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Noise reinforced Lévy processes:
Lévy-Ito decomposition and applications

Alejandro Rosales-Ortiz*

Abstract

A step reinforced random walk is a discrete time process with memory such that at
each time step, with fixed probability p € (0, 1), it repeats a previously performed step
chosen uniformly at random while with complementary probability 1 — p, it performs
an independent step with fixed law. In the continuum, the main result of Bertoin in
[7] states that the random walk constructed from the discrete-time skeleton of a Lévy
process for a time partition of mesh-size 1/n converges, as n 1 co in the sense of finite
dimensional distributions, to a process 5 referred to as a noise reinforced Lévy process.
Our first main result states that a noise reinforced Lévy process has rcll paths and
satisfies a noise reinforced Lévy-It6 decomposition in terms of the noise reinforced
Poisson point process of its jumps. We introduce the joint distribution of a Lévy
process and its reinforced version (&, f) and show that the pair, conformed by the
skeleton of the Lévy process and its step reinforced version, converge towards (&, é)
as the mesh size tend to 0. As an application, we analyse the rate of growth of é at the
origin and identify its main features as an infinitely divisible process.
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1 Introduction

The Lévy-It6 decomposition is one of the main tools for the study of Lévy processes.
In short, any real Lévy process ¢ has rcll sample paths and its jump process induces a
Poisson random measure - called the jump measure A of £ - whose intensity is described
by its Lévy measure A. Moreover, it states that £ can be written as the sum of three
process

g=eM+eP e, >0,

of radically different nature. More precisely, the continuous part of ¢ is given by ¢(V) =
(at+¢B; : t > 0) for a Brownian motion B and reals a, g, while ¢ is a compound Poisson
process with jump-sizes greater than 1 and ¢ is a purely discontinuous martingale with
jump-sizes smaller than 1. Moreover, the processes &), £(3) can be reconstructed from
the jump measure N . We shall often refer to the almost sure decomposition in the last
display as Ité’s synthesis. It is well known that N is characterised by the two following
properties: for any Borel A with A(A) < oo, the counting process of jumps A{; € A
that we denote by N4 is a Poisson process with rate A(A), and for any disjoint Borel
sets Ay, ..., A with A(A;) < oo, the corresponding Poisson processes Ny, ,..., N4, are
independent. We refer to e.g. [5, 17, 24] for a complete account on the theory of Lévy
processes.

In this work, we shall give an analogous description for real valued noise rein-
forced Lévy processes (abbreviated NRLPs). This family of processes has been re-
cently introduced by Bertoin in [7] and corresponds to weak limits of step reinforced
random walks built from discrete-time skeletons of a Lévy process. In order to be
more precise, let us briefly recall the connection between these discrete objects and
our continuous time setting. Fix a Lévy process ¢ and denote, for each fixed n, by
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X,g") := &k/n — &—1)/n the k-th increment of ¢ for a partition of size 1/n of the real line.
The process S,(C") = X}") +o X,g") = &/ for k > 1, with the convention S(()") =0, is
a random walk also called the n-skeleton of . Now, fix a real number p € (0,1) that
we call the reinforcement or memory parameter and let S\ := 0, 5" := X{"). Then,
define recursively S’,E,") for k£ > 2 according to the following rule: for each k > 2, set
S‘,E,") = 5‘,@1 + X ,E,") where, with probability 1 — p, the step X ,i”) is the increment X ,g")
with law &; /n —and hence independent from the previously performed steps - while with

(1)

probability p, X, is an increment chosen uniformly at random from the previous ones

X 1("), . ,X ;@1- When the former occurs, the step is called an innovation, while in the
latter case it is referred to as a reinforcement. The process (S‘,(C")) is called the step-

reinforced version of (S,(f”)). It was shown in [7] that, under appropriate assumptions
on the memory parameter p, we have the following convergence in the sense of finite
dimensional distributions as the mesh-size tends to 0

0 fdd. (¢
(S|t eeto) — (ft)te[oyl], (1.1)

towards a process é identified in [7] and called a noise reinforced Lévy process. It should
be noted that the process é constructed in [7] is a priori not even rcll. This will be one of
our first concerns.

We are now in position to briefly state the main results of this work. Our first main
result is composed by several statements. First, we shall prove the existence of a rcll
modification for é . In particular, this allows us to consider the jump process (Aés) ;a
proper understanding of its nature will be crucial for this work. In this direction, we
introduce a new family of random measures in R x R of independent interest under
the name noise reinforced Poisson point processes (abbreviated NRPPPs) and we study
their basic properties. We shall next derive a version of the Lévy-It6 decomposition and
synthesis in the reinforced setting. More precisely, we show that the jump measure of f
is a NRPPP and that é can be written as

ét = ét(l) + 552) + ét(S)v t> 07

where now, 5(1) = (at + th : t > 0) for a continuous Gaussian process B, the process
é (2) is a reinforced compound Poisson process with jump-sizes greater than one, while
5(3) is a purely discontinuous semimartingale with jump-sizes smaller than 1. The
continuous Gaussian process B is the so-called noise reinforced Brownian motion, a
Gaussian process introduced in [8] with law singular with respect to B, and arising as
the universal scaling limit of noise reinforced random walks when the law of the typical
step is in Ly(IP) - and hence plays the role of Brownian motion in the reinforced setting,
see also [4] for related results. Needless to say that if the starting Lévy process £ is a
Brownian motion, the limit f obtained in (1.1) is a noise reinforced Brownian motion. As
in the non-reinforced case, 5 () and f (3) can be recovered from the jump measure of £
but in contrast, they are not Markovian. The terminology used for the jump measure
of f is justified by the following remarkable property: for any Borel A with A(A4) < oo,
the counting process of jumps Aés € A that we denote by Ny is a reinforced Poisson
process and, more precisely, it has the law of the noise reinforced version of N4 (hence,
the terminology N4 is consistent). Moreover, for any disjoint Borel sets Ay, ..., Ax with
A(A;) < oo, the corresponding N Agyeens N 4, are independent noise reinforced Poisson
processes. Informally, the reinforcement induces memory on the jumps of f and these
are repeated at the jump times of an independent counting process. When working on
the unit interval, this counting process is the so-called Yule-Simon process.

The second main result of this work consists, on the one hand, in giving a pathwise
definition for the noise reinforced version f of the Lévy process £ and, in the other
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hand, in justifying our definition by means of a limit theorem. We always denote such a
pair by (¢, €). This pathwise construction is mainly achieved by transforming the jump
measure of ¢ into a NRPPP, by a procedure that can be interpreted as the continuous
time analogue of the reinforcement algorithm we described for random walks. More
precisely, the steps X ,g”) of the n-skeleton are replaced by the jumps A¢, of the Lévy
process; each jump of ¢ is shared with its reinforced version é with probability 1 — p
and then repeated at each jump time of an independent counting process that will be
attached to it, while with probability p the jump is discarded and 5 remains independent
to it. We then proceed to justif(y our construction by showing thay the skeleton of £ and
its reinforced version (SEZ) | SLZ) J) converge weakly towards (¢, ), strengthening (1.1)
considerably.

Section 6 is devoted to applications: on the one hand, in Section 6.1 we study the
rates of growth at the origin of f and prove that well known results established by
Blumenthal and Getoor in [9] for Lévy processes still hold for NRLPs. On the other hand,
in Section 6.2 we analyse NRLPs under the scope of infinitely divisible processes in the
sense of [22]. We shall give a proper description of {f in terms of the usual terminology
of infinitely divisible processes, as well as an application, by making use of the so-called
Isomorphism theorem for infinitely divisible processes.

Let us conclude with some miscellaneous remarks. In the discrete setting, rein-
forcement of processes and models has been subject of active research for a long time,
see for instance the survey by Pemantle [20] for a detailed account. For more closely
related work to the type of (discrete-time) reinforcement that we shall consider in this
manuscript, see e.g. [6, 3, 1, 19, 2, 11] and references therein. In contrast, the literature
on reinforcement of time-continuous stochastic processes, which is the main topic of this
work, is rather sparse when compared to the discrete setting. We refer to Section 6 of
[20] for some work in this direction.

1.1 Main results and organisation of the work

We shall now give a more precise overview of our main results and on how this work
is structured. We shall make use of the notations used in the introduction.

In Section 2, we recall the basic building blocks needed for the construction of
NRLPs and introduce in Proposition 2.3 the distribution of a NRLP associated to a
Lévy-Khintchine triplet (a, ¢?, A) for an admissible reinforcement parameter p € (0, 1), in
the sense of Definition 2.2. The corresponding NRLP shall be referred to as the NRLP
with characteristics (a, ¢, A, p). Some preliminary notions are needed and are recalled
for ease of reading. Notably, we give a brief overview of the features of the Yule-Simon
process and we present some important examples of NRLPs. Much of the content of
this section is taken from [7]. Let us stress that the Lévy processes and the reinforced
counterparts that we shall consider in this work are R-valued. The constructions and
results stated in [7] do hold in higher dimensions, and the restriction in this work to the
1-dimensional case is only for the sake of simplicity. We do expect our results to hold in
higher dimensions as well with minor modifications.

The reinforced Lévy-Ito decomposition and synthesis Section 3, Section 4 and
Section 5.1 are mainly devoted to establishing a reinforced version of the celebrated
Lévy-Ito decomposition and synthesis for Lévy processes. Before giving precise state-
ments, let us introduce some preliminary notions. In Section 4.2 and more precisely in
Definition 4.4, we introduce a family of measures in R; x R, parameterised by a Lévy
measure A and a parameter p € (0, 1), that we shall refer to as noise reinforced Poisson
point processes with intensity A and reinforcement parameter p, or in short NRPPPs.
We shall see that, in analogy with Poisson point processes in R x R, NRPPPs can be
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constructed by decoration and superposition of reinforced Poisson point process in R ;
as the nomenclature suggests, a reinforced Poisson point process in R; is just the point
process of jump-times of a reinforced Poisson process, we refer to Section 4.1 for a
detailed account. After introducing NRPPPs, in Section 4.2 we explore some of their
basic properties. We shall see that, despite their drastically different nature, NRPPPs
share striking similarities with Poisson point processes — see in particular Lemma 4.5 as
well as Proposition 4.8 for a characterisation of NRPPPs in terms of counting processes.
We identify as well the distribution of NRPPPs by computing the corresponding Laplace
functionals in Proposition 4.7. The intricate connection between NRPPPs and noise
reinforced Lévy processes is the first main result of this work.

Theorem 1.1 (Trajectorial regularity and reinforced Lévy-Itd0 decomposition). Letébe a
the noise reinforced version of a Lévy process with characteristic triplet (a,q*, ) for an
admissible reinforcement parameter p € (0, 1).

1. The process é has a rcll modification, that we still denote by é
2. The jump measure [ of ¢ is a noise reinforced Poisson point process with charac-
teristic measure A and reinforcement parameter p.

The proof of the first point of Theorem 1.1 is given in Section 3 and more precisely in
Proposition 3.1 (where in fact we give a more precise version of this result) while the
second point, which strongly relies in the elementary properties of NRPPPs obtained in
Section 4.2, is postponed to Section 4.3.

Let us now turn our attention to a reinforced version of It6’s synthesis complementing
Theorem 1.1. In this direction, let us start by briefly recalling the precise statement of
Itd’s synthesis for Lévy processes. A Lévy process ¢ with triplet (a, ¢?, A) can be written
as & = €M) 4@ 4 ¢B) where ¢V = (at + ¢B, : t > 0) is a Brownian motion with drift
while & @ 4+ & (3) is a purely discontinuous process that can be explicitly built from the
jump measure u of £&. More precisely, if we denote by x(*®) the compensated measure of
jumps p*¢) =y — dtA, we can write

§t=at+th+/

zp(ds, dx) + / %9 (ds, dz), t>0. (1.2)
[0,8]x (—1,1)e

[0,¢]x(=1,1)

The reinforced It6 synthesis states that the analogous result holds for NRLPs where
now, the PPP 4 in (1.2) has been replaced by a NRPPP /i, and the Brownian motion
B by its reinforced version B (f p < 1/2). More precisely, after properly defining the
“space-compensated” measure [L(SC), we prove:

Theorem 1.2 (Reinforced It6 synthesis). Let ji be the jump measure of a NRLPf of
characteristics (a,¢?, A, p). Then, a.s. we have

ét:at—&—th—&—/

xﬂ(ds,dx)Jr/ i) (ds,dz),  t>0,
[O,t]><(—1,1)C

[0,¢] % (—1,1)

for some noise reinforced Brownian motion B, with the convention that if p > 1/2
the process B is null. Moreover, the integrals in the previous display are NRLPs with
respective characteristics (0,0, 1(_y 1) A, p), (0,0,1(_11)A, p).

Remark 1.3. Beware of the notation, /i(*) stands for the space-compensated jump
measure [ and should not be confused with the time-compensated measure (i — /iP) in
the sense of [13, Chapter II-1.27], where /iP stands for the predictable compensator of ji.
For instance, we stress that f (3) is not a local martingale. For Lévy processes, the time
and space compensation of its jump measure coincide, since the compensating measure
is the same.

This result is proved in Section 5.1 and it plays an important role in proof of Theo-
rem 1.4, that we shall now introduce.
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Weak convergence of skeletons Recall from the introduction the definition of the
n-skeleton (S,i”)) of a Lévy process &, as well as the definition of its noise-reinforced
version (g,g”)) for a fixed parameter p € (0,1). The second main result of this work
concerns the weak convergence of the skeleton of £ paired with its reinforced version

(S, 80) (1.3)
towards a pair (¢, é ), conformed by a Lévy process and a process having the law of its
reinforced version. Observe that since noise-reinforcement is an inherently discrete
operation, we do not have a priori a canonical definition for the joint law (5,5). In
this direction, Section 5.2 is devoted to giving an explicit definition for the joint law
(&, f ), and the precise statement is given in Definition 5.6. This is achieved by giving a
path-wise constriction, defined in terms of £, of the noise reinforced version of £ and
that we still denote by § . Our main tool needed for this construction is the reinforced
It6 synthesis (Theorem 1.2). Finally, in Proposition 5.1 we characterise the finite-
dimensional distributions of the pair (¢, é ). The second main result of this work connects
the distribution of the pair (¢, 5 ) given in Proposition 5.1 with the family of n-skeletons
and their reinforced versions (1.3). Let us be more precise. We write D(R ) for the
space of R, indexed rcll functions into R endowed with the Skorokhod topology and to
simplify notation, set D?(R.;) for the product space D(R.) x D(R. ) endowed with the
product topology.

Theorem 1.4. Let ¢ be a Lévy process with characteristic triplet (a, g%, A), fixp € (0,1/2)
an admissible memory parameter and for each n, let (S](;”)7 S”,(f")) be the pair of the n-
skeleton of ¢ and its reinforced version. Then, there is weak convergence in D*(R. ) as
n T oo

where (&, é) is a pair of processes with law (5.1).

This theorem strengthens the main result obtained by Bertoin in [7], where only
the convergence of the second coordinate in the last display was established, and the
convergence was proved in the sense of finite dimensional distributions. The proof of
Theorem 1.4 is technical and is carried over in Section 5.3.

Particular attention is given through this work at comparing, when possible and
pertinent, our results for NRLPs to the classical ones for Lévy processes.

2 Preliminaries

2.1 Yule-Simon processes

In this section, we recall several results from [7] concerning Yule-Simon processes
and Lévy processes needed for defining NRLPs. These results will be used frequently in
this work and are re-stated for ease of reading.

A Yule-Simon process on the interval [0, 1] is a counting process, started from 0, with
first jump time uniformly distributed in [0, 1], and behaving afterwards as a time-changed
standard Yule process. More precisely, for fixed p € (0,1), if U is a uniform random
variable in [0, 1] and Z an independent standard Yule process - viz. a pure birth process
with unit birth rate - the process

Y (t) := Liu<ey Zpane)—in(vy), t€[0,1], (2.1)

is a Yule-Simon process with parameter 1/p. Its law in DJ0, 1], the space of R-valued rcll
functions in the unit interval endowed with the Skorokhod topology, will be denoted by
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Q. It readily follows from the definition that this is a time-homogeneous Markov process,
with time-dependent birth rates given at time ¢t by A\o(¢t) = 1/(1 — t) and A (t) = pk/t
for k € {1,2,...}. Remark as well that we have P (Y (¢t) > 1) = ¢. In our work, only
p € (0,1) will be used and shall be referred to as a reinforcement or memory parameter,
for reasons that will be explained shortly. The Yule-Simon process with parameter 1/p is
closely related to the Yule-Simon distribution with parameter 1/p, i.e. the probability
measure supported on {1,2,...} with probability mass function given in terms of the
Beta function B(zx, y) by
1
p Bk, 1/p+1) = p_l/ uP (1 — u)*du, for k > 1. (2.2)
0

The relation with the Yule process is simply that Y (1) is distributed Yule-Simon with
parameter 1/p. In the following lemma we state for further use the conditional self-
similarity property of the Yule-Simon process, a key feature that will be used frequently.

Lemma 2.1 ([7, Corollary 2.3]). Let Y be a Yule-Simon process with parameter 1/p and
fixt € (0,1]. Then, the process (Y (rt)),c[0,1] conditionally on {Y (t) > 1} has the same
distribution Q as Y.

In particular, conditionally on {Y(¢) > 1}, Y (¢) is distributed Yule-Simon with param-
eter 1/p and it follows that for every ¢ € [0, 1], the variable Y (¢) has finite moments only
of order r < 1/p. Moreover, by the previous lemma and the Markov property of the
standard Yule process Z, we deduce that if Y is a Yule-Simon process with parameter
1/p with p € (0,1) and k£ > 1, we have

E[Yt)]=(0-p) 't and E[Y(#)|Y(s)=k]=k(/s)? forany0<s<t<1,
(2.3)
while if 1/p > 2,
1
(1—p)(1—2p)
More details on these statements can be found in Section 2 of [7].

E[Y(s)Y ()] = stTPLP, (2.4)

2.2 Noise reinforced Lévy processes

Now, we turn our attention to the main ingredients involved in the construction of
NRLPs. For the rest of the section, fix a real valued Lévy process ¢ of characteristic
triplet (a, ¢?, A), where A is the Lévy measure, and recall that its characteristic exponent
W(A) :=log E [¢*!] is given by the Lévy-Khintchine formula

2
T(\) = ia\ — %)\2 +/ (e — 1 —iaAL{jy<1y) A(dz). (2.5)

R
The constraints on the reinforcement parameter p are given in terms of the following
two indices introduced by Blumenthal and Getoor: the Blumenthal-Getoor (upper) index
B(A) of the Lévy measure A is defined as

B(A) :==inf {r >0: / |z|"A(dz) < oo}, (2.6)
(0,1]
while the Blumenthal-Getoor index 3 of the Lévy process ¢ is defined by the relation
A) ifg>=0
go= PO d 2.7)
2 if ¢ # 0.

When £ has no Gaussian component, we have 5 = 3(A) and both notations will be used
indifferently.
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Definition 2.2. We say that a memory parameter p € (0, 1) is admissible for the triplet
(a,q?, M) if it satisfies that pj3 < 1.

We shall now justify this definition. To this end, we fix p an admissible memory
parameter for . If (S,g”)) is the n-skeleton of the Lévy process &, the main result of [7]
states that the sequence of reinforced versions with parameter p,

(SLntJ)te[O 1] n>1,

converge in the sense of finite dimensional distributions, as the mesh-size tends to O,
towards a process whose law was identified in [7] and called the noise reinforced Lévy
process 5 of characteristics (a, ¢?, A, p). In the sequel, when considering a NRLP with
parameter p, it will be implicitly assumed that p is admissible for the corresponding triplet.
For instance, when working with a memory parameter p > 1/2 it is implicitly assumed
that ¢ = 0. Further, it was shown in [7, Corollary 2.11] that the finite-dimensional
distributions of f can be expressed in terms of the Yule-Simon process Y with parameter

1/p and the characteristic exponent ¥ as follows:
k
3\ <Z Aiy<3i)>] } : (2.8)
i=1

exp{ Z/\ &, H exp{(l

for0 < s; < --- < s < 1. We stress that NRLPs were defined in [7] in the unit interval.
Indeed, notice that the construction given in [7] can not be directly extended to the
non-negative real line since it relies on Poissonian sums of Yule-Simon processes, and
these are only defined on the unit interval. The next proposition extends the definition of
NRLPs to R*.

Proposition 2.3. Let (a,¢?, A) be the triplet of a Lévy process of exponent ¥ and con-
sider an admissible memory parameter p € (0,1). There exists a process £ = (&s)ser+
whose finite dimensional distributions satisfy that, for any 0 < s; < --- < s <'t,

exp{ Z)\ &, H = exp {(1 - 1\ <§; Aiy(si/t)ﬂ } 7 (2.9)

where the right-hand side does not depend on the choice of t. The process f is called a
noise reinforced Lévy process with characteristics (a, ¢?, A, p).

In particular, from taking the value ¢ = 1, it follows that this process satisfies that its
restriction to [0, 1] has the same law as & by (2.8).

Proof. First, let us show that the right-hand side of (2.9) does not depend on ¢. To prove
this, pick another arbitrary T > t and write r; = s;/t € [0,1]. From conditioning on
{Y;/r > 1}, an event with probability /7, by Lemma 2.1 we get

3\ (zk: NY (s /T)) (Z NY (rq - (8)T) ))
<Z>\ Y (i - ()T) ) ’Y(t/T) >1
3\ (Z )\iY(si/t)>

proving our claim, and where in the second equality we used that ¥(0) = 0. Now, let us
establish the existence of a process with finite-dimensional distributions characterised

= t(T/t)E

=tk

=t (2.10)
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by (2.9). Remark that by Kolmogorov’s consistency theorem, it suffices to show that
for arbitrary 1 < S < T, there exist processes X = (th)te[o,sp XT .= (XtT)te[O,T] with
finite dimensional distributions characterised by the identity (2.9) for (s;) in [0,S], t =S
and (s;) in [0, 7], t = T respectively — and hence satisfying that ()A(tT)te[&S] Z (th)te[o,S]-
Write £5 = (ff)te[o’l] for the reinforced version of the Lévy process ({:s).c(o,1), remark

that the latter has characteristic exponent S, and set (X;);c(.5] := (Ets/ s)teo,s)- From
the identity (2.8), we deduce that, for any 0 < s; < --- < s in the interval [0, S|, we have:

k k
exp {ZZ AiXS(si)H = exp {(1 —p)SE | <Z AiY(si/S)ﬂ } . (2.11)

In particular X° restricted to the interval [0,1] has the same distribution as (ft)te[m]

E

by the first part of the proof and (2.8). If we consider the restriction of (X T)te[O,T] to
the interval [0, S], we obtain similarly and by applying (2.10) that, forany 0 < s1 < --- <

s < S,
k
] (Z /\iY(si/T)> }

()}

and it follows that X7 restricted to [0, S] has the same distribution as XS. Since this
holds for any 1 < S < T, we deduce by Kolmogorov’s consistency theorem the existence
of a process satisfying for any 0 < s; < --- < s; < t, the identity (2.9). O

&
exp {zz )\Z)A(T(sl)}] = exp {(1 —p)TE

= exp {(1 —p)SE

For later use, notice from (2.9) that for any fixed t € R*, we have the following

equality in law

(Ext)scpor] Z Ed)sepony (2.12)

where the right-hand side stands for the noise-reinforced version of the Lévy process
(&st)sefo,1]- In particular, (£s¢)s¢(o,1] is the NRLP associated to the exponent ¢t¥ with same
reinforcement parameter.

2.3 Building blocks: noise reinforced Brownian motion and noise reinforced
compound Poisson process

The characteristic exponent ¥ can be naturally decomposed in three terms,
)\2
U(A) = (m - q2> + 0@ (\) + 0B (N), (2.13)
where respectively, we write

A (\) = / (e —1)A(dz) and P ()):= / (e — 1 —iz) A(dw).
{lz[>1} {lz|<1}

This decomposition of the exponent ¥ yields that the law of a Lévy process £ can be
written as the sum of three independent Lévy process of radically different nature.
Namely, we have the identity in distribution & Z (at + qBy) + Et(Q) + ft(3), for t > 0,
where B is a Brownian motion, £(?) is a compound Poisson process with exponent &2

and £®) is the so-called compensated sum of jumps with characteristic exponent PG,
In the reinforced setting, it readily follows from the identity (2.9) that an analogous
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decomposition holds for NRLPs. More precisely, the law of the NRLP f of characteristics
(a,q?, A, p) can be written as a sum of three independent NRLPs,

&

the equality holding in law, and where we denote respectively by B, § 2), 5 (3), independent
reinforced versions of the Lévy processes B, £(2), ¢B). Notice that their respective
characteristics are given by (a,¢?,0,p), (0,0,1(_11)A,p) and (0,0,1(_;1)A,p). Let us
now give a brief description of these three building blocks separately:

L (at+qB) + €7 + €D 1>, (2.14)

o Noise reinforced Brownian motion: Assume p < 1/2, consider a Brownian motion B
and set ¢ := B. In that case, we simply have ¥(\) = —\2/2 and we write B for the
corresponding noise reinforced Lévy process é . The process B is the so-called noise
reinforced Brownian motion (abbreviated NRBM) with reinforcement parameter p, a
centred Gaussian process with covariance given by:

(tV s)P(tAs)t=P

E [BtBS] - Ty (2.15)

Indeed, recalling (2.4), observe first that for any 0 < ¢, s < T the covariance (2.15) can
be written in terms of the Yule-Simon process Y with parameter 1/p as follows:

E {Btés} —(1—p)T-E[Y(t/T)Y(s/T)]. (2.16)

It is now straightforward to deduce from (2.9) with ¥(\) = —\?/2 that the noise rein-
forced version of B corresponds to the Gaussian process with covariance (2.15). The
noise reinforced Brownian motion admits a simple representation in terms of a Wiener
integral. More precisely, the process

t
tp/ sPdB,, t>0, (2.17)
0

has the law of a noise reinforced Brownian motion with parameter p — in particular,
B is still a Markov process. Remark that when p = 0, there is no reinforcement and
we recover a Brownian motion in (2.17). As was already mentioned, noise reinforced
Brownian motion plays the role of Brownian motion in the reinforced setting, since it is
the scaling limit of noise reinforced random walks under mild assumptions on the law of
the typical step. We refer to [8, 4] for a detailed discussion.

o Noise reinforced compound Poisson process: If £ is a compound Poisson process with
rate ¢ > 0, then its Lévy measure A is finite and any p € (0,1) is admissible. When
working in [0, 1], the noise reinforced compound Poisson process ¢ admits a simple
representation in terms of Poissonian sums of Yule-Simon processes. In this direction,
recall that we write @ for the law of the Yule Simon process with parameter 1/p and
consider a Poisson random measure M in Rt x D[0, 1] with intensity (1 — p)A @ Q. If we
denote the atoms of M by (z;,Y;), the process

&= Yi(t), telo1], (2.18)

has the law of the noise reinforced version of ¢ with reinforcement parameter p —
as can be easily verified by Campbell’s formula. This was already established in [7,
Corollary 2.11]. Notice that (2.18) is a finite variation process and its jump sizes are
dictated by A. Getting back to (2.14), it readily follows form our discussion that the
NRLP 5 (2) associated with the exponent ®?) is a reinforced compound Poisson process
and its jumps-sizes are greater than one. Finally, notice that if A differs by a constant
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factor from the Dirac mass d;, the Lévy process £ is just a Poisson process with rate
A({1}) and we deduce from the last display a simple representation for the reinforced
Poisson process N in [0,1]. Observe that it is a counting process, since the atoms z; are
then identically equal to 1.

o Noise reinforced compensated compound Poisson process: Let us now introduce
properly é (3), viz. the noise reinforced version of the compensated martingale £(3). When
working in [0, 1], this process also admits a representation in terms of random series
of Yule-Simon processes. In this direction, consider M := 3" d(,, v,) @ Poisson random
measure with intensity (1 — p)A ® Q and for each a € [0, 1], set

(3) Zﬂ{a<‘$tl<1}x7’ ,( ) /{ oy ,ZEA(dCC), te [0, 1] (2.19)

In the terminology of [7, Section 2], the process § is a Yule-Simon compensated series!
and note that by (2.3), we have E[§a71( )] = 0 for every t € [0,1]. Moreover, the following
family indexed by a € (0, 1),

£9(1), fort e [0,1), (2.20)
is a collection of NRLPs with memory parameter p, Lévy measure 1;,<|,|<1}A(dr) and
with corresponding exponent given by

dB(N) = / (e — 1 —i\z) A(dw).
{a<|z|<1}

Notice that for each a > 0, the process 553{ is rcll and with jump-sizes in [a, 1]. Now, the
process defined at each fixed ¢ as the pointwise and L; (PP)-limit

£®) 11m§(3)( 1), (2.21)

is a NRLP with characteristics (0,0, 1{j;/<13A). In contrast with £ (3), the noise reinforced
version é () is no longer a martingale, we shall discuss this point in the next section
in detail. For later use, we point out from [7, Section 2] that the convergence in the
previous display also holds in L..(PP), for » chosen according to

re(B(A)V1,1/p), if1/p<2 and r=2 if1/p>2. (2.22)

In particular, we have ét(?’) € L.(P) and E[é§3>] = 0 for every t. We refer to [7] for a
complete account on this construction as well as for a proof of the convergence in (2.21).
The convergence in (2.21) will be strengthened in the sequel, by showing that it holds
uniformly in [0, 1]. At this point, we have introduced the main ingredients needed for this
work.

3 Trajectorial regularity

The purpose of this short section is to establish the following regularity result, which
in particular proves the first point of Theorem 1.1.

Proposition 3.1. A noise reinforced Lévy process é has a rcll modification, that we
still denote by . Moreover, if for e € (0,1), 503) denotes a NRLP with characteristics
(0,0, 14|4/<c}A, p), then for any t > 0 we have:

hﬁ)lE |:bup§0 (s )] =0. (3.1)

s<t

!The notation used in [7] for ét@) and .ft(?’) is respectively 31 oo (¢) and E((f{ (t). These are respectively
referred to as Yule-Simon series and compensated Yule-Simon series.
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Before proving this result, let us explain the role of (3.1). Working in [0,1] and
with the construction (2.21) for £®), remark that for any ¢ € (0,1) we can write £3) =
(()35) + 5231) , where |A§§31) (t)| > ¢ for every jump-time ¢ € [0, 1] by construction. Now, the
convergence (3.1) shows that in fact, the jumps of é of size greater than ¢ are precisely
the jumps of £?) + éf’l) Hence, when working in [0, 1], the jumps of £®3) are precisely the
jumps of the weighted Yule-Simon processes x;Y;(t) - heuristically, this is the continuous-
time analogue of the dynamics described for the noise reinforced random walk. This fact
will be used in Section 4.3. Moreover, (3.1) allows to improve the convergence stated
in (2.21) towards 5 (3), Namely, it follows that for some subsequence (an) with a,, | 0 as
n T 0o, the convergence

lim (51(1:1),1(8))56[0,1] = (fgg))se[0,1]7

n—o0

holds a.s. uniformly in [0, 1]. Remark that the convergence in the previous display was
only stated when working in [0, 1] since, so far, the only explicit construction of NRLPs is
the one in the unit interval we recalled from [7]. In Section 5.1 we shall address this
point.

The rest of the section is devoted to the proof of Proposition 3.1. In this direction,
recall the building blocks introduced in Section 2.3 as well as the identity in distribu-
tion (2.14). The process 5(2) is a reinforced compound Poisson process and therefore,
has finite variation rcll trajectories, while B is continuous. It is then clear that the only
difficulty consists in establishing the regularity of the process é (3). To this end, we rely
on a remarkable martingale associated with centred NRLPs, that we now introduce. This
martingale will play a key role in this work.

Proposition 3.2. Consider a Lévy process £ with characteristic exponent V¥ satisfying
U’(0) = 0 and Lévy measure fulfilling the integrability condition f{|x\>1} zA(dz) < co.

Then, the process M = (M,);cr+ defined as My = 0 and fort > 0, as M; = t"’ft, is a
martingale. Consequently, M has a rcll modification.

Proof. Observe that under our standing hypothesis on the Lévy measure, the reinforced
compound Poisson process f 2) is in L,(P). Indeed, this readily follows from the repre-
sentation (2.18) in the unit interval, Campbell’s formula and (2.12). Moreover, from our
discussion following (2.22), the process é () is always in L,(P), and it therefore follows
that &, € L, (P) for every t > 0. Furthermore the assumption ¥’(0) = 0 yields that & is
centred for every t. It now follows from this two properties that M; € L,(IP) for every
t and that IE [M;] = 0. Now, it remains to show that (M;).c(o,1] satisfies the martingale
property. In this direction it is enough to check that for any 0 < #y < --- < tx < t and
A1y..., Ak—1 € R, we have

k—1 k—1
tp P&r, exp {z‘ZAié&} tpP &, exp {z‘ZAz—éiH. (3.2)
i=1 =1

On the one hand, under our standing assumptions, the left-hand side of (3.2) corresponds
to the derivative with respect to A\, at A\ = 0 of (2.9) multiplied by —i¢,” and hence
equals:

E =E

k—1
—it(1 —p)exp t(1—p)BE [T | Y N\;Y(t;/t) "E[H (Y(s) 15 <t /t) Y (te/D)] .7,
j=1
for H defined as
k—1
H(Y(s) :s<tp_1/t) =" NY (/%)
j=1
EJP 28 (2023), paper 161. https://www.imstat.org/ejp
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Remark that this is a o(Y(s) : s < t_1/t)-measurable random variable. On the other
hand, the right-hand side of (3.2) corresponds to the derivative with respect to \;_; of
(2.9) multiplied by —it},_, for A\, = 0 and similarly, we deduce that the right-hand side of
(3.2) writes:

k—1

—it(1—p)exp { t(1 = p)E [T [ > N\;Y (t;/t) E[H (Y(s) 15 <tp1/t)Y (tp_1/t)] t;.7.
j=1

Now, it only remains to show that:

EHY(s) :s <ti1 /)Y (/D) t, " =E[H (Y(s) : s < tp—1/t) Y (tr—1/t)]t, 7. (3.3)

Notice that since ¥/(0) = 0 and Y is increasing, H (Y (s) : s < tx_1/t) vanishes if
Y (tx—1/t) = 0. This allows us to restrict the terms inside the expectations in (3.3)
to {Y (tx—1/t) > 1} and to apply the Markov property (2.3) at time ¢;_1 /¢ to get:

E[H(Y(r) 7 < tpy /)Y (te/t)] "

M

E[H(Y (r) :r < tpa/OB[Y (tr/OY (te-1/t) = J] Ly 1 y0y=y) 1"

.
Il

o

E [H(Y(r) r < tk_l/t) 'j(tk/tk'—l)pﬂ{Y(tk,l/t):j}] t,:p

j=1
=E[HY(r):r <tp_1/t)Y (ts—1/t)]t. ", (3.4)
proving the claim. O

Let us now conclude the proof of Proposition 3.1.

Proof of Proposition 3.1. The first assertion is now a consequence of the following simple
observation: denoting by M the rcll modification of the martingale M = (t‘péS))teRh it
is then clear that the process J®) := t?M,, for t > 0, is a rcll modification of £®3). Notice
by intergrating by parts that consequently, the process 5 () is a semimartingale, this will
be needed in Section 4.3. To prove the second claim, remark that by the observation right
after (2.12), it suffices to work on the time interval [0, 1]. Moreover, by Proposition 3.2,
for each € > 0, the process

M© = (577 (8)) seqo]

with MSE) =0, is a L, (IP) rcll martingale in [0, 1], for r chosen according to (2.22). Since
r > 1, by Doob’s inequality at time ¢ = 1 we have

E[suw 20| < & s ls el | < an E20r].
s<t s<t

for some constant C, > 0, and it remains to show that the right-hand side converges
to 0 as € | 0. However, this is a consequence of (2.21). More precisely, recalling the
construction detailed in (2.19), note that 5,53) - 5231) (t) has the same distribution as 5836) (t)
for every t € [0,1] and £ > 0. Since the convergence (2.21) still holds in L, (IP), the result
follows by taking the limit as ¢ | 0. O

Now that we have established that a NRLP is a rcll process, in the next section we
study the structure of its jump process (A¢&;). Since it will share striking similarities with
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the jump process of a Lévy process, before concluding the section we recall well known
results on (A¢;). Namely, if £ is a Lévy process with Lévy measure A, its jump measure

p=> liac,20y0(.ae), (3.5)

is a homogeneous Poisson point process (abbreviated PPP) with characteristic measure
A. Such a PPP can be constructed by decorating the point process of jumps of a Poisson
process, and it is classic that (3.5) is determined by the following two properties:

(i) For any Borelian A with A(A) < oo, the counting process of jumps A, € A
occurring until time ¢, defined as

Na(t) = #{(s,A&) € [0,t] x A},  t>0,

is a Poisson process with rate A(A).
(ii) If A4,... Ay are disjoint Borelians with A(A;) < oo for all i € {1,...,k}, the pro-
cesses Ny, ,..., N4, are independent.

In particular, from (i), it follows that (N(t) — A(A)t);cr+ is a martingale.

4 Reinforced Lévy-Ito decomposition

This section is devoted to the study of the jump process (A&;),cr+ and the associated
jump measure in Rt x R, viz.

A=) Liag 201068 (4.1)

The main contribution of this section is the proof of the second point of Theorem 1.1,
which is the reinforced version of the celebrated Lévy-It6 decomposition. The proof
of this result is achieved in Section 4.3. To this end, let us start by introducing noise
reinforced Poisson point processes. Since this family of measures is essentially built
from decorating jump processes of reinforced Poisson processes, we start our discussion
with a brief overview on the main basic properties of the latter point process.

4.1 The jumps of noise reinforced Poisson processes
Let us start by introducing the basic building block of this section.

o Noise reinforced Poisson process: When ¢ is a Poisson process [N with rate ¢, any
reinforcement parameter p € (0, 1) is admissible and recall from the discussion following
(2.18) that N is a counting process. Moreover, the corresponding noise reinforced
Poisson process (abbreviated NRPP) with rate p has finite dimensional distributions
characterised, for any 0 < s; < --- < s <t and A\; € R, by the identity

k k
exp {z Z)\iNsi }] = exp {(1 —p)ctE <exp {ZZ )\iY(si/t)} — 1>] } . (4.2)

A Poisson process with rate ¢ has associated to it the random measure dNg, also called
its point process of jumps. This is a Poisson random measure in R™ with intensity cdt
and it has a natural reinforced counterpart: namely, the random measure st, that we
shall now study in detail.

E

To do so, we start by introducing some standard notation for point processes. We
shall identify discrete random sets D = {t1,t»,...} C R with counting measures } _,,
and for f: R — R, we use the notation (D, f) for >, f(t). The collection of counting
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measures in R is denoted by M,.. We will make use of the following two basic transfor-
mations: for z € R, we denote by 7, D the translated point process {t+z :t € D} and
for f : R — R, we write D o f~! for the push-forwarded point process {f(t) : t € D}.
Now, consider an increasing sequence of random times 0 =Ty <71} <715 < ---, such
that the increments (7;, — T,,—1 : n > 1) are independent and for any n > 1, T,, — T,,—1
is exponentially distributed with parameter pn. Write D := {0, T}, T5, ...} for the point
process associated to this family and denote its law in M, by D(du). Remark that if
(Z:) is a standard Yule process started from 1, D has the same law as the point process
induced by the jump-times of (Z,,), with a Dirac mass at 0. From these ingredients, we
define a decorated measure as follows: first, consider & a Poisson point process with
intensity ¢(1 — p)etdt in R and, for each atom u of &, let D,, be an independent copy of D.

Then, we set
L:=> > bupr=Y_ TuDu. (4.3)

ueE teD,, ues

In the last display, with a slight abuse of notation we write u € £ to indicate that the sum
is taken over the atoms of the measure £. The next proposition shows that the law of
the point process of jumps of a noise reinforced Poisson process with rate c is precisely
L o exp~ !, the pushforward of £ by the exponential function.

Proposition 4.1. The following properties hold:

(i) Let N be a noise-reinforced Poisson process with rate ¢ and write P = dNS the
point process of its jump-times in R*. Then, we have the equality in distribution

2Zro exp . We will still refer to 2 as a reinforced Poisson process with rate c
and reinforcement parameter p.

(ii) IfY is a Yule-Simon process with parameter 1/p, for any f : R™ — R* we have
—log B [exp{ —(2, ﬂ(o,t]f>H =tc-(1-pE [1 —e o f(S“dY(S)] : (4.4)

In particular, from (4.3) and (i) we deduce the following identity in distribution: if &
is a Poisson process in R with intensity ¢(1 — p)d¢, we have

P = Z ]l{s:Astl}(Ss £ Z Z Ouet - (4.5)

seRT UuEP tED,

Roughly speaking, the jumps of N consist in Poissonian jumps u € & which - in analogy
with the discrete setting — we refer to as innovations, and each v has attached to it a
family {ue’ : t € D,,, t # 0} which should be interpreted as repetitions of the original u
through time.

— A

o o o —O o o O-3¢ o
© ©—0-%¢ ©

SR

Figure 1: Sketch of the jumps of a noise reinforced Poisson process. We marked by x the
jumps corresponding to innovations, while each linked o is a repetition of the former.

b

Notice that the time at which u occurs affects the rate of the subsequent repetitions,
slowing the rate down as u grows. This is closely related to what happens to the rate at
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which a step is repeated in a step reinforced random walk, depending on its first time
of appearance. For later use, remark that for fixed deterministic uo € R*, the atoms of
Zte p Ouget are distributed as the jump times of the counting process

Liuo<s1 Zp(n(s)—In(uo)) » 8 = 0. (4.6)

Proof. To establish the identity in distribution stated in (i), we compute the respective
Laplace functional of both random measures. Starting with &, fix t > 0 and recall from
the identity in distribution (2.12) that (Nts)se[o,l] has the same law as a noise reinforced

Poisson process with same reinforcement parameter p and rate tc, say (Ns(t))(qe[()’l]. This
NRLP is defined in [0, 1] and hence admits a simple representation in terms of Poisson
random measures: by (2.18), if ), dy, is a Poisson random measure in D[0, 1] with
intensity tc(1 — p)Q, the process (Y, Yi(s) : s € [0,1]) has the same distribution as

(Ns(t))‘ge[()’l]. In particular, we have

/Ot f(s)dN, = /01 f(st)dNy, £ 2/01 f(st)dYi(s).

Putting everything together, we deduce (4.4) by making use of the Laplace formula for
integrals with respect to Poisson random measures — we invite the reader to compare
(4.4) with the identity (2.9) for the finite-dimensional distributions of NRLPs — and it
remains to show that the Laplace functional of £ o exp~! coincide with this expression.

In this direction, recall the observation made in (4.6) and denote by Z the law of the
standard Yule process Z. It follows that the law of (£ o exp~!, Lo, f )} can be expressed
in terms of the Poisson random measure ), d.,, 7@, in R* x D[0,1], with intensity
¢(1 — p)dt ® Z, by considering the functional

) ]f@)dfhmsazﬁﬁw%mw00’

FREACK:

where the integrals in the previous expression are respectively with respect to the

Stieltjes measure associated to the counting process s — ]l{uigs}Z;z(:()ln(s)—ln(u,))' It now
follows also by the exponential formula that
—IOgE |:ef(£ocxP*1’1{.§t}f>:| (4.7)
t
= (1 7]9)0/ dull |:1 — exp{ 7/ f(S)d (ﬂ{ugs}Zp(ln(s)—ln(u))) }:|
R 0
t t
=(1 *P)C/ duE [1 - GXP{ */ F()d (Luzst Zpan(s)—1n(w))) H
0 0
1
= t(l - p)c -Z° (1 — exp { / f(st)d (]1{ugst}Zp(ln(st)—ln(u))) }|u S t> 5 (48)
0

where we denoted in the last line by Z*( - |u < t) the integral in R* x D[0, co) with respect
to the probability measure

1y,
zpm<ﬂ:4%ﬁmamm.

Now, we deduce by Lemma A.1-(ii) in the Appendix A that (4.7) is precisely (4.4). O

Finally, for later use we state the following equivalent expression for the Laplace

functional associated to the random measure £ o exp~!.
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Lemma 4.2. For any measurable f : RT — R, we have
—logE [eXp { —(Loexp, f>}] =(1 —p)c/ooo du/ 1— e~ {Tloawmfoexpiy(dy,). (4.9)
Proof. The proof follows from the equality (£ o exp™!, f) = (£, f o exp) and the identity:
—log E[exp {—(L,h)}] = (1 - p)c /OOO dU/ 1 — e Tesor D (dp),

holding for any measurable h : Rt — RT. The proof of the later is just a straightforward
consequence of (4.3) and the exponential formula for Poisson random measures. O

Remark 4.3. Notice from (4.5) that the reinforced Poisson process with rate ¢ can be
interpreted as a Yule-Simon process with immigration: this is, a process modelling
the evolution of a population where new independent immigrants arrive according to
a Poisson point process with intensity (1 — p)c - dt and reproduce according to a time
changed Yule process, independent of the rest.

4.2 Construction of noise reinforced Poisson point processes by decoration

This section is devoted to the construction of noise reinforced Poisson point processes
and to establishing their first properties. From here, we fix p € (0,1). Further, we
still write D for the point process defined at the start of the previous section for this
parameter p € (0,1).

e Step 1: Suppose first that 0 < A(R) < co. With the same notation of Section 4.1,
denote by & a Poisson random measure in R with intensity A(R)(1 — p)e’dt and consider
the Poisson point process X cg0(y,z,) in R x R with intensity (1 — p)e'dt ® A. Now, for
each u € &, consider an independent copy D, of D and set

L= Surtan): (4.10)

UEE tED,,

This is just the point process £ from (4.3) with ¢ := A(R), marked by a collection of
i.i.d. random variables with law A(dz)/A(R). Formula (4.10) defines a random measure
in R x R and if we consider its push forward by (¢,z) — (exp(t), x), that we denote as
N:=L*o (exp,1d)~!, we obtain the measure in R™ x R given by

N="3" bueton)s (4.11)

ueEXP teD,

where & := & oexp~! is a Poisson point process in R, with intensity A(R)(1 — p)dt.

We refer to the measure in the previous display as a NRPPP with (finite) characteristic
measure A and reinforcement parameter p.

e Step 2: If we no longer assume A(R) < oo, we proceed by superposition. More
precisely, let (A4;);cz be a disjoint partition of R \ {0} such that A(4;) < co. Consider a
collection of independent NRPPPs (./(/j : j € T) with respective characteristic measures
(A(-NAj):j €Z) constructed as in (4.11), respectively in terms of:

- Independent Poisson random measures Zuegzj (u,z,) With respective intensities
given by (1 — p)dt ® A(- N A;).
- Independent collections (D, )ye %, of i.i.d. copies of D.

Finally, set & := " ; &;. Now we are in position to introduce NRPPPs with sigma-finite
characteristic measures:
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Definition 4.4. The random measure \ := ZjeIM is called a reinforced Poisson point
process with reinforcement (or memory) parameter p and characteristic measure A.

Moreover, N writes
N=>">" buetan): (4.12)
ue P teD,,

From the identity in the previous display and recalling that the first element of D
is just 0, the measure A naturally decomposes as N' = N’ + N, where N’ is a PPP
with intensity (1 — p)dt ® A. Moreover, the following properties readily follow from our
construction:

Lemma 4.5. Let N’ be a NRPPP with characteristic measure A and reinforcement
parameter p.

(i) IfA € #(R), the restriction 1 4(z)N (ds, dz) is a NRPPP with characteristic measure
1A and parameter p.
(i) If Ay, Ay € B(R) are disjoints, then 1 4, ()N '(ds,dz), 1 4,(2)N (ds, dz) are indepen-
dent.
(iil) If J\?’L /\72 are independent NRPPPs with respective characteristic measures A1, A
and same reinforcement parameter p, then J\71 + /\7’2 is a NRPPP with characteristic
measure A + A, and parameter p.

The next lemma shows that the intensity measure of a NRPPP with characteris-
tic measure A and parameter p, coincides with the one of a PPP with characteristic
measure A.

Lemma 4.6. Let A be a NRPPP with characteristic measure A and reinforcement param-
eter p. For any measurable f : R* x R — RT, we have E[(f,N)] = [~ ds [ A(dz)f(s, z).

Proof. Suppose first that A(R) < co and recall from (4.6) that for fixed u € R, the atoms
of the measure Zte p Ouet are precisely the jumps of the time-changed Yule process (4.6).
Hence, if ) . 5 d(u.2,) is @ Poisson random measure with intensity (1 — p)dt ® A and
(Z (“))ue o is an independent collection of standard Yule processes with law Z, it is then
clear from our construction in the finite case (4.11) that we can write

E [N(O,T} xA} —E

(u)
Z ]l{UST}Z{p(ln(T)fln(u))}]]'{fueA} )
ueP

where the random measure ), c 5 d(, ;,, z(w) is Poisson with intensity (1 — p)dt ® A ® Z.
Consequently, if (Z;) under PP is a standard Yule process, it holds that E[Z;] = ¢! and by
Campbell’s formula we obtain that

E [N((O,T] X A)} — T AA),

and we deduce that the intensity measure of A is given by dt ® A. When A(R) = oo, we
can proceed by superposition. O

We now identify the law of N by computing its exponential functionals.

Proposition 4.7. Let N be a NRPPP with characteristic measure A and reinforcement
parameter p.

(i) For every measurable f : RT™ x R — R™ andt > 0 we have

exp{ - /(o,t]le f(s,@/(/(ds,dx)}

exp{ ft(lfp)/]RA(dx)E {1exp ( /Olf(st,x)dY(s))] } (4.13)
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(ii) For every measurable f : RT™ x R — R satisfying fo ds [ A(dz)|f(s,z)| < co we
have:

E |exp {z/ f(s,x)N(ds,dm)}
(0,t] xR

~ exp {t(l —p)/]RA(dx)E [exp <z/01 f(st,x)dY(s)) _ 1} } (4.14)

Proof. (i) We start by considering the finite case A(R) < co. We shall make use of the
notations introduced before - for instance, recall that (N, f) = (£*, f o (exp,Id)). We start
showing the result for f of the form f(s,z) = h(s)g(z), for non-negatives h : R* — R
and g : R — R, in which case we can write

(L*, (hoexp)g Z Z hoexp(u+t)g(z,) = Z g(xy){(TuDy, h o exp).

UEE tED, ueE

Now, we deduce from the formula for the Laplace transform of Poisson integrals and a
change of variable that

—logE [e—(ﬁ*,(hoexp)gq =(1 —p)/ A(dx)/ du/ 1— e—g(w)(’Eog<u)mh0exp>]])(du).
R ]R4+ c

If we now replace h by h]l{_gt}, making use of the equivalent identities (4.9) and (4.4),
we obtain that the previous display writes:

t-(1-p) / A(da) [1 — e~9to) £ penar )]
R

proving the claim. Now, still under the hypothesis A(R") < oo, fix arbitrary «; ; € R™,
consider 0 = t; < --- < tx41 < t as well as disjoint subsets A, ..., A, of RT. Further,
suppose that f is of the form

)=
j=1

k
@i L, 4,.,(8)1a,;(x) and write g;(s,z) = Zaza]l(t“tlﬂ s)1a; ().
=1i=1
(4.15)
Recall from Lemma 4.5 that the restrictions 14,N, ..., 14, N are independent NRPPPs
with respective characteristic measures A(- N 4;). By independence and applying the
previous case to each g;, we deduce that

E [exp{ - <N,]l{~§t}f>}:|

e~ [ Zaw et (90 ()}

~ o {t(l _p) /R A(d2)E {1 —exp{ _ /O f(st,x)dY(s)H }

and once again we recover (4.13). Finally, if f is non-negative and bounded with support
in [0,¢] x R, it can be approximated by a bounded sequence of functions (f,,) of the form
(4.15), the convergence holding dtA a.e. For each n, we have

- [exp{ LW m}] — exp {t(l —p) /RA(dx)]E {1 _ exp{ - /01 fn(st,x)dY(S)H }
(4.16)
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and by Lipschitz-continuity, it follows that

E [Jexp {~(N, 1)} = exp {~ (V. fu)} || < B

/ 1 (5,2) — fals, :c>w<ds,dx>]
[0,t] xR

t
:/ ds/ A(dx)|f(s,z) — fn(s,z)| = 0 as n T .
0 R
In the last equality we used Lemma 4.6. From the same arguments we also obtain that

/A(dx)E [‘e— Jo F(st@)dY (s) _ = [ fn(st,m)dY(s)|:|
1
A(d2)E — folst,z)|dY
< [ Ataw) [ / F(sts) — fulst,)] <s>}
1
— (1) / ds /R A(da)|f(st,2) — foulst, )] = 0

as n T oco. Now, we deduce from taking the limit as n 1 oo in (4.16) that the identity (4.13)
also holds for f. Finally, if we no longer assume that f is bounded, the result follows
from applying the statement to f A n for n > 1 followed with the monotone convergence
theorem.

If we suppose that A(R) = oo, the proof follows by superposition. Namely, with
the same notation used for constructing (4.12), the random measures (J\A/j)jez are
independent NRPPPs with respective finite characteristic measures A(- N A;) and by
definition we have N’ = 3 j /\7’, From the formula for the Laplace transform we just
proved in the finite case and independence it follows that

E e—Wafﬂ{-sm] - HE [B—ijfﬂ{-sm}
ieT

- Hexp{ —t-(1—p) /A A(dz)E {(1 —elo f<m)dy(3))} }

JET

proving (i). Now (ii) follows from similar arguments, by making use of the formula for
the characteristic function for Poissonian integrals and the inequality |e?® — €**| < |a — b]
for a,b € R, we omit the details. O

The following result is the reinforced analogue of the well known characterisation
result for Poisson point processes that we recalled after (3.5). The arguments we use to
prove this characterisation are very similar to the ones in the non-reinforced case.

Proposition 4.8. Let N be a point process in R™ x R and for any Borelian A C R, set

Na(t) :== N([0,1] x A), t>0.

Then, N is a noise reinforced Poisson point process with characteristic measure A and
parameter p if and only if the two following conditions are satisfied:

(i) For any Borelian A with A(A) < oo, the process N 4 Is a noise reinforced Poisson
process with rate A(A) and reinforcement parameter p.

(ii) If Ay, ... Ay are disjoint Borelians with A(4;) < oo for alli € {1,...,k}, the pro-
cesses NAl R, NAk are independent.

Proof. First, let us prove that NRPPP do satisfy (i) and (ii). Remark that (ii) is just a
consequence of Lemma 4.5-(ii) and we focus on (i). Fix A as in (i) as well as times
0<t) <--- <t £t. We proceed by computing the characteristic function of the finite
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dimensional distributions of N4. This can now be done by considering the function
f(s,x) = Zle Ailfs<t,314(7) and applying the exponential formula (4.14), yielding

B o i3 nnc0

= exp {t(l —p)/RA(d:c)E exp (izk:/ol)\i]l{stgtj}]lA(x)dY(s)> - 1] }

it}

Recalling the identity (4.2), we deduce that NA is a noise reinforced Poisson process
with rate A(A4) and reinforcement p.

Now, we argue that if N is a random measure satisfying (i) and (ii), then it is a
NRPPP. We will establish this claim by showing that N satisfies the exponential formula
(4.14). First, observe that (i) implies that E[NA(t)] = tA(A), for example by making use
of Lemma 4.6 and the fact that if M is a NRPPP with characteristic measure A and
parameter p, then (M([0,¢] x A) : t > 0) is a reinforced Poisson process with rate A(A)
and parameter p. We deduce by a monotone class argument that N satisfies, for any
measurable f: R* x R — RT, the identity:

/ f(s, ) (ds dx] / ds/ (dx) f(s,x) 4.17)
[0,t] xR

Still for A as in (i) and for an arbitrary collection of times 0 = #; <ty < -+ < tp41 <,
we set

= exp {t(l —p)A(A)

E

k
2) =Y il (s)la(@). (4.18)

Since by hypothesis (N4(t))icr+ is a NRPP with rate A(A), by the formula (4.2) for
the characteristic function of the finite dimensional distributions of reinforced Poisson
processes, we obtain that

E [exp {iw, ]l{.gt}g>H

exp{ Zal (Na(tis1) NA(ti))”
exp( >t /1)~ <a-/t>>> - 1] }

exp (Z/o Zai]l{ti@tgi“}]lA(w)dY(s)) — 1] }

Remark that this is precisely the identity (ii) of Proposition 4.7 for our choice of g.
Making use of the independence hypothesis of NAI, . NAk for disjoints Ay, ..., Ax with
A(A;) < oo, we can also show that the identity holds for f as in (4.15) for such collections
of sets. Now, if f is non-negative, bounded and supported on [0,t] x A with A(4) < oo,
making use of (4.17), we can proceed as in (4.16) for the proof of Proposition 4.7,
approximating f by a bounded sequence of the form (4.15), and show that the exponential
formula (4.14) still holds. The general case follows by sigma finiteness of A and we
deduce that A is a NRPPP with the desired parameters. O

= exp {t(l —p)A(A

= exp {t(l - p)/]RA(dx)E
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4.3 Proof of Point 2 of Theorem 1.1 and compensator of the jump measure

We con now conclude the proof of Theorem 1.1.

Proof of Point 2 of Theorem 1.1. The result will follow as soon as we establish (i) and (ii)
of Proposition 4.8 for

Na(t) = #{(s,A&) € [0,t] x A}, t>0, (4.19)

where A is an arbitrary Borelian satisfying A(A) < co. By the identity in distribution
(2.12), we can restrict our arguments to the unit interval and hence we can make use of
the explicit construction of NRLPs in [0, 1] that we recalled in Section 2.3, in terms of
Yule-Simon series.

Denote by M := 3", d(,, v,) the Poisson random measure with intensity (1 — p)A ® Q
and recall the discussion following Proposition 3.1. If (z;,Y;) is an atom of M, then at
time U; = inf{t > 0: Y;(t) = 1}, the process ¢ performs the jump z; for the first time, i.e.
AéUz. = x; and this precise jump z; is repeated in the interval [0, 1] at each jump time
of ;. It follows that for any f : R — R™ we have:

> F(Ag) = Zf(xi)Yi(t), (4.20)

s<t

and in particular, we get:
Na(t) = LizearYi(h).

Hence, by the independence property of Poisson random measures, the processes
NAI, .. .,NAn are independent as soon as A; N A; = () for all i # j. Now, if we fix
Ay, M €ER,0< ¢t <--- <t <1, we deduce from the formula for the characteristic
function for Poisson integrals the equality:

E exp{ig:lAjNA(tj)} :exp{(l—p)A(A)E exp{ii)\jY(tj)}—l }

Comparing with (4.2), we get that the right-hand side in the previous display is precisely
the characteristic function of the finite dimensional distributions at times ¢, ...,t; of a
reinforced Poisson process with rate A(A) and parameter p. O

Recalling the explicit construction of NRPPPs from Definition 4.4, Point 2 of The-
orem 1.1 formalises the idea that the jumps of NRLPs are jumps that are repeated
through time, in analogy to the dynamics of noise reinforced random walks. Further,
our terminology and notation /i for the reinforced measure can now be justified by the
following: if y is the jump measure of £, the counting process (u([0,t] x A) : ¢ > 0) is a
Poisson process with rate A(A4) while (i([0,¢] x A) : t > 0) is a reinforced Poisson process
with rate A(A). Said otherwise, the following identity holds in distribution:

(0,1 x A) Z ([0, -] x A). (4.21)

Now that the main result of the section has been established, we continue our study of
the jump process of NRLPs with a last result of independent interest. In this direction,
we start by briefly recalling notions of semimartingale theory that will be needed. Let X
be a semimartingale defined on a probability space (2, &, (%), P). Its jump measure
px is an integer valued random measure on (Rt x R, Z(R") ® 4(R)), in the sense of
[13, Chapter II-1.13]. Denote the predictable sigma-field on Q x R™ by Zr. If H is a
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Pr @ B(R+)-measurable function, we simply write H * ux for the process defined at
each t € RT and every point w of the underlying probability space as

(H* px)i(w) =Y Ho(w; AX (W), if D |Ho(w; AX(w))] < o0, (4.22)

s<t s<t

and oo otherwise. Both notations for the integral will be used indifferently. Further, we
denote by &/ the class of increasing, adapted rcll finite-variation processes (4;), with
Ap = 0 such that E [A.] < oo, and by & its localisation class. The jump measure px
possesses a predictable compensator, this is, a random measure ;5 on (R xR, Z(R")®
Z(R)) unique up to a P-null set, characterised by being the unique predictable random
measure (in the sense of [13, Chapter II-1.6]) satisfying that for any non-negative

H e Zr® #A(R), the equality
E [(H # pix )oc] = B [(H * iy )oo]

holds. In the last display, we denoted by H * u5 the analogous process obtained by
integrating H with respect to the measure %, with the same conventions as before.
Equivalently, for any H € #r ® #(R) such that |H| x px € ", the process |H| * u%
belongs to ,;afljc and H = p% is the predictable compensator of H  px. Said otherwise,
H x px — H % p% is a local martingale.

Recall that it follows from Proposition 3.2 and an integration by parts that the process
é is a semimartingale. Hence, we can consider /P, the predictable compensator of its
jump measure ji. Our purpose now is to identify explicitly the measure iP. In contrast,
it might be worth mentioning that if £ is a Lévy process with Lévy measure A, the
compensator of its jump measure u is just the deterministic measure p? = dt ® A. The
first step consists in observing the following:

Lemma 4.9. Let A € #(R) be a Borel set that doesn’t intersect some open neighbour-
hood of the origin. If we denote by (#;*) the natural filtration of N, then the process
M = (Ma(t))ier+ defined as M 4(0) = 0 and

Ma(t) =t~P (NA(t) - tA(A)) . t>0,

is a finite variation (.Z;!)-martingale.

Remark that this is just a special case of Proposition 3.2 for a Lévy measure of the
form A(A)d; with ¢ = 0. Now we can state:

Proposition 4.10 (Compensation formula). Denote by (%,) the natural filtration ofé
and by [i its jump measure. The predictable compensator P of i is given by

(P (w;dt, dz) = (1 — p)dt ® A(dx) —|—p%€t(w; dx), (4.23)

where &(dz) = }_ ., 65¢ (dz) is the empirical measure of jumps that occurred strictly
before time t.
+

oc’

Consequently, for any predictable process H € #r @ #(R) such that |H| * /i € <,

we have |H|x P € ﬂljc and the following process is a local martingale:

R t t . ds
Mt:ZHS(-,AES)—(l—p)/O ds/]RA(dx)Hs(-,x)—p/O ZHS(-,A@)? t>0.

s<t r<s

(4.24)
The first compensating term appearing in (4.24) is compensating innovations, i.e. atoms
appearing for the first time, while the second one should be interpreted as the compen-
sator of the memory part of ji. Notice that Proposition 4.10 holds if p = 0. Indeed, in
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that case é is a Lévy process and its jump process p is the Poisson point process (3.5).
The compensator (4.23) is just the deterministic compensator d¢t ® A for the Poisson
point processes with characteristic measure A and in (4.24) we recover the celebrated
compensation formula, see e.g. [5, Chapter 1]. Remark that since the intensity of both p
and f is dt ® A, we have, for both X a Lévy process and its associated NRLP, the equality
E [zsq f(s,AXS)} = [ ds [, A(dz)f(s,x) for any f : R x R — R*. When X := ¢, by
the compensation formula, this identity holds also if we replace f by a non-negative
predictable process H € Zr @ #(R), viz.

E | > H( AL) —EUOtds/RA(dx)Hs(-,x)]. (4.25)

s<t

However, we point out that if we replace in (4.25) the Lévy process by its reinforced
version é, the identity no longer holds. Indeed, if such formula was satisfied, the exact
same proof for the exponential formula of PPPs of XII-1.12 in [21] would hold in our
reinforced setting, and since random measures are characterised by their Laplace
functional, this would lead us to the conclusion that the law of /i coincides with the law
of p.

Proof. (i) In order to establish (4.23), by (i) from Theorem 1.8 of [13, Chapter II], it
suffices to show that for any nonnegative predictable process H € Zr @ #(R),

E[(H * i)oo] = E[(H * /P)oc] (4.26)
and the first step consists in showing the result for deterministic Hs(w,z) = 1g(z) for
B € #(R). With the same the notation introduced in Proposition 4.8 for the process Np,
consider B an arbitrary interval not containing a neighbourhood of the origin as well as
the associated martingale,

Mp(t) =t PN 1) =7 (NB(t) - tA(B)) .
Integrating by parts, we get
t t
tPMp(t) = / sPdMp(s) +/ pMp(s)sP~tds,
0 0
and consequently,
R t t
Np(t) —tA(B) = / sPdMp(s) —|—/ pMp(s)sPtds
0 0
t t,
= / SdeB(S) +/ (NB(S) — SA(B)) psflds.
0 0
Said otherwise,
. t t
Np(t) —t(1 —p)A(B) — / Np(s)ps~tds = / sPdMp(s)
0 0
is a martingale. Since (Np(w; s))ser+ and (Np(w; s—))ser+ differ in a set of null Lebesgue
measure, the equality still holds replacing fot Np(s)ps~lds by fot Np(s—)ps~'ds and we
obtain precisely (4.24) for H(w,z) = 1g(x). Now we can proceed as in the proof of

Theorem 2.21 from [13, Chapter II]. Concretely, pick any positive Borel-measurable
deterministic function h = h(z), € R such that h % ji — h * iP is a local martingale and
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let T be an arbitrary stopping time. With the same terminology introduced in item 1.22
of [13, Chapter I] denote by [0, 7] the subset of Q x R defined by

[0,7] = {(w, ) : 0 < s < T(w)}.

In particular, (h * )7 = Lo, rph * it where the process 1o 7 is predictable (since left
continuous) and moreover, by Theorem I 2.2 of [13], the sigma field generated by the
collection

{A x {0} where A € %, and [0,T] where T is any (.%;)-stopping time }

is precisely the predictable sigma field &r. Then, if (T},) is a localising sequence for the
local martingale h * i — h * P, it follows from Doob’s stopping theorem that for each n,

E (s 2] = B [(h+ 2™

oo

Consequently, taking the limit as n T oo, we deduce by monotone convergence that

E [(Lpo,rph * W)oo] = E [(Lo,r7h * 2P)oo)

which in turn implies that (4.26) holds for any predictable process H = 151 7] where
B is any closed interval not containing the origin and 7" an arbitrary stopping time. Now
the claim follows by a monotone class argument. O

We close our discussion on the jump process of NRLPs with the property at the heart
of the infinite divisibility of £ as a stochastic process, a topic that will be studied in
Section 6.2. We claim that, for A € Z(R) with A(A4) < co the point process of jumps

va=> Tine s (4.27)

is an infinitely divisible point process. More precisely, the measure v, is a reinforced
Poisson point process &2 with rate A(4) in R* and if we consider n independent copies
vh,..., v} of the reinforced Poisson process (4.27) but with rate n='A(A), we have the
equality in distribution

vaZ v+ (4.28)

To see this, consider f : R™ — R™ a positive function with support in [0,¢], and observe
that
(fova) = La(AL)f(s).

s<t

Now the claim follows by computing the Laplace functional of v4, v, respectively, by
applying the exponential formula (4.13) and from comparing with (4.4). For a more
detailed discussion on infinitely divisible point processes we refer to page 5 of [18].

5 Weak convergence of the pair of skeletons

The main contribution of this section is the proof of Theorem 1.4. However, several
preliminary results and definitions shall be needed to obtain this result. More precisely,
as was discussed in Section 1.1, the two main points needed for the poof of Theorem 1.4
are, on the one hand, the reinforced It6 synthesis (Theorem 1.2) and, on the other
hand, the definition for the joint law (5,5) appearing in Theorem 1.4. We shall start
by addressing these two point separately, starting with the proof of Theorem 1.2. To
this end, in Section 5.1, we introduce the (space) compensated integral with respect
to NRPPPs and prove some of its basic properties. This is the main technical point
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needed for the proof of Theorem 1.2. We shall then define the joint law, of a Lévy
process and its reinforced version (¢, é ), by introducing an explicit coupling that relies
in Theorem 1.2. More precisely, if we let N' be a PPP with intensity dt ® A, by Itd’s
synthesis and its reinforced version of Theorem 1.2, it will suffice to define the joint
law (NV,N) and (B, B). This is respectively the content of the construction detailed
in 5.2.1 and Definition 5.4. The construction of A is done explicitly in terms of N by a
procedure that should be interpreted as the continuous-time reinforcement analogue
of the reinforcement algorithm for random walks. The definition of the joint law is
given Definition 5.6, and in Proposition 5.1 we characterise the law of the pair (£, ) by
computing the characteristic function of its finite dimensional distributions.

Proposition 5.1. There exists a pair (f,f), where é has the law of a NRLP with char-
acteristics (a,q*, A, p), with law determined by the following: for all k > 1, \1,..., g,
B1, ... 0k real numbers, and 0 < t; < --- < t;; <t, we have

k
E [exp {Z Z ()\jftj + ﬂjétj)} =
i=1

k k
eXP{tPE W(ijﬂ{qu/t}) +t(1-p)E W(Z(%‘ﬂ{ym/tm}+5iY(tj/t))> }

j=1 j=1

(5.1)
where U is a uniform random Yariable in [0, 1]. A pair of processes with such distribution
will always be denoted by (&,&).

We shall then finally turn our attention to the proof of Theorem 1.4 in Section 5.3.
A more detailed overview on how we shall proceed is included in the corresponding
section.

5.1 Proof of Theorem 1.2

Let us start by introducing the (space)-compensated integral with respect to NRPPPs
appearing in the statement of Theorem 1.2. Recall the identity of Lemma 4.6 for the
intensity measure of NRPPPs and for fixed t € R, let f : R™ x R — R be a measurable
function satisfying, for all 0 < a < b, the integrability condition

/ |f(s,z)|dsA(dx) < oc.
(0,t]x{a<|z|<b}
Next, we set

/ f(s,2)NC9(ds,dz) :=
[0,t]x{a<|z|<b}

/ f(s,x)N(ds,dz) — / f(s,z)dsA(dx).
[0,t]x{a<[|z|<b} (0,t]x{a<|z|<b}

This is a centred random variable and if we denote it by 2((1“?)( f,t), from Lemma 4.5-(ii)
we deduce that (Eec_)T (f>1))re[=1og(b),00) has independent increments, and hence is a
martingale. When the limit of this martingale exists, we will write

/ f(s, )N (ds,dx) := lim f(s,2)NE9(ds, dz). (5.2)
[0,¢] < (—b,b)

7100 J[0,t] x {e~ "< |z|<b}

Recall the notation f * N from (4.22) for the process ((f *N)t, t > 0). When the function
f is of the form f(z,t) = 1 (q<z<p)® for some a < b, with a slight abuse of notation we
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write 1iqcp<p)® * N, or even 1, ;) * N when there is no risk of confusion, for f « N with
ft,x) = 1 a<z<pyr. Analogous conventions will be used when integrating with respect
to the compensated measure Nse,

Recall that the characteristics of a NRLP are being considered with respect to the
cutoff function z1(;|<1}. The following lemma shows that purely discontinuous NRLPs
can be constructed by integrating with respect to NRPPPs.

Lemma 5.2. Fix a Lévy measure A, a parameter p € (0,1) such that 3(A)p < 1 and let
N be a NRPPP with characteristic measure A and reinforcement parameter p.

(i) For any 0 < a < b, the process 1 ,<|z|<p}T * N is a noise reinforced compound
Poisson process with characteristics (A(1{q<|z|<1}7), 0, L{a<|z|<p} A, D).
(i) For eacht € R the compensated integral

/ N9 (ds,dz) == lim N9 (ds, dx) (5.3)
[0,£]x (—1,1)

1o Jl0,t]x {e=7<|z|<1}

exists. The process 1(_ & x* N'(5¢) js a NRLP with characteristics (0,0, 1(—1,1)A,p)
and hence has a rcll modification. Moreover, the convergence (5.3) holds towards
its rcll modification uniformly in compact intervals for some subsequence (1), and
we shall consider it and denote it in the same way without further comments.

Proof. (i) If we consider é a reinforced compound Poisson process with such char-
acteristics and f is its jump measure, it is a pure jump process and we can write
it as the sum of its jumps. Our claim can now be proved directly from the identity
= (z * 1) Z (L(a<|a|<b)™ * /\7) since by Lemma 4.5-(i), the restriction ]1(a§|w|<b)J\7 has
the same distribution as ji. Alternatively, this can be established by means of the ex-
ponential formulas we obtained in Proposition 4.7, by fixing 0 < ¢; < --- < {x < t and
computing the characteristic function of the finite-dimensional distributions at times

t1,...,tk of ]1{a§|m|<b}x * ./\A/‘, noticing that for f(S, l‘) = (Z?zl )\j]l{sgtj}> mﬂ{aﬁ\wkb} we
have

k
DA (Magiai<nya * Ny, = / f(s,2)N(ds, dw).
=1 [0,t]xR
The claim follows by comparing with th(? identity for the characteristic function of the
finite-dimensional distributions (2.9) of &.

(ii) Recall the notation introduced before (5.2) for the martingale (Zic,) Ly )r>o0.

In our case, we have f(s,z) = z and we just write (Eg‘i)r 1(t))r>0. The fact that the

martingale (Eic,) 1(t))r>0 converges as r T oo and that the limit is a NRLP with charac-
teristics (0,0,1(_;,1)A) can be achieved by similar arguments as in [7] after a couple of
observations. Starting with the former, recall the definition of N from (4.12), and remark

that for each » > 0 we have

/ ]l{efrg‘xkl}x/(/(d&dx) = Z Tiu<ylie—r<jon|<1}Tu - #{{ues :s€DyIN [O,t]}.
[0,t] xR weP

From the discussion right after Proposition 4.1, we infer that if we we consider (Z%),c %
an independent collection of independent, standard Yule processes, the family {ue® : s €
D, } has the same distribution as the collection of jump times of the counting process
]l{USt}Z;;(ln(t)—ln(u))' t > 0. Hence the previous display can also be written as

Z Lie—r <l <13 Tl {u<t} Zp(in () —1n(u)
ueP
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and now the proof of the convergence as r 1 co of (E;;)T 1(t))r>0 follows by the same

arguments as in [7, Lemma 2.6]. Alternatively, one can make use of (2.12) to restrict our
arguments to the interval [0, 1] and apply [7, Lemma 2.6]. Next, to see that the process
]l(_Ll)x*J\A/(SC) defines a NRLP with characteristics (0,0, 1(_; )A), fix0 <t <--- <t <t
and fore > 0, A € R set

P (\) = / (7% — 1 —idz) A(da).
’ {e<lzl<1}

Recalling the formula (4.14) for the characteristic function of integrals with respect to
NRPPPs, we deduce from considering the function f(s,z) := (Z?Zl MNle<r )l focia<1y
that we have

k k
E |exp {z Z A (T e<zj<1y T * N(SC))tj)} = exp {t(l —-pE (I)éﬂ Z Y (t/t) }

j=1 j=1

Now we can apply the exact same reasoning as in the proof of Corollary 2.8 in [7]
by writing s; = t;/t € [0,1] and taking the limit as ¢ | 0. The uniform convergence
in compact intervals towards the rcll modification of 1(_; 1)z * N9 follows from the
second statement of Proposition 3.1, since for every ¢ € (0, 1), the process

/ eN©9(ds,dz), t>0,
[0,t] x{0<|z|<e}

is a NRLP with characteristics (0,0, 1y, <<}A). O

It immediately follows from the previous lemma that if N is a NRPPP with character-
istic measure A, parameter p and, if p < 1/2, we consider W an independent NRBM with
same parameter, then

X, =at+qW, + / xN (ds,dz) + / N (ds, dz), t>0, (5.4)
[0,¢]x(—=1,1)¢ [0,¢]x(—1,1)

defines a NRLP with characteristics (a, ¢2, A, p). To obtain the a.s. statement of Theo-
rem 1.2 we still need a short argument.

Proof of Theorem 1.2. The result will be deduced from the equality in distribution § Zx
for X defined as in (5.4) with same characteristics as £. In this direction, wlog we assume
p <1/2, ¢ =1 and we set

Sh=6 =) Lae Al

s<t
and,
At<5 = gtgl _ (Z]]_{ES‘A65|<1}A£S — t/ .’L'A(dx))
s<t {e<|z|<1}
Notice that for every € > 0, we can write
& =67+ (Z Liecine, 1<) A — t/ xA(dx)) +E€7. (5.5)

s<t {e<|=|<1}
Since [ is a reinforced PPP, by Lemma 5.2 the process (5.5) converges uniformly in

compact intervals for some subsequence (¢,,) as ¢, | 0 towards C+ 5(2) + 5(3), for some
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process C = é f é (3) continuous by construction. Since /l is a reinforced PPP, by
the independence properties of its restriction we know that f £(2) € c(3) are 1ndependent
Hence, it remains to show that (5(2 & 3)) is independent of C and that C' — at =: B is
a NRBM. Fix arbitrary 0 < u < v < oo and keeping the notation for W, N used in the
representation (5.4). Since N is the clearly the jump measure of X, we have the equality
in distribution:

(63 Tuine e 2é) Z (X usparano < V). (5.6)
s<-

Moreover, since W is independent of N , from the independence of restrictions of NRPPP
and (5.6) we deduce that 1 <j,j<1y@ * 4 + Lpcppya * oand € — Lpocppjcnya * 49 —
141<jzyz* fi are independent, the later having the same distribution as at + Wi+1 (—e,e)T*
N. Now the claim follows by taking the limit as € | 0. O

5.2 The joint law (¢, é ) of a Lévy process and its reinforced version

In this section we construct explicitly, for an arbitrary fixed Lévy process &, the
process 5 in terms of ¢ that will be referred to as the noise reinforced version of . This
will yield a definition for the joint law (£,£). Our construction will be justified by the
weak convergence of Theorem 1.4. Let us start by recalling the discrete setting, since
our construction is essentially the continuous-time analogue of the dynamics that we
now describe.

o The noise reinforced random walk. Given a collection of identically distributed
random variables (X,,) with law X, denote by S,, := X; +--- + X,,, for n > 1 the corre-
sponding random walk. We construct, simultaneously to (.5, ), a noise reinforced version
using the same sample of random variables and performing the reinforcement algorithm
at each discrete time step. In this direction, consider (¢,,) and (U[n]) independent se-
quences of Bernoulli random variables with parameter p € (0,1) and uniform random
variables on {1, ...,n} respectively. Set X; := X; and, for n > 1, define

Xpp1 1= Xn+1lge, =0y + XU[n]]l{enJrl:l}-

Finally, we denote the corresponding partial sums by Spoi=X1 4+ Xm n > 1. The
process (ﬁn) is the so-called noise reinforced random walk with memory parameter p,
and we refer to this particular construction of (S‘n) as the noise reinforced version of
(S,). The process (S,) can be written in terms of the individual contributions made by
each one of the steps. In this direction, let us introduce a counting process keeping track
of the number of times each step X}, is repeated up to time n. Since if the law of X has
atoms, we have P(X; = X5) > 0, and we need to slightly modify our algorithm. Namely,
for each n > 1 we write X/, := (X,,n) and we perform the reinforcement algorithm to
the pairs (X ). This yields a sequence that, with a slight abuse of notation, we denote by
(X!). If for every k,n > 1 we set:

Ni(n) =#{1<i<n:X| =X}, (5.7)
we can write:

ZNk )Xy, forn>1. (5.8)

For convenience, we always set Sy =0 = Sy, and when working with pairs of the form
(S, S) it will always be implicitly assumed that the noise reinforced version has been
constructed by the algorithm we described. For instance, it is clear that at each discrete
time step n, with probability 1 — p, .S,, and S’n share the same increment, while with
complementary probability p, they perform different steps.
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Roughly speaking, in the continuum, the steps (X,,) are replaced by jumps A¢; of the
Levy process £. With probability 1 — p, the jump is shared with its reinforced version
5 while with complementary probability p, it is discarded and 5 remains independent
of the discarded jump. The jumps that are not discarded by this procedure are then
repeated at each jump time of an independent counting process that will be attached to
it. The process of discarding jumps with probability p is traduced in a thinning of the
jump measure of £. Let us now give a formal description of this heuristic discussion.

5.2.1 Construction of the pair (N, \)

For the rest of the section, we fix a Lévy process £ with non-trivial Lévy measure A,
denote the set of its jump times by .# := {u € RT : A¢, # 0} and let

N:=3 " buac

ueS

be its jump measure. By the Lévy-It6 decomposition, this is a PPP with characteristic
measure A and we can write £ = £ + J, where ¢(1) is a continuous process while J is a
process that can be explicitly recovered from A/, as we recalled in (1.2).

If é has the law of its reinforced version, by Theorem 1.2 it can also be written as
¢ =£M 4 J, where J is a functional of a NRPPP N with characteristic measure A. Hence,
the main step for defining the law of the pair (/J, J ) consists in appropriately defining
(N, N ). However, recalling the construction of NRPPPs by superposition detailed before
Definition 4.4, this can be achieved as follows: first, set 4y := {1 < |z|} and for each
j>11let A;:={1/(j+1) < |z| < 1/j}. Next, for j > 0 consider the point process

;i ={ueR":AE, € A},

remark that .#; is a PPP with intensity A(A4;)d¢ and write .# := U;.#;. With the notation
introduced in Section 4, consider (D, ).c.» @ collection of i.i.d. copies of D and for each

j > 0we set
Nii= 3" 3" Suet ac,):

u€I; tED,y,

The measure N is a NRPPP with characteristic measure (1 — p)~'A(-N A;), and we can
now proceed as in Section 4.2 to construct the following NRPPP with parameter p by

superposition of (N;);>1,
S S St e (5.9)
ueS teD,,

Notice however that its characteristic measure is (1 — p)~!A. In this direction, we
consider a sequence of independent Bernoulli random variables (b, ),e.» With parameter
1 — p and apply a thinning:

N = Z T, =1 Z O(uet ,AL,)- (5.10)

ue S teED,,

Now, A is a NRPPP with characteristic measure A and reinforcement parameter p built
explicitly from the jump process of £&. From the construction, if a jump A¢, occurs at
time u, with probability 1 — p it is kept and repeated at each ue! for t € D,,, while with
complementary probability p, it is discarded and N remains independent of the discarded
jump. From now on, we always consider the pair (N, N ) constructed by this procedure.
Then, by definition of A" we can write

Jy = (2) + §t = / xN (ds,dz) —|—/ e N9 (ds, dx), t>0,
[0,¢]x{|z|>1} [0,t]x(—1,1)
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while on the other hand, by Theorem 1.2 the process defined as

J; = :52) + 5153) = / aN (ds, dz) +/ N9 (ds, dx), t >0, (5.11)
[0,6)x {]2|>1} [0,6]% (~1,1)

is a NRLP with characteristics (0,0, A, p). From our construction, the random measures
N, N can be encoded in terms of a single Poisson random measure Y ey O(u,Abw,Dubu)s

allowing us to compute explicitly tl}e characteristic function of the finite dimensional
distributions of (£),£®)) and (¢(®),£()). In this direction, for A € R recall the notations

A (N) = / (e — 1)A(dz). (5.12)
{lz|>1}
as well as i
BB (\) = / (€™ — 1 —idz)A(dz). (5.13)
{lz<1}
Now we can state:
Lemma 5.3. For all k > 1, let \{,...,\; and (1,... 0, be real numbers and fix times

0<t <--- <ty <t. Then, foriec {2,3} we have

k
E eXp{iZ)\j(ft?—f—ﬂjéj))} =

j=1

k
exp{tpE o) Z)\j]l{Y(tj/t)Zl}

j=1

k
+ (1 =p)B [ 8D | S (\ly @, /21y + BiY (8/1) } (5.14)

Jj=1

where we denote by Y a Yule-Simon process with parameter 1/p.

Let us briefly comment on this expression. The first exponential term in (5.14)
corresponds to the characteristic function of the finite dimensional distributions of a
Lévy process with law (f;(;lt))teth viz.

k k
E |exp {ZZAJQS‘)]} = exp {thE (I)(i)(ZAjﬂ{Ugtj/t}) }7
j=1 Jj=1

where U is a uniform random variable in [0, 1] (recall that the first jump time of a Yule-
Simon process is uniformly distributed in [0, 1]). More precisely, this Lévy process is
built from the discarded jumps ), 14, —019(u,A¢,) @and consequently is independent of
€9 and 3", 11, -1}0(u,a¢,), Which explains the form of the identity (5.14).

Proof. We start with the case ¢ = 2. We can assume that ¢; < 1 by working with
t1/t < --- < t/t and with the pair (£, ést)se[O,l]r which now has Lévy measure tA. Now,
the proof follows by a rather long but straightforward application of the formula for the
characteristic function of integrals with respect to Poisson random measures.

We next turn our attention to the case i = 3. By the usual scaling argument we can
suppose again that ¢, < 1 = t. Now, the proof is similar to the one of Corollary 2.8 in [7].
In this direction, notice that the processes £ = 1(_; 1)z*N % and £B) = 1(_171)x>«</\7(“)
are respectively the limit as € | 0 of

{é?l) = ]l{€§|m‘<1}x * N — ]l{sgm<1}x xdt @ A, (5.15)
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€9 = Tpecpjenyz * N = Ljecppenyz * dE ® A, (5.16)

the convergence holding uniformly in compact intervals. The characteristic function of
the finite-dimensional distributions of the pair (1{.<|sj<1}% * N, L{c<|z|<1}% * ) can be
computed by the same arguments as in Lemma 5.3 and we obtain for each 0 < ¢ < 1 that

E exp{ Ef:u“ )+ B;E8 (¢ ))}

k
= exp {PE QN PPV RN
j=1

k
+(1=pE | 2P | Y (NLyey)z1y + BiY (1)) } (5.17)
j=1

In order to establish that this expression converges as ¢ | 0 towards (5.17), we recall that
since [e®® — 1 —ix|is O(|2?]) as |z| | 0 and O(|z|) as |z| 1 oo, for any r € (3(A)V1,1/pA2)
if B(A) < 2 and r = 2 if 5(A) = 2, we have

C :=sup|z|"|e” — 1 —iz| < oco.
zeR

It follows that for all 0 < € < 1, A € R, we can bound

PO < [ e 1A <O [ el
{Jo]<1} {

lz[<1}

Moreover, by the remark following Lemma 2.1, the random variable Y (¢) € L, (P) for any
r < 1/p and it follows that the term

k
Z MNlyy)s1y + BiY (t5)),
j=1

isin L,(IP). Hence, by dominated convergence, (5 17) converges towards (5.17) as ¢ | 0.
On the other hand, since (5231) (t5), 5(3)( tj)) — (ft ,ft ) as € | 0, we obtain the desired
result. O

5.2.2 The distribution of (B, B) and proof of Proposition 5.1

The last ingredient needed to define the joint distribution of (¢, é ) is the joint distribution
of a Brownian motion B and its reinforced version B, that we denote as (B, B). Recall
from [8] that B has the same law as the solution to the SDE

dX, = dB, + %Xtdt, (5.18)

and that X can be written explicitly in terms of the stochastic integral (2.17) with respect
to the driving Brownian motion B. We also recall from (2.16) that for 0 < s,t < T the
covariance of B can be expressed in terms of the Yule-Simon process. For later use, we
observe that

(tAs)' PP =T(1=p)E [Liy @Y (s/T)] . (5.19)

We stress that the right-hand side in the previous display do not depend on the choice
of T'. The proof of this identity is a consequence of the representation (2.1) of Y in terms
of a standard Yule process and an independent uniform random variable.
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Definition 5.4. Let (B, E) be a pair of Gaussian processes and fix a parameter 0 < p <
1/2. We say that the pair (B, B) has the law of a Brownian motion with its reinforced
version if the respective covariances are given by

E[B,Bs] = (t A s), E [Btgs} — (£ A )PP, E [EBS} _ (tVS)”(MS)H”

1—-2p
(5.20)
for any s,t € R¥.

Let us briefly explain where this definition comes from: for fixed p, by [4, Theorem
1.1] the law of the pair (B, é) is universal, in the sense that it is the weak joint scaling
limit of random walks paired with their reinforced version with parameter p for p < 1/2,
when the typical step is in Ly(IP). For more details, we refer to [8, 4].

Given a fixed Brownian motion B, it is clear that we can not expect to have an explicit
construction of the reinforced version B in terms of B similar to the one performed for
(J,J). However, we can make use of the SDE (5.18) to get an explicit construct of (B, B)
with the right covariance structure. This can be easily achieved as follows: first, let W
be an independent copy of B; if we set

Byi=(1—p)Bi+/1—(1—p)2W,, (5.21)

then, B and {8 are two Brownian motions with I [B;3,] = (1 — p)(t A s). If we let B be the
solution to the SDE,
dB, = dB, + %Btdt, (5.22)

B has the law of a noise reinforced Brownian motion with reinforcement parameter p,
and can be written explicitly as B, =1 fg s~PdfB,. Moreover, it readily follows that the
covariance of the pair of Gaussian processes (B, B) satisfies (5.20). The decorrelation
applied for constructing  is playing the role of the thinning in the construction of
(J,J).

Finally, we will need for the proof of Proposition 5.1 the following representation of
the characteristic function of the finite-dimensional distributions of the pair (B, B) in
terms of the Yule-Simon process:

Lemma 5.5. Let (B, B) be a Brownian motion with its reinforced version for a memory
parameter p < 1/2. Forallk > 1, \,..., A, f1,... B real numbers and 0 < t; < -+- <
tr < t, we have

k
E exp{iZ()ijtj-FﬁjBtj)} =

j=1

2 [k 2
q
exp { —tpE | o ( Ajﬂ{vm/tm})

Jj=1

k
Jj=

2
2
—t(1-p)E (]2< (Ajﬂ{ym/tm}+ﬁjY(tj/t))> } (5.23)

1

Proof. Since NRBM satisfies the same scaling property of Brownian Motion (see page 3

of [8]), from (5.20) we deduce (Bic, Bic)ier+ = (c/2By, c}/2B;),cr+. Hence, as usual we
can suppose that t; < 1 and we take t := 1. To simplify notation we also suppose that
q = 1. Now, the left hand side of (5.23) writes

k
E |exp {ZZ (A\jBy, + 51']%%)}

j=1
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1 1 P .
= exp { =) > XixjCov(By,, By,) — 3 > BiBiCov(By,, By,) — > )\iﬁjCov(Bt“Btj)}
i,

1,7 ,J
1
= exp { — iE

+2(1=p) > AiBiliy =Y (t;)

.3

k 2

2 k
(Z Aj]l{Y(tj)>l}> +(1—-p) <Z ﬁjY(fj)>

: :

where we used respectively for each one of the covariances in order of appearance that:
the first jump time of a Yule-Simon process is uniformly distributed, (2.16) and (5.19).
However, this is precisely the right hand side of (5.23). O

Now that all the ingredients have been introduced, we define the law of (¢, f ).

o Recipe for reinforcing Lévy processes: consider a starting Lévy process £ with triplet
(a,q? A) and denote by & = at + qB; + J; for t > 0 its Lévy-Itd decomposition, where
B and J are respectively a Brownian motion and a Lévy process with triplet (0,0, A).
Further, fix p € (0,1) an admissible parameter for the triplet, denote the jump measure
of £ by N' = > 0(u,a¢,) and consider the NRPPP N with characteristic measure A
and reinforcement parameter p as constructed in (5.10) in terms of A/. Denote by
J = T1,yw* NG 4 L1 1yew * N the corresponding NRLP of characteristics (0,0, A, p)
and finally, consider a NRBM B independent of (.J, f) such that (B, B) has the law of a
Brownian motion with its reinforced version - for example by proceeding as in (5.22).

Definition 5.6. We call the noise reinforced Lévy process g} = at + th + JAt fort >0
of characteristics (a, ¢, A, p) the noise reinforced version of ¢, the unicity only holding
in distribution. From now on, every time we consider a pair (&, f ), it will be implicitly
assumed thaté has been constructed by the procedure we just described in terms of .

Let us now conclude the section by computing the characteristic function of the
finite-dimensional distributions of (¢, §).

Proof of Proposition 5.1. If ¥ is the characteristic exponent of £, we can write
1
U(\) = iak — §q2/\2 + 0@ (\) + o3 (N),

for ®?, 3 defined respectively by (5.12) and (5.13). Recalling the independence
between the pairs (B, B), (€®,£?), (¢®),£3)), the proof of Proposition 5.1 now fol-
lows from Lemmas 5.3, 5.3, 5.5 and the previous decomposition for the characteristic
exponent V. O

From the construction of (N, J\7) we can sketch a sample path of (575), where the
jumps that are not appearing on the path of £ are precisely the ones deleted by the
thinning:

5.3 Proof of Theorem 1.4

Let us outline the main steps we shall follow to prove Theorem 1.4. First, by (2.12),
it suffices to prove the convergence in [0, 1] and we therefore work with { = (&;):e0,1-
Next, since we are working in D?[0, 1], it suffices to establish tightness coordinate-wise
to obtain tightness for the sequence of pairs. The first coordinate in (1.4) converges
a.s. towards ¢ in D[0,1] (and in particular is tight) and hence it remains to establish
tightness for the sequence of reinforced n-skeletons. This is the content of Section 5.3.2
and more precisely, of Proposition 5.9. This is achieved by means of the celebrated
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Y N My

0 t ts 0 t 1y

Figure 2: Sample path of a Lévy process and its reinforced version.

Aldous tightness criterion and our arguments rely on the discrete counterpart of the
remarkable martingale from Proposition 3.2. This discrete martingale is introduced in
Lemma 5.7 and we recall from [4, 3] its main features. This is the content of Section 5.3.1.
Finally, the joint convergence in the sense of finite-dimensional distributions towards
(&, é ) is proved in Proposition 5.12, by establishing the convergence of the corresponding
characteristic functions.

5.3.1 The martingale associated with a noise reinforced random walk

o The elephant random walk and its associated martingale. Let us start with some
historical context. In [2], Bercu was interested in establishing asymptotic convergence
results for a particular R-valued random walk with memory, called the elephant random
walk. This process is defined, for a fixed « € (0, 1) that we still call the reinforcement
parameter, by the following algorithm. Write {Y7, Y5, ...} for its family of increments, we
set & := 0 and let Y; be a random variable with Y; € {—1,1}. Then, the position of our
elephant at time n = 1 is given by & = Y7 and for n > 2, it is defined recursively by the
relation &, 11 := &, + Y41, for Y,, 1 constructed by selecting uniformly at random one of
the previous increments {Y; ... Y, }, and changing its sign with probability 1 — k. The
analysis of Bercu relies on a martingale associated to the elephant random walk, defined
as M; = & and for n > 2, as

['(n)T(2x)

Mn = Angnv f An = N o avw
an ora I'(n+2k—1)

(5.24)
and where I' stands for the Euler-Gamma function. This martingale had already made its
appearance in the literature in Heyde [12]. As was pointed out by Kiirsten [16], the key
is that when « € [1/2,1) and the initial step Y} is distributed Rademacher, the elephant
random walk is a version of the noise reinforced random walk with memory parameter
p = 2k — 1 with typical step X distributed Rademacher.
Getting back to our setting, we shall make use of the notation introduced at the
beginning of Section 5.2 for the noise reinforced random walk for a memory parameter
€ (0,1). Our first observation is that the martingale (5.24) associated to the elephant
random walk is still a martingale in our setting - we stress that the reinforcement
parameter x in [2] corresponds to the parameter p = 2x — 1 in our context. This
martingale plays a fundamental role in our reasoning, and also played a central role in
[4, 3]. More precisely, let a; := 1 and for n > 2 we set

Ap = T _ n]:[ly,;l, (5.25)
L(n+p) ;4

for v, = ”T*p. We write .%, := o(X1,...,X,) for the filtration generated by the rein-
forced steps. The following lemma is taken from [4].
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Lemma 5.7 ([4, Proposition 2.1]). Suppose that the typical step X is centred and in
Lo (P). Then, the process M defined by My = 0 and M,, = a,S,, for n > 1 is a square-
integrable martingale with respect to the filtration (%,).

In order to establish tightness for our sequence of reinforced skeletons, we will make
use of the explicit form of the predictable quadratic variation (M, M) of this martingale,
which is the process defined as (M, M)y = 0 and

(M, M), = iE {(AM,C)Q m_l} . n>1.
k=1

In this direction, we introduce:

Vyi=X24... 4 X?

n?

n>1

9

with Vy = 0. The following lemma is also taken from [4] and was the main tool for
establishing the invariance principles proven in that work.

Lemma 5.8 ([4, Proposition 2.1]). The predictable quadratic variation process (M, M) is
given by (M, M), = 0 and forn > 1,

" 52 V;
_ 2 2 N2 .2 Pk-1 k—1
(M, M), =0 +k§:2ak ((1 plo- —p e +pk_1>, (5.26)

where the sum should be considered null forn = 1.

5.3.2 Proof of tightness
We stress that the f.d.d. convergence of the sequence of reinforced skeletons towards a
NRLP ¢ of characteristics (a, ¢, A, p) was already established in Theorem 3.1 of [7].

Proposition 5.9. Let p < 1/2 be an admissible memory parameter for the triplet
(a,q*,\). Then, the sequence of laws associated to the reinforced skeletons

{(S0)) eio.y 7 €N} s tight in D[0, 1], (5.27)

S(n < o .
Therefore, the convergence (anzj>t€[0,1] = (&)teo,1) holds in D[0, 1].

The reason behind the restriction p < 1/2 and why we don’t expect our proof to work
for p > 1/2 is explained in Remark 5.11, at the end of the proof.

Proof of Proposition 5.9 for centred ¢ with compactly supported Lévy measure

Until further notice, we restrict our reasoning to the case when ¢ is a centred Lévy
process, with diffusion coefficient ¢ = 1 and with Lévy measure A concentrated in
[-K, K] for some K > 0. Without loss of generality, we further suppose that K = 1. In
consequence, ¢ has finite moments of any order and we set o}, := E[¢], | = E[(X{)2].

Notice that under our standing hypothesis, f writes
t A
tP / s7PdB, + £, telo,1],
0

for some Brownian motion B independent of 5(3). Further, remark that under our
restrictions, the family of discrete skeletons (S,(C")), for n € IN, have typical steps centred
and in Ly (PP). Consequently, we can make use of Lemma 5.7.
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Next, to establish Proposition 5.9 under our current restrictions, we claim that it is
enough to show that the following convergence holds,

p &(n) 2. (1-pf
(n alntJSLntJ)te[o’l] — (t éht)te[o,l]’ (5.28)
where now, the sequence on the left-hand side of (5.28) is a sequence of martingales,
while the process on the right hand side is the martingale introduced in Proposition 3.2,

V1Z. .
N, ::/ s7PAB, +t € telo,1).
0

Indeed, for each n, let M™ be the continuous time version of the martingale of Lemma 5.7

associated with the n-reinforced skeleton (S,i”)) keN, i.e.

M[lntj = aLnthfzzJ, te [0, 1],

and remark that by Lemma 5.8, the predictable quadratic variation of M fn [ is given by

o (57 v
(M", M™) i) = L1 jn<iyor, + ) ai <(1 ST e TPy __1> '
k=2

It follows that for each n € N, the following process

NP = nPMP, =P S, te(0,1],

is also a martingale, and its predictable quadratic variation writes:

<Nna Nn>t = n2p<an Mn>|_nt]

S (S22 W
-1 2p 2 2p 2 (1 2 2 - - _ 5.29
{1/n<ty oy + 0 ;;:2 ap | 1 =p)oy, —p o TPEoT (5.29)
Moreover, by Stirling’s formula, we have
__T'(n) p
aniF(n+p) n~ P asnt oo,

which gives:
nPa, ~t7P, asn?oo.

This yields the claimed equivalence between (5.27) and (5.28) under our current re-
strictions for &. For technical reasons, we shall prove first that the convergence of the
martingales (N™) towards N holds in the interval [e, 1], for any € > 0. This leads us to
the following lemma:

Lemma 5.10. For any € > 0, the sequence (Nt")te[&l] forn € NN is tight.

Proof. We denote by (%) the natural filtration of N™. By Aldous’s tightness criterion
(see for e.g. Kallenberg [15] Theorem 16.11), it is enough to show that for any sequence
(1) of (bounded) (.#*)-stopping times in [, 1] and any sequence of positive real numbers
(hy,) converging to 0 such that 7, + h, < 1, we have

lim [N ., — N |=0, in probability.
’VLTOO n n n
By Rebolledo’s Theorem (see e.g. Theorem 2.3.2 in Joffre and Metivier [14]) it’s enough

to show that the sequence of associated predictable quadratic variations ((N™, N™))
satisfies Aldous’s tightness criterion, i.e. that

Um (N"™, N"), +p, — (N",N™). =0, in probability.

ntoo
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In this direction, by (5.29), we have

[l 1) 5052 o
(N, N") 74, — (N",N")r, =0 " af <(1 B (k k:i)2 +pkk11>
k=|nt,]+1
Ln(7n+hn)J L”(Tn‘i’hn)J Vk(n)l
< (1= 2p 2 2 2P 2 — ]
<(1-p)n Z aro, +p-n Z UL (5.30)
k=|ntp]+1 k=|ntn]+1

and it remains to show that both terms in the right hand side converge to 0 in probability
as n 1 oo. The key now is in the asymptotic behaviour of the series 2221 ai. As was
already pointed out in [2], for p € (0,1/2), we have

1
lim n®~' ) "af = . (5.31)

Furthermore, since the Lévy measure of ¢ is compactly supported, it holds that
o2 = [(Xf’”f] —F [gf/n} —0(1/n), asnt oo (5.32)

Now, from (5.31) and (5.32) it follows that

L"(Tn""hn)J
TlllTr?o(l — p)n?r~t Z ai=0 aus.
k=|ntn|+1

and a fortiori in probability, which entails that the first term in (5.30) converges in
probability to 0 as n 1 oo. In order to show that the second term in (5.30) also converges
in probability to 0, we need to proceed more carefully. First, since 7, € [¢, 1], we can
bound the second term in (5.30) by

[n(Tn+hn)] ~(n () [n(Tr+hn)]
2p 2 Vk(f)1 2p SUP | ne| <k<n Vi 9
n E ay =n ay.
-1 [ne]
k=|n7p]+1 k=|ntp]+1

n

. P _
Next, since [ ~ n?p~1

e~1, in order to proceed as before we need to show that

2
ne
sup V™ = O(1), in probability as n 1 oo,

[ne]<k<n

i.e. that the sequence is stochastically bounded. To do so we proceed as follows: for
each n, notice that the process

is the reinforced version of the random walk
Vk(n) _ (X1(71))2 4t (‘X—'Ign))g7 k > 17

(2

where (X™)? are i.i.d. variables with law &,- In order to have a centred noise

reinforced random walk, for k > 1 set ¥, := (X{™)2 — E[¢?),] and we introduce:
W = 0 ke [el)]

(&R B[]) 4 (PP B[,]) = s R,
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Now, the process (W,i"’)) ke is the noise reinforced version of the centred random walk
defined for k > 1 as

W = v e el ]

= (X2 =E[g]) + o+ (2 —Egh]) = v+ 41,

where (Yi("))iem are i.i.d. with law ﬁ/n —EJ f/n] We can now apply Corollary 4.3 from
[8] to W("): recalling that o}, = E[¢]/,] = O(1/n), we have

© o (5£7)'] = [ (147 102)"] < i g (517) 00

<C'E [(gf/n ~E [gf/n}ﬂ n—+0(1).

Once again, since ¢ has compactly supported Lévy measure, E[¢? /n] and E[¢] /n] are both
O(1/n) as n 1 oo and we deduce that

E [sup (Vk(n))z} =0(1), asntoo.

k<n

Hence, by Markov’s inequality the sequence (supj<,, Vk("))n is O(1) in probability and we
can conclude as before by bounding as follows for L > 0:

(n) [n(Tn+hn)]
SUP | pe|<k<n Vk
P n2p L EJ\_;lgj Z ai >n
k=|ntp]+1
. n2p [n(Tn+ha))
§IP<suka(")>L>+IP L— Z ai>n|. O
k<n LnEJ k=|n7,]+1

We shall now conclude the proof of Proportion 5.9 under our standing assumptions,
and in this direction recall our discussion prior to Lemma 5.10. To extend the con-
vergence to the interval [0, 1] we shall use a truncation argument similar to the one

employed in Section 4.3 of [8]. For each ¢ > 0, we have (N/")c[c 1 £ (Nt)tele,1) and since
(Nite)telo. = (Nt)telo,1) by right continuity (extending N.,. for ¢ € [1 — ¢, 1] identically
as the constant V;), we deduce by metrisability of the weak convergence that there
exists some sequence (¢(n)),en, converging to 0 slowly enough as n 1 co such that

(N{)tele(n),1) = (Nt)teo,1) and we only need to show:

sup. NP s 5‘[;)5 | =0,  inprobability as n 1 cc. (5.33)
s<e(n

In this direction, notice the inequality
[ns]

> (n)
(N™, N™), < n?g? 4 n?P kz_z aj, ((1 - p)o. +pk’“_‘11> :

Since E[Vk(")] = ko2, an application of Doob’s inequality and the previous display yield
that, for any § > 0, we have

&(n) — n
P < sup |n”aLnSJSLnSJ| > 6) <6 °E [(N("),N( )>E(n)}

s<e(n)
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|nt] o (n)
< 6_2 2p 2 (S_QE 2p 2 1— 2 k—1
— n Jn+ n kzﬂak ( p)O—n—i_pk,l

[ne(n)]
<67 252n% Z az.

n=2
From the asymptotics,
. 2p—1 ~ _ 1 2 _
ilTrglon ;ak TS and o, = 0(1/n),

we deduce that, as n 1 oo, the convergence (5.33) holds and we can conclude by an
application of Lemma 3.31-VI from Jacod and Shiryaev [13].

Remark 5.11. Before proceeding, we point out that our proof no longer works for
p > 1/2: indeed, one might notice that the change in the asymptotic behaviour of the
series Y ,_, a; for p > 1/2 makes the preceding reasoning unfruitful. Let us be more
precise: these series possess three different asymptotic regimes depending on p and
are the reason behind the different regimes appearing in the behaviour of the Elephant
random walk, see e.g. [2]. More generally, they are behind the three regimes appearing
in the invariance principles [8, 4]. When p > 1/2, there is no Brownian component and
the martingale t—?¢® is no longer in Ly (IP) because Y (t) € L,(P) forgq < 1/p. Since N"
is converging weakly towards t‘Pét(g) by (5.28), working with the sequence of quadratic
variations (N™, N™) might not be the right approach to obtain tightness.

Proof of Proposition 5.9, general case

Let us start by introducing some notation. First, if A is the jump measure of £, we
will shorten our notation for the compensated integrals and simply write &fg(t) =
(ﬂ{ug\z|<v}$ *N(SC))t, for 0 < u < v. Hence, for K > 1, we can write

E0:(1) =&Y + €8 (1), telo1].

It will also be convenient to introduce the following notation for the sums of jumps: for
fixed 0 < a < b, we write

Sap®) =D VpcinisjcnyDs = D Laicrana:Yi(t), forte[0,1], (5.34)
s<t 7
so that in particular we have 5(2) = Y1 . Next, if £ can be decomposed into { =

LM + L®?), for independent Lévy processes L), L(?), we denote its reinforced skeleton
by S (&) = (S{1)(€))re(o.1) and we write:
S (g) = SM(LW) 4 S (L3,

for the decomposition that is naturally induced. More precisely, the two noise reinforced
random walks on the right-hand side of the previous display are built from the same
sequence of Bernoulli random variables as S (€), and just result from decomposing each
increment as

AMeg = +AM LD L AL,

Now, we proceed by lifting progressively our restriction imposed in 5.3.2 as follows:
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Step 1: First, if ¢ satisfies that £ = M <X where M =¥ is the sum of a Brownian motion
with diffusion ¢ and a compensated martingale with jumps smaller than K, by 5.3.2 the
following convergence holds in distribution:

SO (M=KY L 4B +£7), asnt oo (End of Step 1)

Step 2: If b is a deterministic constant, let b- Id := (bt : t > 0) and suppose now that £
can be written as £ = b- Id + M=X . Then, we can write

§ (&) = §™ (b Id) + 5™ (M=F),

where the sequence of processes (S (b - Id) : n > 1) is deterministic and converges
uniformly to the continuous function b - Id. Indeed, notice that the reinforcement doesn’t
affect the drift term since S (b- Id), = b|nt|/n. We deduce from [13, Lemma 3.33] that,
as n T oo, we still have

S® (b Id+ MSK) = 5™ (b 1d) + 5™ (M=) L b 1d+ ¢B + £ (5.35)
(End of Step 2)

From here, we work with the Lévy process ¢ with triplet (a, ¢?, A), with Lévy-I1td decom-
position given by:
E=a-Id+ M=! +§(3)7

and we denote its jump measure by A - in particular, we have £®) = 1(_11)ex* N. For
any K > 1, we can rearrange the triplet by compensating and modifying appropriately
the drift coefficient, in such a way that we have:

€ =bgld+ M=K +¢2K,

where ¢2K
remarks.
e First, notice that for each fixed n, $(™ (¢£2K) L 0 uniformly in probability as K 1 oo.

Indeed, we have

= 1(_g k)-x * N. Before moving to Step 3, let us make the two following

]P( sup \S(" (€25 | >5) < IP(AE?K # 0 for some ¢ € [0, 1]),
t€[0,1]

where the right-hand side can be written in terms of the jump process N of ¢ as
IP(N({(t, z) €[0,1] xR: || > K}) > 1) =1 — e~ Mmoo K][K00)), (5.36)

The right-hand side in the previous display converges to 0 as K 1 co and notice that the
bound does not depend on n.

e Let 5 be the noise reinforced Lévy process of characteristics (a, ¢?, A, p) and write
N for its jump measure. Again, we can rewrite 5 by compensating appropriately and
modifying the drift coefficient, as follows:

f—bKId+qB+£ + 2K, co-

Arguing as before, we have the uniform convergence in probability by Id + qB + f é®) Ly é
as K 1 oo, since, by the description of N given in Definition 4.4, we have

IP( sup Yoo (t)] > a) <P (/V({(t,x) €0, xR: |z| > K}) > 1)
tel0,1]
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— 1 — ¢~ (1=P)A((~00,K]U[K,00))

Step 3: To conclude, for K > 1, we write respectively the Lévy process and the
corresponding NRLP without their jumps of size greater than K as

<K .= prId+ M=K, and <K = bl + qB + €.
In (5.35), we already proved that for each fixed K, we have
S (=K = £<K asn 1 oo, while by our second remark, £<% =t £as K 1 .
Since the convergence in distribution is metrisable, there exists an increasing sequence

(K(n) : n > 1) converging to infinity slowly enough as n 1 oo, such that

S(")(ng(”)) %é, asn T co.
Moreover, we can write

g(n) (&) = §(n) (§§K(n)) + 8 (gzK(n)>7
where for each € > 0, by (5.36) we have:

lim ]P( sup |SEZZJ (@Km)) B 5) < lim 1 — e= A= KmIUK (n).00)) _
ntoo  \yefo,1] ntoo

We can now apply [13, Lemma 3.31, Chapter VI] to deduce that the convergence
S (¢) 4 € holds.
(End of Step 3)

With this last result we conclude the proof of Proposition 5.9.

5.3.3 Convergence of finite-dimensional distributions

We keep the notation and setting introduced at the beginning of Section 5. For instance,
we recall the notation (N;(n),j > 1,n > 1) for the counting process of repetitions
introduced in (5.7).

Proposition 5.12. Let ¢ be a Lévy process of characteristic triplet (a,q?, A) and denote
its characteristic exponent by V. Fix p € (0,1) an admissible memory parameter, and
for each n, let (S,(C"), 5”,2")) be the sequence of n-skeletons and its corresponding rein-
forced versions. Then, there is the weak convergence in the sense of finite-dimensional

distributions,
n a(n f.d.d. ¢
((anij)te[o,u’ (SE7liJ)te[O,1]> — ((ft)te[o,m(ft)te[o,l])7 (5.37)

where we denoted by (&, f ) a pair of processes with law characterised by (5.1).

Remark that since the convergence is in the sense of finite dimensional distributions,
the restriction p < 1/2 cam be dropped. Our proof will rely on two results taken
respectively from [7] and [9]. We state them without proof for ease of reading:

Corollary 3.7 of [7] Let F be a continuous functional on counting functions such
that F(0) = 0 where, with a slight abuse of notation we still write 0 for the identically
0 trajectory. Further, suppose that there exists ¢ > 0 and 1 < v < 1/p such that
|F'(w)| < cw(1)Y for every counting function w : [0,1] — IN. Then, if Y is a Yule-Simon
process with parameter 1/p, the following convergence holds in L, (IP):

Jim ST (N (1)) = (1 - PEF(Y)] (538
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The second result concerns the asymptotic behaviour of V.

Lemma 3.1 of [9] For any n > 0, the asymptotic behaviour of the characteristic
exponent VU as |z| 1 oo satisfies that:

o(|z|>t) when ¢ # 0
|W(2)] = { o]z|P™*7) when ¢ = 0 and Jizj<1 [2IA(dz) = 00

o(|z|*+m) when ¢ =0and [, |z[A(dz) < oo.

Now we have all the ingredients needed for the proof of Proposition 5.12.

Proof. We fix k > 1 as well as times 0 < t; < --- <t <1, and let f1,... Bk, A1, ..., Ak
be arbitrary real numbers. In order to establish the finite dimensional convergence, it
suffices to show that

k
E |exp {ZZ (XjSint,) + BjS|n; J)} (5.39)
j=1

converges as n T oo towards (5.1). In this direction, for each n, we write (Ne(") (k) k>1,0>1
for the counting process of repetitions of S(™) introduced in (5.7). Recalling the iden-
tity (5.8), we can write,

n n
Stay = 2N (e X" and S =3 e Xi,
=1 =1
with ]E[ei/\Xcgm] = en Y for every ¢. Then, by independence of the counting processes

(Ne(n)(ki))kzl,421 from the sequence (Xe(n))gzo, the characteristic function (5.39) can be

written as follows

k
E |exp {ZZ (AjSint,) + ﬁjSan)}
j=1

n k
_E exp{iz Z( AN (| ntjj)wjn{mm]“) X,S’”}

(=1 \j=1

n k
1 7
=& o { - 2300 { ANt ) + ety ) |
i =1 Jj=1

Remark that since the law of (Ng(n)(k))kZLZZl doesn’t depend on n, we can drop the up-
script (n) in the last display. Next, recall that Ny(|nt]) =0 forallt € [0, 1] if ¢, = 1 while
on the other hand, if ¢, = 0, it holds that Ny(|ns|) = 0 for |ns| < ¢, and Ny(|ns]) > 1if
|ns| > ¢. Hence, we have:

Lesinsgy = ﬂ{Nz[nsJZl}’ on {e; = 0}.

By the previous observations, we can write:

n k
1
- SO NNt ]) + Bille<nt, )y (5.40)
1 n k
= Z ] Z A Ne([nt]) + Bl 21} | Ler=) (5.41)
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n

k
1
=D U D Bilpesiony | Lemy-
=1

Jj=1

Now, let us establish the convergence in probability of both terms in the previous display
separately. Starting with the first one, we introduce the functional F' : D[0,1] — C
defined as follows:

- W(ZA w(t;) + Bilqw,el, oo]}) (5.42)

for w : [0,1] — IN a generic counting function. This is a Q - a.s. continuous functional,
since w — Ty, (s)e[1,00)} CAN be written as w — w(s) A 1, which is a composition of a
Q-a.s. continuous functional with the continuous mapping =z — = A 1. Moreover, we have
F(0) = 0, and notice that we can bound:

k k
Do Awlty) + Bl e e | < w(l) (Z 1A+ 185 )

Jj=1 Jj=1

by monotonicity of w and the inequality 1 (., (s)e[1,00)} < w(s). Now, by Lemma 3.1 of [9],
we deduce that F' satisfies the hypothesis of Corollary 3.7 from [7], since

k v i
, y€(2,1/p), ifq#0
F(w)| < lwW["K Nl +185] ) , with 543
|[F(w)] < |w(1)] <7—21| il |53|> ! {76 (1,1/p), ifqg=0, 649

for a constant K that only depends on S(A) and ¢. From an application of Corollary 3.7
of [7], we obtain the following convergence:

J;H;onzq’<zw D)+ Py, ww}) o=

=1 j=1
1 n k
:JinéonZ\P(Z (Lnt;]) + 851 {NMHN})
(=1 j=1

k
=(1-pFE w(Z ;) + Bl (v, )>1}> (5.44)

Turning our attention to the second term, similarly, we claim that:

J;H;CHZ‘P<ZBJM<WJ}>1{Q 1} =pE W(Zﬂa (<, }) (5.45)

=1 j=1

Indeed, if for each n we denote by u(n) a uniform random variable on {1,...,n} indepen-
dent of the i.i.d. sequence (&, ), of Bernoulli’s with parameter p, we have

L& k i k
nZl’(Zﬁjﬂ{Kmm})ﬂ{el—l} =k W(Zﬁjﬂ{um)qnm)]1{51‘,(”)—1}
=1 j=1

j=1

k
=B W(Zﬁjﬂ{u(n)qnm}) P, (5.46)
Jj=1
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since €,y is independent of u(n) for each n. Further, since u(n)/n converges in law to-
wards a uniform random variable in [0, 1], the sequence of step processes (1 {y(n)<|n-|} )neN
converges weekly towards 1;y<.;. Consequently, as n 1 oo, (5.46) converges towards

k
pE ‘I’<Zﬂj]1{Ugtj}> ;

Jj=1

where we recall that 1,77, has the same distribution as 1y (;)>1} by the description (2.1).
Finally, recall the identity of Proposition 5.1 for the characteristic function of the finite
dimensional distributions of the pair (¢, 5 ). It follows from (5.40) and the limits (5.44),
(5.45) that as n T 0o, we have the convergence towards the characteristic function of the
finite-dimensional distributions of (£, €),

k
lim E |exp {ZZ ()\jSLnth + ﬂjSLnth)}

n|Too
T =

k
—exp{pE qj(Z)‘j]l{Y(tj)Zl}> +(1-pE Q(Z)\j]l{Y(tj)zl}+ﬂiY(5i)> }

Jj=1 Jj=1
O

This result paired with the tightness established in Proposition 5.9 proves Theo-
rem 1.4.

6 Applications

We conclude this work with two sections devoted to applications.

6.1 Rates of growth at the origin

In this section we turn our attention to the trajectorial behaviour of noise reinforced
Lévy processes at the origin. In this direction let us start by recalling a well known result
established by Blumenthal and Getoor [9] for Lévy processes. Let £ be a Lévy process
with characteristic triplet (a, ¢?, A) with no Gaussian component, viz. ¢ = 0; in particular
B(A) = B. Further, we make the following hypothesis:

oIf [, (21<1} |z|A(dz) = oo, the characteristic exponent can be written as follows:

\I/O\) = /]R (ei)\x —1- i)\a:]l{mgl}) A(dx).

Observe that in this case, we have S(A) € [1,2].

o If f{\z|<1} |z|A(dz) < oo, which can happen for 8(A) € [0,1], we suppose ¥ takes the
following form:

fo(A):/R(eW—nA(dx).

This is, when f[o,1] |z|]A(dz) < oo we are supposing that the Lévy process has no linear
drift, the reason being that in that case the behaviour at 0 is dominated by the drift term.
We insist in the fact that when 3(A) = 1 the integral f{\ml<1} |z|A(dz) can be finite or
infinite. We will be working for the rest of the section under these conditions, and we will
refer to them as hypothesis (H). It was established by Blumenthal and Getoor in [9] that
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under (H), the behaviour at zero of a Lévy process is dictated by the Blumenthal-Getoor
index of the Lévy measure A. More precisely, almost surely, we have:

lifgtfﬂ’gt =0, ifpA)<1/y and limsupt™7|&| =00, if B(A) > 1/7.

¢ 40

We will show that the same result still holds if we replace the Lévy process £ by its noise
reinforced version. Concretely, the main result of the section is the following:

Proposition 6.1. Let £ be a Lévy process with triplet (a,0, A) satisfying hypothesis (H),
and consider ¢ its noise reinforced version for an admissible parameter p. Then, almost
surely, we have

lim ¢ 76 = 0, if B(A) <1/, (6.1)
while
limsupt™7|&| = 00, ifB(A) > 1/4. (6.2)
t40

The rest of the section is devoted to the proof of Proposition 6.1 and it is achieved in
several steps. We start by proving the second statement (6.2), in Lemma 6.2 we prove
(6.1) for B(A) > 1, [, <, [2[A(dz) = oo, and the case B(A) < 1, [, ., [z[A(dz) < oo is
treated separately in Lemma 6.4.

Proof of (6.2). It suffice to prove that for some r > 0 and £ > 0 a.s. there exists a
sequence of jumps occurring in [0, ¢] at times, that we denote by (¢;), satisfying

‘Agh‘ > t;/_r'

Now, recall from the discussion following (4.12) that the jump measure N of f dominates
a Poisson point process with intensity (1 — p)(du ® A), say N”'. If we denote the atoms of
N’ by (u;, x;), we deduce that

#{(ui, ;) € N" 2 u; € [0,¢] and 2] > 2u] ™"},

is distributed Poisson with parameter

(1-pdu® A ((mx) €0,e] xR: |z > 2. u) :/ (2_1|x\1/(7_” A E) A(dz)(1 —p).
R
(6.3)

Now, take r > 0 small enough such that the inequality 1/(y — r) < 8(A) still holds. For
such a choice of r, the integral (6.3) is infinite by definition of the index 5(A) and the
claim follows. O

Now we focus on showing that lim; ;o ¢~7|¢;| = 0 for v € (0,1/8(A)). In this direction,
let us start introducing some notation and with some preliminary remarks. First, notice
that since we are interested in the behaviour of§C at the origin, we can rely on the original
construction in [7] in terms of Poissonian sums of Yule-Simon processes that we recalled
in Section 2.3. Next, under (H), é can be written either as a sum of a compensated
integral é (3) and a reinforced compound Poisson process é 2) viz.

£=E0 40, if B(A) > 1, (6.4)
or as an absolutely convergent series of jumps,

£=Y AL, te(o,1], if B(A) < 1. (6.5)
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We stress that if 5(A) = 1, f takes the form (6.4) or (6.5) depending respectively on
if | (zl<1} |z|A(dz) is infinite or not, and remark that « can be strictly larger than one
only when 5(A) < 1. Since 5(2) is a finite sum of weighted Yule processes and 562) =0,
independently of the value of 5(A) it holds that lim, ¢ t—w}(?) = 0 and we can consequently
restrict our study of (6.4) resp. (6.5) to the case where é = 5(3) resp. f has Lévy measure
concentrated in [0, 1] - and hence is a reinforced, driftless subordinator.

Lemma 6.2. Suppose that 3(A) > 1 and lety € (0,1 A1/5(A)). Then,

ImE |sups™” A(?’)} =0.
e fsup 716

In particular, if (A) > 1 with [, _, |#]A(dz) = oo, we have lim, ot~ 7|§”| = 0 a.s.

Proof. Recall from Proposition 3.2 that (t‘PffFS))tG[OJ] is a martingale. We start by fixing
s < u two times in [0, 1] and notice that for any r € (8(A),1/p A 2) (or r =2 if S(A) = 2),
by Doob’s inequality in L..(IP) we have

E

s G0 <50
t€[s,u]

—
te(s,u]

1/r 1
< s (PR st]t—P'Té,ES')V] <e.s Py PR {|g;3>|r} 7
tels,u

(6.6)

for some constant c. In order to bound the expectation on the right hand side, we recall
from the proof of Lemma 2.6 in Bertoin [7] that the following bound holds ? for some
constant C' large enough:

1/r
. 1/r
B[P < B | Vit el | 6.7)
J
Next, by Campbell’s formula we have
E |3 Y@l | =BY@) [ el A < 6.8)
g {lz<1}

and remark that E [V (u)"] = u - E["] where 7 stands for a Yule-Simon random variable
1/r
e < K -u'" for a

positive constant K depending only on r. This observation paired with the bound we
obtained in (6.6), yields:

with parameter 1/p. It now follows that we can bound E {|£7§3

E

sup thgS)'] < 57 OmPly PR K (6.9)
te(s,u]

for a finite constant K that only depends on the choice of r. Now, set ty := 1, t,, :=
2-" forn > 1 and fix N € IN. Applying the bound (6.9) to each interval [2~(»+1) 2-7],
we get:

E|supt” 5(3)] < E
[ IESS

n>N

sup t7|§}(3>|] < 277P Y gnlrmi/n), (6.10)

te[thrl:tn] n>N

2The bound was first established for non-atomic Lévy measures A, but it was later shown that a similar
bound holds if A has atoms by an approximation argument.
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and to conclude it suffices to show that, for an appropriate choice of r, the inequality
~—1/r < 0 is satisfied. Since r € (8(A),1/p A 2), we can always choose ¢ small enough
such that r := 8(A) + € belongs to (8(A),1/p A2) and v < 1/(B(A) + ¢), since we recall
that v < 1/8(A). For such a particular choice of r, the series (6.10) converge and we
obtain the desired result. In particular, this proves the statement of Proposition 6.1 when
J{jaj<1y [|A(dz) = oo, which is when & = £(3). m

It remains to prove the statement (6.1) of Proposition 6.1 when the Lévy measure
fulfils the integrability condition || (zl<1} |x]A(dz) < oo. Recalling the discussion prior to
Lemma 6.2, we henceforth assume that the Lévy process is a driftless subordinator with
jumps smaller than one, say (7}), and we denote by (7}) the corresponding reinforced
version for a memory parameter p € (0,1). It is then convenient to work with its Laplace
transform at time ¢ € [0, 1],

E [ﬁﬂ = exp ( “E [<I>(Y(t)>\)]), for A > 0,

for ®(\) := (1—p) [r+ (1 — e **) A(dz) and Y is a Yule-Simon process with parameter 1/p.
The following result from [9] will be needed and we state it for the reader’s convenience:

Theorem 6.3 (Blumenthal, Getoor [9]). If ®()\) is the Laplace exponent of a driftless
subordinator with Lévy measure A, then for any ¢ > 0,

B(N) = o(AMHE) as A 1 .

Let € > 0, fix A > 0 and observe from Theorem 6.3 that for ¢ € (0, 1), there exists
positive constants K and R such that

o) < 1% if g\t~ < R,
Sl Ot P e > R,

Consequently, for ¢ € (0, 1) the following bound holds:

tO(AT) < t (K + (/\nt*V)ﬁ(A)“) = tK + ()P +egd =180 —ve (6.11)
Lemma 6.4. Let T’ be a reinforced subordinator of memory parameter p and Lévy
measure A. Then, for any v € R" such thaty < 1/5(A),

limt 7, =0 a.s.
t10

The proof relies on the same techniques used for subordinators, see [5, Proposition 10
- 111.4].

Proof. Consider ¢ € [0,1] and fix a > 0. An application of Markov’s inequality for
g(r) =1 — e " and the inequality g(r) < r for » > 0 yield

IP(Tt > a) <(1—eHt (1 — exp {fIE [cp (ailY(t))] })
<(A-eHTE[®(a'Y(1)].

Since ®(0) = 0 and Y (¢) conditioned to Y (¢) > 1 follows the Yule-Simon distribution with
parameter 1/p, for a constant C' we deduce the bound:

P(T; > a) < CtE[® (n/a)], (6.12)
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where we denoted by 7 a Yule-Simon random variable with parameter 1/p. Now, let h be
an increasing function with limy | h(t) = 0, and consider a = h(27"), t = 27"V, Then,
by (6.12) and from summing over n € IN, we deduce

Yop (T}wn > h(2‘”)) <20E |3 277 (n/h(2™)| - (6.13)
n=1 n=1

In order to apply a Borel-Cantelli argument, we specialise to our case of interest: we
set h(t) := t7 and we show that the right hand side of (6.13) is finite. From the first
inequality in (6.11) with A = 1, we get

Z 2= P (n/h(2_")) <K Z 9= 4 nﬂ(A)—f—a Z(Q—n)l—'yﬂ(A)—'ya.
n=1 n=1 n=1

For ¢ small enough, we have both M)+ ¢ L,(PP) (since 7 is in L,(PP) for any ¢ < 1/p and
B(A) < 1/p) and 1 —~B(A) —~e > 0, by our standing assumption 1 > v3(A). Consequently,
we have

;_311? (Tzfm—l) > (2_")7) < o0,

which entails by Borel-Cantelli that TT(,,H) < (27™)7 holds for all n large enough, a.s.
From a monotonicity argument, it follows that a.s. T; < t” for all ¢ small enough and in
consequence limsup, ¢~ 77; < 1. If we now take h(t) = 0t” for 6 € (0, 1), by the same

reasoning we obtain limsupy t=7T} < § which leads to the desired result. 0O

Finally, our proof of Proposition 6.1 is complete.

6.2 Noise reinforced Lévy processes as infinitely divisible processes

As was already mentioned in Section 4.3, NRLPs are infinitely divisible processes —
abbreviated ID processes. In this final section, we study their properties under this new
scope. In this direction, we start by giving a brief overview of the theory; our exposition
mainly follows Rosinski [22] and Chapter 3 of Samorodnitsky [23]. Then, we identify
the features of NRLPs in this setting and more precisely, we identify the functional
triplet of NRLPs, in the sense of ID processes. The objective here is hence to put Lévy
processes and their NRLPs counterparts in the context of ID processes and compare
them through this new lens. As an application, making use of the Isomorphism Theorem
for ID processes [22, Theorem 4.4] we establish the following result:

Proposition 6.5. Leté be a noise reinforced Lévy process with characteristics (a, 0, A, p).
Let f : R — R* be a bounded, continuous function with f(z) = O(x?) at 0. Then, we
have

lim b B[f ()] = p~ (1 - p) /R A(dr) > F(ka)B(k, 1/p+1).

oo
hl0 Pt

Note that the probability distribution appearing in the previous display is the Yule-
Simon distribution (2.2). For an analogous result in the setting of Lévy processes, we
refer to [22, Proposition 4.13] and we shall use in our proof similar type of arguments.
To simplify notation, for the rest of the section we work with NRLPs in [0, 1], but our
exposition can be adapted to R* with some slight changes. Hence, we can make use
of the construction of NRLPs from [7] in terms of Poissonian Yule-Simon series that we
recalled at the end of Section 3. This construction will be used for the rest of the section.
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6.2.1 Preliminaries on infinitely divisible processes

Let us introduce some standard notation mostly taken from [22]. For 7" a nonempty set,
we denote by R” the set of R-valued functions indexed by ¢t € T'. If S C T is an arbitrary
subset and e = (e(t));er € RT, we write eg for the restriction of e to S. Further, let 75
be the canonical projection 75 : R” — R® from R” into R®, viz. the function defined
as mg(e) := eg. For finite subsets of T of the form I := {t;,...,#;} C T, the space R/ is
identified with R* and we write:

er = (e(ty),...,e(ty)) € RL.

As usual, the space R” is equipped with the cylindrical sigma field &7 := o(n; : t € T)
generated by the projection mappings. For any arbitrary S C T, we denote by Og the 0
element of R® and we write %5 := {A € %% : 05 ¢ A}. Consequently,

75 (0s) ={e € RT :e(t) =0 forallt € S} c R”.

Notice however that this subset is not %7 -measurable when S is uncountable. Finally,
for z € R we set [z] := 2l <1y and if 2 = (z1,...,2;) € R¥, the term [z] should
be interpreted component-wise, viz. [z] := ([z1],.-.,[zr]). Now let us start with the
following definition:

Definition 6.6. An R-valued stochastic process X = (X;)ier is said to be infinitely
divisible (in law) if for any n € IN, there exist independent and identically distributed
processes Y (1) Y (1) suych that

xZym .. 4ynn

When T = {1} is a singleton, this is just the definition of a real valued infinitely-
divisible random variable, in which case, the characteristic function of X; takes the
Lévy-Khintchine form:

E [ewxl] = exp {z’@b — q—2292 + /}R (eiex —-1- 29[[xﬂ) y(dm)},

for ¢q,b € R, v a Lévy measure. Further, it is well known that the set of infinitely divisible
random variables and distributions of Lévy processes are in bijection and it is clear that
if X is a Lévy process with characteristic exponent as in the previous display, we have

X o(:Z Y(n)l) + oo + Y(nrn)’

where for each i € {1,...,n}, Y (") is an independent copy of a Lévy process with char-
acteristic triplet (b/n, ¢/n,v/n). Said otherwise, Lévy processes are infinitely divisible
processes. Moreover, from the formula for the characteristic function of Proposition 2.3,
it is clear that NRLPs are in turn infinitely divisible.

Now, recall that a Gaussian process X = (X;)cr is a T-indexed process satisfying
that, for any I = {t1,...,tx} C T, the vector X; = (X;,,...,Xy,) is Gaussian. In the
sequel we also assume that the Gaussian processes we work with are centred. Gaussian
processes are characterised by their covariance function, in the sense that the law of X
is completely determined by the semi-definite positive function I' : 7' x T' — R defined by

I(t,s) :=E[X:X{], fort,seT. (6.14)

The following characterisation of infinitely divisible stochastic processes shows that they
are the natural generalisation of Gaussian processes:

EJP 28 (2023), paper 161. https://www.imstat.org/ejp
Page 50/58


https://doi.org/10.1214/23-EJP1045
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Noise reinforced Lévy processes

Proposition 6.7 (Proposition 3.1.3 of [23]). An R-valued stochastic process X = (X¢)ier
is infinitely divisible if and only if for any finite collection of indices I = {t1,...t;} C T,
the random vector X; = (Xy,,...Xy,) is infinitely divisible.

Hence, if X is an infinitely divisible process, by the Lévy-Khintchine representation
and the previous proposition, for every I = {ti,...,t;} there exists: an R*-valued
measure vy(dz) satisfying

/ LA |z|?vr(de) < oo, and vi ({0r}) =0,
Rk

a semi-definite positive I x I matrix I'; and an R* vector, that we denote as b(I), satisfying
for every 6 € R the identity:

exp {Z HtXt}] = exp {i(b(]),9> - %(91"1,9) + /}RI (ei(e,w> —1—1i(0, [[q;]])) VI(d:v)} .

tel

E

(6.15)

It is possible to show that one can recover the collection of triplets ((b(1),I's,vr) : I C
T, |I| < o) from a so called functional triplet (b,I",7), consisting in a path b € R”, a
covariance function I' : 7' x T' — R and a path-valued measure 7 defined in R, satisfying
for any finite I C T, that

b(I) = m;(b) r;=T|, vi=von;' in%,

where 7 satisfies some regularity and integrability conditions that we now introduce:

Definition 6.8. A measure 7 on R” is called a path Lévy measure if it satisfies the
following two conditions:

(@) fgrle(®)? AN1i(de) <oo forallteT.

(ii) For every A € 4", there exists a countable subset T4 C T such that v(A) =
P(A\ 77, (07,)).

Moreover, we consider the following third condition:
(iii) There exists a countable subset T, C T' such that D(W;OI(OTO)) =0.

Then, (iii) is a stronger statement than (ii) and it has been shown that a path Lévy
measure is o-finite if and only if (iii) holds — see e.g. [22]. Condition (ii) states roughly
speaking that 7 “does not charge the origin”. As we already mentioned, in general O is
not measurable and hence we can not state this condition as in the finite-dimensional
case of Lévy measures. One of the main results of the theory states that infinitely
divisible processes are in bijection with functional triplets (b,T', 7), we refer to [22] for
the proof:

Theorem 6.9. For every infinitely divisible stochastic process X = (X;):cr there exists
a unique generating triplet (b, T, ) consisting of a path b € R”, a covariance function I’
in T x T and a path Lévy measure v in RT such that for any finite I C T,

exp {iZOtXt}] = exp {i(b;,ﬂ) - %(91},9) + /]RT (eue,m —1—(6, [[31]]>) p(de)} .

tel

(6.16)
Conversely, for every generating triplet (b,T', V) there exists an infinitely divisible process
satisfying (6.16).

E
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With the notation of Theorem 6.9, it follows in particular that the law of any ID

process X can be written as a sum of two independent processes X £ G + P, where
G is Gaussian with covariance I' and P is a so-called Poissonian ID process. When the
equality X = G + P holds almost surely, we call respectively G and P the Gaussian part
and the Poissonian part of X. Let us conclude our presentation with the following notion
that will be of use:

Definition 6.10. A process V = (V;);cr defined in a measure space (S, ., n) is called a
representant of a path Lévy measure v if for any finite I C T, we have

n(s€ S : Vi(s) € B) = v(B), for every B € 4.

The representation is called exact ifno V! = p.

This is, if V is only a representant, the measure v o V~! might not be a Lévy measure
since it might “charge the origin”. In the situations we will be interested in the represen-
tations will always be exact, and we only enunciate the weaker definition to write the
results we need in their full generality. Representants allow to build explicitly Poissonian
ID processes in terms of Poisson random measure, for more details we refer to [22], see
also our brief discussion before the proof of Proposition 6.5 below.

6.2.2 The characteristic triplet of a NRLP

We can now start investigating Lévy processes and their reinforced counterparts as ID
processes, and we start with a basic analysis of the former. More precisely, we identify
the path Lévy measure of Lévy processes as well as an exact representant. These results
are known [22, Example 2.23] and the statements are only included to contrast with the
analogous results for NRLPs - see Lemma 6.13 below.

Lemma 6.11. The following assertions hold:

(i) Let & be a Lévy process with characteristic triplet (a,q, A). The path Lévy measure
v of € is given by,
7(de) := (dt ® A) o V1 (de),

where we denoted by V the mapping V : RT x R — RE" defined as Vis,x) =
wlis<y-

(ii) Consider a measure A on R with A(0) = 0 and let V be defined as in (i). Then, the
condition [ 1A |z|?A(dz) < oo holds if and only if 7 := (dt ® A) o V~! is a path Lévy
measure in ]R]RJr. Moreover, if the later holds, the path Lévy measure v is o-finite.

In particular, from (i) we get that V is an exact representant of 7, on (S,.%,n) :=
(Rt x R, 8(R") ® #(R),dt ® A). We now turn our attention to noise reinforced Lévy
processes and we start with the following technical lemma:

Lemma 6.12. Let ¢ be an NRLP of characteristic triplet (a,0,A,p) and let T = [0, 1].
Then, for anyt € T, we have

EU [IY (t)2] = Y (t)[2]|A(d) | < oc. (6.17)
R

Proof. First, recalling that [z] = x1{<1}, we can write

E[|[Y(t)z] - Y(#)[2]]] = E[|YO[#]|L{zy >3] + E[[Y )z = Y () [2] |12y ¢)<13] - |
(6.18
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Remark that since Y takes values in {0,1,2,...}, the second term on the right-hand side
vanishes. On the other hand, for any ¢ € (8(A) V 1,1/p), by Holder’s inequality we have

/ E [|Y()[]|L gy 5)>13] Aldz) :/ E [Y(O) Ly >1y] [2|A(dz)
R {lel<1)

<EW%W”A|QJNWﬂ>UMW1WMMMm
- (6.19)

where we recall that Y € LY(P) for any ¢ < 1/p. To conclude, recall the asymptotic
behaviour from (10) in [7],

P (Y (t) > 1/|z]) ~ tI'(1/p+ 1)|z|'/?, asz | 0.

It now follows that we can take ¢ close enough to 1/p such that the integral in (6.19) is
finite and we deduce (6.17). O

Now, we identify the path Lévy measure of NRLPs.
Lemma 6.13. The following assertions hold:

(i) Let é be a NRLP with characteristic triplet (a, ¢, A, p). The path Lévy measure v of

£ is given by,
7i=(1-p) (A2 Q) oV,
where V : D[0,1] x R — RI%1 is defined by V (x,y) := zy.

(ii) Let (a,0,A) be the characteristic triplet of a Lévy process and let V be defined as
in (i). Then, if a memory parameter p € (0,1) is admissible for the triplet (a,0,A),
the measure v := (A ® Q) o V™' is a o-finite path Lévy measure in R>'. On the
other hand, if 1/p < $(A), then the integrability condition of Definition 6.8-(i) fails.

In particular, from (i) we get that V is an exact representant of 7, in (S,.%,n) =
(D[0,1] x R, #(D[0,1]) ® Z(R),Q ® A(1 — p)). On other hand, (ii) gives a natural inter-
pretation in the terminology of ID processes for the admissibility of p for A.

Proof. To identify the Lévy measure, let us write the characteristic function of the finite
dimensional distributions of f in the form (6.16) and to simplify notation, we suppose
that a,¢q = 0. In this direction, consider a finite I C T, § = (04,,...,0;,) € R!, and
denote by y = (y(t)):cjo,1) an arbitrary counting function. Recall the formula for the
finite dimensional distributions of é from Proposition 2.3, for ¢ = 1. It now follows by
Lemma 6.12 and the triangle inequality that we have:

/RA(dx)E [

PRICR SO L I i(0, [wYI]DH < 00. (6.20)

Now, we can write

E |exp {z’Z@t&H = exp {(1 fp)/ Aldz)E {ew’Y’)‘T -1- i(@,Y})ﬂmH }
tel R
= exp {(1 -p) / (e<‘9’(w)1> —1—14(0, [[xy;]])) A ® Q(dz, dy)
Rx DJ[0,1]
vi [ L) - 0.l o Qs - p)
Rx DJ[0,1]
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where all the terms in the previous expression are well defined by Lemma 6.12 and (6.20).
Since (xy); = 77(V(z,y)) and 7 = (1 — p)(A® Q) o V1, we obtain for a clear choice of b;

that
exp {Z otg}H = exp {/}RT (e<9’81> 1 i(e, [[e,m) o(de) + (0, b;)} .

tel

E

Next, notice that condition (iii) of Definition 6.8 is satisfied by (A ® Q) o VL. Indeed, if
we let Ty := {1} and 07, := {e € R : ¢(1) = 0}, recalling that Y (1) > 1 a.s., we deduce
that

A®Q((z,y) : 2y € {0, }) = A({0}) = 0.
To conclude, let us show that 7 satisfies the integrability condition (i) of Definition 6.8 if
p is an admissible memory parameter for A, viz. if 5(A) < 1/p, while when S(A) > 1/p,
the condition fails. By definition of v, we have

/ (Je(®)2 A 1) 5(de) = / E [[2Y;[? A 1] A(da), 6.21)
RT R
and write:
E[|2Y:? A 1] = [2PE [|YViPLivi<i/zp] + P (Y > 1/]2]). (6.22)
Now, recalling from (10) of [7] the asymptotic behaviour,
P (Y, > 1/|e]) ~ tD(p~" + 1)]2]"/7,  as || L0,

it follows that if 5(A) < 1/p, the term P (Y; > 1/|z|) is integrable with respect to A and
infinite if S(A) > 1/p. Let us now show that the same holds for

/[O . 2)°E [|Y2 1y, <110y ) Ald2). (6.23)
Recalling Lemma 2.1, we get:
[1/]=]] [1/]z]]
E [|th|2]1{Yt§1/|z\}} = Z ’I’LQIP (Y't = ’I”L) = tpil Z ’/l2B (Tl,pil + 1) y
n=1 n=1

where we denoted by B the Beta function. Now, from the asymptotic behaviour
B(n,p '+ 1) ~n~MHP/PP(p~1 4 1), asn t oo,
it follows that (6.23) is finite if S(A) < 1/p and infinite if 5(A) > 1/p. O

Let us state the last two result that we need for the proof of Proposition 6.5. First, the
Poissonian part of ID processes consists, roughly speaking, in Poissonian sums of i.i.d.
trajectories - for instance, remark that for NRLPs those trajectories are the weighted
Yule-Simon processes — for more examples see e.g. [22, Section 3]. More precisely, let
X = (Xi)ter be an infinitely divisible process with characteristic triplet (b, 2, 7) and
suppose that V' = (V;);er is a representant of © defined on a o-finite measure space
(8,-7,n). To simplify notation, set x(u) := 1{j,/<1} and consider M a Poisson random
measure in (5,.#) with intensity n. Then, the following process has the same distribution
as X,

b + Gy + /S Vi(s)(M(ds) — x(Vi(s))n(ds)), teT, (6.24)

where G = (G})ter is an independent Gaussian process with covariance ¥.. The integra-
tion in the previous display should read as a compensated integral, and for a detailed
statement we refer to [22, Proposition 3.1]. For example, notice that if X is a Lévy
process, M is Poisson with intensity d¢ @ A and replacing V by z1,<.; yields a Lévy-Ito
representation. Finally, we give one of the statements of the Isomorphism Theorem of
infinitely divisible processes needed for our proof.
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Theorem 6.14 (Isomorphism Theorem [22, 4.4]). Let X = (X;)ier be an infinitely
divisible process given by (6.24). Choose an arbitrary measurable functionq: S — R*
such that [¢q(s)n(ds) = 1 and set N(q) := [, q(s)M(ds). Then, for any measurable
functional F : RT — R, we have

E [F(Xren)insn] = [ B[P (4 +Vils)ier) (V@) +a(s)) '] ale)n(as)

This allows for instance to study the law of X under different conditionings, for
appropriate choices of . This will be used in our reasoning below. Now, let us conclude
the proof of Proposition 6.5.

Proof of Proposition 6.5. To simplify notation, we will write A, instead of (1 — p)A. We
start by fixing ¢ € (0, 1) small enough such that m = A(|z| > é) > 0. Now, let h > 0 and as
usual, write y = (y(t))¢c0,1) for a generic counting trajectory in D[0, 1]. Recall the result
of Lemma 6.13 and consider a Poisson random measure M = }_ §(,, y;) with intensity
A, ® Q. Next, we set
1
Ay, ) = o Ljep2a3 Liy(n 21

and take .

1
Nq:—/ 1 M(dz,dy) =: —5},.
D= 2 S oy Tz Mz, dy) = T S
Then, from the definition of S;, we have
Sy o= #{(x:,Y;) : |as] > 6 and Y;(h) > 1} < #{|A&,| > 6 for s < h},

where the inequality holds since a jump z; is repeated at each jump time of its respective
Y;, and consequently might be repeated multiple times in [0, ]. However, we do have
#{|A&,| > éfor s < h} = 0 when S, = 0. Finally, we consider the functional F(e) :=
f(e(h)) for e € D0, 1]. An application of Theorem 6.14 yields:

E [f(éh)]l{shw}} = /

Dx{|z|>0}

E [f(éh + zy(h)) Tiyny>1; Q(dy) Ay (dx)

1

Sh +1

— / Gr(zy(h)1yn)>1y Q(dy)Ap(da),
Dx{|x|>5}

for Gi(z) = E {f(éh + z)ﬁ} and notice that limy o G1(z) = f(z) by right-continuity

- remark that the previous display can be interpreted as the law of éh conditioned at
having at least one jump before time & of size greater than ¢§. If we let 7 be a random
variable distributed Yule-Simon with parameter 1/p under P, this entails that we can
write:

TE[1@)] = 1B @)1 5m0] + 1B [FE1 5150

1 .
—E | f(€)1gs, E [Gh(2n)] Ap(dz),
PR @]+ [ RG] )

where in the last equality we used that the law of y(h) under

Liymy>13
Qy(h) > 1)

is the Yule-Simon distribution with parameter 1/p by Lemma 2.1 and that Q(y(h) > 1) =
Consequently, we deduce that

Q(dy),

‘h—lE[f(«fh)] — / E [f(zn)] Ap(dz)

R
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<h'E [|f(5h)|]1{3h:0}} +/ E[|f(xn)|]Ap(dz)

{l=z|<d}
+ ’/ E [Gp(zn)] — E [f(zn)] Ap(dz)
{lz|=6}
=: K1 (h, ) + K2(0) + K3(h, ).

Now, we study the limit as h | 0 of these three terms separately and we start with
K (h,d). Recall the notation introduced in 5.3.2 for the compensated integrals as well as
Y500 = L(_s5)cT * N for the process obtained by adding jumps of size greater that 6 > 0.
Recall that on {S;, = 0}, the process é doesn’t have jumps of size greater than ¢ before
time h. It now follows that, restricted to {S;, = 0}, the following equality holds:

=6 — > wYi(W) (25 = a- h+ €7 (1) + Sioo(h) — Ss0(h) = E53 () — c5 -
(6.25)

forcs := —a+ f{SS\zlgl} zA(dz) and denote the right hand side of (6.25) by £. Now let
us first consider the case 3(A) < 2. Since f is bounded and O(|z|?) at the origin, for any
q € (B(A)V1,1/pA2) satisfying ¢ < r we can bound |f(x)| < C|z|? for all z € R, for some
constant C' large enough. Then, for a constant C’ that only depends on ¢ we have

K (h,6) = KB [|£(60) L s,=o) |
< ChTB|I§17] < C'h 7 |IER ()17 + C'ho Y.

Now, arguing as in (6.7), (6.8), recall that for ¢ € (6(A) V1,1/p A 2) we have the following
bound for the compensated sum of Yule-Simon processes:

|z|?A(dx) = h - E [nq]/ |z|?A(dx) < co.  (6.26)
{l=|<5}

E [|E7ml] < ey e [

{|z[<6}
Since ¢ — 1 > 0, we have limsup,, o K1(h,0) < E 9] f{\r\<5} |£]2A(dx) which can be made
arbitrarily small for an appropriate choice of 5. Remark that the same reasoning applies
for K5(0), by making use once again of the bound |f(x)| < C|z|?. Finally, since for any
choice of 4, K3(h,0) | 0 as h | 0, we obtain the desired result.

If B(A) = 2, we set ¢ = 2 and once again recall from page 9 of Bertoin [7] that the
inequality (6.26) still holds. In this case, since pS(A) < 1, p must be smaller than 1/2 and
consequently IE [?] < oo, while of course Jjzj<sy [21*A(dz) < oo by definition of a Lévy
measure. We can then proceed as before. O

A Appendix

This short section is devoted to proving a technical identity needed for the proof of
Lemma 4.1. The proof was omitted from the main discussion for readability purposes.

Fix a Lévy measure A in R, p € (0,1) and denote the law of the standard Yule process
Z = (Z(t))ier+ started at Zy = 1 by Z. We write D|0, 00) for the space of R* indexed,
R-valued rcll functions. Since Z is supported on the subset of D[0,c0) of counting
functions, z = (2¢);cr+ in the sequel stands for a generic counting function. Moreover,
if F: RT x D[0,00) — R is a measurable function, we write Z* for the measure in
R* x D0, 00) defined as Z*(F) := [, duE[F(u, Z)]. Roughly speaking, the objective is
to describe the law of the following “process”:

(u,z) = (]l{ugt}zp(ln(t)fln(u)) 1t e R+) € DI0, o) (A.1)
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defined on the measure space (R x D[0,00),Z*), under different restrictions on the
measure Z°. In this direction, for 7' > 0 we write

Ly
Z°(|u<T):= L duz(dz),

which is now a probability measure on R™ x D|[0,00). The main properties of interest
are stated in the following lemma, and shares obvious similarities with Lemma 2.1.

Lemma A.1l. The following properties hold:

(i) For each fixed t > 0, the random variable
(u,2) = Liu<tyZpin(ejuy under 2Z°(-|u <t),

has the same distribution as the Yule Simon random variable n with parameter 1/p.
(ii) For every T > 0, the process

(U, Z) — (]]-{uSTt}Zpln(Tt/u) 1 te [O, 1]) under Z'(’ |u < T),
has the same law as the Yule-Simon process (Y (t)):c[0,1] With parameter 1/p.

Notice that the conditioning {u < ¢} is playing the exact same role as the conditioning
on {Y(¢t) > 1} in Lemma 2.1. Heuristically, (A.1) is then a Yule-Simon process started at
a time chosen according to du in R™.

Proof. (i) Since for each fixed ¢, du®Z(u < t) = ¢, for every bounded measurable function
f: R — R, we have

Z° (f (Lpu<ty Zpingeywy) lu < t) =t /Ot du]E{f(Z(p(ln(t) — ln(u))))}, (A.2)

where we denoted by Z a standard Yule process. Since Z,. is distributed geometric with
parameter e~ ", it follows from the change of variable y = (u/t)? and (2.2) that (A.2)
equals

Pt f(R)B(k, 1+ 1/p),

k>1

and the claim follows from (2.2).

(ii) In order to show the second claim, we fix an arbitrary collection of bounded
measurable functions (f;);<x with f; : R — R, and an increasing sequence of times
0<t; <--- <ty <1, and notice that

k 1
z <H fi (Musrty Zpn(me, juy) lu < T) = /0 dulE

i=1

k
I17 (usey Z (p(in(t:) — In(u))))

=1

The claim now follows from the description (2.1) by independence between U and Z. O
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