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Abstract

We consider Riemann sum approximations of stochastic integrals with respect to the
fractional Browian motion of index H > % We show the convergence of these schemes
at first and second order. The processes obtained in the limit in the second case are
stochastic integrals with respect to the Rosenblatt process if H > % and the standard
Brownian motion otherwise. These results are obtained under the assumption that
the integrand is a “controlled” process. We provide many examples of such processes,
in particular fractional semimartingales and multiple Wiener-It6 integrals.
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1 Introduction

Fractional Brownian motion was introduced by Kolmogorov [16] in the 40’s. Man-
delbrot and Van Ness [20] popularized it and gave some quantitative properties. Since
then, its range of applications has been steadily growing: for example, nowadays it
can serve to recreate certain natural landscapes (such as submarine floors, see [29])
or to model rainfalls (see [35]). It also often serves as a model in hydrology (e.g. [22]),
telecommunications (e.g. [17, 21]), finance (e.g. [4]) or physics (e.g. [36]), to name but
a few. Since the explicit calculation of stochastic integrals driven by fractional Brownian
motion is impossible except in very particular cases, it is natural to try to approximate
these integrals by Riemann sums and to study their convergence.

In [32], Rootzén considered the It integral fot usdBs of an adapted integrand u with
respect to a standard Brownian motion B, and investigated the asymptotic behavior
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Riemann approximation of fractional integrals

of the approximation error fot usdBs — fg uydB when u™ are approximating integrands
(for instance, we can choose u™ so that fot u?dBs corresponds to the Riemann sum
associated with fg usdBg). Using Itd stochastic calculus, Rootzén [32] exhibits after

proper normalisation a stable limit of the form f(f asdWs, with W a Brownian motion
independent of B. As an illustration, he applied his abstract result to prove a functional
central limit-type theorem in the space Dg([0,T]) of cadlag functions equipped with the
Skorohod topology, and with us = f(B;) (provided f is smooth and bounded enough):

t [nt]—1
NG / F(B)AB.~ " f(By)(Bins — Bx)

k=0 t€[0,7)

t
stably <\/g/ f’(BS)dWS> . (1.1)
n—oo 0

te[o,T]

Rootzén’s work [32] paved the way for a new area of research on the subject and
related topics. For example, we can mention multidimensional extensions (see [18]),
generalizations to the case of random discretisation times (see [9]), applications in
finance (see [11]) and approximation schemes of stochastic differential equations (SDEs)
driven by semimartingales (see [14]). The recent paper [1] provides an asymptotic
expansion for the weak discretization error of It6’s integrals.

Approximation schemes for SDEs driven by a fractional Brownian motion has been
addressed in [13, 23]. But Riemann sums approximations of stochastic integrals with
respect to fractional Browian motion, as done by Rootzén [32] in the case of the standard
Brownian motion, had not yet been studied; the aim of this article is to fill this gap.

In the present paper, we deal with a fractional Brownian motion B of Hurst index H €
[%, 1). All the processes considered in this paper will always be implicitly assumed to be
measurable with respect to B. Also, note that the range of H includes % (corresponding
to Brownian motion), which will allow us to compare our results with those of [32].
Our goal is to analyze the fluctuations around the approximation by Riemann sums of
stochastic integrals with respect to a fractional Brownian motion. We will set up an
approach based on two main steps.

» Step 1: weighted limit theorem. Let (u™) be a sequence of processes of the form
u = ,Ei{ X;! for which a functional convergence u" — w holds. We extend this
convergence to

[n-] .
Zhﬁx,';—>/ hsdw,
k=1 0

for a given class of appropriate random processes h, and where the nature of the
integral with respect to w (It6, Young, etc.) is chosen according to the features of
w. When the sequence (X}) is built from the increments of a fractional Brownian
motion, this type of questions has received some important contributions in recent
years, see e.g. [19] and the references therein. We also mention [13], which was
actually our main inspiration for this step.

* Step 2: Taylor expansion. To perform Step 1, we assume that our integrand u
is ‘controlled’ by the increments of the integrator B, in the sense that there is
a process h and a remainder r such that u; = us + hs(B; — Bs) + 15 for any
t > s. These types of Taylor-like expansions are strongly related with the notion of
controlled paths studied in the rough path theory, see [12]. We will characterize
precisely the set of such processes below.
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The statement of the two main Theorems 1.2 and 1.3 require the introduction of
notations:

(i) a d-dimensional fractional Brownian motion B = (Bl7 .. .,Bd) of Hurst index
He [%, 1) (as already mentioned, all the processes considered in this paper are implicitly
assumed to be measurable with respect to B);

(ii) an m-dimensional process u, with the property that the stochastic integrals
f(f uing, 1<i<m,1<j<d, are well-defined. At this stage, we note that the integrals
[ u'dB7 must be understood in the Young sense when H > 1 and in the Itd sense when
H= % Precise statements will be given later on.

(iii) our quantity of interest: fort € [0,7], 1 <i<m, 1 <j <d,

t nty
MM = p2H-1 (/ uidBI — Zul (Bjkﬁm — Bi)) (1.2)
0 k=0 n n n

t
nszl/O (ui *Uin)ng-

In (1.2) and in all what follows, we write ¢, = % when ¢t € Ry and n € IN\ {0}.
(iv) the correlation function: for allt > s and all y > z,
TH(Satu'r7y) = E[(B;_B;)(B;_Bﬂlc)]

1
5 (=P s = ylPH — |5 — oPH |t — ) ;

(v) the rate function at zero

Vi ifHe[?)
kp(v) = vInl ifH=3 , v e (0,1];
2 jfH e (3,1)
(vi) the rate function at infinity
Vi ifHE[5.3)
va(n):=< +/n/lnn ifH=3 , n>1
n*=2Hif H e (3,1)

In addition, we assume that the process u considered in point (ii) satisfies a structural
condition, that we describe now. Set
f1(57t,$,y) = ‘t_S|2H_1|‘T_y|2H_1TH(37tax7y);
f(sitizy) = fils,t,z,y)ru(|t — s))rn(lz —yl).
We introduce the two following spaces C; and Cs of pseudo-controlled paths.
Definition 1.1. Fix a € {1,2}. We say that the pair (u, P) belongs to C, if:
e P= (Pti’j)te[O7T],1§,»§m,1gj§d is an (m x d)-dimensional process;
. fst uldBj is well-defined for any 1 <i<mand 1< j <d;

E (L1 L] = o(fals.t2,9) (1.3)

forall1 <i<mand1 < j <d, uniformly on (s,t,z,y) € [0,T)* such that s < t and
x<yas|t—s|+ |z —y|l — 0, where

t d
LY = / {ui —ul =Y PYMBf - Bf)} dB;. (1.4)

k=1
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We note the obvious inclusion C; C C;. We give two examples to understand
Definition 1.1. For the first one, we consider the case where each component u’ of v is a
“fractional semimartingale”, namely

d t t
= b+ /O aidBI + /O bids, tel[0,T].
j=1

Then, under certain assumptions on a and b (see Section 3.1 for precise statements), the
pair (u, a) belongs to Cs with a = P.

For the second one, we assume that m = d = 1 (for simplicity) and that v has the
form of a multiple Wiener-It6 integral of order ¢ > 1; then, with P, = D,us (Where D
indicates the Malliavin derivative) and under some conditions, the pair (u, P) belongs to
Cs,, see Section 3.2 for precise statements.

We can now state our two main results. The framework of Theorem 1.2 is general
(assuming that the pair (u, P) belongs to C; and satisfies other technical conditions) and
concerns the convergence of M™%J as n — oo in probability, towards an identified limit.
The situation where H > % differs significantly from H = % because in this latter case
M™% converges in law (but not in probability, because of the creation of an independent
alea, see e.g. (1.1)).

Theorem 1.2 (First order convergence). Fix H € (1,1) and let (u, P) € C; be such that P
is a.s. continuous and satisfies I [|| P||237] < +oc for some v > 0. (Here and throughout

the paper, we write || - || to indicate the uniform norm over [0,T].) Then, uniformly on
[0,T] in probability,

- 1 /.
,,] - i,
{M. }1§i§m,1§jgd nreo {2 /o F ds}1<i<m 1<j<d. (1.5

Moreover, this convergence also holds in L?({) for any fixed t € [0, T].

Theorem 1.2 give sufficient conditions for (1.5) to take place. These conditions are
however not necessary: we develop in Section 3.4 an example where the assumptions of
Theorem 1.2 are not satisfied whereas the convergence (1.5) holds.

Let us now study the fluctuations of M" 7 around its limit.

Theorem 1.3 (Second order convergence). Fix H € [4,1), and let Z = (Z"7)1<} j<q
(resp. W = (W*J); <, j<q4) denote the matrix-valued Rosenblatt process measurable with
respect to B (resp. the matrix-valued Brownian motion independent from B) constructed
in Section 2.5.

(A) [non-Brownian case H > 3] Assume (u, P) € C,, u is a-Hélder continuous for
some o > 1— H and P is f-Hélder continuous over [0,T] for some 8 > %

« If § < H < 3 then, stably in Cgmxa([0,T]),

{VH(n) (M,”’W - f/ P;’st)}
2 Jo 1<i<m,1<j<d

d .
ik ik,
s | /

1<i<m,1<j<d

where the integrals in the right-hand side are understood as Wiener integrals.

» If 3 < H < 1, assume in addition that Y_7_, >/ B P"I

o \ZM < oo for some y > 0
where, here and throughout the paper; || - || indicates the usual §-Hélder seminorm
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(see also (2.1)). Then, uniformly on [0,T] in probability,

{VH(n) (M.”’i’j — 1/ Psi’jds>}
2o 1<i<m,1<j<d

d .
ik gk,
R e} ’

1<i<m,1<j<d

where the integrals in the right-hand side are understood as Young integrals.
Moreover, this convergence also holds in L*(§)) for any fixed t € [0, 7).

(B) [Brownian case H = %] Assume that (u, P) € Cs, that u and P are progressively
measurable, and that P is a.s. piecewise continuous with E [||P||27] < +oc for some
v > 0. Then, stably in Crmxa([0,T]),

d .
n,i,J , i,k k,j
{I/H(n)M }1§1’,§m,1§j§d n—00 {Z/O PS dWs } )
k=1

1<i<m,1<j<d
where the integrals in the right-hand side are understood as Wiener integrals.

In Theorem 1.3, we could have considered non-uniform or even random subdivisions
(like done in [9] in the semimartingale context) but this would have led to significant
technical complications due to the non-stationarity of the resulting sequence of incre-
ments. Similarly, we could also have replace the fractional Brownian motion by a general
Gaussian processes with a covariance function assumed to behave locally as that of the
fractional Brownian motion.

The rest of the paper is organized as follows. Section 2 contains some reminders
and useful results about Malliavin calculus and fractional integration. In Section 3, we
discuss in details some examples. Finally, the proofs of the main results are given in
Section 4.

2 Preliminaries

2.1 Notation

In the sequel, IN (resp IN*) will denote the space of nonegative (resp strictly positive)
integers, C*([0,T]) (resp CF([0,7])) the space of k-times continuously differentiable
functions (resp k-times continuously differentiable with bounded derivatives) over [0, T,
and C?([0, 7)) the space of §-Hélder continuous functions (with 6 € (0, 1)) endowed with
the #-Holder seminorm, i.e

Hf”& _ sup |f(t)_f(8)|

o<s<t<T [t — s

(2.1)

We also consider the space Cr»([0,T]) of functions [0,7] — R? endowed with the norm
Il - oo of uniform convergence over [0,7], the space Dg»([0,7]) of cadlag functions
endowed with the Skorokod topology J; and, for p > 0, the space LP(Q?) of random
variables endowed with the L”(Q)-norm || - ||,.

2.2 Reminders of Malliavin calculus

This section is a condensed summary of some notions presented in [26, 27, 30]. It is
the occasion to fix the notation used in the paper. For more details or missing proofs, we
refer the reader to the aforementioned references.

Starting from now, we fix once for all an horizon time 7" > 0 and a complete filtered
probability space (Q, (3t)te[o,T] 5= ST,]P). We consider a d-dimensional fractional
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Brownian motion (B;)ico,r] = (B}, .., Bf)ieo,r) defined on Q. We assume that the
filtration (§+),c(o ) is generated by B.

Let B be the Gaussian space spanned by the (one-dimensional) fractional Brownian
motion B!. Let £ be the linear space of step functions over [0, 7] and let H be the Hilbert
space obtained as the completion of £ with respect to the inner product induced from
B!

(0,0, Xp0,5))2 = E[B{BY], 0<s,t<T.

The linear map defined on € by @ : Ijg ;) — B} is an isometry from (&, (.,.)%) to (B, E[., .]),
and can thus be extended to an isometry from the whole space H.

For H = }, we have % = L*([0,T]). When H > 1, it is well known that H contains
distributions, and therefore is not a subspace of some convenient functional space, see
[30]. This is why we introduce the subspace |H| of H, which is defined as the set of
measurable functions f : [0,7] — R such that

[ 5@ @l sy <+
[0,T]2

with

pr(dedy) = H(2H — 1)|z — y|*72dady.
From [30], we have that (||, - [||%/) is a Banach space with respect to the norm || - ||5,
defined as

I = 1@l ).

We observe that || f||jz < | f|l» forall f € [H].
Still for H > 1, we define [H|®?, p € IN*, to be the Banach space of measurable
functions f : [0,7]? — R such that

P
[ a5 o) [ ] dmadys) <+
[0,T]2P =1
and we observe that |H|®P? C H®P.

Let n € IN* and let S,, be the space of infinitely differentiable functions f : R* — R
such that f and all its derivatives have at most polynomial growth. We consider the
Schwartz space C composed of all cylindrical random variables, that is, of all random
variables F' of the form F = f(By,,...,B,), withn € N*, f € S,,, and t4,...,t, € [0,T].

The pth-order Malliavin derivative of F' € C is the element

.....

belonging to N> L"(Q, (H®P)®P) defined as

) ] n apf P

P;J15--50p _

D= Y e ) o 0
1,--,kp=1 1=

Since these operators are closable in L"(Q, (H®?)®) for all » > 1, we can consider
the Sobolev space DP" as the closure of C with respect to the norm

P d
1Pl =BIFF]+ 30 3 BID™ Fllyon].

In the same way, it is possible to define the Malliavin derivative for step processes u of
the form u = Z?;OI Filly, +,.,) (where n € N*, to = 0,t1,...,t, € [0,T] and I}, ..., F, € C),
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and to consider the associated spaces DP"(H). In order to only deal with functions
(and not distributions), we consider the subspace D?"(|H|) of DP"(#), which is by
definition the set of u € DP"(H) that are such that u € [H| a.s, D'u € (|H|®?)®? as, ...,
DPy € (|H|®P+1)®dP a.5. This subspace is endowed with the norm

P d
il oy = Bllulling + > 32 E[ID™ 0wl ]

m=1j1,....Jm=1

Let u € L2(Q, H®?) be such that |E[(D'F, u)yed]| < K,+/E[F?] for all F € C, for some
constant K, depending only on u. We then say that u belongs to the domain Dom(§!),
and we define the Skorohod integral §! as the adjoint of D?, that is, 6*(u) is the uniquely
determined random variable in L?(2) verifying the duality relationship:

E[(D'F,u)yed = E[F§"(u)] for all F € D'2. (2.2)

In the same way, if u is an element of L2(Q, (H®P)®%) (p > 2) we define 6 =

(§Pd1eee jp)1<j1’___7jp§d as the adjoint of DP = (DP-J1:- 7)1<41.....j,<a through the identity:
EKDPF, u>(H®p)®dp] = E[Fép(u)] forall F' € DP2,

We can show that DP?(H) C Dom(6?).

The following two results will be also useful. The first one is a straightforward
consequence of the Hardy-Littlewood-Sobolev inequality (see [3, Theorem 6]), whereas
the second one corresponds to [27, Proposition 1.3.1].

Proposition 2.1. 1. Fix an integer k > 1. There exists M > 0 such that, for all
u e L2(Q, L*([0,T]F)),

E [l[ulByer]| < ME [l (23)

2. For allu,v € DY2(H) and j € {1,...,d}, we have

E[6"7 (1) (v)] = E [(u, v)3] + E [(DMu,, D17 vy yen] - (2.4)

2.3 Multiple Wiener-It6 integrals

Throughout all this section, we assume for simplicity that the underlying fractional
Brownian motion is one-dimensional, i.e. that d = 1. We write D* (resp. 5%) instead of
Dk,l,...,l (resp' 5k,1,...,1).

When the process u is deterministic in H®*, its Skorohod integral §*(u) is called the
kth-order Wiener-Ito integral of u. If u denotes the symmetrization of u (see the footnote
1), we have §*(u) = §*(u); we can therefore assume without loss of generality that u is
symmetric. In what follows, we denote by H®* the set of symmetric elements in #®*.

The following statement summarizes what is needed about multiple Wiener-It6 inte-
grals in this paper. We refer e.g.to [26] for the proofs.

Proposition 2.2. 1. (Isometry) For all integers k,l > 1, all f € H®* and all g € H®',
E[‘Sk(f)(sl(g)] = ki f, 9>H®kﬂ{k:l}-

2. (Hypercontractivity) For all r > 2 and all integer k > 1, there exists Cj , > 0 such
that, for all f € HOF,
E [|6%()]"] < CrrE[I8"()I?]2.

11f {e;},>1 denotes an orthonormal basis of H and if u is given by u = it e 31 Qi €1 @ - @ €y

~_ 1 :
then @ = ;37,305 551 %1,k Cigy @ - - ® €j, 4. Where the first sum runs over all permutation o of

{1,...,k}.
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3. (Malliavin derivative) If u, = 0*(f(.,s)) with f € H®(*+1) symmetric in the k first
variables, then u € DV2(H), with

Dgou; = kSF7Y(f (., t, 5)).

4. (Product formula) Fix f € HO% and g e HO! and, as usual, let ®, (resp. @.) denote
the contraction operator (resp. the symmetrization of the contraction operator) of
order r, see [26, Appendix B] for a precise definition. Then,

(P =3 (’“) (l ) F5H (1)

r
r=0

2.4 Fractional integration

This section gives a brief summary of the useful properties related to the Young
integral when the Hurst index H is strictly bigger than % see [37, 39] for more details.

The following result extends the Riemann integral to a larger class of integrands
and integrators. For p > 0, we use the classical notations C?~**"([0,T)]) to denote the
space of functions f : [0,7] — R with finite p-variations. It is well known that §-Hélder
continuous functions have %-ﬁnite variations.
Proposition 2.3. Suppose p,q > 0 are such that % + % > 1. If f € CP7"*"([0,T]) and
g € C17v"([0,T)) (with g continuous), then the limit of Riemann sums

S (5) (o (S5 v ) = ((5F v )

exists for all 0 < a < b < T, and is called the Young integral f: fdg of f against g. It
is compatible in the sense that, if 0 < a < c < d < b < T, then fcd fdg = f: Jje,qdg.
Moreover, it satisfies the chain rule and the change of variable formula.

Moreover, if f (resp g) are ]%—H(')']der continuous (resp %-H()’]der continuous), we have
the Young-Loeve estimates:

b
/ fdg — f(a)(g(b) — g(a)

/ab fdg

where c,, 5 is a constant depending only on p and q.
When f : [0,T]> — R is such that f(¢,t) = 0, we write f € C*([0,T]?) if

Sl

o<s#t<T [t — s["

1,1
< cupllfllLllglsle—alr™e,

i 141
< cus (Il lglls b= als + 1711 gl b= al5 ),

(2.5)

£l =

Recall that, for each i, the fractional Brownian motion B? has a.s.x-Holder continuous
paths for every x < H. Therefore, if the process u has a.s. finite p-variations for some
% > 1 — H, it is an immediate consequence of Proposition 2.3 that the Young integral

J, udB" is well-defined pathwise on [0,77]; this makes the Young integral a suitable
integral when H > % In contrast, it is not a suitable integral when H = % because, for
instance, we cannot deal with integrals as simple as f BidB'.

Another way to define the Young integral is to make use of the forward integration a
la Russo-Vallois [33]. Their forward integral is defined, for fixed j, as

: ) 1 /[ . .
/ usdB? = lim = | u, (ng_ - Bg) ds, (2.6)
0

e—0 € 0
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provided the limit exists uniformly in probability over the interval [0, T]. When H > %
and u € CY([0,T]) with § > 1— H, then the limit (2.6) exists and coincides with the Young
integral. When H = % and u is progressively measurable, then the limit (2.6) exists and
coincides with the It6 integral.

In [27], the following relationship between the forward and Skorohod integrals is
shown.

Proposition 2.4. Assume that H > i, and let u € D"?(|H|) be a scalar process. In

addition, suppose that u verifies the following condition:

T T
vje{l,.. .,d},/ / |DY 9w, | (dsdr) < oo a.s.. (2.7)
0 0

Then, the limit (2.6) exists and verifies the relation

T , . T T 4
/ usdBI = 59 (u) +/ / DY,y (dsdr), (2.8)
0 0o Jo
where the integral in the left-hand side is in the Russo-Vallois sense.

2.5 Matrix-valued Brownian motion and matrix-valued Rosenblatt process

We introduce some probabilistic objects, taken from [13, Sections 2.4 and 2.5] when
H > % which we complete when H = % For more information about the Rosenblatt
process, one can e.g. refer to [34].

(a) Assume first that H € [4,2]. For H ¢ {1, 2}, define

1 p+1 t s

qu = ZT4H// //uH(dvdu)uH(dsdt)
pEZ 0 Jp 0 Jp
1 p+1 1 s

rg = ZT4H// //uH(dvdu)uH(dsdt)7
pEZ 0 Jp t Jp

and let ¢; = 1 riy =0and g3 =713 = 1. We have gy > ry by [13, Lemma 2.1]. Let
(Wit cici<qgand {WH7}, o, .- be two independent families of independent standard
Brownian motions, both independent of our underlying process B. We set W0/ = 1}/0.3:¢
for j < i. The matrix-valued Brownian motion (W*"7);<; ;<4 is then defined as follows:

Wi Vam e Wi , M=y (2.9)
VA =W e JIRWO i A '

with the convention that cL = 1.

(b) Assume now that H € (2, 1). For any fixed ¢ € [0, T, the sequence of (d x d)-matrix-
valued processes

[nt]—1
n 3 (8- BL) Iy )
k=0

1<id,j<d

converges for all fixed ¢t € [0,T] to some Z,. The continuous version of the process
(Zt)telo,) is called the matrix-valued Rosenblatt proces of order H. Each component
of this matrix-valued process is a-Holder continuous for every o < 2H — 1. Moreover,
the diagonals elements are independent Rosenblatt processes with selfsimilarity index
2H — 1.
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3 Examples

We start by defining the notion of controlled process. This notion plays a key role
because such a process verifies the conditions of Definition 1.1. We then give two classes
of examples: fractional semimartingales (i.e. processes with decomposition (3.4)) and
multiple Wiener-It6 integrals.

3.1 Controlled process

Throughout all this section, we assume H > %

Recall that C"([0,T]) denotes the set of k-Ho6lder continuous functions f : [0,7] — R,
whereas C*(]0,T]?) denotes the set of x-Holder continuous functions f : [0,7]> — R
such that f(¢,t) = 0 for all ¢, see (2.5). The class of controlled path, introduced first by
Gubinelli in [12], is then defined as follows.

Definition 3.1 (Controlled process). Consider « € (4,1). The set D**([0,T)) is defined
as the set of pairs (u, P) with u (resp. P) an m-dimensional process (resp. (m X
d)-dimensional process) belonging a.s. to C*([0,T]) and such that the m-dimensional
remainder process R defined by

d
Rl =uj—ul—> PY(B/-Bl), 0<s<t<T, (3.1)
j=1

belongs a.s.to C**([0,T]?).

For all (u, P) € D?*([0,T)), for all s, € [0,7] and all j € {1,...,d}, Theorem 4.10 in

[8] implies: N

ILG < C(IBllxl|Rllzw + 1Pl [Bll2x) [t — s> (3.2)

where B is defined as BY/ = [/(Bf — B¥)dB], L is given by L.} = [I R. dBj (or

equivalently by (1.4)), and C is a constant depending only on x and 7. The following

proposition gives an explicit link between the notion of controlled path a la Gubinelli
[12] (Definition 3.1) and our notion of pseudo-controlled path (Definition 1.1).

Proposition 3.2. Assume that k > Q(HSA%) + ¢, (u, P) € D*([0,T)) and, for some 6 > 0

and allj € {1,--- ,d},

m d
SOE IR+ DI | < o, (3.3)
i=1 j=1

with R defined by (3.1). Then (u, P) € Cs.

Proof. The proof is a straightforward combination of the identity (3.2), the Holder
inequality and the forthcoming Lemmas 4.1 and 4.2. O

As a consequence of Theorem 1.3 and Proposition 3.2, we deduce the following
statement.

Proposition 3.3. Fix H > 1, and let

d t t
u;’:ug+2/0 agﬂ'ngJr/o bids, tel0,T],ie{l,...,m}, (3.4)
j=1

- . . 2(HAS :
where the a*’ are a.s. k-Holder continuous for some k > ( 3 1) + % and the VY are

B-Holder continuous for some 8 > H — % Assume moreover that there exists § > 0 such

EJP 27 (2022), paper 130. https://www.imstat.org/ejp
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that
ZE
Jj=1

Then, with M™%} defined by (1.2) and W and Z the matrix-valued processes of Sec-
tion 2.5,

m
0 0 ] 0
1691270 + 116715 +lea“]lli+] < 00,
i=1

e if H < 3, then, stably in Cgmxa([0,T]),

. d .
1 o . .
n,,j _ 1,J i,k k,j
{Z/H(n) <M. 2/0 ay ds) }Mn—goo {kglA ag"dW } -

0
e if H > 32, then, uniformly on [0, T] in probability,
n,%,J 1 . i, i,k k,j 7
{VH(n) (M_ J_E/O asﬂds) } = {Z/ dzki 4 / b dBJ} .
7 Zyj

Proof. Set v = u} — fot bids = uh + 2?21 fot aJdBJ. For any i, j, we have

vy (n) (M_"’w — 5/0 afﬂds) =AY 4 CY

with, for ¢ € [0, 7],

APHT = VH(n){n2H1 </’UdBJ ka( k1, —Bé))

t s nit, k
P =y (n)n?H =1 (/0 /0 bidrdB] —Z/O budr (Bl , —Bﬂz))
k=0

We will show that (v,a) € €5 and we will deduce from Theorem 1.3 the convergence of
(A™%7), ;. Then we will prove that (C” i.J); ; converges either to 0 in C™*4([0,7]) (when
H<L 3) or uniformly in probability to 5 fo bs dB (when H > 3) The continuous mapping
theorem will then allow to conclude.

We start by showing that (v,a) € Cs. For0 < s <t < T, set

d

Rt—ut—v—Za?]Bj BY) Z/ b — aI)dBI.

Using the Young-Loeve inequality (Proposition 2.3), we have

d
[Ri | < lt=sPxe ) la |l B,
j=1
d
[ e <> (@™ llooll B Il + cnmlla® ||l B 1£T7)
j=1
d . .
< (A o) T @ s + [af]) 1B,
j=1
EJP 27 (2022), paper 130. https://www.imstat.org/ejp
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where the last inequality comes from the fact that ||a’7 ||, < |a§’| + T*|la"?||.. Thus, v
verifies the condition of Proposition 3.2, with P/ = a*/. We deduce that (v,a) € Co, and
we can apply Theorem 1.3 to (v, a), after observing that v is a-Hélder continuous for all
o=k > % >1— H. This shows the convergence of (4™"7); ;.

We now study the convergence of C™%"J. Set s,, = |ns]|/n. We have

t s t Sn )
vy (n)n?H=1 ( / / bldrdBI — / / b;drng)
0 JO 0 JO

t s

v (n)n?H=1 ( / / (b — b ) drdB!
0 Sn

LAt

ntn,
’L, n . ]
+kz-ob”k‘/’° (s sn)st>

n,t,J
CtH

n

_. n,i,j n,i,j
= R} 4 D,

Lemma 4.11 provides the desired convergence for D™%7, It remains to show that R™%"J
is negligible. We have

- Do pEEAE s ,
R = vy (n)n?i-1 Z/ (/ (b, — b%)dr) dB.
k=0 K n

n

Fix € > 0 small enough. We can write, using the Young-Loeve inequalities (Proposi-
tion 2.3) and denoting by ¢ a constant independent of n (whose value can change from

line to another)
%/\t s
/ ( / (b — by )dr) dBJ
k 3 n

n n

< enHHe / (b — b )dr 1B 4.
% " oo,[ﬁ,ﬂ/\t}
Ll RS AT 1Bl
o " 1, [, B ag]
< en T HBE b 1B .

We deduce that
|RP | < cvp (n)n™ 1|1V |g || BY |-,

and then E [sup,cpo (R} g )2} — 0 (chosing ¢ small enough), proving the convergence
of this remainder to zero uniformly in probability. This concludes the proof of Proposi-
tion 3.3. 0

We now state a corollary of Proposition 3.3, which extends to the case H > % a similar
statement proved in [18] when H = %

Corollary 3.4. Fix H > 1, and let F' : R* — R™ be a C?-function satisfying the following
growth condition: for some Ky, Ko > 0 and some 0 < v < 2, one has, for all x € R4,

O*F?
Ox,0x;

or
63:.7-

(x)( ,

max max }max {|F1(:U)|, } < Kefelelga (3.5)

i€{l,....m} jke{l,....d

Let u; = F(B;). We have, with W and Z the matrix-valued processes of Section 2.5:
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e if H < 3, then, stably in Cgmxa([0,T]),

o3 350}, (B )

k=1

e ifH > %, then, uniformly on [0, T] in probability,

fowtw (aames =5 [ S mgas)} {z [ s, d}

Proof. The change of variable formula for the Young integral leads to

i aF ‘ .
ur F( +Z/ &BJ dBJ 1<i<m.
Then, u is of the type (3.4), with ad = gF (B.) and b = 0. The regularity condition (3.5)
implies that a*/ is a-Hélder continous for every a < H and that

Haz]”a < K; HeKzT”f 1B ]|a)” Z HBk”

k=1

Lemma 4.1 then guarantees the existence of moments of any order for this random
variable, so that the desired conclusion follows from Proposition 3.3. O

3.2 Multiple Wiener-It6 integrals

Assume H > % and, for simplicity, d = m = 1. Let k > 1 be an integer and let

fr : [0,T)**! — R be measurable and symmetric in the first k variables (this latter
condition is of course immaterial when k = 1). Assume finally that f(x1,...,2%,s) = 0if
x; > s for at least one [. In that setting, Theorems 1.2 and 1.3 apply.

Proposition 3.5. Let the previous notation prevail, as well as the notation from Section
2.2.

1. Assume that f}, is a-Hélder continuous on
D = {(x1,...,2%,5) € [0,T)"", s > max(z1,...,z1)},

for some a > H. Set us = §* (fi(-,s)). Then, uniformly on [0, T)] in probability,

M — /61‘ 1 (fx(.ys,8))ds

n—00 2

2. Assume % < HKL %. Assume moreover that the hypothesis of the previous point
holds, and that in addition

(@1, 2k, 8) = gr(w1, - o)l e (21, - -0 T)

with g, symmetric and -Hoélder continuous for some 3 > % Then, stably in

Cr([0,T]) and with W an independent standard Brownian motion,

) (30 = & [ 57 (s >>ds)

. HEH-1 m/ Ly, ))dW,

n—oo

where qi and ry; as defined in Section 2.5.
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Remark 3.6. Before making the proof of Proposition 3.5, let us stress that (u, P) with
us = 6% (fx(-,s)) and P, = D,u, does not a priori belong to D?* for some x > % and
therefore we cannot directly apply the results of Section 3.1. Indeed, assuming g = 1,
ie fu(xy,. .., xpy1) = ]I[vak_ﬂ]k(xl, ..., ) We can write

s t
CsA,t = 5k_2 (I[O,S]kQ(.)/ / |l — T‘|2H_2dld’l’) = rH(O, S, S7t)(5k_2(]l[0,s]k—2).
0 s

Cs,t 3|6k72(ﬂ[015]k—2)‘
|t_s|2m il |t_s|2m—1

any x > 3. We have 5’6‘2(11[0’5]#2) = Hj_2(Bs) (with Hj, the k-th Hermite polynomial).

Since B as a Gaussian law, there is a real number [ > 0 and a set 5 C 2 such that

P(Q) > 0 and Ve € Qo, [§¥2(Tjg gs—2)(w)| > I. Then |Gt — oo for all fixed s > 0
’ s—

[t—s|2~
and w € Q.

for

Since r(0, s, s,t) > s|t — s| thanks to Lemma 4.2, we have

Proof of Proposition 3.5. We only do the proof of point (2), since the proof of point
(1) (which requires to show that (u, P) with P, := D,u, verifies the assumptions of
Theorem 1.2) is very similar and easier. Before going into the details, let us explain the
main steps we are going to follow:

e in the first step, we show that v and P are 3’-Hoélder continuous for some ' > % >
1—-H;

* in the second step, we provide a suitable decomposition of L, ;L ,. We recall that
L, is defined as

t
Ls,t = / (ul — Ug — DSUS(BZ — Bs)) dBl; (36)

« finally, in the remaining steps, we analyze each term of the previous decomposition
and show that the stuctural condition (1.3) is verified, i.e, forall 0 < s <¢ < 7T and
alo<x<y<T,

E[LgtLey] = 0s—t|4|z—y|—»0(f2(s,t,2,y)) uniformly in s,t € [0,7]. (3.7)

Step 1: Holder continuity. The process u is adapted with respect to B and belongs
to DY2(|H|) with Dyuy = k6! (fx(.,s,t)) Is<; by Propostion 2.2. Using the hypercon-
tractivity and isometry properties (again Proposition 2.2), we obtain, for ¢ > 1 and
s <t

Ellus —wl?) < CraBl(us —up)?)?
Croall fil+8) = fil, ) [50n
Crallfie(+8) = ful D) fyens

IN

thanks to the continuous embedding |H|®* C H®* in the last line.
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Let Ag ¢ fr(:) = fu(-,t) — fr(-, s). We have

1£o8) = Fult) By

k
S \/[;) 2k |As,tfk(x)||As,tfk(y)| H /LH(dxmdym)
, 1L
- k
< /[0 12k Lo, (i) Lis,0 () |lgx ()| gx (v)] H p (de,dy,,)
i,j=1 ,t 1L
k
= Z /[0 o Ls (@) Lis,0 () lgr ()| gx (v)]
ij=1710,
%

k

< | 11 na(demdym) | o (deidys) pn (de;dy;)
m=1
m#i,J

k k
+Z/[ o Lo,y (i)W, (i) gk @ |ge W] | TT 1o (damdym) | i (daidys).
=1 m—1

m#i

From Lemma 4.2, we have
/ pr(dedy) < K|t — s|
[0,¢] X [s,t]

for some constant K. Note that we take the liberty to change the value of K from line to
line in the rest of the proof. We deduce, for i # j, that

k
[ e o lonl T o)
t]?

m=1
m#i,j

k
< lanlle=sP [ T pnldondyn).
04262 7oy
m#£i,j

As a result,
(s 8) = fels ) Fggon < KllgrllZe (k= 1) = s 4 gt — P2 0D,
Since |t — 5| < K|t — s|® on [0, T]?, this leads to
Eflus — u|*] < K|lgr|l& [t — 5|
We can show a similar bound for the derivative Du:
E[|Dsus — Diut|®] < E[|Dsus — Dsut|®] + E[|Dsus — Dyug|®)
< Ch-1a (||fk("5’3) = JiCy 8, ) I fggen— + I1fr (58, 8) — fk(',t’t)Hfm@k—l)

and
”fk('» S, S) - fk(" svt)”\QH\@kﬂ + ”fk(a S,t) - fk('at; t)”%ﬂ@k—l
< KgrllZ% (klt — sPTRHOD 4 (k= 1)22H0D)); — o]2)
+E g3 1t — 5%,
EJP 27 (2022), paper 130. https://www.imstat.org/ejp
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where || gx||5 is the Hélder seminorm of g; over [0,7]*. Then,
E[|Dsus — Deue|*] < K(llgnll&lt — s + lgrll§]t — s17).

Finally, for all ¢ > 1 we have

IN

El|lus — ut|* 4+ |Dsus — Dyugl®) C (It — s + |t — s|?)

C (It = s e — s+,

with o' = aH — 1,a” = af — 1 and the constant C depending on &, a, ||gk||cc and 7.
Observe that % — H and "7 — B when a — co. The Kolmogorov-Censov criterion
applies and yields that v and s — Dgus verifies the Holder seminorm condition in
Theorem 1.3, namely: u and P are 3/-Hélder continuous for all 8’ such that A H > 3’ >
1>1-H. O

Step 2: Decomposition of Ly L, , (recall the definition of L from (3.6)). The product
formula (4) yields, for s <,

Dgus(B; — Bs) = k! (fi(-y s, S)) 6(]I[Sat])
= koF (fk(',S,M[s,t]("))
+ k(k =165 (fils,8) @1 Tjp) -

Then, Ut — Us — Dsus(Bt — Bg) = As,t — Csi, with

Aor = 0 (Sl ) = fulss) =kl 5.9) @ T () 38
Cor = k(k — 1)5k72 (fk(, 8,8) ®1 I[[Sﬂg]) .

Notice that C; ; = 0 when k = 1. We also use the convention that A;; = Cs; = 0 if
s >t.

To prove that (u, P) € C, we will proceed as follows.

The hypothesis of Proposition 2.4 are verified by A and C. Indeed, 4., Cs,. € DV?(|H])
for all s € [0,T]. Moreover, using the same arguments as in Step 1, one can show that
DA, and DC; . have almost continuous paths in [0, T)?, implying in turn that

T T
/ / (|DwAs 1| + |DywCs 1| pp (dldw) < oo a.s.
o Jo

forall s € [0, 7.
Formula (2.8) allows to write

t ot
/ CS dB; =96 (CS’. X ]I[S t ( +/ / DwCs,l ,uH(dwdl) (3.9)
s 0
as well as

t t
/ Ag 1dB; =46 (As,‘ X ]I[st ( +/ / DU,ASJ uH(dwdl) (3.10)
s JO

Forany0 < s <t<Tand0 <z <y < T, we can then write LS’th,y:Z?’jzl RYI(s,t,1,y)
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with

RM (s t,z,y) = 6(Cs T () 6 (Co Ty ()
R1’2(s,t,x,y) = //NH dldw) / / pr(drdz)Dy,Cs 1 D,Cy »
RY3(s,t,z,y) = R“(z,y,s,t)

= 5(Cs I () //D Co o (dwdl)
R¥'(s,t,z,y) = 6 (AsJs5() 0 (Az Iy ()
R*?(s,t,x,y) = /t /t/LH(dldw) /y /y,uH(drdz)DwAs,lDzAm
R*3(s,t,,y) = : ((; Y, s,1)

= 6 (As I () )/ / Dy Ay prr (dwdl)
R¥(s,t,x,y) = RY(z,y,s,1)

= 0 (A, Xi5,9()) 6 (Ca Xy ()
R*2(s,t,z,y) = R“(z,y,s,1)

= 0(A Xy (- )/ / Do Cloiprr (dwdl)
R¥3(s,t,x,y) = R*Y3(x,y,s,t)

= 5(Cte) [ [ DoAsaunlaua)

R¥(s,t,z,y) = R*(x,y,s,t)

= ///LH (dldw) / / pr(drdz)Dy,Cs D, Ag 1.
We can easily check that

E[RY] =E[R*] =E[R*']| =E [R*?] =E [R*'] =0.

Indeed, these expectations reduce to a sum of expectations of products of two multiple
Wiener integrals of different orders, which are orthogonal in L2(Q) by Proposition 2.2.
More precisely, Lemma 4.3 allows to show that all the expectations in play vanish. For
example,

E[RY?] = /y /Oy E[5(Cs, Xgs,) () DuwCt] i (dwdl),

which corresponds exactly to a term of the form (4.3).
We will now apply Proposition 2.4, together with several inequalities, to show that all
the remaining terms satisfy the condition (1.3), namely

B[R (5,1, 2,9)] = 0fe—sl+le—y|s0(f2(s, 1, 2,9)

for all (i,5) € {(1,1),(1,2),(2,1),(2,2),(3,3),(4,3)} and uniformly in [0,7]?. (Starting
from now, note that every time we write oj;_4|1|o—y|—0(f2(s,t,2,9)), it is implicitely
assumed that it takes place uniformly in s, ¢ € [0,77].)

Whatever the value of (i,7) € {(1,1),(1,2),(2,1),(2,2), (3, 3), (4, 3)}, deriving a bound
for E[R"/] requires similar arguments. For this reason, in what follows we will fully
develop the cases (i,5) = (1,1), (¢,5) = (1,2) and (i,j) = (2,1), then we will only explain
the differences for the remaining cases.

For notational simplicity, we will also write R%/ instead of R/ (s,t,z,y).
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Step 3: Bound on E[R'?]. First, we give an upper bound for E[(D,,Cs;)?]: forallw € [0, ]
and [ € [s, ],

E|(DuCot)’] = K20:= 120k = 2B (8" (fu(- w,5,5) @1 T,)) ]
= klk(k = 1)(k — 2) || fulow, 5, 8) @1 Lo |ogens
< Rlk(k — 1)k = 2)llge 1% [To 2702 @1 Ty [ yjona

where, in the last inequality, we have used that |h; ®; ha| < |h1| ®1 |he| for all hy, hy €
D'2(|H]|). Moreover, according to Lemma 4.2,

Lo, -2 @1 Ljs | = |E[Br(Bs — B)|Ljo,pe—s| < Kls — I|Ljg rye-s
Plugging this identity into (3.11) leads to
E [(DCsy)?] < Kls — 1%

As a result, and using the Holder inequality, we have, for all s <t and z <y,

‘ [/ / Doy C ipipr (dwdl) /:/OwaCz,mH(dwdl)”
//// DCsl }1E{(DZC’LT)QF,uH(dzd'r),uH(dwdl)

K‘t - 5| |$ - y| = OlthIHIfyIHO(fQ(S:taxa y))

IN

IN

where, in the last identity, we made use of the following two facts: on one hand |t — s||z —
y| < rg(s,t,x,y) according to Lemma 4.2; on the other hand, and since H < 32,

y|2H—1

6= sl — o1 = j—etopioso (I — 527"l = y P s (2 — )rar (It — s]))-

Step 4: Bound on E[R"!]. This term can be handled similarly, with the help of Proposi-
tion 2.1:

B [6(Cs, s, ()0 (Ca Tz ()]
< [ RO (ECCa i)
[s:2]x[2,y]

+/ / |E[DyCs1D,Cyr)|p (dzdl) prp (drdw)
[0,t]x[z,y] /[s,¢]x[0,y]
S K||gk||2o|t - S||.13 - y|(|t - SHl‘ - y| + TH(S?taxa y))7
where E[Cy ;C,.] and E[D,C; ;D,C, ] are computed by means of Proposition 2.2. Again,

|t - SHJZ - y|(|t - S||J3 - y| + TH(S,t,Jf, y)) = 0|tfs|+\$fy|~>0(f2(57taxa y))

Step 5: Bound on E[R*!]. Using Proposition 2.1, we can write

[E[R*!]| = |B [§(As, Ls,0())3(As, Tpp 4y ()] |

S / ,LLH(dld’I”)H[&t] (l)][[%y] (7’) |E[AS7ZA%T]|
[s,t] x[z,y]

+ / e (dwdr) / pr (dldz) |E[Dy A D2 Ay )|
0,t]x [z,y] [5,t]x[0,y]
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Let us define the following function:

hy(x1, ... xp,1)

k
= Z]I[O’S]k_l (.231, ey L1, L1y - - - 7$k)]l[s,l] (l‘z)
i=1

X (ge(z1, -y @k) — (X1, ooy Tim 1, Tig 1y - -, Ty S))
k
—|—gk(l‘1, ce ,xk) Z]I[S’l] (xi)ﬂ[o’l]k—l\[o’s]k—l (1‘1, ey L1, L1y - - ey xn)
i=1

Since s < [, we have:
fk(xl,. .. ,xk,l) — fk(xl,. .. ,xk,s)

k
= gk(l'la---7-7316)Z]I[s,l](xi)]l[o,s]kfl(xla-~-755'i71>33i+17~--7=Tk)
=1

k

+or(z1,. .., 2p) Z]I[s,z] ()0 r-1\[0,5)—1 (T15 -+, Tim 1, Tig1s - - -, Th)
i=1

and

kfk(7 S, S) & ]I[s,l] (.’171, e wrkr)
k

= Z ]I[s,l] (xi)]l[07s]k—1gk(x1, ey L1, L4 1y -y Ty 8).
i=1

We obtain, for all 1, ...,z € [0,7], that

e~

fk(xlv s 7Ik,l) - fk(xlv sy Ly S) - kfk(',S,S) ®]I[s,l](z17 s axk)
= hz(xlv"'axlml)'

Then, Ag; = 6*(h{(-,1)), Az, = 6%(h¥(-,r)) and, by Proposition 2.2 (isometry),

/ ]I[s,t} (Z)H[z)y] (’I‘)‘E[ASJA%T” |l — T‘2H72d’l‘dl
[s,t]x[z,y]

k

t ry
< K / / o (dldr) / [T o (dadys)
s Jz [0,t]% x[0,y]*

i=1
x[hi (@1, w, D] R (Y1 - uk, )] -

On the other hand, observe the following facts:

o hi(zy,...,x) =0if (z1,...,2%) € [0, s]¥;
« if there is a unique index ¢ such that z; € [s,{], then

|h2($1,...,$k)| = |gk($1a---733k) _gk(xla--'7xi71ami+1a"'7xk7s)|
< llgxllsls =17

* if there is more than one index i such that x; € [s,!], then
k
B3 (@1, 2k D] < lgkllooXio e (@1, -y 2k) Y Tpg2 (@, ;).
i#j=1
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As a result,

|hi(z1,. ..,z 1)

IN

> T (@, @ict, Tigas - )l g ()]s — s|%|gells

k
gk [l Z lgk (@1 mn) Tis g2 (6, ) Lo g (21 - - -, ).
iAj=1

We then have

t Yy k
/ / uH(drdl)/ HMH(d:Uidyth(xh...,xk,l)
s Jux [0,0% % [0,v]

Fam1
X[ |h Y1y yes )|

IN

with
k
Ae a3t —sflo—ol? 3 / IT s (dmdyn)
00wt 2y
X]I[s,t] (i) M1z0 (y5)

Be gl Y /., pir ()

13 F02,j1#£j2=1 J¥ 0, y]k
X]I[s,t]z (% s Tio w2 (Y15 Yin)

C= le—yllalslode S / HMH 0 ilyn)

ii#i0,j=1 X[O y]k
X]I[s t]2 (xh » Lig )]I[l’ Yl (yj)

Do = sPlalslode 3 / T sty

ijiAja=1" O X[0y]* oy

xTis (i) L 12 (Y15 Yio)-

We only write down the details for the upper bound of A, since the technique is similar
for the three other terms.
Two cases should then be analyzed to handle the integral A:

A

k
s xz Hz y 12%¢4 da;mdym
/kaw (5,0 (@) X124 (9 nll
= E[B:B,]*?E[B,(B; — B,)|E[B,(B, — B,)] < KzT* "=t — s[|z — y],

where the last inequality follows from Lemma 4.2.

e =7
k
]Is, (xl)ﬂ z, (y) MH(dxmdym)
/[o,thx[o,y% ARt ngl
= E[BB,)" 'E[(B, — B,)(B: — B;)]
< Ty (s,t,w,y) < THED]E— o Tz —y| 7,
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where the last inequality comes from Lemma 4.2. We then have
A< K(|t—s|lz =yl + [t = s |z — y|")[t — s —y|”.

Similar arguments for handling the integrals B, C, D lead to

B < K(|t—sP e -y + ]t — s |z — yl"]t - slle -yl + [t = s]|lz — yI*)
C < Klo—yl’(lz =yt — /" + |z —yllt — )
D < Klt—s’(jt — ||z =yl + |t = sllz — ).

Since 3,H > 3, we have

/ Lo (Dl ) () B[ Ay A iz ()
[s,t] % [z,y]

< TH(57t7 xz, y)(A +B+C+ D) = O|t78|+\zfy|~>0<f2(s7t7xa y))

We have D, A, = §**(hi(z1,...,7k_1,u,l)). Similar computations allow to treat the
trace term:

[ mldwdr) [ (i) [EID,AD AL
[0,t]x [z,y] [5,t]x[0,y]

= O—s|+|a—y|—0(f2(s,t, 2, 7))

Putting all these facts together, we obtain
E[RQJ] = 0|t—s|+\z—y|—>0(f2(s7 t,x, y))

Step 6: Bound on E[R*? + R33 + R*3]. We use similar arguments here as in Step 5: we
can obtain trough easy but tedious computations, and distinguishing again several cases,

E [R*2 + R*® + R*3] = 0| jo—y|—0(f2 (5, t, 2, 1))

Step 7: Conclusion. We have shown that

E [Ls,tL:v,y] = O\tfs\,|x7y\~>0(f2(sa t,x, y))

implying that (u, P) € Cs. O

3.3 Examples in the Brownian motion case

Since this section only concerns the standard Brownian motion case, in the following
H= % We give below a criterion which generalizes the examples developped in [32].

In Proposition 3.3, we considered fractional semimartingales of the form (3.4). Here,
we take advantage of the standard Brownian framework, to consider processes of the
form (3.11). Note that the integrand V;tj is allowed to depend on ¢ in (3.11), making
useless to consider a drift term as in (3.4).

Let ((Ui)te[o,T])l <i<m D€ a collection of square integrable and progressively mea-

surable processes, i.e. E[(u;)ﬂ < oo for all 7 and ¢. According to the representation
theorem for square integrable random variables, for all 7 and ¢ there exists progressively

measurable processes ((V.7)o<s<t) |<j<q SUch that, for all i and ¢:

d t .. )
ul = Elul] +Z/ V.{dB! as., (3.11)
j=1"9
and E[ [} (V//)?ds] < co. We assume moreover:
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(91) (VS )0<g<t<T is measurable for all ¢ and j, and (¢) (s, t) — V; . has a progressively
measurable version, (ii) E[|V/] - V J| ]+E[|V”—fo| ] —» Oforalli, j uniformly

ins <te|0,7T] and (i) (Vs;g)se[m is piecewise continuous.
($2) For all 4, j, the family <|V;tj |) o01] is bounded by a square integrable random
’ s,t€lo,

variable S such that E[S?77] < co for some v > 0.
($3) One has, forall0 < s<t<Tandalli<mandj<d

B [0 - Vil + (Bl - ) < b5t
0
where p is a bounded function which is continuous on [0, 7]? and such that u(s, s) =

0 for all s € [0,T7.

As an application of Theorem 1.3 (with Py =V, ), we can state the following proposi-
tion.

Proposition 3.7. Assume (£);)—($)3) and recall that H = 1. Then, stably in Cgmxa([0,T7]),
N d .
(VM"Y Gicma<ica — {Z / V;’dekJ(S)} )
n—r oo 0
k=1 1<i<m,1<j<d
where W is the independent matrix-valued Brownian motion of Section 2.5.

Proof. To simplify, without loss of generality we assume that m = 1. We then write
P =pPY,Vi=Vand I’ = L' forall1 < j <d.

Given (1), (iii) and ($)3), we have that s — P; is piecewise continuous over [0, 7],
with E [||P[|27] < +oc. Thus, it remains to check that (u, P) € C,. Since we are
dealing with the standard Brownian case and since s < ¢t and z < y, we note that
ra(s,t,z,y) = ((t Ay) — (s Vz))4+. Thanks to the independence of increments, we are
then left to check that Vj € {1...,d},

E(L] L] ) = V]t = slle =yl X op—sjtio—yimo ((EAY) = (s V)4 ).
We have, forall 1 < j < d and with BY} = [/(B} — B})dBj,
i, = / wdB] —u,(Bl — B]) = P!BY)
s i=1
t .
= [ ®-Ew) s
/ <Z/ r s ]I[O b]( ) + (‘/er - ‘/si,s) H[s,l} (T)) dBZ") dBlj

_. 1,5 2,
=: Ls,t + Ls7t.

Let s < tand x < y be such that s V2 < ¢ A y. The hypothesis (f)3) allows us to write

L ) tAy
E[szgLi:’,ﬂ = / Elu; — us)Elu; — ug|dl
tAy
< / Efu — us])Zdl/ (Blu — u,])? dl
< ((tAYy) —(sVa)s/I|t—sllz —y| [ sup p(s,l) sup p(zx,1).(3.12)
1€[s,t] l€[z,y]
EJP 27 (2022), paper 130. https://www.imstat.org/ejp
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We also have:

) ) tAy d
E[L}]127] = / d) E
=1

l
/O (Vi) = Vi Moy (r) + (VE, — VE Yy (r))dBE

sVx

<= Vi ) + V2~ Vi B <r>>dB;] -

Moreover, thanks to the isometry property, the Cauchy-Schwarz inequality and the
assumption (f)3), we can write, for all i < d,

t
E [ / (Vi) = Vi Vo (r) + (Vi — Vi )l (7)) dB:

< = Vi) + (= Ve >>dBl}

[t — slu(s,t) + sup B[V, \/x—ymx )+ sup B[V, — Vi ]2
re€ls,l] refwz,l] ’

(3.13)
Using the Cauchy-Schwarz inequality and then (3.12) and (3.13), we finally obtain
E[Ly]L27 + L2 LY ]

< ((tAy) - (sVa) +W—s|<u<s,t>+ sup  E[Vi, — Vi,]?)

€ls,t],rels,l]

\/Il’yl sup pi(w, 1)

l€([z,y]

+((EAy) = (sv I))+\/t —sl(u(s,t) +  sup B[V —VI]?)

l€[s,t],r€[s,l] ’ ’

\/Ifﬂ—yl sup fi(z,1).

l€[z,y]

Thanks to ()3) we have that the function (s,t) — sup,¢j; 4 (s, ?) is uniformly continuous
on [0,7]? and since u(t,t) = 0 for all ¢,

sup sup p(s,t) — 0.
5,t€[0,T),|s—t| <6 z€[s,1] 60

On the other hand, we have thanks to (£)1),

sup sup E[( ;’l — V; ) ]—0.
5,6€[0,T],5<t,|s—t| <8 x€[s,t] 60

Finally, (u, P) € Cs. O

We obtain a result analogous to Proposition 3.3 for semimartingale processes but
with weaker hypotheses on the volatility a and the drift b.

Corollary 3.8. Assume m = 1, and consider

d t t
wp = g +Z/ aldB! +/ beds.
=170 0

Assume that o’ is progressively measurable and piecewise continuous for any j, that b is
progressively measurable, that g(s,t) = >.t_, E [(a} — a¥)?] is continuous as a function
of two variables, that ug is independent of B and that for some vy > 0,

J||2+ 24y
B |, /1257 + B 2] < 400,
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Then, with M™1J defined by (1.2), we have, stably in Cga ([0, T])
d .
n1,j i Uy
WM™ o 72, {Z/ At J}
i=0 "0 1<j<d

where W is the independent matrix-valued Brownian motion of Section 2.5, see (2.9).

Proof. We have that the function f : t — f(f bsds is a.s. continuous and satisfies
E[||f|I2X"] < co. Using Jensen inequality and the isometry property, we easily see

that
t l ) Y l )
/ ( / budu> i [ ( / budu) 4B

<z —yllt—sl(tAy—sVa), sup Eb],
1€[0,T]

E

that is, (fo bsds,0) € Cy. Then, Theorem 1.3 applies, and

t l nty, k.
Vje{l...,d},/ dl/ bsng—Z/ bldl(B]kiM—Bi)c([o—’q;])O.
0 0 =1 0 P

n n— o0

Moreover, we can apply Proposition 3.7 to fo asdBs with Vsl’;j = agll[07t] (s) (all its assump-
tions are satisfied). Slutsky’s lemma allows finally to conclude. O

Unlike the case H > % here we can allow the volatility process a to be discontinuous.
An illustration of this fact is given by choosing d = 1, (T});>1 a sequence of increasing

stopping times such that 7; — oo a.s, a sequence (z');>1 € RYN" of progressively
1— 00 -

measurable processes on [0,77] such that ), [|#*||%, < oo, and

tAT; )
Uug = g / xydBs.
0

i>1

We then have, stably in Cg([0,77]),
1 ’ -
M o (8)dWs.
VnM. \/i/o zi:% 0,7:1(8)

3.4 Irregular processes

In this section, H ¢ (%, %) We state a first order convergence for a general class
of processes possessing mild regularity properties. Notice that related problems have
been studied in the papers [2] and [6] (the latter establishing existence of Local time
and Tanaka’s formula for fractional Brownian motion).

Although the process u considered in Proposition 3.9 is of the form u; = F(B;),
the fact that F' is supposed to be convex allows potential discontinuities for F’, and
it becomes hopeless to expect a second order result as obtained in Corollary 3.4 in a

seemingly similar framework.
Proposition 3.9. Let u, = F(By), s € [0,T], with F a real convex function such that, for
some K > 0 and vy € (0,2),

||

|F(z)] + | F' ()] +/ (lal + 1)dF"(a) < Kell", z e R,

—|=|
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where F’ is the right derivative of F and F" denotes its second derivative in the
distributional sense (a simple non-smooth’ example is given by x — |z|). Then, for
allt € 10,7,

[nt]

t
M o= p?ft /F(BS)dBS—ZF(Bﬁ)(B@M—Bﬁ)
0 =0 n n n
2 1 [t
L2 / F'(B,)ds.
n—oco 2 0

Proof. The proof is divided into two steps: in the first one, we will first show that
us = F(Bs) belongs to D*?(|#|) and give a suitable expression for its Malliavin derivative.
This is then in Step 2 that we will show the L?(Q2)-convergence of M™, with the help of
Proposition 2.4 and of Lemma 4.6.

Step 1: u belongs to D*2(|H|). Consider the truncated function

F" o — F(2)lg<n + F(n)lpsn + F(—=n)la< .

Every convex function is locally Lipschitz continuous so the previous sequence is Lips-
chitz continuous. Then, by a slight extention of [26, Proposition 2.3.8], we know that the
process u” = F"(B;) belongs to D*%(]§]), and Dsu} = (F™)'(B¢)ls<;. Moreover, F" — F
and (F™) — F’ pointwise as n — oo, and the growth condition on F and F’ ensures
that, for all p > 2, the sequences F"(B;) and (F")'(B;) are bounded in L?(2,|#|) and
LP(Q, |H| x |H|) respectively. Then, these sequences are both uniformly integrable in L2,
and the bounded convergence theorem ensures that, as n — oo,

u" —u in LP(Q, [H|)
]I{S*} DUZZ — ]I{S*} F/(B*) in LP(Q, ‘H‘ X |7'[|)

Then, u € DY2(|H]), with Dyu; = I;<;F'(B;). Since F” is locally bounded, the process u
verifies the assumptions of Proposition 2.4.

Step 2: L2 convergence. By e.g. [31, page 224], we know that, for all £ € IN*, there exist
ak, B € R such that

1 k
F(z) = ai + Brr + 5/ |z —a|dF"(a), z € [k, k]
k

Then, for all z € R,

F(x) = F(0)(z)
“+o0 1 k+1
+ Z (akJrl + Br+1z + 3 / - |z — adF"(@) L ko1, k)u(k,kr1) (T)-
k=0 —k-

Since F'is convex, dF" can be identified with a Radon measure, which is o-finite. This
allows us to interchange the integrals and derivatives. Since D.u, = F’ (B*)II,S* we can
then rewrite Du as:

400 k+1

1 .

Dsup = Ii>s Z <5k+1 + 5/ sign(B; — a)dF”(a)) T k—1,—k)uk, k1) (Bt),  (3.14)
k=0 —k—1

where sign is the left derivative of © — |z|.
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Let 0 <t < T. We have, thanks to Proposition 2.4 and recalling that s,, = %Lnsj

1 t
Mtn_i/ov F/(Bs)ds

= w2 / (F(B) - F(B.,))35,
/ / M1 (1) = F(Bo, o 0,1 (1)) s ()

75/0 F'(B,)ds

t nt — |ntN2H-1 [t
f% /t F/(By)ds + M )T /t F'(B,)ds

2 n

+n2H_1/ / " (F(B) — F(B.,)) p(dlds)

p2i-1 / / (F'(B,) = F'(By,)) urt(dlds)

L / (F(B.) — F(B.,))B.,

where we used the fact that f,ff:l)/" iy i (dlds) = =21,

We can see easily that forall0 <t < T,

‘n

2

1

(n”“ / t / " (F(B,) - F'(B,,)) uH<dst>)2]
( / (F(B.) F'(BS,J)ds)z] ,

We also have

S Kn4H—2E

where we used the fact that

/ Il — 5277241 < (2 — 2H)s* =1 < (2 — 2H)T* 71,
0

and
t s 2
(e [ <F’<BS>—F’(Bsan(dzds))]
= 4H2//,qu9ds// o (dpda)
xIE[( F'(Bs,) F'(By,)]
¢ 2
< n*f72R (/ (F’(Bs)—F’(BSn))ds> ]
0
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(where we used that [ [l

2

E (n”“ / (F(B.) - F(BsmaBs)

IN

Kn*1—2F [/t(F(B ) — F(Bsn))2ds}

ntH-2p, [ / / (Drus — Dlug)dlds]
Kn*H—2F U (F(B)_F(Bsn))st}
kst (o[f [
[ o)

with K depending only on 7. We used (2.3) then (2.4) in Proposition 2.1, and the fact
that Djus — Dyus, = F'(Bs)Li<s — F'(Bs, )Ij<s, to obtain the last inequality.

We have

IA

n4H73 t
nt—2E U / F'(B dlds} < E[ F’(BS)st] — 0
0 0

(because H < 2). We have

| t e - )|
E Uot /OS”(F'(BS)_ "(Bo ) 5, - 5., Jdst}

t Sn
0 JO

Using (3.14), we have:

t Sn
E [ /O /0 (F'(Bs) — F'(Bs,)’I |5, |=|B., Jdlds]
1 — t psn
T Z b [/ / dldsli—g—1,—k)u(k.k+1](Bs)
k=0 0 J0
k+1 )
/ (sign(Bs — a) — sign(Bs, — a))dF"(a) | Ijp, =5,
—k—1
Moreover, since dF" is o-finite, we can use Fubini’s theorem and Jensen’s inequality to

get that
t Sn
B [ | [ - F’(Bsn»zcuds} <y + D),
0 0
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with

+oo
cr = F'(-k-1k+1))

13+1 t
/ / E {(sign(BS —a) — sign(Bs, — a))2
k— 0
(

—k—1

k
L1~ ko 1] (B)L B, = B., || dsdF" (a);

t
Dy —E [ [ B - F B s, a5, st] .
0

X
X

Let v > 0 and let p,q > 0 be two conjugate exponents such that % > 4H — 2. (Notice
that v, p, g exist if and only if H < %.) We apply Holder’s inequality to obtain:

E [(Sign(Bs —a) —sign(By, — a))? ]I[fkfl,fk)u(k,kJrl](BS)HLBSJ:LBS"J

< E [\Sign(Bs —a) —sign(Bs, — @)|2p} "E [T k—1,— 1ok kr1) (Bs)]

Q=

2

__kZ
= Ok—oo(e 2a727) for all s € [0,7]. We also

Q=

We know that [E [H[,k,L,k)U(k’kJrl](Bs)]
have that (by hypothesis on F"),

SCF([—k = Lk + 1)e w0 < o
k=0

By Lemma 4.6, forall a € R,

1

/t I [(Sign(BS —a) —sign(Bs, — a))%} P s = Onsoo(n24H),
0

where the o does not depend on ¢.
We then obtain:
n*H 201 = 0,00 (1). (3.15)

A similar use of Lemma 4.6 shows that, for all ¢,

'I’L4H_2D;l + n4H—2E

(/Ot(F(BS) - F(Bsn))ds) 21 — oo (1).

Putting these facts together leads to:

2 1 rt
Y f/ F'(B,)ds. O

n—oo 2 0

4 Proofs of the main Theorems and other results

Throughout all this section, we denote by B a fractional Brownian motion of Hurst
index H.

4.1 Miscellaneous

We start by giving a collection of technical results that are used throughout the paper.

The following lemma is an easy consequence of Fernique’s theorem (see e.g. [38]
and the references therein), and represents a very useful tool for proving the existence
of moments for Holder modulus of Gaussian functionals.
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Lemma 4.1. (Fernique) Assume that H > % and let B be the associated Lévy area
of B, defined as BY = [/(B} — B¥)dBj]. For all v € (0,2) and all s € (0, H), and for all
function f satisfying the growth condition |f(z)| < exp |z|, we have

E[f(IIBllx + VIBll2x)] < 00,

where || - ||¢ is the H6lder seminorm, see (2.1) and (2.5).
We also have the following elementary lemma.

Lemma 4.2. Assume H > % There exists a constant kr > 0 such that, for all z,y, s,t €
[0, T)* such thatt > s and y > =,

krlt —slly — x| < rp(s,t,x,y) < |t —s|T )z —y|H, 4.1)
[E[B:(Bs = By < |z —yl. (4.2)

Proof. For the sake of simplicity, we will consider 7' = 1 (which only modifies the
constants). In the expression (4.1), the right inequality is a simple consequence of
the Cauchy-Schwarz inequality. For the proof of the left inequality, six cases must be
analyzed carefully.

(i) case where t > s >y > x. For fixed s,y, z, let
f(t) = (2H = 1)(t = s)(y — x) and g(t) = ru(s,t,z,y).
We have f(s) = g(s) = 0 and
gt) = f(t)=2H (=(t =y)* 1+ (t —2)*7) — (2H — 1)(y — 2).

We see that —(t — )27 ! + (t — 2)?2#~1 > (2H — 1)(y — x) thanks to an elementary
function study, so
gt — )= (2H -1)*(y—2) 20,
so g(t) > f(t) and then (2H — 1)|t — s|ly — z| < ru(s,t, z,y).
(ii) case wheret > y > s > z. For fixed ¢, y, x, we see (thanks to an elementary function
study) that the quantity rg(s,t,z,y) — (t — s)(y — x) decreases with s and then

reaches its minimum for s = y. Assume then s=yandletd =t—zanda=y — .
Then

TH(Svtv I?ZJ) - (t - 3)(9 - JJ)
> h(a) = 6*7 — (a®# + (6 — a)*# +a(0 — a)).

We have /() = h(0) = 0, and the function h is increasing over (0, $) then decreas-
ing, so is always positive.

(iii) case y >t > x > s. This is similar to (ii).
(iv) case y > x >t > s. This is similar to (i).

(v) caset >y >z > s. Write B, — B; = (By — By) + (By — B,) + (B, — B;) and then
combine the inequalities from (i) and (iv).

(vi) case y >t > s > «x. This is similar to (v).
Finally, the proof of inequality (4.2) can be found in [24, Lemma 6]. O

The following lemma is used in Step 2 of the proof of Proposition 3.5.
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Lemma 4.3. Let m,n € N withm > n, f € HO" Q@ H, g € H®", h € HO" @ H. Let
x €10,T], Fp =6™(f(,2)),G ="(g9), H, = 6™ (h(-,z)). Then, forall s <t andu < v,

E[§(F I ()Gl =0 (4.3)
E[0(FXjs,4(-))6 (H X ) ()] = 0. (4.4)

Proof. If n = 0, the result is immediate. Otherwise, thanks to Proposition 2.1, we can
write:

E[0(FI4()G]

= /[0 - BF, 1, 4 ()0 (g, )]s (ddy)
+/ E[D,, (Fx]I[s,t] (x))Dz((Sn—l(g(.’ ) (dady) pp (dwdz).
[0,7)4

Thanks to Proposition 2.2, we have, for all z,y € [0,T],
E[F.6" " (g(-,y))] = 0.

Moreover, Dy, (F,l[s () = mé™ (f (-, w, )l 4 (), and
D.(6" Y (g(-,y)) = (n — 1)6"2(g(-, 2,9)) if n > 2 and D, (6" (g(-,y))) = 0 otherwise.
In any case, we have thanks to Proposition 2.2,

E[Dw(Fr]I[s,t] (I))DZ((;nil(g(‘vy)»] =0.
Equality (4.4) can be obtained by the same way. O

The following lemma provides a tightness criterion for two sequences of processes in
D([0,T]) whose sum belongs to C([0,T]). Recall the notation s, = L |ns] and ¢, = L|nt].
Lemma 4.4. Let (X™) C Cg([0,T]) be a sequence of continous stochastic processes
such that X' = A} + C} for allt € [0,T], where A™,C™ € Dg([0,T]). Assume also the
existence of oy, 8y > 0 such that

E[|A} — AZ|P] < Kty — sp|'T, 0<s,t<T, (4.5)
and
sup |C}| 0. (4.6)
tE[O,T] n—oo

Then the sequence X" is tight in Cg([0,T1).

Proof. In [7], it is proved that the sequence (A4") is tight in Dy([0,T]). Moreover, the
sequence (C™) is also tight in Dr([0,T]). by [25, Lemma 2.2], the sequence (A", C™) is
tight in Dr2([0,7]) and since the map (z,y) — = + y is continuous from Dg2([0,T]) to
Dr([0,T]), the sequence (X™),, is then tight in Dg([0,T]). Since the uniform and the
Skorohod topologies coincide on Cg([0,T]), we deduce that (X™) is tight in Cg([0,T]). O

The following lemma is used in the proof of the forthcoming (4.12).
Lemma 4.5. Let (X™) C Cr([0,T]) be a tight sequence of continous stochastic processes
such thatVt € [0,T], X[ L, 0asn — oo. Then, asn — oo,

sup |X7'| 25 0. (4.7)
t€[0,T)
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Proof. Let 1 > ¢ > 0. Since the function defined by  — 1 A sup¢(o 1) |z¢| on Cr([0,77) is

continuous and bounded, we deduce that E [1 A SUPyeo, 1 |Xt"\} — 0 as n — oo. Then, by
Markov’s inequality and as n — oo,

P| sup |X{'|>¢| =P < E

te[0,T]

sup |XPIA1>e€

te[0,T) te[0,T]

sup |Xt"/\1] — 0. O

The following lemma gives technical estimates used in the proof of Propositions 3.7
and 3.9.

Lemma 4.6. Assume H > % Then, forall0<t<T,a€R,v>0,p>0andf > 1, we

have .
/ E [|sign(Bs — a) — sign(Bs, — a)\p]% ds < Kn=7 ", (4.8)
0
and .
1 —H+ty 1
/ P (|B,] # |Bs, |)7ds < Kn~ ¢ (where s, = ~lns)), (4.9)
0

with K depending only on T,p,0 and where sign is the left derivative of the function
x = |z|.

Proof. We only do the proof of the first inequality, the proof of the second one being
similar. Moreover, for simplicity we reduce to a =0 and 6 = 1.
We have

sign(B;) —sign(Bs,) = 2Ip,>0.5
Plugging this identity into the integral yields

<oy — 2l <0,B,, >0}-

Sn

¢ t
/ E [|sign(Bs) — sign(Bs, )|"] ds < 2p+1/ P(Bs > 0,B,, <0)ds.
0 0

On the other hand, for all k € {2,...,nT,} and s € [£, B2 A T),

e ifs=% thenP[B, >0,B,, <0/ =0
e else,

P[B, >0,B,, <0 =P [B% <0, B, ~ Bx > —B%]
+oo
;E {Bke[ 1 ,—;]}I{BS—BZ>;}1

+oo
= E I i ; I ;
; [ {Brel- o — ot )} {B";Bl>m}]

(using the self similarity of B)

IA

1>2H

kH 1 H rH 1 H ( 2 1 2 Cs ke
— E / / e~ Zdet(E) T~ 3det(m) ¥ +dei(2)mydydaj
27r\/det

. 1 Cs k
with ¢, = E [Bl (B% — Bl)] >0and X = (C (ns ’ )2H> .
s,k

k

Since - t(E) zy < 0forall (z,y) € [prrir=n, zri=m| X (=00, zrai=w ], we deduce

IP[B >0,B,, <0 (4.10)
kH 1 H *Hn =7 (%71)2H 2 1 2
e~ 2det(m ¥ T aden(m) Y dydx.
2m/det (X Z / _ /
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Let us now estimate the three terms appearing in the right-hand side of the previous
inequality.

1st term: We have det(X) = (42 — 1)* — ¢2 ;. According to Lemma 4.2, ¢, < 5% — 1.
If k > 2, we have %% — 1 <  and then

(% - 1)2H > det(X) > % B 1)2H (1 B <% B 1>2—2H)

ns 2H 1
> (50" (1)
1

1 <
2my/det(S) ~ QW\/(1—22H—2)(%—1)2H'
2nd term: We have

\%

That is,

i+1
kHpl—H 2

(%_1)211 1 i 2
e 2da® T dr < 76—5(,91{7,,1—11) .

7
kHp1—H

3rd term: We have, using that s € [%, % AT),

—i —i y —i
KHpl—-H 42 kH,I-H = 7 o \2H RHRI=H of 2
/ e 2det(2)dy§/ e 2(k 1) dy < / e k ydy

— 00 — 00 —0o0
1 /nllH 2
— )
= eV dy.
H
k2 o

By plugging these three estimates into (4.10) and by using the fact that

; 1—H . Hyo —— 1-H
6_%(41»“711*711)2 < u and / e*yzdy < n

1 )

for all i € IN* and all a € (0, 1), we get, by choosing « so that a(2 — H) < ,

na(lfH) e 1

omk2H—a /(1 — 22H-2)(ns _ 1)H ; jl+a”

P[Bs > 0,B,, <0] <

Finally,
t P
/ E { sign(By) — sign(B ns) ) } ds
0 "
t
< optl ( +/ P[B, > 0,B,, < 0]ds>
n 2
and

t
/ P[B, > 0, B,. < 0lds
2
’ nty

1 1 " 1 =1
- d a(l—H)
o kz: LR - 2H-2)(ns _1)H S; jtall

=1

k+1 At

H ntn oo
o (1 — 22H—2) (ntn)QHfoz 1—H — nkH—« — 1ta
< Kn7H+oc(27H)
This provides the desired estimate. O
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Remark 4.7. In [2], the author obtained for all s < ¢ € [0,7] and for all a € R the
following bound:
P[B, > a, B; < a] < C(a)(t — s)Ts721

for some constant C(a) > 0. On the other hand, the computations in the proof of
Lemma 4.6 give the estimate

P[B, > a,B; < a] < C(a,)(t —s)TT7s™H,

which is weaker when s > 1 but better when s < 1 (this improvement is necessary for
the inequalities 4.8 and 4.9 to hold).

4.2 Weighted quadratic variations of the fractional Brownian motion

In the proofs of Theorems 1.2 and 1.3, we will see that the announced convergences
are determined by the asymptotic behaviour of the weighted quadratic variations of the
fractional Brownian motion. These variations have already been extensively studied, for
example in [13, 24] and especially in [5]. In the next three lemmas, we gather the results
that are relevant to us, and we extend them when necessary.

Lemma 4.8. Let = be a scalar process over [0,T], and assume it is a.s. continuous and
satisfies E [||z||257] < +oo for some v > 0. Let H > %. Then,

1. Forallj <d, forallt € [0,T]
[nt)

. : 1 22 K
52 =Yy (Bl - BL) Y o @an
k=0 " " 0
2. Foralli # j,
[nt] ] . ) LQ(Q)
n2H -1 Zx%(gl,z ((Bg _ BJ%) ]I[%,kjjl/\t](')) — 0. (4.12)
k=0

These two convergences also holds UCP as a process over [0, T).

Proof. Step 1: Proof of (4.11). It is well known that (4.11) is true in the a.s. sense if
x =I[p 4 (see e.g [15]) and then (by substraction) for every process of the type z = I, ;
for s < t. Now, consider 0 = ap < ... < ap, < T and let (o, ...,a,—1) be a collection
of §-measurable random variables. For all 1 < ¢ < p, let €; be the subset of 2 on
which (4.11) holds true for the process o;l,, 4,,,]- Then P(N_,€;) = 1, and (4.11) holds
(pointwise) for the step process = = Ef:_ol a;iljg; q;.,) OD N Q.

Moreover, if a process f is bounded for || - ||~ in L?>*7 then the sequence {(SZ}?)Q}ZO:l
is uniformly integrable. Indeed, let 0 < pu < +. We have, thanks to the Minkowski
inequality,

>2

Lnt]
1877 e <2745
k=0

s (Blap =8

3

L2+n

Then, using the Holder inequality, we have

1
24p ) N 2q(24+p)] @
p———

2+

. N\ 2
o (Bl )

n

L2+n

IA

E[|| £|%7) 7 n2H @)

IN
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with ¢ the conjugate of 2“ This implies that sup,, E [|Sff’

2*“} < oo, and then the

sequence {(Stnfj )21 is umformly integrable.
Back to the initial process z, we know, by uniform continuity of « on [0,7], that
|l — 2™||.c — 0 a.s. (wWhere z™ is the sampled process z .| ). As a result,
m— oo m

2

< - | =z ds) ]

. t ¢ K ?

( S{L;gm <Sf$37, —/ x’snds) + (/ xlds —/ l’sds)> ]
0 0 0

ntp 9 2
C{ nti2E (Z lz — 2™ o (Bmm - Bﬁ) )

k=0

‘ ¢
(Sf;fm —/ x?‘ds)
’ 0

where C' is a positive constant. The previous arguments, an appropriate choice of
L (Q

n,m € IN* and the fact that ||z — 2™« Y0 allow to conclude.
n—oo

IN

2
+IE

+T°E [H(E — mego] } ,

Step 2: UCP convergence of S.’fg’cj. According to Lemma 4.5, the UCP convergence of

S/ to J, zsds follows from the convergence in probability of St"m] for fixed t and the
tightness of the sequence (5”),, in C([0, T]). The convergence in probability for fixed ¢
is shown in Step 1. For the tightness, this can be checked with Lemma 4.4 applied to
Syl = AP + Cp, with

nt,—1 2
n _ , 2H-1 J J
Ay =203 ap (Bl ~ BL)
k=0
, _— ) SN2
Cp=n*""w, (Bl - B}
ap =1, 50 = 2.

Indeed, using the Holder inequality, we have for s < ¢:

E[|A} — A7)
ntn—1 # o 12p i
<t S @) (B, - sl (sl - 5[]
k,l=nsn, "

1

_1_ , bva
< 0ty = sal? (B[|o|2]) 7T (B[1B2"])" < Kltn = sal

with p’ the conjugate of 1 + 7 and K some constant depending only on v and .
On the other hand, B has (H — ¢)-Ho6lder continuous paths for every ¢ > 0, so that, for
allt € [0,7], |CF| < Kn**7Y|z||« a.s. for some random variable K, > 0. Taking ¢ small

P
enough, we have sup,¢jy 7 [C'| — 0.
’ n—00

Step 3: Proof of (4.12). We now turn to the case i # j. Similarly to the proof of (4.11)
(Step 1), we first show (4.12) for z the function identically one, in other words:

ntn
n,i,j _  2H-1 1,i i j L*(Q)
St =y o (B = BL) Bpa sy y) =0 0. (4.13)
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Using Proposition 2.1 and taking into account that D'*B7 = 0 if i # j, we have:
E [(5211,3)2}

niH—2 % E [<<Bj — H)H[k ’”+1At]() (Bj *B]‘%>H[%1%M](')>qj
k,l1=0

Nty ErIAe LAt

_ e 3 / / E[(Br — Bi)(By — B1)lun (dydz)

k,1=0

< p2H-2 Z . "*U\t] ), [L z+1/\t](~)>7-tv

717 n n’ n
k,l=0

where the last inequality follows from the fact that: for all z € [£ ] and all y €
[ ! l+1]

[EI(B, — B2)(B, — B)I| < (EI(B. - Bx)?))” (EI(B, - B,)?))” < -
We also have

and then E {(Sg’f’j)ﬂ = O 00(n?172), implying (4.13). To prove (4.12) in the general
case for x, we can then proceed exactly as in the proof of (4.11), that is, we show first
that (4.12) holds true for step processes and then, by an approximation argument, to x.
Tightness in C([0,T]) can also be obtained as for (4.11). By Lemma 4.5, this proves the
UCP convergence to 0 of each S”ac” with ¢ # j. O

The study of the fluctuations (which are required for the proof of Theorem 1.3) being
more delicate, more stringent assumptions on the process z are required (except when
H= % see the first point in the proposition below).

Lemma 4.9. Let x = (2%°)1<i<m.1<e<d be an (m x d)-dimensional process, and recall the
matrix-valued processes W and Z from Section 2.5. Forany1 <i<mand1<e,j <d,

set
nty, EE1 ng

. . n .

n,1,7,e 7,€e e e J

Spate =3 "2 / (BS B%) 5B,
n < L

k=0 w
We have
1. IfH = % and if, for all (i,e), "¢ is adapted to B, piecewise continuous and satisfies
E[sup, . |z[|257] < oo for some y > 0, then, stably in Cpa2 .. ([0, T]),

(VnSmire) o — ( / 'xQEdWSfJ) . (4.14)
0 J,€e

,],€¢ n—oo ;L
i,j,e
3

2. If 1 < H < 2 and if « is 3-Hélder continuous for some 3 >

C]Rd2xm([0 T])

1

5, then, stably in

,7:€¢ n—o0

(n*" oy (n)STHe)  — (/ xQEdW;J‘) : (4.15)
0 i,5,e
3. IfH > 2 and if z verifies that E [||xHé+7} < +oo for some 3 > 1 and vy > 0 then, in
probability uniformly on [0, T (and also in L*(Q) for fixed t),
(n*" g (n)Smie)  — (/ xi’edZS’j) : (4.16)
0

,7:€¢ n—oo ide
5Js
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Proof. Even if they are not stated in exactly the same way, the limits (4.15) and (4.16)
follow from [5, 13] (see especially [13, Sections 4,5,7]) by means of fractional integration
techniques. This is why we only concentrate on the case H = % and the proof of (4.14),
not covered by [5, 13].

Proof of (4.14). We divide the proof into three steps. In the sequel, ‘f.d.d.” is shorthand
for finite dimensional distributions.

Step 1: Convergence of the f.d.d. when z is a step process: Let us first sketch the proof
in the case where z is constant over an interval, without going too much into the details,
since the approach is very similar to that in [13, Section 5]. Let 0 < s <t < T, let ¢ € IN¥,
let0=ag <a; <...<ay <tandlet x be the matrix function whose entries are all equal

to I 4. It is immediate that the R%™-valued random vector
Xy = ((\/ﬁsgliffc - \/55,’};,"5 “)ije)icfo,....q—1}
has independent entries. We can also check that
E[(Xg);l’jl’el (X;z);'27.7'2,62] =0
for all 41,2, all (j1,e1) # (j2,e2) and alll € {0,...,q — 1}. Finally, we can easily show that

o 4 3
E[((X;g);l’h’el) | — S(ag1Vs—aVs)i

n—oo 4

Peccati and Tudor’s fourth moment theorem [28] applies, and shows the stable conver-
gence
£ ’. j k2 j
X;L n:zo ((Waelil\/s - W;L%S))i,j,e>l .

Since the increments are independent, this gives the convergence of the finite dimen-
sional distributions in (4.14) when z = ]I[S,t].

Now, let [a1,b1],...,[aq, by] be ¢ mutually disjoint intervals. Due to the independence
of Brownian increments, the process

(\/ﬁsn,i,j,e g SRR )
o P
v,],€

lay by]7 " “lag.bg)

has independent entries, so we have the stable convergence of its f.d.d. to the f.d.d. of the
process (fOT Lo, ) dWE7, ..., fOT ]I[aq,bq]dWse’j) . This implies in turn the convergence
i,5,e

of the f.d.d. of \/n.S™, for processes z of the form:

qg—1
T = Z FZ]I[a,,aHl]v
=0

where ¢ € IN* and F] is a R™*¢ valued and $a,-measurable random variable.

Step 2: Convergence of the f.d.d in the general case: We now turn to the general case.
Let = be an adapted, almost surely piecewise continuous process such that
E[sup; . [|[2"¢]|2,] < oo, and set

ktlng
Busunl)= [ (B: - By ) 6B
k n
As is the proof of Lemma 4.8, we can rely on the small blocks / big blocks technique by
considering the approximation

n,i,j,e __ n,i,j,e n,i,j,e n,i,j,e\ __ n,i,j,e i,7,€
VNS = /nSEne +v/n (Sn;v’ C — Sy ) = /NSy + Ry s (4.17)
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with m < n and =™ the sampled process  |m.] .
Fix m € IN*. Since 2™ is a step process, we have by Step 1 that

fd.d— lim (Vi Tjj,’,z’@)j _ (/ (xm)i,edWSeJ> .
20€ 0 ijse

n—o0

Morever, for all ¢ € [0, 7],

t t
o - i ([@ngaves) = ([areave)
m—oo 0 ije 0 i

thanks to the isometry property of Ito integral. Putting these two facts together, we
deduce that

f.dd — lim lim (ﬁ _";;,;zﬂ) — ([ abeawed) .
m—00 N—00 ’ i,7,€ 0 ije

To conclude that f.d.d. — lim, oo (ﬁS.’f;f’j’e)ije = (fo x?ede«j)i’j,e, and given the

decomposition (4.17), it remains to show that

lim sup sup E[(R{%S, )2 =0, (4.18)
M=00 n>m te[0,T] T
which we do now.
We have, for all ¢,
E[(R; 7 0.0)7)
ntn
= 0 > B[(#5 - @) (55 = @) Aeirn®Aein(®)
l,k:l n n n n
[nt] ‘ ‘ 9
= a3 B | (o - @) B
=1 n n

(since x is adapted and the increments of the

Brownian motion are independent)
[nT]

i . 2
< n g E [(xlke - (xm)zﬁe) ] E [Acjkn(t)?]
k=1 n
T ) g
< — E ( ie (.m z,e) .
- 2 ke{lr,r,j.l_%)fnTJ} |: :Z,‘% (l‘ )%

Let _ ‘ ‘ ‘
N*¢ = Card {t € [0, T), |2¢ — 22| + |23° — 2¥¢] > o} ,

which is almost surely finite because x is piecewise continuous. Let Tli’e be the I-th
(random) discontinuity of x%¢ (Tli’e(w) = +o0 if 2¢(w) has less than [ discontinuities over
[0,T]). It is clear that Tli’e is measurable as a stopping time. Let EJ, = UZE]N*(Tli’e -
L7+ Lyn[0,7]. Then,

m’
_ Card{k, % c E™} . 2Nhe
lim sup n =~ = lim (
m—00 p>im n m—oco M

Al)=0 as..

Observe that z¢ is a.s.uniformly continuous on [0, 7]\ U;{T}*°}. Moreover, if s (Em)°
for some m, then there is no discontinuities between s,, = L’Z—SJ and s. Then,

|25¢ = (@)™ < X0 (g )e (s) + 2]|2"[lcLppn, (5),
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with

Xyt = sup |agf —al”
se(Bm ) "

Note that X¢ is a sequence of square integrables random variables, which converges

a.s.to 0 as m — oo and is bounded by the square integrable random variable 2||2%¢|| .
Finally, we can write

B[R4 <

m,n,x

AN

T
2

E [(Xf;f)Q (A ez

The sequence ((Xﬁ;f)Q + (% A1)|z%¢||2,) converges to 0 as m — oo, and is bounded

by a square integrable random variable. The conclusion (4.18) then follows by dominated
convergence.

Step 3: Tightness. Let 0 < u < . We have, for all ¢, j,e, all s <t and all n € IN¥,

. 2
E || gmide _ gnigel*t
t,x S,T

m . [t S -
} < \t75|‘5/ IE[]:z:f‘}:’J(Bg’e—Bgf)‘Hq ds
S ,
< Kt —s|"PEE]at |25

where the first inequality is obtained by applying the Burkholder and Jensen inequalities,
and the second inequality is obtained by applying the Holder inequality. This prove the
tightness in Cg ([0, T']) of each component of S?, and conclude the proof of (4.14). O

Remark 4.10. In the case H = 3, notice that the hypothesis E[[|z[|2f] < oo is only
needed to obtain the tightness of the process. For the convergence of the f.d.d., the
hypothesis E[||z||2,] < oo is sufficient.

Finally, the following lemma is used in the proof of Proposition 3.3.
Lemma 4.11. Let b be a piecewise continuous process such that E[||b]|257] < oo for
some v > 0. Then:

« For H > 3, in probability uniformly on [0,T],

k1,
n

[n-] .

. 1 .

v (n)n*t-1 g br (s — sp)dB; — f/ bsdBs..
k=0 2 Jo

k
n

e For ; < H < 3, in probability uniformly on [0, T],

k+1
T/\A

Ln-]
2H-1 _ i
via(n)n ,}_O b . (s — sp)dB; — 0.

n

Proof. The proof in the case b = ]I[o,t] is done in [13]. Similar arguments as in Lemma 4.8
allow to conclude. O

4.3 Proof of Theorem 1.2 and 1.3
Proof of Theorem 1.2: For s € [0,T], recall that s, = % and

t [nt]
n,1,J 2H—-1 i j ) j j
MM = p /u;ngfE:u’ﬁ (BZMMfBJE)
O n n n
k=0
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We have
t
Mtn,u] — n2H—1/ (ué _ui”)ng
0
t d
= nZHfl/ > Pre(BS - BE,)dB]
0 e=1
¢ d
it [ (u —ul, = D PL(BE - B;)) a5}
0 e=1
_ A?’i’j + ZR;L,e + R;Li,j
e#j
with
- 1 nba N2
AP = §n2H—1 ZPZJ (Bakim _ Bjﬁ)
k:O n n n

kX1 ng

ntn
RP = nQH—lnge/ (B - BS)aBl, e+
k=0 " "

n

t d
n,t,j 2H—1 i i i,e e e J
R, = n / <us —uy — g Pe(Bg — BS”)> dB}.
0 e=1

Lemma 4.8 implies the L?(Q)-convergence of A;"*/ to i fg P¥ids. We show that all
the additional terms converge to 0 in L?(Q)-norm as n — oo. If e # j, DY B¢ = 0, so
according to Proposition 2.4

kj;l At ‘ k:l At ‘
€ e € €
/ <Bs - m) dB] :/ (Bs - m) 0B].
k n k n

Lemma 4.8 then implies the L?(Q2) and UCP convergence of every R;"“ to 0 for all e # j
and t € [0,T]. Moreover, (u, P) € C;, so the equation (1.3) implies that

N2 o 2
E{(R?“J” = piH2g <ZL%+1M>

k=0
ntn Nty
4H—-2
=n Z Z E [ngj bl /\tLl’] b /\t}
1=0 k=0
nt, nt,
2= k k+1 I 1+1 o
= € — Nt,— ANt <T
3 Y v (5 A P ) < ),
1=0 k=0
with e(n) — 0.
n—oo
Thanks to Lemma 4.5, we can now show that, for all4,j € {1,...,d}, the sequences

(R}*"7),, converges UCP to 0 as n — oo, by checking their tightness in Cg([0,7]). We

have
nty,—1

R =SS e, 419
k=0

n’ n

Thanks to (1.3), we have

nty,—1 2 nty,—1
~ i ~ kK k+1 11+1
E (nQH_l E LZJ k+1> K E TH (7 i y i )

n’ n
k=ns,

IN

I
Ja)
a
3
|
w
3
g
[\)
=
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for some K > 0. Moreover, let € € (0,a — (1 — H)) be small enough (let us recall that o
(resp p) is the Holder exponent of u (resp P)). The second term in the right-hand side
of (4.19) verifies (due to the regularity and integrability assumptions on v and P, as well
as the Young-Loeve inequality):

sup (nQH_l‘ ’)
te[0,T

< Ca—¢, H_sn2H71n7(

em g g PGBy — 0 as.

Then, the sequence R?” verifies the assumptions of Lemma 4.4, with A?"i’j =
p2H=US e D, O = n?HV L | o = 2H — 1, By = 2, which proves the tight-

nn

ness. O

Proof of Theorem 1.3.
1. Let H > ;. Again, we can write

o1
n,g,j - %,J _ n,t,J n,t,J n,t,J nzy
M| 2/PdsM +EMet + Ry + Ry
e#j
where, for 1 <i<mand1<j#e<d,

k+1 At 2H
. k+1 k
n,i,j _ 2H 1 N
M~ = ZPW, (/ (Bj )dBJ 2( n At_n) >

n

nty, Etl ag
nij 2H—1 ie " e pe j
M n Z_: Py L (B: - BS ) dB!
o 1 1 nt,—1 +
Ry = ~ > P+ P”(nt—mf )2H / Plids
7 2 k=0 0

t
Ry’ = n2H_1/0< ZP“”BP B¢ )) dBj.

.72
Since (u, P) € Cg, we have that vg(n)R5,” RS by using again the formula (1.3). The
’ n— 00

tightness of the sequence (vgy (n)RgZ J ) can be proved by using the same argument as
in the previous proof.

On the other hand, since P is g-Holder continuous for some 8 > % we have that
SUPyeo,1] ‘I/H( )Ry ‘ — 0 a.s., which guarantees the convergence of vy (n )R”’i’j to 0 in
Cr([0,T]). When H > 3, since we have the additional hypothesis that Do K[| Pt ||2+7]
oo for some v > 0, we can further prove the L?(Q2) convergence: for eacht < T,

v ()R 9 o,

n— 00

Finally, using Proposition 2.4 we observe that

R" w

k+1 At k+1 At

n . . . t — tn n . . .
/ (Bngﬂ,‘.)ngfi(”2 AL ):/ (Bszi)éBi
k n n k n

n n

/ (Bg—B;)ng:/ (Bg—Bz) 3B
k n k n

Since P verifies the regularity assumptions of Lemma 4.9, we get the stated convergence
for all values of H > :

and, if e # j,
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o« IFf 1 3
Ifs <H<3,

vg(n) | MM — 7/ Plds — / Predw e
2 0 ij VT 0 eij

where the convergence holds in Craxm ([0, t]).

< IfH >3,
v (n) [ Mo — = [ piigs — Piedzei

where the convergence holds UCP (and in L?((2) for fixed t).

2. Once the necessary modifications are made, the proof is the same for Brownian
motion. O
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