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Subexponentialiy of densities of infinitely divisible
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Abstract

We show the equivalence of three properties for an infinitely divisible distribution: the
subexponentiality of the density, the subexponentiality of the density of its Lévy mea-
sure and the tail equivalence between the density and its Lévy measure density, under
monotonic-type assumptions on the Lévy measure density. The key assumption is that
tail of the Lévy measure density is asymptotic to a non-increasing function or is almost
decreasing. Our conditions are natural and cover a rather wide class of infinitely di-
visible distributions. Several significant properties for analyzing the subexponentiality
of densities have been derived such as closure properties of [ convolution, convolution
roots and asymptotic equivalence ] and the factorization property. Moreover, we
illustrate that the results are applicable for developing the statistical inference of
subexponential infinitely divisible distributions which are absolutely continuous.

Keywords: subexponential density; infinite divisibility; Lévy measure; long-tailedness; tail
equivalence; asymptotic to a non-increasing function; almost decreasing.

MSC2020 subject classifications: 60E07; 60G70; 62F12.

Submitted to EJP on October 2, 2022, final version accepted on March 2, 2023.

1 Introduction

Studies on the subexponentiality of infinitely divisible distributions have been initi-
ated by Embrecht et al. [6], where the subexponentiality of one-sided distributions was
completely characterized. Pakes [17] extended the result into distributions on the real
line. More general y-subexponentiality v > 0 (see e.g [22, p. 369]) has intensively investi-
gated by Embrechts and Goldie [5], Pakes [17] and Watanabe [22] (see a comprehensive
literature in the introduction in [22]).

However, on the subexponentiality of densities of infinitely divisible distributions
there are only a few works. Watanabe and Yamamuro [24] investigated the class of
self-decomposable distributions, and Watanabe [23] studied the subexponential densities
on the half-line. Shimura and Watanabe [19] treated the compound Poisson case on the
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positive half. As stated in Watanabe [23] “the subexponentiality of a density is a stronger
and more difficult property than the subexponentiality of a distribution.” Besides, we
treat two-sided distributions which are harder to handle than one-sided ones. The results
have been applied to characterize the tail asymptotics for the density of the supremum
of a random walk, which is closely related with classical ruin theory and queuing theory
([9, Section 5], [19, Section 4]).

One of our motivations here is an application in statistics. Infinitely divisible distribu-
tions provide finite dimensional distributions of Lévy processes, the processes which have
found numerous applications in meteorology, seismology, telecommunications, finance
and insurance, and still attract a lot of attention (see [1]). Thus, the related statistical
methods have been intensively studied. In applications such as statistical modelings
or statistical estimations of Lévy processes, densities are often more convenient than
distributions to handle. Therefore, further studies on tail properties of densities such as
subexponentiality are desirable. Indeed, the tail condition is crucial for asymptotics of
various estimation methods (see the argument in Section 5).

In this paper we characterize the subexponentiality of densities of infinitely divisible
distributions on the whole real line. We establish the tail equivalence between the
absolutely continuous part of an infinitely divisible distribution and the density of the
corresponding Lévy measure. Furthermore, we show that this equivalence implies that
the equivalence in subexponentiality, and vice versa. Our key is to assume a kind of mono-
tonic property on the Lévy measures, that is “asymptotic to a non-increasing function”
(abbreviated by a.n.i.) property or “almost decreasing” (abbreviated by al.d.) property.
The former assumption is a bit stronger, but we could derive stronger results. Notice
that the regularly varying functions with negative indices satisfy the a.n.i. property
([2, p. 23]). Moreover, these two properties are covered by a rather wide class of Lévy
measures, and indeed both are shared by all self-decomposable distributions.

Our strategy is to loosen monotonic-type assumptions as much as possible, while
keeping the equivalence of the three properties. Our solution in the compound Poisson
case is the al.d. property, which is different from the one-sided case, where we do not
need any monotonic-type assumptions. We derive several significant tools under this
property for analyzing tail behaviors, which are used to prove the main result of the
three equivalent relation. Notice that if the al.d. condition is violated, one can make an
example such that the equivalence of subexponentiality does not hold in the two-sided
case (see Section 4).

For the infinitely divisible case, we assume the a.n.i. condition, a stronger condition
than al.d., since the al.d. condition is not enough for our purpose. Indeed, the proof
of the three equivalent relation, which is the main result, is rather different form that
of compound Poisson case. Our idea is to connect the subexponentiality of density and
the local subexponentiality, which is an intermediate notion between the density and
distribution. Different from the distribution, if the density is treated, there are harder
gaps between the compound Poisson and infinitely divisible cases.

We apply our results to the consistency proof of the maximum likelihood estimation
(MLE for abbreviation) for an absolutely continuous infinitely divisible distribution.
Usually an explicit expression for the density is unavailable for this class, while properties
of the density such as boundedness and tail behavior (and sometimes continuity) are
crucial in both the definition and asymptotics of MLE. Our proof depends only on the
Lévy density and we do not touch the genuine density or distribution. Therefore, by our
results we could extend the scope of MLE to a rather wide subclass of infinitely divisible
distributions beyond particular ones with explicit densities. We believe that our results
would be useful tools for other estimation methods than MLE.

In Section 2, notation and definitions are formulated. We state main results for
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infinitely divisible distributions in Section 3 together with the closure/factorization
properties of the subexponential density under assumption of the a.n.i. or al.d. condition.
The compound Poisson case treated in Section 4, where the al.d. condition is exploited.
In Section 5, a statistical application is provided. The proofs of the main and necessary
auxiliary results are given in Section 6. The proofs related with the convolution root,
which are not directly related with the main results, are summarized in Appendix A.

2 Preliminaries

Let F,G, H be probability distribution functions on R and denote by F *x G the
convolution of F' and G: -
FxGle) = [ Fla-yGldy
and denote by F*" the nth convolutions with itself. The tail probability of F' is denoted
by F(x) = 1 — F(x). Let f, g, h be the corresponding probability density functions on R
and we use the same notations for the convolution as those for distributions, e.g.

frglx)= / flz—y)g(y)dy or f*(x) forthe nth convolution.

We say that F on R is long-tailed, denoted by F' € L, if F(z) > 0 for all z and

lim F(x+y)/F(z) =1 for any fixed y > 0.

T—0o0

In addition we call that F' is subexponential on R, denoted by F' € S, if F' € £ and

lim F*2(z)/F(z) = 2. (2.1)
The class S was introduced by [3] and it is known that S includes regularly varying
functions. It should be noted that if F is a distribution on R =: [0,00), then the
condition (2.1) solely implies F € S and we do not need the assumption F € L, since
F € S automatically satisfies F' € £ (cf. [9, Lemma 3.2]). Throughout the paper, for
functions o, 8 : R — Ry, a(z) ~ B(x) means that lim,_, a(z)/B(z) — 1.
In this paper we study the corresponding characteristics for densities.

Definition 2.1. (i) The density f of F is (right-side) long-tailed, denoted by f € L, if
there exists o > 0 such that f(z) > 0, x > x¢ and for any fixed y > 0 f(z + y) ~ f(x).
(ii) The density f of F is (right-side) subexponential on R, denoted by S, if f € L and
f2(z) ~ 2f(2).
(iii) The density f of F' is weakly (right-side) subexponential on R, denoted by S, if
f € L and the function f(z) = 1g, (z)f(z)/F(0), € R is subexponential, i.e. f; € S.

Here f, is the density of the conditional distribution F; of F'on R, . For a distribution
F, it is known that
FeS & F,eS & Ftes,

where F' is the distribution given by F*(z) = F(z) forz > 0 and F(z) = 0 for x < 0
(see Corollary 2.1 of [17], Lemma 3.4 of [9]). However, for a probability density f the
situation is different, i.e. unless the support of f is bounded below, we could not have
f eSS < fe S, without additional conditions ([9, p. 83]). Therefore, we assume one
of the following two assumptions, under which f € S & f € S ([9, Lemma 4.13]), and
which are key tools in this paper.

Definition 2.2. (i) We say that a density f : R — R4 is asymptotic to a non-increasing
function (a.n.i. for short) if f is locally bounded and positive on [z, c0) for some z¢ > 0,
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and

sup f(t) ~ f(z) and inf f(t) ~ f(x). (2.2)

t>x To<t<z

(ii) We say that a density f : R — R is almost decreasing (al.d. for short) if there
exists xg > 0 and K > 0 such that

flx+y) < Kf(xz), forallz > xg,y>0.

Notice that the al.d. property includes the a.n.i. property, and the latter is satisfied
by the regularly varying functions with negative indices [2, p. 23].

We will investigate properties of the above sort, particularly on infinitely divisible
distributions x on R. The characteristic function (ch.f.) of i is

() = exp | /

— 0o

o0

_ 1
(@ Vi) oz — 2], @

where a € R, b > 0 and v is the Lévy measure satisfying v({0}) = 0 and [~ _(1 A
z?)v(dz) < co. Throughout this paper, we always assume that the Lévy measure v of p
has a density, and we denote by ID(RR) the class of all infinitely divisible distributions on
R.

3 Main results

We separate the cases depending on weather v(R) < oo or ¥(R) = oo. The former
implies that p is a compound Poisson plus Gaussian (e.g. [20, Ch. IV, Theorem 4.1.8], [14,
Lemma 2.13]). Since we always assume a density for the Lévy measure, the latter implies
that the purely non-Gaussian part of u is absolutely continuous (e.g. [18, Theorem 27.7]
with [ = 1). Note that we use notation g also for the (non-proper) density of a Lévy
measure.

Theorem 3.1. Let i € ID(R) with v(dz) = g(x)dx such that v(R) < oo and g is bounded.
Denote the non-Gaussian part p’, which is a y-shifted compound Poisson given by

i (dx) = €5, (de) + (1 — e M) f(a —y)dz, 7 €R,

oo

where 0, is Dirac measure at v, f is a proper density and A\ = [~ g(x)dz > 0 is the
Poisson parameter. Then the following are equivalent.
(i) feS;andfisald.
(i) g/A€S; andgisald.
(iil) ge€L, gisald. and lim f(z)/g(x) =1/(1—e 7).
Tr—r o0
Theorem 3.1 directly follows from the compound Poisson case (Theorem 4.1), but one

has to replace g of (4.1) with g/}, so that it affects the limit in (iii).

Theorem 3.2. Let i € ID(R) with v(dz) = g(z)dx such that v(R) = co. Let fo(x) be
a density of yp € ID(R) with a = b = 0 and v(dx) = 1y <119(z)dx. Suppose that
g1(x) = 1gz>139(x)/v((1,00)) is bounded, and there exists v > 0 such that

lim e fo(z) = 0. (3.1)

T—>00

For a density f of n we consider the following properties.
(i) feS+ and fisald.
(i) g1 €Sy
(iii)y el & xli)n;o f(@)/g1(x) = v((1,00)).
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(a) If g is a.n.i., then we can choose f such that (i), (i) and (iii) are equivalent.

(b) If g is al.d., then we can choose f such that (ii) < (iii) = (i).

The proof is given in Section 6. Obviously S, of the two theorems is replaced with S.
Since the a.n.i. property includes regular variation, the following is immediate.

Corollary 3.3. Assume the same conditions as those of Theorem 3.2 before three
properties (i), (ii) and (iii). Then, [g:(x) is a.n.i. and we can choose a density f of
w such that it is regularly varying] if and only if g is regularly varying, and in this case
f(@) ~ g(z).

Remark 3.4. (i) Theorem 3.2 holds regardless of values of b, and thus Gaussian density
is convoluted in f when b > 0. Generally it is difficult to separate non-Gaussian part from
f, since it also includes the small jump part from g(z)1;<1} as a convoluted element,
which is not heavy tail.

(ii) Theorem 3.2 covers many important subclasses of ID(R), such as s self-decom-
posable distributions whose Lévy densities g are non-increasing on (0,00) and non-
decreasing on (—o0,0) (Jurek [11]). Indeed, it includes all self-decomposable cases of
[24].

(iii) Notice that the al.d or a.n.i. property of g; € S does not imply that ¢, is
regularly varying. Recall from [9, p. 86] (cf. [24, p. 1042]) that the density of the
standard log normal distribution or the Weibull distribution with parameter a € (0,1) is
subexponential and a.n.i., but it is not regularly varying. Both distributions are known to
be self-decomposable (cf. [20, p. 360, p. 414]).

(iv) We could easily find non self-decomposable examples which are covered by
Theorem 3.2. Indeed, assume that the tail of Lévy density ¢ is given by the density of the
standard log normal distribution or the Weibull distribution with parameter a € (0, 1),
and further assume that g is not monotone. Then, p € ID(R) with this Lévy density g is
not self-decomposable, while ¢g; € S.

We could remove several conditions in Theorem 3.2 by assuming the absolute inte-

grability of i (cf. [23, Theorem 2]). In our case we require a stronger condition, since
we treat the two sided case. Define a spectrally positive version p by

14+ (2) = exp { /0 (e -1 — izx1{0<y§1})u(dz‘)}. (3.2)

and assume the absolute integrability of ji,. Although the proof is made by a minor
change to that of Theorem 3.2, the result is convenient in applications and we state the
result as a theorem.
Theorem 3.5. Let 1 € ID(R) with and v(dz) = g(x)dx such that ¢,(x) is bounded.
Suppose that [*_|fi;(2)|dz < oo, which implies [ _|fi(z)|dz < oo, so that y has a
bounded continuous density f. Then the following relations hold between the properties
(i), (ii) and (iii) of Theorem 3.2.

(a) If g is a.n.i., then we can choose [ such that (i), (ii) and (iii) are equivalent.

(b) If g is al.d., then we can choose f such that (ii) < (iii) implies (i).

The proof is given in the end of Section 6.

3.1 Known properties of fin £, S, or §

We introduce known or easily-derived properties of f in £, S, or §. Since we handle
a compound Poisson distribution, which is not absolutely continuous, we introduce a
generalized density,

f(x) =pd(z) +qf(x), p+q=1, p,qg>0, (3.3)
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where f is a proper density and d(x) is the Dirac delta function (see [12] for treatment
of 6(x)). Here f is an ordinary function and it does not include §(z). If ¢ =0, f = §(x)
is a formal density of the degenerate distribution at the origin, but with assumptions
of L, S; or S this case is automatically removed. If ¢ = 1, then the generalized density
is reduced to the corresponding usual density function. Notice that we may avoid §(x)
by using the delta measure dp(dz) only, since §(z) is not a function in the usual sense,
and the integral of it with respect to the Lebesgue measure is not always clear. However,
it relieves us greatly of bother of necessary returns to the absolute continuous (density)
part from the probability measure with operations such as convolution, convolution
root, ComEounding, etc. TherNefore, we adopt it. Notice that by diregt calculations
felLe feland feS <« fe Sclearly hold. Moreover f € S, & f € S, follows,
which is equivalent to f € S & f € Sif f is on R,. The properties of f rely heavily on
the following crucial concept by [9, Definition 2.18], which the class £ enjoys and which
we will use frequently.

Definition 3.6. Given a strictly positive non-decreasing function «, an ultimately positive
function 5 is called a-insensitive if

sup |B(z+y)— B(z)| =o(B(x)) asz — oo, uniformlyin |y| < a(z).
ly|<a(z)

The following is known for f, but easily extended for fwith slight modifications
in the proof. Throughout the paper if we put ~ on any density f, then this implies
the generalized density, i.e. f,ﬁ,ﬁ imply the generalized densities of f, g, h, respec-
tively.

Lemma 3.7. (i) [9, Lemma 2.19]. Let fe L and then there exists a function « such that
a(z) — 0o as z — oo and f is a-insensitive.

(ii) [9, Proposition 2.20]. Given a finite collection offvl, R fn € L we may choose a
single function « increasing to infinity w.r.t. which each of functions f: is a-insensitive.

(iii) [9, Theorem 4.2, Corollary 4.5]. Let fe L, then

lin_1)inf fxgla)/f(z) > 1.
Moreover, f*" € L and
liminf f*"(z)/f(z) > n.
Tr—r00

(iv) [9, Theorem 4.3]. Let f, § € £, then f x§ € L.
(v) cf. [9, Proofs of Lemmas 4.12 and 4.13]. Let f € S and is a-insensitive such that
a(r) < x/2 and o(z) — oo as ¢ — oo. Then

—a(z) _ - - z—oa(z) _ ~ ~
/_ Fla — w)F(w)dy = o(f(z)) and / Fla— ) Fwdy = o(f(z)).  (3.4)

o) (z)

(vi) [9, Theorem 4.8]. If f € S, and §(z) ~ cf(z) withc > 0, then § € S
We only give the proof for (v).

Proof of Lemma 3.7 (v). We take an insensitive function o for f and write

@) _, /a@ fae i, ., /“@ fle—w)iw), | /”w fle—wit),

f(x) J—o0 f(x) a@@)  f(x) @) f(x)
EJP 28 (2023), paper 41. https://www.imstat.org/ejp
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By the property of §(z) and fe L& fe L, wehave

a(z)
L(z)=p+q / @ = y) )/ f(@)dy — 1,

—a(z)

as x — oo. Thus other integrals I;, Is > 0 must converge to zero. O

The next result is Kesten’s type bound for densities.

Lemma 3.8 ([9, Theorem 4.11] & [8, Theorem 2]). Let f € S; be bounded. Suppose
that f is a density on R or that f is al.d. Then for any ¢ € (0, 1), there exist C. > 0 and
xe > 0 such that

) <C(l+e)"f(x), x>z, nelN

3.2 New properties of f in £, S, or S with al.d/a.n.i. condition

We close this section with the following results, which are crucial for proving main
theorems and which are significant in themselves for analyzing tail behavior of densities
under the al.d. or a.n.i. assumption. Proofs of the results needed for the main results are
given in Section 6.1, while that of Theorem 3.13 (convolution root) is given in Appendix A,
which is not directly related with the main theorems. The first two lemmas are easy
properties of al.d. and a.n.i. respectively.

Lemma 3.9. Let f be a density with the a.n.i. property. Then

There exists a positive non-increasing function « such that lim f(z)/a(z)=1. (3.5)
T—r00

Conversely, if f(x) — 0 as ¢ — oo, then (3.5) implies the a.n.i. property of f. In particular,
f € L with the condition (3.5) implies that f is a.n.i.

Lemma 3.10. Suppose that fis al.d. and lim,_, f(as)/ﬁ(gc) = ¢ with some ¢ > 0. Then
g is al.d.

Lemma 3.11 (Asymptotic equivalence). Suppose fe S and

lim f(z)/g(x) =c¢ forsome c € (0,00). (3.6)

T—00

Ifjor f is al.d., or §(—z) = O(f(—x)) thenj € S.
Proposition 3.12 (Convolution and factrization). Let h = f x g be the convolution of a
density f and a generalized density g.

(i) Let f € S; and g(z) = o(f(x)). If f is al.d. or g(—z) = O(f(—=x)) as x — oo, then
h € Sy and h(z) ~ f(x).

(ii) Let h € S; and g(z) = o(h(x)). If f is a.n.i. and [h is a.n.i. or g(x) = o(f(x))], then
f € 84 and moreover h(x) ~ f(z).
Theorem 3.13 (Convolution root). Assume that f*” € Sy for some n € N, and f*" is
ani Iff** k=1...,n—1arean.i. oriff € L, then f €S.

Remark 3.14. (i) For positive-half densities, the long-tailed property £ plays the most
fundamental role for deriving various tail properties (see [23]). One could see in above
that the a.n.i. property could play a role of £ in several cases especially for densities on
R. However, it remains to be seen whether the a.n.i. characteristic has similar properties
to that of £ such as closedness under convolution. An open question is that under what
conditions the a.n.i. property is retained.

(ii) Watanabe and Yamamuro [25] have proved that the class of subexponential
densities is neither closed under asymptotic equivalence nor closed under convolution
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roots. Therefore in Lemma 3.11 and Theorem 3.13, we need additional conditions other
than the subexponentiality.

(iii) Kliippelberg and Villasenor [13] have negatively solved the convolution closure
problem of S for positive-half densities, and thus we need an additional condition in
Proposition 3.12, too. Interestingly, in their examples, there exist a density f such that
f € Land fisa.n.i. but f ¢ S.

4 The compound Poisson case

Recall that we always assume a density for the Lévy measure. Let g be a density on
R. For A > 0 define the compound Poisson probability measure by

pldw) = e (dz) + (1 — e™*) f(z)de,

where

F@) = (@ = )7 S (" /nl) g (a). (4.1)

NE

n=1

We call f the proper absolutely continuous part of p.

Theorem 4.1. Suppose that g or equivalently f is bounded. The following assertions
are equivalent.

(i) feS; andfisald.
(i) g€ St andygisald.
(i) ge€Landgisald. & lim f(z)/g(x) = \/(1—e ™).
Tr—00

Obviously S of the theorem can be replaced with S.

Different from the one-sided version (Theorem 1.1 of [19]), where we do not need any
monotonic-type assumptions, the al.d. condition is added in Theorem 4.1. Recall that
for a general density h, the al.d. condition is often supposed to derive h € Sy = h € S.
Therefore, the al.d. condition in Theorem 4.1 is quite natural. Moreover, without the
al.d. condition one can make an example in the two-sided case such that the equivalence
of subexponentiality does not hold. In Ex. 4.6, we see that even g € S, and g is bounded,
without the al.d. condition it is possible to have f ¢ S.

However, for general i € ID(R) it seems difficult to extend the three equivalence
relations under the al.d. condition, e.g. it is difficult to derive Lemma 6.3. It remains
to be seen that to what extent we could weaken the a.n.i. condition in the ID(R) case.
Different from the distribution, if the density is treated, there exist harder gaps between
the compound Poisson case and the ID(RR) case.

The proof of Theorem 4.1 is given in Subsection 6.3. For the proof, we consider the
two-sided extension of [19], and borrow and extend several useful tools in [19]. The
study on the equivalence of above type has been initiated in the distribution version
[6, Theorem 3]. However, direct tracing of the idea in [6, Theorem 3] is quite difficult
and we need to make new passes. Indeed, even in the positive-half density case of [19],
several new tools have been invented to overcome the difficulty.

The following auxiliary results specific to a generalized density with a delta function
part are useful, which are interesting and important in themselves. Proofs for the results
needed for that of Theorem 4.1 are given before the proof of Theorem 4.1 (Subsection 6.2).
The proofs for not directly related results (Proposition 4.4, Corollary 4.5) are given in
Appendix A.
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Proposition 4.2 (Factorization). Let h = § = f € S such that §(z) = pgb(z) + (1 —pg)g(z)
with p, € (271, 1). Suppose that h is al.d. or f(z) = pro(z) + (1 —py)f(x) withpy € (0,1).
Then, §(x) = o(h(x)) implies f € S, and indeed h(x) ~ f(z).
Corollary 4.3 (Factorization, compound Poisson). Let h = g * f € S such that g is a
compound Poisson. Suppose that h is al.d. or f(z) = pd(z) + (1 — p) f(z) with p € (0,1).
Then § = o(h(z)) implies f € S and indeed h(z) ~ f(x).
Proposition 4.4 (Convolution root). Let f(z) = pd(z) + (1 — p)f(z). Ifp € (27Y/(=D 1)
then f*” € S implies fe S.

We make a remark about “Steutel conjecture” for a compound Poisson distribution
[6, p. 340]. For the generalized density f of u with ch.f. i(z), we denote by f*@ the
generalized density given by ch.f. [(z)* for any positive real number «. If f is a
compound Poisson with Lévy density Ag(z) with ¢g a density, then so is fv*o‘ with Lévy
density Aag(z). Due to Theorem 4.1 when g or f is bounded, then f € S together with
the al.d. property implies f*o‘ € S for all o > 0. By applying Proposition 4.4 without
assuming such conditions for g, we have the following.

Corollary 4.5 (Steutel cojecture, compound Poisson). Iffe S is the generalized density
of a compound Poisson with parameter A < log2. Then f** € S for every rational o > 0
and f**(x)/f(z) = « as x — co.

We close this section an interesting example.

Example 4.6. We construct a two-sided compound Poisson p = p— % whose absolutely
continuous part of f is not subexponential, but the corresponding f of positive-half
compound Poisson ., is subexponential such that f is not al.d. Here p_ is a negative-
half compound Poisson.

Suppose that the Lévy measure density g+ (z) of pu4 is given by the density of a
semistable distribution. For 1 < z9 < band 0 < 26 < (zg — 1) A (b — z9), let a(z)
be a continuous periodic function on R with period logb such that a(logz) > 0 for
x € [1,20) U (xo,b] and

0 forx =
a(log x) :—{ . T

log [z —o]

for |z — x| < 24.

The Lévy measure of the semistable distribution is given by v(dz) = 277 'a(log #)1{,>0} dz
with v € (0,1) (see [25, Section 3] and [23, Remark (iii)]). By the periodic property of
the semistable, we have uniformly in v € [d, 24]

v((b™(wo + v), 0" (zo +v) + 1]) ~ b= OFD" (14 4+ 0) = O D a(log(zg 4 v)),
v((b"zo, b o + 1]) ~ bf(wrl)"xa(’ﬁ_l)(n logb) ™.
Since g is the density of the semistable, Theorem 2 of [23] yields

o f9+(bn($o +v) _ lim i v((b™(zo + v),b" (w0 + v) + 1])
n—00 ng+(b"$0) n—00 nl/((b"l‘o, brxg + 1})

> ¢o,

where ¢y does not depend on v € [, 2], so that g is not al.d., while g, € S (see [23,
Remark (iii)]). Since [, g4 (z)2dz < oo, by [19, Theorem 1.1] f(z) ~ cg4(z) and f € S,
We specify the Lévy measure v(dz) = g_(z)dz of u_. Let {ny};>,, nx € IN be an

1/

increasing sequence satisfying 220:1 n, ? — 1 such that ng — 0o as k — oco. We set g_

as a density on (—o0,0) such that

o0
9- (@) =Y Lae( apmes, —preopb "6y 2
k=1
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The absolutely continuous part is given by f(z)

1)"lg_ ().
Now we consider

(1—e)f(@) = (1 —e e (f(o) + [()) + (1L —e™)*f = f(x)

and see f ¢ S. Since f € S (so that f € S) implies (1 — e 2)f(z) ~ (1 — e 1) f(z) by
Corollary 4.3, it suffices to show that this does not hold. Observe that
fbrazg —
/ = )i( )dy
b .’K()
—b"s
b"xy —
> [ ﬂfi—ﬂﬁw@
—opns  f(b"0)
TFlin —b"é
>c inf M/
ve[5,26]  f(b"zp)

Thus, replacing n with n;, we obtain
J(b" ) 1, —1/2

liminf = > liminfeng(e —1)"'n, /" = oo,
k—o0 f(bnkxo) k—o0
which implies (1 — e 2)f(x) = (1 — e~ 1) f(z).
As a byproduct, the scaled Lévy density g(x) = 27!(gy(z) + g_(z)) of u gives an
example of density such that g € S; but g ¢ S. We see this by observing behavior of

g () O gi(z—y)g-(y)
9() zfm 9+ ()

Recall that f(z) ~ cg, (z). Then, similarly as before putting x = b™*z, and letting k — oo,
it follows that liminf;,_,o, g*2(b™*20)/g(b™* ) = oco.

(e = )71t g (@)/nl > (e -

f bn{EO

g(y)dy.
—2bm 5

dy, x>0.

5 Application in the asymptotic theory of statistics

We apply our results to the consistency proof of the maximum likelihood estimation
(MLE for short) for u € ID(RR) which is absolutely continuous. MLE is the most important
estimation in statistics and stands as the benchmark for other estimation methods. For
simplicity we put a = b = 0 in fi(z) of (2.3) and assume that the spectrally positive part
li+(z) of (3.2) is absolutely integrable.

Let f(z;0) be the density of i with 6 a parameter vector and g(z;6) be a density of
the corresponding Lévy measure v. Let (X1,...,X,,) be a random sample from f(z;6,)
with 6, € © where O is a compact parameter space. Define the likelihood function

M, (0) =n"" Zlog f(X;;0).
i=1
MLE 6,, maximizes the function 6 — M,,(0). We say that a function a(x; ) is identifiable if
a(-;0) #a(-;0") every 0 # 0’ € O, i.e. a(x;0) = a(x;0") does not hold. For convenience,
we only consider the symmetric or positive-half case, but we can easily generalize the
result in the non-symmetric two-sided case. We use the function ¢; defined in Theorem
Theorem 3.5.

Proposition 5.1. Let ;1 € ID(R) given by (2.3) with a = b = 0 such that ji4(z) is abso-
lutely integrable. Let g(x;0) be a symmetric or positive-half density of v. Suppose (i):
g(xz;0) is identifiable, 6 + g(x;0) is continuous in 0 for every xz, and
[ (supgeo |1og g1(x;0)])g1(x;00)dx < co with © a compact set such that 6, € ©. Sup-
pose (ii): g1(z;0) is bounded and a.n.i., and g, € S. Then MLE 0,, satisfies 0,, 2 6.

EJP 28 (2023), paper 41. https://www.imstat.org/ejp
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The condition (i) comes from those required for consistency of MLE, while the
condition (ii) guarantees g;(x) ~ cf(x) through Theorem 3.2.

Remark 5.2. The proof is done only with the Lévy density g and the corresponding
ch.f., and we do not touch the genuine density f. Generally the explicit expression for
f of p € ID(R) is unavailable. Nevertheless, the estimation methods by f such as MLE
are computationally feasible through its ch.f. Moreover, there exist many ch.f. based
estimators which are comparable with those by f (cf. [7, 27]). For the construction
and the theoretical justification (asymptotics) of these estimators the properties of f,
including the tail asymptotics, are inevitable. However, deriving the necessary properties
of f from ch.f. are often not so easy, and therefore such validity has been proved only
for well studied p € ID(R) such as stable laws (e.g. [4, 15]). By our results we could
extend the scope of these estimators to a rather wide subclass of ID(RR), which is crucial
in applications.

As a next step we are trying to prove the asymptotic normality of MLE for i € ID(R)
which is absolutely continuous, though it would be much harder than consistency because
derivatives of f and g w.r.t. § are involved.

Proof. We check the condition of [21, Theorem 5.7]. Let M(0) = E[log f(X;6)]. For
consistency 6, LN 0y, we need two conditions: the deterministic condition

sup M(0) < M(6y) (5.1)
0:10—00|>¢
and the stochastic condition
sup | M, (0) — M(60)| 2 0. (5.2)
6cO

Since u € ID(R) is uniquely defined by the Lévy measure, the identifiability of g implies
that of f. Thus (5.1) follows from Lemma 5.35 of [21]. The condition (5.2) is implied
by two conditions [21, p. 46]: 6 — log f(x; ) are continuous for every = and they are
dominated by an integrable envelop function.

For the former condition we use the inversion formula and evaluate

i) = )l = 5| [ e @0) - 7o) ],

Since [i(z;0), 0 € © is absolutely integrable, we have a dominant integrable function for
the integrand. Moreover for each z € R, we have

[1(240) = Al:0")] = [0 1m0 0 st g g
as 0’ — 0. Indeed, since for z € R
[ = 1= i) 050) - 9000 )]

< / &Y —1|[g(y; 0) — g(y; 0')|dy +/ 'Y — 1 —izy||g(y; 0) — g(y; 0)|dy
ly|>1 ly|<1

SM+622/|< v |g(y; 0) — g(y; 0)|dy < 00, M >0,
y|<1

(cf. [18, Eq. (8.9)]) and the dominated convergence works. Moreover, in view of the proof
0 — f(x;0) is continuous in # uniformly over z, and since © is compact it is uniformly
continuous regardless of values of z.

EJP 28 (2023), paper 41. https://www.imstat.org/ejp
Page 11/29


https://doi.org/10.1214/23-EJP928
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Subexponentialiy of densities of infinitely divisible distributions

Before checking the latter condition, we notice that the condition (ii) and the absolute
integrability of /iy (z) imply the condition of Theorem 3.5, so that g(+x;0) ~ f(£x;0)
follows. We proceed to the second condition.

By symmetry we consider the case z > 0. For fixed ¢ € (0,1) and any 6 € O, there
exits xy > 0 such that for all x > xy

(1 —e)g(x;0) < f(x;0). (5.3)

For each 6 we take the infimum zy > 0 without loss of generality. If (5.3) holds for all
x > 0 then we put 29 = 0. We show that T = supycg 79 < 00. If T = oo then we can choose
an infinite sequence (0, zg, ) such that zy, — oo as k — oo and for all > zg, (5.3) holds.
Since © is compact, we can choose a subsequence (6;, xy,) such that lim; ,.. 6; =6’ € ©
but xy, — co. However, by definition of xy, this is impossible since x4 < co. Similarly we
may let f(x;0) < 1forallz > =.

Now for all z > 7 and all § € © we have

|log f(2;0)] = log f(x;6)™"
< log(cg1(x6)) "
< ¢+ sup|log g1 (z;0)|
0coe

with ¢, > 0 a constant. Moreover, f(x;6) is continuous in z. Thus E[supycg |log f(X;6)|] <
oo is implied by the last condition of (i). Now (5.2) is proved. O

6 Proofs

Firstly we give the proofs for results needed for the main results (Theorem 4.1 and
Theorem 3.2). In Subsection 6.1 the proofs for auxiliary results in Section 3 are given,
while in Subsection 6.2 those in Section 4 are given. Then we prove Theorem 4.1
(Subsection 6.3) and Theorem 3.2 (Subsection 6.4) in order. This is an understandable
order.

Throughout this section ¢ denotes a positive constant whose value is not of interest.

6.1 Proofs for auxiliary results in Section 3

Proof of Lemma 3.9. Obviously the a.n.i. property implies (3.5), and we show the con-
verse. Observe that

sup;>, f(t) f(t) a(z) ft) alz)

<sup—= - —+ —1

S0 TR fe) SR fa)

as ¢ — oo. Moreover, since f is positive on [z, 00) for some zo > 0 and f(z) — 0 as
x — oo, there exists y, < x such that

ft) afx)

infzggtgm f(t) . .
20 2 e T Ttk o) @)

where yo € (20, y,] is arbitrary. Letting « — oo so that one may let y, — oo and then
yo — 00, the right converges to 1 and we obtain the result. Finally it suffices to notice
that f € £ implies f(z) — 0 as x — oo (see [9, p. 76]). O

Proof of Lemma 3.10. For given € > 0 there exists xog > 0 such that for x > xg

(1—e)f(z) < glx) < (1+e)f(z)
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and we may further take 27 > z( such that fory > 0 and =z > x1, f(x +y) < K f(z) with
some K > 0. Then for all y > 0 and x > x; we have

g +y) <(I+e)f(z+y) <(1+e)Kf(x) < (1+¢e)/(1—e)Kg(x). -

Proof of Lemma 3.11. Obviously g € £. We take a non-decreasing function 0 < a(r) <
x/2 such that f and g are a-insensitive (see Lemma 3.7). Write

o] [,

By the dominated convergence the second term converges to 2. If necessary, put g(z) =
pd(z) + qg(x) and avoid the delta function when applying the dominated convergence.
Moreover, due to (3.6), the third term is bounded by

e—a(@) F, _
[ ezl

(z) f(z)

which is o(1) according to Lemma 3.7 (v). _
We see that the first term is negligible. For the case g(—z) = O(f(—z)) as * —
00, (3.6) together with Lemma 3.7 (v) implies

—) Gz — y)gly) ) flz =y fy) _
[m 75(33) dygc[m 71?(33) dy—0 as x— oo.

If g is al.d. (or fis al.d.), then with some K > 0 the first term is bounded by

su t) pool) su ) (7w
p1‘/2”0‘(5‘”)9()/ G(y)dy (or cw/ f(y)dy)

9(x) —o0 f(z) o0
—a(z) —a(z) _
<k [ gwiy (k[ Fwdy) o
as * — oo. Thus we prove the assertion. O

Proof of Proposition 3.12. (i) Owing to Lemma 3.11, it suffices to see

g
M TR

Take an insensitive function a(z) for f such that 0 < a(z) < z/2 and z — oo, and write

G (L L [ ) s

=: I (z) + LIx(z) + I3(x) + I4(x).

(6.1)

Since f € £, lim, o I2(z) = 1 (If it is needed, write g(z) = pd(x) + qg(x) and apply the
calculation rule for §). We consider the first condition. Since f is al.d. and f € £,

SUPt >z 4a(x) f(t) /a(m) ~
_— dy =0 asz — oo.
@) - 9(y)dy

Moreover, since g(x) = o( f(x)) and f € L, in view of I; and I, with g replaced by f, we
have

_ [P G-y fle—y) 70‘(“" G )f()
I4(x)—/ @) f(y)dy < o(1 /a(x / = dy — 0

11(56) S
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as x — oo. Next since g(z) = o(f(x)) and f € S; (cf. Lemma 3.7 (v))
P fla—y) gy) e fi (@ —y)
I = JAT I IAT d JE\ I d
o= [ R e [ IR a0

as x — oo. Thus we obtain (6.1). Finally, for the second case, it suffices to show that
lim, o I1(2) = 0. Since a(z) — oo and g(—z) = O(f(—x)),

—al®) p(p
Il(x)gc/_oo f(f(?;))f(y)dy%()

follows from Lemma 3.7 (v).
(ii) Let z € R. For sufficiently large ¢ > 0,

T T+z—cC
Motz [ Gt z-niwdy= it 10 [ G

Then, since f is a.n.i.

R e S (=N AR
which implies

lirrisup f(x)/h(z) < 1. (6.2)
We will prove

li;giggf f(x)/h(z) > 1. (6.3)

Take an insensitive function 0 < a(z) < z/2 for h and write

—a(z) a(z) z—ou(z) © flx—y)9g(
L= (/_oo +/—a(ac) +/a(x) +/$—0¢($))h(z;gy)dy
=: I1(z) + Iz(x) + I3(x) + I4(x).

Here we may take a(x) to be continuous (see [9, p. 20]). Since f isa.n.i.and h € £

I(z) <

T — a(x T —o(x)) SUPy>z—a(z a(m)~
h(z — a()) fz — a(z)) Sup,> ()f(y)/ 3(y)dy.

hz) bz —al@) fle-a@) Joaw
The terms other than f(z — a(x))/h(z — a(x)) converge to 1, and we have

liminf Ir(x) < liminf f(z)/h(x).

T—00 Tr—r00

For I, we use the a.n.i. property of f and (6.2), i.e. for sufficiently large = > 0,

feta) [0 fa-y) - —ale)
n(w) = LG [ LGy < o) [ iy >0 asz o

Next, we consider
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Since we have g(z) = o(h(z)), (6.2) and h € S,

z—a(x) b - h
Ig(x)gc/ wdy—ﬂ) as xr — 00
a(z) +()

holds by Lemma 3.7 (v). We study I,. If h € £ is a.n.i. and then since g(z) = o(h(z)),

o) G — T — z—oa(z
o= [ B Mo Mool

coo Wz —y)h(z—az)  h(z)
SUPy >4 a(x) M(Y) (@)
h(z = a(z)) [

< o(1)

fly)dy -0 asx — oo.

oo

When g(x) = o(f(x)), by (6.2) and the a.n.i. property of f, we have

z—y) fle—y) flz+a(@)h(z+alz))
z—y) f(z+a@) h(z+a(z)  h(z)
(
(

f(y)dy

Thus in view of above results, (6.3) follows. Now by Lemma 3.11 together with the a.n.i.
property of f, we obtain f € S;. O

6.2 Proofs for results needed for Theorem 4.1 in Section 4

Proof of Proposition 4.2. With the form g(z), we may write

L=pyf(@)/h(x) + (1 = py) [ * g(x) /R(x), (6.4)

and put
C := limsup f(x)/lNL(x) and C :=liminf f(m)/iNL(x),

T—00 T—0o0

which are well-defined since h(z) > pgf(x) and the Dirac delta parts disappear for > 0.
Assume the first condition. Take an insensitive function « for & and consider

f*g(x) me@ e e fla —y)g(y)
ﬁ(i:) ([m +/a(z) +/a(x)> E(z)g : dy

=: I (z) + L(z) + I3(x).

By Fatou’s lemma and hel

@) o ) bl —
lim inf I5(2) = lim inf fl—y) h(f y)g(y)dy (6.5)

a—voo w00 J_a(@) h(z —y) h(z)

o flr—y)
> liminf =—=——1 o) ol dy > C,
—[m PR g ) e 19 (y)dy

where we may take a continuous a(z) if needed. Again by Fatou’s lemma

. R flz—y _
limsup Ip(x) < / lim sup Ml{ye[—au),a(x)]}g(y)dy <C. (6.6)
T—00 —00 T—00 (x — y)
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Since h(z) > pgf(x) by (6.4) and §(z) = o(h(x)) we have

z—a(z) _ ﬁ _ _
limsup Is(z) = limsup/ g(m v) (f y)pglh(y)dy (6.7)
T—00 z—00 J—_co h(x — y) h(gj)
*2
< lim sup g(x) clim sup }27() =0

z—300 h(m) z—300 h({L‘)

By the al.d. property of h, it follows that

—a(x) T, _

limsup I1(z) = limsup/ I(x v) h(f v) g(y)dy (6.8)
—a(x)
< clim sup/ g(y)dy = 0.
T—00 — 00
Collecting (6.5)-(6.8), we obtain

liminf =—~"—~ f 9(z) >(C and limsup fig(x) <C. (6.9)

e i(e) e ()

Now taking lim inf,_,~ and limsup,_,., on both sides of (6.4), we have
psC+ (1 —pg)C <1 < p,C+ (1—p,)C (6.10)

and thus
0<(1- QPQ)(é_ Q).

The assumption p, € (27%,1) implies C = C. Moreover from (6.10), C = C = 1. Then
noticing py f(x) < h(z) for all x € R, we have f € S from Lemma 3.11.
Next assume the second condition. In view of the expression

h(x) = pgpsd(x) + (1= pp)pg (@) + (1= pg)prg(x) + (1 = pg) (L = ps) f % g(x),  (6.11)

we notice that h(z) > cg(z) and h(z) > cf(z) hold for all # € R. From the first part
proof, it suffices to show that limsup,_, . I1(z) = 0 where the al.d. property of h is used.
However, by above inequalities

. L —el=) f(x —y) g(y) bz — y)h(y)
hﬁsolip Li(z) = llgrbgsolip /_OO ( ) h(y) E(w) dy
< clirrisup /—a(ﬂﬂ) Wdy =0. O

Proof of Corollary 4.3. We assume non-degeneracy for g, since otherwise the proof is
obvious. Let )\ be the Poisson parameter of . If A < log2, then since e™* > 27! the
result is immediate from Proposition 4.2. If A > log 2, we take an integer n such that
A/n < log2, and define a compound Poisson density

Giyn(z) = e M"5(x) + (1 — e M)gy ) (@)

with g, be the proper absolutely continuous part such that g = §1‘7n. Notice that since

§w) = (V"0 + (1= e VM)g1y) () 2 e V(L e Mg, ()
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and thus §(z) = o(h(x)) implies /() = o(h(x)). Moreover, the coefficient e~ **/"p

of the delta part ¢ in §*k « f satisfies e */mp € (0,1), k = 1,...,n. Now we apply
Proposition 4.2 to g; /,, * (glfn Dy f) with g/, be the negligible part, and obtain that
G« F e S and h(z) ~ 5;52 Y « f(z). Here, if h is al.d., then by Lemma 3.10,

1/n
gl f(z) is also al.d. We iterate this step until we reach f € S and h(z) ~ f(z). O

1/n
6.3 Proof of Theorem 4.1
Firstly we state an auxiliary lemma and then go to the proof of Theorem 4.1.

Lemma 6.1. Let ix be a compound Poisson with ch.f.

C1

i) =exp (A [ (€7~ gly)dy),

where g is bounded. Then for any c; > 0 there exists v > 0 such that the absolutely
continuous part f of u satisfies f(x) = o(e™7%).

Proof. We decompose [i(z) into

fi(z) = exp { / / = D)g(y)dyy = i (2)fal2).

First we consider the compound Poisson ps and let As = G(c¢1) — G(0) < co. We write the
proper absolutely continuous part as

falx) = (M2 —1 Z ((AA2)"/nl) g3™ (2),

where g>(z) = A;'g(2)1{p<s<c,}- Since g is bounded, f>(z) is bounded as well. Recall
that for any v > 0, f[o 00) e us(dr) < oo ([18, Theorem 25.3]). So from e.g. [18,
Ex. 33.15] (cf. [23, Lemma 7] and [14, Theorem 3.9]), we can define the exponential tilt

(112) of pi2 as
err

f[o,oc) 7" iz (dw)

Then (u2)~ is again the compound Poisson with the proper absolutely continuous part

(h2)~(dz) = pa(d).

oo

felz) = (M = 1)1 3 (A" /nt) g2 (2)

n=1

with A = [ €7 g(z)da and ge(z) = (A2/Ac)e?®ga(x). For any x > 0, the right-hand side
is well defined. Since the support of ¢’" is included in the interval [0, nc;], we have

lim e fy(x) = lim cfe(x) = e lim Z; ((AAe)™/nl) gi™ () = 0.

Now since p; is a compound Poisson with non-positive support, it suffices to check that
for the absolutely continuous part f; of i1,

e f1* fao(z) = / 1Y) fo(z — y)e¥ f1(y)dy (6.12)
0
< 0(1)/ e f1(y)dy.
Thus we may take some « > 0 such that f(x) = o(e™7%). O
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Proof of Theorem 4.1. Denote the Laplace transform of f by L;(z) = [, €** f(z)d
(i) implies (ii) and (iii)

Since g is a proper density, we may choose ¢; > 0 such that G(¢;) = A1 < log2/\ and
define another compound Poisson by

() = e (W1 [ @ = D)), ) = g/,

C1

so that

=gk p2, de fi(z) = fi1(2)H2(2),

where
(&)

fia(2) = exp ()\Ag / (€2 — 1)g(y) /Agdy), As = Gler).

— 00

Let f1 and fg be generalized densities of x; and s respectively. By Lemma 6.1 fg( )=
o(e™7*) with some > 0, so that fo(z) = o(f(z)). Now v apply Corollary 4.3 with (, g, )
there be (f, f2, f1) here and obtainfl € S(=S4) and fi(z) ~ f(z).

For the proper densities f; of fi, since fi € § & f1 € S, we will see that f; € S+
implies g1 € Sy. This part is totally due to [19, Theorem 1] and for consistency we give a
proof. Write

o0

fil@) = (M =171 ()" /) gi" () (6.13)

n=1

whose Laplace transform is

Ly, (z) = (MM En® —1) /(M — 1),

SO
MLy, (2) =log (1= (1= )Ly, (2)).
Since e™1 — 1 < 1, we have
o0
AL, (2) ==Y n~ ML (2)
n=1
and thus
A Algl a:e Zn )\Al 1 ( ) = )\1/\1_&1(1‘)7 (614)
n=1

where “=" implies that the equality holds a.e. z € R.

We derive §; € S and the tail equivalence between f; and §;. Then using (6.13) we
prove g; € S;. Take a sufficiently small € > 0 such that (e* —1)(1+¢) < 1. By Lemma 3.8
there exists C. such that f;"(z) < Cc(1 + &)™ f1(z) for x sufficiently large. Applying the
dominated convergence in (6.14) we obtain
lim g1 (x)/fi(2) = (1 - e 1)/ (M), (6.15)

Tr—r

so that by Lemma 3.7 (vi) §; € S;. Now write (6.13) as

(M = D) fi(@)/g1(2) = Magi(2)/gi(z) = Y (AA)"/n!) g7 () /51 ()
n=2
= Z (AA1)"/nl) g7 (2) /G2 (2)
n=2
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and let z — oo. Again by the dominated convergence we obtain by (6.15) that §;(x) ~
g1(). Thus we prove g; € S, and g;(z) ~ (1 — e 1) /(AA1) f1(z). Now we see

lim L&) _ iy S0 A@ @) g sy (6.16)
e—o0 g(z)  w—oo fi(z) g1(x) g(w)
In addition, due to Lemma 3.10, the al.d. property of g is implied by that of f and (iii)
follows. Moreover, by Lemma 3.11, (ii): g € S is immediate.

(iii) implies (ii)

We write
g2 @) = 2/NMN{(1—e ) fw) — e Y (A" /nl) g (2)}.
n#2
Dividing this by g and taking lim sup on both sides, we have by Fatou’s lemma
*2 *n
: g (95) 2) -2 ()Y _
llngrLSip ) < (2/X%)e ( Z hH_l)lOIle F @) ) =2,

where we use Lemma 3.7 (iii). Now Lemma 3.7 (111) with n = 2 implies g € S.
(i) implies (iii) and (i)

Lemma 3.8 holds with g by al.d. property. Thus applying ¢*"(x)/g(x) — n ([8,
Theorem 1.1.] for the two-sided case) and the dominated convergence to (4.1), we show
that (ii) implies (iii). Then (ii) and (iii) together with the al.d. property of g yield f € S
by Lemma 3.11. O

6.4 Proof of Theorem 3.2

The proof of the part [(i) implies (ii) and (iii) under the condition that ¢ is a.n.i.] is
the hardest part to come up with the proof idea and we need a few extended notion of L
and S and auxiliary results before.

Definition 6.2. (i) Let A := (0, ¢] with ¢ > 0. F belongs to the class La if F(z + A) :=
F(x +¢) — F(x) € L. Moreover, F belongs to the class Sx if F € L and F*?(z + A) ~
2F (z + A).

(ii) F' belongs to the class L, if F' € L for all A = (0, ] with ¢ > 0, and moreover, F

belongs to the class S, if F' € Sa for all A.

Obviously Sa C Sj,.. The following connects S and S;,., which is a partial result in
Matsui and Watanabe [16].

Lemma 6.3. Let F be a distribution on R, and f be its density. If f is a.n.i., then
FeS,e fed.

Proof of Lemma 6.3. First, we see f € £, so that f*2 € £. Take a sufficiently large zq > 0
such that infyc [y, »] f() ~ f(2). Forany y € R

flz+y) _ SUP¢>a4y f(t) flz+y) infse[zo-,r] f(s)
fl@)  infecpngq) F(8) supyspyy, f(8)  fla)
Flz+y+A) fl@t+y) infigpq)f(s)
Z Fla—ct A) Sibpoasy FO S)

and moreover,
flx+y)  inficgary f(H)  flz+y)  supes, f(s)
flx)  supgs, f(s)  inficpg iy f(E)  f(2)
Faty—c+A)  flzt+y)  sups, f(s)
F(z+A)  infiepg ey f() (@)
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Now since F' € LA and f is a.n.i., by taking lim,_, ., in both inequalities we have

1= lim M< lim M< lim Flx+y—c+A4A)

200 F(x—c+A) — x—o0 f(x) — z—o00 F(x+A) ot

and obtain f € £. Then the uniform convergence property of £ yields
F(z+A)~cf(r) and F*?(x+A)~cf*?(z) forall c>0.
Hence F € S, & f € S. O

Lemma 6.4. Let i, € ID(R) with v(dx) = g(x)dz such that v(R) = oo and denote a density
of u by f. Let yiy be a compound Poisson with Lévy measure v(dzx) = 1{,<_1y9(x)dx and
~ =0, and let pus € ID(R) such that p = pq * po, i.e. i2(2) is given by fi(z) of (2.3) with
v(dr) = 143>_139(z)dx. Denote a density of u» by f>. Then, if f € S and [ is al.d., then
f2 € S and f(z) ~ fo().

Proof. Putting h = f,g=f1and f = f2 in Corollary 4.3, immediately we obtain the
result. O

For the proof of parts [(iii) = (ii) and (ii) = (i) and (iii)], we need the following
lemma.

Lemma 6.5. For ¢; > 1, define ;1 € ID(R) with ch.f.

fir(2) = exp | /

— 00

C1

. ) . 1
(€0 =1 izylyca))g)dy +iaz — 12} (6.17)

Under the condition of Theorem 3.2, the density f, of j, satisfies

lim e f,.(z) = 0. (6.18)
T—r00
Proof. We study the case a = b = 0 in u, and then generalize the result. We decompose
ir(z) into

= {([ 4 [ [7)E 1 i o)) = @ @)

Consider the proper absolutely continuous part f,, of u,,. Since g is bounded on [1, ¢1],
by exactly the same logic as for f> in the proof of Lemma 6.1, we have f,,(z) = o(e™77).
Since ., is a compound Poisson with a non-positive support, again by the same reasoning
as in the proof of Lemma 6.1 (cf. (6.12)), the absolutely continuous part f,,, of p,, * tir,
satisfies f,,,(x) = o(e™7%).

Now consider the convolution of y,,(dz) = fy(z)dz and

Py * fhrg (dT) 1= €700 (dx) + (1 — e 1) f3(x)dx,

which yields

z/2

e"“’fr(x) — 67$e_013f0(x) +(1— 6_013)/ e’y(x—y)fo(x _ y)e”yflg(y)dy

—00

z/2
+(1- e‘“s)/ ) f15(x — y)e foly)dy.
Recall that both p,, and p,, * i, have ¢?® moment [18, Theorem 25.3], and so do fi3
and fy. Moreover, both ¢* fy(z) and €7 fi3(x) converge to 0 as x — oo. Thus by the
dominated convergence we have lim,_,, e?* f.(z) = 0.

EJP 28 (2023), paper 41. https://www.imstat.org/ejp
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Finally let fs the density of Gaussian part plus the shift, and then

z/2
" fy x fola) = / {7 f(x — ) fay) + Y fo(z — y)e? fr(y) by < oo

follows by exactly the same way as before. O

Proof of Theorem 3.2. (i) implies (ii) and (iii) under the condition that g is a.n.i.
We decompose p as in Lemma 6.4: p = pp * ue. Then (i) implies that fo € S and

f(z) ~ fa(x), so that f> is al.d. by Lemma 3.10. Notice that f € S implies ps € S and

1o has any e™7* moment with v > 0 [18, Theorem 25.3]. Now [24, Corollary 3.1] yields
V1 € Sjoe- Due to Lemma 6.3, the a.n.i. property of g implies g; € S,..

(iii) implies (ii) under the condition that g is al.d.
For ¢; > 1 define g,(z) = g(2)1{;>.,}/Ay where A, = G(c;) and consider the com-
pound Poisson p,, with ch.f.

() = esp (A [ @ = Do)}

and the proper absolutely continuous part

o0

Fulw) = (M = 1)71 Y (AL /nl)gi" (x).

n=1

By Fubini the density f of 4 = p, * p,, has an expression

flx) = e M fola) + e Y (Al /m)gy" * fr(x),
n=1
where f, is the density of u,.. We write
*2 oo Am
Gu *f,(.]?) A 2 f(x) 2 f7(x u *n
R — —u - 6.19
) M) M) Ao 2 e 69

and observe the limit behavior when = — co. Since g, (x) ~ g(z)/A,, due to the second
condition of (iii) together with g(z) ~ g1 (x)r((1, 0)),
I@) a2 @) e g@) a2

2
- =€ .
T—00 A3 gu(z) 2o A3 gi(z) g(x) gulz) Ay

Since f.(z) = o(e~7*) for some vy > 0 by Lemma 6.5 and g,, € £, the second quantity
vanishes. Moreover, by Lemma 3.7 (iii)

liminf 2&%—~~ gu" * Jr(2) > lim inf 9u" (%) lim inf Ju ** fr(z) > n. (6.20)
Z—00 gu( Z—y00 gu(m Z—00 gu"(x)

Thus, Fatou’s lemma yields

hmlanA G * () *fr >Z ”hmlnfg“ * fr(2) > Ay (et — Ay).

T—00 Z—00 Ju (x)

n#2 n#2
Considering limsup in (6.19) with above results including (6.20) with n = 2, we have

*2
lim 9u *fr(x)

= 2.
z—o0 gy (T)
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Thus, (6.20) and Lemma 3.7 (iii) yield

*2
2 = lim sup Gu *JrT) fr(z)

z—00 Gu ()
*2 *2
> lim sup 9u”(7) lim inf Ju *er(fl?)
*2
> lim sup 9u ()

w00 Gu(T)’

so that ¢:?(x)/gu(z) — 2 as z — oo. This implies g, € S; and g1 € Sy holds by
Lemma 3.11.

(ii) implies (i) and (iii) under the condition that g is al.d.

We make use of g, and f, in the part: (iii) implies (ii). By definition g € S implies
gu € S+ and g(z) ~ gu(x)A,. Moreover, g, is bounded and al.d. Hence, by Theorem 4.1
fu € Sy and f, is al.d., and indeed lim, o fu(2)/gu(x) = Ay/(1 — e~+). In view of the
relation

F@) = fux fr(z) = e frl@) + (1 — ™) fr x fulz),

By Lemma 6.5, f,.(z) = o(e”"*), and so f.(z) = o(fu(x)). Therefore, Proposition 3.12
applied to f,  f,, yields f(z) ~ (1 — e ™) f,(x). Thus (i) follows from Lemmas 3.11
and 3.10. For (iii), we observe

L Co N (COF NCO Y NC N ,

6.5 Proof of Theorem 3.5
We need the following lemma, which characterizes the tail of the density f, of .
in (6.17).

Lemma 6.6. Suppose that ffooo |fi4(2)|dz < oo and then for sufficiently large ¢; of (6.17)
the density f, of u, satisfies lim,_,, e?* f,.(x) = 0 for any v > 0.

Proof. We prepare the spectrally positive version p,4 of u, by
c1 )
Firy(2) = exp { / (e —1- lzyl{o<yg1})g(y)dy}.
0

First we see [*_|fi4(2)|dz < 00 & [ |fir4(2)|dz < oo, but the proof is only a reproduc-
tion of that for Lemma 10 (i) of [23] and we omit it. We show that [* |, (z)|dz < oo
implies that its density satisfies f,,(x) = o(e™7*). Although this part is again quite
similar to that of Lemma 10 (ii) of [23], since we treat a spectrally positive case, we
briefly state the outline. Because flcl e g(x)dxr < oo, by [18, Theorem 25.3], we obtain
Cp = [7_e"f,(z)dz < co. Thus, we may define the exponential tilt x), on R as
)y (dx) = Cte fo i (z)dz. Then due to [14, Theorem 3.9] (cf. [18, Ex. 33.15] and [23,
Lemma 7]), MZ . still belongs to ID(R) given by (2.3) with the Lévy-Khintchine triplet

1
a= / (e = Dzg(x)dr, b=0 and v(dr)=ljcs<c, e’ g(x)dx.
0
Now observe that

i) = I lexp { [ feostza) - D@ = 1vld)} <172
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Hence /i  is absolutely integrable, and the Riemann-Lebesgue lemma implies f,(z) =
o(e~7*). Finally, since u, = pr4 * p— with ji_(z) := ji(z)/fi+(2), and p,+ has a bounded
continuous density

)= [T ey < e [ O (dn) < o
Thus we have f,.(z) = o(e™7*). O

Proof of Theorem 3.5. Notice that the conditions of Theorem 3.5 includes the conditions
other than v(R) = oo and (3.1) of Theorem 3.2, where the former condition is used only
for absolutely continuously of u. In view of the proof of Lemma 6.5, the condition (3.1)
is used only for deriving f,.(z) = o(e”7*). Thus Lemma 6.5 holds under the conditions
of Theorem 3.5 by Lemma 6.6. Moreover, in the proof of Theorem 3.2, (3.1) appears
implicitly only through the fact: f.(z) = o(e~7*). Thus, we could reuse the proof of
Theorem 3.2 for that of Theorem 3.5. O

A Proofs for remaining results in Sections 3 and 4

The proofs for the versions of the convolution root are given in this section. Al-
though these are not directly related for the main results, they have their own interest.
Throughout this section let ¢ be a positive constant whose value may differ depending on
context.

Proof of Theorem 3.13. The case f*" are a.n.i. We start by deriving

liminf f*"(2)/f(z) > n. (A.1)
Tr—r00
Let z < 0. We take a uniform constant g > 0 such that for z > z, f*k(x), 1<k<n-1
satisfy the condition (2.2). Then for x > x( sufficiently large, we have

o0

P+ (n—1)z) = /( PO (/2 4 (n - 1)z — ) Fly + 2/2)dy

n—1)z/2

+/<OO Fl@/2+ (n—1)z —y) F D (y + z/2)dy

n—1)z/2

z/2 _ _
> / FOD (/2 4+ (n— 1)z — ) Fly + 2/2)dy

z/24+(n—2)z _ -
T / Fa/2+ (n— 1)z — ) FO Dy + 2/2)dy

0

- z/2+(n—1)z—x0 _ )
> Fla)1 - <) /( PO )y

n—1)z
/24 (n—1)z—z0 _

F PO (@ 4 (0 - 2)2)(1 - 87 _,) / Flu)dy

z

= Iy 4 ()f(2) + Ty A () D @+ (n - 2)2),
where €7,7_, € (0,1) are small constants such that €7,%_; — 0 as z — co. We further

take small constants ¢}, 67 € (0,1), k =2,...,n — 2 such that ¢}, 07 — 0 as z — oo, and
we successively apply the inequality and reach

n k—1
e+ (n=1)2) 2 fl@) Y Iiw(2) [T Tioe(2), (A.2)
=1

k=1
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where I7(z) := 1 and H2=1 7 _,(2) :=1. Since all I} (z), JE(z), 1 <k <n —1 satisfy

A i) = B i T =1,
by f*" € L we have
lim inf ff(ia)?) = lim_liminf Fra —if;((;; —12) lim_liminf é I:;k(z)jl:[_l1 J (2)=n.
Next we prove the other direction,
limsup f*"(2)/f(z) < n. (A.3)

T—>00

This time we take z > 0 and observe that

FMa+ (n—1)z) = /_ FO D@+ (n—1)z —y) f(y)dy

. (/(n—l)z . /(x+(n—2)z )f(x +(n—1)z—y) £V (y)dy

—o0 n—1)z

:'_ﬁ—l(z)

z

<SP+ =220+ | fydy
_ (n—1)z _ B
+F@)+ ) / FOD @)y + T (2)

= D@+ (n =202 (2) + F@) [y (2) + T (2),

where 7 € (0,1), k = 1,...,n — 1 are small constants such that & — 0 as ¢ — co. We
successively apply the inequality above and obtain

n—2
Fre+ -1 < { Y L@@FEE) T v 2(@) T e @
k=1
= - k-1
+)_ LI (2)
k=1
where (I_%(z))o := 1. We introduce a non-decreasing function 0 < a(z) < z/2 such

that f*" is a-insensitive (Lemma 3.7 (i)) and put (n — 1)z = a(z), so that z = o/(z) :=
a(z)/(n — 1). Notice that o’ is again an insensitive function for f*" (cf. [9, p. 20]).
Obviously

B ko' (z) _
lim If(a/(x)) = lim (1+ éﬁ,k)/ F*(y)dy = 1.

We show that
Ji(d (x)) = o(f*™(z)) as =z — . (A.5)
First we see that

limsup f**(2)/f*" () <1 for 1<k<n-—1. (A.6)

r—00

For v > 0, we write

Fra—v)> | fPa—v-y O Pydy> if ) [ POy

—» zE€[x—2v,z] v
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Since f** is a.n.i., it follows that

lirginf (@) /f*(x) = lim lim inf Nf*n(x) [ —v) > lim ’ £ (ydy = 1.

V=00 T—00 f*"(x—v) fN*k(x) v—oo [

We return to J¢(z) and observe that for sufficiently large z > 0

r—2z/2 _

K@):/wﬂx+z—wﬁﬁy+%—iVMy§c/ P (@ — ) ™ (y)dy,

z/2

where we use (A.6) and the a.n.i. property of f*” Then recalling that o/ is an insensitive
function of f*" and so is o’/2, we have by Lemma 3.7 (v): (3.4), that

_ z—a'(z)/2 _ _ _
T e[ P 0 f o= ol )

Now in view of (A.4) putting z = o/(x), we have

CN f(I) < TT ! TX (] k—1 TXT (] n—1
1 <liminf —————— _pla(2) 17 (&' (z 217 (o' (z
_mﬁmfm@+auw[g;nk<<>n (o (@)} 2T (! (@)}
. v T (e @) (T (o ()}
i sup [+ ale)

< liminf Nf(x) lim [i 7ﬁ7k(a’(x)){ff(a/(x))}k_l + 2{1:{”(0/(33))}”_1}

f(x)

=n-liminf = ,

where we use (A.5) in the second step. Thus we obtain (A.3). Finally we apply
Lemma 3.11 to the fact that lim,_, f*"*(z)/f(z) = n and obtain the result.

The case f € L.

Since f** ¢ L for k = 1,...,n (cf. Lemma 3.7 (iv)), we may take a single non-
decreasing function 0 < a(x) < x/2 such that f** is a-insensitive (Lemma 3.7 (ii)). We
decompose the integral form for f*” = f*(”*l) * fand write for z > 0

—a(z) a(z) z—a(z) z+a(z) ) Fr(n—=1) (1 _ 2\ F
1:(/ +/ +/ +/ +/ )f (@ y)f(y)dy
—00 —o(x) a(x) z—a(x) z+a(x) f*n(l')

= Ii(z)+ -+ I5(x).

We start with I(z). Since f*(»~1 e £ and f** € S, we have for |y| < a(z)

Fx(n—1)(, _ Fr(n—1) Fr(n—1) ren(n—1)(,.
limsupf~—(xy) :limsuphi@) = lim sup f (@) f = (z) <1l-n"L
ol @) e (@) e PRO00(@) ()
(A.7)
Recalling the form f(ac) = pd(z) + ¢f (z), we have by the property of ¢ that
Tre(n—1) a(@) Fr(n—1)(p _
lim sup I5(z) < plimsup f~7(x) + ¢lim sup/ fN—(xy)f(y)dy
T—00 T—00 f*n(:E) T—00 —a(x) f*"(:)g‘)
<p-nrgt-n ) [y =1-n
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where in the second term, we use Fatou’s lemma, which is possi?le since the delta
function is not involved. It follows from (A.7) and a.n.i. property of f*” that

—a(x) Fx(n— oY PR (e ) —a(z) _
Il(:r):/ F (@ —y) @ —y) /

= = dy <c d 0
e Ty @ fwdy e | — fly)dy =

as ¢ — oo. For I3(x), noticing an expression

z—a(z) Tx(n—1) T — ry Fxn T — ~
IS(x):/ f (z—y) fly) f( y)f*n(y)d%

(@) @ —y) o) )

we apply (A.7) and Lemma 3.7 (iii) respectively to the first and the second terms of the
integrand. Then Lemma 3.7 (v) yields lim,_,~ I3(z) = 0. By the dominated convergence

~ @) T o ~
lim inf Iy (x) = lim inf Nf(iw) lim / f(f v) £V (y)dy = lim inf Nf(x)

r—00 r—00 f*”(l‘) T—00 a(z) f(.’l?) —00 f*n(x)
Here to apply the dominated convergence avoiding d, if necessary, write

n—1

FU D) =@+ af)" " (y) =D naCef ™ y)d " +p"a(y)
k=1

and take a similar approach as for Iy(x). N
Finally we apply Lemma 3.7 (iii) and the a.n.i. property of f*" to I5, and obtain

FOD(y)dy.

) Fa—y) iz —y)
Is(x) = = =
o) /-oo fr(@—y) fola)

—o(w) _
<n! / = (y)dy -0 as z — .

— 00
Now correcting above bounds, we reach

5
1= 1ixrggf (le(x)) < liminf I4(x) + limsupZIi(x) = hmrgloréff(x)/f*”(x) +1-n"1,

Tr—r 00
i=1 TOO A4

which is equal to (A.3). By Lemma 3.7 (iii), we obtain
lim f*"(z)/f(z) = n. O
Tr—r 00

Proof of Proposition 4.4. Observe that
N*n n n— *
OED (k)(l —p)fp" 7 R (), (A.8)

where f*°(z) = §(z) and define

lg%g}ff(m)/f*"(fc) =C and limsup f(z)/f"(z) =C,

T—00
which are well-defined since f*"(z) > n(1 — p)p"~1f(x). We show by induction that

lim inf ¥ @)/ (x) > kC and limsup f*(z)/f*"(z) < kC (A.9)

r—r0o0
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hold. Since the proof for the limsup part is similar, we only consider the liminf part.
Suppose that (A.9) holds with k£ — 1, £ > 2 and consider

P ([ [ [ e

=: 11 (2) + L(z) + I3(z) + Ly(z) + I3 (),

where « is an insensitive function for f*" By Fatou’s lemma and f*" eL,
/a@ fle—y) f"@—y)
—a(@) [z —y) f(x)
o P f r—y *(k—
> / lim inf ~(7)]-{ye[—oz(ac),oe(ac)]}f (k 1)(y)dy >C

oo T00 f*"(.]? _ y)

lim inf I, () = lim inf FEE=D () dy (A.10)

T—r 00 T—r00

and by the induction hypothesis

a(z) px(k—1) _ Fxrn _
lim inf I»(z) = lim inf / ey e y) F(y)dy (A.11)

T—00 e=00 J_ o (z) f*"(w - y) f*n(w)

%) *x(k—1) _
Z/ hmlnff—wl{ye[ a(@)a@f(Y)dy = (k= 1)C.

—oo T frn(z —y)

Moreover, since f*"(z) > n(l — p)p" ' f(z) + (") (1 — p)F~1pr 1 =D (z) for all
z € R,

) r¥n o *n
limsup I5(z) < climsup/ L ~ )f™(y) dy=0 (A.12)
T—00 T—00 a(z) f*" (,13)
by Lemma 3.7 (v), while by exactly the same logic,
—a(x *n _ *n
limsup(Zy(x) + Is(z)) < climsup/ il = MO dy = 0. (A.13)
T—00 T—00 — 00 f*” (x)

Now collecting (A.10)-(A.13) we obtain (A.9). Then recalling (A.8) we observe that

1> limsupn(l — p)pn_lf(m)/fm(x)

Tr—r00

+ ligorr_l){gfz (Z) (1 —p)*p "k fR () 7 (2)

=n(1—p){p"~ 1C+(1—p pley
and

1< liminf (1 - p)p"~ f(2)/ " (@)

+hmsupz( )= p ) o)

T—r00
<n(l-p{p"'C+(1-p" T},
which together yield
0 <n(l—p)(1-2p""H)(C-Q).

From the condition 27/("=1) < p, €' = C should hold. Then, since f(z) < cf*"(z) for all
x € R, f €S follows from Lemma 3.11. O
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Proof of Corollary 4.5. Take o = n~lnc¢ N, so that (f*“)*” = fand the Poisson param-
eter of f** is A/n. The coefficient of § of f** satisfies e~/ > 271/7 > 2=1/("=1)_Thus
by Proposition 4.4, f** € S and lim,_,o f**(z)/f(x) = «. This implies that the result
holds for any rational o > 0. O
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