|({t}) for all t € R>o. Now let

ph =" upu({s}),

seD

where §; denotes the Dirac measure at s € R>g. Then u is a o-additive vector measure
of finite variation that satisfies

1(A) = D ln({shlls 85(A4) < oo

seD

for each A € D. If we define u¢ = pu — pd, then u¢ and p¢ give a mutually singular
decomposition of y satisfying |u| = |u¢| + |¢4|. This decomposition of a measure gives a
decomposition of an integral as

/R>o B dn) = / B(f, i) +/ B(f,du?)

Rzo RZO

for every f € L'(|u|; F).

B.2 Extension of vector integration

In Section B.1, integrands are assumed to be strongly measurable with respect to
the norm topology of F’; i.e. integrands can necessarily be approximated pointwise
by simple functions in the norm topology. A function f: R>¢ — F that is cadlag in a
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weaker topology may not satisfy this condition. We need, however, to integrate such
functions for our It6-F6llmer formula (Theorem 3.6). For this purpose, we extend the
vector integration introduced in a previous section to a suitable setting.

As in Appendix B.1, let E and G be Banach spaces and let u: D — E be a o-additive
vector measure of finite variation.

Lemma B.1. The range u(Z N [0,T]) is relatively compact in E for all T > 0.

Proof. First, define a function F': R>g — E by the formula F'(t) = u([0,t]). o-additivity of
w1 implies that F'is cadlag in E. For a given 7' > 0, we can find a compact set K including
the image F([0,7]). If I = ]a,b] C [0,7], then

w(a, b)) = F(b) — F(a) € K — K.
On the other hand, if I = {0} C [0,7],
u({0}) = P(0) € K.

Thus u(Z) ¢ KU (K — K). Because K and K — K are both compact, u(Z) is relatively
compact. O

Lemma B.2. Let F = L(FE,G) and let Sp(Z) be the set of all F'-valued Z-simple functions.
Suppose that T > 0 and K is a compact set such that u(Z N [0,7]) C K. Then

/ fdp
[0.7]

Here, recall that a seminorm pg is defined by (2.1) in Section 2.1.

< sup pr(f())|pl((0,T7).
s€[0,T]

G

Proof. Let f =) ;. 1;ar be an Z-simple function with A being disjoint. Then, by the
definition of the integral and the variation of y, we see that

‘ / fdp
[0,7)

This is the desired inequality. O

< pxlan)|pI N[0, T)e < sup px(f(s))|wl([0,T)).
I IeA s€[0,T]

In what follows, let D~ (R>o, L.(E, G)) stands for the locally convex Hausdorff topo-
logical vector space consisting of all caglad functions endowed with the topology of
uniform convergence on compacta.

Lemma B.3. The space Sr(Z) is dense in D~ (Rx>o, L(E, G)).

Proof. First, let I the family of all compact subsets of £ and define a family of seminorms
(pr,x;T > 0,K € K) by the formula
pr.x(f) = sup pr(f(s)).
s€[0,T]
Then the topology of D~ (R>¢, L.(E, G)) is induced by (pr k).

Set A = R>o X K x Rx¢ and define an order on A by letting (T3, K1,e1) < (1%, K»,¢€2)
whenever T} < Ty, K1 C K>, and €1 > ¢,. This order makes A a directed set because
(Th VTs, K1 UKy,e1 ANeg) € A. Foreach A\ = (T, K, ¢), we can find a Z-simple function s
satisfying pr x(sx — f) < € as in the proof of Lemma 6.4. The net (s))xca converges to
f in the topology of D~ (Rx>¢, L(E,G)). Indeed, take ¢ > 0 and (Tp, Ky) arbitrarily. If
A= (T, K, E) > (T(), Ko,&‘o), then

PTo. Ko (53 — f) < prx(sa — f) < e < 0.

Hence (s))xea converges to f in pp, k,. Since the choice of (Tp, Kj) is arbitrary, we can
conclude that Sp(Z) is dense in D~ (R>¢, £.(E, G)). O
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Theorem B.4. Let T > 0. The integration map

Sp(Z)> fr— fdpe G
[0,T]

can be uniquely extended to a continuous linear map on D~ (Rx>¢, L.(E, G)).

Proof. Define the integral map Ir: Sp(Z) — G by Ir(f) = f[o,T] fdu. Because Sp(T)
is dense in D~ (R>o, L.(E,G)) by Lemma B.3, it suffices to show that I is linear and
continuous. Refer to Schaefer and Wolff [66, Chapter III Section 1] for the extension of a
continuous linear map between topological vector spaces.

The linearity of I7 is obvious. The continuity follows from Lemma B.2 and a standard
continuity criterion for linear maps in topological vector spaces. See, e.g. Schaefer and
Wolff [66, Chapter III Section 1 (1.1)]. O

We will show a variant of the dominated convergence theorem for our vector integrals.

Lemma B.5. For each f € D™ (R>o, L(E,G)) and compact subset K of E, the function
t — pr(f(t)) is Borel measurable.

Proof. If f € D~ (R>o, Lc(E, Q)), then the map t — px (f(t)) is caglad. Hence it is Borel
measurable. O

Lemma B.6. Let f =), , 1;a; be an L.(E, G)-valued Z-simple function such that A is
disjoint. Then,
pr(f(1) = prlanls(t), t>0.

IeA
Proposition B.7. Let T > 0 and let K be a compact set satisfying u(Z N [0,7]) C K.

Then
/ fdp
(0,T]

forall f € D~ (Rx>o, L(E,G)).

g/ pre(£(5))lal(ds) (B.1)
[0,T7]

G

Proof. If a simple function f has a disjoint representation f =, , 17a;, then

‘/ Fdp
0,77

<Y px(an)lln N[0, T)|e
G IeA

<3 pxlan)ul(zn o, 7))
IeA

— [ pulFsDlnl@s).
[0,T]

Note that the last equality follows from Lemma B.6. Therefore (B.1) holds on Sg(Z).
The general case is proved by approximation. O

Proposition B.8 (Dominated convergence theorem). Let T' > 0 and let K be a compact
subset of E u(Z N[0,7]) C K. Suppose that a sequence (f,) and an element f in
D~ (R0, L(E,G)) satisty the following conditions:

(i) The sequence (f,) converges to f pointwise on [0, T] with respect to px;
(ii) There is a g € L*([0,T),|u|) such that px (f.(t)) < g(t) almost everywhere on [0, T].

‘/ nw—/ fdu
[0,7] [0,7] .
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Proof. Proposition B.7 implies the inequality

‘ nw—/ fdu
[0,7] [0,7]

By applying the dominated convergence theorem to the integral on the right-hand side,
we obtain the desired convergence. O

Slgvmuuﬁf@DMM$

G

Proposition B.9. If f € D™ (R>¢, £L.(F,G)), then

PR s)u(ds) ) = 2*f(s), u(ds
< ]Mﬁ(”()> Am<f(MK )

for all z* € G* andt € R>o.

Proof. First, assume that f has the form f =) rea liar with A C 7 disjoint. By a direct
calculation, we see that

<Z*, o f(S)u(d5)> = ;\Z*afu(fﬁ]07t}) :/ (2" f(s), u(ds)) -

10,¢]

Hence the formula holds for simple functions. It can be extended to general integrands
by the density argument. O
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