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Abstract

A stochastic sewing lemma which is applicable for processes taking values in Banach
spaces is introduced. Applications to additive functionals of fractional Brownian
motion of distributional type are discussed.

Keywords: stochastic sewing; stochastic regularization; martingale type; local time.
MSC2020 subject classifications: Primary 60H99; 46N30, Secondary 60H50.
Submitted to EJP on January 26, 2022, final version accepted on February 7, 2023.

1 Introduction

The sewing lemma is an instrumental and versatile tool originated from Lyons’ theory
of rough paths [23]. A specific case of the lemma can be traced back at least to the
work [27] of Young on the Riemann-Stieltjes integrals. Lyons utilizes Young’s argument
in [23] effectively to show unique extension of almost rough paths. In [13], Gubinelli
gives a general statement (Proposition 1 therein) of what we call the sewing lemma, his
proof uses some elements from geometric measure theory. The connection with abstract
Riemann sums and the proof based on dyadic partitions, which we will adopt and develop
upon herein, are due to Feyel and de La Pradelle in [8]. The broadly accepted name
“sewing lemma” seemingly appears first in [8].

The sewing lemma is purely analytic and provides quantitative estimates on (rough)
integrals. The stochastic sewing lemma introduced by the author in [19] is an extension of
the sewing lemma which takes into account stochastic cancellations. (See also [9, Section
4.6] for a brief introduction on the stochastic sewing lemma.) Since its introduction,
the stochastic sewing lemma has caught some attention and led to new interesting
applications; ranging from regularization by noise problems [1, 16, 12, 15], numerical
methods for stochastic differential equations [3, 7, 20], rough stochastic differential
equations [10] to averaging principle with fractional dynamics [14, 21]. While the sewing
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Stochastic sewing in Banach spaces

lemma is applicable for processes in any Banach spaces, its stochastic version from [19]
is only applicable for stochastic processes in R?. The main purpose of this article is to
extend the stochastic sewing lemma for stochastic processes taking values in any Banach
spaces. Our result presented herein reconciles the two sewing lemmas while at the
same time, opens up new possibilities for applications. We provide one example on the
spatial Besov regularity of additive functionals of fractional Brownian motion of the type
fol fr(B, + -)dr where f is a time-dependent distribution on R?. Closely related results
along this direction include Berman’s condition ([11, Theorem 28.1]) and the work [16]
in which spatial Sobolev regularity in W3'(R?) of local times of Gaussian processes are
considered. We are able to deal with generic time dependent distributions on Besov
scales with integrability indices in (1, c0).

Let us discuss on further detail. The sewing method concerns about the convergence
of the abstract Riemann sums

> Aue (1.1)

[u,v]€m

where A is a map from the simplex A := {(s,t) € [0,7]? : s < t} to a Banach space
(X,|-|x) and 7 is a generic partition of [0, 7']. We think of A, ; as a generalized increment
over the time interval [s,¢]. For general Banach spaces, the sewing lemma gives the
following sufficient condition for the convergence of (1.1) in X’: there exist positive
constants ¢, C' and a control w such that

1646 utlxe < Cw(s,t)'te VO<s<u<t<T, (1.2)

where §As .+ = Asy — Asu — Ay Hereafter, a control w is a continuous function
w: A — [0,00) such that

w(s,u) + w(u,t) <w(s,t) Vs <wu<t. (1.3)

The sewing lemma also provides bounds on the limiting object. Let A; denote the limit
of Riemann sums (1.1) among partitions 7 of [0, ¢]. Under (1.2), one has

|6As.t — Agt|x < Cw(s, )T V(s,t) € A (1.4)

for some constant C, where 0A, ; = A; — A;.

When X = [L™(Q, F, (F;),P)]? for some filtered probability space (Q, F, (F;),P) and
integers d > 1, m > 2, the stochastic sewing lemma from [19] gives the following
sufficient condition for the convergence of (1.1) in [L™(2)]¢: A, is F;-measurable and
there are positive constants ¢, C' such that

16 Aq il iy < Clt— 5|2+ and  [E(5Aq sl Fo)|Lmay < CJt — 5|+ (1.5)

forevery 0 < s < u <t < T. The corresponding estimates on .A supplied by the stochastic
sewing lemma are

16 As s — A il my < Clt — 5|27 and ||E (8A; — A Fs) |

L™ (Q) S C|t — S|1+6.
(1.6)

When w(s,t) = t — s and X = [L™(Q,F,(F;),P)]?, one can compare the two re-
sults: (1.5) requires less regularity on 6 A but instead impose adaptiveness and an
additional regularity condition on the conditional quantity E(dA; ,|Fs). When A is
deterministic, (1.5) evidently deduces to (1.2). On the other hand, the stochastic sewing
lemma is restricted to the space [L™ (2, F, (F;),P)]? whereas the sewing lemma applies
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for general Banach spaces. Additionally, a curious feature of the stochastic sewing
lemma is the exponent 1/2 in (1.5). These differences are due to the upper bound in the
Burkholder-Davis—-Gundy (BDG) inequality in R used in [19].

The current article gives an extension of the stochastic sewing lemma when X" takes
the form L,, (V) := L™((Q, F, (F:),P); V) for some separable Banach space (V, |- |y). The
space L™((Q, F,(F:),P); V) contains all V-valued random variables which have finite
m-th moment. To state the result, however, we need to introduce another feature on the
geometric properties of V.

As explained previously, the exponent 1/2 in (1.5) is tied to the upper bound in

the BDG inequalities in R?. This inequality estimates moments of a martingale by the
moments of its quadratic variation. While the BDG inequality is easily extended to Hilbert
spaces, such inequality is not available for general Banach spaces. Nevertheless, it turns
out that many Banach spaces, (including Hilbert spaces, Lebesgue spaces, Besov spaces,
Triebel-Lizorkin spaces) possess a certain variant of the BDG upper bound parametrized
by a number p € [1,2]. Such property is called martingale type, a concept originated
from the study of geometry of Banach spaces. We refer to Definition 2.1 for the precise
definition and to Proposition 2.4 for various examples of Banach spaces with non-trivial
martingale types p € (1,2].
Theorem A. Let w be a control, m > 2 and (V,| - |v) be a separable Banach space
with martingale type p. Let A : Q@ x A — V be a measurable map such that A, is
Fi-measurable for every (s,t) € A. Suppose that there are positive constants ¢, C' such
that

[E(S As,u,t| Fs)lv | Lm(Q) < CUJ(SJE)%—’_‘E (1.7)

L'm(Q) S Cw(37t)1+6 al’ld |||6A5’u’t|v|

for every 0 < s <t < T. Then the Riemann sums (1.1) converge in L™(; V).

Theorem A reconciles the sewing lemma and its stochastic version from [19]. In-
deed, it is evident that when A is deterministic, condition (1.7) deduces to (1.2) and
hence, Theorem A deduces to the sewing lemma in its full generality. On the other hand,
the space R? has martingale type p = 2 and hence Theorem A deduces to the stochastic
sewing lemma from [19] when V = R?. The exponent 1/2 in (1.5) is revealed in (1.7)
as 1/p, where p is the martingale type of V. Theorem A follows from a more general
result, Theorem 3.1 herein.

As an application, we apply the stochastic sewing lemma in Banach spaces to study a
class of additive functionals of fractional Brownian motion. To be more precise, let B be
a fractional Brownian motion in R¢ and f be a time-dependent distribution in the space
L(0,T); B3 1 (R)), a € R, 0,p € (1,00). Consider additive functionals of the type

(t,z) = I[fli(z) := /0 fr(Br + x)dr. (1.8)

Such additive functional is related to the local times of fractional Brownian motion
and its regularity properties are linked to the regularizing effect of fraction Brownian
motion ([4, 19]). The two main issues that need to be addressed are defining I[f]
and establishing its spatial regularity. Because f, is only a distribution for a.e. r, the
composition f,.(B, + x) is not a priori well-defined, so is the functional f — I[f]. To
overcome this issue, we define f — I[f] as the continuous extension on the space of
smooth functions with respect to the topology generated by L?([0,7]; ;‘,I(Rd)). This
means that whenever defined, for every sequence of smooth functions (f™), which
converges to f in L([0,T]; BY, (R?)), we have

urlbn/' FUBy + 2)dr = I1f]i(x) (1.9)
0
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in an appropriate sense. It turns out that the limit in (1.9) holds even if the spatial
regularity is greater than «. Hence, (1.9) also quantifies the regularizing effect of B and
establishes spatial regularity for I[f], see Theorem 4.2 herein. Although the method can
be extended to other stochastic processes, as one has seen from the aforementioned
applications of the stochastic sewing lemma, we restrict herein to fractional Brownian
motion. An advantage is that it keeps our presentation concise while at the same time
exhibit the method in different scales by varying the Hurst parameter.

The structure of the paper is as follows. In Section 2, we briefly summarize necessary
facts on vector valued stochastic processes as well as the concept of martingale type. The
stochastic sewing lemma in Banach spaces is stated and proved in Section 3. Section 4
discusses an application to additive functional of fractional Brownian motion. Appendix A
presents an extension of Kolmogorov continuity criterion with controls which can be used
to construct a continuous modification of the process constructed from Theorem A. Ap-
pendix B contains some auxiliary estimates.

We close the introduction with a list of notation. S(R¢) is the Schwartz space, 55, (R?)
is the Besov space, W (R?) is the fractional Sobolev space, C*(R?) := B%, ., (R?) is the
Hoélder-Zygmund space (see [2] for precise definitions). L? = LP(R?) is the Lebesgue
space while L,, = L™(2) is the moment space. Deterministic norms are denoted by
| -|. For example, the norms in By ,(R?) and L”(R?) are denoted by | - s+ and |- [L»
respectively. The norm in the moment space L,,(?) is denoted by || - ||,,. For an V-valued
random variable X, where V is a Banach space, the moment norm of X is denoted by
| X|vim == [||X]|v],,. For each q € [1,0], ¢’ denotes the Hélder conjugate of ¢, defined
by % + % = 1. We always use the convention that 1/oco = 0. The notation < means < C
for some universal constant C' > 0 whose value can change from one line to another.

2 Vector valued stochastic processes

Throughout the article, 7' > 0 is a fixed finite time and (Q, F, {F;}ic(o,r), P) is a
complete filtered probability space such that F; contains the P-null sets. The expectation
with respect to IP is denoted by IE while the conditional expectation with respect to F; is
denoted by E,. For a topological space S, the Borel o-field on S is denoted by %(.5).

Let (V,| - |v) be a separable Banach space and #(V) be its Borel o-field. A V-valued
random variable Y is a measurable map Y : (Q, F) — (V,%(V)). Since V is separable,
weakly measurable maps are strongly measurable (this is Pettis measurability theorem
[17, Theorem 1.1.20]) and we will henceforth always write “measurable” for “strongly
measurable”.

For m € [1,00), we say that a V-valued random variable Y is L,,-integrable if E(|Y|{})
is finite. When m = 1, we simply say Y is integrable. In this case, EY is a well-defined
element in V and one has

EY]y <E(Y|v).

The space of all L,,-integrable V-valued random variables is denoted by L,,(V). As
commonly practiced, the dependence on 2 is omitted. Nevertheless, when it is necessary
to emphasize the stochastic basis, we write L™ ((Q, F,{F:},P); V) or L™ (Q; V) for L,,, (V).
The norm on L,,(V) is defined by

my1l/m
Y o [V lvim o= (EIY])Y™.

Let G be a sub o-field of 7 and Y be a V-valued random variable. The conditional
expectation of Y with respect to G, whenever it exists, is a (unique) V-valued random
variable Z = E(Y|G) such that

]E(Y].J) = ]E(Z].J) vJ €gq.
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If Y is integrable, we have from [17, Lemma 2.6.19] that |E(Y|G)|y < E(|Y|v|G). We
also denote
mien1l/m
[Y1Glvim = EE(YIPIG)™

which is a G-random variable. When V = R* for some integer k > 1, we simply write
|- [|m and || - |G|, respectively for || - [|gx ,,, and || - |G||g# ,,. For further information on
integration and conditional expectation of Banach-valued random variables, we refer to
[17, Sections 1.2 and 2.6].

Let (f4)Y_, be a sequence of integrable V-valued random variables and {F}, },_, be a
non-decreasing sequence of subfields of F. We say that (fs, F1)h_,, or simply (f5)_,, is
a martingale if

E(dfh+1|fh) =0 Vh> 0, where dfh = fh — fh—1~

When f}, is L,,-integrable for every h, we say that (f) ,]LO is an L,,-integrable martingale.

Definition 2.1. We say that V has martingale type p € [1, 2] if for some (and hence for
all, see [17, Proposition 3.5.27]) m € (1,0), there exists a constant Cm.p,v such that

N 1/p
1NNz (v) < Conpov (Ifol"v +> |dfn|*’v> (2.1)
n=1

Ly (R)

for every L,,-integrable V -valued martingale (f,))_,.

We note that every Banach space has trivial martingale type p = 1, in which (2.1)
follows from the triangle inequality. Hence, if p # 1, we say that V' has non-trivial
martingale type. Although not being used, it is worth noting the following relation
between martingale type and smoothness of Banach spaces, due to Pisier.

Proposition 2.2 ([25, Corollary 4.22]). Let V be a Banach space and p be in [1,2]. V has
martingale type p if and only if V' is (p, C')-smooth for some constant C, i.e. there is an
equivalent norm | - | on V such that

27 (Jo 4yl + |z = yl) < 2P + CPlylP, Va,y eV

In our considerations, it is useful to observe that (2.1) also holds with conditional
expectations. To be more precise, suppose that ( fh)hN:0 is an L,,-integrable V-valued
martingale with respect to a filtration {]—'h}ﬁ[:o and G is a sub o-field of Fy. Then

g a.s. (2.2)

Lm

N 1/p
HfN'gHV;m S Cm,p,V (|f0|;\3/ + Z |dfn|'\3/>

n=1

where (), , v is the same constant in (2.1). Indeed, let G be a measurable set in G.
It is easily checked that ( fhlg)hN:0 is an L,,-integrable V-valued martingale. Hence,
applying (2.1) gives

N 1/p
lfvlvielle,, < Cmpyv (Ifol?/ +) Idfnl"v> le

n=1 Lo
Since this inequality holds for every G in G, one can apply [17, Lemma 2.6.15] to

obtain (2.2).
Hereafter, the following assumption will be enforced.

Assumption 2.3. V has non-trivial martingale type p € (1,2].

EJP 28 (2023), paper 26. https://www.imstat.org/ejp
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Under Assumption 2.3, inequalities (2.1) and (2.2) hold for every m € (1,0), every
L,,-integrable V-valued martingale (f5, F»)_, and every subfield G of F,. We collect a
few known examples Banach spaces with non-trivial type p.

Proposition 2.4 (Examples of Banach spaces with non-trivial type). Let p,q € (1, 00) and
a € R.

(a) Every Hilbert space has martingale type 2.

(b) The Lebesgue space LP(R?) has martingale type p = min{2, p}.

(c) The Besov space Bﬁq(Rd) has martingale type p = min{2,p, ¢}.

(d) The Triebel-Lizorkin space F;fq(]Rd) has martingale type p = min{2,p, ¢}.
(e) The Sobolev space WS (R") has martingale type p = min{2, p}.

Proof. We mostly point to existing literature and refer to [17, 18] for relevant definitions
of (Rademacher) type and cotype, martingale cotype and UMD property. (a) comes from
the Pythagorian identity

N
||fN||2L2(V) = ||f0||%2(\/) + Z den”%g(\/)
n=1

which is valid for Hilbert space V and any martingale (f,))_,. (b) is proved in [17,
Proposition 3.5.30]. The Besov space B%, (R?) and F{,(R?) have UMD-property ([6,
Theorem 6.3]) and have (Rademacher) type min{2,p,q}. On UMD spaces, type and
martingale type are equivalent, [17, Proposition 4.3.13]. This implies (c) and (d). When
« is not an integer, (e) follows from (c) because W;"(Rd) = B;’"p(IRd). When « is a non-
negative integer, W;}(]Rd) has type min{2, p} and cotype max{2,p} ([5]). Additionally,
W;(]Rd) is UMD ([17, Example 4.2.18]), hence it has martingale type min{2, p}. When «
is a negative integer, by duality ([17, Prop. 3.5.29]), the martingale type of W;(]Rd) is
the same as the martingale cotype of WPTQ(IRd), % + L = 1. We have deduced (e) for all

p
possible values of a. O

Further examples of Banach spaces of non-trivial martingale type are the Besov
spaces of modeled distributions, see [22]. We conclude the section by some useful
estimates for adapted sequences of V-valued random variables.

Lemma 2.5. Let m be a real number and n be an extended real number such that
n,m > p. Let {yi}r>0 be a sequence of random variables in V which is L,,-integrable
and adapted to a filtration {F}r>o. For each k > 1, we denote Ej_ 1y, = E(yx|Fr—1)-
Let G be a o-field such that G C Fy. Then for every N > 0

N N
D wrlGlvimlln < D B 198G lvim (2.3)
k=0 k=1

N 0
+ Cmp,v <||y0|9|v;m||2 7 Eklyk|g|V;m|m>

k=1
and
N N N P
Il Zyk|g”‘/;m”n < Z HEx-15k1G [ vimlln 4 2Cm v (Z ||ykg||V,wz”z> : (2.4)
k=0 k=1 k=0
EJP 28 (2023), paper 26. https://www.imstat.org/ejp
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Proof. Define f_1 =0, fo = yo and fr = yo + ZZ=1(yh — Ej_1yn) for each k > 1. Then
{fx, Frx}x>0 is a martingale with values in V which is L,,-integrable. From the Doob’s
decomposition

N N
Zyk = ZEk—lyk + fn
k=0 k=1

we obtain by triangle inequality that

N N
D wslGlvinlle < D NEx-16lG Ivimlln + L5 Gl vl

k=0 k=1

Since m,n > p, from (2.2), we apply Minkowski inequality to obtain that

N 1/p
g S CnL,p,V (Z ||dfk|g|v;7n||!:z> :

k=0

N 1/p
NG lvimlln < Crp,v <Z|dfk|€/>
k=0

mlin

This leads to the following inequality

N N N 1/p
I welGllvimlle < > NEr-10klGllvanln + Cmpy <Z ||||dfk|9|v;m||2> ~
k=0

k=1 k=0

Since dfy = yo and dfy = yx — Er_1yx for k > 1, the previous inequality is equivalent
to (2.3). The estimate (2.4) follows from (2.3) if we can show that

yx = Bx—1yxlGllvimlln < 20llyx1G]lvimlln

for every k > 1. This is a trivial consequence of triangle inequality and the estimate
IEn—19nlv < Ea_1(lyalv). O

3 Stochastic sewing lemma in Banach spaces

3.1 The results

We recall that (V, | - |y) is a separable Banach space with martingale type p € (1,2], A
is the simplex {(s,t) € [0,7]% : s < t} for some fixed T' > 0 and w is a continuous control
on A. We denote by A, the set {(s,u,t) € [0,7]> : s < u < t} and by P(I) the set of
partitions of some interval I. For each 7 € P(I), we define its mesh size with respect to
the control w as ||y, 1= supy, e w(u,v).

Theorem 3.1 (Stochastic Sewing Lemma in Banach spaces). Let p < m < n < o be
fixed, m < co. Let A: Q@ x A — V be F ® #(A)/%(V)-measurable such that A, ; = 0 and
A, . is Fi-measurable for every (s,t) € A. For eacht € [0,T], define

Ar = lim Ay (3.1)
' eP(0.4]) Il 0 2 A

[u,v]€m
whenever the limit exists in probability. Suppose that there are constantsI';,I's > 0 such
that for any (s, u,t) € Ag

IEs[0As u,elllvin < Dyw(s,t)t e (3.2)
and )
HH‘SAs,uJ - ES(SA&u,tl‘FSHV;MHn < F2w(57t)g+62~ (3.3)
Then, we have
EJP 28 (2023), paper 26. https://www.imstat.org/ejp
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(a) A; is well-defined and A, — Ao, is L.,-integrable for each t € [0,T], A is {F:}-
adapted,

(b) there exists a constant C' > 0 such that for every (s,t) € A,
”Es(At —As — As,t)”V;n < Crlw(sy t)1+61 (3.4)
and

1A = As — Ag | Fullvimlln < CTrw(s, £)' <1 + CTow(s, )7 2. (3.5)

It is implicitly assumed in (3.2) that 0 A, . is integrable for each (s,u,t) € A, which
does not imply the integrability of A, ; for each (s,t) € A. For this reason, the process A
is not necessary integrable. From (3.4) and (3.5), one can derive a rate of convergence
of the Riemann sums.

Corollary 3.2 (Riemann sum approximation). Assume that the hypotheses of Theo-
rem 3.1 are satisfied. Let (s,t) € A be fixed and m be a partition of [s,t|. Define the

Riemann sum
AT = Z Ay

[u,v]em

Then, there exists a constant C > 0 such that

16Ass — A" ||y < CT|7|S w(s, t) + CTo|m|2w(s, t)7 . (3.6)

The following result can be considered as an extension of the Doob-Meyer decompo-
sition for vector valued stochastic processes.

Theorem 3.3. Suppose that the hypotheses of Theorem 3.1 hold. In addition, assume
that A is integrable and there are constants I's > 0, e3 > 0 such that

Follvimlln < Taw(s, t)5+e2 (3.7)

(s — Ey) A

for every (s,u,t) € Ay. Then, there exist stochastic processes M, 7 : Q x [0,T] — V and
positive constants C1, Co, C3 satisfying the following properties

(i) M,J are {F:}-adapted, L.,-integrable and A; = M; + J; a.s. for everyt € [0,T],
(ii) (Ms)o<s<r is an {F,}-martingale with My =0,

(iii) for any (s,t) € A,

1

M — My — Ay s+ By Ay 4| Fillvimlln < CaTow(s, t) 5452 4 CyTaw(s, )7 52| (3.8)
(iv) for any (s,t) € A,

17 = Ts — ByAg o Fullvimln < C1T1w(s, £ + CsTaw(s, £)¥ T, (3.9)

(v) for any (s,t) € A,
||Es(~7t - \.75 - As,t)”V;n S Clrlw(sat)1+61 . (310)

Given A, we have the following characterizations.

(vi) The pair of processes (M, J) is characterized uniquely by the set of properties (i),
(ii), (iii) or; alternatively by the set of properties (i), (ii), (iv).

EJP 28 (2023), paper 26. https://www.imstat.org/ejp
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(vii) The process M is characterized uniquely by (ii) and (iii).

(viii) The process J is characterized uniquely by (iv), (v) and the fact that J is {F;}-
adapted and Jy = 0.

Furthermore, for every fixed t € [0,T] and any partitionm ={0 =1ty <t; <--- <ty =1}
of [0,t], define the Riemann sums

N-1 N-1
™ . ™ .
Mt T E (Ati,ti+1 - EtiAti,ti+1> and Jt T E EtiAtz‘,ti-H :
i=0 =0

Then {M] — Ao + EoAo}- and {J] — EgAg,}. converge to M, — Ay + EoAo, and
Ji — Eo Ao, respectively in L, as ||, goes to 0.

Remark 3.4. Relations between Theorems 3.1 and 3.3 and It6 calculus are described
in [19]. The conditional norms (with n = oo0) in Theorem 3.1 play an indispensable
role in [10]. An immediate application of Theorem 3.3 which is described in [10] is the
decomposition of a stochastic controlled rough path as the sum of a martingale and a
controlled rough path. We refer to the afore-mentioned references for further detail.

3.2 Proofs
Lemma 3.5. Let w,n : A — R be functions such that w is super-additive and

lim n(s,t) =0.

[t—s|—0

Let (Rs¢)(s,t)ca be a two-parameter stochastic process with values in V such that R is
{F:}-adapted and satisfies

|Rotllvip < (wls, tin(s, )" and [EyRy v < w(s, tn(s, ). (3.11)
Then
lim Ruw=0 in Ly(V), (3.12)
Im|=0 [uv]er

where |7r| = supy, ) [v — u|. In particular, if additionally R is additive, i.e. Rs ., + Ryt =
R, a.s. for all (s,u,t) € Ag, then R is identically 0.

Proof. Let ¢ € (0,1) be fixed. Let m be a partition of [0, 7] such that supy, e, 1(s,t) < e.
Applying estimate (2.4) (with m = n = p), we see that

1/p

1Y Rusllve S| D0 IRuslbp |+ D IEuRusllvip.

[uv]en [u,v]er [uv]en

Using super-additivity of w and condition (3.11), we have

Z ||RW,H’€,;p <eg Z w(u,v) < ew(0,T).

[u,v]€m™ [u,v]€mT

In a similar way, we have |EyRyullvp < ew(0,T). It follows that

w,v]ET

I Rusllvip SeV/P.

[uv]er

This implies (3.12).
Suppose additionally that R is additive. For each (s,t) € A and any partition 7 of [s, ¢],
we have by additivity Z[ R, ., = R a.s. Hence, (3.12) implies that R, ; = 0. O

u,v|ET
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Let w be a control. For each (s,t) € A, define
. 1
u=inf{r € [s,t] : w(s,r) > iw(s,t)}

and call u as the w-midpoint of [s, t]. Since ¢ trivially belongs to the set defining u above,
such a point always exists and is uniquely defined. If u is a w-midpoint of [s,¢], then it
follows from the continuity of w that
1
w(s,u) < —w(s,t) and w(u,t) < iw(s,t). (3.13)
Indeed, by definition, there exists a sequence {r;}; C [s,t] decreasing to u such that
w(s,r;) > Sw(s,t). Since w is super-additive, w(s,r;) + w(r;,t) < w(s,t). This implies
sw(s,t). Since w is continuous, lim;jw(r;,t) = w(u,t). This implies
w(s,t). We show w(s,u) < Jw(s,t) by contradiction. Suppose that
w(s,u) > ). By continuity, there is ¢ > 0 such that w(s,r) > fw(s,t) for every
r € (u — e,u). This contradicts with the definition of w.
Let (s,t) be in A. For each integer h > 0, we define h-dyadic points of [s,t] with
respect to the control w in the following way. Define dj(s,t) = s and d)(s,t) = t. For

each integer i = 0,..., 2", we set d" ' (s,t) = df',(s,t) if i is even and d"(s,t) equal
to the w-midpoint of [d@_l)/z(s,t),d?iﬂ)/z(s,t)] if ¢ is odd. In the specific case when
w(3,t) = t — 5, we have d = s+ i27"(t — s) for every i = 0,...,2"+1, which are the

standard dyadic points of [s, t]. Thus, the collection D! (s,t) := {d’(s, ) ?io is regarded
as h-dyadic points of [s, ¢] with respect to the control w. As expected, these collections of
points have similar properties to the standard dyadic points. Namely, for every integers
h>0andi=0,...,2" — 1, we have D" (s,t) C Di*1(s,1),

[d](s,t),dl (s, 8)] = [dh (s, 1), doty (s, )] U [dbi (s, ), dbif (s, 1)) (3.14)
and
w(d) (s, t),dl (s,1) < 27 Mw(s, t). (3.15)

Lemma 3.6. Let A: Q x A — V be F ® #(A)/%(V)-measurable such that A; s = 0 for
every s € [0,T]. Let (s,t) be in A. Then, for every N > 0 and every s < t, < --- <ty <t,
there exist a positive integer hy and random variables R?, i=0,---,2"—1,h >0, such
that

(i) R =0 for every h > hy and every i;

(ii) for each h,1, there exist four (not necessarily distinct) points 3’1” < sg’i < sg” < SZ’i
in [d? (th tN)a d?+1(t0, tN)] so that

h __ .
RZ- = Asil,i’sg.,i + Asg,i’sg,i + Asg,i’sf;,i — Asg,i’sz,i ; (3.16)

(iii) the following identity holds

N—-1 2h 1
> At —Anan =Y Y RI (3.17)
i=0 h>0 i=0

Proof. For brevity, we abbreviate d!' for d!(to,tx). For each collection P = {s;}X, we

define
K-1

IP) = Ag sy —Aspspe it K>1
=0
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and I(P) = 0 whenever K = 0 or P is empty. For any two finite collections P, Ps, define
§1(P1, Pa) = I(PLUPy) — I(Py) — I(Pa). (3.18)

Put P§ = {t;}¥,, which is a subset of [}, d}]. The main idea of the proof is to allocate the
elements of PJ into the w-dyadic subintervals of [s, ¢| while keeping track of the resulting
changes in I(PY) during the process. For each h > 1, define

Py =PiN[dh_y,dy] and P! =PgN[d!,dl,) for i=0,...,2" -2
Foreachn >0andi=0,...,2" — 1, define
R} = S1(PY PRAY) = I(P!) — I(PYTY) — I(PREY) (3.19)

where the second identity comes from the fact that P/ = P+ U Pé’;fl We verify that
the random variables { R}, ; satisfy (i)-(iii).

Since P{ is a finite set, there exists a finite integer hy > 1 so that [d?,d ] N PY
contains at most one point for every h > hg and every i = 0,...,2" — 1. Hence, when
h > hg, we have I(P!') = 0 and R = 0 for every i. This shows (i).

If either P or PJ;1) is empty, then R = 0 and (3.16) is satisfied with 5" = d/' for
j=1,2,3,4. We assume that P! and P;Lifl are not empty. In such case, we define

5’17 = min P'H'l sg = maxPh+1, sé” = rmnPéﬁll and 84 = max ’Péﬁll.
Here, min (respectively max) of a nonempty finite set F' is the smallest (respectively
largest) element of F. We derive (3.16) from (3.19) and the definition of I at the
beginning of the proof. Hence, (ii) is verified.
Lastly, to show (iii), we apply (3.19) recursively to see that

I(Pg) = I(Py) + 1(Pi) + Rg

2h—1 h—12F—-1
= ZIPh +ZZR’“ for every h > 1.
k=0 =0

Since I(P!) = 0 as soon as h > hy, the previous identity implies (3.17). This completes
the proof. O

Lemma 3.7. Let A be the process in Theorem 3.1. Then for every N > 0 and every
S<ty<---<ty <T, we have

N—-1
Eto (Z Atmtul - Ato,tzv>

=0

< ODw(to, ty) e (3.20)
Vin

and

< ClFlw(tO,tN)1+51 —l—C'Ql—‘gw(to,t]\[)%Jr62 (3.21)

N-1
HH E :Ati7t1+1 _Ato,tN‘]:to v
=0

where Cy = 2(1 = 27%)~ and Gy = 2Cppv (1 - 27)""

Proof. Put s =ty and t =ty and dlh = d?(s, t). Applying Lemma 3.6, we can find random
variables Rh i=0,---,2" —1, h > 0 which satisfy properties (i)-(iii) stated there.
Leth >0 be fixed. Define G, = 7, and g!" = ]-' ni for each i = 0,. 2k — 1. We

recall that s1 ' is defined in (ii). The sequence {gh _o forms a filtration such that Rh is
gihﬂ-measurable foreveryi=0,---,2" — 1. The forrnula (3.16) can be written as

:—5Ah7 h1 h1 5Ah1 h,i _h,i.
51

8173837 184
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Applying the conditions (3.2) and (3.3), we obtain from the previous identity that

IE(RIGM)||vem < 20yw(dl, dl, )+ (3.22)
and
IR = B(RHGMIG! [vimln < 2Dawl(dl,dly,)2 e (3.23)
From (2.3), we have
2h—1 2h—1
> RUFlvemln < > MEERHG)IF lvim
i=0 i=0
1
2h—1 v
+Copv | D MIRE = E(RIGH|Follvimllb
i=0

Since m < n and F;, C G!', we have
ERINGI | Feollvimlln < E(RIGHIvin

and
IR = B(RYGFrollvemlln < IIRE = B(RIGIGH v -

Taking into account (3.22) and (3.23), we get

i Z R} | Frollvimlln < 2T Z (d7,diy )"

o=

2h—1

+2Cmp vl | D w(d],dly ) e

i=0
From the estimate (3.15), we see that

2k —1 2k 1

Z w(d?,d?+1)l+61 < Z 2_h(1+51)w(87t)1+51 _ 2—h51w(87t)1+51
=0 =0

and similarly
2h_1
U’(d?vd?-s-l)lﬂjgz < 27hp62w(5at)1+p62~
i=0

We combine the previous inequalities to obtain that

2h—1
1" RYF Vil < 275120 1w(s, 6)1 750 + 279220, v Tow(s, t)» 722, (3.24)
1=0

From (3.17), applying triangle inequality and the above estimate, we see that

” H Z Ati,ti+1 - At07tN |]:to ||V:,mHn < Z 27h€1 2F1w(85 t)1+61
= h>0

+ 22_}’52 2C,, p vlow(s,t)? p ez,
h>0
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This implies (3.21). To show (3.20), we obtain from (3.17) and triangle inequality that

N—1
E <Z Ativti+1 - At07tN"Ft0>

2h—1

< Z Z ‘lE(R?|‘Fto)||V;7z-

i=0 Vin  h20 =0

We note that | E(R!|F,)|lvn < [E(RF|G?)||v.n. Hence we can use (3.22) to estimate the
above sum analogously as before. This implies (3.20). O

Proof of Theorem 3.1. We divide the proof into two steps. In the first step, a process A is
constructed as the limit of some Riemann sums. The second step verifies the properties
(a) and (b).

Step 1. Let t be fixed but arbitrary in [0, 7]. We show that the Riemann sums

n—1
™ __
At - E Ati,ti+1
=0

over partitions = = {¢;}" , of [0,¢] has a limit in L,,(V'), denoted by A;, as the mesh size
|| := max; w(t;, ;1) shrinks to 0. Let 7/ = {s;}7, be another partition of [0,#] and
define 7’ = 7 U . We denote the points in 7" by {ui}?;'o with ug < u; <--- < u,r and
some integer n” < n + n’. Then we have

n—1
AT — AT =>"7; where Zi= Y Auu, — A,
i=0 Jiti<u;<tii1
Applying (2.4), we have
1
n—1 n—1 »
b5 = Al Szl 12 .29

i=0 i=0

Lemma 3.7 is applied to obtain that

1
IE0Zillvan S wltis i) and [ Zillvan S wlte,tisn) 2.

~ ~

By super-additivity of w, this implies that

n—1 n—1
DB Zillvim S D wtistoy) = S [l
=0 =0

and similarly X" [ Z:||%,... < |x|Ps>. Hence, we have

Vim ~
AT — AT lvim < |52 + ||z

The same argument is applied to A7 — A7 which gives ||A7 — AT lvim S| + |7 |52,
Hence, by triangle inequality,

’ " ’ 1"
IAT = AT llvam < AT = AT llvim + AT = AT llvim S 715+ 715 + 715 + 15

w

This implies that {A] — Ag;} is Cauchy in L,,(V') and hence A; := lim,|_,o AT is well-
defined in probability.

Step 2. We show that the process (A;)o<:<r defined in the previous step satisfies (a)
and (b).

The condition (3.3) with s = u = ¢ implies that A, ; = 0 for every s € [0,T]. Hence, it
is evident that Ay = 0. The fact that A is {F;}-adapted implies that A is {F;}-adapted.
Obviously, A; — Ao, being a limit in L,,,(V), belongs to L,,(V) for each ¢. This shows (a).
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Let (s,t) be fixed but arbitrary in A. Let 7 = {s =ty < --- < ty =t} be an arbitrary
partition of [s, ¢]. From construction of A in the previous step, we see that

A — Ay — Ay = | 1‘11110(A§’t —Ayy) in Ly(V). (3.26)

Hence, passing through the limit |7|,, | 0 in (3.20) and (3.21), we obtain (3.4) and (3.5)
respectively. O

Proof of Corollary 3.2. We start from a trivial identity
SAsp— A" = > (6Auw — Aun)-
[u,v]em
Then by (2.4), we have
HdAst - Aﬂ”V;m < Z ||Eu(6-Au,v - Au,v)”V;m

[u,v]em

1/p
+2C0mpv | D 10Au0 = Auslll,

[u,v]€m™

Using the estimate (3.4), the first sum on the right-hand side above is bounded above by
a constant multiple of

Iy Z w(u, v) T < Ty |7|Stw(s, t) .

[u,v]em
The later sum is estimated similarly, using (3.5). This completes the proof. O

Proof of Theorem 3.3. For every (s,t) € A, we define J,; = E;A;; and M,; = A;; —
E;As . Then for every (s,u,t) € Ag, we have

5Js,u,t = 5As,u,t + (Es - Eu)Au,t ) Esajs,u,t = EsaAs,u,t
and
5Ms,u,t = _(Es - Eu)Au,t ) Edes,u,t =0.

Applying Theorem 3.1 for J and M, we obtain the existence of the processes 7 and M
respectively. Since A is integrable, so are 7 and M. The estimate (3.4) yields (3.9). In
addition, the estimate (3.5) implies that 7 satisfies (3.10) and M is a martingale. Since
Ast = Js i+ My, it is evident that A = J + M. Uniqueness follows from Lemma 3.5. O

4 Additive functionals of fractional Brownian motion

Let B = (B',..., B%) be a fractional Brownian motion in R? with Hurst parameter
H € (0,1). Let f be a time-dependent distribution in L?([0, T]; B, (R%)) where 0,p, a are
some fixed parameters, p,0 € (1,00) and o € R. In the current section, we study the
additive functional

(t,z) — /0 fr(Br + x)dr

as the continuous extension of the map

S0, 7] x RY) > f <(t,a:) — tf,,«(B,,« —|—a:)d7") .

0
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For each i € {1,...,d}, B? has Mandelbrot-Van Ness representation ([24]) with
respect to a standard two sided Wiener process W' on R, namely

Bg:/u [(w -2 = (=) 2 ]aw (4.1)

— 00

where (7). = max{z,0}. We assume that W*’s (and hence B’s) are independent. For
every i € {1,...,d} and 0 < u < v, we have

B = / (0 — )% — (=) Haw + / (v =)= 2dw, (4.2)

which also yields that E, B}, = [*_[(v—r)¥~2 — (—r)f_%]dWﬂ We define

2
_ b _\H-3 o\ _ 1 _u)2H
plu,v) =& </u (v—r) dWT) Vi — (v —u) (4.3)

For a d x d-symmetric positive definite matrix ¥, py, denotes the density of a normal
random variable in R? with mean 0 and variance ¥, i.e.

pe(z) = (2m)~
Ps, denotes the spatial convolution operator with pys;. The d x d identity matrix is denoted
by I.

Proposition 4.1. Let p, ¢ be fixed numbers in (1,00). Let f be a function in L% ([0, T7;
S(RY) N By 1), 0 € (1,00). Let v be a positive number satisfying

1 1
TS H (1 " min(2, 0, p, q)) ' 49

Then for any a € R, m > 2 and (s,t) € A,

| 5B

Proof. We observe that because B, ; — Bp oo

hand side of (4.6) is finite. Define A, ;( f (s, 1.fr(Es By + x)dr. We note that the
Besov norm | - |g  is translation 1nvar1ant ie. |fly+ )|B§T = |f|5ﬁw for every y € R%.
Note that ' ’

4
2

(det )2 exp (- %x*zflx). (4.4)

T e e L S )

the quantity |1, t]f\LeBa | on the right-

(ols,1)IE,€) = 5 — )M P

Using triangle inequality and Lemma B.2, we see that

t
|As il gy S/ | Potary1 fr(Bs Br 4 ) g dr

t
= / ‘Pp(s,r)lfr

By Holder inequality, we have

t
g dr S [ r= sl sy

_ 1
‘Ast|gm+v,\,|lst]f|L9B” |t—8|1 T 7,

where we have used (4.5) to ensure that the integral in time is finite. Define w by

w (s, t)|'~ 17 = s, flross It — st~ 4.7)
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Note that w = w{w;~* with @ = 1/(6(1 — Hy)) and controls w;(s,t) = |[15qf|%0p. -

p,00
wa(s,t) = (t — s), one sees that w is a continuous control. Hence, the previous estimate
yields

Asilgyr S wls, 0. (4.8)

We recall from Proposition 2.4 that Bg;;“f has martingale type p = min{2,p,q}. The
condition (4.5) also implies that 1 — Hvy > %. In view of (4.8), condition (3.3) is satisfied.
It is straightforward to verify that E;6 A, ., + = 0 for every s < u < ¢, hence condition (3.2)
holds trivially. Hence, we can apply the stochastic sewing lemma, Theorem 3.1, to define
the process (A;) as in (3.1). The estimates (3.5) and (4.8) imply that

_Ho—1
||||5As,t|}-3||zgg;"f;m”oo N |1[s,t]f|LeBg‘m|t - 5|1 =3,

Hence, to obtain (4.6), it remains to show that A; = fot fr(By + -)dr.
We put

Ros(a) = / F(By + )dr — Aq1(2).

It is evident that E;R, ;(z) = 0. In addition, by Minkowski inequality

t t
II/ Fr(By 4 )dr| gatn g/ £l g

Combining with (4.8) gives

t
|R5~¢|B§:§7 5 w(sat)liH’y +/ Hf7| B;Jx;;’vd'f‘.
s

Applying Lemma 3.5, we have that for each ¢ € [0,T],

t
(B + )dr = lim Ayv,
/(; f ( ) meP([0,t]),|w|—0 Z ’

[u,v]em
which shows that A; = fg fr(By + -)dr and hence, completes the proof. O

For each f € LY([0,7T];S), define

t
I fli(z) = / fr(By + x)dr. (4.9)
0
Proposition 4.1 shows that the map
I:L%([0,T); SN BY,) = C([0,T); L BSE)

is bounded. By a density argument, we can extend I to L%([0,T7; BS ).
Theorem 4.2. For any 6,p, q € (1,00) and v satisfying (4.5), the map

I+ L°([0,T); By, (RY)) = C([0, T); LBy 3 (R))

is well-defined as the unique continuous extension of (4.9). In addition, one has for any
fe Bﬁ,l(]Rd)

161151

Follggsramlloo < ClLsflposg |t — s/ =177 (4.10)
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Proof. Using the embedding By; — By ., and the trivial estimate [[07[f]s||za+~
||H(Sl[f}s7t|]-'s||Bﬁw:m\\o@, we obtain from (4.6) that

<
1m -

180/ stllsg 4 m < ClLsrt Flroqo,ims It = ' =770

for every f € S. Since S is dense in B, and the action f — I[f] is linear, this implies

that I has a unique continuous extension I : Le([(), T);Bg 1) — C([0,T); LBy E).
Moving on to (4.10). Let f be in L%([0, T7; 1). For each n > 1, define f" = Py, f

which belongs to L([0,7];S). We have lim,, fn = fin LP([0,T; By,) and [f}|ss . <

| fr Ba . < \fr|5311. Then from (4.6), we get that '

_ _ 1

ST ol omloe < Oty iyl — sl
_ _1

< C|1[s,t]f|L9Bg,m‘t —s|' e,

Passing through the limit n — oo, using the continuity of I on L?([0,T]; BS,) we ob-
tain (4.10). O

Remark 4.3. Using Besov-Sobolev embeddings
o1 S Wy = By = By® for e>0,

d d
By, L)Bplql for Oé—]*):ﬁ—*, p<p1, q=<qi,

and the isomorphism B , = W;* when « is not an integer, Theorem 4.2 can be applied to
distributions f in L°([0,T]; B ) and L°([0, T]; W2).
Remark 4.4. In view of Proposition A.1 and (4.10), for each f € By;(R), I[f] has a
continuous modification (as a process taking values in Bg;"’(Rd)).

Corollary 3.2 provides an alternative approximation for I[f] by Riemann sums.

Corollary 4.5. Letp,q,0 € (1,00), a € R and f be in L([0,T]; BY,). Let (s,t) € A and w
be a partition of [s,t] and define the Riemann sum

Flae) = Y [ P (BB, + )

[u,w]em ™

Let w be the control defined by the relation (4.7). Then for any ~y satisfying (4.5),

1-Hy———~2— 1
1810 )se = Il ot gy Il P D (s, ) w070, (4.11)
Proof. Straightforward from Theorem 4.2 and Corollary 3.2. O

Using embeddings between Besov spaces and Hélder-Zygmund spaces C?, we can
derive from Theorem 4.2 the almost sure continuity the additive functional I[f].

Corollary 4.6. Let p,0 € (1,00), a € R and f be in L([0,T]; BS,).
(i) Assume that

1 1 d
—([1-— —. 4.12
aJrH( min(279,p)> " (412
Then for every 3 satisfying
d 1 1
0 - (1= 4.13
<f<a p+H< min(2,9,p))’ ( )
we have L
HST[A)s i1 Fellemmlloo S s flrosy [t — s Ot 73 (4.14)

for every (s,t) € A and every m > 2.
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(ii) Assume that

1 1
— 1l -— 0. 4.15
T ( min(z,e,p)> g (@19
Then for any v € [p, o] satisfying
1 1 d d
— (1) === 4.16
a+H< min(2,9,p))>p v’ ( )

there exists v = -y(v) satisfying (4.5) such that

||H51[f]s,t|]:s|

L”;m”oo 5 |1[s,t]f|LeBg,oo|t - 5|1_Hﬂy_% (4.17)
for every (s,t) € A and every m > 2.

Proof. (i). Assume that [ satisfy (4.13) and define ~ by the relation § = v+ a — %. Then v
satisfies the condition (4.5) and we have the embedding B;“;W < CP. From Theorem 4.2,
we deduce that I[f]; belongs to C# and the estimate (4.14) follows from (4.6).
(ii) From the conditions (4.15) and (4.16), we can choose ~ satisfying (4.5) (with
q = p) such that v + a > ¢ — ¢ It suffices to apply Theorem 4.2 and the embeddings
+a v d d _ d
B;)Y,p ‘-)Bi,U%L(R),’}/—FOZ—;—E—; O
Remark 4.7. We do not require g € (0,1) in Corollary 4.6(i). This means that when
ki=a—24+g (1 - m) is larger than 1, the functional I[f]; is n-times differentiable
in the spatial variables for any integer n < k.

The class L?([0,T]; BY ., (R?)) contains Dirac distributions and the corresponding
functional [ is directly related to the local time of fractional Brownian motion. For this

class, Theorem 4.2 is still applicable through the Besov embedding B?,oo — B; 3/ 2

Corollary 4.8. Let f be a distribution in L°([0,T]; BY ., (R?)) with 6 > 2.

(i) (Small H) When 0 < Hd < 3, for every t € [0,T), If]; belongs to L*(R?) almost
surely for every v € [2, x].

(i) (Large H) When 3 < Hd < 1, for every t € [0,T], I[f]; belongs to L*(R?) almost

surely for every v € [2, 57229, Here we use the convention that 724% = oo if Hd = 3.
Proof. Straightforward from the embedding B‘f’oo = B, g/ % and Corollary 4.6. O

A A continuity criterion with controls

We give an extension of the classical Kolmogorov continuity theorem with generic
controls.

Proposition A.1. Let V be a Banach space, w be a continuous control which is w strictly
increasing, i.e. w(u,v) < w(s,t) whenever [u,v] C [s,t]. Letm > 1 and « € (0,1] be such

=

that By := a—1/m > 0. Let A be a V-valued process such that
10 A t|lvim < w(s, t)* V(s t) € A. (A1)

Then A has continuous modification A and for every 5 € (0, 5y), there is a finite constant
C(B, o) such that

sup |5-’is,t 14
(s,t)EA,s<t w(s,t)’

< C(B, Bo)w(0,T)* 5. (A.2)
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Without the monotonicity condition, one can always replace w in (A.1) by the strictly
increasing control (s,t) — w(s,t) + (t — s) for some ¢ > 0. By using a time change
argument in combination with the standard Kolmogorov continuity theorem, it is easy
to derive that A has a continuous version. Below, we provide a direct proof, modifying
the proof of the standard Kolmogorov continuity theorem ([26, pg. 26]) to replace
the standard dyadic points by the dyadic points with respect to the control w (defined
in Section 3.2). Although less elegant than the time-change argument, it may be useful
for other situations.

Proof of Proposition A.1. Without loss of generality, we assume that w(0,7") = 1. Recall
the definition of d(0,T) from Section 3.2. Let d? = d(0,7), D" = {d?}fio_l and
D = Up>oD". Because of the monotonicity of w, we have d/ < d?, , and that D is a dense
subset of [0, T]. Define

Ky = sup |Ar — Aslv, h >0,

s,te€DM:s<t,w(s,t)<21-h
and recall that Sy = a — 1/m > 0. Then by (A.1),

E‘Kh|m < Z E|6.As7t|r‘7 < 2h+12(17h)ma _ 21+ma27hmﬁol
s,te€DM:s<t,w(s,t)<21—h

Let s,t be in D, s < t. For each n, define
$p=inf{r e D" :r >s} and t, =sup{re D" :r <t}

It is straightforward to see that (s, ), is decreasing and s,, = s for some n on; (t,), is
increasing and ¢,, = ¢ for some n on; and for every n

W(Spt1,8n) <277, w(tn, tner) <27

To see this, let s/, be the dyadic point adjacent to s, to the left, i.e. s}, = max{r € D" :
r < sp}. Then we have s, < s < s, so that w(s,+1, ) < wW(s,s,) < w(s,,s,) < 27"
by (3.13). Similarly, let ¢/, be the dyadic point adjacent to ¢, to the right. One has
t, <t <t/ , which implies the estimate for w(t,, tn41)-

If h > 0 is an integer satisfying w(s,t) < 27", then we have additionally that

Lo, <tm)W(Sn: th) + L, <spyw(tn, sn) < 27"

Indeed, if s;, < t5,, then [s, ;] C [s,t] and we have w(sy,tn) < w(s,t) < 27" If t), < sp,
then one has ¢, < s <t < s. In this case, we must have the identity ¢, = 5% where
s;, is defined previously (namely, the dyadic point adjacent to s, to the left). Then
w(th, Sh) = w(s;l, Sh) < 2-h by (3.13).

Let s,tbein D, s < t and w(s,t) < 27". We have

5A57t = §A3h7th, + Z 5“457:-,3714-1 + Z 5At7:,t7;+1>

i=h i=h

where the series are actually finite sums. From the definition of K,, and properties of
Sn,tn described previously, it follows that

10 A ¢|v < 2K, + QZKZ‘H < QZKi-
i=h i=h
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Consequently, setting M = sup{|6.As .|y /w(s,t)?;s,t € D, s < t} for B € (0, 3), we have

Mg < sup sup 2+ DBI5 A, |y
h>0 s,teD:s<t,w(s,t)<2—h

o0 o0
< sup 2 tHDBNT g < 91BN T oif e

It follows that
1Ml < 27237 20| | < 2370 2000750) < o0,
=0 i=0

In particular, for a.e. w, A.(w) is uniformly continuous on D and it makes sense to define
for every ¢t € [0, 77,

/L(w): lim  Ag(w).

s—t,seD
It is now standard to verify that A is the desired modification and that (A.2) holds with
the constant C(, By) = 23+7 3¢ 2i(F=Fo), O
B Auxiliary estimates

To obtain various properties of Besov spaces, we will make use of the following
Bernstein’s inequalities. Let f be a function in LP?(R?) and let ¢ > p, p,q € [1, 00]. For
every integer k > 0, every A > 0 and ¢t > 0 we have ([2, Lemma 2.1])

. . 1_1
supp Ff C AB = |V £l aray < C¥FINTIG=D | £l Lo oy, (B.1)

where Ff denotes the Fourier transform of f and B is a ball centered at 0 in R<.
Lemma B.1. Let N be an annulus. Let a be a d X d-matrix such that

(ag, &) > rl¢]?

for some k1 € (0, M) and let P, be the spatial convolution operator with p, (defined
in (4.4)). Then there exist positive constants ¢,C = C(d, M) such that for any A > 0,
p € [1,00] and any function g whose Fourier transform is supported in AN

|Paglr < Ce™ N |g| . (B.2)
Proof. [2, Lemma 2.4]. O

Lemma B.2. Forvy > 0, (p,q) € [1,00]?,

Pa9|13;jfp S+ ’iiy/2)|g|63m-

Proof. From the embedding B;j"y — Byt7, it suffices to consider the case ¢ = 1. We

denote by A, j > —1, the (nonhomogeneous) Littlewood-Paley blocks ([2, page 61]). We
have from (B.2) and (B.1), for j > 0,
IPa(Bg9)ler S 710 gler S e 27 glsy .
Noting that A;P,g = P,(A,g), we obtain
V|2 (Pag)lr S lglsg 7> 727,
Since v > 0, it is easy to check that
sup K2 26722%{2’” < 0

k>0 >0
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which implies that
S8 (Pug)ler S lolsg
Jj=0

For j = —1, we have
A1 (Pag)lr = |Pa(A19)|zr < 1A 1glze S lglss -

Combining the previous two estimates, we obtain the result. O
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