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Abstract

We investigate the analytical properties of the α-Sun random variable, which arises
from the domain of attraction of certain storage models involving a maximum and a
sum. In the Fréchet case we show that this random variable is infinitely divisible, and
we give the exact behaviour of the density at zero. In the Weibull case we give the
exact behaviour of the density at infinity, and we show that the behaviour at zero is
neither polynomial nor exponential. This answers the open questions in the recent
paper [20].
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1 Introduction

The α-Sun random variable is a positive random variable Xα,γ parametrized by
α ∈ (0, 1) and γ > 0, whose smooth density hα,γ solves the integro-differential equation

hα,γ(x) =
γ

x

∫ x

0

hα,γ(u)

(x− αu)γ
du (1.1)

on (0,∞). This random variable was introduced in [7] as the renormalized limit of the
sequence {Yn, n ≥ 0} defined by Y0 = X0 and

Yn = max{Yn−1, αYn−1 +Xn} (1.2)

for n ≥ 1, where {Xn, n ≥ 0} is a given i.i.d. sequence belonging to the domain
of attraction of a Fréchet distribution with index γ. The boundary cases α = 0 and
α = 1, which will not be considered here, give a Fréchet respectively a positive stable
random variable, as can be proved either from (1.1) or from the recurrence (1.2) and the
classical limit theorems. More precisely, one has h0,γ(x) = γx−γ−1e−x

−γ
for α = 0, and

E[e−λX1,γ ] = e−Γ(1−γ)λγ , with the necessary restriction γ ∈ (0, 1), for α = 1. The α-Sun
random variable is hence a kind of interpolation between the Fréchet and the positive
stable random variable. We refer to the recent paper [20] and the references therein for
more detail on the α-Sun random variable and the related storage models.
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A note on the α-Sun distribution

The paper [20] undertakes an analytical study of the density hα,γ starting from the
following equation on the Mellin transform

E[Xs−1
α,γ ] =

γ E[Xs−γ−1
α,γ ]

(1 + γ − s) 2F1

[
γ 1 + γ − s

2 + γ − s
;α

]
(1.3)

for all s < γ+ 1, which is obtained from a direct integration of (1.1) and Fubini’s theorem
– see (3.2) in [20]. This equation can be solved, and gives a Mellin-Barnes integral
representation for hα,γ which is not classical – see (3.38) and (3.39) in [20]. In particular
the density function hα,γ , which is real analytic on (0,∞), cannot seem to be included in
the large class of Fox H-functions. The authors also argue that Xα,γ should be infinitely
divisible (ID) as a renormalized limit, and ask whether this can be seen transparently
from (1.3) – see the discussion in [20]. One purpose of this note is to show that this is
indeed the case, and that the law of Xα,γ actually belongs to a certain subclass of ID
distributions, which we now define. The law of a positive random variable X is called a
generalized Gamma convolution (GGC) if X admits an integral representation

X
d
=

∫ ∞
0

a(t) dΓt

where {a(t), t ≥ 0} is a suitably integrable deterministic function and {Γt, t ≥ 0} stands
for the usual Gamma subordinator, here and throughout. Equivalently, the random
variable is ID with a Lévy measure having a density f such that the function xf(x) is
completely monotone on (0,∞). We refer to chapters 3 and 4 in [3] and to the survey
paper [10] for more material on this family of ID distributions.

Theorem 1. For every α ∈ (0, 1) and γ > 0, the law of Xα,γ is a GGC.

The proof of this result relies on the representation of Yα,γ = X−γα,γ as the terminal
value of some multiplicative martingale involving powers of cut-off beta random variables.
The negative powers of order −1/γ of the latter turn out to all have a GGC distribution,
and we can then appeal to a result of [4] stating that the GGC class is stable under
independent multiplication. The same kind of argument was already used in [11] for the
generalized stable densities, which satisfy an integro-differential equation close to (1.1).

The exact behaviour of hα,γ at infinity is easily derived from (1.1) and reads

hα,γ(x) =
γ

xγ+1

∫ x

0

hα,γ(u)

(1− αux−1)γ
du ∼ γ x−γ−1,

by monotone convergence and the fact that hα,γ is a density function. This behaviour
at infinity is that of the Fréchet random variable L−1/γ , where L stands for the unit
exponential random variable. The possibility of a complete asymptotic expansion at
infinity with explicit coefficients is discussed in [20] via the Mellin-Barnes representation
– see (4.1) therein. The more subtle behaviour of hα,γ at zero is however left there as an
open problem – see the end of Section 4 in [20].

Theorem 2. For every α ∈ (0, 1) and γ > 0, one has

hα,γ(x) ∼ cα,γ x
− γ

1−α−1 e−((1−α)x)−γ

as x→ 0, where

cα,γ = γ(1− α)
γ
α−1 e

αψ(1)
α−1

∞∏
k=1

e
α

(α−1)k

Gα,γ(k)
∈ (0,∞) with Gα,γ(k) = 2F1

[
γ 1

1 + kγ
;

α

α− 1

]
.

In the above expression of cα,γ , the parameter ψ(1) is the negative of Euler’s constant,
written this way in order to avoid confusion with the notation borrowed from [20] for the
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parameter γ, and the positive finite character of the infinite product defining cα,γ is a
consequence of the easily established asymptotic

Gα,γ(k) = 1 +
α

k(α− 1)
+ O

(
k−2

)
, k →∞.

Observe that Theorem 2 shows that the behaviour of hα,γ at zero is that of a generalized
Fréchet random variable

(1− α)−1Γ
−1/γ
(1−α)−1 ,

and that when α → 0 we recognize the density of the Fréchet random variable L−1/γ .
The proof of Theorem 2 is also inspired from [11], where the asymptotics at zero of the
so-called generalized stable densities were studied via the underlying perpetuity of a
spectrally negative Lévy process – see Section 2.3 therein. The same argument could
actually be applied here – see Remark 2 below, but we had rather exhibit the perpetuity
of a subordinator associated to Yα,γ , in order to use the recent asymptotic studies of
[8, 16] and show that they can be made completely explicit in the present context.

The renormalized limit of (1.2) where the data sequence {Xn, n ≥ 0} belongs to the
domain of attraction of a Weibull or a Gumbel distribution, has been studied in [9]. The
limit law of (1.2) in the Gumbel case has an explicit density on R given by Corollary 2 in
[9]:

exp
(
−x− e−(1−α)x

)
Γ(1 + (1− α)−1)

,

which is that of the random variable −(1 − α)−1 log Γ(1−α)−1 . Observe in passing by
Example 7.2.3 in [4] that the latter random variable has a so-called extended GGC
distribution. In the Weibull case, the limit law of (1.2) is that of a negative random
variable −X̂α,γ , where X̂α,γ has a density ĥα,γ solving the integro-differential equation

ĥα,γ(x) =
γ

x

∫ x
α

x

(x− αu)γ ĥα,γ(u) du (1.4)

on (0,∞) – see Corollary 1 in [9]. The latter equation is similar to (1.1) but more
difficult to analyze because both bounds in the integral depend on x, except in the
boundary case α = 0 where the unique solution to (1.4) is the expected Weibull density
ĥ0,γ(x) = γ xγ−1 e−x

γ

. The basic analytical properties of the density function ĥα,γ do not
seem to have been studied as yet – see the introduction of [20]. We show the following.

Theorem 3. For every α ∈ (0, 1) and γ > 0, the following holds.

(a) The density x 7→ ĥα,γ(x) is strictly unimodal on (0,∞).

(b) For every a > 0, one has limx→0 x
−aĥα,γ(x) = limx→0 x

a log ĥα,γ(x) = 0.

(c) There exists c ∈ (0,∞) such that ĥα,γ(x) ∼ c x
γ

1−α−1 e−((1−α)x)γ as x→∞.

Observe in particular that contrary to Xα,γ , the random variable X̂α,γ is not infinitely
divisible for γ > 1 by the well-known criterion on thin tails at infinity – see e.g. Theorem
2 in [18]. One might conjecture that the law of X̂α,γ is a GGC for all α ∈ (0, 1) and γ ≤ 1,
as is the case in the Weibull case α = 0 – see Example 4.3.4 in [3]. Unfortunately the
terminal value property of Theorem 1, which holds here as well and helps prove Part
(c), seems less useful for ID properties because the involved random variables have a
support which is bounded away from zero and infinity for all α ∈ (0, 1) – see Remark 3 (c)
below. The asymptotics of Theorem 3 show that X̂α,γ has integer moments of arbitrary
order, positive or negative, and it is a natural question whether these integer moments
characterize the law of X̂α,γ , in other words whether X̂α,γ or X̂−1

α,γ is M -det. This
question was addressed in Proposition 4.1 of our previous paper [19], in the framework
of generalized stable random variables.
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Theorem 4. For every α ∈ (0, 1), γ > 0 and t 6= 0, one has

X̂t
α,γ is M -det ⇐⇒ 0 < t ≤ 2γ ⇐⇒ X−tα,γ is M -det.

The reason why we consider power transformations in the above result is partly
methodological, and the first equivalence gives actually the main argument for Theorem 3
(b). For X̂α,γ , the proof of the characterization relies on the crucial observation that
the function ĥα,γ(ex) is log-concave on R, which by Lin’s condition implies that Krein’s
integral criterion for moment-indeterminacy is also a necessary condition. The log-
concavity also immediately implies Theorem 3 (a). For Xα,γ , the log-concavity argument
is no more valid and we use the alternative property that log Xα,γ is self-decomposable,
which implies an extended Lin’s property as observed in [19].

This note is organized as follows. In the next section we show the four above results,
in their order except for Theorem 4 which is proved before Theorem 3 (a) and (b). In the
last section we comment on an identity between the perpetuity of a general subordinator
and the terminal value of a multiplicative martingale, which is the main theme of the
present paper and which we further illustrate with an example taken from the recent
paper [1].

2 Proofs

2.1 Proof of Theorem 1

We consider the negative power transformation Yα,γ = X−γα,γ , whose positive integer
moments are expressed as

E[Yn
α,γ ] =

n∏
k=1

k

Fα,γ(k)
with Fα,γ(k) = 2F1

[
γ kγ

1 + kγ
;α

]
(2.1)

for all n ≥ 1, as an immediate consequence of (1.3) – see (3.13) in [20]. By the positivity
of all parameters in the hypergeometric function, one has Fα,γ(k) ≥ 1 for all k ≥ 1 and
E[Yn

α,γ ] ≤ n! for all n ≥ 1, so that E[ezYα,γ ] < ∞ for all z < 1 and the law of Yα,γ is
characterized by its integer moments. On the other hand, the Euler integral formula
yields

Fα,γ(k)

k
= γ

∫ 1

0

xkγ−1(1− αx)−γ dx =

∫ 1

0

xk−1(1− αx1/γ)−γ dx

for all k ≥ 1. Setting {Yα,γ,k, k ≥ 1} for an independent sequence of random variables
with respective densities

k xk−1(1− αx1/γ)−γ

Fα,γ(k)
1(0,1)(x)

and respective expectations

E[Yα,γ,k] =
k Fα,γ(k + 1)

(k + 1)Fα,γ(k)
,

the positive martingale
n∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)
Yα,γ,k

converges a.s. to the positive random variable

∞∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)
Yα,γ,k,
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whose n-th integer moment is computed by Fubini’s theorem as

∞∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)n
E[Yn

α,γ,k] =

∞∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)n(
k Fα,γ(n+ k)

(n+ k)Fα,γ(k)

)

= lim
N→∞

N∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)n(
k Fα,γ(n+ k)

(n+ k)Fα,γ(k)

)

= (Fα,γ(1))
n

n∏
k=1

k

Fα,γ(k)

for every n ≥ 1, where in the last equality we have used the fact that

Fα,γ(N + k) = (1− α)−γ2F1

[
γ 1

1 + (N + k)γ
;

α

α− 1

]
→ (1− α)−γ

as N →∞ for every k = 1, . . . , n, by Kummer’s identity on the hypergeometric function.
By integer moment identification, this shows

Yα,γ
d
=

1

Fα,γ(1)

∞∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)
Yα,γ,k, (2.2)

which leads to

Xα,γ
d
= Fα,γ(1)1/γ

∞∏
k=1

(
k Fα,γ(k + 1)

(k + 1)Fα,γ(k)

) 1
γ

Y
−1/γ
α,γ,k . (2.3)

Now for every k ≥ 1, the density of the random variable Y
−1/γ
α,γ,k − 1 reads

kγ

Fα,γ(k) (x+ 1)(k−1)γ+1(x+ 1− α)γ

on (0,∞) and is hence hyperbolically completely monotone, with the notation of Chapter

5 in [3]. By Theorem 5.1.2 in [3] this implies that the law of Y
−1/γ
α,γ,k = 1 + (Y

−1/γ
α,γ,k − 1) is a

GGC for every k ≥ 1 and by (2.3) and the main result of [4] the law of Xα,γ , too. �

Remark 1. The random variable Xα,γ has finite negative integer moments of any order
and a combination of Theorems 4.1.3 and 4.1.4 in [3] shows that the density hα,γ has a
smooth extension on the whole R, having set hα,γ(x) = 0 for all x ≤ 0. By Corollary 1.2
in [13], this implies that the function hα,γ is bell-shaped on (0,∞), viz. for every n ≥ 0

one has
]{x > 0 / h(n)

α,γ(x) = 0} = n.

At the visual level, the bell-shape property means that the function hα,γ is increasing-
then-decreasing (n = 1) and convex-then-concave-then-convex (n = 2) on (0,∞), which is
illustrated by all the figures plotted in [20]. On the other hand, it does not seem possible
to derive these basic properties neither directly from (1.1) nor from the non-classical
special function representation obtained in [20].

2.2 Proof of Theorem 2

For every λ ≥ 0, we define

Fα,γ(λ) = 2F1

[
γ λγ

1 + λγ
;α

]
= λγ

∫ 1

0

xλγ−1(1− αx)−γ dx.

Integrating by parts and changing the variable, we obtain

Fα,γ(λ) = 1 + αγ

∫ 1

0

1− xλγ

(1− αx)γ+1
dx = 1 + Φα,γ(λ),
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where

Φα,γ(λ) =

∫ ∞
0

(1− e−λt) α e−t/γ

(1− αe−t/γ)γ+1
dt

is the Laplace exponent of some driftless compound Poisson process {Nα,γ
t , t ≥ 0}.

By (2.1) and (1.2) in [6], we deduce

E[Yn
α,γ ] =

n∏
k=1

k

1 + Φα,γ(k)
= E[Inα,γ ]

for every n ≥ 1, where

Iα,γ =

∫ L

0

e−N
α,γ
t dt

with L ∼ Exp(1) independent from {Nα,γ
t , t ≥ 0}. By moment identification, we then

have
Yα,γ

d
= Iα,γ . (2.4)

This alternative representation allows us to apply the recent results in [16] on the
asymptotic behaviour at infinity of the density of the exponential functional of a possibly
killed subordinator – see also [8] for the unkilled case. To be more specific, the Laplace
exponent of the killed and driftless compound Poisson process

Ñα,γ
t = Nα,γ

t 1{t≤L} +∞1{t>L}, t ≥ 0,

is

Fα,γ(λ) = (1− α)−γ − αγ

∫ 1

0

xλγ

(1− αx)γ+1
dx → (1− α)−γ

as λ→∞ by monotone convergence. Moreover, we have

F ′α,γ(λ) =

∫ ∞
0

αγ2 t e−t(λγ+1)

(1− αe−t)γ+1
dt = O(λ−2), λ→∞,

and this shows that the assumption (2.6) in [16] is satisfied. A further elementary
asymptotic analysis implies

Fα,γ(λ) = (1− α)−γ

(
1 − α

(1− α)λ

∫ ∞
0

e−t(1+ 1
λγ )

(
1− α

1− αe−
t
λγ

)γ+1

dt

)

= (1− α)−γ
(

1 − α

(1− α)λ
+ O

(
λ−2

))
, λ→∞.

Skipping the easy details we then obtain, with the notations of [16],

ϕ∗(y)

y
= (1−α)−γ − α

(1− α)y
+ O

(
y−2

)
and ϕ′∗(x) → (1−α)−γ as x, y →∞.

Setting gα,γ for the density of Yα,γ , putting everything together and applying Theorem
3.1. in [16] yields finally the existence of a positive finite constant c such that

gα,γ(x) ∼ c x
α

1−α e−(1−α)−γx, x→∞. (2.5)

The constant c can be identified via the constant C given in the statement of Theorem 3.1
in [16], whose expression is unfortunately very complicated. Instead, we will proceed as
in [11] and use the large integer moments asymptotics. On the one hand, the Laplace
approximation entails

E[Yn
α,γ ]

n!
∼ c

n!

∫ ∞
0

xn+ α
1−α e−(1−α)−γx dx ∼ c(1− α)

γ
1−α n

α
1−α (1− α)γn, n→∞.
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On the other hand, we have by Kummer’s identity on the hypergeometric function

E[Yn
α,γ ]

n!
=

n∏
k=1

1

Fα,γ(k)
= n

α
1−α (1− α)γne

α
α−1 (logn−

∑n
k=1

1
k )

n∏
k=1

e
α

(α−1)k

Gα,γ(k)

∼

(
e
αψ(1)
α−1

∞∏
k=1

e
α

(α−1)k

Gα,γ(k)

)
n

α
1−α (1− α)γn, n→∞.

Equating the two estimates and using the change of variable hα,γ(x) = γx−γ−1gα,γ(x−γ),
we can finish the proof. �

Remark 2. By the binomial theorem, the function

t 7→ α e−t/γ

(1− αe−t/γ)γ+1

is completely monotone. This means that the Bernstein function Fα,γ(λ) associated to
the killed Poisson process {Ñα,γ

t , t ≥ 0} is complete, and it is well-known that this yields
the following identification between two complete Bernstein functions

λ

Fα,γ(λ)
=

Ψ(λ)

λ

where Ψ is the Laplace exponent of a spectrally negative Lévy process, which drifts
towards∞ since Ψ′(0+) = 1/F ′α,γ(0+) > 0. By the same argument as in [11], this shows
the further identification

Yα,γ
d
=
(
J−1
α,γ

)(1)

where Jα,γ is the perpetuity of this spectrally negative Lévy processes, whose asymptotic
behaviour of the density at zero is given by (2.35) in [17], and where we have used the
standard notation X(1) for the size-bias of order one of an integrable positive random
variable X. Alltogether, this yields of course the same estimate as (2.5), and this shows
that we do not really need the recent estimates of [8, 16]. We chose this point of view
in order to stay with the theme, since we will do need such estimates in the next proof
where the connection to spectrally negative Lévy processes is less clear.

2.3 Proof of Theorem 3 (c)

We proceed as before and consider the power transformation Ŷα,γ = X̂γ
α,γ . The

following recurrence equation for the Mellin transform Ĥα,γ(s) = E[X̂s−1
α,γ ] is derived

from (1.4) by Fubini’s theorem, exactly as (1.3) was obtained from (1.1):

Ĥα,γ(s) = γ Ĥα,γ(s+ γ)

∫ 1

α

(u− α)γus−2 du. (2.6)

Observe that since α ∈ (0, 1), this shows that Ĥα,γ(s) is finite for every s ∈ R. This also
implies the following formula for the positive integer moments of Ŷα,γ :

E[Ŷn
α,γ ] = Ĥα,γ(1 + γn) =

n∏
k=1

k

Φ̂α,γ(k)

where, integrating by parts,

Φ̂α,γ(λ) =

∫ ∞
0

(1− e−λt) α e
t
γ (1− αe

t
γ )γ−1

+ dt
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is the Laplace exponent of some unkilled and driftless compound Poisson process, whose
Lévy measure has bounded support. The identification between Ŷα,γ and the perpetuity
of this Poisson process is then made as in the previous proof. We further decompose

Φ̂α,γ(λ) = (1− α)γ

1 − α

(1− α)λ

∫ ∞
0

e−t(1−
1
λγ )

(
1− αe

t
λγ

1− α

)γ−1

+

dt

 ,

whose asymptotic analysis is performed as above and leads to the behaviour

ĝα,γ(x) ∼ c x
α

1−α e−(1−α)γx

at infinity for the density ĝα,γ(x) of Ŷα,γ , for some c ∈ (0,∞). �

2.4 Proof of Theorem 4

We start with the criterion for X̂t
α,γ . The argument relies on the following terminal

value representation, which is obtained from (2.6) as in the proof of Theorem 1:

Ŷα,γ
d
=

1

Φ̂α,γ(1)

∞∏
k=1

(
(k + 1) Φ̂α,γ(k)

k Φ̂α,γ(k + 1)

)
Ŷα,γ,k, (2.7)

where the independent random variables Ŷα,γ,k have respective densities

k xk−1(1− αx−1/γ)γ+

Φ̂α,γ(k)
1(0,1)(x).

The easily established log-concave character of the function x 7→ (1− αe−x/γ)γ+ for every

α ∈ (0, 1) and γ > 0 implies by a change of variable that the random variable log Ŷα,γ,k

has a log-concave density for all k ≥ 1. By (2.7) and the Prékopa-Leindler theorem, this
shows that the density of log Ŷα,γ and hence also that of log X̂α,γ is log-concave, in other
words that the function x 7→ ĥα,γ(etx) is log-concave on R for all α ∈ (0, 1), γ > 0 and
t 6= 0. This means that Condition L on p.11 in [15] is satisfied by the density of X̂t

α,γ for
all t 6= 0. For t > 0, Krein’s condition, Theorem 10 in [15] and a change of variable show
that

X̂t
α,γ is M -det ⇐⇒ −

∫ ∞
1

log ĥα,γ(x
2
t )

1 + x2
dx = ∞ ⇐⇒ t ≤ 2γ

as required, where for the second equivalence we have used Theorem 3 (c). For t < 0, we
will check the converse Carleman condition. Setting Ẑα,γ = X̂−γα,γ , an iteration using (2.6)
shows

E[Ẑnα,γ ] = Ĥα,γ(1− γn) =

n∏
k=1

Ψ̂α,γ(k)

k

for every n ≥ 1, where

Ψ̂α,γ(λ) =

∫ ∞
0

(e−
t
λγ − α)γ+ e

t dt, λ > 0.

We then have the lower bound

Ψ̂α,γ(k) = α(1−k)γ

∫ −kγ logα

0

(e
t
kγ − 1)γ e−t dt ≥ c k−γ α−kγ

for some positive constant c, where in the inequality we have used eu ≥ 1 + u for all
u ≥ 0. By means of Hölder’s inequality, this yields

E[Ẑtnα,γ ] ≥ E[Ẑ[tn]
α,γ ]

tn
[tn] ≥ cn ([nt]!)

− tn(1+γ)
2[tn] α−

tn(1+[tn])
2
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A note on the α-Sun distribution

for every t > 0, which by Theorem 7 and the aforementioned condition L in [15] implies
that Ẑtα,γ is M -indet for every t > 0, as required. We finally proceed to the criterion
for X−tα,γ . Recall that the case t < 0 is irrelevant since Xα,γ has infinite positive integer
moments. Recall also from the proof of Theorem 2 and Remark 2 that Yα,γ = X−γα,γ has
positive integer moments given by

E[Yn
α,γ ] =

n∏
k=1

Φ̃α,γ(k) with Φ̃α,γ(λ) =
λ

Fα,γ(λ)
,

and that Φ̃α,γ(λ) ∼ (1 − α)γλ as λ → ∞, is a complete Bernstein function. With the
notation of [19], this means that Yα,γ is a Remainder, which satisfies Assumption 1 p.581
therein – see the discussion thereafter. By Proposition 2.1, Proposition 2.2, Remark 2.3.
and Remark 3.2 in [19], we deduce

Yt
α,γ is M -det ⇐⇒ −

∫ ∞
1

log gα,γ(x
2
t )

1 + x2
dx = ∞ ⇐⇒ t ≤ 2,

where the second equivalence follows from (2.5). This completes the proof. �

Remark 3. (a) The log-concavity of ĥα,γ(ex) on R implies that ĥα,γ is unimodal and, by
the real-analyticity of ĥα,γ on (0,∞) which can be obtained from (1.4) as in Proposition
3.6 of [20], that it is strictly unimodal. The existence of negative moments of arbitrary
order, which was observed during the proof of Theorem 3 (c), clearly shows that the
mode is positive. Observe that ĥα,γ is however not necessarily bell-shaped since this
property would imply infinite divisibility by Corollary 1.4 in [14], and this property is not
true for γ > 1 as discussed in the introduction after the statement of Theorem 3. We
conjecture that ĥα,γ is bell-shaped if and only if γ ≤ 1. As in Remark 1, the if part would
be a consequence of the GGC property and Theorem 3 (b).

(b) The positive integer moments of Ẑα,γ can also be expressed as

E[Ẑnα,γ ] = m

n−1∏
k=1

Ψ̃α,γ(k)

k
with Ψ̃α,γ(k) =

∫ ∞
0

(eλt − 1) α et/γ (1− αet/γ)γ−1
+ dt

and m = Ψ̃′α,γ(0+) > 0. Observe that Ψ̃α,γ is the Laplace exponent of a spectrally positive
Lévy process which is precisely the subordinator appearing in the proof of Theorem 3
(c). This is compatible with Ẑα,γ = Ŷ−1

α,γ and Proposition 2 in [2] – see also the remark on
moment-indeterminacy after Proposition 1 therein. In view of Theorem 3 (b), one might
ask if − log ĥα,γ(x) would not behave at zero like a power of the logarithm, as is the case
for the perpetuity of the standard Poisson process – see Proposition 3 in [2].

(c) The infinite product representation (2.7) involves random variables with support
[α, 1] which is bounded away from zero, and whose negative powers are hence never ID.
It is not clear whether the product representation (2.7) can help establish the presumed
ID property for X̂α,γ when γ ≤ 1.

2.5 Proof of Theorem 3 (a) and (b)

The strict unimodality was discussed in Remark 3 (a), and we hence only need to
prove (b). The positivity of the mode implies that ĥα,γ is increasing in a neighbourhood
of zero and for every a > 0 and sufficiently small x, we have

x−aĥα,γ(x) ≤ 21+[a]x1+[a]−a
∫ 2x

x

y−1−[a] ĥα,γ(y) dy → 0 as x→ 0,
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by the finiteness of negative integer moments. For the second estimate, we recall
that X̂−tα,γ is M -indet and satisfies Condition L in [15] for every t > 0, by the proof of
Theorem 4. By a change of variable and Theorem 10 in [15], we have

−
∫ 1

0

log ĥα,γ(xt)

1 + x2
dx < ∞

for every t > 0, which implies our claim by the same monotonicity argument. �

3 Some further comments

Comparing (2.2) and (2.4) gives the identity in law∫ ∞
0

e−Ñ
α,γ
t dt

d
=

1

Fα,γ(1)

∞∏
k=1

(
(k + 1)Fα,γ(k)

k Fα,γ(k + 1)

)
Yα,γ,k

where we recall that {Ñα,γ
t , t ≥ 0} is the compound Poisson process, killed and driftless,

with Laplace exponent

E
[
e−λÑ

α,γ
t

]
= e−tFα,γ(λ), t, λ ≥ 0.

This identification between the perpetuity of a subordinator and the terminal value of
a multiplicative martingale is not a surprise and holds actually in full generality. More
precisely, if {σt, t ≥ 0} is a subordinator having Laplace exponent

Φ(λ) = q + bλ +

∫ ∞
0

(1− e−λt)π(dt), λ ≥ 0,

with b, q ≥ 0 and π(dt) a positive measure integrating 1 ∧ t on (0,∞), and if (q, b, π) 6=
(0, 0, 0), then the identity∫ ∞

0

e−σt dt
d
=

1

Φ(1)

∞∏
k=1

(
(k + 1) Φ(k)

kΦ(k + 1)

)
Yk (3.1)

holds, where {Yk, k ≥ 1} is an independent sequence of random variables on (0, 1] with
respective distributions

k

Φ(k)

(
bδ1(dx) + xk−1(q + π(− log x,∞)) 1(0,1)(x) dx

)
.

The identity (3.1) comes from the fact that the random variables on both sides are
characterized by their integer moments given by

n∏
k=1

k

Φ(k)
, n ≥ 1,

which for the perpetuity follows from (1.2) in [6], and for the terminal value is a conse-
quence of the simple evaluation

Φ(λ)

λ
= b +

∫ 1

0

xλ−1 (q + π(− log x,∞)) dx, λ > 0,

obtained by an integration by parts and a change of variables, and of the very same
reasoning as in the proof of Theorem 1 using

lim
x→∞

Φ(x+ c)

Φ(x)
= 1
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for all c > 0. We refer to Theorem 2.22 in [17] for more general factorizations on
perpetuities of Lévy processes, with different normalization constants. The above details
for (3.1) are given for completeness, and because they are very easy.

Theorems 1 and 2 in the present paper consider the situation Yk = Yα,γ,k with
q = 1, b = 0 and π(− log x,∞) = (1 − αx1/γ)−γ − 1. There are of course many other
explicit examples, like the jumpless case b, q > 0 and π ≡ 0, which gives the factorization

B1,γ
d
=

1

1 + γ

∞∏
k=1

(k + 1)(k + γ)

k(k + 1 + γ)
Yk (3.2)

where γ = qb−1, the Yk have respective distributions

k

k + γ

(
δ1(dx) + γxk−1 1(0,1)(x) dx

)
and, here and throughout, Ba,b stands for the beta distribution with parameters a, b > 0.
Observe also that size-biasing (3.2) leads to the more general

Ba,b
d
=

a

a+ b

∞∏
k=0

(k + a+ 1)(k + a+ b)

(k + a)(k + a+ b+ 1)
Yk

for all a, b > 0, where the Yk have respective distributions

k + a

k + a+ b

(
δ1(dx) + bxk+a−1 1(0,1)(x) dx

)
.

We conclude this note with a brief focus on another example taken from the recent
paper [1], and connected to the local time process {L̂t, t ≥ 0} at level zero of a noise-
reinforced Bessel process with dimension d ∈ (0, 2). Corollary 4.3 in [1] relates the
random variable L̂1 to the perpetuity Î of a subordinator given in (4.4) therein. See also
[12] and the references therein for some instances of the same perpetuity as limit laws
of one-sided tree destructions. Setting α = 1− d/2 ∈ (0, 1) and γ = 1− 2p ∈ (0,∞) where
p is the reinforcement parameter, the latter subordinator has characteristics b = q = 0

and

π(− log x,∞) =
(γ/2)α xγ(1− x−γ/α)−α

Γ(α+ 1)
,

with our above notation. Applying (3.1) leads after some computations to

Î
d
= E[Î]

∞∏
k=1

(
Yk

E[Yk]

)

with Yk = B
α/γ
α(1+k/γ),1−α for all k ≥ 0. Setting Zk = Bα(1+k/γ),1−α for all k ≥ 0, we get

L̂1
d
= E[L̂1]

∞∏
k=0

(
Yk

E[Yk]

)
d
=

(
E[L̂

γ
α
1 ]

∞∏
k=0

(
Zk
E[Zk]

))αγ
, (3.3)

where the first identity comes from Corollary 4.3 in [1] and size-biasing, and the second
one from integer moment identification using Fubini’s theorem as in the previous section.
By the second identity in the Theorem of [11] and an easy size-bias analysis whose details
are skipped, we obtain finally the simple identity

L̂1
d
= E[L̂1]

∞∏
k=0

(
k + 1

k + α

)
Bγ(1+k/α),γ(1/α−1). (3.4)
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In particular, the law of L̂−1
1 is a GGC as an independent product of reciprocal beta

random variables, which are easily seen to have translated HCM densities as in the proof
of Theorem 1.

A relevant random variable is λ̂1
d
= L̂

−1/α
1 , since it is the value at one of the inverse

local time process

λ̂t = inf{s ≥ 0, L̂s > t}, t ≥ 0,

which is an increasing, α-self-similar, time-homogeneous Feller process on R+ – see
Corollary 4.2 and (4.2) in [1]. It has been shown in Lemma 4.1 of [1] that λ̂t is distributed
as the power transform of an α-stable subordinator taken at the inverse of an additive
functional, but it is not clear to the author whether this gives directly some infinitely
divisible properties for λ̂1, except in the case without reinforcement γ = 1. We have the
following partial result.

Proposition 1. The law of λ̂1 is a GGC if (1− α)γ ≥ α or if γ ∈ [1, 2].

Proof. For (1 − α)γ ≥ α, we have b = γ(1/α − 1) ≥ 1 and 1/α ≥ 1, which implies that

the law of B
−1/α
γ(1+k/α),γ(1/α−1) is a GGC for all k ≥ 0 by Theorem 2 (1) in [5], whence the

result by (3.4) and the main Theorem of [4]. For γ ∈ [1, 2] we use the second factorization

in (3.3) and need to show that the law of B
−1/γ
α(1+k/γ),1−α is a GGC for all k ≥ 0, which is

here a consequence of Theorem 2 (3) in [5]. �

It has been conjectured in Section 7 of [4] that power transformations of order
greater than one leave the GGC property invariant, which would show by the preceding
discussion that the law of λ̂1 is a GGC for all α ∈ (0, 1) and γ > 0. However, to the best of
our knowledge this problem is still open.
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