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Abstract

This paper develops the large deviations theory for the point process associated with
the Euclidean volume of k-nearest neighbor balls centered around the points of a
homogeneous Poisson or a binomial point processes in the unit cube. Two different
types of large deviation behaviors of such point processes are investigated. Our first
result is the Donsker-Varadhan large deviation principle, under the assumption that
the centering terms for the volume of k-nearest neighbor balls grow to infinity more
slowly than those needed for Poisson convergence. Additionally, we also study large
deviations based on the notion of My-topology, which takes place when the centering
terms tend to infinity sufficiently fast, compared to those for Poisson convergence.
As applications of our main theorems, we discuss large deviations for the number of
Poisson or binomial points of degree at most k£ in a random geometric graph in the
dense regime.
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1 Introduction

The main theme of this paper is to develop the large deviations theory for the point
process associated with the Euclidean volume of k-nearest neighbor balls. We consider
the unit cube [0, 1]¢ equipped with the toroidal metric

dist(z,y) = min, lz—y+ 2z,
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Large deviations for the volume of k-nearest neighbor balls

where | - || denotes the Euclidean metric in R%. Then, the unit cube [0, 1]¢ is considered
as a flat torus with a periodic boundary. Let B, (z) = {y € [0,1]* : dist(z,y) < r}, r >0,
be the closed ball in [0, 1]¢ of radius 7 centered at x € [0, 1]¢. Given a point measure w in
[0,1]¢ and a point = € [0,1]¢, and a fixed integer k > 1, define

Ri(z,w) :=inf {r > 0: w(B,(z) \ {z}) > k} (1.1)

to be the k-nearest neighbor distance of z; it gives a radius r for which B,(z) \ {z}
contains exactly k points of w with one of those points lying on the boundary of B, (z).

Given a homogeneous Poisson point process P, on [0, l}d with intensity n, we are
interested in the stochastic behavior of the point process

Lk,n — ZXEPn, 5(X7n"'€de(X7'Pn)d_an) lf |Pn| > k’ (12)
0 if |P,| <k,
where 6, , is the Dirac measure at (z,y) € [0,1]* x R, and x4 is volume of the unit ball

in R?, so that xqRy(X,P,)? represents the volume of a k-nearest neighbor ball centered
at X € P,. Further, () represents the null measure, i.e., the measure assigning zeros to
all Borel measurable sets. The process (1.2) dictates the magnitude of the normalized
volume of k-nearest neighbor balls, as well as the location of their centers.

There have been a number of studies on the asymptotics of the process (1.2) or its
similar variant, when the centering term a,, is given as

an =logn + (k — 1) loglogn + constant. (1.3)

In this case, one may observe, asymptotically, at most finitely many k-nearest neighbor
balls whose volume are approximately a,/n up to the scale. As a consequence, the
process (1.2) will have a Poissonian structure in the limit [16, 5, 2, 14, 1]. In particular,
the rate of Poisson convergence has recently been derived in terms of the Kantorovich-
Rubinstein distance [1] and the total variation distance [14].

In addition to these results on Poisson convergence, there have also been many
attempts at deriving other limit theorems for the functional of a k-nearest neighbor
distance in (1.1), among them, central limit theorems in [17, 19] and laws of large
numbers in [22, 20, 23]. For example, Penrose [17] proved a (functional) central limit
theorem for the number of inhomogeneous Poisson points X; with density f, such that
F(XH) Ry, (X, 737,,)‘1 does not exceed certain thresholds (k,, is taken to be a function of
n). Additionally, Penrose and Yukich [23] provided laws of large numbers for the sum of
power weighted nearest neighbor distances. As for the large deviation results on the
k-nearest neighbor distance, Schreiber and Yukich [26] obtained a Donsker-Varadhan
large deviation principle (LDP) (see Section 1.2 in [3] for a precise definition) for the
functional of the length of edges in the k-nearest neighbor graph in R¢. This was obtained
as an application of a more general LDP for spatial point processes satisfying a weak
dependence condition characterized by a radius of stabilization. Moreover, Hirsch et
al. [7] analyzed lower tail large deviations for general geometric functionals, including
the power-weighted edge lengths in the k-nearest neighbor graph.

The primary objective of this paper is to provide comprehensive results on the
asymptotics of the process (1.2), from the viewpoints of large deviations. We consider
two distinct scenarios with respect to a divergence speed of the centering term (a,,).
The first scenario examined in this paper is that

ap — 00, a, —logn— (k—1)loglogn — —oco, asn — co. (1.4)

In this case, (a,,) grows to infinity more slowly than (1.3). Intrinsically, there appear
infinitely many k-nearest neighbor balls as n — oo, whose volume are approximately
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an/n up to the scale. Then, the process (1.2) “diverges” in the limit, in the sense that
L;W(A) — oo as n — oo, for all (nice) measurable sets A. Thus, in order to dictate
its large deviation behavior, one has to scale the processes in (1.2) by some growing
sequence u, — 0o. More concretely, we aim to establish the Donsker-Varadhan LDP for
the properly scaled process (Ly, ,/tn)n>1-

In the second scenario of this paper, we consider the centering term (a,,) satisfying

an —logn — (k—1)loglogn — 0o, a, =o(n), asn — co. (1.5)

Then, (a,) tends to infinity more rapidly than in (1.3), so that the k-nearest neighbor
balls centered around P,,, whose volume are approximately a,,/n up to the scale, are
even less likely to occur. In other words, the occurrence of such k-nearest neighbor balls
is a “rare event”, in the sense of IP(Lk,n(A) > 1) — 0 as n — oo, for all measurable sets
A. In this setup, we present the other type of large deviation results, by detecting a
sequence v, — 0o, such that

(vnP(Lin € ), n > 1) (1.6)

converges to a (non-trivial) limit measure. The topology underlying the convergence
of (1.6) is My-topology. The notion of Mj-topology was first developed by [9]. Since
then, it has been used mainly for the study of regular variation of stochastic processes
[10, 13, 4, 27, 15].

For the required LDP in Theorem 2.1 below, many of the techniques in our previous
work [8] will be exploited. We first partition the unit cube [0, 1] into smaller cubes of
equal volume, and define a collection of i.i.d. point processes restricted to each of the
small cubes. Next, using one of the main results in [1], Proposition 4.1 proves that the
law of these point processes restricted to small cubes converges to the law of certain
Poisson point processes, in terms of the Kantorovich-Rubinstein distance. Subsequently,
Proposition 4.3 justifies that this approximation is still feasible even for the version of
the empirical measures. The main machinery here is the notion of a maximal coupling,
provided in [11, Lemma 4.32]. Other approximation arguments necessary for our proof
will be completed in a series of results in Propositions 4.4-4.6. As a final note, we want
to emphasize that the homogeneity assumption of P,, is crucial throughout our proof. We
anticipate that the LDP still holds even when P,, in (1.2) is replaced by an inhomogeneous
Poisson point process. It seems, however, that unlike the previous studies [16, 2, 14, 1],
this extension should require much more involved machinery; this will be left as a topic
of future research.

The rest of the paper is outlined as follows. In Section 2, under the assumption (1.4),
we give a precise setup for the point process (1.2) and formalize the desired LDP.
Section 3 assumes condition (1.5) and establishes the Mjg-convergence for the se-
quence (1.6). In both settings, we also consider the case that the point processes are
generated by a binomial point process. Unfortunately, in the context of LDPs, there are
no unified results on the De-Poissonization scheme, such as [18, Section 2.5], which
may allow us to extend the LDPs with a Poisson input to those with a binomial input.
Alternatively, we have proved directly the desired exponential equivalence (in terms of
the total variation distance) between processes with a Poisson input and those with a bi-
nomial input (see Corollary 2.2). Corollary 3.2 applies a similar kind of De-Poissonization
machinery to the M -convergence in Theorem 3.1. Finally, as an application of Theo-
rem 2.1 and Corollary 2.2, we deduce the LDP for the number of Poisson (or binomial)
points of degree at most k in a random geometric graph in the dense regime. Additional
applications in a similar vein from the perspective of M -convergence, can be found in
Corollary 3.3.
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2 Large deviation principle

Given a point measure w in [0,1]¢ and z € [0,1]¢, define the k-nearest neighbor
distance Ry (r,w) asin (1.1). Let (a,)n>1 be a sequence tending to infinity, such that

a, —logn — (k—1)loglogn — —oo, n — oo. (2.1)

Given a homogeneous Poisson point process P, on [0, 1]¢ with intensity n, define the
point process (1.2) on the space M, (Eo) of point measures on Ej := [0,1]? x (s, 0],
where sy € R is a fixed real number. Our aim is to explore the large deviation behavior
of (L, »)n>1. More specifically, we define the scaling constants

by =nak"te7n n > 1, (2.2)

and establish the LDP for (L, /b, )n>1 in the space M, (Ey) of finite non-negative Radon
measures on Ey. We will equip M (E,) with the weak topology; then M (E,) becomes a
Polish space (See, e.g., [11, Lemma 4.5]). Under the assumption (2.1), it is elementary
to show that b,, —+ co as n — oo.

To state our LDP more precisely, we introduce the measure

—u

T (du) == ! 1{u > so} du.

e
(k—=1)
Here, we provide two equivalent representations of the rate function. The first is based
on the relative entropy. More precisely, writing Leb ® 74 for the product measure of

the Lebesgue measure on [0,1]? and 74, define the relative entropy of p € M, (E,) with
respect to Leb ® 7:

dp(z,u) )
H Leb® ::/ 1 —————— tp(da,du)—p(FEy) +(Leb® Ey), if p < Leb®7y,
ol tebwn) = | tog { Gl R dolde du) - p(Eo) + (Lebsm) (Eu). ifp ™

(2.3)
and H(p|Leb ® 71) = oo otherwise. The second representation of the rate function is
given in terms of the Legendre transform. More concretely,

Ai(p) == sup { flz,u)p(dx, du) —/ (ef(m’“) —1)dz Tk(du)}, p € M, (Ey),
FE€CH(Eo) Eo Eo

where Cy(E)y) is the space of continuous and bounded real-valued functions on Ej.
The proofs of the results in this section are all deferred to Section 4.1.

Theorem 2.1. The sequence (Ly,/b,),>1 satisfies an LDP on M, (E,) in the weak
topology, with speed b,, and rate function Hy(-|Leb ® 71,) = A}.

The corollary below extends Theorem 2.1 to the case that the process is generated by
a binomial point process B,, := {X1, ..., X, }. Precisely, we define, in the space M,(Ey),

B .
Lk,n = Z 6(X,7I,I£de(X,Bn)d—an)’ n > kv
XeB,
and Lf =0 forn < k.

Corollary 2.2. The sequence (L,'in/bn)nzl satisfies an LDP on M (E,) in the weak
topology, with speed b,, and rate function Hy(-|Leb ® 1) = A}.

As an application of Theorem 2.1, we deduce the LDP for (T%_,,/b,)n>1, Where

Toni= 3 Y Pu(Broo (X)) Sk}, =1, (2.4)
X€Pn
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The statistics (2.4) represents the number of Poisson points of degree at most k in
a random geometric graph of vertex set P, and edges between X; and X; satisfying
| X; — X[ < rn(so), where
an + So 1/d
rn(s0) = (7) .
nKkq
The threshold radius in (2.5) ensures that the random geometric graph under considera-
tion is of the dense regime, such that nr,(so)? = (a, + s0)/k4 — 00 as n — co. Replacing
P, in (2.4) with its binomial counterpart B,,, we also derive the LDP for (T,En Jbn)n>1,
where

(2.5)

T8, = > 1{Bu(Br o) (X)) <k} n=1.
XeB,
Corollary 2.3. The sequence (T}, /b,)n>1 satisfies an LDP with speed b, and rate
function

z log (x/ak) —z+a ifz >0,

In(x) =
k(@) 00 ifz <0,

where o, = e *°/(k — 1)!. Furthermore, (T,En/bn)nzl satisfies the same LDP as
(Thn /b )nz1-

In the above, Ij(z) coincides with a rate function in the LDP for (n='Y ", Y;) _,
where the Y; are i.i.d. Poisson with mean «aj. Such a coincidence happens because the
Poisson approximation technique applied to the process Ly ,, indicates that the process
T},» can be approximated by the i.i.d. sum of Poisson random variables as well.

3 Large deviation under M,-topology

In this section, we explore the large deviation behavior of the process (1.2), in the
case that a,, tends to infinity more rapidly than in the last section. Namely, we assume
that (an)n>1 satisfies

ap —logn — (k—1)loglogn — co, n — .

We again introduce the sequence b,, = na’fjle*a" as in (2.2). However, unlike in the last
section, b, — 0 as n — oo, because

by = ¢~ (on o= oglog (_Un )7
logn

< Ce(an—logn—(k=1)loglogn) (an —logn — (k — 1)loglog n)k_l — 0,

for some C' > 0.

Our objective is to investigate large deviations for the sequence (P o L;Z}L)nzl of
probability distributions of (L ,),>1 on the space M,(E), where E := [0, 1]¢ x (o0, 00].
Note that the vague topology on M, (FE) is metrizable as a complete, separable metric
space. The metric that induces the vague topology is called vague metric, and its
explicit form is given in the proof of [24, Proposition 3.17]. A main challenge is that
the space M, (FE) is not locally compact, and therefore, the vague topology would no
longer be applicable for the convergence of such probability distributions. To overcome
this difficulty, we adopt the notion of M -topology. The main feature of My-topology is
that the corresponding test functions are continuous and bounded real-valued functions
on M,(FE) that vanish in the neighborhood of the origin. For the space M,(E), one
can take the null measure () as its origin. Let By, denote an open ball of radius r > 0
centered at () in the vague metric. Denote by Mg = M, (MP(E)) the space of Borel
measures on M,(E), the restriction of which to M,(E) \ By, is finite for all r > 0.
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Moreover, define Cy = Cy (Mp(E)) to be the space of continuous and bounded real-valued
functions on M, (E) that vanish in a neighborhood of §, i.e., a continuous and bounded
real-valued function f : M,(E) — R is a member of C, if and only if there exists a
positive real number r such that f(§) = 0 for every £ € By ,.. Given &,,{ € M, we say
that &, converges to £ in the Mjy-topology, denoted as &, — ¢ in My, if it holds that
fMp(E) g(n)én(dn) — fMp(E) g(n)¢(dn) forall g € Cy. For more information on M-topology
we refer to [9].

Before stating the main theorem, we will impose an additional condition that a,, = o(n)
as n — oo. To see the necessity of this assumption, suppose, to the contrary, that
an/n — 0o as n — oo. Then, it trivially holds that Ly, ([0, 1]* x (=M, o0]) = 0 a.s. for
large enough n and any M > 0. By putting the assumption a,, = o(n) as above, one can
exclude such triviality.

The proofs of the results below are all given in Section 4.2.

Theorem 3.1. In the above setting with a,, = o(n), asn — oo,
b, 'P(Liyn € ) = &, in Mo, (3.1)
where (b,,) is given as in (2.2) and

1

&) = W/E {0(z,uy € -} " dxdu.

Additionally, we present an analogous result for the process (LE,n)nzl as well. For a
precise statement, however, we need to put a more stringent condition on (a,,) for the
purpose of proving (4.45) in Section 4.2.

Corollary 3.2. In the above setting with a,, = o(n'/?), as n — oo,
b,'P(LY, €)= &, in M.

Finally, certain asymptotic results on (T} ,)n>1 in (2.4), as well as those on (T,En)nzl,
are presented as a corollary of the above results. This corollary gives the exact rate (up
to the scale) of a probability that the number of Poisson (or binomial) points of degree at
most k£ becomes non-zero.

Corollary 3.3. (i) Ifa,, = o(n), then
b P(Thp > 1) = ), n— o0,

where «y, is given in Corollary 2.3.
(ii) If a,, = o(n'/3), then

bleIP(T,En >1) = a, n— oo

4 Proofs
4.1 Proofs of Theorem 2.1, Corollary 2.2, and Corollary 2.3

First, let us generalize the radius (2.5) by

., 1/d
rn(u) = (%) , u€eR.

For z € [0,1]? and w € M, ([0, 1]%), define the following functions:

flz,w) = nngk(wi)d —an, and g(z,w) = 1{f(z,w) > so}.
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Then, the process (1.2) that is restricted here to the space Mp(EO), can be reformulated
as

Lin = ZXeP" g(Xv Pn) 5(X,f(X,73n)) if |Pn| >k,

4.1)
’ 0 if [P,] < k.

Next, the unit cube [0, 1]¢ is partitioned into smaller cubes Q, ..., Qy, , so that Leb(Q,) =
b, forall ¢ € {1,...,b,}. Here, it is assumed, without loss of generality, that b,, takes
only positive integers for all n > 1. To avoid unnecessary technicalities, we will put the
same assumption on many of the sequences and functions throughout the proof. Fix
a sequence w, — oo with w, = o(a,) as n — oco. For each ¢ € {1,...,b,}, define the
“boundary part” of Oy by

M, = I~ : inf — < n\Wn) [,
i ={reqQ, yéngllx yll < rp(wn)}

while the “internal region” of Q, is given as Ky := Q; \ M.
We now consider the process

bn
Mo =D Y 9(XPala.) 6x.5(xPula,)) € Mp(Eo), (4.2)
(=1 X€Py|k,

where P, |k, (resp. P,|g,) represents the Poisson point process restricted to K, (resp. Q).
Setting up a “blocked” point process as in (4.2) is a standard approach in the literature
(see, e.g., [28, 26]). Clearly, the process (4.2) is different from (1.2). For example, (4.2)
removes all the points X € P, lying within the distance of r,(w,) from the boundary
of (Qe)[éll, whereas those points are possibly counted by (1.2). Even when the center
X € P, is chosen from the inside of K/, i.e., X € P,|k,, the processes (1.2) and (4.2) may
exhibit different k-nearest neighbor balls, whenever Ry (X, P,) # Ri(X,Py|qg,). Despite
such differences, it is justified later in Propositions 4.4 — 4.6 that the process (4.2) can
be used to approximate the large deviation behavior of (1.2).

For later analyses, it is convenient to express (4.2) as a superposition of i.i.d. point
processes on Fy, which themselves are transformed by some homeomorphisms. For each
e {1,...,b,}, let v, : [0,1] — Q, be the homeomorphism defined by v, ,,(x) = b+
Ze.n, Where zg,, is a lower-left corner of ),. Further, define 7, ,, : Ey — Q¢ X (S0, 00] by
%ﬁ,n(xv'@ = (W,n(x)’u)'

Using the homeomorphism 7, ,, one can express 7y, as

bn
Mo = 1k 0, (4.3)
=1
where
0 ._
M= D 90 Pal) 0,13, P, € Mp(Fo)-

XG'Pn‘KZ

Due to the spatial independence and homogeneity of P, (ﬁl(le)ezl constitutes a sequence
of i.i.d. point processes on Fj.
Next, let (C,ge)) ¢>1 be a collection of i.i.d. Poisson point processes on Ejy with intensity

Leb® 7. Then, the proposition below claims that for each ¢ > 1, the law of 77;(@2 converges

to the law of ¢ ,gé) as n — oo, in terms of the Kantorovich-Rubinstein distance. Recall that
the Kantorovich-Rubinstein distance between the distributions of two point processes ¢;,
1 =1,2, is defined as

dkr (L(61), L(&2)) = Slillp ’E[h(&)} —E[h(&)] {7 (4.4)
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where L(&;) is a probability law of &;, and h is taken over all measurable 1-Lipschitz
functions with respect to the total variation distance on the space of point measures; see
[1] for more information on the Kantorovich-Rubinstein distance. As a related notion,
the total variation distance between two measures p; and po on Ey is defined as

sup |p1(A) — pa(A)].

drv(pr, p2) =
ACEo

As a final remark, we propose one key observation: for z € [0,1]%, w € M,([0, 1]9)
with z € w, and u € R, the following conditions are equivalent.

f,w)>u & Ri(z,w)>r(u) & w(B,, w@) <k (4.5)

Throughout the proof, C* denotes a generic, positive constant, which is independent
of n but may vary from one line to another or even within the lines.

Proposition 4.1. For every { > 1,
(0) ()
dkr (L’(nk)n), L£(¢7)) =0, asn — oo. (4.6)

Proof. The proof is based on [1, Theorem 6.4]. Before applying this theorem, we need
some preliminary works. First, define for z € [0,1]¢ and w € M,([0,1]¢),

S(]}, LU) = BRk(:E,w) (JI),

then, f and g are localized to S. Namely, for every = € w and all S D S(z,w), we have
g(z,w) = g(x,wNS), and also, f(z,w) = f(z,wNS) if g(x,w) = 1. Moreover, S(z,w) is a
stopping set; that is, for every compact S C [0,1]¢,

{w : BRy(zw)(T) C S} = {w ! By (zwns)(T) C S}.

Finally, we set S, := B, (., )(z) for z € K,.
According to [1, Theorem 6.4], (4.6) can be obtained as a direct consequence of the
following conditions. First, one needs to show that

dry (]EW’ ()], Leb® Tk) 50, n— oo, 4.7)

k,n

where IE [n,(le()] denotes the intensity measure of nl(le In addition to (4.7), we also have

to show that as n — oo,

B, = Qn/ E[g(z, Palo, +62) L{S(x. Pulo, + 6.) & S:}] dz =5 0, (4.8)
K,

Ey = 2n2/ / 1{S, NS, # 0} Elg(x, Pulo, + 02)|E[g(2, Pulg, + 6.)] dzdz — 0, (4.9)
K, JK

4

and

Ey = 2n2/ / 1{S. NS, #0} E[g(x,PMQZ + 6, +9.)9(2,Pulg, + 0z + 5z)] dzdz — 0.
K, JK,
o (4.10)
Our goal in the sequel is to prove (4.7) - (4.10).

Proof of (4.7): We begin with calculating the measure ]E[n,(le()] more explicitly. For

AcClo, 1]d and u > sg, by (4.5) and the Mecke formula for Poisson point processes (see,

EJP 28 (2023), paper 73. https://www.imstat.org/ejp
Page 8/27


https://doi.org/10.1214/23-EJP965
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for the volume of k-nearest neighbor balls

e.g., Chapter 4 in [12]), together with the fact that P,,(Q/) is Poisson distributed with
mean nleb(Q) = nb;, !,

[nkn(Ax( ))] :E: Z ]1{7571 EA f(X Pr |Qtz >’LL}:|
XEPV,L‘KE
:E: Z ]l{’yfn ) €A Py ‘Ql/( T (u)(X)) Sk}]
X€PnlK,
=E[ > 1{1i(X) € A, Pu(Br, (X)) <k}
XE'P"‘KE

— b, P (77, (Y) € A\ (Me), (Pa+6v) (Br, ) (Y)) < k),

where Y is a uniform random variable on [0, 1]d, independent of P,,. At the third equality
above, we have dropped the restriction of P,, i.e., P,|q, = Pn, because B, (., )(X) C Q¢
for all X € P,|k,. By the conditioning on Y, the last expression equals

nb B[ 1{770(Y) € A\ (M)} P(Pa(Br, (V) <k = 1]Y)]
k—1

= nb;lLeb(A \ ’YZi(Mg)) Z e~ (antu)
i=0

(an + U)Z
7! '
It thus turns out that IE [n,(le( -)] has the density

e~ (@ntw) (g, 4 u)k—1
(k—1)! !

qr (0, u) :=nb, ' 1{z ¢ 7,1 (Mo) } €[0,1]% u > so.

Therefore, we have

e*’u
drv (E[m(le(,)}, Leb® ’Tk> < / | qr(z,u) — 5 | dz du
' Eo (k—1)!
< Leb(y; (M) -5 Tl ) T eva
< e(W,n( Z))M-F/SU ‘(-&-a) — ‘e Uu.
The first term above tends to 0 as n — oo, because
Leb(v; 1(M¢)) = baLeb(M) = 1 — (1 — b/ %7, (w,))" =0, n — oo,
while the second term vanishes by the dominated convergence theorem.

Proof of (4.8): It follows from (4.5) that

L{S(2, Pulq, +02) € Sz} = Y Bry(o,Pulq, +5.)(€) D Br, (w,) () }
= 1{(Pulq, + 6:)(Br, (w,) (@) <k}
= ]1{7)7%|Qe( Tn,(wn)( )) <k- 1}
= 1{Pn (B, (w(2)) <k—1}.

At the fourth equality above, we have dropped the restriction of P,,, due to the fact that
B, (w)(x) C Q¢ forall z € K,. Now, as n — oo,

k—1
a w
B < zn/ ]P(Pn (Br, (wny (7)) <k — 1) dz = 2n Leb(K,) Ze—(aﬁwn)M
K, P 2.
1
) < grenen
e ilak~
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Proof of (4.9): One can see that for z, z € Ky,

1{S, NS, # 0} < 1{|| — z|| < 2rn(wn)}, (4.11)
and from (4.5),
= (an + s0)"
E[g(z. Palg, +6.)] = P(Pa(Br, o (@) S h—1) = 37 et L 200,
i=0 ’

Therefore, as n — oo,

Ey <2n {Ze—(an+so) (e2% + SO / / ﬂ{Hx — zH < 2rn wn }dxdz
< C’*bi/ / |z — 2| < 2rp(w,)} dzdz
Qe J Qe

< C*B2Leb(Qg)rp (wn)? = C*byrn(wn)® — 0.

Proof of (4.10): It follows from (4.5) and (4.11) that F3 can be split into two terms:

B < 2n2/ / 1l — 2]l < 2 (wn)}
Ky JKy

P((Pn+§z)(B7n(bo)(x)) § kil (P +6 )( Tn 60)( )) S k— 1) dzdz

zn/K /K}WZ” < ru(s0)}

P((Po+ 6. (Br ) (2)) < k=1, (P o+ 82) (B o) (2) < B —1) dardls

+on? /K /K 1{rn(s0) < | — 2]l < 2rn(wn)}

P((Pa+62) (Brooo) (8) <k =1, (Pu+62) By, a(2) k= 1) dwd

=: Eg,l + E3’2.
(4.12)

For F3 1, if |z —z| < ry(so) with z, z € Ky, then (P, +6.) (B, (s0)(®)) = Pn (B, (s0) (@) +1.
Because of the spatial independence of P,

B3, < 2n2 / / 1{ ]|z — 2| < ralso }IP( By, (s0) () < k—2> (4.13)
X P (Pu(Br, (s0)(2) \ By, (s (@) <k = 2) ddz.
Then, it is easy to see that
P(Pu(Bro o) (0) <k —2) < Cral2e™™
and also,
B (Po(Bov () \ Bry(oo)(®)) < b — 2) < e HbBroiany (N B )

Notice that
Leb(Bm(SO)(Z) \ Bm(So)@)) > C*Tn(SO)d_lﬂx - ZHa

whenever ||z — z|| < 2r,(so) (see Equ. (7.5) in [21]); so, we have

P(Pn (Br(s0)(2) \ Br,(s0) (%)) < b — 2) < Crem 30T ls0) a2,

EJP 28 (2023), paper 73. https://www.imstat.org/ejp
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Referring these bounds back to (4.13),

Es1 <C™n 2/ / e~ane= 30Tl o=l qg qz
Q¢ JR4

o
o C* k 2 _a"b_ / e—%C*rn (so)dflppd—l dp
0

C«* 2 k 2 a,,,b—l 1
n :C*(l—&—s—o)( — 0, n—oo.

(nm,,(so)d*l)d an/ (an + 50)%

By the spatial independence of P,

Ey < 202 /K /K Brotan (@) < k= 1)P(Pu(Brya)(2) \ Broay @) <k~ 1)
x 1{rn(s0) < ||z — 2| < 2rp(wy,)} dzdz.

Then,
IP(Pn(BM(SD)(z)) <k-— 1) < C’*a’ffle*a".

Moreover, if ||z — z|| > r,(so) with z, z € K/, then

an + So

nLeb(By, (50)(2) \ By, (s0)(2)) > 5 Leb(By, (s () =

from which we have

|3

k—1
P(Pu(Bros0)(2) \ Br oy (@) Sk —1) <35 @ < Ctab e
i=0 ’

Appealing to these obtained bounds, as n — oo,

E35 < C*'n 2/ / k=lg=an . gkl *71{\\:c—z||<2rn wy,) } dzdz
¢ /R4

_3an _an
= C*n2a2*F Ve b (w,)? < CFale™F 0,

as desired. O

Recall now that (¢, (¢ ))221 are i.i.d. Poisson point processes on F with intensity Leb®7y.
The next proposition claims that the process

brn
Chm =3 G oA, ) (4.14)
=1

satisfies the desired LDP in Theorem 2.1. Let (', 7', P’) be the probability space on
which (4.14) is defined.

Proposition 4.2. The sequence ((y/by)n>1 satisfies an LDP in the space M. (Ey)
equipped with weak topology, with speed b,, and rate function Hy(-|Leb ® 71,) = A}.

Proof. By the transformation theorem, c;,i o W n ! becomes a Poisson point process on

E, with intensity (Leb ® 73) o %_Tll = by (Leb|g, ® 7). As ((, (¢ ))[>1 are i.i.d., (4.14) turns
out to be a Poisson point process on E; with intensity b, (Leb ® 71 ); thus, there exists a
sequence (5,@»21 of i.i.d. Poisson point processes on Fj with intensity Leb ® 7, so that

by,
G 2360, (4.15)

EJP 28 (2023), paper 73. https://www.imstat.org/ejp
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For convenience, we assume that (¢, (¢ ))521 are defined in the same probability space
(', F',P’"). By applying the Poisson variant of Sanov’s theorem to (4.15), we conclude
that (Ck,n/bn)ngl satisfies an LDP with speed b,, and rate function Hy(-|Leb ® 71); see
[6, Proposition 3.6] and [3, Theorem 6.2.10] for details. To deduce the LDP with rate
function A}, we compute the logarithmic Laplace functional of 5,(61): it follows from
Theorem 5.1 in [25] that for every f € Cy(Ey),

Ar(f) :=1log I/ [65’(“1)(f)] = / (ef(x’“) — 1) dz 7 (du).
Eo
Recalling that the space M, (Ep) is Polish when it is equipped with weak topology, one
can exploit Cramér’s theorem for Polish spaces (see, e.g., Theorem 6.1.3 in [3]) to obtain
the required LDP, for which A} is given as the Legendre transform of Ay. O

By the maximal coupling argument (see [11, Lemma 4.32]), for every £ > 1 there exists
a couphng (77,(C 31, A,Ef)) defined on a probability space (Qg,]:"g,ng) such that 7 A(Z) 4 n,(le

and(j )4 ]515)' and

Pe(af) # &) = drv (L), L)) < dkr (L), L) =0, n— 00, (4.16)

In particular, (n,(ﬁezl, ]gé))521 constitutes a sequence of i.i.d. random vectors on the prob-

ability space (Q, F,P), where Q = [[7°, Qr, F = ®;°, Fr, and P = @72, P;. Defining
Nk, n and fkn analogously to (4.3) and (4.14), Proposition 4.3 below demonstrates that
(Mn/bn)n>1 and (ékn /bn)n>1 are exponentially equivalent (in terms of the total variation
distance) under the coupled probability measure P. Since the LDP for (Ck,n/bn)n>1 Was
already given by Proposition 4.2, this exponential equivalence allows us to conclude that
(Mk,n/bn)n>1 fulfills an LDP in Theorem 2.1.

Proposition 4.3. For every § > 0,

1 N .
FIOgP(dTV(ﬁk,nv Chn) > (5bn) — —00, M — 00.

n

Proof. The proof is highly related to [8, Lemma 5.5], but we still want to give a concise

and self-contained argument. By Markov’s inequality and the fact that (17,52, A,EZ)) ¢>1 are

i.i.d. processes, we have, for every a > 0,

IN

1. .
bf logP(dTV(nk,nv Ck,n) Z 5bn)

n

b—log]P(ZdT nl(fzw A,ge)) > 6bn)
=1

b +log B 0L 2]

IN

where [ denotes an expectation with respect to (Q, F , I@). Since a > 0 is arbitrary, the
desired result immediately follows if we can prove that for every a > 0,

lim E[eadwmﬁfwffc”)} ~1. 4.17)

n—roo

By virtue of (4.16), dTV(n,(C 7)1, Aél)) converges to 0 in probability with respect to p. By
the Cauchy-Schwarz inequality, (4.5), and the fact that C,gl)(Eo) is Poisson with mean

e /(k — 1)L,

d ((1) C(l)) 2anM (Eo) 1/2 11 2acM (R 1/2
]E|:aTV M ons Sk :| < E[e an, 0:| E|:e agy ( 0):|

_ {E[BQaZXe‘anl ]l{P" 7 (50) (X <k}]} exp{i(eh — 1)}

20k — 1)

EJP 28 (2023), paper 73. https://www.imstat.org/ejp
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Now, the desired uniform integrability for (4.17) follows, provided that for every a > 0,

limsupE[eaZXem\Kl ]1{P"(Brn<so>(X))§k}] < 00

n—oo

(4.18)

As in the proof of [8, Lemma 5.5], by utilizing the diluted family of cubes
G = {4ru(s0)2 + [0, (s0)/Vd]* € Q1 2 € 2},

it turns out that (4.18) is obtained as a consequence of

< 00,
n—oo

1/(bn(4”'n(50))d)
lim sup {E[ea Xxern H{Pn(BrMso)(X))Sk’XeKl”‘]}] }

where J = [0, rn(so)/\/ﬂd and 1/(by,(4r,(s0))?) represents the number of cubes in G.
Notice that
> H{Pu(Br, o) (X)) <k, X € KN T} €{0,1,...,k}, (4.19)
XeP,
because if there exist more than k& points inside J, these points never contribute to (4.19).
Therefore, by Markov’s inequality,

1/(bn(47"n(50))d)
{IE[ adxep, 1{73 (B, (s0) (X)) <k, XEKl”J}} } (4.20)
1/(b71(4rn(50))d)
(1 n eazE Z L{P(By, (s0)(X)) < k, X € K1 N J}D
=1 XePn
k k—1 1/(bn (475 (50))%)
a (an+so) (a" + 80)
<1+ 16 n;e 0 il ]P(XleKlﬁJ)
d * _a
< (1 + C*e“kbnrn(so)d) 1/(bn (4ra(50))%)  eCrett /At o 00, asmn — oo. O

As shown in the last two propositions, (7 /b, )n>1 satisfies the LDP in Theorem 2.1.
Thus, our final task is to demonstrate that (L ,/b,)n>1 exhibits the same LDP as
(Mk,n/bn)n>1. Although this can be done by establishing exponential equivalence between
(Lgn/bn)n>1 and (g n/bn)n>1 in terms of the total variation distance, proving directly
this exponential equivalence seems to be difficult. Alternatively, we set up an additional
sequence

Z > (X Palg,) H{Bu(X, Palg,) < mn(wn)} 8(x, f(x.Pulayy:  (421)
=1 X€Pn|K,

and prove that (%,n/bn)nzl shows the same LDP as (9, /bn)n>1 (See Proposition 4.4).
Subsequently, we define

;) Sxep, 9, Pa) L{R(X, Pa) < Vb '} ix pxpyy I [Pl >
SR if [P, | < k.

and prove that (L%’n/bn)nzl satisfies the same LDP as (L., /bn)n>1 (see Proposition 4.5).
Finally, Proposition 4.6 gives exponential equivalence between (L}, ,/b,),>1 and
(1% n/bn)n>1. Combining Propositions 4.4 - 4.6 concludes the required exponential
equivalence between (L ,/bn)n>1 and (x5 /bn)n>1.

Proposition 4.4. The sequence (ﬁ;;,n/bn)nzl satisfies the same LDP as (1 n/bn)n>1-

EJP 28 (2023), paper 73. https://www.imstat.org/ejp
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Proof. For our purpose, we demonstrate that for every § > 0,
1
0 log P (drv (1, Mem) = 6by) — —00, n — 0. (4.22)

First, we see from (4.5) that

by,
Ay Ten) <Y Y H{Eu(X, Palg,) > ra(wn)}

(=1 XGPn‘K[

=
3

from which one can bound (4.22) by

—ad + logE {eaZXerKl H{P"(BVWL(W'VL)(X))SI{:}}

for every a > 0. Now, one has to show that for every a > 0,

aZXEPn\Kl H{Pn(Brn(wn)(X))Sk}} <

limsupE[e <1. (4.23)

n—oo

As in the proof of Proposition 4.3, (4.23) can be implied by

<1

— )

lim sup {E [e#Exer H{Pn<Bm<w<X>>Sk’XeKmJ}}

n— oo

}1/(bnrn(wn)d)

for all a > 0, where J = [O, rn(wn)/\/ﬂd. Now, instead of (4.20), we have that

lim sup {E[ea Sxepn 1{P7L<Bm<wn><X>>s1aXEKmJ}}

n—oo

}1/(bnrn (wn)d)

d
< limsup (1 + C*e“kbnrn(wn)de*w")1/(b"r"(w") )
n—oo
= limsup eCreteT 1,
n—oo

as required. O
Proposition 4.5. The sequence (L;C,n/bn)nzl satisfies the same LDP as (Ly, ,, /by )n>1.

Proof. Throughout the proof, we assume |P,,| > k. Using the bound

dTV(Lk,na L;c,n) < Z H{Rk(X7 Pn) > \/&b;l/d}’
XePn

it is sufficient to show that, for every § > 0,
1

b logIP( Z 1{Rk(X,P71,) > \/Ebgl/d} > 5bn> — —00, N — 0o.

XeP,
Suppose there exists a point X € P, N Q, for some ¢ € {1,...,b,} so that Ry(X,P,,) >

\/gbﬁl/d. Then, By, (x,p,)(X)NQ, contains at most k + 1 points of P, (including X itself).
Thus,

bn
SR P > Va Y =3 S L{Ru(X,Pa) > Vb, VY

X€EPn {=1 X€Pnlq,
by
< (k+1) ) 1{Pa(@Q) <k +1}.
(=1
EJP 28 (2023), paper 73. https://www.imstat.org/ejp
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Now, we only have to demonstrate that

bn
logIP(Z 1{P(Qo) <k +1} > 6bn) & 00, M — 00 (4.24)
(=1

1
bu

By Markov’s inequality, we have, for every a > 0,

b
1 n
o logIP(Z {Pn(Qe) <k+1} > 5bn> < —ad + logE[eaﬂ{Pn(Ql)ng}}
n (=1
k+1 i
_ A\ p-nleb(@:) M)
< a6+10g(1+e ;e ! i
< —aé + log (1 + (k+ 2)6“67”1’;1 (nb;l)k“)
— —ad, asn — oo.
As a > 0 is arbitrary, we have obtained (4.24). O

Proposition 4.6. The sequence (L}, ,,/b,)n>1 exhibits the same LDP as (n}, ,,/bn)n>1-

Proof. We prove exponential equivalence between the two sequences: for every ¢ > 0,
1
o logIP(dTV(L;m, Men) = bb,) = —00, N — o0.

For convenience, let us slightly change the formulation of nfm given at (4.21). To begin,
observe that if X € P,|x, with Ry (X, Prlg,) < rn(wy), then Ry (X, Pynlg,) = Re(X,Py).
Hence, one can replace the restricted process P, g, in (4.21) with P,,; that is,

by,
n;c,n = Z Z g(Xa Pn) ]]-{Rk:(X7 Pn) < rn(wn)} 6(X,f(X,73n))'
=1 XePn|K[

Using this representation and assuming |P,| > k allows us to express the total variation
distance in such a way that

! / 1 —
drv(Lins 1) = 5 SUP {3 (X F(X,Pa) € A, Ri(X,Pa) < Va1 (4.25)
n 0 " XeP,

bn
“STY HXF(X,Po) € A, Re(X,Pa) < ralwn)) }
(=1 X€Pnlx,

=: 1 sup (Tr(tl) —T,(f)).
n ACE)p

We now derive an upper bound of (4.25). We consider a k-nearest neighbor ball centered
at X € P, with (X, f(X,P,,)) € A. Suppose this ball is counted by 7Y, but not counted
by T,(f). Then, this ball must be of either Type 1 or Type 2 as defined below.

Type 1: The center X is located in @, for some ¢ € {1,...,b,} such that
o (wn) < Ri(X,Py) < Vb2
Type 2: The center X is in Q9 (r,(w,)) for some ¢ € {1,...,b,}, where

o .
Q = €EQe: f -yl <rt, r>0,
¢(r) {x ¢ yé%Ql [z —yll < T} r

EJP 28 (2023), paper 73. https://www.imstat.org/ejp
Page 15/27


https://doi.org/10.1214/23-EJP965
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for the volume of k-nearest neighbor balls

so that r,,(sg) < Re(X, Pp) < ro(wy).
Then, the number of k-nearest neighbor balls of Type 1 can be bounded by

UM = Z > H{Re(X,Pn) € (rn(wn), Vb, "]},

/=1 XGPn|Q[

while the number of those of Type 2 is bounded by

bn
— Z Z ]l{Rk(X, Pn) € (rn(so)vrn(w")] }

(=1 XEPnl Q0 (rpy (wm))

Hence, the desired result will follow if one can show that for every § > 0 and j = 1,2,

1 .
— logIP(UflJ) > 6b,) = —o0, n — oo. (4.26)
n
We first deal with the case j = 1. Let Sy be the collection of cubes (Q; ) i, that intersect

with
Tube(Qq, Vb, /) := {z € [0,1]" : 1€an dist(z,y) < Vb, '/},
Y L

Then, the number D, of such cubes in S is finite, depending only on d. Now, we can
offer the following bound:

Dy LDy (bn—m)]+1

U<y S Y HX €Quonypasm} X L{RK(X,Pn) € (rn(wn), Vb, ]},

m=1 =1 XeP,

By the homogeneity of P,, on the torus, we consider only the case m = D, and obtain
from Markov’s inequality that, for every a > 0,

LD bn]

log]P< S Y H{Ru(X,Py) (rn(wn),\/&bgl/d]}wbn) (4.27)

=1 X€Pula,p,

LDy bn ) 1{ Re(x,P,, o (wn),V/db 14
< —as 4 bi logE[eaZezl Cxernigpp, {Ru(X.Pu))E(rn (wn) Vb, ]}}‘
Here, a key observation is that if X' € Py|q,,,, With Ry (X, Py) < Vb, '? then Ri(X,Pn)=
Ri(X, Pn\swd), such that (Pn|swd, £=1,..., LD;lbnj) are i.i.d. Poisson point processes.
Hence, (4.27) can be further bounded by

—ad + D* logE[ea Cxernlg, 1{Rk<Xv7’n>€<m<wn>=””EW]}}

< —ad + D;l logE[ea 2 xePala, I{P”(BT"W”’(X))S’C}]

For the inequality above, we have applied (4.5) and dropped the condition Ry (X, P, ) <
\/&b; 1 d Now, it remains to show that for every a > 0,

hmsupE[eazxepn‘Ql 1{P7L(BTn(wn)(X))§k}:| S 1.

n—oo

The proof is however a simple repetition of the argument for (4.23), so we skip it here.
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Returning to (4.26), we next work with the case j = 2. To this aim, we exploit an
argument similar to that in [8, Proposition 5.6]. For 1 < j < d, define the collection of
ordered j-tuples

Ij:{ez(gh"”gj):1§£1<"'<£j§d}.

Given £ = ({1, ...,¢;) € Z;, define also the collection of hyper-rectangles by

Jn(r) = {(bgl/dz + [O,bgl/d]&—l X [=r,7] % [071);1/(1][2—@1—1
X [—r,r] % [O,bgl/d]%%?*l X e X [= 7]

< [0,b; 1/d]£ it [—r,r] x [O,bﬁl/d]d_@) n[0,1%: z € Zi}’ r>0.

r n

By construction, all the rectangles in J,(r) are contained in Ulg;l Q?(r), and the number
of rectangles in J,(r) is b,; hence, we can enumerate these rectangles as

Ju(r) = (I, (r), p=1,...,b,).

In this setting, one can bound Uy () by

izz Z {XGI rn(wn))}

Jj=1£€Z; p=1 X€P,

x E{Rk(X, Pr) > 7a(50), Bryx.pn)(X) C I8, (2rn(w,)) }

Owing to this bound, we need to prove that for every j € {1,...,d}, £ € Z;, and § > 0,

logP(Z 3 {X et Tn(wn))} (4.28)

p=1 XepP,

X ]l{Rk(X, Prn)>1n(50), Bry(x,pu)(X) Clﬁ)n(%n(wn))} > 6bn> — —00, M — 00.

In the above, Bg,(xp,)(X) C If,(2rn(w,)) with X € If, (r,(wy)), implies that
Ri(X,P,) = Ry (X, Pl e (Wu,m) Additionally, (I£,,(2r,(w,)))""

p,n p:1
SO (Pn|1£ n(QTn(wn)))p , becomes a sequence of i.i.d. Poisson point processes. Hence, by
appealing to Markov’s inequality as well as (4.5), one can bound (4.28) by

are disjoint sets,

— a6 +10gF [e“ Sxep, XELE, (r(wn)) } X1 R (X,Pa) > (s0), BRk(x,m(X)cff,n<2rn(wn)>}}

< —ad +1ogE {SGZX@% 1{X€1f,n(7“n<wn))}XE{P"(BTMEO)(X))S’“}] .
It is now enough to demonstrate that, for every a > 0,

hmsuplg{eazan i{Xert, (ra(wn)) } x1{Pu(B,, <so><x>>3k}] 1

n— oo

Since the required uniform integrability has already been proven by (4.18), it suffices to
show that as n — oo,

Bl 3 (X e 1t (ra(wn) } x 1{Pu (B, 00 (X)) < k}| = 0.

XePn
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Proceeding as before, we obtain that

E[ S ]1{)( c Ifn(rn(wn))} X H{Pn(Brn<sa)(X)) < ’“H

X€ePn

E?‘
,_.

(an + 50)

— ne—(antso)
7!

P(X1 € I, (ra(w,))

= O

n+50) (a” + So)i

= ne~ (@ S X Oy (wy) by (4=9)/d
il

I
o

A

<C* (bnrn(wn) )J/d -0, n— oo O

Proof of Corollary 2.2. Since the desired LDP has already been shown for the case of a
Poisson input, it is sufficient to demonstrate that for every 5 > 0,

b, log P (drv (L, LR ,,) > €0bn) — —00, asn — oo. (4.29)
Our proof is inspired by Corollary 2.3 in [8]. First, define
G := {37‘”(wn)z + [O,rn(so)/\/cj]d cl0,1)¢:z¢€ Zd}, (4.30)

and consider finitely many translates of G, denoted G1,Gs,...,G); for some M, such
that [0, 1]¢ can be covered by the union of these translates. In particular, we set G; = G
and denote it specifically as G = {Ji,...,Jy }, where J; = [0,7,(s0)/Vd]* and b/, :=
(3rn(wn))7d denotes the number of cubes in G. Since M is a finite constant, (4.29)
follows if one can show that

Z 9(X,Py) H{X € O Je}5(x,f(X,Pn))(A)

XePn {=1

/

- > exB)1{x e U T} 8x.5x,8,)(A) ) > egbn) — —oc.

XeB, =1

b;l log IP ( sup
ACEy

We say that J; is n-bad if one of the following events happens.

(i) There exists X € P, N J; such that g(X,P,) = 1 (equivalently, P, (B,, (s, (X)) < k;
see (4.5)) and X ¢ B,,.

(i1) There exists X € B,, N J; such that g(X,B,) =
(#3i) There exist X € P, NB,NJ;, and u
By (B, w)(X))} < k and max {P,, (B, () (X)), Bn

The key observation here is that

and X ¢ P,.
> sp such that min {Pn (Brn(u)(X))7
( 7’71(“) (X))} > k

b
sup Z g(X, Pn) ﬂ{X c U Jé}a(x,f(X,Pn))(A)
ACEo ' xcp, =1
b, b,
= > 9B 1{x € e dwsonman ()| < (k1) D 1{ s is n-bad).
XeB, =1 i=1

Thus, it is enough to show that for every g > 0,

%

blnlogIP(; 1{J; is n-bad} > aobn> — —o00.
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Forn € (0,1], let P be a homogeneous Poisson point process on [0, 1]¢ with intensity

n1. We take P\ to be independent of P,. Then, P\"® = P, U P\ represents the
augmented Poisson point process with intensity n(1 + n). Moreover, let Pr(L ) denote a
thinned version of P,, obtained by removing each point of P,, with probability n. If we
denote by D, (P, ) a collection of deleted points of P,,, one can write P =P, \ Dy,(Pr).

Notice that P(" A dp n(14) and pirt) Lop (1—)- Subsequently, for € > 0 let

n e = {P(sa C B C P(Ea ) } (431)

and claim that
b, log P(Fy ) — —00, 1 — o0. (4.32)

For the proof we use Lemma 1.2 in [18] to get that

P(Frf,g) < —7L(1+5a71)H((1+ea71) 1)+6_"(1 —ea, H((1—ea, )™ 1) (4.33)

where H(z) = zlogx + 1 — z, x > 0. Applying the Taylor expansion to H(-), we have

1 an -1 2
limsupb—logIP(Fﬁ’ ) < — lim L<L) = —0o0.

n—o00 n n—0o0 2(1 1-— Ea;l
Suppose now that J; is an n-bad cube and F,, . holds, such that one of the events in
—1
case (i)—(ii7) above occurs. Then, there exists X € P ) A J;, such that

S (B (X)) <k, and (PE O\ PEY) (B ) (X)) 21 (439)

Since we work with the diluted cubes in (4.30), it follows from (4.34) and the spatial in-

dependence of Poisson processes that Zf;l 1{J; is n-bad} is a binomial random variable.
Below, we shall estimate its success probability p,, . as follows:

Pne = IP( U { Y (B 0y (X)) <k,

(capt,a)
Xeplin g

(P VP 0) (B (0) 21}

S E|: Z IL{(P”\Dea;l(Pn)) (Brn(so)(X)) S ]f,

XeP.NJy ’ (4.35)
(P U, (Pn>)(Brn<wn><X>)21}]

+1E{ > ll{(Pn\Dm;l(Pn))(Brn(SO)(X)) < k}]

(can )
XePy NJi
= A, + B,.

By the independence of Pn ) and P,
By = nza; B(Y € J1, (Pu\ Dy 1(Po) (Bryoy (V) < )
- naa#Leb(Jn]P(Pm,m—l)(Brn (1)) <H)
k

= nea, 'Leb(J1) Y (an(1 —cay ?‘(HS““ ) e—an(1—ea; ) (1+s0a; )

(4.36)

=0
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In the above and the following, Y is a uniform random variable on [0, 1]¢ that is indepen-
dent of P,,. Because of

an(1 —ca; M )(1 + soa, ) > a, — C*, (4.37)

we get that
B, < C*nea, 'Leb(J))ak e = C*cleb(J;)b,.

Applying the Mecke formula for Poisson point processes,
A, = nIP(Y € J1, {(Pn+0y)\ Doyt (P + 0y) }(By, (50)(Y)) < K,
[P UD, s (Pt 6)} (Br )y (1)) 2 1).

Denote T(Y) = {Y is deleted by thinning}. Note that if 7(Y") holds, then D —1(Pn
oy) = D_,-1(Py) + 0y and if T(Y) does not hold, we have D, -1(P, + dy) = 1(
Hence,

+
E ”)

Ay < 7P ({Y € 71, (Pu\ Doyt (P)) (B (V) Sk} NT(Y))
+nP(Y € J1, (Pu\ Doyt (Pa) (Br, (50 (V) < &

(P UD,, 1 (Pa) (Brua (V) 2 1) = Co + Dy,
Repeating the same calculation as in (4.36) and using (4.37),

Cn < C*nale " P({Y € J1}NT(Y)) = C*cLeb(J1)b,.

Since Py, \ D_,-1(P,) and Pffagl) UD,,-1(Py) are independent (see, e.g., Corollary 5.9
in [12]),

Dy = nLeb(J)P ((Pu\ Dyt (Pa) (B (V) < k= 1)
* (P UD,, 1 (P) (Br (V) 2 1)
= TLLEb(Jl)IP (P (1—ea, )(BT (SO)( )) S k— I)P(P2n€a;1 (BTn(wn)(Y)) Z 1)

By (4.37) and Markov’s inequality,

n

D, < Cnleb(1) ak e B[ Pyyyt (Br o (V)|
= C*nleb(J;) a*~te ™ 2e(1 + wpa, ') < C*eleb(J))b,.

Combining all these calculations concludes that p, . < C*cLeb(J1)b,. If one takes
sufficiently small € € (0,¢¢), we have that b),p, . < C*b},eLeb(J1)b, = C*eb,, < gob,, for

large n enough. Therefore, one can exploit the binomial concentration inequality (see,
e.g., Lemma 1.1 in [18]) to obtain that

. _ . " €o . €0
lim sup bnllogIP(Bm(b’ C*cLeb(J1)bn) > £obn ) <-2 nl;ngolog{m}
_ log{(?nf) 50}
2 C*
The last term goes to —oo as € — 0. Combining this result with (4.32) concludes the
proof. O
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Proof of Corollary 2.3. Define the map S : M (Ey) — [0,00) by S(p) = p(Eyp). Since S is
continuous in the weak topology and Hy(- | Leb ® 7,) = A} is a good rate function, the
contraction principle (see, e.g., [3, Theorem 4.2.1]) is applied to the LDP in Theorem 2.1.
In conclusion,

S(L"%”) _ 1 > 9(X,Py) = Tin n>1,

bo ) b by’
shows an LDP with speed b,, and rate function
Hi(v|Leb® 1), z €R, (4.38)

inf
veMy (Eo),v(Eo)=x

where Hj is the relative entropy defined at (2.3). The rest of the argument must be
devoted to verifying that (4.38) coincides with I;(x) for every x € R; this is however an
immediate result as an analogue of Equ. (5.35) of [8].

The LDP for (TkBm /bn)n>1 is obtained by applying the contraction principle to Corol-
lary 2.2. O

4.2 Proofs of Theorem 3.1, Corollary 3.2, and Corollary 3.3

Proof of Theorem 3.1. Let C};(E) denote a collection of continuous and non-negative
functions on E with compact support. Given two such functions U, € C}(E), {=1,2,
together with €1, 5 > 0, we define Fy, v, ., ¢, : Mp(E) — [0,1] by

FU1 Us,e1,e2 (77) - (1 - e_(n(Ul)_El)+) (1 - 6_(?7(U2)_82)+), (439)

where 7(Uy) = [, Ug(z, u)n(dz,du), and (a)4 = a if a > 0 and 0 otherwise. Notice that
Fu, U, ,e1,60 € Co. In what follows, we fix Uy, U and €1, €2, and simply write F' = Fiy, v, 5 -
Define & (+) := b;llP(kan € -). Then, according to Theorem A.2 in [10], (3.1) follows if
one can show that

En(F) = & (F), asn — oo.

First, note that
GenlF) = [ F)€en(dn) = b E[F (L)
Mp(E)

Let (., denote a Poisson point process on E with mean measure

by, _
We “drdu, z€0,1]% ueR. (4.40)

In this setting, our proof breaks down into two parts:

by | E[F(Lin)] = E[F(Cen)] | =0, n— oo, (4.41)
b 'E[F (Crn)] = &(F), n— . (4.42)

Proof of (4.41): Since U, has compact support on F, there exists sy € R, so that
supp(U1) U supp(Uz) C [0,1]% x (so, 0],

where supp(Uy) represents the support of U,. Hence, we may assume, without loss of
generality, that L ,, and ¢, are both random elements of the restricted state space
M, ([0,1]% x (sg,00]). Equivalently, one can reformulate Ly, by

ZXEP,L 9(X,Pn) dx,f(x,pn)) if |Pr| > E,

L n —
b 0 if [P, | < k,

(4.43)
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in the same way as (4.1). Similarly, (i, can be defined as the Poisson point process
whose mean measure is given by the restricted version of (4.40); that is,

b  _
(Leb ® 73,)(dz, du) := (k—1)! e “"Hu>spfdrdu, z€]l0, 1]d7 u € R.

Next, it is not hard to prove that F' in (4.39) is a 1-Lipschitz function with respect to
the total variation distance on the space of point measures. Namely, for 71,7, € M,(E),

|F(m) — F(n2)| < 2dvv(n,m2).

Thus, by (4.4),
|E[F(Lin)] = B[F(Con)] | < der(L£(Lin): £(Cen))-

Proposition 4.7. We have, as n — oo,
b;ldKR (E(Lk,n)y E(Ck,n)) — 0.

Proof of Proposition 4.7. The proof is analogous to that of Proposition 4.1. Precisely, we
first need to show that

b;ldTV (E[Lk)n(-)}, Leb ® Tk,n) — 0, n— oo,

and verify also that b, ' E; — 0, n — oo, for i = 1,2,3, where E;’s are defined analogously
to (4.8), (4.9), and (4.10). More concretely, they are respectively defined as

B, = 2n/ E[g(m,Pn +0z) Il{S(x,’Pn +4,) ¢ S’w}] dz,
[0,1]¢

By = znz/ / 1{S, N S. # 0} E[g(, Pu + 6.)| E[g(z, Py +6.)] d dz,
0.4 /b,

1]d
and

By = 2n2/ / 1{S, N S. # 0} E[g(z, Po + 85+ 6.) g2 P + 6 + 6,)] durdz,
.14 Jo,

1]4

for which S(z,w) = Bp, (sw)(z) for z € [0,1]? and w € M,([0,1]?), and S, = B, (w,)(2)
for some sequence w,, — oo with w,, = o(a,), n — oc.

First, for B C [0,1]? and u > so, by the Mecke formula for Poisson point processes
and (4.5),

E[Lin(B % (1,00))] = nP(Y € B, (Po +0y) (Br, ) (V) < k),

where Y is a uniform random variable on [0, 1]¢, independent of P,,. By the conditioning
onY,

k—1 i
E[Lgn(B x (u,00))] =nleb(B) e*<an+“>w.
pae 7!
This means that E[L; ,(-)] has the density
—(an+u)( + )k—l
e ap +u d
n =1 , x €1[0,1]% u > so,
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and hence, it follows from the dominated convergence theorem that

b;ldT\/ (E[Lk,n(-)], Leb ® T/g)n)

k—1 —u
< b;l / ‘ ne~(antu) (an +u) — by, ¢ dx du
- [0,1] X (50,00) (k—1)! (k—1)!
1 > u \ k-1 —u
_(kl)!,/so ’(HZ) —1‘6 du — 0, n — oo.
Subsequently,
b, By < 2nb,," /[O y P(Pu (B, (@) <k 1) da
k—1 i
= 2nb,, ! Z e*(“"“"")w <C*e" -0, n— oo,

—~ il

while we also have

2
b, By < 2n2b;1{ Ze_(a"“”)w} <C*b, =0, n— oco.
i

Similarly to (4.12), E3 can be split into two additional terms:

By < 2n2/ / [z — 2] < r(s0)}
0,114 Jio,1)¢
X P((Po+82) (Br, (50) (8) < = 1, (P + 62) (B 3(2) <k —1) dadz

+ 2n2/ / {rn(so) < ||z — 2| < 2rp(wy)}
[0,1]¢ J[0,1]¢

P (P +62) (Bry o () =1, (Pt 62) (B, o) (2)) < k= 1) dodz
=: F31 + E32.
Although we shall skip detailed discussions, one can still demonstrate that b,'Es; — 0
and b,, 1E372 — 0, by the arguments nearly identical to those for Proposition 4.1. O
Now, the proof of Proposition 4.7 has been completed, which in turn concludes (4.41).
Our next goal is to prove (4.42).

Proof of (4.42): Note that (j ,, can be written as

N,
Ck,n = Z 6(T,L-,Zi)7
=1

where (T}, Z;) are i.i.d. random variables on E with density given by e~ (“*=*0)1{uy >
S0} dz du, and N,, is Poisson distributed with mean b,,e=%°/(k — 1)!. Furthermore, (73, Z;)
and N,, are taken to be independent. Substituting this representation,

B[F(G)] = v B[ [ (1 - ¢ (B vm<),)]

_ bnlE[ﬁ (1 B e—(Ue(Tl,zl)—az)Jr) 1{N, 1}]

(=1

_ 2 B n Uy(Ty,Z:) — )
+bn1EU_|1 (1 e )IL{Nn > 2}}
=: A, + B,.
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Of the last two terms, one can immediately show that

—5s0 2
Bn S b;llP(Nn Z 2) S (h) bn — 07 as n — oQ.

By the independence of (T3, Z;) and N,,, we have as n — oo,

N

Ay =6, B[] (1-e ~(vem 2, )]pev. =1)

=1

= O e b (k- 1)'/ UZ(m )= 8"7) )e_(“_SO)ll{u> S0} da du
(k — 1) E ;- 1 N
U T,u —u
= / H (@)= 52)+)6 dz du = &, (F).
We thus conclude that A4,, + B,, — & (F), n — oo, as required. O

Proof of Corollary 3.2. Because of (4.41) and (4.42), it is sufficient to show that
b,;l]E[ |F (L) F(L,‘in)” 0, n— oo,

where I’ is defined at (4.39). Under the map I, one can represent L; , as in (4.43).
Clearly, L}, , has the same representation as an element of M, ([0,1]* x (s, oc]). Since F
is bounded,

by B[ |F(Lin) = F(LE,)| | < 207 P (L # LE,):

We now claim that b, 'P (L, # L,E,n) — 0 as n — oo. The proof is analogous to that
of (4.29) by borrowing the idea of n-bad cubes. Specifically, we say that [0, 1]¢ is n-bad if
one of the following events occurs.

(1) There exists X € P,, such that g(X,P,,) =1 and X ¢ B,,.
(74) There exists X € B, such that ¢(X,B,) =1and X ¢ P,.
(i) There exist X € P, N B, and v > so such that min{P, (B, ) (X)),
By (B, () (X))} <k and max {Py (B, @) (X)), Bn (B, ) (X))} > k.

The key observation is that [0, 1] becomes n-bad whenever Ly ,, # Lgn. Using this
fact, we now need to show that

b, 'P([0,1]% is n-bad) — 0, n — oo. (4.44)
The first step for the proof of (4.44) is to demonstrate that
b,'P(F5.) =0, n— oo, (4.45)
where F;, . is given in (4.31). By virtue of the bound in (4.33), it follows that

blP(FE,) < b;l(efn(1+ea;1)H((1+ea;1)_1) + efn(lfeazl)H((lfeazl)_l))

an
_ € ( nlog(l+ea, ')—nea, ! + et log(lfea;1)+n5a;1)
k—1 :

nan

Applying the Taylor expansion of the logarithm function at 1, the first term on the last
expression is bounded by (naf~1)~tean— Cna,” for some constant C' > 0. Under the
assumption a,, = o(n'/?), this quantity converges to 0 as n goes to infinity. By the same
argument, the other term also goes to 0 under the same assumption on a,,. Therefore,
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one can get (4.45) as desired. Observe also that if [0, 1]d is n-bad under F,, ., then there
-1
exists X € P\ ¥ such that (4.34) holds. Hence, by (4.45) and Markov’s inequality,

b, 'P([0,1]% is n-bad) < b, 'P({[0,1]* is n-bad} N F, ) + o(1)
<tp( U {P (B (0) <k

xepieen'

(P 2\ P DY (B, () (X)) > 1}) +o(1)

<6 B[ 2 P\ P P (B (0) <

(,Pr(LELL;I) U Dgagl(P")) (B”l(wn)(X)) > 1}]

FE[ X P\ D (P) (B0 (1) < )]} + 000
epien )
=: bgl(zgi BL) +o(1).

where € € (0,1) is an arbitrary constant. Repeating the calculations very similar to those
bounding A,,, B,, in (4.35), one can see that A/, + B} < C*eb,,. Thus,

limsup b, 'P([0,1]* is n-bad) < C*e,

n—o0

and letting € — 0 completes the proof of Corollary 3.2. O

Proof of Corollary 3.3. We prove only the first statement. By a straightforward modifi-
cation of Theorem 3.1 by restricting the state space from E to Ey = [0,1]¢ x (s, o], we
have, as n — oo,

fkﬁl() = b;lP(Lkm S ) — & in M.

Due to the change of the state space, Ly , is now formulated as in (4.43), while the limit

& is taken to be

1 / .
—_— {6z € e “dxdu.
= 0e,u) €}

Now, we define a map V : M,(Ep) — IN := {0,1,2,...} by V(p) = p(Ep). Here, N is
equipped with the discrete topology. Since V is continuous in the weak topology, it
follows from [9, Theorem 2.5] that

§k() =

EknoV h=&oVl in My, n— 0. (4.46)

Note that 1 ..)(z) is continuous and bounded on IN (in terms of the discrete topology),
vanishing in the neighborhood of 0 (i.e., the origin of IN). Thus, the Mg-convergence
in (4.46) implies that

b P(Th > 1) = /

R 11,00) (@)&km 0 V™ (dz) — /}N 11 00) ()& 0 V71 (d2) = ay,

as desired. O
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