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Abstract

We derive estimates for the largest and smallest singular values of sparse rectangular
N x n random matrices, assuming limy »—oo & = ¥ € (0,1). We consider a model
with sparsity parameter py such that Npy ~ log® N for some o« > 1, and assume
that the moments of the matrix elements satisfy the condition IE|X;;|**° < C < .
We assume also that the entries of matrices we consider are truncated at the level
(NpN)%*” with s := m.
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1 Introduction

In the last five to ten years, significant progress has been made in studying the
asymptotic behavior of the spectrum of sparse random matrices. A typical example of
such matrices is the incidence matrix of a random graph. Thus, for Bernoulli matrices
Konstantin Tikhomirov obtained exact asymptotics for the probability of singularity,
see [14]; also, see [9]. For the adjacency matrix of Erdos-Renyi random graphs, H.-T.
Yau and L. Erdos & Co. proved a local semicircular law and investigated the behavior of
the largest and the smallest singular values and as well as eigenvector statistics, see
the papers of [2, 4] and the literature therein. In particular for adjacency matrices of
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Extremal singular value of sparse rectangular random matrices

regular graphs, local limit theorems and the behavior of extremal eigenvalues were
investigated by H.-T. Yau and co-authors [1]. For non-Hermitian sparse random matrices
M. Rudelson and K. Tikhomirov proved the circular law under unimprovable conditions
on the probability of sparsity and the moments of distributions of the matrix elements
(see [12]). J.O. Lee and ].Y. Hwang studied the spectral properties of sparse sample
covariance matrices, which includes adjacency matrices of the bipartite Erdos-Renyi
graph model). In [7] the authors prove a local law for the eigenvalues density up to the
upper spectral edge assuming that sparsity probability p has order N~'*¢ for some € > 0
(here IV denotes the growing order of the matrix) and entries of matrix X;; are i.i.d. r.v.’s
such that (in our notations)

E|X1;*>=1and E|X;|? < (Cq)* for every ¢ > 1. (1.1)

They also prove the Tracy-Widom limit law for the largest eigenvalues of sparse sample
covariance matrices. However, in the proof of the local Marchenko-Pastur law and the
Tracy-Widom limit, they assume a priori that the result of [3, Lemma 3.11] holds for
sparse matrices (see [7, Proposition 2.13]), which includes, in particular, the bounded-
ness of the largest singular value (that is the operator norm) of a sparse matrix. They
don’t investigate the smallest singular value of sparse rectangular matrices though.

We derive bounds for the smallest and the largest singular values of sparse rectan-
gular randgm matrices assuming that the probability py decreases in such a way that
Npy > log= N for some s > 0, and that the moment conditions are weaker than those
in (1.1) (see condition (1.6)). Our main result is devoted to the smallest singular value of
a sparse rectangular random matrix from an ensemble of dilute Wigner type matrices.

Suppose n > 1 and N > n. Consider independent identically distributed zero mean
random variables X3, 1 < j < N, 1 <k < n with EXJZ = 1 (where the distribution of
X, may depend on N), which are independent of a set of independent Bernoulli random
variables £, 1 < j < N, 1 <k <n, with E{;; = py. In what follows we shall simplify
notation by denoting p = py. We now introduce the following model of dilute sparse
matrices as a sequence of random matrices of the following type

X = (§uXjk)1<i<N1<k<n- (1.2)

Denote by s; > --- > s, the singular values of X, and let Y = X*X denote the sample
covariance matrix.

Put y = y(N,n) = %. We shall assume that y(N,n) — yo < 1 as N,n — oco. In what
follows we shall vary the parameter N only.

Theorem 1.1. Let EX,;, = 0 and E|X,;|> = 1. Suppose that there exists a positive
constant C' > 0 such that
X[ < C < oo, (1.3)

for any j, k > 1 and for some 6 > 0. Suppose also that there exists a positive constant B,
such that
3
Np > Blog?> N, (1.4)

— [
where » = m

Then for every () > 1 and A > 0 there exists a constant K = C(Q, 9, ps+s, A, B) such
that

Pr{s; > K\/Np} < CN~9+N?pPr{|Xy;| > A(Np)? *InN}.

Theorem 1.2. Let E X, = 0 and E | X;|> = 1. Suppose that

]E|«X711‘4 = g < 00,
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and there exists a positive constant B, such that
Np > Blog? N. (1.5)

Then there exists a constant 7y > 0 such that for every 7 < 19, @ > 1 and K > 0 there
exists a constant C = C(Q, 4, K, B) with

Pr{s, <7/Np} < CN-94+Pr{s; > K\/Np}.

These results immediately imply the following corollary.

Corollary 1.3. Under conditions of Theorem 1.1 there exist a constant 1y > 0 such that
for any 7 < 1y and for any A > 0 there exists a constant C = C(A, ¢) depending on A and
0 such that the following inequality holds

Pr{s, < 71y/Np} < C'N_Q+N2pPr{|X11| > A(Np)%_”lnN}.

Corollary 1.4. Assume the conditions of Theorem 1.1. In addition assume that there
exists a constant B such that for every N > 1

p=py > B/In*N.

Then
Pr{s; > K/Np} < CNfQ—Fl 6CN'
n

Proof. Applying Markov’s inequality, we obtain

1 445
Pr{|Xy;| > A(Np)> *InN} < — L0 __

By the conditions of Corollary 1.4, we get
1, Ha+46

The result follows now immediately from theorem 1.1. Thus, Corollary 1.4 is proved. O

We may consider random variables X;; for7 =1,...,N;j = 1,...,n, with identical
distributions depending on N. In this case we have the following result.

Corollary 1.5. In addition to conditions of Theorem 1.1 assume that for any q such that
44+5<qg<Clogn

E|X1]? < Clq?(Np)4z =2, (1.6)
Then for every ) > 1 and A > 0 there exist constants K = K(Q, 0, u4+5,4) and C =
C(Q, 9, pavs, A) such that
Pr{s; > K/Np} < CN~“.
and there exists a constant 7, > 0 such that for every v < 15, Q > 1 there exists a
constant C = C(Q, 9, ft4+5)
Pr{s, < 7y/Np} <CN~© (1.7)
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2 Proof of Theorem 1.1

Let )}ij denote truncated random variables X;;, i.e.
Xij = Xy I{|X;j] < A(Np):~*In N},

where I{ B} denotes the indicator of an event B. Let X denote the matrix with entries
& Xi;. By |A|| we denote the operator norm of a matrix A. First we estimate the spectral

norm of the matrix E X. Since X;; and ¢;; are identically distributed random variables
we have

||E)~(|| = ”P|EX11|-
By condition (1.3), we have

C

~ 1,
‘EX11|:|]EX11H{|X11|>A(Np)2 11’1N}|§W

From here we get the bound

1_

|EX| < CA=3(Np)~ 2~ (2.1)

We consider now the centered and truncated random variables )?ij = )}ij - ]E)}Z-j for
i=1,...N,j = 1,...n, and the matrix X = (g,-j)?ij). Let 51 > 55... > §,, denote the
singular values of the matrix X and resp. let 57 > 55... > 5, denote the singular values
of the matrix X. Note that

N n
Pr{s; # 51} <Pr{X # X} <> > pPr{X,; # X;;}

i=1 j=1
= nNpPr{|X11| > A(Np)? *InN}.

Furthermore, we have B
51 <5+ | EX].

According to (2.1) we may assume that
IEX]| <++y/Np

for sufficiently small v > 0. We may write now

Pr{s; > K\/Np} < Pr{s > %K\/]Tp} + N?%pPr{|X11| > A(Np)? *In N}.
Note that

52 =EX} = E(X1)? — (EX1)?

=1-EXAI{|X11| > A(Np)> *In N} — (E X1, I{| X11| > A(Np)> *In N})2.

It is easy that

2pa45

—on| <1 =02 < .
L=onl <l—0pf < A2+ (Np) D) (G—)

Without loss of generality we may assume that o, > % Consider now the matrix

UL)A( Let 5; denote the largest singular value of the matrix X. Then

Pr{s; > K+\/Np} < Pr{s; > 2K+/Np}.

During the rest of the proof of Theorem 1.1 we shall consider the matrix X with
entries &;;X;;, ¢ =1,...,N j =1,...,n satisfying the following conditions (CT):

9

X
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* ¢&;; are independent Bernoulli r.v.’s with E§;; = p (= pw~);
e X;;areiid. rv’sfor1 <i < N,1<j<n,suchthat EXy; =0, E|X11[**° < pyys
and
IX11| < A(Np)> *InN as.

We use the following result of Seginer (see [13, Corollary 2.2]).
Proposition 2.1. There exists a constant A such that for any N,n > 1, any q <

2logmax{n, N}, and any N x n random matrix X = (X;;) where X;; are i.i.d. zero
mean random variables, the following inequality holds:
max { B max [|X; 4, B max |X;]3} < B[]
1<i<N 1<j<n
< q( 1 y (I)_
< QA E max BIX 5+ max [IX.l3

Here X;., resp. X.;, denote the i-th row, resp. the j-th column of X.

Proof of Theorem 1.1. Note that s; = ||X]|. Using the notations introduced above, we
now estimate E ||X;.||?. By the definition of X we have
B (X113 :E(ZX?kfik> <29 I(ZEXZIC&IC) + 297 1E‘Z Vel (2.2)
k=1
Note that
E X2 &) = p. (2.3)

Now, applying Rosenthal’s inequality we get

E’Z Dén ng( (ZEX fzk)%Jrq%piIMXizka%), (2.4)

which implies

aq
2

< Cq% (Np)® + ¢ NpE|X11]). (2.5)

E’Z Déik

By assumptions (CT), we have

E|[Xy]? < CYNp)2—9*~2n? 49 N, (2.6)

Note that for ¢ ~ In IV inequality (2.6) coincide with condition (1.6). Combining inequali-
ties (2.2)-(2.6), we now get

E|X; [ < CY(Np)? (1 + (;p) LN ) (?jb‘;ﬁ) ’ )
Taking into account (1.4), as well as ¢ < C'logn, we obtain, for ¢ < 2log max{n, N},
EX..[§ < C*(Np)?.
A similar bound holds for E || X.;||9. We may now write

E|IX|[? < C*N(Np)?.

Taking K > C and applying Markov’s inequality, the claim follows. Thus Theorem 1.1 is
proved. O
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3 Smallest singular values

We shall now prove Theorem 1.2 using an approach developed by Litvak, Pajor,
Rudelson [8], Rudelson and Vershynin in [10] for rectangular matrices for the case p = 1
and Gotze and Tikhomirov in [5] for the sparse dilute Wigner matrices. Denote by S("~1)
the unit sphere in R". Let x = (21,...,2,) € S~V be a fixed unit vector and X be a
matrix defined in (1.2).

We divide the vectors on the sphere into two parts: compressible and incompressible
vectors recalling the definition.

Definition 3.1. Let §,p € (0,1). A vector x € R" is called sparse if [supp(x)| < dn. A
vector x € 8"~ js called compressible if x is within Euclidean distance p from the set of
all sparse vectors. A vector x € S"~Y is called incompressible if it is not compressible.
The sets of compressible and incompressible vectors will be denoted by Comp(d, p) and
Incomp(6, p).

Note that

sp=inf || Xx]|2
xes(nfl)

and

Pr{s, <74/Np} <Pr{ inf [ Xx]|s <7+/Np}+ Pr{ inf IXx||2 < 7/ Np},
x€Comp(8,p) x€Incomp(4,p)
(3.1)

for some ¢, p € (0,1) and 7 > 0, not depending on n.

For sparse matrices with p = py — 0 as N — oo we cannot directly estimate the first
term on the right hand side of (3.1) using the well-known two step approach of estimating
Pr{||Xx||s < 7/Np} for a fixed vector x € S("~1) followed by a union bound for the some
e-net of Comp(4, p) and arriving at a bound for the infimum of x € Comp(d,,p) with
dn ~ p going to zero. The Rudelson-Vershynin methods for incompressible vectors won’t
work in this case. In order to estimate Pr{inf,ccomp(s,p) [|Xx|2 < 7/Np} with some ¢ > 0
which does not not depend on n, we shall use a method developed in Gotze-Tikhomirov
[5]. This is based on a recurrence approach which allows us to increase dy step by step
Np times arriving in log IV steps at an estimate of § > §; which does not depend on N.
The details of this approach will be described in Section 3.1.

In Section 3.3 we shall derive bounds for Pr{inf,cmeomp(s,p) [ Xx|[2 < 7/Np}.

3.1 Compressible vectors

Let L be an integer such that

soNp "7 soNp \"
_ %P <pl< _00VP 7 (3.2)
|logp| +1 |logp| +1
where §p € (0,1) denotes some constant independent on N. Note that under the

conditions of Theorem 1.2
L < clog N/loglog N

with a constant ¢ = ¢(dp). We introduce a set of numbers p,y and 0, forv =1,... L,
as follows
pvn = (Np)d,—1n and 0,5 = dopyn /(1 + |log pun]).
Here
pon = p and don = dop/(1 + [logpl).
Furthermore, introduce as well

Npé, v ~ SoN vebos
ﬁuN == < Po ) p and 61/N = ( 0P > op .
|log p| + 1 [log p| + 1 |logp| +1

EJP 28 (2023), paper 27. https://www.imstat.org/ejp
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Lemma 3.2. The following inequalities hold

Pv,N Z ]/9\1)
and
§V,N > 51/,N7
forv=1,...,N
Proof. By condition of Theorem 1.2,
N
P > BN
1+ |Inp|

Without loss of generality we may assume that

Npéd,
_AP%
1+ |Inp|
It is straightforward to check now that p, y > p, forv =1,..., N. In fact, for v = 1 it is
easy. Assume that for some v = 1,..., N — 1 the inequality p,_; v > p holds. Then
Npdopy—1,n Npdg Npdy
Du,N > pZ=p.

= _ >
1+ |Inpp_1n] — 1+ |1np|py LN =17 [1np|
We may write now the following inequalities

]

SN > —0
7N—1+|

0
Pv,N
Inp|

and
> Np(SO
Pv,N Z 1+ |lnp|p1/—17N7

forv =1,..., N. Applying induction for the last inequality, we get, forv =1, ...

Pv,N = ﬁu,N-

The last inequality implies that, forv =1,..., N,

Son > oo Npdo \"""  pdo =
’ 1+ |Inp|

ProtN =171 [In p| 1+ |Inp| = Onu-
Thus, lemma is proved.
Corollary 3.3. There exist constants vy > 0,7v; > 0 such that
dr,N > Y0 and pry > 1.
Introduce the sets

C, :=Comp(d, n,p), ZC,:=Incomp(d, n,p), v=0,...,L.

N,

(3.3)

Note that L > 1 for Np?/(|logp| + 1) < D with some constant D. The case Np?/(|logp| +

1) > D will we treated separately. In what follows we shall assume that L > 1.

Definition 3.4. The Lévy concentration function of a random variable ¢ is defined for

e>0as
L(&,e) = sup Pr{[{ —v| < e}
veER

EJP 28 (2023), paper 27. https://www.imstat.org/ejp
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By P we denote the orthogonal projection in R™ onto a subspace IE. Similarly, by Py
we denote the orthogonal projection onto R”, where J C {1,2,...,n}.

We reformulate and prove some auxiliary results from [10] below for our sparsity
model.

First we prove an analog of [10, Lemma 3.2].

Lemma 3.5. Letx € ZC,,v=1,...,L. Let

G =D o&ieXjm, j=1....N.
k=1

Then there exists some absolute constant A such that
1 P 4
7pCj7 5) <1-Ap°p.n.

D

Remark 3.6. For v = L there exists some constant 0 < b < 1 such that
1
N/

Proof. By Lemma 3.11, there exists a set o(x) such that for k& € o(x)

£(
£(

ijg)gl—b<1.

and ||Po(x)x||§ 2 P2-

1 1
— < |7} £ —F/—,
ovin =S e

Let
n= Z T,k Xjk/\/D-
keo(x)
Note that
En?>p% Ep*<Ao(l+-—-—).
n=p " < Ao( +N6V_1,Np)
Without loss of generality we may assume that N§,_; yp < 1. This implies that
24
E|n* < ——. (3.4)
|77| N5V—17Np
Let Z = n — v. Note that
EZQZEn2+U22U2+p2,

and

Eqn' > (En?)? > p*.
Using Minkowski’s inequality, we get

B2 B [t 4o S Bt (4 ) < o7 VRE [l (02 + 0%)2,
p
Using the Paley-Zygmund inequality, we get
Y712 — £2)2 1 402 2 _2)2
Pr{|n_v|>€}zp(|| e)r S pi(p” +v* —¢%)
AE[n*(p* +v?)? —AERt  (p* +0?)?
The last inequality and inequality (3.4) together imply
Pr{|n — v| > e} > A1 p*N§ -2
{ln—v| >¢ v - ).
n Z &5z A1p 1,NP 0% 102
Finally, we may write
1 1
Pr{ln —v| > 5p} > 5 Aip"pun.

Thus Lemma 3.5 is proved. O
EJP 28 (2023), paper 27. https://www.imstat.org/ejp
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For the set of sparse vectors the following lemma holds.
Lemma 3.7. The following inequality holds.
1 P
L(EX , = 1———
(EX/VPg) <1- g
Proof. For the proof it is enough to note that by the Paley-Zygmund inequality we have

1+v?2—¢? P
Pr{|¢X — > . O
HleX —vl 2 } PARB X 0+ 02)2 = 8uq
Lemma 3.8. Let (1,...,(N denote independent identically distributed random variables

such that
Pr{|¢;] < An} <1 —qn,

for some Ay > 0 and qn € (0,1). Then there exist constants ¢, C' such that

N
PT{ZC? < ONgnAY} < exp{—cNgn}.
j=1

For the proof of this lemma see [5, Lemma 4.5].
We start with the estimation of || Xx||, for a fixed x € S~ 1),

Lemma 3.9. There exist positive absolute constants 1y and ¢y such that

Pr{||Xx||2 < 79/ Np} < exp{—coNp}.

Proof of Lemma 3.9. The proof of this lemma may be found in [5, Lemma 4.1], but for
readers convenience we repeat it here. Let

G :ZXjkfjkxk» Jj=1...,N.

Then
N
IXx[l3 = "¢
j=1

Furthermore, we may write for 7 > 0 and any ¢

TNp

N N
Pr{Z< < 2Np =P T~ 1372 > 0) < exp{Nprr?/2) [ Bexp({~2¢2/2)
j=1 j=1

. — 2 y . . . .
Using et /2 — E i, where 7 is a standard Gaussian random variable, we obtain

n

N N
Pr{z CJZ < 72np} < exp{Npr?t?/2} H E,, H Ee,, x,, exp{itép X nan; }, (3.5)

j=1 j=1 k=1

where 7;, j = 1,..., N denote i.i.d. Gaussian standard r.v.s and Ez denotes expectation
with respect to Z conditional on all other r.v.s.

Take o = Pr{|n:| < C1} for some absolute positive constant C; which will be chosen
later. Then it follows from (3.5) that

N
Pr{z CJQ < 2Np} < exp{t’r*Np/2}
j=1
N n
X H (a‘ E,, { H e, x;0 exp{itnjkajk{jk}Mnj\ < 01}‘ +1- a).
j=1 k=1
EJP 28 (2023), paper 27. https://www.imstat.org/ejp
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Note that for any a,z € [0,1], and 8 < «

5 B\
1—a+ ar < max{x ,(—) }.
«Q
Furthermore, we have
. p
| Be;pox,0 explitgnXjnann; | < expl{—5(1 — | fik () )}, (3.6)

where fj;(u) = Eexp{iuX,;}. Choose a constant M > 0 such that

N |

up B [ X *L{| X;| > M} <
7,k>1

11

Since 1 — cosz > 4322 for |z| < 1, conditioning on the event |n;| < Cy, we get for

1
It < w767

~ 11 ~
1— | fik(tarn;)” = Ex,, (1 — cos(tzx Xp,m;) > ﬂxitQTle | X I Xps| < M} (3.7)

Here we denote by )N(kj the symmetrization of the r.v. Xj;. It follows from (3.6) for
|t| < 1/(M01), that for ‘77j| < 01,

| B, exp{itéjn X nann; }| < exp{—cpt®zini}. (3.8)
This implies that
n
| H Ee,, x.,; explitn;zelin X r}| < exp{—cpt%ﬁ}. (3.9)
k=1

We may choose C; large enough such that following inequalities hold for |t| < 1/MC}:

|y, {exp{—cpt®n7}|In;| < C1}| < exp{—ct’p/24}. (3.10)
Then we obtain
N B\ N
Pr{z CJZ <72Np} < exp{NpT2t2/2}(exp{—cﬂtsz/Qél} + (—) ) (3.11)
!
j=1

Furthermore, we may take C; sufficiently large such that a >
get

2 and choose 3 = 2. We

N
PT{Z <]2 < 72Np} < exp{Npr*t*/2} ( exp{—ct*Np/60} + 272N/3). (3.12)

j=1

For 7 < min{ <, ¥ h;fMCl}, we have for [¢| < 1/(MCy),

V60’ /3
N
Pr{» ¢} < 7°Np} < exp{—ct*Np/120}. (3.13)
j=1
This implies the claim. Thus the lemma is proved. O
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3.2 Compressible and incompressible vectors
First we prove an analog of Lemma 2.6 from [10].
Lemma 3.10. There exist positive absolute constants §,, 79, c; such that

Pr{ _ inf [Xx[l2 < 70/ Np, [IX]| < Kv/Np} < exp{—c1Np},

x€Comp(don;p0)

where
don = dop/(|logp| +1), po = T0/2K. (3.14)

Proof. Let k = [ndyn]. Denote by N, an n-net on the S*~1 N R¥. Choose n = 7/2K.
First we consider the set of all sparse vectors Sparse(k) with support(x) < k. Using
Lemma 3.9 and a union bound, we get

. n
Pr(_ inf Xl < 20v5) < () INGlexp{-calp).

x€Sparse(don

Using Stirling’s formula and Proposition 2.1 from [10], we get

Pr{ inf : IXx]||2 < 27194/ Np}

x€Sparse(don

4ndon 1+ %)néw_l

<
- \/27TTL50N(]. — 501\[) 6611{;'1\](1 - 60N)n(1—601\;)

exp{—coNp}.

Simple calculations show

277,50]\/
Pr inf Xx|l2 <2194/ Np} < | m—F——
{XESparse(égN) ” ”2 =270 p} - (1 — (50]\])77‘

1 K 1
X eXp{n(SON((l — )— —logdon — (1 — (50N)50—Nlog(1 — 60N)) — ¢oNp}.

ndon’ pPo

If we choose
don = dop/(1 + |log pl)
for a sufficiently small absolute constant d,, we get
Pr{ inf IXx]||2 < 27194/ Np} < exp{—c1Np}.
x€Sparse(doN)

Thus the Lemma is proved. O

In what follows, we shall use a technique developed in Go6tze and Tikhomirov [5]
which is based on the following lemmas.

Lemma 3.11. Let p,0 € (0,1). Assume that x € Incomp(d, p). Then there exists a set
oo() such that |og(z)| > Cnép?* and ﬁ < |ak| £ —A— fork € oy(z), and

\/néd/2
>l =07

keoo(r)

For a proof of this Lemma see for instance [11, Lemma 3.4].

Lemma 3.12. Letx € ZC, for somev = 0,...,L — 1. Then there exist constants c¢; and
co such that forany 0 < 7 < 7

Pr{|Xx||2 < 7v/Np} < exp{—c1 Np,11n}-

EJP 28 (2023), paper 27. https://www.imstat.org/ejp
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Proof. We repeat the proof of Lemma 3.9 till (3.7).
Furthermore, by Lemma 3.11 there exists a set o((x) such that ﬁ < |zg| < ﬁ
noy N

for k € o¢(z), and
>l = 0% (3.15)

k€oo(x)
We may write now

n

S = [ftzeXm)®) = Y (L= [f(tmeXmm;)]?).

k=1 k€(70(.’r)
Note that for k € 0y, and for | X ;| < M, and for |n,| < C, we have

tIC M2
VNO,N

[tz Xjkn;| <

Taking t = kv/Né, n for k = m we get
[ter Xen;| <1,

and

11 11
1— | f, (tze Xjem;)? > ﬂt%i?ﬁE | Xk P T{| X < M} > @t%i?ﬁ-

Repeating now the last part of the proof of Lemma 3.9 and taking into account inequal-
ity (3.15), we obtain for 7 < pmin{ ve V\l/‘%Q MC,}, and for |t| = kN, n,

V60’
T Beox, expfitnané;n X n}l < exp{—cp®pt®n3}, (3.16)
k=1

where c is an absolute constant as in (3.9). We may choose C; large enough such that
the following inequalities hold for [t| = kN, n:

|y, {exp{—cpt®n7}|In;| < C1}| < exp{—ct’p/24}. (3.17)
We use here that |t|p < §p by (3.2). Then we obtain
n IB N%
Pr{z CJQ < 72Np} < exp{Np72t2/2}(exp{—cﬁt2Np/24} + ( ) )} (3.18)

: «
Jj=1

[S{FN

Furthermore, we may take ' large enough such that o > £ and choose § = % We get

Pr{z Cjz <72Np} < exp{NpT2t2/2}(exp{—ctQNp/GO} + 2_2N/3). (3.19)
j=1
For 7 < min{ \/‘/6%, ‘/\l/?MCl}, we have for [t| = kvV/Nd,n,
Pr{} (? < r’Np} < exp{—ct®Np/120}. (3.20)
j=1

This inequality implies that

N
Pr{z §]2 < 7'2Np} < exp{—c(p2N2f@2p5yN A N)/120}. (3.21)
j=1
Thus the lemma is proved. O
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Furthermore, we consider the sets defined as

o~

C,=2C,_1nC,,v=1,...,L. (3.22)
Lemma 3.13. Under conditions of Theorem 1.2 we have, forv =1,...,L,

Pr{ inf || Xx|2 < 74/Np} < exp{—cNp,n}.

x€eC,

Proof. According to Lemma 3.12 we have for any fixed x € (?,,
Pr{|[Xx|l2 < 27v/Np} < exp{—c1Np, n}.

Consider n = %-net \ of C,. Then the event {inf, .z [[Xx|2 < 7¢/Np} implies
{igjf\’[HXXHz < 274/Np}. (3.23)

Without loss of generality we may assume that ;5 < 1. Using a union bound, we get

n
Pe{int [Xxle <75 < () )Wlesp{oeiVmn)
x€eC, n(SVN
Using Stirling’s formula and a simple bound for the cardinality of an n-net, for some
sufficiently small absolute constant ag > 0 (does not depend on v) and
(SVN = aOpyN/(| logpl/,N| + 1)7 PvN = Np5u—1,N
we get

Pr{ inf || Xx|2 < 74/Np} < exp{—ciNp,n}.
xeC,

Thus Lemma 3.13 is proved. O

Now we consider the case Np?/(|logp| + 1) > D for some sufficiently large constant
D. Let x € Incomp(don, p) and o(x) denote the set described in Lemma 3.11. Let

G =Y wn&pXjej=1,...,N.
k=1

We have

L(¢GmvP) S LY wrbin X, Tv/D)-

keo(x)

Using a Berry-Esseen bound we get

Zkea(m) m%pE |X7k|3 Cus
L(¢,7yp) < CT+C o< or+ —2E
’ (X ko) T2P)2 pV1OOND

Note that npdon = ydoNp?/(1 + |Inp|). Choosing D sufficiently large, we have
E(Cj,T\/I)) S 1-— b,

for some constant b € (0,1). By Lemma 3.8, we get

Pr{||Xx|]2 < 27v/Np} < exp{—cN},

for < 715andc > 0.

EJP 28 (2023), paper 27. https://www.imstat.org/ejp
Page 13/18


https://doi.org/10.1214/23-EJP919
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Extremal singular value of sparse rectangular random matrices

Inequality (3.2) implies that there exists vy > 0 such that

Pr{ inf IXx|2 < 74/ Np} < exp{—cN}.

x€CiNIncomp(do,p)

Note that R
Comp (érn,p) C CoU (U£:1Cu) :

Using a union bound, we get

Pr{ inf ||Xx||2 < 7y/np} < exp{— ch}+Z exp{—c(Np)"Ndp v} < exp{—¢Np}.
z€Comp (SN ,p =1
(3.24)
By Corollary 3.3,
Comp(yo, p) C Cr.
This implies that
inf [IXx]|2 < inf [1Xx]|2. (3.25)

x€Incomp(vo,p) x€Incomp (61N ,p)

In what follows we shall estimate the probability Pr{infycmcomp(~o,p) [|XX[[2 < 7v/Np}.

3.3 Incompressible vectors

Using a decomposition of the unit sphere $"~Y = Comp U Incomp, we decompose
the invertibility problem onto two sub problems for compressible and incompressible
vectors:

Pr{s,(X) < eﬁf}
<Pr{_inf = |Xx|s <5ff}+Pr{ nf X2 <eypVN}.  (3.26)

A bound for the compressible vectors follows from inequality (3.24). It remains to find
a lower bound for || Xx||» for incompressible vectors. Let 7,71, ...,ny denote standard
Gaussian random variables independent of X, &, for1 < j < N,1 < k < n. We shall
prove the following lemma.

Lemma 3.14. Let x € IC(J, p). Then there exist absolute constants ¢; such that for any
C > 0, the following inequality

2t 2co C?
Pr{||Xz|s < tv/Np} < (———————)V + (= —— NN 3.27
r{Xele < 0V/Np) < (e 4 (G exp{= DY, (3.27)
holds fort > cip4/v/NpJ.
Proof. We may write
N
Pr{|[Xz||> < t/Np} = Pr{) _ (7 < *Np},
j=1
where (; = Zk 1 Xjk€kxr. Applying Markov's inequality, we get
Pr{ZC < t*Np} < eNEeXp{—— ZC }=eV H Eexp{— C }. (3.28)
Jj=1
We may rewrite the r.h.s. of (3.28) as follows
Pr{z (2 < t?Np} <eV H Eexp{z ¢ingt- (3.29)
Jj=1 ‘[
EJP 28 (2023), paper 27. https://www.imstat.org/ejp
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Conditioning by 7;, we get

Pr{z CJ < tsz} <elV H E,, H |EX]k§Jk cxp{z N XK€k -

Jj=1

\f

By Lemma 3.11, there exists a set o(z) such that for k € o(x) we have 5~ 7 < x| < %
and |o(z)| > 5.,0p> N. We may write the following inequality

Em H |EXJk§;keXp{Z njkajkfij

keo(x) \/>
< By, H |EXJR£JA exp{i fnjkakajk}‘
keo(x)

For any constant C' we have

Ey, [ 1Bxeen expli——=n;zrX 68}

b
keo(x) t\/ﬁ

o1
<Ey | ] 1BExpeen expliz—=narXjréutl | Wing| < C} + Priln;| > C}.
keo(x) \/13

Consider k € o(x) now. Taking expectation with respect to {;; conditioning on X and
7;), we obtain

1
—njze XjxEjn})|

N

= |1+ p(Ex,, exp{i

| EXjk&jk ( exp{i

1
—njre XKt —1)|

N

Applying Taylor’s formula for the characteristic function Ex, exp{i
write

tf”ﬂkaJk} we may

1
—n;ox Xkl 0| < C} —1)]

£

<|1+p(—

|1+ p(Ex,, exp{i

2,2 | |11||
J

3
el + =)l

2t2p
3
Since E | X11|? < Ei | X11]* < pf < pa, for |n;| < C, and

Cua
VyNps’

t >

we have
|k |m; | Ian3

s
NG A <

Taking into account this inequality, we get for |n;| < C,

l\D\H

. 1
11+ p(Ex, ;. expli—=njz X} — 1) < eXp{—@xin?}-

1
tp

Since 3 yc, () x3 > p?, this inequality implies that

2
HIEx]kg]k explio—=njanXnésu} {0 < O} < exp{—7 an}

i1 \f
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From here it follows for any C' > 0

Pr{ZC < t*Np} < H EeXp{—?nJ}JrPr{lml > C}).

j=1

There exists an absolute constant ¢y > 0 such that

Co 02
Pr{lnsl > C} < D expf{- ).

This inequality implies that

Pr{jle2<t2Np}_ \/7 C Xp{—*})

2t

( 260
T2+ p2)2

P e -y
Thus, Lemma 3.14 is proved. O

Proof of Theorem 1.2. First we note that

Pr{ iI(lf N IXx]|2 < ty/Np} < Pr{ c inf )||Xx||2 <ty/Np}
xeS(n— x€

om (o5, N,p

+ Pr{ inf [ Xx|[]2 < ty/Np}. (3.30)

x€Incomp(dr, N ,p)

By inequality (3.24), for some constant ¢ > 0,

Pr{ inf : I Xx||2 < ty/Np} < exp{—¢Np}. (3.31)

xECom(éL,N,p

By Relation (3.25), we have

Pr{ inf IXx||2 <t/ Np} < Pr{ inf IXx|2 < t\/Np}.

x€Incomp(dr, N ,p) x€Incomp(vo,p)

We consider an e-net A on the set of incompressible vectors ZC(y, p) with € = where

K > 0is fixed. It is straightforward to check that

Pr{ inf || Xx]||2 <74/Np, |X|| < K+/Np} <Pr{ igj{/HXng < 274/Np}.
x

z€ZC(v0,p)

2K’

Applying a union-bound, we get

Pr{ injf\/”XXHQ <27y/Np} < |N| sup Pr{||Xx]|2 <27y/Np}.
zE

z€ZC(Y0,p)

By [10, Proposition2.1], we have

n—1
|N|§n(1+§) :

Cipa
Then, applying the result of Lemma 3.14, we get (for t > «/W)

Pr{ inf ||Xm2gt\/ﬁp}§w|<(%)N+(22°exp{—c2})N>

2€ZC(0,p) t2 4 p?/2
AK\"! 2t 2¢q c?
<yN(1+— S — Ry () -——h¥. 3.32
<o (1425 (( s Cenl-hY ) G
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It is easy to see that, for any 0 < t < 7,

Pr{ mf ||X1:H2 <ty/Np} < Pr{ Iilcl(fé ” |IXz||2 < 170/ Np}.

z€ZC(6

Without loss of generality we may assume that 7, < 4K. Taking into account both that
N < e! and y < 1 rewrite the inequality (3.32) in the form

v eT, coe 2
Prl_jnf  [Xell < rov/Np) < (57 ) <<“>N+<2C°exp{c}>N>

2EZC(0,p) 478 + p2/2

(WH) (R -y

(3.33)
Put
=
T0 = <p ) .
442 - 5Ye2 Ky
For N > 2, we have
() 4ev? 1) Lot
Note that, by condition (1.4), for N such that
2!
InN > ——,
Tov BYo
we have
To > 7“4
~ VNpy
Moreover, choosing C such that
C’e% 200e5yKy
Qypl yT
we obtain that
Pr{ inf ||Xz|s <t/Np,||X| < K\/Np} <e /2, (3.34)

IGIC('YUHO)

for any 0 < ¢ < 7. The result of Theorem 1.2 follows now from inequalities (3.30), (3.31)
and (3.34). (Since 7y is an absolute constant defined in Corollary 3.3.) Theorem 1.2 is
proved. O
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