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Abstract: We introduce the Generalized Rescaled Pélya (GRP) urn, that
provides a generative model for a chi-squared test of goodness of fit for
the long-term probabilities of clustered data, with independence between
clusters and correlation, due to a reinforcement mechanism, inside each
cluster. We apply the proposed test to a data set of T'witter posts about
COVID-19 pandemic: in a few words, for a classical chi-squared test the
data result strongly significant for the rejection of the null hypothesis (the
daily long-run sentiment rate remains constant), but, taking into account
the correlation among data, the introduced test leads to a different conclu-
sion. Beside the statistical application, we point out that the GRP urn is
a simple variant of the standard Eggenberger-Pélya urn, that, with suit-
able choices of the parameters, shows “local” reinforcement, almost sure
convergence of the empirical mean to a deterministic limit and different
asymptotic behaviours of the predictive mean. Moreover, the study of this
model provides the opportunity to analyze stochastic approximation dy-
namics, that are unusual in the related literature.
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1. Introduction

The standard Eggenberger-Pélya urn (see [28, 40]) has been widely studied and
generalized (for instance, some recent variants can be found in [6, 7, 14, 18, 21,
38, 39, 40]). In its simplest form, this model with k-colors works as follows. An
urn contains Ny; balls of color 4, for ¢ = 1,...,k, and, at each discrete time, a
ball is extracted from the urn and then it is returned inside the urn together
with a > 0 additional balls of the same color. Therefore, if we denote by N, ;
the number of balls of color ¢ in the urn at time n, we have

Npi=Np_1i+abp; for n > 1,

where &, ; = 1 if the extracted ball at time n is of color 7, and &, ; = 0 otherwise.
The parameter a regulates the reinforcement mechanism: the greater «, the
greater the dependence of N,,; on ZZ:1 Eni-

The Generalized Rescaled Pélya (GRP) urn model is characterized by the
introduction of the sequence (3, ), of parameters, together with the replacement
of the parameter « of the original model by a sequence (v, )y, so that

Bn+1i = BB+ an+1§n+1i n > 0.
Therefore, the urn initially contains b; + By; balls of color ¢ and the parameters

Brn, > 0, together with «,, > 0, regulate the reinforcement mechanism. More
precisely, the term 3, B,,; links N, 11 to the “configuration” at time n through
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the “scaling” parameter f3,,, and the term o, +1&,+1 links Ny, 11 ; to the outcome
of the extraction at time n + 1 through the parameter au, 1.

We are going to show that, with a suitable choice of the model parameters, we
have a long-term almost sure convergence of the empirical mean 2521 &ni/N
to the deterministic limit p;, = b;/ Zle bj, and a chi-squared goodness of fit
result for the long-term probabilities {p1,...,px}. In particular, regarding the
last point, we have that the chi-squared statistics

k /\ k
Z _y O e Np’ , (1.1)

i=1

where N is the size of the sample, p; = O; /N, with O; = 25:1 &, i the number of
observations equal to i in the sample, is asymptotically distributed as x?(k—1)A,
with A > 1, or x?(k — 1)N'=2YX\, where A\ > 0 may be smaller than 1, but v
is always strictly smaller than 1/2. In both cases, the presence of correlation
among observations mitigates the effect in (1.1) of the sample size N, that
multiplies the chi-squared distance between the observed frequencies and the
expected probabilities. This aspect is important for the statistical applications
in the context of a “big sample”, when a small value of the chi-squared distance
might be significant, and hence a correction related to the correlation between
observations is desirable (see, for instance, [12, 15, 17, 31, 32, 36, 44, 48, 49, 53]).
More precisely, in the first case, the observed value of the chi-squared distance
has to be compared with the “critical” value x? _,(k—1)A\/N, where x7_,(k—1)
denotes the quantile of order 1 — @ of the chi-squared distribution x?(k — 1). In
the second case, the critical value for the chi-squared distance becomes X%_e(k —
1)A/N?V, where, although the constant A may be smaller than 1, the effect of
the sample size N is mitigated by the exponent 2v < 1. In other words, for this
second case, the Fisher information given by the sample does not scale with the
sample size N, but with rate N2v.

Summing up, the GRP urn provides a theoretical framework for a chi-squared
test of goodness of fit for the long-term probabilities of correlated data, gener-
ated according to a reinforcement mechanism. Specifically, we describe a possible
application in the context of clustered data, with independence between clusters
and correlation, due to a reinforcement mechanism, inside each cluster. In par-
ticular, we develop a suitable estimation technique for the fundamental model
parameters. We then apply the proposed test to a data set of Twitter posts
about COVID-19 pandemic. Given the null hypothesis that the daily long-run
sentiment rate of the posts is the same for all the considered days (suitably
spaced days in the period February 20th — April 20th 2020), performing a clas-
sical x? test, the data result strongly significant for the rejection of the null
hypothesis, while, taking into account the correlation among posts sent in the
same day, the proposed test leads to a different conclusion.

The sequel of the paper is so structured. In Section 2 we set up the nota-
tion and we define the GRP urn. In Section 3 we illustrate its relationships
with previous models and we discuss the connections with related literature.
In particular, the object of the present work gives us the opportunity to study
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Stochastic Approximation (SA) dynamics, which are infrequent in SA literature
and so fill in some theoretical gaps. In Section 4 we provide the main result of
this work, that is the almost sure convergence of the empirical means to the de-
terministic limits p; and the goodness of fit result for the long-term probabilities
pi, together with comments and examples. In Section 5 we describe a possible
statistical application of the GRP urn and the related results: a chi-squared test
of goodness of fit for the long-term probabilities of clustered data, with inde-
pendence between clusters and correlation, due to a reinforcement mechanism,
inside each cluster. We apply the proposed test to a data set of Twitter posts
about COVID-19 pandemic. In Section 7 we state two convergence results for
the empirical means, which are the basis for the proof of the main theorem.
All the shown theoretical results are analytically proven. The proofs are left
to Section A in the Appendix, except for the proof of Theorem 7.1, which is
methodologically new and emphasizes new techniques of martingale limit theory
and so it is illustrated in Section 8. Finally, in the Appendix we also provide
some complements, some technical lemmas and some recalls about stochastic
approximation theory and about stable convergence.

2. The Generalized Rescaled Pélya (GRP) urn

In all the sequel, we suppose given two sequences of parameters (o, )p>1, with
an > 0and (B,)n>0 with 8, > 0. Given a vector = (z1,...,7x) € RF, we set
lz| = YF , |2] and ||@)2 = T2 = 32F, |2;]%. Moreover we denote by 1 and 0
the vectors with all the components equal to 1 and equal to 0, respectively.
The urn initially contains b; + By; > 0 distinct balls of color i, with i =
1,....,k.Weset b= (by,...,b;) " and Bg = (By1,---,Box)' . We assume |b| > 0
and we set p = \_ZI' At each discrete time (n+1) > 1, a ball is drawn at random

from the urn, obtaining the random vector &n41 = (§nt11,---,&ns1k) | defined
as

1 when the extracted ball at time n + 1 is of color &
Eny1i = .
0 otherwise,

and the number of balls in the urn is so updated:
Nypt1=b+ Byt with Bpt1 = 6nBn + ant1€n+1, (2.1)
which gives (since |£p41| = 1)
|Brt1| = Bl Bnl| + -
Therefore, setting r = |Ny| = |b|] + |Bn|, we get
Tra1 = 7Tp + (Bn — 1)| Bl + ant1, (2.2)

that is
Trg1 — Ty = [Bl(1 = Bp) — 15, (1 = Br) + any1. (2.3)
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Moreover, setting Fy equal to the trivial o-field and F,, = o(&1,...,&n) for
n > 1, the conditional probabilities ¥, = (Yn1,...,%ns)" of the extraction
process, also called predictive means, are

N, b+B,
= E nl = T =
Un (&n+t1]|Fn] A -

n > 0. (2.4)

It is obvious that we have |1, | = 1. Moreover, when 3,, > 0 for all n, the prob-
ability 1, ; results increasing with the number of times we observed the value
1, that is the random variables &, ; are generated according to a reinforcement
mechanism: the probability that the extraction of color ¢ occurs has an increas-
ing dependence on the number of extractions of color ¢ occurred in the past (see,
e.g. [47]). More precisely, we have

b+ BoTljo B+ i (an 1550 85) €
Ul 1Bl TT)2) B + iy (en T2 A7)

(2.5)

The dependence of 1, on &, depends on the factor f(h,n) = ay, H?;}} Bj, with
1 < h <n,n > 0.In the case of the standard Eggenberger-Pdlya urn, that
corresponds to a,, = a > 0 and §,, = 1 for all n, each observation &, has the
same “weight” f(h,n) = «a. Instead, if the factor f(h,n) increases with h, then
the main contribution is given by the most recent extractions. We refer to this
phenomenon as “local” reinforcement. For instance, this is the case when (ay,)
is increasing and 3,, = 1 for all n. Another case is when a,, = a > 0 and 3, < 1
for all n. The case §,, = 0 for all n is an extreme case, for which 1,, depends only
on the last extraction &, (recall that conventionally H;:i = 1). For the next
examples, we will show that they exhibit a broader sense local reinforcement,
in the sense that the “weight” of the observations is eventually increasing with
time.

By means of (2.4), together with (2.1) and (2.2), and recalling that p = b/|b|,
we have

O:—B”)Ib\ (Yn —p) + fff“ (Ent1 —Pn).  (2:6)
n+1 n+1

wn—i—l _wn = -

Setting 8, = ¥, —p and AM, 11 = &nt1 — Yn = &nt1 — P — 05, and letting

€n = |b|(lrg—fl) and 6, = an41/77 41, from (2.6) we obtain

¢n+1 - ’d’n = _En('l;bn - p) + 5nAMn+1 (27)

and so
0n+1 -0, = —¢,0,, + 5nAM'n.+1 . (28)

Therefore, the asymptotic behaviour of (8,,) depends on the two sequences (€, ),
and (0p,)n.
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Finally, we observe that, setting € = ZT]:/:I &n/N and p, = §,, — p, we
have the equality

1 1
Hn+4+1 — BPn = _E(Nn —6,) + EAMn-i-lv (2.9)

that links the behaviour of () and the one of (6,,).

Different kinds of sequences (e, ), and (d,,),, provide different kinds of asymp-
totic behaviour of 6,, and of p,, i.e. of the predictive mean 1),, and of the
empirical mean &,,. In Section 4, we provide two cases in which we have a long-
term almost sure convergence of the empirical mean Zf?le &ni/N toward the
constant p; = b;/|b|, together with a chi-squared goodness of fit result. We note
that the quantities pi,...,pr are related to the initial composition of the urn
(since b; is the number of balls of color ¢ that remains constant along time, while
the quantity B, ; is updated according to the reinforcement mechanism), but it
can be seen as a (typically unknown) long-term probability distribution on the
possible values (colors) {1,...,k}.

3. Related literature

The particular case when in the GRP urn model we have 8, = 8 = 0 for all
n corresponds to a version of the so-called “memory-1 senile reinforced random
walk” on a star-shaped graph introduced in [34]. The case a,, = a > 0 and
Bn = B =1 for all n corresponds to the standard Eggenberger-Pélya urn with
an initial number Ny; = b; + By; of balls of color i. When («;,) is a not-constant
sequence, while 3, = 8 = 1 for all n, the GRP urn coincides with the variant of
the Eggenberger-Pélya urn introduced in [46] (see also [47, Sec. 3.2]). Instead,
when g # 1, the GRP urn does not fall in any variants of the Eggenberger-Pélya
urn discussed in [47, Sec. 3.2].

The case when o, = a > 0 and 3, = [ > 0 for all n corresponds to the
Rescaled Pdélya (RP) urn introduced and studied in [1] and applied in [5]. Tt is
worthwhile to point out that the two cases studied in the present work do not
include (and are not included in) the case studied in [1]. Moreover, the techniques
employed here and in [1] are completely different: when 3, = 8 € [0,1) as in
[1], the jumps A, do not vanish and the process ¥ = (¢, ), converges to
a stationary Markov chain and so the appropriate Markov ergodic theory is
employed; in this work, we have |Av,| = o(1), so that the martingale limit
theory is here exploited to achieve the asymptotic results. Obviously, the two
techniques are not exchangeable or adaptable from one contest to the other one.

When (,,) is not identically equal to 1, since the first term in the right hand
of the above relation, the GRP urn does not belong to the class of Reinforced
Stochastic Processes (RSPs) studied in [2, 4, 3, 23, 24, 26]. Indeed, the RSPs are
characterized by a “strict” reinforcement mechanism such that £,; = 1 implies
Ui > ¥p_1, and so, as a consequence, ¥, ; has an increasing dependence on the
number of times we have &,; = 1 for h = 1,...,n. When (3,,) is not identically
equal to 1, the GRP urn does not satisfy the “strict” reinforcement mechanism,
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because the first term is positive or negative according to the sign of (1—3,,) and
of (¢, — p). Furthermore, we observe that equation (2.6) recalls the dynamics
of a RSP with a “forcing input” (see [2, 23, 51]), but the main difference relies
on the fact that such a process is driven by a classical stochastic approximation
dynamics, that is a dynamics of the kind (2.7) with €, = d,, (up to a constant)
with 3~ €, = +oo and ), €2 < 400, while the GRP urn model also allows for
€, and 6,, with different rates and also for

e Y €, =+0c0and Y 2= +o0 or
o ) €y < Fo0.

Since (2.7) is the fundamental equation of the Stochastic Approximation (SA)
theory, we deem it appropriate to say a few more words on the relationship
of the present work with the SA literature. The case when d,, = ce,, in (2.7) is
essentially covered by the Stochastic Approximation (SA) theory (see Section E,
where we refer to [29, 37, 43, 45, 56]. See also [9, 30]). The most known case
is when > €, = +oo and ) €2 < +oo. The case €, — 0, Y., €, = +00 and

., €2 = +oo is less usual in literature, but it is well characterized in [37]. The
case when (€,), and (d,), in (2.7) go to zero with different rates is typically
neglected in SA literature. To our best knowledge, it is taken into consideration
only in [45], where the weak convergence rate of the sequence () toward
a certain point ¥* is established under suitable assumptions, given the event
{pn — *}. No result is given for the empirical mean £, which instead is
the focus of the present paper (see Theorem 4.1 below, whose proof is based on
Theorem 7.1). More precisely, the assumptions on €, and §,, in the following
Theorem 7.1 imply assumption (A1.3) in [45] and so Theorem 1 in that paper
provides the weak convergence rate of the sequence (¢n — 1p*) given the event
{¥n — *}. However, this result is not useful for our scope because of two
reasons: first, we need convergence results for the empirical mean € 5, not for the
predictive mean v v; second, in one case included in Theorem 7.1 (see Section 7
for more details), it seems to us not immediate to check the convergence of the
predictive means and so we develop another technique that does not ask for this
convergence (see Section 8). Hence, the contribution of Theorem 7.1 to the SA
literature is that, for a dynamics of the type (2.7) with (¢,), and (d,,), going to
zero with different rates, it provides the asymptotic behaviour of the empirical
mean &, covering a case when Y. €, = +oc and Y 2 = +oo and without
requiring the convergence of the empirical means ¥ .

Finally, it is worthwhile to point out that we also analyze the case when
> . €n < +00, which is also excluded in SA literature and so it could be rele-
vant in that field. Specifically, we prove almost sure convergence of the predictive
means and of the empirical means toward a random variable and we give a cen-
tral limit theorem in the sense of stable convergence. However, even if interesting
from a theoretical point of view, we collect these results in Section B, because
they are not related to the chi-squared test of goodness of fit.

The following statistical application of the GRP urn was inspired by [1, 15,
42]. However, those papers only deal with the case when the statistics (1.1) is
asymptotically distributed as x2?(k — 1))\, with A > 1, while we also face the
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case when the statistics (1.1) is asymptotically distributed as x?(k —1)N172v),
illustrating a suitable estimation procedure for the fundamental parameters n =
1 — 2v and A. To the best of our knowledge, this is the first work presenting
a model that provides a theoretical framework for a such chi-squared test of
goodness of fit.

4. Main theorem: goodness of fit result

Given a sample (€1, ...,&N) generated by a GRP urn, for each ¢ = 1,..., k, the
statistics

N
n=1

counts the number of times we observed the value i. (Note that this random
variable depends on the sample size N, but we simply use the symbol O;, instead
of On;.) The theorem below states, under suitable assumptions, the almost
sure convergence of the empirical mean p; = O;/N = 25:1 &ni/N toward the
probability p;, together with a chi-squared goodness of fit test for the long-term
probabilities p1, ..., pr. More precisely, we prove the following result:

Theorem 4.1. Assume p; > 0 for all i =1,...,k and suppose to be in one of
the following cases:

a) €, = (n+1)"¢ and d,, = ce,, with e € (0,1] and ¢ > 0, or
b) €n=(n+1)7¢ 6, ~c(n+1)7%, with e € (0,1), § € (¢/2,¢) and ¢ > 0.

Define the constants v and A as

Y- 1/2 in case a)
12— (e—0)<1/2 in case b)

and
(c+1)2 in case a) with e € (0,1),
A=< (c+1)2+c%=2c(c+1)+1] in case a) withe =1, (4.1)
#15) in case b).

Then p; = O; /N 2% p; and

k ko~

1 O; — Npy)? = pi)?

=T > (©s Np_p’) =N (P —pu)” p_p’) N—>j W, = AW,
i=1 v i v e

where Wy has distribution x*(k — 1) = F(%, %) and, consequently, W, has
ST k—1 1
distribution F(T, ﬁ)
We note that A is a constant greater than 1 in case a); while, in case b), it is a
strictly positive quantity. Moreover, in case b), we have 0 < (e —J) < ¢/2 < 1/2
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and so (1 —2v) = 2(e — J) € (0,1). As a consequence, we have N'=2Y\ > 1 for
N large enough.

In the next two examples we show that it is possible to construct suitable
sequences (ay, ), and (B, )y of the model such that the corresponding sequences
(én)n and (0,) converge to zero with the same rate or with different rates and
satisfy the assumptions a) or b) of the above theorem, respectively.

Example 4.1. (Case ¢, = (n+ 1)~ ¢ and 6,, = ce,,, with € > 0 and ¢ > 0)
Take ap+1 = ¢|b|(1 — B,), with B, € [0,1) and ¢ > 0, that implies §,, =
[ rs = (14+¢)|b|(1—t,) so that from (2.3) we obtain

n+1 Tn+1
tn+1 = Bntrn. Hence, we have

c|b| — |Bo| 1+
the1 =1
+1 ollﬁk +c\b|||B

and so

P = (L4 06l + (|Bol —clbl) [] 8-

k=0
Therefore, setting 8* = [[r—, Bk € [0,1), we get 7, — * = (1+¢)|b|+ (| Bo| —
c|b|)B* > 0. If we choose |Bg| = c|b|, then r} = r* = (1 + ¢)|b| for each n and
so, setting 3, = 1 — (1 + ¢)(1 +n)~¢ with € > 0, we obtain ¢, = (1 +n)~¢
and 0, = ce,. Taking € € (0, 1], we have that €, and §,, satisfy assumption a) of
Theorem 4.1. Moreover, we have «,, = ¢|b|(1+c)n" ¢ and 1—8,, = (14¢)(14+n)"¢
and so, for the behaviour of the factor f(h,n) = ay, H;:i B; in (2.5), we refer
to Section C.

Example 4.2. (Case ¢, = (n+1)7“ and §, ~c(n+1)7°, with 0 < <e <1
and ¢ > 0)

Take 0 < d < e < landsety =€¢—38 > 0,75 =n? and (1 - 3,) =
|b|=1(1 +n)~%. We immediately have

— Bn)

en = b L Pn)
rn—i—l

=1+ n)*‘;*” =(n+1)°

and (2.3) yields a1 = (n 4+ 1) —n7[1 — [b] 71 (1 +n) %] — (1 + n)~°, so that

Opt1 Qnt1 1 \7 -1 -5 —5—
5y = = _1—(1——) 1— bt (1 + —(1+ v
Tl (n+1)7 n+1 [ B ™) ] ( ™)

—1- (1 —y(n+1)" O(n—2>) [1— (b (1 +n)°] — (1+n)
= 16171 (1 1)~ (14 A1l + )7 = [BI(1+ )~

—y(n+1)7' 4 O(n_2+5)) .

Setting ¢ = |b|~! > 0, we obtain ¢, = (n +1)~¢ and &, ~ ¢(n + 1)7°. Taking
€ (€/2,¢), we have that €, and d, satisty assumption b) of Theorem 4.1.
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Moreover, we have a,, = cn~ (2= (14yc tn 10— In=H_yp =14 O(n=219))
and (1 —3,) =c(1+n)7% with 0 < 20 —€ < § < (1425 — €)/2, and so, for the
behaviour of the factor f(h,n) = ap H;:i B; in (2.5), we refer to Section C.

5. Statistical application

In a big sample the observations typically can not be assumed independent and
identically distributed, but they exhibit a structure in clusters, with indepen-
dence between clusters and with correlation inside each cluster [15, 20, 35, 42,
54, 55]. The model and the related results presented in [1] and in the present pa-
per may be useful in the situation when inside each cluster the probability that
a certain observation takes the value ¢ is increasing with the number of previous
observations in the same cluster that are equal to the value 7, hence according
to a reinforcement rule. Formally, given a “big” sample {§,, : n = 1,...,N},
we suppose that the N observations are ordered so that we have the following
L clusters of observations:

-1 14
Cy = {ZNlJrl,...,ZNl}, ¢=1,...,L.
=1 =1

Therefore, the cardinality of each cluster Cy is Ny. We assume that the obser-
vations in different clusters are independent, that is

[£1a"'7€N1]7 .. [521 INL+1""7EZf=1NJ [621 5 NL+1""’€N]

are L independent multidimensional random variables. Moreover, we assume
that the observations inside each cluster can be modelled as a GRP urn satisfy-
ing case a) or case b) of Theorem 4.1. Given certain (strictly positive) probabil-
ities pi(¢),...,p;(£) for each cluster Cy, we firstly want to estimate the model
parameters and then perform a test with null hypothesis

Ho: pi(0)=pit) Vi=1,...,k

based on the statistics

- N ()" _
Z Népz ) ) with O’L( ) #{TL € C@ gnz = }7

(5.1)
and its corresponding asymptotic distribution F( onE 21)\), where A is given in
(4.1). Note that we can perform the above test for a certain cluster ¢, or we can
consider all the clusters together using the aggregate statistics Zngl Q¢ and its
corresponding distribution T'( L(kz_l), 35

Regarding the probabilities pf(¢), some possibilities are:

e we can take pf(¢) = 1/k for all i = 1,...,k if we want to test possible
differences in the probabilities for the k different values;
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e we can suppose to have two different periods of times, and so two sam-
ples, say {€M) : n=1,...,N} and {€® : n =1,..., N}, take p;({) =
Z’ﬂECg 57(111-)/Ng for all © = 1,...,k, and perform the test on the second
sample in order to check possible changes in the long-run probabilities;

e we can take one of the clusters as benchmark, say ¢*, set pl(¢)
= Znecﬂ &ni/Ne- foralli =1,... k and £ # £*, and perform the test for
the other L — 1 clusters in order to check differences with the benchmark
cluster £*.

Finally, if we want to test possible differences among the clusters, then we can
take pf(£) = pf = ZnN:1 &ni/N for all £ =1,..., L and perform the test using

the aggregate statistics ZeL:1 Q¢ with asymptotic distribution F(%, %)

5.1. Estimation of the parameters

The model parameters are €, § and c. However, as we have seen, the fundamental
quantities are n = 2(e — ) and A given in (4.1). Moreover, recall that in case
a), we have n = 0 and A > 1 and, in case b), we have n € (0,1) and A > 0.
Therefore, according the considered model, the pair (1, ) belongs to S = {0} x
(1,400) U (0,1) x (0,+00). In order to estimate the pair (7, A) € S, we define

L (04(0) — N (0))°

4 ¢ QZ ; Nepf(ﬁ)
Given the observed values t1,...,tr, the log-likelihood function of @, reads
1H(£(777 A)) = lnﬁ(na A7 tlv cee 7tL)
L L
kE—1 k—1
= -5 L)) - —— 1Y In(Ny) — 3 nr + Ri
=1 (=1

where R; is a remainder term that does not depend on (1, A). Now, we look for
the maximum likelihood estimator of the two parameters (7, \).

We immediately observe that, when all the clusters have the same cardinality,
that is all the Ny are equal to a certain Ny, then we cannot hope to estimate
and )\, separately. Indeed, the log-likelihood function becomes

In(L(n, N)) =InL(n, \; t1,...,t1)

L
k-1
_ fTL{ln(A) +771n(N0)} - o ;tg + Ry = fOAND).

This fact implies that it possible to estimate only the parameter (AN() as
gy I
ANG = Sy te/(k — 1)L

From now on, we assume that at least two clusters have different cardinality,
that is at least a pair of cardinalities N, are different. We have to find (if they
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exist!) the maximum points of the function (n, \) — In(L(n, A)) on the set S,
which is not closed nor limited. First of all, we note that In(£(n, A)) — —oo for
A — 400 and A — 0. Thus, the log-likelihood function has maximum value on
the closure S of S and its maximum points are stationary points belonging to
(0,1) x (0, +00) or they belong to {0,1} x (0,+00). For detecting the points of
the first type, we compute the gradient of the log-likelihood function, obtaining

k—1 L 1 L tgIn(Ng)

=55 e In(Ne) + 55 2200 N7

k—1 1 L to :
Lt ae Xl

Hence, the stationary points (1, A) of the log-likelihood function are solutions
of the system

V(n’ ) ID,C = <

L
Yo Ny (V) sk n(y)

L
L t
Th
O Lk-1)°
In particular, we get that the stationary points are of the form (1, A(n)), with
Loty
£=1 N7
An) = ——""%. 5.2
) = Fr (52)

In order to find the maximum points on the border, that is belonging to {0, 1} x
(0, +00), we observe that, fixed any 7, the function

L
k—1
A»—)—TLln()\)—%E ]3—%+R2,
=1

where Ry is a remainder term not depending on A, takes its maximum value at
the point A(n) defined in (5.2).

Summing up, the problem of detecting the maximum points of the log-
likelihood function on S reduces to the study of the maximum points on [0, 1]
of the function

k—1 Loty k-1 &
n = (L0, A1) = ——5—~L1n (; )2 1N+ Fa, (59

where R3 is a remainder term not depending on 7. To this purpose, we note
that we have

L
(L Am) _ k-1 | SN V) S E mv) | (- 12
dn =3 I 7 =9,
=1 N;’

where L

@ Dot wr m(Ne) S (V)

g x) = L - .
Dot zfr_e; L
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Setting

and denoting by E.[-] and by FE,[-] the mean value with respect to the dis-
crete probability distribution {p(z,¢): ¢ =1,...,L} on {Ny,..., N5} and with
respect to the uniform discrete distribution on {Ny,..., N1} respectively, the
above function g can be written as

L L
o) = 3 plar ) () — 2= ) ().
=1

Moreover, we have
2
St 2 Lt Lt
( D Ng In (NZ))< =1 N;) + (Ze:1 N7 ln(Né))
¢=1 Ng

L L
=Y @ )W) + (D p(e,0) ln(Ng)>2 — — Var,[In(N)],
=1

= {=1

g'(x) =

where Var,[] denotes the variance with respect to the discrete probability dis-
tribution {p(x,€): £=1,...,L} on {Ny,...,Np}. Since, we are assuming that
at least two N are different, we have Var;[In(N)] > 0 and so the function g is
strictly decreasing. Finally, we observe that we have

Cov,(In(N),T) = Z€L=1 teIn(Ny) _ ZZL=1 le Zf:l In(Ny) ZeL:1 te

and
Lt (N, L ot ~LoN Lt
Cov,(In(N), &) = 2 J\Z (Ne) B leLl Ny 24:1;1( 0) _ 9(1)2521 Ne

where Cov,(+, ) denotes the covariance with respect to the discrete joint distri-
bution concentrated on the diagonal and such that P{N = N,, T =t,} = 1/L
with £ =1,..., L. Hence, we distinguish the following cases.

First case: Cov,(In(N),T) <0

We are in the case when ¢g(0) < 0 and so the function (5.3) is strictly decreasing
for n > 0. Thus, its maximum value on [0, 1] is assumed at 7 = 0. Consequently,

we have A = A(0) = %(‘i:_lff. Recall that we need (O,:\\) € Sandso A > 1. If

the model fits well the data, this is a consequence. Indeed, ) is an unbiased
estimator: A INL(k—1)/2,1/(2))) and so E[X} = A> 1. A value A < 1 means
a bad fit of the consider model to the data (the smaller the value of A, the worse
the fitting). Note that in the threshold case (7 = 0, N = 1), the corresponding
test statistics (5.1) and its distribution coincide with the classical ones used for
independent observations.
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Second case: Cov,(In(N),T) > 0 and Cov,(In(N), %) <0

We are in the case when ¢(0) > 0 and g(1) < 0. Hence, the function (5.3) has a
unique stationary point 77 € (0, 1), which is the maximum point. Consequently,

L
Zz=1 N?’ ~

we have A = A(M) = <=1 > 0. The point (1, A) belongs to S.

Third case: Cov,(In(N), £) >0

We are in the case when g(1) > 0 and so the function (5.3) is strictly increasing

on [0, 1]. Hence, its maximum point is at 7 = 1, and, accordingly, we have A =
L te =N

A1) = % However, the point (1, \) does not belong to S and so, in this

case, we conclude that we have a bad fit of the model to the data. Note that, if the

considered model fits well the data, then we have T'/N 2 A1) n(N)y2(k—1)
with 7 < 1 and, consequently, we expect Cov,(In(N), %) < 0. Moreover, a
value 7 > 1 in the statistics (5.1) means a central limit theorem of the type
]\_/‘(1*17)/2(5N - p) & N(0,CT) with (1 —n)/2 < 0. This is impossible since
(&n — p) is bounded.

6. COVID-19 epidemic Twitter analysis

We illustrate the application of the above statistical methodology to a data set
containing posts on the on-line social network Twitter about the COVID-19
epidemic. More precisely, the data set covers the period from February 20th
(h. 11pm) to April 20th (h. 10pm) 2020, including tweets in Italian language.
More details on the keywords used for the query can be found in [16]. For
every message, the relative sentiment has been calculated using the polyglot
python module developed in [19]. This module provides a numerical value v
for the sentiment and we have fixed a threshold T" = 0.35 so that we have
classified as a tweet with positive sentiment those with v > T and as a tweet
with negative sentiment those with v < —T. We have discarded tweets with a
value v € [T, T].

We are in the case k = 2 and the random variables £,, = £, 1 take the value 1
when the sentiment of the post n is positive and the value 0 when the sentiment
of the post n is negative. We have partitioned the data so that each set Py collect
the messages of the single day d, for d = 1(February 20st),...,61(April 20th)
and then, in order to obtain independent clusters, we have set Cy = Py 3(4—1),
for ¢ =1,...,21 = L. (We have tested the independence of the timed sequence
{Q¢:¢=1,...,21} with a Ljung-Box test and we give the results in Table 2.)
Therefore Ny is the total number of tweets posted during the day 14 3(¢ — 1)
and N = Y0, Ny = 699450 is the sample size.

Inside each cluster the sentiment associated to each message is driven by
a reinforcement mechanism, that can be modelled by means of a GRP urn:



Generalized Rescaled Pdlya urn and its statistical application 1649
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Fic 1. In each panel, the blue line is the cubic spline smoothing of the time series of the
observed tweets &1, together with the default confidence interval (gray), the black line rep-
resents the time series of the predictive means 1n given by the GRP urn model, where the
parameters are estimated by maximum likelihood. Different panels refer to different clusters
(we show the plots only for clusters £ = 2,...,7, but similar results have been obtained also
for the other clusters).

the probability to have a tweet with positive sentiment is increasing with the
number of past tweets with positive sentiment and the reinforcement is mostly
driven by the most recent tweets, in the sense explained in Section 2 (conversely,
a particle interacting approach to study opinion formation may be found in
[8, 10, 11]). In Fig. 1, for clusters Cy with 2 < £ < 7, we show the good fitting
of the GRP urn model to the data (we obtain similar results also for the other
clusters). Moreover, note that the main effect of the GRP urn model is the
presence of “local fashions”, resulting in unexpected excursions of %, around
the long-run probabilities p. In order to point out that the considered data set
exhibits this characteristic, for each ¢, we have computed the daily sentiment
rate p(£), then, according to this probability, we have generated an independent
sequence (&) of Bernoulli variables, finally we have used the same smoothing
procedure (i.e. classical cubic spline given in R package) to get an estimate of
P = YPn 1, for both the real and the simulated independent data. In Fig. 2 the
daily curves clearly show different behaviors in the two cases, highlighting a
local reinforcement among tweets.

Our purpose is to test the null hypothesis Hy : p(¢) = p for any ¢ (i.e.,
no differences among clusters). Therefore, taking pj(¢) = p* = 25:1 & /N
for each ¢, we have firstly estimated the model parameters and then we have
performed the chi-squared test based on the aggregate statistics 25:1 Q¢ and its

corresponding asymptotic distribution F(%, %) The estimated values

are 7 = 0.4363572 and X = 2.728098 (in Fig. 3 we plot the function (5.3)). The
corresponding asymptotic confidence intervals with level 0.90, computed using
the asymptotic normality (with the asymptotic covariance matrix equal to the
inverse of the Fisher information matrix) of the maximum likelihood estimator
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Fic 2. Smoothed daily estimate of 1¥n for the Twitter data set (left) and for the simulated
independent data (right). The daily mean rate p(£) is the same for both the left and the right
panel. x-axis: daily time. y-axis: cubic spline smoothing of the observed data &, and of the
simulated independent data &/, .
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Fi1c 3. Plot of the function (5.3). Its mazimum point gives the estimated value of the model
parameter 1.

and the theoretical bounds on the model parameters, are I,, = (0.125; 0.747)

and I, = (0; 11.218). Moreover, since Zngl Q¢/ X\ is asymptotically distributed
asT((L—1)(k—1)/2,1/2) = x*((L—1)(k—1)), we can also give the asymptotic
confidence interval for A based on that distribution: that is, Iy = (1.737; 5.028).

The contingency table and the associated statistics for testing Hy is given
in Table 1. The obtained x2-statistics for a usual y?-test is 5507.803, which is
significant at any level. Under the proposed GRP urn model and the null hypoth-
esis, the aggregate statistics 25:1 Q¢ has (asymptotic) distribution I'(£52, 2&)
and the corresponding p-value associated to the data is equal to 0.4579297. Tf\le
null hypothesis that the daily long-run sentiment rate of the posts is the same
for all the considered days is therefore strongly rejected with a classical x? test,
while the same hypothesis is not rejected (at any meaningful level) if we take
into account the correlation given by the reinforcement mechanism in the GRP
urn model.

Note that we are not dealing with a multiple testing, since we consider a
single test based on the aggregate statistics and its asymptotic distribution.
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TABLE 1
Contingency table associated to COVID-Twitter data: Obs; (Obs_) are the number of
posts with positive (negative) sentiment posted in the day £ reported in the first column
(DataTime); Exp, (Exp_) corresponds to Nep* (resp. Ny(1 —p*)), where
Ny = Obst + Obs_; xi (x% ) is the quantity (Obs; — Exp+)2/Exp+ (resp.

(Obs— — Exp_)2/Exp_); xi(c> (XE(Q) is the quantity xi/NZA’ (resp. X%/NZA’) The

statistics Qp corresponds to x2+<c) + x%(c).
Date Obsy  Obs_ Exp, Exp_ Xi X2 Xi(c) X2 e)
2020-02-20 25 43 35.11 32.89 2.91 3.11 0.46 0.49

2020-02-23 53564 60476 58886.18 55153.82 481.02 513.58 2.99 3.19
2020-02-26 29831 37175  34599.51  32406.49 657.20 701.67 5.15 5.50
2020-02-29 18220 22184 20863.18 19540.82 334.87 357.53 3.27 3.49
2020-03-03 16801 14834 16335.18  15299.82 13.28 14.18 0.14 0.15
2020-03-06 27906 27030  28366.99  26569.01 7.49 8.00 0.06 0.07
2020-03-09 41650 34769  39460.04 36958.96 121.54  129.76 0.90 0.96
2020-03-12 255 156 212.23 198.77 8.62 9.20 0.62 0.67
2020-03-15 14193 13562  14331.69  13423.31 1.34 1.43 0.02 0.02
2020-03-18 12064 10089  11439.02 10713.98 34.15 36.46 0.43 0.46
2020-03-21 11571 10026  11151.92  10445.08 15.75 16.81 0.20 0.22
2020-03-24 13339 9172  11623.88  10887.12  253.07 270.20 3.19 3.41
2020-03-27 14798 10039  12824.94 12012.06 303.55  324.09 3.67 3.92
2020-03-30 12689 10651  12051.94  11288.06 33.67 35.95 0.42 0.45
2020-04-02 12714 9300 11367.24 10646.76  159.56  170.36 2.03 2.17
2020-04-05 13373 10815  12489.82 11698.18 62.45 66.68 0.76 0.82
2020-04-08 14889 11987  13877.81  12998.19 73.68 78.67 0.86 0.92
2020-04-11 12153 10777 11840.23  11089.77 8.26 8.82 0.10 0.11
2020-04-14 13406 11430 12824.42 12011.58 26.37 28.16 0.32 0.34
2020-04-17 13977 11371  13088.80  12259.20 60.27 64.35 0.72 0.77
2020-04-20 13753 12393 13500.86  12645.14 4.71 5.03 0.06 0.06

TABLE 2
Summary of Ljung—Bogz test for autocorrelation of {Qg: £ =1,...,21}, with different
numbers of autocorrelation lags being tested. Df: number of lags under investigation; x?:
Ljung—Boz test statistics, which is distributed as a x? distribution with Df degrees of
freedom under the null hypothesis of independence; p—value: p—value of the Ljung—Boz test.
The strong emotional involvement of the considered period had a “mizing effect” that
cancelled possible significant autocorrelation during different 3-delayed days.

Df 1 2 3 4 5 6 7 8 9 10
X2 3.454 3.624 4.209 4.640 5.065 7.103 8.660 8.812 10.360 12.852
p—value | 0.063 0.163 0.240 0.326 0.408 0.311 0.278 0.358  0.322 0.232

Anyway, it is also possible to frame the problem in a multiple testing setting
(i.e. a test for each ¢). In that case, fixed a certain significance level, we have to
compare the single statistics @, with the quantile of the distribution I'( %, %)

associated to (1 — ‘). For example, taking the level equal to 0.05 (and so

(1- %) = 0.997619), we have to compare each @, (see Table 1 or Fig. 4)
with the value 25.18. As a consequence, for each ¢, the null hypothesis is not
rejected. Given the same level, if we consider the usual x2-test in a multiple
testing setting, we have to compare the standard y2-statistics (see Table 1)
with the value 9.23 and so, for almost all ¢, the null hypothesis is strongly
rejected.
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Fic 4. Plot of the Qg-series. The black line corresponds to the value 10.50. In a multiple
testing setting, taking the level equal to 0.05 (and so (1 — %) = 0.997619), we have to
compare each Qg with the value 25.18.

7. Asymptotic results for the empirical means

Theorem 4.1 is a consequence of the following Proposition 7.1 and Theorem 7.1
for the empirical means & 5. In the sequel, we will use the symbol —5 in order
to denote the stable convergence: in a probability space (2,4, P), a sequence
(Y;,) of random variables converges stably to a kernel K if, for each H € A with
P(H) > 0, it converges in distribution under the probability measure P(-|H)
toward the mixture of probability measures E[K(-)|H] (for more details and a
brief review on stable convergence, see Section F).

Leveraging the Stochastic Approximation results collected in Section E, we
prove in Section A.3 the following result:

Proposition 7.1. Take €, = (n+1)"¢ and §,, = ce,, with € € (0,1] and ¢ > 0,
and set T = diag(p) — pp". Then €n 5 p and

VN (€x —p) = N (0,A1),
with A = (c+ 1) when 0 < e <1 and A = (c+1)?> + ¢ = 2¢(c + 1) + 1 when
e=1.

For the case when (e,), and (6, )n in (2.7) go to zero with different rates, we
prove the following theorem (the proof is illustrated in Section 8):

Theorem 7.1. Take ¢, = (n +1)"¢ and 5§, ~ c(n +1)7°, with ¢ € (0,1),
5 € (e/2,€) and ¢ > 0. Then €xn =% p and

1/2—(e=8) (F s c?
N (€n p)—>/\/<0,1+2(€_5)r>,

with T' = diag(p) — pp".

In the framework of the above theorem, we can distinguish the following two
cases:
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1) e€ (1/2,1) and ¢ € (1/2,¢€) or

2) €€ (0,1) and ¢ € (¢/2, min{e, 1/2}] \ {e}.
In case 1), we have Y., €, = +o0, Y., €2 < +oo and ., 62 < +o0 and so the
typical asymptotic behaviour of the predictive mean of an urn process, that is
its almost sure convergence. In case 2), we have Y €, = 400 and > 02 = +o0
(while the series >, €2 may be convergent or divergent) and it seems to us not
immediate to check the convergence of the predictive means. Therefore, for the
proof of Theorem 7.1 in this last case, we will employ a different technique,
which is based on the L2-estimate of Lemma 8.1 for the predictive mean n
and the almost sure convergence of the corresponding empirical mean ¥ nr_ .

Remark 7.1. It could be a bit surprising to see that the almost sure limit p =
% of the empirical means & 5y does not depend on the whole initial composition

(i.e. b+ Byg) of ther urn, but only on b. However, it is not so strange since
b; is the number of balls of color ¢ that remains constant along time, while
the quantity B, ; is scaled by 3, and updated according to the outcome of the
extraction n + 1 (see equation (2.1)). Therefore, in particular, the quantities
By ; are multiplied by the factor H?:_Ol B; (see (2.5)), which converges to zero.
Indeed, we have

n—1 n—1 nr; n—1
L5 I (-5 < Io e
Jj=0 Jj=0 j=0

and the last term converges to zero when Z:ico €n, = +00.

8. Proof of Theorem 7.1

For all the sequel, we set ¥, = 27]:[:1 Yn_1/Nand On_1 = ij:l 6,_1/N.
To the proof of Theorem 7.1, we premise some intermediate results.

Lemma 8.1. Under the same assumptions of Theorem 7.1, we have E[||0,]?] =
O(n=2%) — 0.

Proof. We observe that, starting from (2.7), we get

||0n—i—1||2 = 0n+1T0n+1 = (1 - 6n)2||0n||2 + 5721“AM7L+1”2
+ 2(1 = €,)0,0n AMp 41

and so
E[|0n+1]*1Fa] = (1 = €0)?[10n]* + 67 E[| AMip1|* F] (8.1)
where AM,, 11 = &€nt1 — Pn. Hence, setting z,, = E[||0,, %], we get
Tnt1 = (1= 2€5)Tn + a0 + O, Bl|AMpy1]|°]
= (1= 2e0)r0 + o (cut + Y AM )
n

= (1 - 2€n)xn + 26n<n7
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with 0 < ¢, = (ena?n—l— i_éE[HAMn—i-lHQ]) /2. Applying Lemma D.3 (with

Yn = 2€,), we find that limsup,, z,, < limsup,, ¢,. On the other hand, since
(AMp, 1), is uniformly bounded (and so uniformly bounded in L?) and €2 /62 ~
c2n=2=9) 5 0, we have ¢, = Ofe, + 62¢;') = O(62/e,) and so z, =
O(62 Je,). We can conclude recalling that 62 /e, ~ c¢?nc=29, O

Lemma 8.2. Under the same assumptions of Theorem 7.1, we have

1 s,

On_1= NZen 1= —~AM, 1+ Rn, (8.2)

n=1 n=0 €n
where Ry %% 0 and NYE[|Rn|] — 0 with v =1/2— (e — ) € (0,1/2).
Proof. By (2.8), we have
1 on
e'n. = _6_ (0n+1 - an) + E_AMn+1-

n

Therefore, we can write

N-1 N-1s

Z 0, =— Z 0rnt+1—0y) + Z E—HAMn+1

n=0 n=0 n n=0 "
__ (%~ 3 ) 3 LINY;
__<€N1_g> Z(en1 ) n+;; b

where the second equality is due to the Abel transformation for a series, which
is the analogue of the integration by parts:

ko ko
Z fo(Gn1 = Gn) = (FraGkat1 — fraGry) — Z In(fn — fr-1)
n=kq n=ki1+1
k2
= (szgk2+1_fklgk1)+ Z gn(fnfl _fn)
n=k;+1

It follows the decomposition (8.2) with

1 (6n 6 1471 1
=y (25 %) - w e a)0 8

Since |0, | = O(1), we have

N—1
|[Rn|=O(N""eyty) + O(N*Zenll—eﬂ)
n=1

Note that Zg;ll et —e | =e¢ ' — ey, when (e,) is decreasing and so the

last term in the above expression is O(N~tey' ;). Therefore, since ¢ < 1 by

assumption, we have |Ry| = O(N~(1=9)) — 0.
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Regarding the last statement of the lemma, we observe that, from what we
have proven before, we obtain NVE[|Rn|] = O(Nv=(79) = O(N°~1/2) - 0
when § < 1/2. However, in the considered cases 1) and 2), we might have ¢ >
1/2. Therefore, we need other arguments in order to prove the last statement.
To this purpose, we observe that, by Lemma 8.1, we have E[|6,|] = O(n/?>?)
and so, by (8.3), we have

N-—-1
NYE[|Rn|] = O(N-0-IN3/2-9) L O < 1 el - €n1|ne/25>

1 N-1
— O(Nf(lfe)/2) +0 ( ‘6_11 _ en1|ne/25> )

Moreover, we have

N-1 N-1
ety — 620 = 3 o = (n — 1) e/
n=1 n=1
N-1
_ O( Z nefl+e/275> _ O(N35/275) _ 0(]\7171))7
n=1

because v = 1/2 — (e — 4) and € < 1. Summing up, we have NYE[|Rn]|] =
O(N~—(79/2) 1 0(1) = 0. O

Lemma 8.3. Under the same assumptions of Theorem 7.1, we have On_1 =2
0, that is Ppn_q =25 p. In particular, when ¢ € (1/2,1) and 6 € (1/2,¢€), we
have On =55 0, that is YN =5 p.

Proof. Let us distinguish the following two cases:

1) e€ (1/2,1) and ¢ € (1/2,¢) or
2) €€ (0,1) and ¢ € (¢/2, min{e, 1/2}] \ {€}.

For the case 1), we observe that, by (8.1), we have
El|6nt1]*[Fa] < (1+en)0n]* + 07 E[|AMypqa | *F0]

where AMy 11 = &nt+1 — Y¥n. Therefore, since (AMp41), (and so (E
[[|AMp41]%|Fn])n) is uniformly bounded and, in case 1), we have Y €2 < 400
and Y. 02 < oo, the sequence (||0,]|?), is a bounded non-negative almost
supermartingale (see [50] for the definition of non-negative almost supermartin-
gale). As a consequence, it converges almost surely to a certain random variable
(again, see [50] for this convergence result). This limit random variable is nec-
essarily equal to O because, by Lemma 8.1, we have E[||6,]?] = O(nc2°) — 0.
Hence, we have the almost sure convergence of @ to 0 and, consequently, the
almost sure convergence of On—_1 to 0 follows by Lemma D.2 and Remark D.1
(with ¢,, = n and vy, = n/N), because E[0y_1|Fn—2] = (1 —€,_2)0p_2 = 0
almost surely.
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For the case 2), we use Lemma 8.2, that gives the decomposition (8.2), with
Ry %5 0. Indeed, by this decomposition, it is enough to prove that the term
ZN ! On AMp 41 /N converges almost surely to 0. To this purpose, we observe

n=0 e,

that, if we set

"\ 16,
L,=Y -“=AM;,
= J G-t

then (L,,) is a square integrable martingale. Indeed, we have

X162 =1
e E[|AM, | = Z—HHQU < 400.

n=1

+

Therefore, (L,,) converges almost surely, that is we have > L On ~AM, < +00

n n ey

almost surely. Applying Lemma D.1 (with vx,, = n/N), we ﬁnd

NZ AMn—{-l*ZUNn MnQ)O
n=0 €n en—1
and so On_1 =5 0. O

Proof of Theorem 7.1. Set v =1/2— (e —4) € (0,1/2) and A = ¢?/[2(1 —v)] =
c/[1 + 2(e — 4)]. Moreover, let us distinguish the following two cases:

1) ee (1/2,1) and ¢ € (1/2,¢) or

2) e€(0,1) and 0 € (¢/2, min{e, 1/2}] \ {€}.
Almost sure convergence: In case 1), by Lemma 8.3, ¥n converges almost surely
to p. Therefore, the almost sure convergence of &5y to p follows by Lemma D.2
and Remark D.1 (with ¢, = n and vn , = n/N), because E[€nt1|Fn] = ¥n —
p almost surely and Y, E[||&, |2 ln"2 <3, n? < 4oo0.

In case 2), we use a different argument. Take v € [0,v) and set

n
1 6
=3 - LAM; .
=7 €j—1

Then (L,,) is a square integrable martingale, because we have

X1 82

“+o0
1
n—1 21
an 27 ¢ 2 1E[||AMn|| ]—O<Zm> < +00.

n=1 n=1

Therefore, (Ly,) converges almost surely, that is we have Y — 6" LAM,, <
+o00 almost surely.
By Lemma D.1 (with vy, = (n/N)*Ve,_1/0p-1 ~ nl=7"F /N7 we

get

e X AN = Yo B,

1—
76711
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Therefore, we have

N-1
3 A 1 a.s.
N (€N —¥n-1) = NIy > AM,yq 50,
n=0

that is (€x — ¥ n_1) = o(N77) for each v € [0,v). Recalling Lemma 8.3, we
obtain in particular that &, converges almost surely to p.
Second order asymptotic behaviour: We have

NY(€n —p) =N'fn = N""Y2VN (iy —On-1) + N"On_1.  (84)

Moreover, by Lemma 8.1, we have

N-1 N

1 — €/2— —1-0+¢ €/2—

N 2 Plonl] = ONT} 3 nfl270) = ONTIZ024) = O /) 0,
n= n=1

N—-1 N
1 _ — —1-264€ e—
NX:OE[”an”Q}:O(N 1Zn_ 26):O(N 1-26+ +1):O(N 26)_>0,
n= n=1

and so Theorem A.1 holds true with V' =T (see Remark A.1). Therefore, the
first term in the right side of (8.4) converges in probability to 0 because v < 1/2.
Hence, if we prove that

NYOn_1 = N (0,7 , (8.5)

then the proof is concluded.
In order to prove (8.5), we observe that, by decomposition (8.2) in Lemma
8.2, we have

N
NOn_1= Z Ynn+ N'RN,
n=1
where Yn n, = N% i:::i AM,, and NYRpn converges in probability to 0 (be-

cause NVE[|Rn|] — 0). Therefore, it is enough to prove that the term Zf:/:l
YN, stably converges to the Gaussian kernel N (0,AL), with A = ¢?/[2(1 —
v)] = ¢?/[1 + 2(e — §)]. To this purpose, we observe that E[Yn,n|Fn_1] = 0
and so 22;1 Yn,n converges stably to N(0,A') if the conditions (cl) and
(c2) of Theorem F.1, with V' = AT', hold true. Regarding (cl), we note that

On1/€n—1 ~ cn % = en/27Y and so we have
)
—(1— n—1
max |Ynn| <N (=) max |€rn — Pn—1]
1<n<N 1<n<N €,_1

On—1
< N-(=v) pax =
1<n<N €,_1

= O(N~Y%) = 0.

Condition (c2) means

1 al 52—1 T P
N2(-v) > 6; (€n —¥n-1)(€n —Pn_1) — AL (8.6)
n=1

n—1
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We note that N=20=v) 5™ 52 /2 4 X because 62_, /2, ~ 2172,
and

E[(En - "pn—l)(&n - "/’n—l)TU:n—ﬂ = diag("/’n—l) - "bn—l"/’n—l—r .

Therefore, in case 1), condition (8.6) immediately follows by the almost sure con-
vergence of ¥, to p. It is enough to apply Lemma D.2 and Remark D.1 with ¢,, =
n and vy, = nd2_; /(N207e2 ) ~ 2plt2(e0) IN2=20 = 2(n/N)2(0-v) In
case 2), we apply again Lemma D.2 with the above ¢, and vy ,, but we note
that 1, = 6, + p and so condition (D.1) in Lemma D.2, with V' = AT, is
equivalent to

N-1 N-1

1 5721 P 1 53 T P
e > 500 —0 and o > 5 0n0n " — Ok
n=0 T n=0 T

These two convergences hold true because, by Lemma 8.1, we have

1 N-1 52 N
on _ —242v —28+2e¢—5+€/2
N2-2v T;J egEHOn” =0(N nZ::ln )
— O(N—2+2v—35+5e/2+1) — O(N—5+e/2) - 0’
L 5 o 2 —2+42 . —25+26—26
Noms O 5 BlIOn|?) = O(N =220 7 220wy
n=0 " n=1

_ O(N72+2’U745+3€+1) _ O(N725+e) 0.

Therefore, in both cases 1) and 2), conditions c1) and ¢2) of Theorem F.1 are

satisfied and so 27]:’:1 Yn,» stably converges to the Gaussian kernel N'(0, AT').
O

Appendix A: Proofs and intermediate results

We here collect some proofs omitted in the main text of the paper.

A.1. Proof of Theorem 4.1

The proof is based on Proposition 7.1 (for case a)) and Theorem 7.1 (for case b)).
The almost sure convergence of O;/N immediately follows since O;/N = & ;.
In order to prove the stated convergence in distribution, we mimic the classical
proof for the Pearson chi-squared test based on the Sherman Morrison formula
(see [52]), but see also [49, Corollary 2].

We start recalling the Sherman Morrison formula: if A is an invertible square
matrix and we have 1 — v A~ u # 0, then

A lyvT A1

Tyl g1 A uwv AT
(A—wuv') A +1—’uTA—1u'
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Given the observation &, = (£,1,...,&,5) ", we define the “truncated” vector
& = (&4,...,& 1) ", given by the first k — 1 components of &,. Propo-

sition 7.1 (for case a)) and Theorem 7.1 (for case b)) give the second order
asymptotic behaviour of (&,,), that immediately implies

=* * 27]7,\[: (S:z _p*) d
N (ﬁN—p ) ZM—,UHN(O,F*% (A1)
where p* is given by the first £ — 1 components of p and I', = A(diag(p*) —
p*p*T) By assumption p; > 0 for all ¢ = 1,...,k and so diag(p*) is invertible
with inverse diag(p*) ™" = diag(5-,. .., 57) and since (diag(p*)~Y)p* =1 €

R*~! we have

k k—1
T diag(p* —172191 Zperi:pk>0.
=1 =1

Therefore we can use the Sherman Morrison formula with A = diag(p*) and
u = v = p*, and we obtain
1 1

_ 1, . . % 1/..
(L)~ = (ding(p") — p"p™") ™" = 5 (ding(, o ) + - 11T) (A2)

Now, since Zfﬂ(gm —p;) =0, then {y, — pr = — Zi—:f (§ni—pi) and so we
get

i (0i — Npi)* _
Np;

i=1

(sz z) - @Nz —pi)Q @Nk —pk)2
Di N N[Z Pi - Dk }

Ma-

=

i=1

.
= |

N[Z@M pif (i Eyi— pi»j

+
pi Pk

i=1

k—1
1 1
=N Z §N“ pzl)(gsz ng)(li17i2__+_)’
p’bl pk?

31,ip=1
where I;, ;, is equal to 1 if ¢; = i3 and equal to zero otherwise. Finally, from the
above equalities, recalling (A.1) and (A.2), we obtain

k
1 O; — Np;)? v/ T* " _
D L T S HUSRIGE R RS

i=1 '

where 1 — 2e > 0 and W, is a random variable with distribution x?(k — 1) =
I'((k —1)/2,1/2), where T'(a,b) denotes the Gamma distribution with density
function

aflefbw

As a consequence, W, has distribution I'((k — 1)/2,1/(2))).
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A.2. A preliminary central limit theorem

The following preliminary central limit theorem is useful for the proofs of the
other central limit theorems stated in the main part and in Section B.

Theorem A.1l. If

1

N
NZ i8g(Yn—1) — Yn-1¥n_1 —V, (A.3)

where V' is a random wvariable with values in the space of positive semidefinite
k x k-matrices, then

\/N(ﬁN —EN—l) = \/N(EN _EN—l) 5 N(0,V).

Proof. We can write

2

\/N(EN*EN—QZT%N(EN*EN 1) —

1 N
= — E AM,, = E YN n,
Nn:l n=1 o

1
ﬁ; '(,bn 1

with Y, = N"Y/2AM,,. For the convergence of 22721 YN,n, we observe that
E[YN,k|Fr—1] = 0 and so, by Theorem F.1, it converges stably to N'(0,V) if
the conditions (c1) and (c2) hold true. Regarding (cl), we note that maxi<,<n
YN < f maxi<n<n [€n — Yn—_1| = O(1/+/N) — 0. Condition (c2) means

N
Z YN,TLYI—(T,TL =

n=1

— P 1)(En — 1) V.

uMz

The above convergence holds true by Assumption (A.3) and Lemma D.2 (with
¢n = n and vy, = n/N). Indeed, we have 3 o E[[|€n — ¢n—1|?]/n* <
dops1 M7 < 400 and

E[(ffn—%bn—l)(& — Pn_ 1) | n— 1}—dlag(’¢’n 1) ¢n—11/’n—1T~ O

Remark A.1. Recalling that ¥, = 8, + p, the convergence (A.3) with V =
I' = diag(p) — pp ', means

N N
n 1 P 1 P
ON—_1= N E 0p_1—0 and N E 0n—10n—1" — Opxi,
n=1 n=1

where O is the null matrix with dimension k x k.
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A.3. Proof of Proposition 7.1

By Lemma D.2 (with ¢, = n and vy, = n/N), Remark D.1 and Theorem
E.1, we immediately get €5 — p almost surely. Indeed, we have E[&,41|F,] =
¥, — p almost surely and >, o E[[|€n|*In72 <Y, n 2 < +o0.

Regarding the central limit theorem for €5, we have to distinguish the
two cases 1/2 < € < 1 or 0 < € < 1/2. In the first case, the result follows
from Theorem E.3, because (2.9) and the fact that E[AM,, 1AM, 1" |F,] =

diag(¢n—1) — z,bn_lwn_lT — I" almost surely; while for the second case the
result follows from Theorem A.l. Indeed, we have

VN (Exv—p) = VN (Env —¥n_1)+ VN (Yn_1—D)
=(c+1)VN (€x —¥n_1) — VNDn,

where Dy = ¢ (ZN — EN_I) — (EN_I —p). By Theorem A.1, the term (¢ +
1)VN (€n — P n_1) stably converges to (0, (c+1)?T') (note that assumption
(A.3) is satisfied with V' = T, because v, — p almost surely). Therefore, in
order to conclude, it is enough to show that v/ NDp converges in probability
to 0. To this purpose, we observe that, by (2.7) with é,, = ce,, we have

Pp — Pn—1 =€n_1 [C(én - "/’n—l) - ("pn—l - p)]

and so

ﬁ: "/’nl

€n—1

Moreover, we note that Z X (Wn — Yp_1) =limy YN — o =P — Po < +00
and, by Lemma D.1 (with vn, = en_1/€n—1), We get

EN_ 1Z¢n ’1.1771 12}0.

€n—1

For e < 1/2, this fact implies

VNDN =

— 0.

1 "pn 'lpn 1 a.s,
—F—  €N-1
e 3 Yot

The proof is thus concluded. O

€
n—1 n—1

Appendix B: Case ), €, < +o0

In this section we provide some results regarding the case ), €, < 400, even if,
as we will see, this case is not interesting for the chi-squared test of goodness of
fit. Indeed, as shown in the following result, the empirical mean almost surely
converges to a random variable, which does not coincide almost surely with a
deterministic vector.
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Theorem B.1. If Z:i% €n < +00, then €n L5 oo, where Yoo is a ran-
dom variable, which is not almost surely equal to a deterministic vector, that is

P(thoo # q) > 0 for all q € R¥.

Proof. When Z:i% €n < 400, the sequence (1) is a (bounded) non-negative
almost supermartingale (see [50]) because, by (M2.7), we have

E[¢n+1|-7:n] = d’n(]- - en) + enp S 11011, + €,P-

As a consequence, it converges almost surely (and in LP with p > 1) to a
certain random variable 1. An alternative proof of this fact follows from quasi-
martingale theory [41]: indeed, since ) E[|E[Ynt1|Fn] —¢n|] =03, €n) <
+00, the stochastic process (¢,) is a non-negative quasi-martingale and so it
converges almost surely (and in LP with p > 1) to a certain random variable

Yoo

The almost sure convergence of €,, to 9o follows by Lemma D.2 and Remark
D.1 (with ¢, = n and vy, = n/N), because E[€n+t1|Fn] = ¥Yn — Yoo almost
surely and 3~ E[[|€n[*ln™? < 35,5, n7% < +o0.

In order to show that 9o is not almost surely equal to a deterministic vector,
we set

k
Un = El|[¢n — p?] = |E[pn — plII* =Y Varlyn: —pi]

i=1

and observe that, starting from (M2.7), we get

Ynt1 —p=(1—€)(%n —p) + 6, AMp 4
and so
|Epn — plII* = Eltpn — p)" Elthn — p] = (1 - €,)*||E[thn — pl||®
and

E[Hd’n-i-l - p||2] = E[(¢n+1 - p)T(¢n+1 - p)]
= (1 =€) Ell[ton — P|I*] + 62 E[| AMp 11 ||]

Hence, we obtain
Ynt1 = (1 - €n)2yn + 5$LE[||AM"/+1H2} = (1 —2€n)yn + gn (B.1)

with ¢, = €y + 02E[|AMyp41]/2] > 0. It follows that, given 7 such that
N=1(1 — 2¢,) for each N > i and so

n=n

en < 1/2 for n > n, we have yy > i []

Ell[tpoo = pI*] = | Eltpoo = PIII* = yoo = Jim yn
— 400

+00 too
> yn H (1 —2€,) = ynexp <Z In(1 — 26,,)) .

n=n n=n
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The above exponential is strictly greater than 0 because 3% In(1 — 2¢,) ~
-2 Z:i% €n > —o0. Therefore, if y; > 0, then we have y,, > 0. This means that
Yoo — P, and consequently 1o, is not almost surely equal to a deterministic
vector, that is P(Yeo # q) > 0 for all g € R*. If y; = 0, that is if 15 is almost

surely equal to a deterministic vector 4, then, by (B.1), we get
Vi1 = 02 B[ AMpi1]?) = 62 E[|[€nga — ¥)*] > 0,

because §,, > 0 for each n and 1Z is different from a vector of the canonical base
of R¥ by means of the assumption b; + By; > 0 and equality (M2.4). It follows
that we can repeat the above argument replacing » by n + 1 and conclude that
Yoo is not almost surely equal to a deterministic vector. O

As a consequence of the above theorem, if we aim at having the almost
sure convergence of € to a deterministic vector, we have to avoid the case
Z:i% €n < +00. However, for the sake of completeness, we provide a second-
order convergence result also in this case. First, we note that Theorem A.1 still
holds true with V = diag(¥eo) — oo oo | - Indeed, assumption (A.3) is satisfied
by Lemma D.2 and Remark D.1 (with ¢,, = n and vy, = n/N), because of the
almost sure convergence of 1, t0 1¥oo. Moreover, we have the following theorem:

Theorem B.2. Suppose to be in one of the following two cases:
a) 25:1 nen—1 = o(v/N) and 271:[:1 nép_1 = o(v/N);
b) €n = (n+1)"¢ and &, ~ c(n+1)"% withc >0, € (1/2,1) and e > §+1/2
(e = 400 included, that means €, =0 for alln).
Set v =1/2 and X = 1 in case a) and v = 6§ —1/2 € (0,1/2) and X\ =
2/[2(1 —v)] = /(3 — 28) in case b). Then, we have

NY (€ —¥n) —> N (0,AT)

where I' = diag(thoo) — YootPoo -
When (YN — Yoo) = op(N™Y), we also have

N (EN_dJoo) i>'/\/‘(07)‘1‘)‘

Note that case a) covers the case ¢, = (n 4+ 1)7¢ and 6, ~ c¢(n + 1)~ with
¢ > 0 and min{e, 6} > 3/2.

The case €, = 0 (that is 8, = 1) for all n corresponds to the case considered
in [46], but in that paper the author studies only the limit 1, and he does not
provide second-order convergence results.

Proof. We have

N (EN *"#N) - % (NEN N NwN)
1 N
- > bn = $n1+n(Pn_1 — Pn)]

n=1
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and, by (2.7),
1 N
ZWZ@ —Pn_1)+ vazn€n1¢n1— P)
n=1
N
- Ni—o Z ndn_lAMn
N n=1
1 N
= N1/2 v ZYNn+QN+ZZNn7
n=1
where
Y, _ En — Y1 _ AM,, A - n5n—1(€n — Y1) _ non—1AMy,
Ny = \/N - \/N ’ Ny = — N1-v - N1-v

and

N
QN = % ZHGn—1(¢n—1 - p).

n=1
In both cases a) and b), we have Z _ M€p_1 = o(N1 v) and so QN converges
almost surely to 0. Moreover, by Theorem A.1, anl Yn,n stable converges to
N(0,V) with V =T = diag(oo) — Yootoo ' . Therefore it is enough to study
the convergence of 25:1 Z N, To this purpose, we observe that, if we are in
case a), then 25:1 ZN,n converges almost surely to 0 and so

VN (€x —¥n) > N(0,1).

Otherwise, if we are in case b), we observe that E[Zn,n|Fn,—1] = 0 and so
SN | Znm converges stably to (0, AL') if the conditions (c1) and (c2) of The-
orem F.1, with V' = AT, hold true. Regarding (c1), we observe that maxj<,<n
|ZNn| < ﬁ maxi<p<N M0p—1/&n —PYn—_1| = O(l/\/ﬁ) Regarding condition
(c2), that is

N 2
22 P c
E ZN,nZN,n N2(1 ) E n 6 £n Yy — 1)(671 Yp— 1) > 2(1 — U) T

n=1

we observe that it holds true even almost surely, because m Zn 1 n%52

2/[2(1 —v)] = c?/(3 — 25) and

1

E[(gn - ¢n—1)(€n - ’l;bn—l)TLFn_l] = diag(q,bn_l) — ¢n—1¢n_1—r 2) r

(see Lemma D.2 and Remark D.1 with ¢, = n and vy, = n3 /N0
c2(n/N)3>~2). Therefore, we have

NV (En —¥nN) = N (0,*(3—26)7'T).
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Finally, we observe that
NY (€n —Yoo) = NV (€n —¥N) + NY (PN — Yoo) -
Therefore, when (hn — %oo) = 0p(N), we have
N (€n — Poo) —> N (0,A). O

An example of the case a) of Theorem B.2 with (YN — Yoo) = op(N~7) is
the RP urn with o, = @ > 0 and 5, = 8 > 1 (see [1]). Indeed, in this case,
we have €, ~ ¢.8~" and §,, ~ cs8~", where ¢ > 0 and c¢s > 0 are suitable
constants, and (PN — Poo) = O(B~Y). We conclude this section with other
two examples regarding the case €, = 0 (that is 8, = 1) for all n.

Example B.1 (Case ¢, = 0 and 6, ~ ¢(n + 1)7° with ¢ > 0 and § > 3/2).
If ¢, = 0 for all n, then we have r} = |b| + |Bo| + >.,_; . Therefore, if
we take o, = n~° with § > 3/2, then 7’ converges to the constant r* =
|b|—|—|B0|—|—ZZS h=% and 6, = apq1 /71 ~ Cns1 = c(n+1)7% with ¢ = 1/r*.
Moreover, since 6 > 3/2, assumption a) of Theorem B.2 is satisfied. We also
observe that > 02 < +00 and s0 ) ; is not concentrated on {0, 1} and has no
atoms in (0,1) (see [46, Th. 2 and Th. 3]). More precisely, we have

_ b+ By + Z:ﬁ O‘ngn
1b] + |Bo| + >, 2] o

Yoo

and so

¢N - woo
(b + BO + Z,]Ll Oéngn) EnZNJrl Qp — (|b| + ‘B0| + EnNzl O‘n) Zn2N+1 an&n

(1B + | Bol + 32371 @) (Ib] + [Bo| + 32,25 an)

:o( 3 an):c)(zvlf‘s). .

n>N+1

Since § > 3/2, we get (N — Poo) = o( N~1/2). This fact can also be obtained
as a consequence of Theorem B.3 below. Indeed, this theorem states that the
rate of convergence of PN t0 Yoo is N~(071/2)

Note that, since §,, = 1 for all n, the factor f(h,n) in (M2.5) coincides with
ap, and so, in this case, it is decreasing.

Example B.2 (Case ¢, = 0and 6,, ~ ¢(n+1)7 withc¢ > 0and 6 € (1/2,1)). As
in the previous example, since €, = 0 for all n, we have r; = |b|+|Bo|+>_,_; ah.
Let us set A, = >, _; ap, = exp(bn®) with b > 0 and « € (0,1/2), which brings
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tor: ~ A, 1 +oo and a, = exp(bn®) — exp(b(n — 1)) and
Qnp ~1— Zh 1 Qh
b] + [Bo| + An D h=10n
=1-exp[b((n—1)"—n"))
= hn® (1 o (1 o n—l)a) +0 ( 2a( o (1 o n—l)a)Q)
— bn® ( -1 + O( )) + O( (2— 2a))
— bcm_(l o) + O( (2— a)) + O( —(2—2&)) _ ban—(l—a) + O(n—Q(l—oc))7

Op_1 =

so that § = (1 — ) € (1/2,1) and ¢ = ba > 0. Hence, we have d,, ~ c¢(n + 1)7°
and assumption b) of Theorem B.2 is satisfied. We also observe that > 02 <
+0o and so ¥e; is not concentrated on {0,1} and has no atoms in (0,1)
(see [46, Th. 2 and Th. 3]). Moreover, by Theorem B.3 below, we get that
NY (¥ — Yoo) —N (0, 02(20)*1I‘), where v = § — 1/2. Hence, applying The-
orem F.3, we obtain

NY (€n — Poo) —> N (0,*[20(1 —0)]7'T) .

Finally, note that, as before, since 8, = 1 for all n, the factor f(h,n) in (M2.5)
coincides with ap, and so, in this case, £(h) = In(f(h,n)) = In(ap) ~ In(dp—1) +
bh* ~ bh® — ba(l — «)ln(h). Hence, there exists h* such that h — £(h) is
increasing for h > h*. Since maxp<p~ £(h) < C, for a suitable constant C, the
contributions of the observations until h* are eventually smaller than those with
h > h*, that are increasing with h.

Theorem B.3. For e, = 0 for all n and 6, ~ c(n + 1)_‘5 with ¢ > 0 and
1/2 < 6 <1, we have

NO—3 (Y — Poo) —N (0,02(25 — 1)71F) stably in the strong sense w.r.t. F,

where I' = diag(thoo) — Wootoo

Proof. We want to apply Theorem F.2. To this purpose, we recall that, when
en, = 0 for all n, the process (¢,,) is a martingale with respect to F. Moreover,
it converges almost surely and in mean to ¥o. Therefore, in order to conclude,
it is enough to check conditions (c1) and (c2) of Theorem F.2. Regarding the
first condition, we note that

NO—1/2 sup "‘zbn - wn-l—l‘ = NOT1/2 sup 5"‘AMn+1|
n>N n>N

= O(N°~V/2=9) = O(N~V/2) — 0.

Finally, regarding the second condition, we observe that

NP5 (= Prt1) ($n — Yng1) |

n>N
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CQ

(20 — 1)

~ NPT N (n+ 1) (AMp g1 ) (AMpyq) T =5
n>N

L,

where the almost sure convergence follows from [24, Lemma 4.1] and the fact
that

E[<AMn+1)(AM"L+1)T|‘Fn] = E[(£n+1 - wn)(sn-l-l - "/’n)—w]:n] 250 0O

Appendix C: Computations regarding the local reinforcement

Suppose a,, ~ an~® for n > 1 and (1 — 8,) ~ b(n +1)7% for n > 0. In the
following subsections we study the behaviour of the factor f(h,n) = ay, H;:; B,
in some particular cases that cover the cases of the two examples in Section M4.
Specifically, for all the considered cases, we set £(h,n) = In(ap, H;:; Bj) =

In(ap,) + Z;L;}i In(B;) for n > h, so that

h.—1
L(hy,n) — L(h,n) = In(ap+) — In(ap) Z In(B;), h* > h, (C.1)

and we prove that there exists h. such that maxj<p, ¢(h,n) < £(h.,n) and
h +— £(h,n) is increasing for A > h,. This means that the weights f(h,n) of the
observations until A, are smaller than those with A > h, and the contribution
of the observation for A > h, is increasing with h.

C.1. Case a = € (0,1)

Suppose a, =an~* and 1 — 3, =b(n+1)~%, with a, b > 0 and o € (0,1). For
n > h, we have

l(h+1,n)—L(h,n) =In(a(h+1)"%) —In(ah™) —In(1 —b(h +1)™%)

:—aln(l—l—%)—ln(l—ﬁ):—%-i—ﬁ-

Since a < 1, there exists hg such that the function h +— ¢(h,n) is monotonically
increasing for h > hp. Now, fix n > 0 and let jp such that j > jo implies
In(B;) < —=.—. Then take h, > max(ho,jo) + 1 and h < hg — 1. For h, large
enough, we get by (C.1)

ho—1
L(hy,n) — L(h,n) =In(ah;*) — In(ah™® Z In(5;)
ol pia
>1In(h, “
> In(h, ) + Z g

j=max(ho,jo)
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b h.—1
> —aln(h,) +Cy + —/ x~%dx
1+ n max(ho,jo)

b

= —aln{ /i 1 I * Lo
= —aln(h,)+C +(1+Tl)(1—0<)[(h 1)

— max(ho, jo)' ]

=Cy —aln(h,) + m(h* —1)lme >0,

Therefore, taking h* large enough, we have maxy <y, £(h,n) = maxp<p,—1£(h, n)
V maxXp,<h<h, E(h, ’Il) < K(h*, n)

C.2. Casea=03=1

Suppose a,, = an~! and 1 — B3, = b(n+1)"!, with a > 0 and b > 1. For n > h,
we have

¢(h+1,n) —£(h,n) =In(a(h+1)"") —In(ah™) —In(1 —b(h +1)71)

= (14 5)-m(1- (h-bm) - 2111“(”1)'

Since b > 1, we can argue as in the previous subsection. Therefore, there exists hg
such that the function h — ¢(h,n) is monotonically increasing for h > hy. Now,

fixn=(b—1)/(b+1) > 0 and let jo such that j > jo implies In(3;) < —%.
Then take h, > max(ho,jo)+ 1 and h < hg — 1. For h, large enough, we get by

(C.1)

h.—1
U(hw;n) = €(h,n) =In(ah; ") — In(ah ™) = > In(B;)
j=h
hy—1 .
. < bjt
>In(h; )+ Y 7

j=max(ho,jo)

b h.—1
z—ln(h*)—FCl—Fi/ v ldx
1+ n max(ho,jo)

b .
aT [In(h, — 1) — In(max(ho, jo))]
*7;77 In(h,) — O(1/h.)

In(h,) — O(1/hy) > 0.

Therefore, taking h* large enough, we have maxy<p, £(h,n) = maxp<p,—1£(h, n)
V maxp,<h<h., €(h, n) < f(h*, TL)
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C.3. Casef3<land0<a<pB<(l+a)/2

Suppose

2 e 2-8
nb—o + n +0@/n )>

and 1— 8, = b(n+1)7# witha, b > 0,0 < a < 8 < (1+a)/2 and ¢1, ¢z, c3 € R.
Set v = —a € (0,1/2). For n > h, we have
O(h+1,n) — £(h,n) = In(a(h +1)"*) — In(ah™*) —In (1 — b(h +1)~F)
+In(1+ci/(h+ 1) P +cof(h+1)7
+e3/(h+ 1)+ O(1/h* 7))

—In(1+e1/h P +co/BY +c3/h+ O(1/h*7F)) .
(C.2)
Now, we aim at obtaining a series expansion with a reminder term of the type
o(1/hP). Since B < 1, the first three terms of the right-hand side of the above
equation give

o ‘1
oy = an (1—|— TP +

In(a(h+1)"%) —In(ah=®) — In(1 — b(h +1)~")

1 b b
= —aln(l14+—-)-In(1- = h=h).
atn (1 7) —tn( (h+1)ﬁ) A
We deal now with the last two terms of (C.2). We recall that

2 IB

X -71Ij .
1n(1+a;)=x—?+§+-~-+(—1)3 74—0(9@]),

and therefore, since 2— 8 =1+1—>1> f and j(1 - ) > 5 and jy =
Jj(B—a) > B for j large enough, there are only a finite number Jy of terms with
an order 7; < . In other words, we can write

In (1 +e/(h+ D' P rey/(h+1) +es/(h+1) + 0(1/n2—5))

“In (1 +er/h P o /WY + es/h + 0(1/n2*5))

Jo Jo
=" Ci(h+1)7" = 3" ChT + o(1/h7)
j=1 j=1
Jo
=> Cih T [(1+h7)T — 1] + o(1/h7)
Jo
= Cih i (r;h7 4 o(1/h)) + o(1/hF) = o(1/h7).

Summing up, we have

b
-8
5 +o(h™").

U+ 1,m) = €l m) = G5
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Then there exists hg such that the function h +— £(h,n) is monotonically increas-

ing for h > hy. Now, fix n > 0 and let jo such that j > jo implies In(8;) < —%.
Then take h, > max(hg,jo) + 1 and h < hg — 1. Since 8 < (1 + «)/2, we have

an =an”%(1+0(1/n")) and so, for h, large enough, we get by (C.1)

he—1
L(hy,n) —L(h,n) =In(ah;®) —In(ah™) + In(1 + O(R)) + Cy — Z In(5;)

j=h

W) W OU o+ S

> @ 1 . -

—n(*)+n(+<*))+1+-z.1+n
j=max(ho,jo)

b he—1

> —aln(h,) + O )+ Co + —— P dx

L1 Jinax(ho o)

= —aln(h.) + O(hY) + C

b
(1+n)(1=5)

=C3+0(h;”) —aln(h.) +

[(he = 1) 77 — max(ho, jo)' 7]

b -8
e

Therefore, taking h* large enough, we have maxy<p+ £(h,n) = maxp<p,—1£(h, n)
V maxp,<h<h* L(h,n) < L(h*,n).

Appendix D: Technical results

We recall the generalized Kronecker lemma [3, Corollary A.1]:

Lemma D.1 (Generalized Kronecker Lemma). Let {un, : 1 < n < N} and
(zn)n be respectively a triangular array and a sequence of complex numbers such
that N # 0 and

N
lij{fn’uNm =0, limwv,, ezists finite, Z [N — VN 1] = O(1)
n

n=1

. . N
and )", zp is convergent. Then limy Y, N n2zn = 0.

The above corollary is useful to get the following result for complex random
variables, which slightly extends the version provided in [3, Lemma A.2]:

Lemma D.2. Let H = (Hn)n be a filtration and (Y,,), a H-adapted sequence of
complex random variables. Moreover, let (cy,), be a sequence of strictly positive
real numbers such that Y., E [|Yy|?] /2 < 400 and let {onn,1 <n < N} be a
triangular array of complex numbers such that vy, # 0 and

N
lij{fn Ny =0, limw,, ezists finite, Z [N —ON 1] = O(1).
n
n=1
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Suppose that

N
3 o 2ol 2,y (0.1)

n=1 n

where V' is a suitable random variable. Then 25:1 UNnYn/Cn Loy,
If the convergence in (D.1) is almost sure, then also the convergence of
ZnN:1 UNnYn/cpn toward V is almost sure.

Proof. Consider the martingale (M,,),, defined by

My = 30 Y= ElH]

j=1 K

It is bounded in L? since >on M < 400 by assumption and so it is almost
surely convergent, that means

Z Yo (w) = ElYu|Hn1](w)

Cn

< +o0

n

for w € B with P(B) = 1. Therefore, fixing w € B and setting z, =
Yn(“’)_E[Ynlﬂn—l](w)

Cn

, by Lemma D.1, we get

hmZan ElYn[Hn ] ):0’

Cn

that is

N

Y, — E|Y [ Hn-1] as.
S oy, T EE o] ey
n=1

Cn

In order to conclude, it is enough to observe that

N N
szvnn:z Y- EY|7—Ln1 Z Y|7-Ln1]

and use assumption (D.1). O

Remark D.1. If we have Z "‘ = O(1), limy 25:1 UZ;” =\eC

and E[Y,|H,-1] =5 Y, then (D.l) is satisfied with almost sure convergence
and V = AY. Indeed, if we denote by A an event such that P(A) = 1 and
lim,, E[Y,|Hn-1](w) = Y(w) for each w € A, then we can fix w € A, set
wy, = E[Y,|Hp-1](w) and w = Y(w), and apply the generalized Toeplitz lemma
[3, Lemma A.1] (with 2y, = vn,/(chA) and s = 1 when A # 0 and with

ZNn = UNn/Cn, and s = 0 when A = 0) in order to get Zn 111Nnh — \Y

almost surely.
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The proof of the following lemma can be found in [27]. We here rewrite the
proof only for the reader’s convenience.
Lemma D.3 ([27, Lemma 18]). Let xy, (o, ¥ be non-negative sequences such
that v, =0, >, n = +00 and
Tp S (]- - ’Yn)mn—l + ’Yngn

Then limsup,, , < limsup,, (,.

Proof. Take L > limsup,, ¢, and n* large enough so that (, < L and v, <1
when n > n*. Then, using that (z 4+ y)* <zt +y*, we have for n > n*

(zn — L)+ S (M=) (@1 — L) +7n(Cn — L))+
S (1 - ’Yn)(xn—l - L)Jr + rYn(Cn - L)+
§ (]- - 777,)(xn—1 - L)Jr

Since Y, ¥ = +00, the above inequality implies that lim,, (z,,—L)* = 0. This is
enough to conclude, because we can choose L arbitrarily close to limsup,, ¢,. O

Appendix E: Some stochastic approximation results

Consider a stochastic process (0,,) taking values in © = [~1,1]*, adapted to a
filtration F = (F,), and following the dynamics

0n+1 = (1 - €n)en + CenAMn—i-L (El)

where ¢ > 0, (AMj, 1) is a uniformly bounded martingale difference sequence
with respect to F and €, = (n 4+ 1)~¢ with ¢ € (0,1] so that ¢, — 0 and
>, €n = F00. Setting AMy, 41 = cAMj, 41, equation (E.1) becomes

Ont1 = (1 —€,)0n + enAM,,4q.

Then:
Theorem E.1. In the above setting, we have On =25 0.
Proof. We have the following two cases:

e c€(1/2,1] so that }_, €2 < +oo or
e c€(0,1/2] so that ), €2 = +oo.

For the first case, we refer to [37, Cap. 5, Th. 2.1]. For the second case, we

refer to [37, Cap. 5, Th. 3.1]). In this case, since (8y,) and (AMn) are uniformly
bounded, the key assumption to be verified in order to apply [37, Cap. 5, Th. 3.1]
is the “rate of change” condition (see [37, p. 137]), that is

limsup sup |[M°(N +t) — M°(N)| =0, a.s.
N t€0,1]
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where MO(t) = Z;n:(é)i EjAMj+1 and m(t) = inf{n: t <tn41 =237, ¢€;} (see
[37, p. 122]). Since (AM,,) is uniformly bounded, the above condition is satisfied
when the following simpler conditions are satisfied (see [37, pp. 139-141]):

(i) For each u>0) e %/ < +o0;
(ii) For some T < +o00, there exists a constant ¢(T") < +oo such that
SUDy < j<m(tn+T) :*fl <¢(T).

When €, = (1 + n)~¢, condition (i) is obviously verified, because we have
lim,, n?/e*+™) ™" = 0. Finally, condition (ii) is always satisfied when ¢, is de-
creasing, as it is in the case €, = (1 + n)~¢. Indeed, we simply have

SUD;, < <m(tn+T) €j/€n =€nfen = 1. O

a.s,

Theorem E.2. In the above setting, if we have E[AMn+1AMn+1T|fn] —T
with I' a symmetric positive definite matriz, then we have
1

On -5 N(0,%),
EN

where X = ¢2T'/2 when € € (0,1) and ¥ = T’ when € = 1.

Proof. We have O <% 0 and 0 belongs to the interior part of ©. Moreover,
we have

E[AM 1AMty | | Fa] ©5 62T
For the case € € (1/2,1], we refer to [29, Th. 2.1] (with h = Id, U, = ¢I" and
v« = 1) and [45, Th. 1] (with H = —Id, v, = 0, = €, and so 79 = 1 and 8 = ¢).
For the case € € (0,1/2], we refer to [37, cap.10, Th. 2.1] (with A = —Id). The
key assumption for applying this theorem is 6, /,/€, tight. On the other hand,
in the considered setting, this last condition is satisfied because of [37, Th. 4.1].
Note that the limit distribution corresponds to the stationary distribution of
the diffusion
dU, = (—Id + c(€)) Uydt + Y 2dW,

where W = (W), is a standard Wiener process and

0 fore<1
c(e) =
1/2 fore=1.

Therefore the limit covariance matrix is determined by solving the associated
Lyapunov’s equation [45], that, in the considered case, simply is

2(—Id+c(e)Id) ¥ = —c™T. O

Theorem E.3. In the above setting, let (pr) be another stochastic process tak-
ing values in © = [—1,1]¥, adapted to a filtration F and following the dynamics

1 1
ntl — M = ——(fy — 0) + —AM, 1.
Hnt1 — B n(u ) - +1
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Suppose that E[AM 1AMy i1 |Fo) 5T, If e € (1/2,1), then we have

() 2 (3" £)

If e =1, then we have

() oo (€20 5 o)

N

Proof. The dynamics for the pair (tyn, 0y )y is

Hnit1 — Hn = _%(V’n - an) + %AMn—}-l N
0n+1 — On = 7671011 + CEnAMn+1 = 76n0n + GnAMn+1 .

with E[AMR_HAM”_HT | Fn] 2% T. Therefore, when 1/2 < e < 1, the state-
ment follows from [43] (with Q11 = Q22 = —1d, Q12 = Id, Q21 = 0,b = 5y =1,
a=¢ T3 =T,Ty = and I'j5 = I'y; = cl'). In particular, the two blocks of
the limit covariance matrix, say X, and X4, are determined solving the equations

1 1
(H + 51d)%, + Y. (HT + 51d) = =Ty,

where H = Q11—Q12Q2_21Q21 =—Id+0andl', = F11+Q12Q2_21F22(Q2_21)T 1—
T2(Q55)TQly — Q12Q55To1 =T + T + I + ¢l = (¢ + 1)°T, and

Q2230 + Ee@; = —T'99.

When € = 1, we can conclude by [45] or [56] taking X,, = (fn, 05) . Indeed,
in this case the covariance matrix is given by

1 1 ~
(H + 51d)% + S(HT + gld)=-T,

~I1d 1d ~ (T o
HZ( 0 —Id) and F:<cr c2r)'

Therefore, if we split X in blocks, say 3, X and 3,4, we find the system

where

-3, +23,0=-T
—ZNQ + 39 = —cl'
—Yy = -

and so the proof is concluded by solving this system. O
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Appendix F: Stable convergence

This brief section contains some basic definitions and results concerning sta-
ble convergence. For more details, we refer the reader to [22, 25, 33] and the
references therein.

Let (€2, A, P) be a probability space, and let S be a Polish space, endowed
with its Borel o-field. A kernel on S, or a random probability measure on S, is
a collection K = {K(w) : w € Q} of probability measures on the Borel o-field
of S such that, for each bounded Borel real function f on S, the map

w s Kf(w) = / f(2) K (w)(dx)

is A-measurable. Given a sub-o-field H of A, a kernel K is said H-measurable
if all the above random variables Kf are H-measurable. A probability measure
v can be identified with a constant kernel K(w) = v for each w.

On (2, A, P), let (Y,,)n be a sequence of S-valued random variables, let H
be a sub-o-field of A, and let K be a H-measurable kernel on S. Then, we say
that Y,, converges H-stably to K, and we write Y,, — K H-stably, if

P(Y, €-|H)"BYBIK()|H]  forall H e H with P(H) > 0,

where K (-) denotes the random variable defined, for each Borel set B of S, as
w — Klp(w) = K(w)(B). In the case when H = A, we simply say that Y,
converges stably to K and we write Y,, — K stably. Clearly, if Y,, — K H-
stably, then Y;, converges in distribution to the probability distribution E[K(-)].
The H-stable convergence of Y,, to K can be stated in terms of the following
convergence of conditional expectations:

Elf(v,) | H] ") Ky (F.1)

for each bounded continuous real function f on S. In [25] the notion of H-
stable convergence is firstly generalized in a natural way replacing in (F.1) the
single sub-o-field H by a collection G = (G,,) (called conditioning system) of
sub-o-fields of A and then it is strengthened by substituting the convergence
in o(L', L) by the one in probability (i.e. in L', since f is bounded). Hence,
according to [25], we say that Y, converges to K stably in the strong sense, with
respect to G = (G,), if

Ef(Y,)|Ga] 2 Kf

for each bounded continuous real function f on S.

We now conclude this section recalling some convergence results that we
apply in our proofs.

From [33, Th. 3.2] (see also [25, Th. 5 and Cor. 7] or [22, Th. 5.5.1 and
Cor. 5.5.2]), we get:

Theorem F.1. Given a filtration F = (Fp)n, let (Ynn)nn be a triangular
array of random variables with values in R* such that YN n s Fn-measurable
and E[YNn|Fn—1] = 0. Suppose that the following two conditions are satisfied:
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(c1) E[maxi<n<n |YNn|] = 0 and

(c2) Zﬁle YN,nYN,n—r L, V', where V is a random variable with values in
the space of positive semidefinite k X k-matrices.

Then 22;1 Yn,n converges stably to the Gaussian kernel N'(0,V).

From [25, Th. 5, Cor. 7, Rem. 4] or [22, Th. 5.5.1, Cor. 5.5.2, Rem. 5.5.2]),
we obtain:

Theorem F.2. Let (L,,) be a R¥-valued martingale with respect to the filtration

a.s.,L1

F = (Fy,). Suppose that Ly, "= L for some R¥-valued random variable L and

(c1) n¥ Elsup;s,, |[Lj—1 — Lj|] — 0 and
(c2) n?v > isn(Lj—1—Lj)(Lj—1 —Lj)" L5V, where V is a random variable
with values in the space of positive semidefinite k X k-matrices.

Then
n' (Lyp — L) — N(0,V) stably in strong sense w.r.t. F.

Indeed, following [25, Example 6], it is enough to observe that L,, — L can
be written as L, — L =73/, (Lj — Ljt1).

Finally, the following result combines together a stable convergence and a
stable convergence in the strong sense [13, Lemma 1].

Theorem F.3. Suppose that C,, and D,, are S-valued random variables, that
M and N are kernels on S, and that G = (Gn)n is an (increasing) filtration
satisfying for all n

0(Cn)CGn and  o(D,)Co (Ung”l) .

If C,, stably converges to M and D,, converges to N stably in the strong sense,
with respect to G, then

[CpnyDp] — M @ N stably.

(Here, M ® N is the kernel on S x S such that (M @ N)(w) = M(w) ® N(w)
for allw.)

This last result contains as a special case the fact that stable convergence and
convergence in probability combine well: that is, if C), stably converges to M
and D,, converges in probability to a random variable D, then (C,,, D,,) stably
converges to M ® dp, where §p denotes the Dirac kernel concentrated in D.
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