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Several long-time limit theorems of one-dimensional Lévy processes weighted and
normalized by functions of the local time are studied. The long-time limits are taken
via certain families of random times, called clocks: exponential clock, hitting time
clock, two-point hitting time clock and inverse local time clock. The limit measure
can be characterized via a certain martingale expressed by an invariant function for
the process killed upon hitting zero. The limit processes may differ according to the
choice of the clocks when the original Lévy process is recurrent and of finite variance.
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1 Introduction

Roynette—Vallois-Yor ([27, 26] see also [28, 29]) have studied the limit distribution
for a Brownian motion, which they called a penalization problem, as follows. Let
B = (By,t > 0) be a standard Brownian motion and L = (L;,t > 0) denote its local time
at 0. Then, for any positive integrable function f and any bounded adapted functional F3,
it holds that

o PIRS(LS)] ol Mi]
M B(L) _]P[FtMJ QlF

where M = (M,,t > 0) is the martingale given by
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Local time penalizations with various clocks for Lévy processes

Under the penalized probability measure Q, the total local time L is finite, and in fact, a
sample path behaves as the concatenation of a Brownian bridge and a three-dimensional
Bessel process; see [27]. In particular, Q is singular to IP.

This result for a Brownian motion was generalized to many other processes. In
particular, we refer to Debs [7] for random walks, Najnudel-Roynette-Yor [17] for
Markov chains and Bessel processes, Yano-Yano-Yor [42] for symmetric stable processes,
Salminen-Vallois [30] and Profeta [23, 24] for linear diffusions. Most of these results
were obtained basically under the assumption of some regular variation condition.
Profeta-Yano-Yano [25] developed a general theory for one-dimensional diffusions by
adopting a random clock approach. They studied the long-time limit of the form

lim IP[th(LT)]
oo PIF(L,)]

where 7 = (7)) is a certain parametrized family of random times, which they called a
clock. Such a random clock approach already appeared in the problem of conditioning
to avoid zero, which is a special case of our penalization with f(u) = 1{,—¢}, or in the
problem of conditioning to stay positive/negative. For example, we refer to Knight [14]
for Brownian motions, Chaumont [4], Chaumont-Doney [5, 6] and Doney [8, 15, Section
8] for Lévy processes conditioned to stay positive, Yano-Yano [40] for diffusions and
Panti [18] for Lévy processes conditioned to avoid zero.

Let X = (X¢,t > 0) be a one-dimensional Lévy process and let T4 denote the hitting
time of a Borel set A C R for X, i.e.,

Ty =inf{t > 0: X; € A}

and we write T, = T,} simply for the hitting time of a point a € R. Let (7;;) denote the
right-continuous inverse of the local time at a point a € R. We adopt the random clock
approach for the following four clocks:

(i) exponential clock: 7 = (e,) with ¢ — 0+;

(ii) hitting time clock: 7 = (T},) with a — +o0;
(iii) two-point hitting time clock: 7 = (T, A T_;) with @ — oo and b — oo;
(iv) inverse local time clock: 7 = (%) with a — +oo or with u — oo.

1.1 Main results

Let (X,IP,) denote the canonical representation of a Lévy process starting from z on
the cadlag path space D and set P = Py. For ¢ > 0, we denote by ]-'tX =0(X;,0<s<1)
the natural filtration of X and write 7, = (,., Fi . We have

Ple*] = e WA 1 >0 \eR,

where ¥()\) denotes the characteristic exponent of X given by the Lévy-Khintchine
formula

1 .
T(N) = v\ + 50'2)\2 + / (1 — ™ + izl <1y)v(d)
R

for some constants v € R and ¢ > 0 and some measure v on R (called the Lévy measure)
which satisfies v({0}) = 0 and

/ (z° A1)v(dz) < oo.
R
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We denote the real and imaginary parts of ¥(\) by
1
O(\) =Re¥(N) = 502/\2 + / (1 — cos A\z)v(dx), (1.1)
R
w(A) =Im¥(N) = v —|—/ (Azl{jz)<1} — sinAz)v(dx).
R

Note that §(A) > 0 for A € R, 0()) is even and w(\) is odd. For more details of the
notation of this section, see Section 2. Throughout this paper except Sections 2, 9
and 10, we always assume (X, P) is recurrent, i.e.,

]P[/ (X, —al<e} dt} = 00, foralla € Rand e > 0, (1.2)
0

and assume the following:

(A) For each ¢ > 0, it holds that
/ “’ ! ’ B <
—_— 0.
o 1a+¥(N)

Note that, we say (X, P) is transient if (1.2) does not hold. Under the assumption (A),
the process (X, P) is recurrent if and only if (X, P) is point recurrent, i.e.,

P(T, < o0) =1, forall a € R;

see Subsection 2.2. The assumption (A) implies that the g-resolvent density r, exists for
q > 0; see Subsection 2.1. For ¢ > 0, we define

1 [ 1— e
he(z) =74(0) —ry(—z) = 7/0 Re(qug/()\)) dA, z €R, (1.3)

s

where the second identity follows from Proposition 2.3. It is obvious that 4,(0) = 0, and
by (2.1), we have hy(x) > 0. We denote the second moment by

m? = P[X;?] € (0, 00]. (1.4)

The following theorem plays a key role in our penalization results. Recall that X is
assumed recurrent.

Theorem 1.1. Suppose that (A) is satisfied. Then the following assertions hold.
(i) Foranyz € R,
h(z) = lim hy(z) (1.5)

exists and is finite, which will be called the renormalized zero resolvent. If m? < oo,
then h has the following representation:

1 [®_ (1—e?®

(ii) The convergence (1.5) is uniform on compacts, and consequently h is continuous.

(iii) h is subadditive on R, that is, h(z + y) < h(z) + h(y) for z,y € R.
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The proof of Theorem 1.1 will be given in Section 3.2. The renormalized zero resolvent
satisfies the following limit properties.

Theorem 1.2. Suppose that (A) is satisfied. Then the following assertions hold:

() lim,so0 58 = & € [0,00);

(i) limy s +oo{h(z +y) — h(y)} = £ € R, forall z € R.

The proof of Theorem 1.2 will be given in Section 3.2.
Corollary 1.3. Suppose that (A) is satisfied. For —1 < v < 1, define

~
B (z) = h(z) + L € R. (1.7)

Then h\") is subadditive and h")(z) > 0.

Proof. By definition, we have h(?)(0) = 0. From (iii) of Theorem 1.1, the function (") is
subadditive. From (i) of Theorem 1.2, it holds that lim, 1., 27 (z)/|z| = (1 +7)/m? > 0.
Suppose h(")(z) < 0 for some = € R\ {0}. Since h(?) is subadditive, we have h(nz)/n <
h(z) <0forn=1,2,.... Letting n — oo, we face the contradiction. Therefore we have
) (z) > 0 for all z € RR. O

We will prove in Theorem 8.1 that the function A" is invariant for the process killed
upon hitting zero. Let EL denote the set of non-negative functions on [0, co) which satisfy
Jo° f(z)dz < oc. For f € £}, define

Mt(’Y) _ Mt('y,f) _ h(’Y)(Xt)f(Lt) _|_/ f(Lt —|—u) du. (1.8)
0

Note that, when m? = co, we have h(") = h(®) = h and M) = M©) for all ~.
Theorem 1.4. Suppose that (A) is satisfied. Let f € L, -1 <~y <1 and x € R. Then
(Mt(”), t > 0) is a non-negative ((F;), P, )-martingale.

Theorem 1.4 will be proved in Section 5.3. Using this martingale, we discuss our
penalization problems. Let L = (L;) denote the local time at the origin of X; see
Section 2.2.

Theorem 1.5 (hitting time clock). Suppose that the condition (A) is satisfied. Let f € L‘}F
and = € R. Define h”(a) = P[Lr,] and

N = hP(a)Py[f(Lr,);t < Tu|F,
Mf = hP(a)P,[f(Lz,)|F].

Then it holds that

lim N = lim M!=M*"  P,as. andin L' (P,).

a—*Foo a—*Foo

Consequently, ifM(gil) > 0 under P,, it holds that

(+1)

P.[F:f(L
7[ tf( T“)] Ftit(il) , asa — oo,
M

P lf(Lr)]

for all bounded F;-measurable functionals F;.

Theorem 1.5 will be proved in Section 5. If we take f = 1y,—g;, we obtain the
conditioning result.
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Corollary 1.6. Suppose that the condition (A) is satisfied. Let = € R with h(*1)(z) > 0.
Then it holds that

RV (Xe)

PI[Ft|T0 > Ta] — ]Pl‘ Fth(T)(m)

;To >t asa — oo,

for all bounded F;-measurable functionals F;.

See also Corollary 8.2.
Let us state our penalization result with two-point hitting time clock. For a,b € R, we
write Ty p = T(qpy = 1o ANTp. For —1 <~ <1, we say

a—>b
a+b

Theorem 1.7 (two-point hitting time clock). Suppose that the condition (A) is satisfied.
Let f € £}, z € R, and a,b > 0. Define h®(a,—b) = P[Lr, _,], and

(a,b) 2y 5o when a — o0, b — oo and — . (1.9)

NP = b (a, =b)P,[f(Lz, _,);t < Ta_u|Fil,
M = (a, =b)Py[f(Lr, _, )| Fi)-
Then it holds that

lim N*'= lim M =M, P,-as. andin L (P,).
(a,b)lh)o (a,b)l>oo

Consequently, ifMé'Y) > 0 under P, it holds that

P.[f(Lr, )]

for all bounded F;-measurable functionals F;.

P Mt(’Y)

— P, |Fi——
Mé'Y)

], as (a,b) 5 oo,

The proof of Theorem 1.7 will be given in Section 6.2.
Corollary 1.8. Suppose that the condition (A) is satisfied. Let -1 <y < landz € R
with h(Y)(z) > 0. Then it holds that
hY) (Xy)

for all bounded F;-measurable functionals F;.

P, [Fi|Ty > Tu_s] — P, [Ft i To > t], as (a,b) - oo,

See also Corollary 8.2.
Note that Theorems 1.5 and 1.7 show that the limit law varies according to the chosen
clock when m? < oco.

1.2 Backgrounds of the renormalized zero resolvent

The existence of h for symmetric Lévy processes was proved by Salminen-Yor [31]
under the assumption (A); see also Yano [38]. We shall review early studies of the
existence of h and its limit properties for asymmetric processes.

Similar results were obtained for random walks by Spitzer [33, Chapter VII], Port-
Stone [19, 20, 21] and Stone [34]. For Lévy processes, Port-Stone [22, Section 17]
obtained some results which were similar to but different from Theorems 1.1 and 1.2,
reducing them to the random walk case. (For the proofs of Theorems 1.1 and 1.2, we
are inspired by Spitzer [33, Chapter VII], Port-Stone [19, 20, 21, 22, Section 17] and
Stone [34].)

Yano [39] showed the existence of the renormalized zero resolvent h under the
following two conditions:
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(YD) ;% oo dA < oo forall g > 0;
(Y2) 6 and w have measurable derivatives on (0, co) which satisfy

/“ (10" + " MDA A T)
0

0O rwy S

Panti [18] proved the existence of h under the condition
1_ei>\
(P) (YD) and fy[Re( 4757 )| ar < o,

which is weaker than (Y1) and (Y2), and applied it to the conditioning to avoid zero with
exponential clock. Tsukada [35] also proved the existence of h under the assumption

(M (@) and f;[1m (5 )] dr < o,

which is weaker than (P); see [35, Proposition 15.3].

Remark 1.9. We do not know whether the integral representation (1.6) also holds in the
case m?2 = oo. Yano [39] showed that, if X is symmetric, then (1.6) holds. Tsukada [35]
showed that (T) implies (1.6).

1.3 Organization

The remainder of this paper is organized as follows. In Section 2, we prepare certain
general properties and preliminary facts of Lévy processes. In Section 3, we study the
renormalized zero resolvent. In Sections 4, 5, 6 and 7, we discuss the penalization results
with exponential clock, hitting time clock, two-point hitting time clock and inverse local
time clock, respectively. In Section 8, we introduce certain universal o-finite measures
to study long time behaviors of sample paths of the penalized measure. In Section 9,
we study penalization in the transient case. In Section 10 as an appendix, we study
martingale property of (X;f(L;),t > 0).

2 Preliminaries

2.1 Absolutely continuous resolvent

We now consider the following two conditions:
(A1) The process X is not a compound Poisson process;
(A2) 0 is regular for itself, i.e., P(7, = 0) = 1.

The next lemma is due to Kesten [13] and Bretagnolle [3].

Lemma 2.1 ([13, 3]). The conditions (A1) and (A2) hold if and only if the following two
assertions hold:

(A3) For each q > 0, the characteristic exponent W satisfies
/ R ( L )d/\ <
el ———— 00;
R q+¥(N)

(A4) We have either o > 0 or f(71 1)|a:|1/(dx) = 0.

Furthermore, under the condition (A3), the condition (A2) holds if and only if the
condition (A4) holds.
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If the above conditions hold, it is known that X has a bounded continuous resolvent
density. See, e.g., Theorem II.16 and Theorem II.19 of Bertoin [1]

Lemma 2.2 ([1]). The condition (A3) holds if and only if X has the bounded g-resolvent
density rq, for ¢ > 0, which satisfies

/Rf(x)rq(x) dz = P UOOO (X)) dt]

for all non-negative measurable functions f. Moreover, under the condition (A3), the
condition (A2) holds if and only if x — r,(z) is continuous.

If r4(z) is bounded in = € R, [1, Corollary I1.18] implies that the Laplace transform of
Ty can be represented as

—qTo1 rq(_x)
P.le |= ro(0) qg>0, zeR. (2.1)

Proposition 2.3. Suppose that the condition (A) holds. Then the bounded continuous
resolvent density can be expressed as

1 [e%e] e—i/\x 1 [e%} e—i/\w
ra(®) = o2 /_oo PRIV %/o Re(q n M) °

forallq > 0 and x € R.

Proposition 2.3 can be proved using Fourier inversion formula; see, e.g., [36, Lemma
2] and [35, Corollary 15.1]. By Lemmas 2.1 and 2.2 and Proposition 2.3, the condition
(A) implies (A1)-(A4).
Lemma 2.4 (Tsukada [35, Lemma 15.5]). Suppose that the condition (A) holds. Then
the following assertions hold:

(1) |T(A)] = 00 as A — +oo;

(i) [} |ty | dA < oo forall § > 0;
(i) Jy| 757 |ax < oo forall 6 > 0;
(iv) limg_ 04 fooo‘ﬁm‘ d\ = 0. In particular, gry(z) — 0 as ¢ — 0+.

2.2 Local time and its excursion measure

Assume the conditions (A1) and (A2) hold. Then we can define local time at 0, which
we denote by L = (L;,t > 0). Note that L is continuous in ¢ and satisfies

P, [/ e_qtst} =rqy(—2), ¢>0,z€R. (2.2)
0

See, e.g., [1, Section V]. In particular, r,(z) is non-decreasing as ¢ — 0+. Let n = (i, >
0) denote the right-continuous inverse of L which is given as 7, = inf{t > 0: L, > [}.
Then the process (1, P) is a possibly killed subordinator, and its Laplace transform is
Ple=9m] = e~4/7a(0), for [,q > 0, see, e.g., [1, Proposition V.4].

Now we can apply It6’s excursion theory. Let n denote the characteristic measure of
excursions away from the origin. We denote ¢; for excursion which starts at local time /.
Then we see that the subordinator n has no drift and its Lévy measure is n(7p € dz). In
particular, we have

7T = Plem] = exp(~In[l — ")), 1> 0. (2.3)
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This implies that

1
n[l —e 0] = —_, (2.4)
Tq(o)
which is also obtained from [42, (3.16)]. Now set
1
k= lim —— =n(Ty) = o). (2.5)

a—0+ 14(0)

It is known that x = 0 (resp. x > 0) if and only if X is recurrent (resp. transient); see,
e.g., [1, Theorem 1.17] and [32, Theorem 37.5]. It is also known that X is recurrent if
and only if X is point recurrent; see, e.g., [32, Remark 43.12] (see also [1, Excercise
11.6.4]). Under the assumption (A), we can prove this fact by using Theorem 1.1; in fact,
by equations (2.1) and (2.5), it holds that, for = € R,

%1 Px[e*qTo} = lim TCI(fz) _ . hq($) .

P,(Th <o0) = 1 = =
o(To <o) 450+ a—0+ 14(0) q—0+ 74(0)

We define D = {l > 0: gy, < m;}. Then the following formula is well-known in the
excursion theory.

Lemma 2.5 (Compensation formula; see e.g., Bertoin [1, Corollary IV.11]). Let F(t,w,e€)
be a measurable functional on [0, 00) x D x D such that, for every fixed e € D, the process
(F(t,-,e),t > 0) is (F;)-predictable. Then

:IP®ﬁ[ dL, F(t, X, X)|,
0

P> Fn, X e)

leD

where the symbol ~~ means independence.
Let L® = (L¢,t > 0) denote the local time at a € R which is normalized by

P, [/ e_qtdL?] =rqla—z), ¢>0,zeR.
0

We denote by n® = (n%,u > 0) the right-continuous inverse of L® given by n% = inf{¢ >
0: LY > u}. We denote by n® the characteristic measure of excursions away from a.

3 The renormalized zero resolvent

Let us consider the existence and properties of the renormalized zero resolvent in
Theorems 1.1 and 1.2. Recall that we assume X is recurrent, i.e., K = 0, and assume the
condition (A).

3.1 Key lemmas for the renormalized zero resolvent

To show Theorems 1.1 and 1.2, we prepare some lemmas. Recall that m? has been
introduced in (1.4); m? = P[X?].

Lemma 3.1. The following assertions hold.
(i) If m? < oo, then

U(\) = %0‘2)\2 + /]R(l — e Lidz)v(dz),

and
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(ii) If m? = oo, then

A2 A2
lim —— i

ASOT(N) Jig N 0

Proof. 1t is well-known (see, e.g., [15, Theorem 2.7]) that X has finite variance if and
only if [, ?v(dz) < co. We first assume that [ 2*v(dz) < oco. Then we know P[X;] and
P[X?] are finite and

P[X,]=1¥'(0) = —v —|—/ zv(dz),
R\(—1,1)

P[X?] =v"(0) = 0% + /]szu(dx) + P[X4]%.

Since X is recurrent, we have P[X;] = 0; see, e.g., [15, Problem 7.2]. This implies that

1 .
U(\) = 502)\ + / (1 — e +idz)v(dz).
R
By I'Hopital’s rule, we obtain
/ " 2
lim 7)) = lim () = v(0) - mﬁ,
A50 A2 A—0 2 2 2

Taking real parts on both sides, we also have

IOV
o = o

2

We next assume that f]R 2?v(dz) = oo. Then we know m? = co. By (1.1), we have

1 —cosA\x
> / 2 v(dx).
R

Using Fatou’s lemma and 1’'Hépital’s rule, we obtain

0())
)\2

‘ W(\)
32

Z ’

N L'Z0)) LN . . .1—cosAzx
it e \Zhaﬂalf N\ | it v
2
z/ x—u(dx) = 0.
R 2
Therefore the proof is complete. O

When m? < oo, the next lemma is essential for the renormalized zero resolvent.

Lemma 3.2. Assume m? < co. Then it holds that

I

Consequently, Tsukada’s condition (T) holds.

w(})
A3

d\ < 0. (3.1)

Proof of Lemma 3.2. By Lemma 3.1, we have

w(A) = /R(/\ac — sin Az)v(dz).
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Hence we have

/ e
R

A3

/ )\;v—sm)\xl/(dx)‘d)\
R

dX :/]R %
_ /0 +/°° /0 +/°° Az — sin Az
B —00 0 —00 0 )‘3
Since Az — sin Az > 0 for (z,\) € (0,00)?, it holds that

e v(dz)d\ = T[T Az sinar dAv(dz)
! I
= /OOO z?v(dx) /OOO g_fis;nfdf

4 o0
= 7/ z?v(dz) < oo.
T Jo

v(dx) dA.

Ax — sin Az
23

Other integrals are also proved to be finite by the same discussions, and we obtain (3.1)
By (i) of Lemma 3.1, we see that A\?/¥()\) is bounded near \ = 0. Thus we have

L)l {lstsl 15

23
Since (A) is assumed in this section, this implies that Tsukada’s condition (T) holds.

A2 |

O

Lemma 3.3. The following assertions hold.

(i) 1S () = limg o4 (hy(x) + hy(—2)) = 2 [ Re(l’;ﬁi))“”) d\, forzcR.

(i) lim o 7 = 2, € [0,00).

(iii) Forxz,y € R,
RP (z,y) == lm {he(y +22) — 2hy(y + z) + hy(y)}
q—0+

2 [ iA(y+a) L — COS AT
== iy+a) 2 SBAT Y g,
(ST

Moreover, it holds that lim,_, 1 h?(z,y) = 0.

Proof. (i) By (1.3), it holds that
2 [~ 1 —cosA\x
h hy(—x) = — — | dA. 3.2
Since #(\) > 0, we have |¢ + ¥(\)| > |¥(\)]. Hence it holds that
1 —cosAx 1 —cos Az 1—coshz _ (Ax)>A2
R < 3.3
re(rve )| <[ v o9

< < )
@ ()] 1@ ()]
which is integrable in A > 0 by Lemma 2.4. Then we may apply the dominated conver-

gence theorem to deduce that
2 [ 1 — cos Az
hq(l') + hq(—x) — ;/0 Re(m) d)\, as q — 0+.
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(ii) We only consider the case r — oo since the case x — —oo can be proved in the same
way. For any § > 0, we have

2 [ 1 —cos Az 2 *l 2
el LT CosAT <2 | |2 . 4
7rx/5 Re( 78y )d)\’_ﬁm/é ‘gj()\)’d)\—>0, as r — oo (3.4)

Fix ¢ > 0. By Lemma 3.1, we can choose ¢ > 0 such that

A2 2
— - — for |A| < 6.
‘g/()\) 5| <e, for|A<

Then it holds that
g _ _ enc
l/ Re 1 COb/\J? % 51— cos\z QA
i °° 1 —cos¢ de
m2 £2
— +¢&, asx — 0.

Thus we obtain

2 [° 1 —cos\x 2
li — —— |dA < — . 3.5
Ty mc/o Re( @(\) ) SoaTE (3.5)
In the same way, we can show that
L 2 g 1 —cos Az 2

By (3.4), (3.5) and (3.6), the result follows.
(iii) By (1.3), we have

9 [o® . 1 —cosA\x
haly+20) = 2hy-+3) + o) = 2 [ R0 IZERE 0

By the same way as (3.3), we may apply the dominated convergence theorem to obtain

hP (x,y)

Jim {hy(y +22) = 2hg(y +2) + hg(y)}

. / " Re (et LT COSATY 4y
T Jo (A

Furthermore, by the Riemann-Lebesgue lemma, we obtain h” (z,y) — 0asy — +oco. O

3.2 Proofs of Theorems 1.1 and 1.2

We separate the proof into the two cases: m? < oo and m? = co. We first show the
existence and properties of h in the case m? < oco. In this case, we can use the dominated
convergence theorem.

Proof of (i) of Theorem 1.1 in the case m? < co. For each z, A € R, we observe that

L—e?\  (q+6(N)(1 —cos Ax) + w(A) sin Az
R%q+ﬂM>_ g+ 2P |
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Hence it follows from ¢(\) > 0 that

()|

< 1 —cos\x . At Jw(N) || sin Az N ’ 1 _ eide
IR LA I 76N [ BRI | B 78y
< A’ 22 P lw) 2

- ‘W(/\) +’W(/\) e | A’M‘

By Lemma 2.4, (i) of Lemma 3.1 and Lemma 3.2, the last quantity is integrable in A > 0.
Therefore, we may apply the dominated convergence theorem to conclude that

hy(z) = i/ooo Re(;;;:;)) dA

1 [® [(1—e?®
— ;/(; RQ(M> d)\, as g — 0+.

Hence the proof is complete. O

Proof of Theorem 1.2 in the case m? < co. (i) We take § > 0 sufficiently small. By (i) of
Theorem 1.1, we have

e )

_ L) [TRe(loe "W sinde ? 0)(1 — cos hx)
_”‘{/6 Re< ey )dH/o wO)? dH/o T28Yk dA}' @7

For the first integral in (3.7), we have

1 [ (1 1| 2
— e < | |-= +00.
Wff/é Re( 70N )dA‘—m/S ‘ww‘“—)“’ as & = =0

For the second integral in (3.7), since we have

2lw(N)

>\3

|w(A) sin Az | < ’ A2 ’ (3.8)

Pl T PO

which is integrable in A € (0, ) by (i) of Lemma 3.1 and Lemma 3.2, we can apply the
dominated convergence theorem to obtain
1 (% w(\)sinA
L [eshAT ) as e o o
T Jo  |W(A)

For the third integral in (3.7), we can apply the similar discussion as the proof of (ii) of
Lemma 3.3. Therefore we obtain

(ii) Take 6 > 0 sufficiently small. Then we have

h(y +x) — h(y)
o0 ] _ i
_ %/O Re <e1Ay1Q/(A) ) A

1/OO < A 1—cos)\:13) 1 /5 /Oo ( i\ sin)\m)
== Rel &Y ——F——— | dA + — + Im( e dA.
™ Jo w(A) T \Jo ) @A)
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By the Riemann-Lebesgue lemma, we obtain

o0 X 1_ o0 X .
lim Ref o L= CSATN v i T (2w S8AY 4y g,
y—+oo 0 W()\) y—Foo s W()\)

On the other hand, we have

1 /0 .y oSin Az
= [ Im(e™M d\
w/o m<e ww)

_ 1/‘S G(A)sin)\xsin/\y A — 1/5 w()\)sin)\mgos/\y A
™ Jo (N ™ Jo ()

(3.9)

By (3.8), we may apply the Riemann-Lebesgue lemma to the second integral and we
have

1 [° w()\)sin Az cos A
7/ w(A) sin Az cos Y 4
0

5 — 0, asy— *oo.
m L4ey]

For the first integral of (3.9), we use Lemma 3.1 and Lemma 3.4 below to show that

2

1 (% 0(\)sin Az sin Ay 1 (9] A2 |76(\) sin Az sin Ay
— 5 dA=— 5 dA
— :I:i27 as y — *foo.
m
This ends the proof. O

The following lemma is an elementary calculus.

Lemma 3.4 (Jordan’s theorem for the Dirichlet integral). Let 6 > 0 and let f: (0,6) = R
be continuous and be of bounded variation. Then it holds that

) .
lim 3/ FOOSAT 4 — 404,
0

z—+oo T A

where f(0+) = limy_ 0+ f()).

Proof. By integration by parts, we have

2 [0 sin \x 2 9 A sin \x 2 % gin Az
;/0 ) 3 dA ;/0 (/o df(§)> \ d)\—i-;f(()—i—)/o 3 dA

2 [ % gin \x 2 % sin \x
;/0 </}5 g dA)df(§)+7Tf(0+)/0 A )

— 0=+ f(04), as ¢ — Foo.

Thus we obtain the desired result. O

Then let us prove the existence of & in the case X is recurrent and m? = co. Its proof
is quite different from that in the case m? < cc.

Proof of (i) of Theorem 1.1 in the case m* = co. Since h,(0) = 0, we have the limit ~(0) =
limy 04 hq(0) = 0.
Fix a # 0 and set

h(a) = limsup h h(a) = liminf hy(a).
(a) fm sup a(a), h(a) =limnfhy(a)
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We also define A = h(a) — h(a) > 0and A = {27a: j =0,1,2,3,...}.

It follows from hg(z) < he(z) + he(—2) and (3.2)~(3.3) that {h4(z)},., is bounded for
each z € R. Hence, by the diagonal argument, we can take two sequences {¢,},{q,},
which satisfies the following three conditions:

* Gn,q, = 0+ asn — oo;
* limy, 00 hg, (7) and lim, o ke (7) exist and are finite for each z € 4;
o h(a) =limy o0 h, (a) and h(a) = lim,,_,o0 he (a).

Then we define, for z € A,

h(z) = lim hy,(z), h(z)= lim hy (z).

n—oo n—oo
By (iii) of Lemma 3.3, we have
hP(xz,0) = h(2z) — 2h(x) = h(22) — 2h(x), z € A.

This implies that h(2x) —h(22) = 2(h(z) —h(x)). Hence it holds that h(27a) —h(27a) = 27 A,
ie.,

h(27a)  h(27a) A

, , —0,1,2,3,.... 3.10
2ia 2iq 7 ’ ( )

It follows from (ii) of Lemma 3.3 that

h(27 J S (9
[ 20) W)\ _ S (2a)
21a 21a 2a

— 0, asj — oo.
Thus, by letting ; — oo in (3.10), we obtain A = 0. Therefore, we conclude that
h(a) = lim,_,04 hq(a) exists. O

2

Next, we prove (ii) and (iii) of Theorem 1.1 in both cases m* = oo and m? < oo.

Proof of (ii) and (iii) of Theorem 1.1. By the Markov property, we have, for z,y € R,
P,y [em170] = Pofem"-2] > Pyle T+ P_, [o=0T-=-]] = Py e"0"0]P, [e~1"].
Since hy(z) = r4(0)(1 — P,[e~%7°]) and (1 — P,[e~%7°])(1 — P,[e~47°]) > 0, it holds that
he(z +y) < hg(x) + he(y).

Hence h, is subadditive. (This proof can also be found in [18, Lemma 3.3].) Since h, is
non-negative and subadditive, and by (3.2) and (3.3), it holds that

(A0)* A2

70 dA.

g (4 8) — hg ()] < hy(8) + hy(—5) < /0°°

Hence {hq}q>0 is equi-continuous. Equi-continuity and pointwise-convergence imply the
uniform convergence on compact subset of R. The subadditivity of h follows directly
from that of h,. O

Finally, we show the properties of k in Theorem 1.2 in the case m? = cc.
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Proof of Theorem 1.2 in the case m? = oco. (i) This is directly from (ii) of Lemma 3.3.

(ii) Since h is subadditive, we have

n

> {h(ka +y) — h((k = Dz +y)} = h(nz + y) — h(y) < h(nz). (3.11)
k=1
By (iii) of Lemma 3.3, it holds that
{h2x+y)—h(z+y)} —{h(zr+y)—h(y)} — 0, asy— too.
Thus we have
lim sup Z{h(kx +y) = h((k = 1)z +y)} = nlimsup{h(z +y) — h(y)}. (3.12)
y—Foo =1 y—Foo
Combining (3.11) and (3.12), we obtain
h
limsup{h(z +y) — h(y)} < (nx)
y—+oo n
Since we have lim,,_, o h(T) = 0 by (iii) of Lemma 3.3, we have
limsup{h(z +y) — h(y)} <O0.
y—Foo
Replacing x with —z, we also have
. B B >
lim inf{h(y) — h(y — 2)} 2 0.
Therefore we obtain lim,_, 1+ {h(z +y) — h(y)} = 0. O
3.3 The function h”
Let us compute P[Ly | and P, (T, < T}).
Lemma 3.5. (i) Fora € R,
B o _ t hqg(a)hqe(—a)
hy(a) =1 e " dL,| = h¢(a) + hg(—a) — —~—. (3.13)
4 0 T(Z(O)
Consequently, it holds that
hP(a) = lim h¥(a) =P[Lz,] = h(a) + h(—a). (3.14)
q—0+
(ii) Forz,a,b € R, a # b and for q > 0, it holds that
P e 9T, < Ty
_ hg(b—a) + hg(x —b) — he(x — a) — hg(x — b)hy(b— a)/ry(0) (3.15)
B h&B(a —b) '
Consequently, it holds that
h(b—a)+ h(z —b) — h(z — a)
P.(T, <Ty) = . 3.16
(To < Tp) 7B (a—b) (3.16)
EJP 28 (2023), paper 12. https://www.imstat.org/ejp
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Proof. (i) We omit the proof of (3.13), which can be found in [1, Lemma V.11]. Letting
q — 0+ in (3.13), and using (2.5), we obtain (3.14).
(ii) By the strong Markov property, it holds that, for z,a,b € R, a # b, ¢ > 0,

Pyle o] = Pyle " T, < Ty + Pyle” " T}, < T,]Py[e~ "],
P, le™ 1] = P, le™ " T, < T,] + Pyle™ " T, < Ty|P,[e ™).
Combining the above two equalities, we have

P,lemTe] — P e~ 1T4]Py[e~97e]
1—P,le" 9T ]Py[e—9T4]

P,le” T, < T) =

By (2.1), this implies that
P.le” T, < T))

_rqla—x) —rq(b—x)rg(a —b)/r4(0)
74(0) = r4(b — a)rq(a —b)/rq(0)
_ hg(b—a) + hy(x = b) = hy(z — a) = hy(x = b)he(b — a)/r4(0)
hf(a— b) )

Hence we obtain (3.15). Letting ¢ — 0+ in (3.15), we obtain (3.16). O

Remark 3.6. The formulae (3.15) and (3.16) are also discussed in Theorem 6.5 of
Getoor [12]. See also Proposition 5.3, Proposition 5.4 and Remark 5.5 of Yano-Yano-
Yor [41].

The next theorem can be proved in the same way as Panti [18, Lemma 3.10].
Lemma 3.7 ([18, Lemma 3.101). It holds that lim,_,,, h®(z) = oo.

Proof. For completeness of this paper, we give the proof. Let e be an independent
exponential time of mean 1 and set e, := e/q for ¢ > 0. Then we have

hP(z) = P[Ly,] = P[L1,; T, < eg] + P[Lr,; Tp > eg] > PlLe,; T > ). (3.17)
Letting x — 0o, we have
liminf b7 (z) > P[Le,] = r4(0), forall g > 0. (3.18)
T—r00

Since X is recurrent, i.e., x = 0 in (2.5), we let ¢ — 0+ to obtain liminf,_ ., h?(x) > cc.
Hence we obtain the desired result. O

The following theorem, which will be used in Section 7, is a generalization of the
result in the symmetric case by Yano [38, Theorem 6.1].

Theorem 3.8. Fora € R\ {0}, it holds that

n(T, < Ty) = (3.19)

hB(a)
Proof. For [ > 0, it holds that
P(LTa > l) = IP(Ta > ’17[) = P<U{TG<T0} > l),

where o4 = inf{l: ¢, € A} for A C D. Since o4 is the hitting time of the set A for the
Poisson point process ((/,¢e;),l > 0), we have

P(Ly, > 1) = e~ iTa<To), (3.20)

For more details, see, e.g., [15, Lemma 6.17]. In particular, L7, is exponentially dis-
tributed. On the other hand, we know h®(a) = P[Lz,] by Lemma 3.5. Hence we
obtain (3.19). O
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3.4 Examples of the renormalized zero resolvent

Example 3.9 (Brownian motion). Assume X is a standard Brownian motion. Since
m? = o2 = 1, it holds that

1 >0
r (z) = |z| + ya = L4z =20, for -1 <~ <1.
(177)‘% Z<O,

Example 3.10 (Strictly stable process). Assume that X is a strictly stable process of
index a € (1, 2) with the Lévy measure

—a—1
d 0 ,
V() = ch|;10|_@_1 x on (0,00)
c— |zl dz on (—o0,0),

where c;,c_ > 0 and c; + c_ > 0. Then its characteristic exponent is given by
w(\) = cwa(1 — iBsgn()) tan %)
where ¢ and  are constants defined by

(c4 +c)m cy —Co
c= =
2ol (o) sin(ra/2)’ 4o

In this case, we have m? = oo and the function h can be represented as

hz) = ﬁ(l — Bsgn(@))z*",

where
K(a) = —2cI(«) cos % (1 + /% tan® %)

For more details, see [39, Section 5].

4 Local time penalization with exponential clock

We now start to deal with the penalization result with exponential clock. Let e be an
independent exponential time of mean 1 and for ¢ > 0, we write e, := e/q, which has an
exponential distribution of mean 1/q. We compute P.[f(Le,)], P.[f(Le,)|F:] and its limit
as ¢ — 0+ to investigate lim, o4 P.[F; f(Le,)]/P2[f(Le,)] for bounded F;-measurable
functional F}. Recall that we assume X is recurrent and assume the condition (A).

4.1 The law of the local time with exponential clock
First, we compute P.[f(Le,)].

Lemma 4.1. Let f be a non-negative measurable function. Then, forq > 0 and z € R, it
holds that

P,[f(Le,)] = rio){hq(x)f(O) + (1 - izgg))) /OOO e /ma(0) £ (y) du}. (4.1)

Proof. Using the excursion theory, we have

>/ f(u)ge du]

ueD
00 To
/ dL; f(Lt)e_qt/ duqe_q“]7
0 0
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where the last equality follows from Lemma 2.5. By (2.3) and (2.4), we have

0o To
Py®n / dL; f(Lt)e_qt/ duge™ ™
0 0

[ s Jals e

B S —u/rq(0)
= Tq(O)/o f(u)e du.

Applying the Markov property, we obtain

P,[f(Le,)] = P, [ J dt}

To

=P, f(0)ge 7 dt

+ P, [e"9T0] P, [ /O h f(Li)ge 4" dt}

_ (0) <1 B rq(—x)> N T;(E&)ﬁ) /OOO Flu)e /) 4y

Tq(o)
1 (@) \ [ o
= — 3 hy(z)f(0) + (1 - > / e /a0 £ () du},
Tq(O){ ! 4(0) ) Jo
here we used (2.1). Therefore we obtain the desired result. O

4.2 A.s. convergence for exponential clock

To calculate IP,[F(Le,)|F:], we separate into the two cases {t < e,} and {e, < t}.
Let f € £} and 2 € R. For ¢ > 0, define

N =14(0)P;[f(Le, )it < eqlFil,
Mtq = rq(O)IPz[f(Leq)‘ft}v
Ag = Mtq - th = Tq(o)]Pw[f(Leq)§ e, < t|]:t]a

and h(™ and M" are defined in (1.7) and (1.8).
Theorem 4.2. For f € £! and x € R, it holds that

lim N7 = lim M =M", P,as.
q—0+ q—0+

Proof. By the Markov property and the additivity of L, we have

Nf = TQ(O)Px[f(Leq);t < eq|}—t]
= 1(0)e™ P, [f(Ls + Lg,)]

_ eqt{hq(Xt)f(Lt) . (1 B hﬁq(()é;)> /OOO e=u/maO) £(L, + u) du},

hﬁq(()éﬁ) =Px,[e"?°] = 1, P,-as.

as ¢ — 04 and since fooo f(Lt + u) du < 0o, we may apply the dominated convergence

here the last equality, we used Lemma 4.1. Since 1 —
theorem to deduce that th — Mt(o), P.-a.s. as ¢ — 0+. By (iv) of Lemma 2.4, we have
t
AT =y (O, f(Le, ) €y < 7] =ary0) [ f(Lu)e ™ du 0
0

P,-a.s. as ¢ — 0+. Therefore, we obtain M} — Mt(o), P.-a.s. as ¢ = 0+. O
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4.3 L' convergence for exponential clock

Now we prepare some lemma to prove the £' convergence for exponential clock. The
following lemma is a part of Theorem 15.2 of Tsukada [35].

Lemma 4.3 ([35, Theorem 15.2]). Fort > 0, it holds that h,(X;) — h(X3) in L' (P,) as
q — 0+.

The next theorem is the penalization result with exponential clock.
Theorem 4.4. Let f € £} and z € R. Then (Mt(o),t > 0) is a non-negative ((F;),P;)-
martingale, and it holds that

lim Nf = lim M?=M", inc'(P,).
q—0+ q—0+

Consequently, ifM(EO) > 0 under P,, it holds that

P, [F,f(Le,)] M
P, [f(Le,)] MO

for all bounded F;-measurable functionals F;.

— P,

], as q — 0+, 4.2)

Note that the penalized measure in (4.2) is not the same as that of Theorems 1.5
and 1.7.

Proof of Theorem 4.4. We first consider the case where f is bounded. We write

e_qt{hq(Xt) F(Le) + (1 — h:q(()g;)) /0 = e ulr) F(Le + ) du}
= (D, + (A1),

MO = h(X)f(L) + /OO f(Ly +u)du
0

N{

(1) + (II).

By Lemma 4.3 and by the boundedness of f, we obtain (1), — (I) in LY(P,). Moreover,
since [;° f(u)du < oo, it follows from the dominated convergence theorem that (II) .
(1) in £'(P,). Hence we obtain N7 — M,” in £1(P,). By (iv) of Lemma 2.4, we have

P,[A]] = qry(0)P, {/Ot e 1 f(Ly,) du] < qrq(0)t|| Il = O, as g — 0+.

Since A? > 0, this means that A — 0 in £!(P,). Thus we have M — M in £}(P,).
For 0 < s < t, we know P,[M/|F,] = MJ. Letting ¢ — 0+ on both sides, we have

P, (M |F,] = MO, (4.3)

which means that (Mt(o),t > 0) is a non-negative ((F;), P, )-martingale.

Let us consider the general f € /Jl+. We know the equality (4.3) holds for f A n.
Letting n — o0, (4.3) holds for general f € L',l+ by the monotone convergence theorem.
Hence we have

lim P,[M{] =

. q _ 270 _ (0)
Jim, = ql_l)rglJr Mi =My’ =P,[M,"],
and by Fatou’s lemma,

(0) — i 9 > 1 97 > limi a9 > (0)
M, ql_l)%l_i_ P, [M]] > hqri%:l_p P.[N/] > lérg(l)r}_f P, [Nl > My .

Thus we have lim,_,o4 P,[N7] = lim,_o; P,[M{] = P,[M,”)]. Applying Scheffé’s lemma,

we obtain limg_,o4 N = limg_,0r M{ = M in £}(P,). O
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5 Local time penalization with hitting time clock

We deal with the penalization result with hitting time clock (7,). To this aim, we
compute P, [Lr, | and P,[Lr,|F;] and its limit as a — +oo. Recall that we assume X is
recurrent and assume the condition (A).

5.1 The law of the local time with hitting time clock
First, we compute P,[f(Lt,)].
Lemma 5.1. For z,a € R, a # 0 and any non-negative measurable function f, we have

P,[f(Lr,)] = Pu(Ty > T,)£(0) + ]P(th(z)T) /O ™ o u /@) () du

Proof. By (3.20), Lr, is exponentially distributed with parameter 1/h”(a). Hence we
have

Polf(Lr,)] = hBl(a) /OOO e*u/hB(a)f(u) du.

Applying the Markov property, we conclude that
P, [f(L1,)] = Pu(To > To) f(0) + P (To < Tu)Po[f(LT,)]

=P, (Ty > T,)f(0) + W /Ooo e*u/hB(a)f(u) duw.

Hence the proof is complete. O

5.2 Proof of a.s. convergence of Theorem 1.5

We now proceed the proof of the hitting time result. We separate into the two cases
{t < T,} and {T,, < t}.

Proof of a.s. convergence of Theorem 1.5. By the strong Markov property, the additivity
of L and Lemma 5.1, we have

N = 1ier P (@)Px, [f(Lg, + Lt)]

— 1{t<Ta}{hB(a)IPXt (To > To) f(Ls) + Px, (Tp < Ta)/ e~ w/h%(@) (L, 4 ) du},
0

PP.-a.s. as a — +oo. (ii) of Theorem 1.2 and (3.16) imply that
hB(a)Px, (To > T,) = h(Xy) + h(—a) — h(X; — a) — REV(X,),
IPXt(TO < Ta) — 1,

P,-a.s. as a — £oo. By Lemma 3.7, we obtain N — Mt(ﬂ), P,-a.s. as a — *oo.
Furthermore, we have

M — N = hP ()P, [f(Lr, ); T < t|F] (5.1)
= hP(a)f(Lr,) i1, <ty
— 0, IPP,-a.s.asa— +oo. (5.2)
Hence we obtain M} — Mt(il) P.-a.s. as a — £oo. O
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5.3 Proof of L' convergence of Theorem 1.5

Proof of L' convergence of Theorem 1.5. We first consider the case m? = co. Then we
know Mt(il) = Mt(0 . Hence, by Theorem 4.4, (Mt(il), t > 0) is a non-negative ((F;),P,)-
martingale. Thus we have

P, [MP] = Mg — M&FY =P, [M*Y], asa — +oo.
By Fatou’s lemma, we have

P,[MEV] = lim IPI[Mt“]ZlimsupIPx[Nt“]zlimiianPm[Nf]zle[Mt(il)].

a—ZFo0o a—s+oo a—Foo

Consequently, it holds that P,[N?], P, [N&] — P, [M{*Y], as a — +oo. Applying Scheffé’s
lemma, we obtain N, N& — M in £1(P,) as a — +oo.
We next consider the case m? < co. Suppose first that f is bounded. We write

N = 1oy (M(Xe) + h(—a) — h(X; — a)) f(Le)
+1gery Py, (To < To) /OOO e UM (L + u) du
= (D + 1D,
MY = nED(X) f(Le) + /OOO F(Le+u)du
= (1) + (10).

Since h is subadditive, we have h(X;) + h(—a) — h(X; — a) < h(X:) + h(—X;). By the
proof of Lemma 4.3, we know P,[h(X;) + h(—X:)] < oo and thus, by the dominated
convergence theorem, we have

h(Xy) + h(—a) — h(X; —a) — RFY(X,), in LY(P,) as a — +oo.

The boundedness of f implies that (I), — (I) in £(P,) as a — #oo. Since (II), <
fooo f(u) du, we may apply the dominated convergence theorem to conclude (II), — (II)

in £1(P,) as a — ~+oo. Hence we obtain N¢ — M*" in £1(P,). By Theorem 1.2 and the
optional stopping theorem, we obtain

P.[Af] = hP(a)P.[f(Lr,); To < 1]

hB(a) a
= 7]1), X L 'T <
a h((l) J[h( Ta)f( Ta)7 a > t]
B
<MW 8 p O, <
a  h(a) .
hB(a) a 0)
= Py (M, T, <
a h(a) [ t t]
— 0, as a — too.

This yields that A® — 0 in £(PP,) as a — +o0. Hence M2 — MY in £1(P,) as a — +oc.
Since P, [M{|Fs] = M2 for 0 < s < t, we let a — £oo to obtain

P, [MEV|F] = MED, (5.3)

In particular, (Mt(il),t > 0) is a non-negative ((F;),P;)-martingale. To remove the
boundedness condition of f, we consider f An and let n — oo in (5.3). Then we have
(Mt(il),t > 0) is a non-negative ((F;), P,)-martingale. The remainder of the proof is the
same as that of Theorem 4.4. So we omit it. O
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Remark 5.2. Suppose that m? < co. Then, since Mt(o) and Mt(l) are different ((F;), P,)-
martingales, m2(Mt(1) - Mt(o)) = X, f(L) is also a ((F;), P,)-martingale. In fact, if X; is
integrable, P[X;] = 0 and f is a bounded measurable function, then (X;f(L¢),t > 0) is a
((F:),P,)-martingale. For more details, see Theorem 10.1.

By Remark 5.2, we can prove Theorem 1.4.

Proof of Theorem 1.4. Since h(¥) is non-negative for —1 < v < 1, we have Mt(v) > 0.
Since (Mt(o),t > 0) and (X f(L¢),t > 0) are ((F;), P;)-martingales, the process (th =
Mt(o) + 5 X f(L¢),t > 0) is also a ((F;), P, )-martingale. O
6 Local time penalization with two-point hitting time clock

Let us consider the hitting time of two-point set, i.e., Ty, = T4y = Tu N Tp. Recall

that we assume X is recurrent and assume the condition (A).

6.1 The law of the local time with two-point hitting time clock
First, we compute P[Ly, a1, ], Pr (T < Tp AT.) and P, [f (L1, A1, )] respectively.
Lemma 6.1. For a # b, it holds that

h€ (a,b) == P[Ly, a1,

_ 1 (h(b) + h(—a))h(a —-b)+ (h(a) + h(—b))h(b —a)
hB(a —b) —h(a—b)h(b—a)|

Proof. For g > 0, by the strong Markov property, we have

[ee) ToNTy
P {/ e 1 st] =P / e " dL,
0 0

+ IP[e_qT“;Ta < TP, [/ e ¢ st}
0

)
+ ]P[e_qu; Ty < Ta]Pb |:/ e q st:| .
0

Using (2.2) and (ii) of Lemma 3.5 and letting ¢ — 0+, we obtain the desired result. O
Lemma 6.2. Fora,b,c,z € R and a # b, ¢, it holds that
P.le” T, < T, NT.]

P.le=9a; T, < Ty] — Pyle~9%e; T, < Ty] — P e~ T,, < Tp) (6.1)
1—Pyle=9Te; T, < Ty|P.[e~Ta; T, < Ty ’

and letting ¢ — 0+, it holds that

P.(T, <Ty) — P (T. <Tp)P.(T, <Tp)
1-P,(T. < Tp)Pc(To < Tp)

P.(T, < Ty AT,) = (6.2)

Note that, by (3.16), we can express P, (T, < T, A T..) only in terms of h.
Proof of Lemma 6.2. Using the strong Markov property, we have
Ple~ %", T, < T))]

=P,le T, < Ty ANT.]+Ple T, < T, < T} (6.3)
=P, le T, < Ty ANT.] + Pyle” e T. < T, NTy|P.[e” =, T, < Ty).
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Replacing a with ¢, we also have

P.le” T, < Tp)]

=P,le T, < T, ATy + Pple” T, < Ty AT P [e” e, T, < Tp).
Combining (6.3) and (6.4), we obtain (6.1). Letting ¢ — 0+, we also have (6.2). O

(6.4)

Lemma 6.3. Fora # b and x € R, it holds that

P [f (Lzuam,)] = Po(To > Tu ATy £(0) + ]Pﬂc(T}j;(aT‘;)A To) / e u/hE @) £y du.

Proof. In the same way as (3.20), we have, for [ > 0,

IP(LTQ/\TI, > l) _ IP(O-{TG/\T;,<TO} > l) — e—tn(Ta/\Tb<To)_

In particular, Ly, o7, is exponentially distributed. (Consequently, we obtain n(7T, A T}, <
Ty) = 1/P[Lz, 5] = 1/h(a,b).) We may apply the strong Markov property and obtain the
desired result. O

6.2 Proof of Theorem 1.7

We are now ready to prove the two-point hitting time result. Recall that (a,b) RS
means (1.9).

Proof of Theorem 1.7. By Lemmas 6.1 and 6.2 and (3.16), we have
hE (a,b)P,(Ty > Ty ATp)

) s L {(h(—a) — h(z — a))h(a —b) + (h(~b) — h(z — b)) h(b — a) }
hB(a —b) — (h(a) = h(b)) (h(—a) — h(z — a) — h(=b) + h(z — b)) [
Recall that h(a) = h(a) + h(—a); see (3.14). Replacing b with —b and using Theorem 1.2,
it holds that
hE (a, —b)P,(Ty > Ty ANT_p) ——— h(x).
(a,b)lh)o

By the strong Markov property and Lemma 6.3, we have
N = Lpper, 3 {h€(a, =0)Px, (To > Tu ) f(Lo)}

(oo}
+ 1{t<Ta,b}{PXt (TU < Ta’,b) / e—u/hc(a,—b)f(Lt + u) dy}_
0
Hence we obtain N2* — M”, P,-a.s. as (a,b) 2 co. The proof of M** — M, P,-
a.s. is similar to (5.1)—(5.2). Since (th,t > 0) is a non-negative ((F;), P, )-martingale
(Theorem 1.4), we may apply Scheffé’s lemma to obtain the £! convergence. O

7 Local time penalization with inverse local time clock

We define the modified Bessel function of the first kind, which is expressed as

= (/)
IV = y > 0, 0.
(z) Z nll(v+n+1) Y v

n=0
Note that I,,(z) is increasing in « > 0. For more details, see e.g., [16, Section 5]. Recall
that 7% denotes the inverse local time at a: 7% = inf{¢ > 0: L¢ > u}. We consider the
penalization with inverse local time clock in two ways: first, we make a tend to infinity,
and second, v tend to infinity. Recall that we assume X is recurrent and assume the
condition (A).
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7.1 The law of the local time with inverse local time clock
Lemma 7.1. Let a € R\ {0}. Then the process (Ly.,u > 0) under P, is a compound
Poisson process with Laplace transform

Ipa[e*BLng} — e—flﬁ’/(1+/5iLB(fl))7 B8>0. (7.1)

Moreover, for any u > 0 and f € L}, it holds that

P, [f(Lys)] = e=*/""@ £(0) / St @ () dy,

where

Pu\Y

o (y) = e%uﬂ)/a@j1 <2\{:Ty)

We omit the proof because it is very similar to that in the diffusion case of Profeta-
Yano-Yano [25, Lemma 4.1], using Theorem 3.8. For the proof, we use n*(Tp < Ty,) =
n(T-, < Tp) = 1/hB(a) in the Lévy case, instead of n®(Ty < T,,) = n(T, < Tp) = 1/a in
the diffusion case. The proof of (7.1) can also be found in [1, Lemma V.13].
The proof of the next lemma is completely parallel to that of [25, Lemma 4.2]. So we
omit it.
Lemma 7.2. Foru > 0, z,a € R, it holds that

Px[f(Lnﬁ)] = Px(Ta < TO)IPa[f(an)] + IP-%(TO < Ta)IPa[f(el/hB(a) + Ln,’;)]

— BT, < TR (L) + 0 S [t @ ) a,

0

where
2
i) = e een, (20,
a

7.2 Limit as a tends to infinity with « being fixed
Theorem 7.3. Let f € EEL and z € R. For any u > 0 and a € R, we define

Nta’u = hB(a)IPr[f(Ln‘i)§t < nilftla

0

M = hP(a)Py[f(Lya)| .
Then

lim N/ = lim M = M*Y, P,-as. and in £1(P,).

a—=4o0o a—74oo

Consequently, ifMéil) > 0 under P,, it holds that

+1)

P [Fyf (Lne)] {
Méil)

P [fL)] O C

F

1, as a — oo,

for all bounded F;-measurable functionals F;.

The proof of the theorem is very similar to that of [25, Lemma 4.4 and Theorem
4.5]. So we omit it. ([25, Lemma 4.4] states only convergence in probability but, its a.s.
convergence can also be proved by the same proof.)
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7.3 Limit as u tends to infinity with ¢ being fixed

In this section, we only consider the cases f(z) = e #* and f(z) = 1{;—o}. The next
theorem is in the case f(z) = e~ 77,

Theorem 7.4. Letz € R, a € R\ {0}, 8 > 0 and t > 0. Define

NP = P BN N [o=Phu < | Fy),
M = Pul QB @) [o=PLug | F,)

and

_ P (TO < T, ) a B
MPBo — o=BL) P T, < T X+ a) oBLY /(1487 (a)) |
t € Xt( 0) + 1+ ﬂhB(CL) €
Then it holds that

P,-a.s. and in £'(P,).

7

lim N7 = lim MM = pmpPe

U—00 ) uU— 00

The proof of Theorem 7.4 is parallel to that of [25, Lemma 4.6 and Theorem 4.7]. So
we omit it.
We consider the case f(r) = 1{,—0}.

Theorem 7.5. Letz € R, a € R\ {0}, 5 > 0 and t > 0. Define
N oo = e“/hB(“)IPm(t <Nt < To|F),
Mt = /MR, (g < Tyl F),

and
M = B/ @OP (T, < To)lgemyy-
Then it holds that

. U,00,a __ 1: uU,00,a __ c0,a
lim NV, = lim M, = M,
U—r 00 uU—r 00

P,-a.s. and in L' (P,).

)

The proof of Theorem 7.5 is very similar to that of [25, Theorem 4.8]. So we omit it.

8 Universal o-finite measures

In this section, we shall discuss the penalized processes and o-finite measures
unifying the processes. We have obtained the penalized measure Qgﬂ’f ), which is given
by

T |~7:t - M('y’f) 'IPI‘]:H

8.1 Lévy processes conditioned to avoid zero
We show that »(?) is invariant for the killed process.
Theorem 8.1. For —1 < v <1, it holds that

P, [n(X); Ty > t] = b (z), n[h(X,);Ty>t]=1, zeR.

Proof. We can show the case v = 0 by the completely same discussion as the proof
of Panti [18, (iii) of Theorem 2.2]. Combining this with Theorem 10.1, we obtain the
desired result. The former equation also follows from the fact that (Mt(%l(“o}),t >0)is
a ((F),P;)-martingale. O
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Let H) = {z € R: AW (z) > 0} and 7—[(()7) = H U {0}. We introduce the h(")
transformed process given by

h(V) (Xt) )
1{To>t}m Polr, ifzeHD,

1{To>t}h(7) (X¢) - nlr ifz=0.

Pz, =

Since IPSY) |7, is consistent in ¢ > 0, the probability measure ]Pp) can be well-defined on
Foo = 0(Xy,t > 0), for more details, see Yano [37, Theorem 9.1]. For any ¢ > 0, we have
IP?)(TR\HM > t) = 1. Consequently, we have IP?)(TR\HM = 00) = 1 and in particular,
]Pgﬁ) (Th = o0) = 1. The process IPC(J) is called a Lévy process conditioned to avoid zero.
Note that, for z € H(?), the measure IP?) is absolutely continuous with respect to IP,. on
Fi, but is singular to P, on F, since P, (T < o0) = 1.

By Theorems 4.4, 1.5, 1.7 and 7.3 (Corollaries 1.6 and 1.8) and by taking f = 1,—¢},
we have the following conditioning results.

Corollary 8.2. Lett > 0 and F; be a bounded F;-measurable functional. Then the
following assertions hold:

(i) limgor Po[F|To > e,] = P[F), forz € HO);

(i) limas+o0 Po[FY|To > Ta] = PV [F, forz € HED;

(i) lim o PolF|To > To ) = P)(F,), for —1 <~ <1andz € H");

(iv) limg—, 1o Po[F|To > 1%] = PEV[F), foru > 0 and z € HED,

Note that (i) of Corollary 8.2 generalizes Panti [18, Theorem 2.7].

8.2 Universal o-finite measures

In this subsection, we assume that (X, P,) has a transition density p:(-). Then we can
construct the Lévy bridge. Let Py  denote the law of bridge from Xy = z to X, = y.
This measure can be constructed as

pu—t(y - Xt)

]P_Ej_,y(A) =P {114 pi(y — )

], Ae F, 0<t<u.

See Fitzsimmons-Pitman-Yor [10]. We have the conditioning formula:

t t
P, {/ F, dLu} = / P [dL Py o[Fu], t>0,
0 0

for all non-negative predictable processes (F3,), where we write symbolically P,[dL,] =
pu(—2) du.
Forz € R and —1 <y <1, we define

PO :/ P, [dL.] (]PZO.IP(()W)) + RO ()P,
0

where the symbol e stands for the concatenation and h(V)(x)Ing) =0forzc R\ H".
Then we have the following:

Theorem 8.3. [letxz € R and f € E}r. Lett > 0 and F; be a bounded F;-measurable
functional. Then the following assertions hold:

(i) limgyo4 74 (0)PL[Fi f(Le,)] = P F f(Loo)l;
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(ii) lima_s 100 h2(@)PL[Ff (L)) = PV F(Loo)s

(i) lim o, BO(a, ~b)Pu[Ff (L, )] = POFF(Loo)], for—1 <y < 1;

(iv) limy 400 hB(a)P,[F,f(Lya)] = PV f(Loo)], foru > 0.
Proof. It suffices to show that
POFf (Loo)] = Pu[F M),
for —1 <y < 1. The proof is the same as that of Theorem 5.3 of [25]. O

Consequently, we obtain the representation of ng’f ) as follows:

S D A 25 RPN
R

Recall that g = sup{t¢: X, = 0}. Since (Dgy’f)(g < o00) = Py(g = 00) =1, the two measures
are singular on F.

8.3 The law of L., under Q'
We assume, for simplicity, that f € £ satisfies fO°° f(w)du = 1. Then we have
Mé%f ) = 1, Py-a.s. For [ > 0, the optional stopping theorem implies that

QY (Ly > 1) = Po[M™ ) Ly > 1] = Po[ M Dy < 1),
Letting ¢ — oo, we may apply the monotone convergence theorem to deduce that
Q5" (Lo > 1) = PolM{).

Since X, = 0 and L,, = [, we have

M” ) / fl+w)
Therefore, it holds that
QN (Lo € du) = f(u)du, u > 0.

9 The transient case

We now study penalization in the transient case. Throughout this section, we always
assume X is transient and the conditions (A1) and (A2) hold. Recall that

k= lim

=n(Ty = > 0;
q—0+ 74(0) Ty = o0) ’

see (2.5).

9.1 The renormalized zero resolvent in the transient case
As in the recurrent case, we define hq(z) = 74(0) — 7¢(—2).

Theorem 9.1. Suppose that the conditions (A1) and (A2) hold. Then the following
assertions hold.

(i) For any z € R, it holds that h(z) = lim, 0+ hy(x) = k7P, (Th = 00).
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(ii) The above convergence is uniform on compacts, and consequently h is continuous.
(iii) h is subadditive on R, that is, h(z + y) < h(z) + h(y) forz,y € R.
Proof. It follows from (2.1) and (2.5) that
hy(x) = 14(0)P,[1 — e 7] — k7' P, (Tp = o0), asq— 0+.
The proof of (ii) and (iii) are the same as that of Theorem 1.1. O

Theorem 9.2. Suppose that the conditions (A1) and (A2) hold. Then the following
assertions hold:

(i) limy 400 52 = 0;

(i) limy 4 oo{h(z+y) —h(y)} =0, forall z € R.
Proof. Since h(z) < x~1, it is obvious that (i) holds. The proof of (ii) is the same as that

of (ii) of Theorem 1.2 in the recurrent and m? = ~o case. O

9.2 Useful equations
Before stating out penalization result, we introduce some useful equations.
Lemma 9.3. (i) Fora € R,

hB(a) = lir(r)lJr hf(a) =Po[L1,] = h(a) + h(—a) — kh(a)h(—a).
q—r
(ii) For z,a,b € R and a # b,

h(b—a)+ h(x —b) — h(z —a) — kh(z — b)h(b — a)
hB(a — b) ’

P.(T, <Tp) =

(iii) For z,a,b € R and a # b,
(h(b) + h(—a) — kh(—a)h(b))h(a — b)
+ (h(a) + h(=b) — kh(—b)h(a))h(b—a) 3.
—h(a—b)h(b—a)

1

P[Lt, A1) = WBa—1)

The proof of Lemma 9.3 is similar to that in the recurrent case. So we omit it.
Lemma 9.4 ([18, Lemma 3.101). It holds that lim, ., h?(z) = k1.

Proof. For completeness of the paper, we give the same proof as that of [18, Lemma
3.10]. Let e be the exponentially distributed with parameter 1 and e, := e/q for ¢ > 0.
Then we already have (3.17) and (3.18). Letting ¢ — 0+ in (3.18), we obtain

liminf A% (z) > k1.
T—>00
On the other hand, it holds that
hP(z) < P[Le,] + P[Lr,; Ty > €g) = 14(0) + P[Ly,; Ty > eg).
Letting ¢ — 0+, we have hP(x) < k~!. Therefore we obtain the desired result. O

Theorem 9.5. Fora € R\ {0}, it holds that

1 — xh®B(a) 1 — kh(—a)
T, <Th < =———2* and T, <Ty)) = ———+->
e <To <00 = () e <To) = m(a)
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Proof. For [ > 0, it holds that

]P(LTa > l) = IP(TG > 771) = IP(U{TOZOO}U{TG<T0<OO} > l)a

where o4 = inf{l: ¢; € A} for A C D. Since o4 is the hitting time of the set A for the
killed Poisson point process ((,¢;),! > 0), we have

IP(LT > l) — e—l{n(Tozoo)+n(Ta<To<oo)} — e—l{)<,+71,(Ta<Tg<oo)}.

For more details, see, e.g., [15, Lemma 6.17]. In particular, Ly, is exponentially dis-
tributed. On the other hand, we know h®(a) = P[Lr,] by Lemma 3.5. Hence we obtain

n(Ty < Ty < 00) = 7B (@)

We use the strong Markov property of the excursion measure n (see, e.g., [2, Theorem
II1.3.28]) to obtain

n(T, < Ty < o0) =n(P,(Ty < 00); T, < Tp) = (1 — rh(a))n(T, < Tp). (9.1)

It follows from (3.19) and (9.1) that

__1-whP(a) _ 1-kh(-a)
n(T, < Tp) = hB(a)(1 — kh(a)) - hB(a)

Hence the proof is complete. O

9.3 Penalization result in the transient case

Let f be a non-negative function on [0, co) which satisfies f0°° e " f(u) du < co. For
x € R, we introduce the process given by

M, = M = h(X) (L) + (1 — kh(X,)) /OOO e " f(Ly + u) du.

Then we can show that (M;, ¢ > 0) is a non-negative martingale.

Theorem 9.6. Let « € R and let f be a non-negative function on [0, co) which satisfies
JoT e f(u) du < co. Then it holds that

]Pm[f(Loo)] = KMOv Pm'a-s-; (92)
and (M;,t > 0) is a non-negative ((F;), P,)-martingale.

Proof. By the same discussion, Lemma 4.1 also holds in the transient case. Suppose first
that f is bounded. We write g = sup{¢: X; = 0}. Since X is transient, P,(g < c0) = 1.
We see that f(Le,) = f(Lo), P;-a.s. as ¢ — 0+; in fact, for almost every sample path,
Le, = Ly = L for small ¢ > 0 (Here we do not need continuity of f). Hence, by the
dominated convergence theorem, we obtain

Pu[f(Le,)] — Pu[f(Loo)l, as g — 0+.

On the other hand, by the monotone convergence theorem, we obtain

/ e /a0 f(y) du —» / e " f(u) du, as g — 0+.
0 0
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Hence (9.2) follows by letting ¢ — 0+ in (4.1). To remove the boundedness assumption
of f, we consider f An and then let n — oo in (9.2). Moreover, by the Markov property
and the additivity of L, we have, for 0 < s < ¢,

Py [Mi|Fy] = 7Py [P, [f (Lo + Lt)]| Fo]
= ’iilIPx [Px[f(Lwat”}_s]
= 1P [f(Loo) | Fs]
= "{_IIT)XS [f(zoo + Ls)]
— M,.
This means that (M, t > 0) is a non-negative ((F;), P, )-martingale. O

Theorem 9.7. Suppose that the conditions (A1) and (A2) hold. Let f be a bounded
non-negative function and let T be a random clock. Define

M{ = w7 Py [f(Lr)|Fi)-
Then it holds that
M] — M;, P,-a.s.andin £L'(P,) as T — oc.
Consequently, if My > 0 under P,, it holds that

P.[f(L-)]

for all bounded F;-measurable functionals F;.

M,
—>IPI[FtM(t)], as T — 0o,

Proof. We have f(L.) = f(L), Py-a.s. as 7 — oc; in fact, L, = Ly = L, for large 7.
In addition, since f is bounded, we may apply the dominated convergence theorem to
obtain f(L;) = f(Le), in £L}(P,) as 7 — oo. This implies that M] — M,, P,-a.s. and in
LY(P,)as T — oo. O

Remark 9.8. If 7 is exponential clock, hitting clock, two-point hitting time clock or
inverse local time clock, Theorem 9.7 also holds under the assumption that f is a
non-negative function which satisfies [;* ™" f(u) du < co.

Since we have M; = P,[f(Ls)|F:], we see that the penalized measure Q/ can be
represented as

flos)
Polf(Loo)] "

which shows that Q}; is absolutely continuous with respect to P,.

Q; =

10 Appendix: Martingale property of X, (L)

In Remark 5.2, we have shown that (X,f(L;),t > 0) is a ((F;), P,)-martingale for
fe L‘}r under the condition that m? < co. Let us remove the additional assumption
m? < oco. In this section, we assume X is either recurrent or transient, and assume the
conditions (A1) and (A2).

Theorem 10.1. Suppose the conditions (A1) and (A2) hold. Suppose, in addition, that
P[|X1]] < oo and P[X;] = 0. Then the following assertions hold:

(i) P[|Xc,[]] < oo and n[|Xc,|;To > e, < oo for all ¢ > 0, and P[|X;|] < oo and
n[|X¢); To > t] < oo for allt > 0;
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(i) P,[X:;To > t] =, forallt > 0 and z € R;
(iii) n[X¢; Ty > t] =0, forallt > 0;

(iv) (X:f(Ly),t > 0) is a ((F;),P,)-martingale for x € R and all bounded measurable
functions f.

Proof. (i) We have P[|X;4s|] < P[|X¢]] + P[| Xt4s — Xi|] = P[|X¢|] + P[|X|], which implies
that the function ¢ — P[|X;|] is subadditive. Hence, for any k& € IN, we have P[| X|] <
kP[] X1]] < oo. For t > 0, it is known that

IP[ sup |Xs|} < 8P[|1X,|]; (10.1)

0<s<t

see Doob [9, Theorem VII.5.1] and Sato [32, Theorem 25.18 and Remark 25.19] for
the proof. Hence we have supg<,<;, P[|X;|] < co for all £ € N. In particular, we obtain
P[] X,|] < oo for all t > 0. Again by the subadditivity of ¢ — P[|X,|], we have

P[| X P[| X
tim U] g POXe] < P[|X,]] < co.
t—00 t t>0 t

Thus there exist constants C, C’ > 0 such that P[| X;|] < C'+ 't forall t > 0. In particular,
we obtain

P[|X,,|] < q/ (C+C't)e” 7 dt < oo, forallg>0.
0

By Lemma 2.5, we have

Pl Xe,[] =P

TN
S [ el ar

ueD ¥ Tu—

oo 7 N
/ dL, ge” ™ / dte 7| X,
0 0

_p U dL, e_q"]n[|Xeq|;T0 > e,
0

=14(0)n[|Xe,|; To > e4].

=P®n

Hence we have n[| X, |; Ty > e4] < oo forall ¢ > 0 and this implies that n[| X:|; Ty > ] < oo
for almost all ¢ > 0. For any ¢ > 0, we can take 0 < s < t such that n[|X;|; Ty > s] < cc.
Then it follows from the Markov property of the excursion measure n that

n[|Xe|; To > t] = n[Px, [| Xi—s|; To >t — s]; T > 9]
< nfPx, [[Xi—s|[; To > 5]
< nf| Xs| + P[| X—s|]; To > 8] < oo.

Hence we obtain n[|X;|; To > t] < oo for all ¢ > 0.
(ii) By the Markov property, we have

P,[X] = Po[Xy; Ty > 1] +/ P, (T, € ds)P[X;_y).
[0.1]

Since P, [X;] = z for all t > 0 and = € R, we obtain P,[X;; Ty > t] =« for all t > 0.
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(iii) By Lemma 2.5, we have

oo To _
P[Xe, f(Le,)] =P ®@n / dL, ge™1" f (u) / dte X,
0 0

=P [/ drL, qe_q“f(u)} / dte™"'n[Xy; Tp > t). (10.2)
0 0

Here in the second equality, we use Fubini’s theorem. If we take f = 1, then (10.2)
becomes

o0
P(Xe,] = gr,(0) / dte=n[X,: Ty > 1].
0

Since P[X,,] = 0 for all ¢ > 0, we obtain n[Xy; Ty > t] = 0 for almost all ¢ > 0. By the
Markov property of the excursion measure n, we have, for 0 < s < t,

n[Xy; Ty > t] = n[Px, [Xi—s;To >t — s);To > s] = n[Xs; Tp > 3],

which implies that n[Xy; Ty > t] is constant in ¢ > 0. Thus we obtain n[X;; Ty > t] = 0 for
all ¢ > 0.

(iv) By (iii) of Theorem 10.1 and by (10.2), we have P[X,_ f(Le,)] = 0. Hence, by the
Markov property and (ii) of Theorem 10.1, it holds that,

]PI[Xqu(LEq)] = IP:E

/ " e X F(0)dt| + Pole TP [Xe, f(Le,)]
0

=0 [ g X Ty > dat
=z f(0).
Thus we obtain
P.[X,f(L;)] = zf(0) for almostall t > 0. (10.3)

We show the function ¢ — P, [X;f(L;)] is right-continuous for ¢ > 0. Fix ¢t > 0. Since
X; #0, P,-a.s., we see that, for almost every sample path, we can choose small § > 0
such that L;;s = L;. Since ¢t — X; is right-continuous, we have lim,_,o4 Xi4sf(Lits) =
X.f(L;), P,-a.s., where we do not require continuity of f. For 0 < s < 1, it holds that
| Xirsf(Livs)| < supgcy<py1|Xer|sup,egr|f(u)]. By (10.1), we may apply the dominated
convergence theorem to deduce that t — P,[X; f(L;)] is right-continuous. This and (10.3)
imply that

P.[X:f(Ls)] =«f(0) forallt > 0.

By the Markov property and the additivity property of L, the process (X;f(L:),t > 0) is
a ((F),P,)-martingale. O
By Theorems 1.4 and 10.1, we obtain the following:

Corollary 10.2. Suppose that the assumptions of Theorem 10.1 are satisfied and that X
is recurrent. For measurable function f; and locally integrable function f,, define

L,
F(Xy, Le) = Xe fr(Le) + h(Xe) fo(Le) — [ fa(u) du.
0
Then the following assertions hold.
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(i) If f, is bounded and f, is integrable, then (F(X;, L;),t > 0) is a ((F%), P, )-martingale.

(ii) If fy is locally bounded and f> is locally integrable, then (F(Xy, L;),t > 0) is a local
((F:),P,)-martingale.

Remark 10.3. For the Brownian motion B and its local time L at 0, Fitzsimmons-
Wroblewski [11] proved that any local martingale of the form (F (B, L;),t > 0) is given
by the following form:

L,
F(By, L) = F(0,0) + By fi(L¢) + | Be| f2(L¢) — | f2(u) du,

where f; and f> are locally integrable functions.
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