Electronic Journal of Statistics
Vol. 16 (2022) 6175-6231

ISSN: 1935-7524
https://doi.org/10.1214/22-EJS2087

Nonparametric and high-dimensional
functional graphical models*

Eftychia Solea and Holger Dette

CREST and ENSAI, Rennes, France,
Ruhr-Universitit Bochum, Germany
e-mail: eftychia.solea@ensai.fr; holger.dette@rub.de

Abstract: We consider the problem of constructing nonparametric undi-
rected graphical models for high-dimensional functional data. Most existing
statistical methods in this context assume either a Gaussian distribution
on the vertices or linear conditional means. In this article, we provide a
more flexible model which relaxes the linearity assumption by replacing it
by an arbitrary additive form. The use of functional principal components
offers an estimation strategy that uses a group lasso penalty to estimate
the relevant edges of the graph. We establish statistical guarantees for the
resulting estimators, which can be used to prove consistency if the dimen-
sion and the number of functional principal components diverge to infinity
with the sample size. We also investigate the empirical performance of our
method through simulation studies and a real data application
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1. Introduction

In recent years, there has been a large amount of work on estimating undirected
graphical models that describe the conditional dependencies among the compo-
nents of a p-dimensional random vector X = (X', ..., X”)". Mathematically, let
V ={1,...,p}, and E denote a subset of {(¢,j) € VxV : i # j}, which satisfies
(i,7) € Eif and only if (j,7) € E. The pair G = (V, E) constitutes an undirected
graph, with V representing the set of vertices and E the set of edges. The vector
X follows a graphical model if

(i,j)¢E < X LX'|X 7, (1.1)

where X 7 represents the vector X with its sth and jth components removed,
and for random elements A, B, and C, A 1L B|C means that A and B are
conditionally independent given C'. The goal is to estimate the edge set E based
on a random sample from X.

However, many recent applications, particularly medical applications, involve
multivariate functional data, such as electroencephalogram (EEG) and func-
tional magnetic resonance imaging (fMRI) data, where each sampling unit is
modelled as a realization of a p-dimensional stochastic process X' (t),..., X"(t),
where t € T and T is a closed subset of R. The central goal is to depict the
conditional dependence structure among these p random functions by functional
graphical models (FGM), which have become very popular in recent rears. In this
paper, we are interested in estimating a nonparametric and high-dimensional
undirected graphical model for multivariate functional data.

Our motivation is brain network connectivity based on EEG in neuroscience
research. EEG measures brain activities by placing electrodes on various lo-
cations on the subject’s scalp and measuring voltage values across time. This
results in a vector of interdependent random functions. One of the interests
in network connectivity analysis is to characterize the inter-dependence of the
random functions by an undirected graph, where the nodes corresponds to the
electrodes on the subject’s scalp and the edges represent conditional dependen-
cies among the electrodes.

In contrast to the finite dimensional case, less literature can be found on
graphical models for multivariate functional data. [26] proposed the Functional
Gaussian Graphical Model (FGGM) assuming that X is a multivariate Gaus-
sian random process. Roughly speaking, they used a truncated Karhunen-Loeve
expansion, say of order m,, to reduce the infinite dimensional problem to a
pmy-dimensional problem for the principal component scores. The conditional
independencies of the graph define a block sparsity structure, such that the
zero blocks of the precision matrix of the scores can be used to identify the
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edge set using a group lasso penalty. They called this method functional glasso,
or simply fglasso, and the authors showed that, when m, approaches infinity,
consistent estimation of the edge set is possible. The FGGM is the extension
of the Gaussian graphical model of [38] to the functional setting. [40] proposes
a FGGM based on a new notion of separability for the covariance operator of
multivariate functional data, termed partial separability. [43] considered a neigh-
bourhood selection approach to estimate the FGGM, which is an extension of
the popular work of [21] to the functional setting. [45] proposed a Bayesian
framework for the analysis of FGGM, [42] developed a method that estimates
the difference between two functional graphical models and [27] considered a
dynamic functional graphical model, where the dependency structure among
the Gaussian random functions is allowed to change over time. Finally, to relax
the Gaussian assumption [16] replace conditional independence with the con-
cept of functional additive conditional independence and [31] proposed a copula
transformation on the principal scores, which is an extension of the Gaussian
copula model of [18, 17] and [36] from the multivariate setting to the functional
setting.

In this paper, we introduce an alternative approach to relax the Gaussian
assumption in the functional graphical model. Our research is motivated by
the fact that in many applications the relation between the functional principal
scores is rarely linear as implied by the assumption of the FGGM. To illustrate
this observation, we consider an EEG dataset that consists of two groups of
subjects: 77 subjects in the alcoholic group, and 45 in the control group [41, 13].
For each subject, an EEG activity was recorded at 256 time points over a one
second time interval using 64 electrodes placed on the subject’s scalp. The goal
is to construct a FGM to characterize brain network connectivity for the two
groups of subjects based on the functional data collected by the electrodes.
In Figure 1, we display the pairwise scatterplots between channels using the
first two principal components for the random functions of the two groups.
Clearly, this figure indicates that the conditional relationships among the scores
corresponding to different vertices of the graph are nonlinear. Therefore, the
Gaussian assumption of the FGGM is difficult to justify for the analysis of this
type of data.

As an alternative, we propose a new nonparametric FGM that allows the con-
ditional relationships among the principal scores to take an additive structure.
Our approach uses the traditional probabilistic concept of conditional indepen-
dence, and then applies the additive structure to the scores of the Karhunen-
Loeve expansion of each random function. We approximate each nonparametric
additive component by a linear combination of B-splines basis functions. This
enables us to estimate the edge set of the graph by imposing the group lasso
penalty on a matrix formed by the coefficients in the spline approximation.
We derive statistical guarantees for the resulting estimates, which can be used
to prove consistency if the dimension p and the number of scores diverge to
infinity with the sample size. This provides a useful methodology for general
nonparametric analysis of high-dimensional functional graphical models.

The remainder of the article is organized as follows. Section 2 describes the
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Fi1G 1. Pairwise scatterplots for the alcoholic group between channels F7 and FP2 (left) and
for the control group between channels O1 and X (right) with locally-weighted polynomial
regression (blue line).

methodology and proposes the nonparametric functional graphical model. Sec-
tion 3 presents the estimation procedure. In Section 4 we study the theoretical
properties of the resulting estimator. In Section 5 we conduct simulation stud-
ies to evaluate the finite sample properties of the proposed methodology, and in
Section 6 we apply the new model to the motivating EGG dataset. We conclude
with some final remarks in Section 7, while all proofs of the theoretical results
are deferred to the Appendix.

2. Additive functional graphical models

We first provide a formal definition of an additive function-on-function regres-
ston model which will be used to define the functional graphical model consid-
ered in this paper. We begin by introducing some basic concepts from functional
data analysis.

Throughout this paper, £°([0,1]) denotes the space of all square-integrable
functions defined on the interval [0, 1] C R. We denote by (f, g) = f[O,l] f(#®)g(t)dt

the common inner product in £°([0, 1]) and by || f|| = (f, f)'/* the corresponding
norm. Let X = (X',..., X”) denote a p-dimensional random element with mean

0 whose ith component X' is an element of £°([0,1]) such that E|X"||* < co.
For each X', we define the corresponding covariance operator
1
S () = / F(8)o (s t)ds,  f € £2([0,1]), (2.1)
0

where o, i(s,t) = cov(X'(s), X'(t)) = E(X'(s)X'(t)) is the covariance func-
tion of the random element X'. The operator ¥ i i is a compact Hilbert-
Schmidt operator [see, for example, 11], and there exists a spectral decomposi-



Additive functional graphical model 6179

tion of the covariance function of the form

Tyiyi(s,t) =D Ng(s)o1 (1), (2.2)
r=1
where \] > A\, > ... > 0 are the eigenvalues and {¢, },cy are orthonormal

eigenfunctions satisfying

[ owils.)6(s)ds = N0,

Consequently, each X' € £*([0,1]) can be represented by its Karhunen-Loéve
expansion

Xl:z\/A_:‘§:‘¢: i:17...7p7 (2'3)

where the random variables £ = (X, ¢')/1/\" are called the functional princi-
pal component scores and satisfy E(¢) = 0, var(£!) = 1, E(&;ﬁ;) =0forq#r
fori=1,...,p.

We next give our formal definition of the functional graphical model. Let
G = (V,E) be an undirected graph, where V denotes the finite set {1,...,p},
and E denotes a subset of {(i,7) € V x V : i # j}, which satisfies (i,7) € E if
and only if (j,4) € E.

Definition 2.1. A vector of random functions X = (X',... X") € £*([0,1]) x
... x L*([0,1]) is said to follow a functional graphical model with respect to an
undirected graph G = (V,E) if and only if

X' LX X V(i,5) ¢E.

Example 2.1. [26] assumed that X = (X',..., X”) is a p-dimensional Gaussian
process on £7([0,1]) x...x £*([0,1]) and define a Functional Gaussian Graphical
model (FGGM) by the condition

(1,j)) ¢ E o  cov[X'(s), X' ()| X ) =0 Vs, tel0,1]. (2.4)

Next, they proposed to approximate each X* by the first m,, coefficients from
the Karhunen-Loéve expansion (2.3). Thus, for each X', one obtains a pm,,-
dimensional Gaussian random vector ¢ = ((¢")",...,(¢")") of scores, where
& =(,... ,ffn")—r is the vector of the first m,, functional principal component
scores in the Karhunen-Loéve expansion (2.3) of each X'. Based on this finite
m,,-dimensional representation, the FGGM can be represented as a conditional
multivariate linear regression model with respect to the scores. Indeed, each 52
can be expressed as

gizzan;fgjﬂfl, ieV,g=1,...,m,, (2.5)

j#i r=1
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such that (€)),<,<, is uncorrelated with (£/),<,<.,.,? # j if and only if

B:zj - (B;Jr)lﬁq,rSMn - 7(93)71@:a (27]) €V x V7Z 7é ja

where © € R™ ™" is the (i,j)th element of the block precision matrix
0, = (07),<,,<, of the pm,-dimensional vector &. Hence, under the Gaus-
sian assumption the conditional relationships between nodes ¢ and j are linear,
and the network structure of the FGGM can also be recovered by the spar-
sity structure of the regression coefficient matrix B'’. They used group-lasso
penalized maximum likelihood estimation to address the blockwise sparsity of
0., and showed that ©, is a consistent estimate of the set E, when p and m,,
approach infinity with increasing sample size.

We use a generalization of the representation (2.5) to give a formal definition
of the additive function-on-function model for multivariate functional data.

Definition 2.2. Consider a vector of random functions X = (X',...X") €
£2([0,1]) x ..., x£*([0,1]) and suppose that each X' has a Karhunen-Loéve
expansion of the form (2.3). The vector X follows the function-on-function ad-
ditive model if for each pair (i,j) € VxV there exists a sequence of smooth
functions 7 = {f.’ : ¢,r € N} defined on R with E[f’(¢))] = 0,¢,r € N, such
that

{€,5#3 =D 1) (2.6)

j#i r=1

Eg,

Similar to the functional additive regression model of [9], model (2.6) relaxes
the linearity assumption in FGGM by imposing an additive structure on the
scores in the Karhunen-Loéve expansion, giving rise to a more flexible model
than the FGGM. By definition, the scores £ are uncorrelated, but we also require
them to be independent in the following discussion as also postulated in [9].
Furthermore, we assume that they take values in a closed and bounded interval
[—1,1]. For example, this can be achieved by taking a monotone transformation
TR = [~1,1], such as W(z) = —1 4 2etan@F057 (oo 46 34].

We now define a new nonparametric functional graphical model which we
call the Additive Functional Graphical Model (AFGM).

Definition 2.3. Suppose X = (X',...X") € £°([0,1]) x ..., xL*([0,1]) is
associated with a functional graphical model G = (V,E). If X is additionally
a function-on-function additive model of the form (2.6), then we say that X
follows an additive functional graphical model, and write this statement as X ~

AFGM(G).

The definition implies that the independence structure of X can be recov-
ered by the sparse structure of the additive components f’ in the representa-
tion (2.6). In most cases, the sequence of eigenvalues decreases fast, and hence
without much loss of generality, we will assume a finite m,,-dimensional model,
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where (m,,),.cy is a sequence of positive real numbers converging to infinity with
increasing sample size. Specifically,

P mp
5;:22 éi’(&j«)+ezq7 Z:]-aapaqzlvamna (27)
Jj#i r=1
such that the error terms e = & — 327, 37" fil(&)) have 0 mean, they

are mutually independent, and independent of the predictors 7,5 # i if and
only if conditional independence among X* can be recovered from the additive
functions f;i, since in this case the conditional mean of each 52 in the graph only
depends on the values of its neighbours. In the Gaussian model, ;i (&) = Bé{; 7,
and model (2.7) reduces to the FGGM (2.5).

Thus, our goal is to estimate the edge set

E.={(i,j) eV xV:i#j, f #0 forsome g,r=1,...,m,}. (2.8)

Note that we aim to recover the edge set when each X" is exactly a finite sum
of m, terms rather than an infinite sum. This allows us to work with finite
dimensional graphs that is E = E,. Our theoretical results in Section 4 show
that the edge set can be identified with probability converging to 1 as m,, — oo,
p — oo and n — oo.

Remark 2.1.

(a) Note that it is not necessary to fix the sign of the eigenfunctions in the

definition of scores ¢ = (X', ¢!)/+/A, used in the representation (2.6)
r (2.7), because a sign change can always be compensated by choosing
the function f’(—x) instead of f.’(z).

(b) Model (2.7) can be regarded as the nonparametric and additive version
of the FGGM (2.5), and the generalization of the model of [33] to the
functional setting, where they propose a semi-parametric method which
allows the conditional means of the random variables to take on an arbi-
trary additive structure.

3. Estimation and computation

In this section, we develop an estimation procedure for fully observed functional
data to estimate the scores &° for each X', which is used afterwards for the
estimation of the edge set E,.

To be precise, let X, ..., X, be an independent sample from X, such that for
eachu=1,...,n, X, = (X,,...,X") is a vector in £*([0,1]) x ... x £*([0,1]).

Then, for each ¢ = 1,...,p, the covariance operator X : : can be estimated by

() = (8)6 i i(s,t)ds, f € L([0,1]),

[0,1]
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where

Gii(s,t) ZX

is the common estimator of the covariance function (note that the X' are cen-
tered). Let A and ¢’ be the sample eigenvalues and eigenfunctions obtained by
solving the equation

1
/ 6 i(s,0)gL(s)ds = Ng.(t), r=1,...,m,,
0

subject to the constraints <(,Z5f1, )y =0,forq#r,qr=1,..., =1.
Then, the estimated scores fm are given by
£ =QANVHX 6, w=1,...,n,r=1,...,m,,i€V.
For eachi € V, let £ = (€' ,,... fiwm)—r be the m,,-dimensional vector of the
estimated scaled scores corresponding to the observation X,, u =1,...,n. Fol-

lowing [12] and [8], we use B-spline functions to approximate the additive compo-
nents f;” in model (2.7). To be precise, let =1 =7, <7, < ... <7, <74 =1
be an equidistant partition of the interval [—1,1] into L, + 1 subintervals
I, =[1,7T41),0=0,...,L, —1,and I, =1, , 70, +1]

For the number of knots we make the following assumption. Define S,
as the space of polynomial splines of degree ¢ > 1 consisting of functions s
satisfying: (a) the restriction of s to the interval I, is a polynomial of degree ¢
for 1 <b<L,;(b)fort{>2and 1< <{¢—2 sisal times continuously
differentiable on the interval [—1,1]. Then, there exists a basis of normalized
B-splines functions (hy)i<p<k, for the space S, , where k, = L, + £+ 1, such
that every function s € S,,, can be represented as

kn
x) = Zﬁkhk x
k=1

(see [30]). Under some smoothness conditions, the additive functions f;’ can be
represented by linear combinations of B-splines functions

f;i(z Zh q7“k7 qar:172a"'7 (31)

where the sequence of positive real numbers, (k,,),cn, diverges to infinity as n —
oo (note that this can always be achieved by increasing the number of knots in
the partition). Hence, the corresponding function f;j will be zero approximately
if and only if ||3;/|> = 0, where | - ||, denotes the Euclidean norm of the k,-
dimensional vector 3] = (ﬂqﬂ, e ’ﬂqun) ,q,v=1,...,m,. Thus, to encourage
sparsity we propose to minimize the criterion

Mn mn Mn  Mn

PL.O = 55303 (8, - S @) w30

g=1 u=1 j#i r=1 i g=1 r=1
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subject to the constraint

ZhT 1;7‘ ”: 7 Q7T:17"-7mn7j6v7 (32)

where h'(z) = (hy(x),..., hy, (z)) is the k,-dimensional vector of the B-splines
basis functions and A, > 0 is a tuning parameter. Essentially, this is a group
lasso penalty that enforces all regression coefficients ﬁqu, ceey ﬂqu to either be
all 0 or all nonzero. Note that the centering constraint (3.2) accounts for the fact
that the function f)” in model (2.7) satisfies E(f,/(¢))) = 0 for ¢,r =1,...,m,.

This problem can be converted to an unconstrained optimisation problem by
centering the basis functions. More precisely, defining

~ﬂ1€(é’(;7‘)_h A __Zh a"'akn7’r:17"'7mn7j€v7 (33)

we consider the unconstrained optimization problem

mp Mmp

D)3 (D D) BUNHLT) RS 9 b 9) SULHT

g=1 u=1 A r=1 i g=1 r=1

(3.4)

where

A~

(€)= (Ron (€)oo s P (E1))T, (3.5)

is the k,-dimensional vector of the centered B-splines evaluated at the estimated
scores.

Now let f ( ' )icu<ni<r<m, be the n xm, matrix of the estimated scores,
and define

~ . ~ ~; ~

H(E) = (), HA(E), H (G, H(E)) e ROV (3.6)

let
Bi — (Bl77] c V\{I}) e R(p—l)knmnan,

be the vector of matrices B” = (8.))1<qcmp1<rcmn, € R ™" j £ i. Then,
following some algebraic manipulations, the objective function in (3.4) can be
rewritten as

— . 1 a0 o

PL,(B,&) = —|& —H] A, BY||s 3.7

(B.& =5 € ~FLEB I+ gn (37)

where | - ||z denotes the Frobenius norm. Finally, we define B’ as the solution

of

A~

B = argmin{ﬁi(B,é) : B e RWTVImmmxmay
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and we propose to estimate the set E, in (2.8) by

E.={(i,j) €V xV:i#j|B||s#0and || B # 0}. (3.8)
Following [21], we can also estimate the graph by
E. = {(i.) €V x Vi j|B|x #0o0r | B[l #0}. (3.9)

As shown in the Corollary 4.1 in Section 4, the differences between these esti-
mated graphs vanish asymptotically. See also [21] and [43]. We summarize the
algorithm below.

(a) Implement FPCA to obtain the estimated scores € of each observation
X and then transform the scores into the range [—1, 1] using a monotone
transformation. Choose m,, such that at least 90% of the total variation
is explained.

(b) For a given A\, and for each ¢ € V, solve the optimisation problem (3.7)
using, for example, the Fast Iterative Shrinkage Thresholding Algorithm
(See [4] for more details) to find a sparse estimate of B'.

(¢) Declare that there is an edge between node i and node j if and only if
|B7|12 and || B”||> are not zero.

4. Statistical guarantees

In this section we study the theoretical properties of the proposed estimator of
the graph structure of the AFGM, where we allow the number of nodes p to di-
verge to infinity with increasing sample size. We also assume that the functions
are fully observed. A particular technical challenge in deriving the asymptotic
theory consists in the fact that the additive structure is applied to the unob-
served variables ¢ | and the estimator B’ obtained from minimizing (3.7) is
based on the estimated scores. Thus, the error in these estimated coefficients
must be taken into account for the analysis of the procedure.

We begin by introducing some notation. For any two positive sequences of
real numbers (a,),en and (b,),en, we write a, < b, if a, < Kb, for some
constant 0 < K, < oo which does not depend on n. We use the notation a,, < b,
representing the property A < inf, Z—"| < supn|’;—:| < B, for positive constants
A and B. Moreover, given a matrix A = (a;;)1<i<a1<i<m, € RV we use
||A]| for the Frobenious norm and ||A]|, for the operator norm. Finally, for any
two symmetric matrices A and B, we use the notation A < B to denote the
property that the matrix B — A is nonnegative definite.

We define the neighbourhood of each node i € V by

N:={jeV\{i}: f#0, for some 1 < gq,r <m,},

where (f17)1<q.r<m, are the true population additive functions in the additive

r

regression
mn

g;qzzzf;:(fiT)—‘re;q’ q:1""7mn’u:]‘7"'7mn7ievﬁ (4'1)

Lt or=1
JEN,
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where €, =&, — E[E, {¢,,j # 4 =1,...,my}]. Thus, the best predictor of
€., is an additive function of the scores in the set of neighbours N| of the node
i only. Then, the edge set E, defined in (2.8) can be rewritten as

E.={(,7) eV xV:i#jiecN andjecN}.

Let ﬁqﬂ = (ﬁqﬂl, e Bqﬂl)T be the k,-dimensional vector of the true spline coef-
ficients in

mn

£, = ZZhT(fiT)TB;j +w,, +e,, g=1....m u=1,...ni€V,
jen) r=1
where h'(¢]) = (hi(&),),...,h(E,,)) € R*™ is the vector of the B-splines
splines evaluated at the unobserved scaled scores £, and w,’ is the truncation
error

wi, =Y Y (€)= hTE)B), a=1 . myu=1,. . ni € V.

jENf‘ r=1
In Proposition A.1 in the Appendix, we show that this truncation error is uni-
formly small. Let

B! =(B,,,.j € V\{i}) eR"Vm,

n mpkn

where
B, ={B:1<qr<m,1<k<k,}, (4.2)
and define
B™ = (B, jeN)eR" e (4.3)

We wish to determine the 0 blocks of the truncated B’" matrix. Recalling that
B! = (B",j € V\{i}) € R""V™*™n g the solution to the minimization prob-
lem (3.7). Then, the estimated neighbourhood for each node i € V is

N, = {5 e V\{i} : |15l # 0},
which yields the estimated edge set
E,={(i,j) eVxV:ieN and j e N'}.

Finally, to derive our theoretical results, we need to introduce the following
non-random matrices. Let A(€7) = (h,(&7),..., k., (€)))" € R*™ be the vector
of the centered k, B-splines evaluated at the unobserved scaled scores &/, r =
1,...,m,, j €V, and define the 1 x k,m, and 1 x n'k,m, vectors

H(E) = (T (€))i<remns
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AT(¢%) = (H(€), ] € N, (4.4)

where 1 < n’ < p is the cardinality of the set N!. We introduce the following
matrices

* ] Ni 'y Nﬁ niknmnx-niknmn
S = B(AEATE) e R (4.5)
and
E;jNi — E(HT(£7)ﬁT(§N")> c Rknmnxn knmn. (46)

For the statement of our theoretical results we require several assumptions.
Assumption 4.1 is a similar assumption as made by [26] and refers to the eigen-
system of the covariance operator defined in (2.1).

Assumption 4.1.
(i) There exist positive constants d,, d, and d, such that

dor™ " <AL <dir™ A=A >dtrT T forr > 1,

for some B > 1. We assume that X' is m,,-dimensional; that is, )\inn # 0 and
N =0

(ii) The number of principal component scores m,, satisfies m,, < n” for some
constant o € [0, 5757). |

(iii) The eigenfunctions ¢! of the covariance operator defined in (2.2) are
continuous and satisfy

max sup sup |4’ (s)] < C < oc.

JEV s€[0,1] reN

The next two conditions refer to the smoothness of the functions f;’ in
model (2.6). To be precise, let k be a nonnegative integer and let p € (0,1].
We define %, , as the Holder space of functions f : [~1,1] — R whose xth
derivative exists and satisfies a Lipschitz condition of order p, and additionally
satisfies the condition

[flle = sup, ey | f(z)| < F, (4.7)
for some F' > 0.

Assumption 4.2. Letd = k+p > 0.5 and assume [, € F . , and BE[f)(&)] =
0, for all g,r =1,...,m, and (i,j) € VxV.

Assumption 4.3. The joint density function, say p’, of the random vector
& = (&,...,8,,)" is bounded away from zero and infinity on [—1,1]"" for
every j=1,...,p.

In order to derive graph estimation consistency, we make the following as-
sumption about the errors €}, ... ¢!, in model (2.7). A similar condition was

» S my,

also postulated by [33] for joint additive models in the multivariate setting.
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Assumption 4.4. There exists a constant C > 0 such that P(
2exp(—Ca®) forallz >0 andq=1,...,m,,i € V.

e; > 1x) <

Assumption 4.5. k, = O(n") for some v > 0, where v > % ifd> 2.

Assumption 4.6 (Bounded eigenspectrum). The minimum eigenvalue A,
(E:‘,-,N,-,) of the matriz ¥, , defined in (4.5) satisfies for each i € V and all
n €N, ""

Amin(z*i i) > Coins

N, Np

for some constant C.;,, > 0.

Assumption 4.7 (Irrepresentable condition). There exists a constant 0 < n <
1 such that for alli €V,

1-—n

Assumption 4.6 states that the minimum eigenvalue of the population matrix
¥y is bounded away from 0. Assumption 4.7 is the classical irrepresentable
condition which is necessary and sufficient to show model selection consistency
of the group lasso [39, 1]. According to [22] if the irrepresentable condition is
relaxed, the lasso selects the correct non-zero coefficients but it may select some
additional zero components. [28] and [23] considered similar assumptions for
sparse additive and for high-dimensional multivariate regression models respec-
tively. We now state our main theoretical result for the estimator Nn of the
neighbourhood corresponding to the node i € V.

a2, (Spe,0) e <

7.1
NN
i¢N, nn

(4.8)

Theorem 4.1. Suppose that Assumptions 4.1 - 4.7 are satisfied and the regu-
larization parameter X\, satisfies for all i,

) 3/2
n'm?/

n i\ —3/ *1 *1j —
a e S A S () O QOB ) (49)
kn Z]’EN; mapkn ||F 'ENi
JE€N,
where b = min, B e Then,
1—a(2438) wij 2
e n A 2wt 1Br )
Pl AN o (0O B P

where C, > 0.

The proof of Theorem 4.1 is complicated and is given in the Appendix. A
major difficulty consists in the fact that the objective function (3.7) is based
on the estimated scores and one has to establish concentration bounds in the
estimation of the sample design matrix E:mi using the estimated scores, rather

than the true scores (stated as Theorem Al in the Appendix).

Using the union bound of probability and Theorem 4.1 we obtain the following
result that states that the true edge set E, is equal to its estimate E, with
probability tending to 1.
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Corollary 4.1. If the assumptions of Theorem 4.1 are satisfied, we have for a
positive constant Cq > 0

n17(1(2+35) (

B )’

mnkn

P .
A ming_, ZjeN;

2 21,4
n'm_k,

P(E,#E,) < exp (fcl 13 log(pmnkn)>,

where E,, is obtained by (3.8) or (3.9).

Remark 4.1.
(a) Under the assumptions of Theorem 4.1, it follows that

P(E, #E,) =0,
if n — oo, p — oo and
n' TGN, minf_, b)? n'm’ k! log(pm,k.,) P2
W — oo and e =o( min b))
(4.10)

Note that the graph consistency result is achieved when p is much larger than
the degree of each node i € V, n,. For example, if p = O(n”),0 > 0, max,cyn' =
O(n”) with 0 <~ <1, m, = O(n") with a € [0, ﬁ) and k, = O(n"), then,
conditions (4.10) reduce to

log(pm,.k.,) P,
nl—(a(4+33)+l’y+zlu))\n = O(Hl_l{lb ).

(b) In the case of scalar data (o« = 0), the conditions of Theorem 4.1 will be
implied by

oAb, A <@ and ) e loBPk.)

de nn ~
n

— b*i
n)\i ( n) )

which are similar to the assumptions made in [28] and [33] for the analysis of
scalar data by sparse additive models.

5. Finite sample properties
5.1. Simulated data

In this section we investigate the finite sample performance of the proposed
model (AFGM) by means of a simulation study. We also compare the new
methodology with the functional additive precision operator (FAPO) of [16]
and the FGGM of [26], where we consider two scenarios: nonlinear dependence
and linear dependence.

It is not obvious how to construct flexible joint distributions for continuous
random variables. However, joint distributions can be induced via structural
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equation models with respect to a directed acyclic graph (DAG) [24], where each
variable is expressed as a function of some other variables as well as some noise.
Here, we consider additive noise models with additive non-linear differentiable
functions and Gaussian noise [5]. These are special cases of structural equation
models. In particular, given a DAG, G = (V, E), we generate non-Gaussian scores
by following the structural equations,

5
g = Z Z aEh+e, i=1,....p.gq=1,...,5, (5.1)

j€pa(i) r=1

where pa(i) is the set of parents of node ¢ in the associated DAG G, Eg are
Gaussian distributed random variables with 0 mean and f;{n are non-linear and
smooth functions. Next, we moralized the directed graph by connecting with an
undirected edge all parent nodes and dropping the orientations of the directed
edges. This gives us the undirected conditional independence graph of the dis-
tribution [6, 19]. Our goal is to recover the undirected conditional independence
graph.
Then, we generate the multivariate functional data as

Xvi(t-e) = Z ZZf;;(gir)d)q(tc) +E;s7 u=1,...,n, (52)

jEpa; g=1 r=1

where ¢),..., ¢, are the first 5 functions of the orthonormal Fourier basis, and
the errors €, form an i.i.d. sample from a A/(0,0.5%) distribution.

In all simulation experiments in this section, this data has been smoothed to
obtain continuous functions X' using 10 B-spline basis functions of order 4; that
is, piecewise polynomials of degree 3. For simplicity we assume f’(z) = f (z)
for all ¢g,r = 1,...5 and for all (j,4) € E. In all examples, we center f(& )
to have 0 mean, and we generated n = 100 functions observed at 100 equally
spaced time points 0 = ¢,,...,t,0, = 1. We consider directed acyclic graphs with
p = 100 nodes so that 1% of pairs of vertices are randomly selected as edges. We
choose m,, functional principal components scores so that at least 90% of the
total variation is explained. Furthermore, we approximate each additive function
using B-splines of order 4. For simplicity we choose the same spline functions
forallj=1,...,pand for all r = 1,...,m,. For the choice of k,, we follow [20]
and take k, =4+ [/n].

For each scenario, we produce the average ROC curves (over 50 replications)
for a range of 50 tuning parameters for the 3 functional graphical models esti-
mators. To draw the curves, we compute for different regularization parameters
A the positive rate (sensitivity) and false positive rate (1-specificity) which are
defined as

Yieeie, G EEL () ERY L 3o, H(04) ¢ B (1)) EEL

B S 2 (=T S > G /) E.)
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5.1.1. Scenario 1: nonlinear models

We use the following nonlinear models, where the linearity assumption (2.5)
does not hold. We first consider the following model, Model I, used in [46]
1. 8

1 1
Model I: f(z) =144 3z — 5 + sin(27(z — 5)) +8(x — g) ~ 9

For the choice of scores in (5.1), we simulate ¢, independently from the uniform
distribution U[—1/2,1/2] for all r = 1,...,5,i € V,u = 1,...,n. Furthermore,
the errors Eiq in (5.1) form an i.i.d. sample from the normal distribution with
variance 1, that is M(0, 1).

The second example was considered in [20]
Model II: f(z) = —sin(2x) + 2° — 25/12 + x + exp(—x) — 2/5 - sinh(5/2).

The scores £ were simulated independently from the uniform distribution
U[-2.5,2.5] for all r = 1,...,5,4 € V,u = 1,...,n, and the errors €iq in (5.1)
were simulated from the normal distribution, N'(0,1).

For each i =1,...,100 and ¢ = 1,...,5, we define the overall signal-to-noise

(SNR) ratio as

SNR; — E| EjEPai Zr:l qi(fi” )

var(el)

We have calculated these SNRs by Monte Carlo simulation. Note also that the
true graph is very sparse. The maximum number of parents is 3, where 28
nodes in the graph have 1 parent, 8 nodes have two parents and 2 nodes have 3
parents. In Model I, for nodes with one parent, the integral in the numerator of
the SNR, f_ll . f_ll =] SO, f(&i)|d§{ ...d€l, is approximately equal to 17.8,
giving a SNR ratio of 25.3. For nodes with 2 and 3 parents the SNR is computed
as 50.44 and 75.7 respectively. Similarly, for Model II, the SNR for nodes with
1 parent is 6.20, whereas the SNR, for nodes with 2 and 3 parents is 8.75 and
10.70 respectively.

The left and middle panel of Figure 2 show the averaged ROC curves over
40 replications corresponding to the two models. In first two lines of Table 1,
we report the means and standard deviations (in parentheses) of the associated
area-under-curve (AUC) values. An AUC close to 1 means a better performance
for the estimator. We observe from the plots in Figure 2 and from Table 1, that
for the AFGM estimator the areas under the ROC are substantially larger than
for the FGGM, indicating that our new method AFGM dominates the FGGM.
Similarly, the AFGM performs better than FAPO, indicating the benefit of a
sparse and high-dimensional scheme.

5.1.2. Scenario 2: linear model

Next, we consider a model, where the linearity assumption is satisfied, to see
how much efficiency might be lost by employing a nonparametric model under
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™
™

Fic 2. ROC curves ((AFGM (—), FAPO (———), FGGM (---)) for Model I (left), Model II
(middle) and Model III (right).

TABLE 1
Means and standard errors (in parentheses) for AUC for models I and II.

» Models Methods
AFGM FAPO FGGM
I 0.73 (0.02) 0.67 (0.02) 0.59 (0.01)
100 11 0.76 (0.01) 0.70 (0.02) 0.69 (0.02)
111 0.89 (0.01) 0.82 (0.01) 0.90 (0.01)

the Gaussian assumption. The model is generated by (5.1) and (5.2) with
Model III: flz)==

The scores £, were simulated independently from the standard Gaussian dis-
tribution. To implement the AFGM we truncate the scores such that they are
located in the interval [—1,1]. The SNR for nodes with 1 parent is approxi-
mately equal to 0.78, whereas the SNR for nodes with 2 and 3 parents is 1.08
and 1.32 respectively. The right panel in Figure 2 presents the averaged ROC
curves for Model ITI, whereas the third line in Table 1 reports the means and
standard deviations of AUC. We can see that under the linearity assumption the
AFGM is comparable with the FGGM and both methods show an improvement
compared to FAPO.

6. Real data application

In this section we apply the new method to the EEG data set available at
the UCI Machine Learning Repository. The data involve 77 subjects in the
alcoholic group and 45 subjects in the control group. Each subject was exposed
to a stimulus while brain activities were recorded from the 64 electrodes placed
on the subject’s scalp, over a one-second period in which 256 time points were
sampled. See [41] and [13] for more backgrounds of this data. The goal is to
characterize functional connectivity among the 64 nodes for the two groups,
based on the functional data collected from the electrodes.

We choose k,, = 4+ [/n] B-spline functions of order 4 and number of scores
equal to m,, = 5. Since our goal is to capture outstanding differences in brain
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F1G 3. Estimated brain networks by AFGM (upper panels), FAPO (middle panels) and FGGM
(lower panels) for the alcoholic group (left), the control group (middle) and differential brain
networks (right)

connectivity between the alcoholic group and control group, we take the tuning
constant A, to be such that 5% of the (624) pairs of vertices are retained as edges.

Figure 3 shows the estimated brain networks constructed by the three meth-
ods for the alcoholic group (left) and the control group (middle). The right plots
in Figure 3 represent the differential brain networks, where the red lines indicate
the edges that are in the alcoholic network but not in the control network, and
the blue lines indicate the edges that are in the control network but not in the
alcoholic network. We observe that the brain networks have different patterns
for the two groups. For example, we observe for all methods, that there is in-
creased functional connectivity in the left frontal area for the alcoholic group
relative to the control.

7. Conclusions

In this paper, we utilize the idea of generalized additive models to develop a
new nonparametric graphical model for multivariate functional data which does
not require the assumption of a Gaussian distribution. The conditional relation-
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ships among the principal scores in theKarhunen-Loéve expansion of a random
function are allowed to take an arbitrary additive rather than a linear form as
imposed by the assumption of Gaussianity. The additive functions are then ap-
proximated by linear combinations of B-splines. This approximation allows us
to develop a group lasso algorithm to estimate the graph that encourages block-
wise sparsity to a matrix formed by the coefficients in the spline approximation.
We establish consistency of the procedure while both the number of principal
components and the number of nodes diverge to infinity with increasing sample
size. By simulation study and an analysis of a data example, we demonstrate
the applicability of the new methodology.

The proposed model and methodology suggests many directions for future
research. First, the asymptotic results here are developed under the framework
where the order m, in the expansion (2.7) tends to infinity with the sample
size, and it is of interest if similar statistical guarantees can be obtained in
model (2.6) with the infinite representation. Second, the theory is developed
under the assumption that the random functions are fully observed. Therefore,
an interesting and important question for future research is the extension of
the methodology to smooth functions that are observed on a dense time grid
such that the covariance operators and the functions are consistently estimated.
Another important direction is the consideration of the sparse setting, where
the functions are observed on a relatively small number of time points and are
contaminated with noise. In this case, alternative approaches such as [37], [35]
and [25] might be useful and will be further investigated in the future.

Appendix A: Auxiliary results

In this section we state some auxiliary results, which will be used in the proof
of the Theorem 4.1. The next Lemma provides a concentration inequality for
the norm Hflxixi — X i illus, where || - ||us denotes the Hilbert-Schmidt norm.
It can be proved by similar arguments as given in the proof of Lemma 6 in [26]
observing the independence of the random variables £ . The details are omitted
for the sake of brevity.

Lemma A.1. Suppose that Assumption 4.1 is satisfied. Then, there exists a
constant C, such that for all 0 < e < C, and for eachi=1,...,p

P(Hixx — X igillus > e) < exp(—Cyne’).
Let & = (& )ISrS™ ¢ R™™n he the matrix of unobserved scores, and
define o ~ v ~ _
ho(€5,) = (hoa(€0,)s -+ s B, (60,))T
as the vector of the centered k, B-splines functions evaluated at the score &
where

J
ur?

huel€l) = ha(€) = = ST h(EL), k=1, ke (A1)
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We also assume the constraint > _ Z:zl ho (€ )B2, =0,q,r=1,...,m,,j €

qrk
V. Note that this corresponds to (3.3), where the estimated scores ¢’ have been
replaced by the unobserved scores £’ . Let

ur®

H(&) = (B (E))icucnnzrzm, €R, (A2)
0T (e") = (H.(¢),5eN)eR>" " (A.3)
and define
n 1~ N N n kX1 knman
ZNiNi = EHn(g JHL(E") eR ) (A.4)

which is the sample analog of the matrix E:ﬁm defined in (4.5). Similarly, let

& = (&, )1<cu<n.i<r<m, be the n x m, matrix of the estimated scores, and

(&%) = (H,(€),5 € N') e R e, (A.5)
where
H, (&) = (RL(E)))1cusnisrem, € R (A.6)
and h,,(€]) is defined in (3.5). Then,
S 1 ] AN 2N ni "m,"xni SnMn
S = SELEE) e re (A7)

is the estimated version of the sample design matrix E: . in (A.4). The next

result provides tail bounds for all entries of the matrix f);’iNi — E;;Ni.

Theorem A.1. Suppose that Assumption 4.1 holds. Then, there exists a positive
constant C, such that for any § > 0 satisfying 0 < § < C, and for all (i,7) €
VxV,i# 4, r,q=1,...,m, and k,£=1,... k,, we have

PSS ()~ sl hlel) | 29)

u=1

< exp (—Clnlw(ﬂgﬁ)kz;zéz) :

Proof. First, we have

’ Z (il‘nk (é:,)ﬁnl(éjuq) - il‘nk (527-)il‘nl (gjuq))’ S Tl + TZa

u=1

where the terms T, and T, are defined as

L= | b€l (al€) = hunl€l)

)
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7= | S hle) (@)~ huel) |

u=1

Consequently, for any § > 0,

(‘Z( € €L) = hunl€l)hua(€2,)) | = 200)
< P(T, > né) + P(T, > nd), (A.8)

and therefore it is sufficient to derive inequalities for the two probabilities on
the right-hand side of (A.8).

(a) We start with the probability P(T, > né). By the definition of &, (€. )
and h,, (€ ) in (3.3) and (A.1), respectively, and some elementary calculations,
we obtain for any § > 0

P(T, > n8) < P(T., > %5) +P(T > %5)

where

T, | z ho(€), ) (hi(EL) = hu(€,)

T = o Y b€l Z hul€.) = hut€,)]

v=1

We now derive a concentration inequality for 7},. By Cauchy-Schwarz inequality
and using the fact that |h,(£],)| < 1 we have

P(Tnz—) <P(Z\h ;,.)22%52),

and Taylor’s expansion gives

h(€.,) — hu(€.,)

- | % (e e (A.9)

where £ lies in the line segment between f and £ . From the derivative formula

ur”®

of the B-splines (see [7], Ch.10) there exists a constant M > 0, independent of
n, such that for all k =1,...,k, and = € [-1,1],

‘8}‘5;57)‘ < ML,, (A.10)

where L, is the number of knots. As a result, using (A.9) and (A.10) we obtain

P, > ) < P Ihull) — bl ) = 220)

u=1
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<P(X ez ).

u=1

Recall that éi = (\)7HXL ) and €, = (X)7*(X[,0]). Then,
=&, =) XL ) - ()X 8)

()77 = )X 00 + () (XL 6, — ¢,)

IN

By the Cauchy-

L= <10
< I8 =™

+( i)—1/2
+(\)d

HS»

—Xi z||HS [see Lemma

4.3 in 2] and assume w.l.o.g. that ¢’ can be chosen to Satlsfy sgn<¢r, ¢.) =1 (see
the discussion in Remark 2.1). Using the inequality (a+b)* < 2(a”+b°),a,b € R,
this implies

n

Riy—1/2 —1/22 ’I’L52

o . - nd’
+ P07 @) 1505 = Byelline > 13777 )
(A.11)
We now consider the first term at the right-hand side of (A.ll). Observe that
S =>" A Zu 1( ' )%, and recall that ¢ € [—1,1] with E(f )=

1, E((f ) ) = 1. Thus |(f )*—1] < 2, which implies that for eachr =1,...,m,,
Zzzl((&ir) —1) is a sub-Gaussian random variable with parameter proxy o’ =
4n. Consequently, we obtain by Theorem 2.1 of [3]

" 2k

E{3 (€. -1} <k@6n), k=1

u=1

Using the convexity of the function x — z** and Jensen’s inequality, it follows

9" = B ixi i((f:;mf )
<SaE{ e -0l

< EN(16A2n)", E>1,

where A, = sup,_, >._ AL < 0o (due to Assumption 4.1). Hence, from Theorem
2.1 of [3], we obtain for all e > 0,

i 2

PO = BIXI) 2 ) < e (= 53 )

u=1
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Furthermore, E(>"_ ) < n),. Thus, for all €/2 > n\,,

n n .
UIERS ) < ( iz UIENES ) < (_ € )
PN 2 ¢) < (UK - EIXI) 2 ) < e (- gz
(A.12)
Now, we obtain for the first probability on the right-hand side of (A.11)

P(Mi)_w a 1/2‘22 = 16M§2L2)

PG = (0) ) 2 ﬁ) +P(i I = ) (A1)

Define the event Q) = {||fJXX -3 ~6, }, where 8, =
min, <<, {\. — AL,,}. Assumption 4.1(i) implies &, > d;'m,""" leading
to

i c &
P, ) <SPS s — Di

mnp

s Z 2—1d2—1m;(1+6)) 5 eXp( C nm, 2(1+B))’
(A.14)

—(H—B)

for some C, > 0, where we have used Lemma A.1 with § = 27'd;*
Furthermore, from Lemma 4.43 of [2] we have on the event Q.

—Yiilles €276, <27'A .

r>1

L

This implies )\ ” )\i < 2X! and

00— ey < L= AOI oo,
A+ )

This together with (A.14) imply that
fiel )
iN—1/2 1/2
PG ™ =)™ = gy

< P((|<&:>*”2 =) 2 ) A,) + P,

< P((W-x1 > S
SN2

P((Ilixi ~ Sl > ) + P,

where we used Lemma 4.43 of [2] for the third inequality. Therefore, from this,
Lemma A.1, (A.12) with € = ;% and the fact that d,r~” < X!, the right-hand
side of (A.13) can be upper-bounded by

3/2
w2 )+P(Z||X 2 ) + P,
(A.15)

) T Pe,))

H((DRE
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< exp(=CinL, *m. **6%) + exp(—Cyn) + exp(—Cynm, "),
for all 0 < éL;lm;‘w/Q < () and some positive constants C,, C, and C,.

For the second term on the right-hand side of the inequality (A.11) we use
Lemma A.1, (A.12) and the fact that (d')~* > -2m_'"?, to obtain,

22
i)

%)(zn Iz )

(A.16)

PO @) 180y = B Y

P(||2Xi S

< exp(—Cyn) + exp(—CynL *m_ @7 6%),

n

for 0 < 0L, 'm,*"*""* < C; and C, > 0, C; > 0.
Combining (A.15) and (A.16) we obtain for all 0 < 6L 'm*** < C, the
inequality

P (T, > né) < exp(—Cin) + exp(—=Conm_ ") + exp(=CynL *m, “7*75%).
(A.17)

We now consider the probability P (T}, > nd). Using the fact that |h,(¢),)| <1
and Taylor’s expansion (A.9) yield

A .
51 51
ur ur

né )<P(z":

u=

P (Ty, > nd) <P<‘Z €)=

5 nd
> 7)
= 4ML?

where we have used the Cauchy-Schwarz inequality. Therefore, by similar ar-
guments as used in the derivation of the bound for P (T;, > nd), there exist
positive constants C,, C5 and Cy such that for all 0 < 6L;1m;35/2 < Cs

P (T, > nd) < exp(—Cyn) + exp(—Cynm_ >V + exp(—=CsnL *m_ 7 6%).
(A.18)
Combining (A.17) and (A.18) and choosing suitable constants, we obtain for
0< 6L 'm >* <0,

P(T, > nd) < exp(—CinL, *m,***6%). (A.19)

(b) To derive a bound for the term P (T, > nd) in (A.8) we use the decomposi-
tion

~ ~

P 2 08) <P(| 3 (Rl =l (b€l - Rul) | 2 )

+p<‘ Zh ¢ (~nz (&) =T (5;)) = %6)
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nd nd
—P(Tgl > 7) +P(T22 > 7)7

where the last inequality defines the terms T,, and T,, in an obvious manner.
For the second term, we obtain by the same arguments as used to estimate
P (T, > nd) for any 0 < 5L, 'm_**"* < C,,

P(T22 > %6) < exp(=ConL, *m. 767,

For the first term, we use the definition of the centred B-splines in (3.3) and (A.1)
to obtain for any § > 0

P(T. > %5) < P(Tu > %5) + P(To > %5) :

where

m_\z( (€)= () (he@l,) = hul€l)

S () hu(€)) || 3 (@) — hatel) |

u=1

Thy = n!

To derive a concentration bound for the first term, we use (A.9), (A.10) and the
Cauchy-Schwarz inequality to obtain

n

né ; PN ; né
P(T211 > Z> < P(z; £ —E, —¢,l > W)
TL5 < —<2+m)
<2P(Z|sw— €. 2 ) Sew(-CnL,” o),
for a positive constant C, such that for 0 < §"°L'm_**'* < C,. Here the last

inequality follows by the same arguments as used for the bound of P (T}, > nd).
Finally, for the term P (T}, > %) we have

(= ) 2P| 3 (€ - 1) | 3 (1€ - i) |2 )

Thus, we can apply similar techniques as used in the derivation of the bound
(A.17) with 22

P(Tm > %5) < exp(—CunL *m_ "),

for 0 < 6"°L'm.*""* < C,. Comblmng these results with (A.8) and (A.19)
and using the fact ‘that m, < n” and k, > L,, we obtain the assertion of the
Theorem. O
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Theorem A.l states that the elements of the matrix iNiNi — E:W exhibit

exponential-type probability tails. We also observe that the decay rate B of the
eigenvalues appears in the tail behaviour. A similar condition of exponential
tails is imposed on the elements of the sample covariance matrix of scalar and
functional Gaussian data for the analysis of high-dimensional Gaussian graphical
models [see, for example, 29, 26].

Proposition A.1. Suppose that Assumptions 4.2, 4.3 and condition (4.7) are
satisfied. Then, there exist functions f:qr = ZZ; B
c1,C1, such that

i and positive constants

k72d ;
P(QC) < 2exp ( - C, _n = + log(n mi)),
n'm

n
where

a={ |
= max max ——=
jent 1Sar<mn /N

i P P T =i S . i . T
and fqi = (fqi( ir)v LR fqi(gixr)) ’ fnjqr = (fn]qr( ir)’ ) fn]qr(fir)) .
Proof. By Assumptions 4.2 and 4.3 for any f;j € % ., there exists a B-spline

£~ Bl < ek}, (A.20)

r

g = S B R, €S,y and a positive constant ¢, such that
£, = g
(see Lemma 5 in [32]). Let £ (&1,) = g7 (&l,)— 132" g2 (¢,). Then recalling

nqr n

the notation (A.14) we have f7 (&) = Zt; B h(€3.), and we obtain

nqr qrk

L < clkfd

= n

1 i Tid - 1 - iJ (¢d :
~ll€ — Bl < 260k, +2( - g (€l)

u=1

n n

<ack +a( S0 — £E) (Y riE)

— u=1

u=1
<6 zkfzd 1 . ij (I :
= bGR, +4 Ezfq’r'(fur) .

u=1

From this, condition (4.7), Hoeffding’s inequality and the union bound, it follows
with an appropriate constant ¢y > 0

1 iJ¢d pig 3N (12 2, —2d
- - >
Pmax max ZI5(€) = Fi (€I 2 <lk™)
=~ faEl)
u=1
—2d

k i
< 2exp (= gay + log(n'm))).

n

< P( max Imax

jen 1Sar<mn

> CZkJ_d)

n

which completes the proof. O
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A.1. Rates of convergence for sample design matrices

In this section we show that if Assumptions 4.6 and 4.7 hold, then with high
probability, the assumptions hold also for the corresponding sample matrices

EN'iN'i - _Hn(gN")HI(gNn) E Rn knmnxn k"m"7
nn TL
O 1_ (A.21)
S = CHI(E)HL(ER) € REvmnxkuman,
n n

where H, (¢') and H,, (") are defined in (A.2) and (A.3), respectively. Note that
the matrices in (A.21) are based on the unobserved scores and are the sample
analogs of the matrices X, ; and Z;Ni in (4.5) and (4.6), respectively.

Lemma A.2. Suppose that Assumption 4.6 holds. Then, there exists a constant
C, > 0 such that for any 6 > 0,

nd*
(n'm,k,)*

P (HZ:;N; - Z;ﬁNi e > 6) < 2exp ( - C, + 210g(nimnk‘n)). (A.22)

né’

P (Ami“(zz;'wﬁ) < Con — 6) < 2exp ( - Clm + 2log(nim”k”)).
(A.23)
Proof. Weyl’s Lemma yields
R (Erge) = o (Ee) < %50 = el < IE50 = Epele
and by Assumption 4.6 we have,
P (Muin(S0) < Cow = 8) < P (1180, = Sraille = 9). (A.24)

By definition the n‘m,k, x n'm,k, matrix E:i ¢ ZNN contains elements of
nNn N

the form
Wi = LS (€)h(€?) — BV E))
w1
which can be rewritten (recalling the notation (A.1)) as A, — A,, where
A== Zh (€)= B(hi(€ ) ha(€7)),

A= Z Z (€ Vhe(€2,) = E(h(E)) E(ho(£)).

up=1ug=1
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Next, observe that the summands of A, have expectation 0 and are bounded
in absolute value by 2. Therefore, by Hoeffding’s inequality, for any ¢ > 0, we

have P(|A,] > €) < 2exp(—me

755)- Moreover, the term A, can be written as
-1
= Ay + Az, where

n

A, = % S he(€)h(€2,) = Blha(€2 )h(€2,),

nin—1 =
is a U-statistic and A,, = # 221:1 hk(§i11q)he(§ﬁ) — E(hk(fillq)hz(fﬁ)) Con-
sequently, by Hoeffding’s inequality for U-statistics [10], for any € > 0, P(] 4| >
2

€) < 2exp(—75g), and it is easy to see (due to the additional factor 1/n) that
A,, satisfies an even stronger concentration inequality. Therefore, it follows that
for any € > 0

P (W52 >€) < 2exp (—Cine’) (A.25)

ké,rq

for some constant C'; > 0. Thus, the union bound over the (nimnkn)2 indices and
the choice of € = —2 — in (A.25) yields (A.22). Finally, the assertion (A.23)

T MpRn

follows from relation (A.24) at the beginning of the proof. O

The next Lemma guarantees that the matrices defined in (A.21) satisfy the
irrepresentable condition in Assumption 4.7 with high probability.

Lemma A.3. If Assumption 4.6 and 4.7 are satisfied for some 0 < n <1, then

n

1 n
ez 2 ) < —C\ 57— +21
) e W)Nexp< c kL) + og(pmnk:n)),

where C, is a positive constant that depends only on C., and 7.

P( max ||E:jN§ (=7

i1
NN
JEN non

Proof. First, we decompose

ma [ (500 e < max (57 (57,07 = 20 (85 e

j 1( Qi
E N|'| NI’|N|'|

o NaNy o NaNy
+ max 1% (i) Ml
n
By Assumption 4.7 we have max i E;W (E;iNi)_lﬂp < 3/7% and it suffices to
consider
n n —1 * * —1 n
Pmax 57 (S ™ = o (Sl 2 7).

. s n n -1 * * -1 _
FQr th1§ purpose we use the decomposition Zsti(ZNzNz) — EEjNi(ENiNi) =
T! +T; + T, where

n —1 * —1 J n * * —1
1T N ((ZNiNi) - <ENiNi) ) » I = (EEjNﬁ - Esti) (ZNiNi> ’

n'Vn

n
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J o n * n -1 * —1
T3 = (B = o) ()7 - 07)

&N,

and control the probabilities P( max i T s > \f) separately.

(a) For the first term 77, we use the identity A=t — B~! = A=}(B — A)B~!
and obtain from Assumptlon 4.7

max [T} e < max |55, (S0~ lell (S = Si) (i)~ e
JéN JEN, n'n
(1 B ) n n -1
< = el ) 7 e

TV
Thus, defining the event T = {[|(X" ;) ~'[|. < %} we obtain
n 1 77
. >__ 1
)l 2 g )
n * ncmin C
P = Toalle 2 o) + P (T°)
< PR = Zille = 12(1 —n) +PAT
+ 210g(nimnkn)),
(A.26)

P(r]I;aNXHTJHF > #) < P<||E -2

n
S‘*QXP(—QW

where we used Lemma A.2 with § = 138‘“‘“ and § = =min for the last inequality.
n)

(b) For the second term 77, we have

max |7 |l» < |(S5;,0) 7" o max [0 = B3 e < Ol max [0 — 25 e
FEN, FEN, " JEN,

where we used Assumption 4.6 in the second inequality. Thus,

77 * ncmin
P(maX T) 2—)<P(max " 1—2/» Z—‘)
Jgn IZ:1Ix 6vn' 1=, 5JN"”F 6vn'

Now, using similar arguments as in the proof of (A.22) in Lemma A.2, we can

show
2

> 5) < 2exp ( -C nlné +log(n'm_k )) (A.27)

n *
P(llngN: _ZJ'N:'] F mik’Q nVn

3

for some positive constant C; > 0. This bound with § = 222 and the union

o
bound yield
P(max T > ) < (p—n )P (IS0 — T e > 1)
JgN, 6v/n' €Ny, &Ny 6vn'
<2exp (=Cu s + log(n'mi ) Hlog(p — ') ).

(A.28)
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(c) For the third term T7, we have

J n n 5 n
P(max T’ 2—)§P(max X=X e > )
JEN, 17 e 6vn' JgNy H €N 1 6vVn'
n -1 x -1 n
+P(H(EN;‘N;‘) — () e 2 m) (A.29)

Using (A.27) with 6 = | \;7 we obtain for the first term on the right-hand
64/ n’

side of (A.29)

P(maXHan )
i £ N,

N
JEN, €M

n
¢ > 6W> (A.30)

S e (= G+ logln' k) + log((p = n)miK) ).

n' ) Pm2k?

To derive a bound for the second term in (A.29) we apply the same arguments
as used for the term 77

n -1 * -1 n
P00 = ) e 2 /o)

§exp(—01 W2 log(nimnkn)) +exp (— Clm +2 log(nimnkn)) .
(A.31)
Thus, from (A.29), (A.30) and (A.31) we obtain
P(max T3y 2 o) (A.32)
S0 (= O gy + 0B M) + log((p — )y K)))
+ 2exp ( - C’IW + 210g(nimnkn)> (A.33)
+ 2exp ( — Cl(nimnw + 210g(nimnk‘n)).

Putting together (A.26), (A.28) and (A.32) and using the fact logn’ < log(p —
n') <logp (since n' < p) we conclude

n 0oy 1 n
P(ma}:( ||2£_7’N:~; (ZN:‘N;) 1||F 2 \/_? ) §2exp( — CIW + 210g(pmnkn)),

JEN, n

for some positive constant C, that depends on C,,;, and 7. This completes the
proof. O
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A.2. Proof of Theorem 4.1

We begin establishing the model selection consistency given that Assumptions 4.6
and 4.7 are satisfied by the sample matrices defined in (A.21). In particular we
define the event

N = {E::;N:;, E:jN:; satisfy Assumptions 4.6 and 4.7} (A.34)
and state the following result, which is the essential step in the proof of Theo-
rem 4.1 and will be proved in Section A.3 below.

Proposition A.2. If the assumptions of Theorem 4.1 are satisfied. Then,

o n' O e 1B (le) _
P(N, # N, NA) Sexp (=€, ot 2 g log(n'm, k) ).

n'm>k*
(A.35)

n’n

where C, is a positive constant.

We have
P(N! # N}) < P(N! # N} and ) + P(N°)

where the first probability on the right hand side can be estimated by (A.35).
Moreover, by Lemmas A.2 and A.3,

PN®) < exp ( - C, " -+ 210g(pmnkn))

((n)*"*m, k)

n
+ exp ( - C’lm + 210g(pmnkn)>,

and this proves Theorem 4.1.
A.3. Proof of Proposition A.2
We follow a similar strategy as in [1] and [14], who showed consistency of the

group lasso in a reproducing kernel Hilbert space framework. First, we consider
the following alternative form of the group lasso problem (3.7)

M e
i+7(ZHB

J#i

PL.(B',§) = —||€ —HL( B’ o). (A.36)

L
2n

Because the function z — 2, > 0 is monotone, problem (A.36) leads to
the same regularisation paths as problem (3.7) [see 1, , page 1187 for more
details]. To derive the Karush-Kuhn-Tucker (KKT) conditions, we recall the
notations (A.3), (A.4) and define the matrices

2 1 ~ AN © ’\j ’n.i mnp X m

Sho = JHLEMH(E) eR I (A.37)

N &
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&n ]- FTT /&9 & knmn Xmn,
Egjii - ﬁHn(f )5 S R (A38)

when j # ¢ and

1.1
N, &

& 1 i n mp Xm
Sie = -H H,(8M)E e R Fnmmxmn (A.39)

where the matrices H, (¢’) and H:,(é”) have been defined in (A.6) and (A.5)
respectively. We also denote by E;igj, DI Z:igi the versions of (A.37), (A.38),

et
(A.39) that use the true scores &' instead of the estimated &' (see also equa-
tion (A.7)).
Lemma A.4 (KKT conditions). A matriz B' = (B”,j € V\{i}) ¢R®~Vrnmnxmn
with support N is optimal for problem (A.36) if and only if

A~

(S +AD)BY =50 =0, forallj €N, (A.40a)

1857, B — £l < A, ZHB”

JF#i

e, forallj &N, (A.40b)

where E",-N,- is defined in

i (A. ) B = (BY,j € N) € Rt knmnXmn g — (Bir, :
1<q¢r<m,1<k<k,) a

Dyi = diag((ﬁ )J7 cjeN:! D)

S B I

is a block diagonal matriz with n' elements (ﬁNi)jj = =B lema €
n F

Rknmn Xknpmn

The idea of the proof is to first construct an estimator BN:‘ by minimizing the
following restricted problem given the true support N'. That is,

A ?

B:" = argmin{ﬁzNi(B,f) :B e Rmc"m"xm"}, (A.41)

where

_ U T
PLN;(B7£) = %Hg _HT( B”F

(Z 1871) (A.42)

(note that f’zN (B, €) corresponds to the function (A.36), where we put B =0
whenever j ¢ N,i)’ and to show that the minimizer in (A.41) is “close” to the
true matrix BZNg defined in (4.3). To achieve this we use similar arguments as in

[1] and construct another auxiliary estimator B:; that minimizes the restricted
penalized function, where the group lasso penalty in (A.41) is replaced by an

B is defined by

n

{,-type penalty. More precisely, B

B:: = argmin{fP\fJNi(B7£) “Be Rniknmnxmn}, (A.43)
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where

PL(B,§) =

(¢ fB||F+f(Z|| By le )(ZH L IIF)

mapkn

We now proceed in the following steps:

(a) In Proposition A.3 we show that the distance ||B:ﬁ — B;Nﬁ ||le is small with
high probability. . '

(b) In Proposition A.4 we show that E:" is close to B with high probability.

(c) In Proposition A.5 we use this result to derive a concentration bound for
1By = B™ e , _

(d) We then construct the oracle minimiser (B",0), where B™ is the min-
imiser of (A.41) and O consists of (p — 1 — n") zero k,m,, x m, matrices.

(e) Finally, in Proposition A.6 we show that the oracle minimiser is optimal

for the restricted problem (A.41) given the true support N’; that is, it
satisfies (A.40Db).

The minimisation problem (A.41) is convex; however, for p > n, it need not to
be strictly convex, so that there may not be a unique solution. Nevertheless,
the next lemma shows that the matrix Z:iNi defined in (A.7) is strictly positive

definite with high probability, and hence the objective function (A.41) is strictly

convex, and thus B™ is the unique optimal solution.
Lemma A.5. There exists a constant C, > 0 such that,

1—a(2438)
len

i) 21 e (= O

PN (Ss0) = +2log(n'm,k,)).

2

Proof. By Weyl’s Lemma, we have A, (2" v )< A (X7 vin )+ HZ:;N;’ -

Nyt
and we get
- Chain Cuuin S Cuuin
P(Bn(Eg) < = and A > =52) <P(I5] = Bl = ).

1 Cmin
T (nPmnk,)? 4

over the (n'm,k,)” index pairs of the matrix XA];LW — E;Z,-N,-, yields for some

Furthermore, using §° = in Theorem A.1 with the union bound

positive constant Cy
1-a(2+38)

nn

P(||i";- -
NnNn

i e > OZ'“) < exp( C, + 210g(nimnkn)).

The assertion now follows by the same arguments as given in the proof of
Lemma A.2. O
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Proposition A.3. Suppose Assumptions 4.1-4.6 hold and the regularization
parameter X, satisfies

n'm,” 2
S e 2 1B (A.44)
n min jEN:;

If Amm(f]", ;) > %, then there exists a constant ¢, € (0,1/2) such that, for

NINY

any 6 >0 nscnztisfyz'ng

m\/ﬁAn Z 1B, i, e < €0, (A.45)

JEN,

we have for the minimizer of (A.43)
nl—a(2+35) 2

n’n

P(|B% - B

P> 5) <exp ( -C + 210g(nimnkn)),

where B;Nz is defined in (4.3) and the constant C, satisfies 0 < 6 < C,.

Before we start with the proof we note that condition (A.44) refers to the
spline approximation error from including only k, terms and the second condi-
tion (A.45) represents the bias due to ridge penalisation.

For the proof we use similar arguments as given in the proof of Proposition
2 of [15]. The main change that we need to consider is the approximation error

of the additive regression functions by splines. First, the minimizer B: defined
in (A.43) is of the form

N g Py Tan
By = (S +ADy) S,

where D;f‘ is a block diagonal matrix with (D;ﬁ)“ = ZZ; 1B e/ 1B
lleLi,,m,» 4 € N as diagonal blocks, and the matrices ZA]:N and izs are defined

in (A.7) and (A.37), respectively.
A simple calculation shows that

SN N}
1B, - B,

p T+ T, + T,
where the terms T3, T, and T, are defined by

(
T = [{,

T3 = H(E:7N7 + AHD;i)ilzni i B*N::

Np & n

T, = |

|,
N, F

Sy * \—1/,&yn n
Sri +MD) " S =T )
(

F)

.
* —1 n * —1 n
i TAD) T = B T AD)

N

P
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Thus, for any § > 0, P(HBNi - B;N':HF > 30) < le P(T, > §), and it is suffi-
cient to derive bounds for the three probabilities corresponding to the random
variables T}, T, and T;. Starting with T} we have

ATL * — A’V‘L n 4 A’Vl n
Tl < ||(EN$N$ + )\,LDN:.‘) 1H2‘|EN:Ei - ZNiéi F < C HZN;SI — ZNigi F
where we use the fact that
& Cs’min
1Zgiille = =

on the event A and that (f]’N’,iN,i + /\,I,D;i)_1 =< (igiNi)_l. Therefore, using

Lemma A.2, similar arguments as given in the proof of Theorem A.1 and ap-
plying the union bound over the n'm?k, pairs, we obtain

- n Crain0
P(T, > 6) SP(HEW el = — )
n17a(2+35>52 . (A'46)
< _ T
=~ exXp ( C1 nlmik_: + log(n m”kn)),

for 0 < ﬁ < C, with C; > 0 depending on C.;,. To derive the bound for

the probabiﬁty P (T, > §) we use the identity A~ — B™' = A" (B — A)B™" to
obtain (on the event A)

T, < ||(E:§N§ + )\TLD;;‘)AHQH(EZ;'Ni - E;iwi)(zziwi + )\HD,Z;')AE:;'Ei F
4 n n n * \—1lgn
17— S el (s + A D) Sl (A.47)

T,
N &

<

Recall the relation (4.1) and let

mnp

w,, =D > (€)= Pl E)s a=1. . omu=1...n  (Ad8)

Lt or=1
JEN;

where qur denotes the function from Proposition A.1. Then, we can rewrite
relation (4.1) in the form

¢ =HI(EMB" +uw' +¢ e R,

where w' = (wi,q)lsusfvwls%mnv € = (Ej‘,q)lgugn,lgqgmn € R™*™Mn and HI(SN") is
defined in (A.3). Furthermore, by multiplying from the left the above equation

~ Ni
with % we obtain

v e e HLE) L HL(E)
ZNzgi = ZNiNﬁB" + n w + n €, (A49)
N FIT I i HT ’ i
¥ =% B — (8 )w _ M )e. (A.50)

1343 EIN, T n n
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where the matrix X" g is defined in Section A.3 and E = (E"igj T

representation and the triangle inequality we get

[I(E ”—i—AD) 'Y

"l

< (S + A D) B e+ (2 + D)

. o BLE)
+ H(Zmimﬁ + )\"LDN:) ITG H2
As a result from this and (A.47), it follows that for all § > 0 (on the event N)
) 0 5
P(T, > 8) < P(T, > 5) +P(T,, > g) +P(Ty > §), (A.51)
where
T =g — 15 ¢ = S Il (S + A D) S B o,
4 e oo (") |
Ty, :c,,,i,,”ENiNi (2 vt A D, ) ! w'|s,
4 & * o\ — I:'In(gNﬁ) @
T = €5 = Sl IS + A D) 220

Next we derive upper bounds for each of the probabilities in (A.51). For Ty,
observe that

4 an
[P
N, Ny

4 em n
||E it ENiNi

Cmin n

NnNp

T <

i

3 —1gn *N
= Elle (g +AaDy) S5 118,
F K Tyt Il2 2

N w2 S 121

in

\/\EQ

Fy

where the second inequality uses the fact that HB;Ni » < 0o and that the norm
(2 ni N + A D*.)flE:i ill> is bounded by one. Therefore, it follows from Theo-

n

rem Al with & replaced by % and the union bound over the (n'm,k,)*
pairs that o

1) A oC .

_) < P(||E"i = e > C_)

3 NN, Np N, 12

nl—a(2+3[—])62 (A52)

Y;Ejgggizéf +‘21Og<niﬂ1nkn)>7

for 0 < - < C,, for C, > 0 depending on C;,.
For the term T,, note that

P(Tm >

Sew(-c.

JEL(€)
\/ﬁ

JHL(¢)

||(Z;:|N:‘ +AnD;i)_ )

s < 1(Z) e = A (s

i )
N, N,

(A.53)
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where we used Lemma A.2 for the last inequality with § = m‘“ . Thus, (on the
event N) the term T,, can be bounded by
25/2
T Sm\lﬁ i T Sy ||\/—||F

Recall the notation of w’_ in (A.48) and the definition of the event € in Propo-
sition A.1. Then, if the event ) holds, we have,

PP R - AT
||ﬁqu=—;; ) ZZ(ZZ HGOES MG

mp mp

< ZZZZ (€)= Fo(€)

g=1 r=1 u=1

JEN

mp Mmp

Tl m
E E E max max
i 1<q,r<mn

Jequrle

£ F

qr qr

2 < Cl(ni)2m:k;2d7

(A.54)
and by assumption (A.44) it follows that on the event 2
1 2 wig
||%w [ < Ve oM SIB e (A.55)
T jend
As a result,
0 i o " 5 ¢
P(1.23) < P((on) Vahe SIBL I8 — Tiglle 2 3) + P(O°)
i JENn
1—a(2438) wij —2¢2
n ()\n Zj i mp kn F) 6 i
S eXp ( - CS (ni)Qi':ler k_4 : + 2 ].Og(n mnk'ﬂ>>
(A.56)
n i
+ exp ( = C3W + log(n mi))

for 0 < d(X. 2, i | B:7||s)~* < Cs, for C; > 0 depending on C,,;, and ¢,, where
we have used Theorem A.1 and Proposition A.1.

We next derive an upper bound for the probability corresponding to the term
Ty; in (A.51) noting that (on the event N)

NPT, : RO
T S 02 ||E 7EN:;N:; F TG

min

. (A.57)

~ N:’; .
The (4,7) element of the matrix H“% J¢' can be written as an i.i.d sum of the
form £ 3" h,.(&,)€.,. Thus, by Assumption 4.4 it follows that

(B MR

u=1

> e) < Qexp(—C5n62),
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for any € > 0. Therefore, by applying the union bound over the n'm’k, gives
A, (£")
P(]

i
— €
n

P> e) < 2exp ( - C; + log(nimi/kn)) (A.58)

i 2
n'm;k,

Using this inequality with e = C.,;,/6, (A.52) and (A.57) gives

5 nl—a(2+3[3) 2 )
P(T> 5) Soxp (= Ot + 2log(n'm, )
’ (n)*m, k, (A.59)
n i
+ exp ( — CSW + log(n mikn)>,

for0 < ni"f ; <C,, for C, > 0 depending on C,,;,. Therefore from (A.52), (A.56)
and (A.59) it follows that

nl—a(2+3[3) 2

>8) < _onr 0

P(Tz = 5) ~ €Xp ( C, (nl)zmiki

n i 2
+ 2€Xp ( — CSW +10g(n mn)),

+ 210g(nimnk;n)) (A.60)

for 0 < —2 : < C,, where the first term dominates the second one because of

n MpKn

Assumption 4.5.
Finally, we derive an upper bound for the probability involving T;. Using
representation (A.49) we obtain

T, <T3; + T3z + 133, (A.61)

where

Tsy =|(Z0, + A D) 'S B — B,
Ty =[(S +A.D;) %

i
w' |,

. L HLE)
Tas =[[(Z: + A D) 1#6 -

For the first term T3; (on the event A)

Tsy = M |(S5 o+ AD5) ' DLB™

2 iN1/2 wij 0

< A B J <
=g Zj Boniale = 5073 2y
JEN,

F

where we used condition (A.45) with /¢ = ﬁ — 1 and the fact that
*1J . .
diag % :j € N)|l» = (n')"?. Moreover, by applying the same ar-
HB J n

mpkn HF

guments for deriving the bound of T}, and by using (A.53), conditions (A.44)



Additive functional graphical model 6213

and (A.45) it follows that on the event

1/2 nimi/z i \/C—l
Tyo < /oy | —— o A Z IB:7 e < %T\/c_)é'

For T33, we have

2 Hﬁn(g”i)a
C

min

Therefore, inequalities (A.61) and (A.58) imply that for all § > 0

T33 <

=,

HEZ&SPQfHE%QHMZ) P@)

< 2exp ( C’ — + log(nimi)),

(A.62)

2 k2d

n n

for C3 > 0 depending on C.,. Thus, by (A.46), (A.60) and (A.62), we have
shown, for any é > such that 0 < 6 < C;, and 0 < § < C,

nlfa(2+3ﬂ) 2
i 2
—————5— +log(n'm_ k ))
i 21.3 n''n
n'm.k;
1—a(2438) ¢2

2

P(|B" - B:™

ez 0) sexp (- €,

+ exp ( - C. + 210g(nimnkn))

+ exp ( —C, + log(nimikn)).

n
n'm’k,
Since the second term dominates the first and the third, the assertion in Propo-
sition A.3 follows.

The next proposition brings B’: = (B”,j € N!) close to BS = (BY,j € N),

n?

from which we can establish the concentration inequality for B:;.

Proposition A.4. Let B " be the minimiser of (A.41) and B:i be the minimiser
of (AA43). If Apin(37 ) > > Omin then,

NpNp

*ij
mnkn”F’

S ) B - B

min

e _
|B," — B,

IS

B*ij

mnkn

where b" = min__
JEN,

-
Proof. The idea of the proof is similar as in the proof of PI‘OpOblthn 3 in [15].

Consider the sphere S,(0,) = {B € R" e 2 ||B — Bn
(0, )nen is a positive sequence of real numbers. For € € [0, 1] let

f(€) = PLy (Bl + A, &),
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where the function PL i is defined in (A.42) and A = B— B . A straightforward
calculation gives for the first and the second derivatives of the function f(e)

Fle) = —(5 o A + (A, 5 (B + ed))s

+ A, Z 1B + €A’ Y (B + €A, A" || B + €A™ ) .

i

keEN,
P . ~ . . 2
B(e) = (4, z;zNiA>F + )\,L(Z IBY + eA’||; (B + e, AJ)F)
jENf‘
+ A D IBY A+ eA e D AR IBY + A"
jen! keN!
— A B+ eA e Y (B + A", A L|IB) + eA™|7)
i keNi

n

where (-,-)» denotes the Frobenious inner product and %" Nt f]N , are defined

n

in (A.39) and (A.7) respectively. By construction, f(0) = PLN (B nl,f ), f(1) =
ﬁZNf, (B, é) and by Taylor’s theorem, we have for some € € (0, 1)

=7 i =T AN 4 ; f €
PL,(B.&) - PLy(B.&) = 1) - f0) = f0) + 120 (asy)
The Cauchy-Schwarz inequality yields for any B € S,,(4,,) and € € [0, 1]
r i Jy—1/pij J J 2 Cmin 2
F(@) 2 (A A + A (X el BY + (B + e A'), ) = 22,
(A.64)

On the other hand, by Lemma A7 in [14] it follows that
0l <A 1B = B eI B = Bl
jEN: keNi

xij xik —1) Hij *ij
+ 1B, el B, e 1B — B

mnkn

B = BYle].

A further application of the Cauchy-Schwarz inequality gives
0 <A [n' Y |IBY =B, lin' > |BY = B2
.7EN:; keNf‘

xij i wij wiy —1 5ik k
AN B el BY =B e (0,) Y IBS = B
: '

P
Nn_

"Ni
e[| B," — Blle
TR B W B D IB B
mpky IF n mnkn F F
. i
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< )\”ni”B:n - B;NHHFHB:n — Blr

AV ) B = BB — Bllel| B lx

Using the fact b < ||B:,N;

r S ZJENi ”B*ij |z we obtain
n

mnkn

1F(O)] < 22.n'( ZII By, Ilell B el B = Bllr. (A.65)

Hence, combining (A.63), (A.64) and (A.65), we obtain

PL(B,€) ~ PL(B,€) > —2xn'( Z 1B, el B = B |l
C i 2
—=9,.
+ 4 n
If we choose 8. = &> —A.n )T i 1B e ||B n— B,ZNi |l, it follows that

—

PL (B, = PL.(B" &) >0

Since the function ﬁNi (B,€") is convex, the minimizer E::‘ of ﬁNi (B, &Y is
going be inside the sphere defined by S, (d,.), that is,

N 10 B
R ZH el B =B O

Using the Propositions A.3 and A.4, we now can establish the concentration
bounds for | B" — B™ .

Proposition A.5. Suppose Assumptions of Proposition A.3 are satisfied and
that § satisfies

2 iN3/2 *1] 2 *1
oA (B ) < b (A.60)
JEN,

for some constant co > 0. Then,

P(IBY = B = 5)

1—a(2438) [1.%i\2 ¢2
<ex (—C , Ll +2lo nm"k"),
P IR, B T B )

where C, > 0 such that 0 < § < (.
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Proof. By Proposition A.4 and the triangle inequality,

+ HB*Nn’ . BNn

n

< ) B" - B ( A’ Z\\B:;:knnﬁb:f)

rmn

N N A\ o
IB," =B, "I« < |B," = B, |l

F

<n'(6)) 1B - B ZIIBZJZLMIW

where we have used the fact that b < D end o

n —

r and A, < 1. The asser-
tion mnow follows from Proposition A.3 with § replaced by

b6 (n' ZjeNi 0 O

mnkn

*ij

mnkn

Let B be the minimizer of the restrlcted problem (A.41). By construction,
the estimator (B , 0) obtained from B by adding blocks with 0 elements when-
ever j ¢ N, satisfies the first KKT-condition (A.40a). To prove that (Bn ,0)
is, with high probability, optimal for problem (A.41), it is therefore sufficient to

show that the second KKT-condition (A.40b) is satisfied. This is the statement
of the following proposition.

Proposition A.6. The matrix (B 0) satisfies (A.40b) with high probability,

in the sense that

P(max £} B =7 ]ls > A, S

i
JEN,

e
1—a(2+438) wij 2
n (A 2 eni 1B, M) .
S exp ( -G nimf]:f; i +2 IOg(nlmnkn))7

where C, is a positive constant.
Proof. The idea of the proof is similar as in the proof of Proposition 4 in [15].
By the first optimality condition (A.40a), we have for all j € N,

S (A.67)

n NNy N, N €

where D ; is defined in Lemma A.4. Using (A.67) in the expression at the left-
hand 51de of condition (A.40b) gives

e S Ay ign Sn i ;
S B =S =8+ A D) TS~ S =R+ R,
where
i on n An N—lgn
By = oy — o) g 0Dy B
Jj n X A o\ 1 &n n
By =By g T ADy) - B = Ei0)
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J n Sn ra -1 n A —1 n
Ry =20 A+ ADy) ™ = (s + AD) Y
Ri= (30, = 300) E + D) (S = )

elny, e/ny Np &
J n &n
RSZEJ' —2 i

e’ 33

Ry =305 (S + 0Du) ™ = (50 + ADy) 8
R; - EEJNZ( NiN + A D ) EN et _E:jﬁi'

In the following we derive bounds for the probabilities

J >\n ii
P(max IRl > 2 37 1871k) (A.68)
JEN,

(r=1,...,7). For this purpose we proceed in two steps.

Step 1: First, we define the event, A,, that there exists a constant 0 < ¢, < 1,
such that

o= {18 - B

e < coln 1”2” By e}

Then, by Proposition A.5 with § = co(n?)~1/2 > ieni 1B, k., || P We have

TS (piy2
P(A) S exp ( - Clﬁa(kél) + 2log(n'm, k,))
l1—a *1 (A69)
WO 1B ) i
< exp ( -G n'm2k* + 2log(n m“k“))’

for some constant C; > 0 where for the second inequality we used the fact
A (n")? > seni 1B le < b, which follows from condition A.66 in

Proposition A.5.
Now, on the event A,, it follows by the Cauchy-Schwarz inequality that

‘ > 1B e =Y I1Bo2, lle| < (=M [
JEN, JEN, JEN,

Therefore, we have for r =1,...,7
P(max Bl > 22 S 1B ) < P(maanJnF Z 18,2, I1)
jeN:; T _ 7 / n e —_ mnkn
JEN

n

+ P(A5),

where the second probability can be bounded by (A.69). Thus, in order to control
the probabilities of the terms max | > 2o Z]eN ||B || it suffices to
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derive the probabilities P(max

1,...,7, where ¢, = 1‘%

RZ‘HF > Cl)\n ZJENi ||B*7J ||F) fOr all T =

i
— mnk
n nkn

Step 2: Term R.. Substituting the representation (A.49) used in the proof of
Proposition A.3 we can rewrite R; as

RE= (S = S G + 0D (S B+ =2+ ‘).

and by the union bound it follows that

3
P(max |[Rille=en, > 1B, ) <0 P(
JEN, i

r=1

J

. e -

ax B, [le = 22 DB e
#hn jen!
n

(A.70)

FEN,

J J
where R, R],,

119 R, are defined in an obvious manner satisfying

2

[
i &n n &n A -1y Ny,
|21, || §||251N;' EgNallFll(EN;Ni + D) Lyiyi B

) LHL(EY)
IR s

12|

F”(Z;Liwﬁ +ADyi)

IRl SHZZJN: - Z:jN;' F||(ZZ:N;' + )‘nDN;')flT

Next we derive bounds for the probabilities on the right hand side of (A.70)
starting with the term ||R] ||r. Observing that

(i =M D) 'S = (S + A D) T (S — )

[
N, Ny

‘We have

wiille 1, (A.72)
where we used the fact that f);’iNi =< i;’iNi + A0 = XA];ZNY + )\nl/jNi. From this,
it follows that o o o

4 S n
e 18— T

max |[R], | S max{[[$};: — 2/, P+ 1),

3o
. &N
JEN, "

where we use the fact that ||B7*LNi ||l is bounded. Consider the event

& n Cl)‘" ZleNf’ ||B:::,kﬂ||F
A= {rjrjzaNf{Hzngz - Eng:;”F} < "6

).
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Then,

P\ &n n Cmir.
P((max IR > o) < PS5 — Sille= =5 ) +P (A7),

mnkn”

NN
JQN n'n
1—a(2+38) v
g exp ( — C2W + 210g(n mnkn))
1—a(2+38) B
n A e 185 lle)? :
+exp (- o log(n'ml k) +log((p—n')mi k) )

where we have used Theorem A.l and the union bound and C, is a positive
constant depending on C,,;,,.

For the term R],, we use the same arguments as for the term 7, in the proof
of Proposition A.3. Specifically, recall the definition of the event Q in (A.20)
and the calculation in (A.53) and (A.54) to obtain on the event

max || 1]

~ 4 ~
Llle S max 1550 = 20l (o180 = Shiille +1)
7€5N JEN, n n'\n

SN

2 \¥ wij
() Zannknu,

where we used condition (4.9) for the last inequality.
T . Cmin \3/
Then, conditioning on the event A, = {maxjgNz ||Z§jNi—25]NL e > G (Smin)*?},

we have by Proposition A.1

C
P(max | B = SA. Zn

A n Cruin n ¢, Crin
< P(HENz‘Nz‘ — ENiNi P> 1 ) +P(max ”E N Esti _1(7)3/2)
n'n n'n ¢ n
+ P(Q%)
1—a(2+38) )
< exp ( — CSW + 210g(n‘mnkn)>
raees) i 2,2 i 2,2
+ exp ( - CSW +log(n'm k) +log((p—n )mnkn))
n i
+ exp(—QW + log(n'm})),

n'n

for some C; > 0 depending on C,,;, and ¢,. For the term R.,, we have

€ HF’

Hn (ENH ) i
n

4
max || Ry, [le < =— max |27 0 = 57 lel]
JE¢N, min  j¢N; n
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which yields

P ((max || Bl e > S, B y
JEN,

Cy nzjeNf‘ ”B:ikn'F)—FP(”I:'I",EfN") i Cmirl)

EFZ4

<P( S
w157, = 57 e > L

1-a(2436) B
n A X, 1B M)’ . .
Sexp (—C. S logln' i) + log((p — )i )
n i
+ exp ( — C4Wikn + log(n mikn)),

where we used Theorem A.1 and (A.58) for some C, > 0 that depends on Cmi"
and ¢,. Combining together the results for the terms || Rz, | Rl || and | R],]|+
we conclude that

P(wax Rl > e YO IBL )
JEN, i

i
JEN,

n IO 1B )
n'm’k*

n'’n

Sexp (-~ +log(om?k2)).

since p—n' <pand n' <p.
Term R;,. First we write

J n n —1 n & ral -1 Xn n
?;%X [R2]le < ?f;ai( {||EEjN;'(ZN;‘N;‘) ||F}||EN;'N;'(EN;'N;' FAD) X = Bl

\ /\

L NN( e AD) S — e

\/_
1—1n
<

=
where we used (A.71) and the second inequality holds with high probability by
Lemma A.3. As a result, it follows that

P(max{|[B)]ls = e Y 1B, 1}
JEN,

( Z:g’Ni”F + 1)“2:% - E:;vg Il

Cm.n

1_77 4 & & n *ij
< P = (I8 = Sl + DI = Sl 2 0 3B

S n Cmm
< P15 = Siglle = =52) + PLAD

nl—a(2+3ﬁ)

< exp (—6’3()2—21@4 + 210g(nimnkn))

n'’n
1“ || )
nnpkn

nl a(2+438) ()\” ZjEN:;

21.3
mn kn

+ exp ( - Cs + log(nimikn)>,
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where

=S -l < 2

B, e h,

and we used Theorem A.1 and the union bound for the last inequality for C; > 0
depending on C.;,, n and ¢, .

Term R.. Using the identity A~ — B™' = A™'(B — A)B™" and following
similar arguments used to obtain bounds for the terms R, and R,, we get (note
that we are working on the event A\)

Vi *1 c *1,
P(max || Rille = ch > 1B 1) < ZP(HRMHD S, Zan:kn I )
JEN, i

21

JEN,
where,

1 —n 4 n n n S
1Barlle = = (1 4+ G150 = Sraele) 155 = Sl

X || E’ZiNi + )\nﬁNi)ilzsiNiB;NnHm

1 — 77 4 n 2 n Syn
1Rl = = (1 1 = Sl 15500 = Sl

) (€Y

<+ ADyg) S

1—n 4 - -
Ralle = 7= (1 =5 = Sl ) =5 — Sl

N _
< + D) —f e

mt

Fs

(note that the terms are independent of j). We next derive bounds for the
probabilities P <||RM||F > GFA D e B:7 e ) for r = 1,2,3. For the term
|| Rs1 ||, note that the third term is finite. Hence,

4 an
Rl < - T 1 = Sl (1B — gl 1)
which implies (using the same arguments as before)
P(max|Rulle > 32, Z 18,00, ) (A.73)

*1j

\FAE

. B
< P50 — Sl > s, i 7 1) (A.74)
nNn nNn — 77 6
+ P(||2NM —Srlle > = ) (A.75)
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nl—a(2+3/3)(/\n ZjeNi ” :,,7ikn || )
n'm’k}
1-a(2+38)

(n')*mik,

< exp ( -C, 210g(n1mnkn))

+ exp ( -G, + 2log(n7"mnkn)), (A.76)

for some positive constant C, that depends on n and C,;,. Similarly, for the
term || R, ||r have

1- e 4 o n w'
Roalle < =150 = Sl (1850 = Sl + DI

Hence, recalling the definition of the set  in (A.20) and using conditions (4.9)
and (A.55), Proposition A.1 and Theorem A.1l, we obtain for some positive
constant

P(IIRalle > F2, ZHB:,;;" )

\/"_Cn)) + P15 — 5

< P15 = Siiye > sz) + P()

(1 NG,
1—a(2+38) ‘ 1—a(2+38) _
,Sexp (*C5W+210g(n mnkn)) +eXp (705W + 210g(n mnkn))
n i
+ GXP(—C3W +log(n'm?)),

for some positive constant C; that depends on 7 and C,,;,,. For the term || Rys]|r,

we write
n n
F)”EN:‘N:‘ _ENINI ¥

RV NI I Y

ﬁn (§N; ) e'i

2
| Raslle < —=H ()" (14

A
|| Z’Il‘ L E'Il‘ .
\/ Cruin Mo Nty

[

Chuin

and consider the event A; = {||Z:N - EN’Nl
Then n'n n'n

PRl = A,LZH B, e
3

< P(IRslle = SN Z 1B;.2,, e and A,) + P(A2)

mnpkn

I‘:In(gN:‘) i Cmin n Sy Cmin c
< P(I= el 2 42 )+P(IIENiNi Sl > S 4 P(Ad)
S L
< exp ( - C, ninzfl:“ s +2 log(nlmnkn))
1—a(2438) ! : n o
+exp (_Ce (ni)gmz_k4 +210g(n mnkn)) +exp (—Cﬁm + log(n mnkn)),
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where we used (A.58) and Theorem A.1. Combining the results of || Ry, ||, || Rz ||e
and || Rs;|| we conclude,

PRI 2 e 3 1B
e a(2+3[3)()\n ZjeNf, I :;:Lan )

JEN
k3 27,4
n'm, k.

< exp ( -C, +2 log(nimnk‘n)).

Term R.. We have

max”RJHF < max HE i~
FENy JEN,

el (S + D)l = 2

iillr
N, &

4 & s
< —maX”E ] i _ZZJN:]”FHEN:‘&'L —E;::&?”F.
min jgN’

Recall the definition of event A, = {maxjéNi EZJ.N;-—Z:].N:“ P <A, ZJEN B e},
then we have
P(max Rl > eh S ) < P(IS0 — S0l > 6 2 4 PA%)
jeN? sllF Z CiA, . mnkn |F | = N gl nighlle = 4
jeNy
1—a(2+38)
i 2
< exp ( - CSW + log(n mnkn))
—a(2+36) B
R (S B, )’ -
+ exp ( - C; o + log (pm, k) ),

n’n

for some positive constant C; depending on C.,;,, where the estimates follow
from Theorem A.1.
Term RZ. For the term R. we obtain directly for some positive constant Cj

/)
> ¢\, ZHB;:,% )

n1_a(2+3ﬁ)()\n ZJ_GN?‘ || :r:ian )
m;k,

mnpkn

P(max||Rle = e\, Y 1B
jéNn ]’ENi

n

< (p-n)P(IS0 s = Soale

< exp ( - Cs log(pmik:n)) .

Term R.. Using again the identity A~ — B~ = A™"(B— A)B™" and (A.49),
we have

j n n * y—1 * -
Ry = )‘"Egjwi(ENf.Nf. + /\"DNf,) (DN:; B DN:;)

n - -1 n *N:“ 2 i
X (ZNiNz + AnDN;) (ZNiNf‘B" + n w + €
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Obviously, on the event N we have

J *ij c *ij
P(max [Rille = e A Y 1B, ) < ZP(nRﬁran S, ZHBW )
JEN,

i
JEN,

where

||R61||F =

L - Dy

Np,

2y

]- - * n n i
||R62||F - %A"”DM ( NENE + )\ D ) (Tw F
n n

1—n A n N ;
| Rosllr = WATLHDM — DN;HQH(ENﬁNﬁ + A”DNﬁ) ITG

Now, using the same computations as in the proof of Proposition 4 in [15],

we obtain for the operator norm of the matrix <DN)“ — (ﬁwi)jf
"
||(D,:'ri‘)jj - (DN:')“HQ
Zzewz :f F B Z%N;‘ B;:an”F
1B, e 1B Ml
1B i lle Zies [ 1810~ 1B, el =B | s 1B e
- HB” IBf,Zikn v
18527 Mo e B2 = Bl + 1B, = B e Sy 1Bk, e
- 1B [lel1B;,2 I
nkn

il Ex74 *il
Yo 1B =B Nl X B3 e

- *1j *1j ij *1j
1B e IBs 2 e = 1B = Bz, )

makn

On the event A, = {HB " — B*yN < %1 we obtain

1Dy )is = (D)l < 207" Y IIBY ~ ZﬁanIFZIIBZikHIIF

<200)) () |BY - B IIFZIIBf,fikn ey

where we used the Cauchy-Schwarz inequality. Consequently,

C oy i ¢ 1
P(IRalle = G0 SO IBL ) < PUBYE =B 2 G (6))+ P(AD.
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Now, we apply Proposition A.5 with § = < 1-(b.")* and § = bT"l to obtain

1-n
c iy
P(|Balle = $2, Z\\ankn Ir)

nl a(2+3/ﬂ)(b )6 )
< exp ( —C,— + 210g(nlmnkn))
T mek, (3, o 1857 k)
nt- a(2+3ﬁ)(b*i)4 )
+ exp ( - Cr—7— o =+ 2log(nlmnkn))
T ik, (30, 185 D)
1—a(2+438) *w
n A D e 1B M) v
< exp ( - C, nimj2€]:4 nbn +2 log(ntmnk‘n)),

B e)? < (b)) (s =2,3) for the last

mankn

where we used %)\ (ni)B/Q(ZJEN
inequality (see condition (A.66)) with C; > 0 depending on 7.

By the same arguments and using (A.53), (A.54) and Assumption 4.9, we
can show the existence of a constant Cy > 0 such that

c *7
P(I1Bulle = FA, Zanzkn )

nl a(2+3ﬁ))\—2(b*i)6
(n)'mik, (e 182, lle)*
nl—a(2+36) (b*1)4

+exp | — Co——— e + 2log(n'm,k,)) + P(Q°
( R (S, o 1B T ) )

nlfa(2+3ﬁ)(>\n ZJEN:; HB*l] . || )

n'm>k*

n'n

<exp < - Cy +2 log(nimnkn))

< exp ( - C, 21og(nimnkn)) + P(QG) ,

where the probability P(Qc) can be estimated by Proposition A.1 and is domi-
nated by the first term because of Assumption 4.5. Similarly, using (A.58), we

obtain
c i
P(IBalle = G2 D IB )

jen!
nl—a(2+3[3)(b*i)6 .
< exp ( — Cy—; T + 210g(n7’mnkn)>
) me ks (0 1850 )
nl a(2+3ﬂ)(b )4 ]
+ exp ( = Co7— - + 210g(nzmnkn))
“(n )4m2 b (e 1Bk, M)
+exp(—09 m —|—log(nmk)>
nt- a(2+3ﬁ> *ij 2
)\n Zj i mnkn F) i
< exp ( - C7 n7m:612% + 2log(n mnkn)>
+ exp ( - C’g# + log(nimikn))
n'm.k,
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Combining the results for ||Rg: ||, ||Re:||r and || Res||r, we can conclude that
j C *1,
P(max|| R}l > lAnZan;kn )
JEN

nt- a(2+35)(>\n ZjeNf, ||B:r:ikn”1‘“)2
n'm2k}

n'n

< exp ( - C, +2 log(nimnkn)),

for a positive constant C; > 0 that depends on 7.
Term R.. Observing (A.49) and (A.50), the term R. can be further decom-
posed as

j ; NG H Nn ; H N;1 ;
R; =" i(E”l i+ AL D ) I(E:iNiBnN" 4 "Ef )w + a(€ )6>

&N, NN,
Hy€), o Hy&) .

n n

" B*Nf1
— i B —
n
i J j
_Rn + R72 + R73’
where

R, = 2 (S + A D) B s B

¢/N NN, N n N n
~ S HIE™) o HIE)
J _ n n 1 n K2 n K
R72 = Zﬁij\(ENiNi + AnDN:']) " w — n w
e e S H(E L ane) .
Ry =30 (S + ADy) ' e - e

Turning to ||R.,||s, we have

. . 2 n
JEN, JEN,

max IRy lle < max ”Z:jNi(E:ﬁNﬁ + )\nD;i)fl (EnL i (E:ﬁNﬁ + A”D;ﬁ)) B

= A\, maX||E”JNL(E", ")_1D;iB;N;||F

NN
JEN, nn
< (=AY IBL e (A.77)
where we have used X" ZNZ iy A, D and Assumption 4.7.

For the term R.,, we first write

Rj < nL Q )\ D =
H1(€) H,(¢") S HL(E)

< max I (="

ma; T el el = == (5

N
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)" ! % defines a projection and therefore its op-

(é)H(i))

LW
The matrix I — % (E;iw

erator norm is 1. Moreover, by the Lemma 6.2 in [44] we have || A,

% for all j € V. Thus, observing (A.54), it follows that on the event Q defined
in (A.20)

> <

) n'ms/
\f ” ”\f”FN kd+1/2'

By condition (4.9),

) i 3/2
ma} HR%”F — kd+1/2 N \/ Z ” mnanF
FEN, mn\

Combining this inequality and (A.77) now yields

P(mag{nR-;HpchAnZnB:::;MHF) < P((max | Ry e = edn 1B, )
JEN, i FEN,

JGN

L
JEN, n

e, DRI )

)

i n( ) i c *1j
—|—(p—n)P<|| . eHFngnZIIBmik"

*7,]

n ()\n Zjeer;

< exp ( —Cs T km"k" v ) + log(nimikn)>
+ exp ( — ! (A ZJEmN" |k H:kn I ) + log((p — n)mikn)) + P(QG).

where ¢ = ¢, — (1 —17) — (ﬁ)l/2 Finally, combining the result (A.69) from
Step 1 with the estimates for Ry, ..., R7, we conclude that

/)

P(maxHZ, B -5 e 2 A, ZIIB”

J¢N Joti
1—a(2438) B
n A 2 1B )
5 exp ( - Cl nimJ2€24 - + 2 log(pmn kn))7

*ij

such that X, (n)** < (b”)g(zjeNi B P) O

~ n mnkn

A.4. Proof of Proposition A.2

First, note that the event N° = N’ holds if and only if

|IB7|« #0 VjeN —and ||B7|l,=0 Vj¢N,
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which is implied by the conditions

mnkn

e <A B
jen’

AN * i *1 . *1]
1By = B le < b, =min|B.", ||F,
JEN

A AN,L A
max ||En] 1B - Enj i
N &N (33
JEN,

Fe

Thus, the Proposition A.5 (with § = b%', an obvious estimate of the probability

using condition (A.66)) and Proposition A.6 we can conclude that
nlfa(2+35)()\n ZjeN:; B*LJ ”F)z

mpkn
i 27,4
n'm2k,

P('\]?é N; and ) Sexp (*01 + 210g(pmnl<:n))

and this completes the proof of Proposition A.2.
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