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Abstract

In this paper, we study the spatial averages of the solution to the parabolic Anderson
model driven by a space-time Gaussian homogeneous noise that is colored in both
time and space. We establish quantitative central limit theorems (CLT) of this spatial
statistics under some mild assumptions, by using the Malliavin-Stein approach. The
highlight of this paper is the obtention of rate of convergence in the colored-in-time
setting, where one can not use Ito calculus due to the lack of martingale structure.
In particular, modulo highly technical computations, we apply a modified version
of second-order Gaussian Poincaré inequality to overcome this lack of martingale
structure and our work improves the results by Nualart-Zheng (Electron. J. Probab.
2020) and Nualart-Song-Zheng (ALEA, Lat. Am. J. Probab. Math. Stat. 2021).
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1 Introduction

In the recent years, the study of spatial averages of the solution to certain stochastic
partial differential equations (SPDEs) has received growing attention. The paper [19],
being the first of its kind, investigated the nonlinear stochastic heat equation on R4 x R
driven by a space-time white noise W and established central limit theorems for the
spatial averages of the solution. Consider the stochastic heat equation on R x R? driven
by a Gaussian noise W:

{g; — L Au+ o(u)W (1.1)

u(0,0) =1,
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where the nonlinearity is encoded into a deterministic Lipschitz continuous function
o : R — R. In Duhamel formulation (mild formulation), the equation (1.1) is equivalent
to

u(t,z) =1 +/0 /]Rpt_s(x —y)o(u(s,y))W(ds,dy), (1.2)

where the stochastic integral against W (ds, dy) is an extension of the Ito integral, and
pu(z) = (2mt)~1/2e=121*/(2) for (t,2) € R, x R denotes the heat kernel. Suppose also
o(1) # 0, which excludes the trivial case u(¢,z) = 1. One of the main results in [19] can
be roughly stated as follows. Let

R
Fr(t) = / (u(t,z) — 1)dx

J—R

and let drv(X,Y) denote the total variation distance between two real random variables
X and Y (see (2.11)). Then, it holds that for any ¢ > 0, there is some constant C; that
does not depend on R, such that the following quantitative central limit theorem (CLT)
holds:

drv (Fr(t)/or(t),Z) < C,R™Y2, (1.3)

where Z ~ N(0,1) is a standard normal random variable and o (t) = \/Var(Fg(t)) > 0
for each ¢, R € (0,00). The key ideas for obtaining (1.3) are summarized as follows:

(i) By the mild formulation (1.2) and applying stochastic Fubini’s theorem, one can
write

Fa(t) = /[O . (/zpt_s(l« — y)de)o(u(s, )W (ds, dy) = 5(Vi g).

where ¢ denotes the Skorohod integral (the adjoint of the Malliavin derivative
operator; see Section 2.1) and V; r is the random kernel given by

R
Vi r(s,9) = o(u(s,9) / o =)

(ii) Via standard computations, one can obtain og(t) ~ constant x RY2as R 1T 0.

(iii) The Malliavin-Stein bound (c.f. [19, Proposition 2.2]), being the most crucial
ingredient, indicates that

dTv(O'R(t)ilFR(t), Z) < LQ\/VHJI“«DFR@), ‘/t,R>L2(]R+><]R))a (1.4)
O'R(t)

where DFr(t) denotes the Malliavin derivative of Fr(t), which is a random function
and belongs to the space L?(R, x R) under the setting of [19]. Then the obtention
of (1.3) follows from a careful analysis of the inner product (DFr(t), Vi r) 2R, xR)-

We remark here that for a general nonlinearity ¢, the computations mentioned in
points (ii) and (iii) are made possible through applications of the Clark-Ocone formula
and Burkholder-Davis-Gundy inequality, which are valid only in the white-in-time setting.
The noise W that is white in time, naturally gives arise to a martingale structure so
that Ito calculus techniques come into the picture and enable the careful analysis of the
variance term in (1.4).

The above general strategy has also been exploited in several other papers, see
[5, 6, 7, 20, 22, 24] for results on stochastic heat equations and see [4, 9, 33] for results
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on stochastic wave equations, to name a few. The common feature of these papers is
that they consider the case where the driving Gaussian noise is white in time so that the
aforementioned strategy of [19] is working very well. To the best of our knowledge, the
colored-in-time setting has only been considered in [30, 31] for heat equations and in [1]
for wave equations.

In the present paper we are interested in the following parabolic Anderson model
(that means o(u) = u) on Ry X R4 driven by a Gaussian noise W, which is colored in
both time and space, with the flat initial condition:

{g;b:%u+u<>w (1.5)

u(0,0) =1,

where ¢ denotes the Wick product (c.f. [12, Section 6.6]). Here we allow the noise to
be colored in time. This requires us to take o(u) = u, because the solution theory for
nonlinear stochastic heat equations driven by colored-in-time noise is not available.

Let us now introduce some notation to better facilitate the discussion as well as to
state our main results. Fix a positive integer d. Heuristically, W = {W(t, ), (t,z) €
R, x R?} will be a centered Gaussian family of random variables with homogeneous
covariance structure given by

E[W (8, 2)W (s, )] = 70(t — s)n(z — y),
where 7,y are (generalized) functions that satisfy one of the following two conditions:

Hypothesis 1. (d > 1) 7o : R — [0,00] is a nonnegative-definite locally integrable
function and v; > 0 is the Fourier transform of some nonnegative tempered measure p
on RY (called the spectral measure), satisfying Dalang’s condition (see [8]),

p(d€)
/}Rd TR < +00. (1.6)

Hypothesis 2. (d = 1) There are H, € [3,1) and H; € (0, 3) with Ho+ H; > 2, such that

’YO(t): {5(t)ﬂ HO:§7

t[2Ho=2 1 < Hy <1,

where 0 is the Dirac delta function at 0 and 7; is the Fourier transform of u(df) =
e, |E]P 2 dE with e, = 771 [ (1 — cos z)|z[*H1~2dx; see (2.8) for the choice of ¢y, .

In order to define rigorously the noise, we need some definitions. Let C°(RR;) and
C>°(R?) denote the set of real smooth functions with compact support on R and R¢,
respectively. Then, we define Hilbert spaces H, and #; to be the completion of C:°(R.)
and C°(R%) with respect to the inner products

<¢07 "/}0>7—lo = /

dsdtvyo(t — s)go(t)o(s)
R2

+

and

(D1, 91)3, =/

R2

_ / p(d€) b1 (€)1 (—€),
Rd

) dxdyyi(x — y)o1(x)1(y)

respectively, where 51 &) = f]Rd dze~ %" ¢, (r) stands for the Fourier transform of ¢;.
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Set $H = Ho ® H1, equipped with the inner product

(0b)s = [ dsdtnn(e—s) [ dadynte—)ot.apiis.), a.7)

+

which can be also written using the Fourier transform as

05 = [ dsdtnn(e—s) [ p(a)3(t. 305, ~), (1.8)

2
where (;AS(t, ¢) and J(t, ¢) denote the Fourier transform in the spatial variable.
We also introduce the following hypotheses that will be used to state our main results.

Hypothesis 3a. [, [ v0(r — v)drdv >0 forall a > 0 and 0 < [[y1 |1 (re) < .

Hypothesis 3b. [ ["7o(r — v)drdv > 0 for all @ > 0 and 71 (2) = |2|7", z € R? for some
B € (0,2Nd).

We remark here that the restriction for 8 in Hypothesis 3b ensures that Dalang’s
condition (1.6) is satisfied. Also, we will call

the case under Hypotheses 1 and 3a, and the case under Hypotheses 1 and 3b

the regular cases, since the spatial correlation v; is a real-valued function as opposed
to the setting under Hypothesis 2. Meanwhile, we call the case under Hypothesis 2 the
rough case, because the spatial correlation corresponds to fractional Brownian motion
with Hurst index H; € (0,1/2) (thus rougher than the standard Brownian motion).

With these preliminaries, we consider a centered Gaussian family of random variables
W = {W(h), h € H} with covariance structure

EW(Q)W ()] = (¢,9)s

for all ¢,y € $. The family W is called an isonormal Gaussian process over §). Heuristi-
cally, the noise
. O IW (t, )
Wit x1,..., = =T
(bas,e20) = Ba e Gnd
is the (formal) derivative of W in time and space and the mild formulation of equa-
tion (1.5) is given by

u(t,z) =1+ /0, /Rd pi—s(z — y)o(u(s,y))W(ds,dy), (1.9)

where the stochastic integral against W (ds, dy) is a Skorohod integral; see e.g. [29,
Section 1.3.2]. It has been proved that under either Hypothesis 1 or 2, the parabolic
Anderson model (1.5) admits a unique mild solution; see [13, 15, 18, 25, 34].

Due to the temporal correlation in time of the driving noise, we do not have the
playground to apply martingale techniques for obtaining central limit theorem for the
spatial statistics

Fr(t) :/B (u(t,z) — 1)dz, (1.10)

where Br = {r € R%, |z| < R}. Fortunately, because of the explicit chaos expansion
(see (2.5) and (2.6)), one can express Fr(t)/or(t), with 0% (t) = Var(Fg(t)), as a series
of multiple stochastic integrals. This series falls into the framework of applying the
so-called chaotic CLT. The chaotic CLT roughly means that once we have some control
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of the tail in the series, it would be enough to show the convergence of each chaos,
which can be further proved by using the fourth moment theorems; see [27, Section 6.3]
for more details. In fact, in the papers [30, 31], the authors investigated the Gaussian
fluctuations of Fr(t) along this idea and proved the following results.

Theorem 1.1. Assume Hypothesis 1 or 2, and let u be the solution to the parabolic Ander-
son model (1.5). Recall the definition of Fr(t) from (1.10) and let og(t) = \/Var(Fg(t)).
Then, the following results hold.
(1) Assume Hypotheses 1 and 3a. Then, for any fixed t € (0,00), as R 1 oo,
or(t) ~ RY? and FREQ converges in law to N (0, 1),
where

arp ~bg means 0< hn%mfaR/bR <limsupag/br < +00.
RToo

See [31, Theorem 1.6].
(2) Assume Hypotheses 1 and 3b. Then, for any fixed t € (0,00), as R 1 oo,
or(t) ~ R¥~% and FREQ converges in law to N'(0,1).
See [31, Theorem 1.7].
(3) Under the hypothesis 2, it holds for any fixed t € (0,00) that as R 1 oo,
or(t) ~ R'/? and FREt; converges in law to N'(0, 1).
See [30, Theorem 1.1 and Proposition 1.2].

Remark 1.2. More precisely, additionally to Theorem 1.1-(3), we know from [30, (1.5)]
that

hm R~ Var (Fr(t —2/ dzE (1.11)

where g(z) =e* —z—11is strlctly positive except for z = 0. Then the above limit vanishes
if and only if almost surely Z, = 0 for almost every z € R. Taking into account the explicit
expression of Z, = Itlf(z) and equation (1.8) in [30, Proposition 1.3], we can conclude
that the limit in (1.11) is strictly positive and thus og(t) ~ R'/2. Indeed, by (1.8) therein
and L?(2)-continuity, Efu(t, z)u(t,0)] = E[exp(Z;)] > 1 for z near 0 so that with positive
probability 7, # 0 for = near zero.

Note that the above CLT results are of qualitative nature and there are also functional
version of these results, where the limiting objects are centered Gaussian process with
explicit covariance structures. Both CLT in cases (1) and (3) are chaotic, meaning that
each chaos! contributes to the Gaussian limit, while CLT in case (2) is not chaotic. More
precisely, in case (2) the first chaotic component, which is Gaussian, dominates the
asymptotic behavior as R 1 oo; see the above references for more details. Here we point
out that the application of the chaotic CLT does not yield the rate of convergence, that
is, the error bound like (1.3) is not accessible through this method. Our paper is devoted
to deriving quantitative versions of the above CLT results as stated in the following
theorem.

Theorem 1.3. Let the assumptions in Theorem 1.1 hold and recall cases (1)-(3) therein.
Then, we have for any fixed t, R € (0, 00),

R~%2  in case (1)
dT\/(FR(t)/CTR(t),Z) < Cy x R8/2 in case (2) (1.12)

R~Y2  in case (3),

1To be more precise, in case (3), the first chaotic component has negligible contribution in the limit while
each of the other chaotic components has a Gaussian limit; see [30, Page 910].
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where the constant C; > 0 is independent of R and Z ~ N(0,1) denotes a standard
Gaussian random variable.

Remark 1.4. (i) Note that the convergence rate for cases (1) and (3) in Theorem 1.3 can
be written as O(R‘%), yet for case (2) the rate is of a different form. As in the classical
CLT for partial sums of i.i.d. random variables, the rate of convergence is roughly of the
order of the reciprocal of limiting standard deviation. This explains the rate O(R*%) in
case (1) and (3): More precisely,

(i-a) in case (1), each chaotic component of Fr(t)/or(t) contributes to the Gaussian
limit with limiting variance of order R“.

(i-b) in case (3), that is when the spatial correlation is given by that of a fractional
Brownian noise with Hurst index H; < % (see Hypothesis 2), it has been pointed
out in [30, Page 910] that due to the fact that the associated spectral density
vanishes at zero, the first chaotic component of Fr(t) is asymptotically negligible
compared to other chaoses (each of them has limiting variance of order R), then
the rate O(R~'/?) is consistent with the CLT heuristic.

In case (2), the spatial correlation kernel 7, (z) = |2|~# with 8 € (0,2 A d), see Hypothe-
sis 3b. Equivalently, we can consider instead v;(z) = |2|°~% for d — 2 < 8 < d, then the
limiting variance of Fg(t) will be of order R4, and the resulting rate of convergence
is O(R~(?=9)/2), 50 that we see the dependency on the dimension d now. Note that in
this case (2), the first chaotic component of Fi(t) is dominant with limiting variance of
order R?%—#  Thus it is not surprising at all to see the rate in case (2) to be in a form
other than O(R~%?2); see [30, Page 910] for the particular situation (d, ) = (1,2 — 2H)
with 1/2 < H; < 1, and also [31, Sections 3.4 and 3.5] for more details.

(ii) In our settings, the temporal correlation function 7y is locally integrable and nontrivial.
Then, on a fixed finite time interval, its L' norm is of the same order as in the case of
white-in-time case where the temporal correlation function is the Dirac delta function
at zero. This will essentially lead to the fact that the temporal correlation structure
in our settings does not play a role in the order of the limiting variance of Fr(t). See
Lemma 2.1 and the embedding inequality (2.9) for the technical reasons of the matching
upper bounds of limiting variances in both white, and colored-in time settings. For the
matching lower bounds limiting variances in both settings, it is enough to understand
it from bounds like e.g. [31, (3.1)]. Of course, the orders of lower and upper bounds
are the same. Even if in our study of the spatial averages, the temporal correlations do
not explicitly appear in the convergence rate, it is still necessary to “compensate” the
roughness in space (Hy + H; > %), which ensures the existence and uniqueness of the
solution to parabolic Anderson model (1.5). A recent work [25] relaxes the restriction to
2Hy + H; > %. It will be interesting to extend our quantitative CLT to the rough case
with 2Hy + Hy > 2.

In a recent paper [1], the authors face the problem of establishing a quantitative CLT
for the hyperbolic Anderson model driven by a colored noise. A basic ingredient in this
paper is the so-called second-order Gaussian Poincaré inequality (see Proposition 2.3).
With this inequality in mind, it is not difficult to see that, in order to obtain the desired
rate of convergence, we need to equip ourselves with fine LP-bounds of the Malliavin
derivatives valued at (almost) every space-time points. This will be our approach in the
regular case, and the majority of the effort will be allocated to show these LP-bounds,
with which we will apply Proposition 2.3 to get the quantitative CLT.

However, in the rough case the spatial correlation ~; is a generalized function
and if one understands the inner product (e, e) using the Fourier transform (1.8),
Proposition 2.3 does not fit. This is a highly nontrivial difficulty the we overcome by
taking advantage of an equivalent formulation of the inner product (e, e)s based on
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fractional calculus (see Section 2.2). Starting from such an equivalent expression,
we derive in the rough case another version of the second-order Gaussian Poincaré
inequality (see Proposition 2.4) that is better adapted to our purpose. We also refer the
readers to Remark 2.5 for a detailed discussion.

Let us complete this section with a few more remarks on (quantitative) CLT in other
settings.

(i) The authors of [30] study the situation where the noise W is colored in space-time
R, x R with the spectral density ¢ satisfying a modified Dalang’s condition and
the concavity condition:

2
/ 1@—('—:22 dr < 400 and 3k € (0,00) such that p(z +y) < k(p(x) + ¢(y))
R

for all z,y € R. Using the chaotic CLT, they are able to establish the CLT results
of qualitative nature. It is not clear to us how to derive the moment estimates for
Malliavin derivatives in this setting. A more intrinsic problem is that unlike in our
rough case, we are not aware of any equivalent real-type expression for the inner
product of the underlying Hilbert space $) and thus we do not see how to put the
potential moment estimates in use.

(ii) In a recent paper [32], the spatial ergodicity for certain nonlinear stochastic wave
equations with spatial dimension not bigger than 3 is established under some mild
assumptions. The condition on the driving noise W can be roughly summarized
as follows: W is white in time, the spatial correlation satisfies Dalang’s condition
and the spectral measure has no atom at zero. The authors of [4, 9, 33] established
the corresponding (quantitative) CLTs in dimensions 1 or 2. The obtention of
CLT in dimension three has been open for a while until Ebina solved it in [11]
by first refining the arguments in [32]. The key difficulty in 3D is the lack of a
precise estimate of the Malliavin derivative Du(t, z) of the solution, which shall be
a random measure supported on some sphere; by going through an intermediate
step of using Picard iterations, the CLT result in [11] is essentially of qualitative
nature. So the quantitative CLT for the stochastic wave equation in dimension 3 is
still open.

(iii) Some recent results related to the spatial average of parabolic and hyperbolic
Anderson model with time-independent noises can be found in e.g. [2, 3].

The rest of the paper is organized as follows: Section 2 contains some preliminaries
that will be used in this paper. We study the regular cases in Section 3 and leave the
rough case to Section 4.

2 Preliminaries and technical lemmas

In this section, we provide some preliminaries and useful lemmas. Let us first
introduce some notation that will be used frequently in this paper. Let n be a positive
integer, we make use of notation x,, = (21,...,7,) € R"® and t,, = (t1,...,t,) € R?.
Given x,, € R"?, we write xj., € R"“**! short for (zy,...,2,) with k = 1,...,n, and
ten € ]R’f;'“rl is defined in the same way. Let 0 < s < t < o0. We put Tf;t ={s, € RY :
§< 8 << s, <t}and T = T?L’t. We use ¢, ¢, ¢z, and c3 for some positive constants
which may vary from line to line. Finally, we write A; < A if there exists a constant ¢
such that 4; < cA,.
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2.1 Wiener chaos and parabolic Anderson model

Let $ be a Hilbert space of (generalized) functions on Ry xR, and let W = {W(h),h €
£} be an isonormal Gaussian process over §). Denote by 7 = o(W) the smallest o-algebra
generated by W. Then, any F-measurable and square integrable random variable F
can be unique expanded into a series of multiple Ito-Wiener integrals (see [29, Theorem
1.1.2]),

F=TE(F)+ Y I(fa), 2.1)
n=1
where for n = 1,2,..., I,(f,) is the multiple Ito-Wiener integral of f,, which is a

symmetric function on (R, x R%)", meaning

fn € Sj@n = {f € f)@nv f(tn7xn) = fn(ta(1)7 SR 7ta(n)axo’(1)a ce- 7xa(n))7 2.2)
for all permutation o on {1, ... ,n}} .

In the space-time white noise case, I,,(f,,) can be understood as the n-folder iterate
Ito-Walsh’s integral (see [36]),

L(f) = n!/ oo, X)W (dtr, das) - - - W (dt, ).
0<t1< - <tp<oo JR™

For any n, we denote by H,, the n-th Wiener chaos of W, that is the collection of
random variables of the form F = I,,(f,), with f,, € H©". In any fixed Wiener chaos H,,,
the following inequality of hypercontractivity (see [27, Corollary 2.8.14]) holds

1Ellp < (p = 1)"2|| F 2, (2.3)

forp>2andforalln=1,2,... and F € H,.
Assume Hypothesis 1. Set X = § when 7y = 6. Then, X = L?(R,;H;), and we have
the following lemmas that are very helpful in Section 3.2.

Lemma 2.1 ([1, Inequality (2.13)]). For any nonnegative function f € X®" supported in
([0,#] x RY)™, we have

£ Ien < TENf%en,
where T, := f[—t,t] Yo(s)ds.

Lemma 2.2 ([29, Proposition 1.1.2] and [1, Section 2]). Let m,n > 1 be integers and let
f and g in X®™ and X®™ respectively. Then,

() 0) = f‘ () (1) et 5000

where IX denotes the the multiple Ito-Wiener integral with respect to an isonormal
Gaussian process over X and f ®, g denotes the r-th contraction between f and g,
namely, an element in X"T™"~2" defined by

(f R g) (tn—ra Xpn—rySm—r, Ym—r) = <f(tn—ra Xp—r; .) ) g(sm—ra Ym—r, .) >L2(]R7‘ ;H?r) .
In particular, if in addition f, g have disjoint temporal support?, then

IN(AIn(g) =1, (f® g) (2.4)

and IX(f), IX (g) are independent.

2This means f = 0 outside (J x R%)™ and g = 0 outside (J¢ x R%)™ for some J C R.. Note that for f, g
non-symmetric having disjoint temporal support, the equality (2.4) still holds true.
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In the rest of this subsection, we provide the definition for the solution to the parabolic
Anderson model (1.5). Let u = {u(t, ) : (t,z) € Ry x R} be a o(W)-measurable random
field such that E(u(t, z)?) < oo for all (¢,z) € Ry x R? Then, due to (2.1), we can write

u(tvx) = E(u(tv I)) + Z In(fn(O,t,I)) = E(u(tvx)) + Z In(ft,.r,n(‘));

n=1 n=1

for all (t,z) € Ry x R%, where f, : (Ry x RY)"*! — R and for any (t,z) € Ry x RY,
ften = fo(et,x) € HO™ (see (2.2)). Then, u is said to be Skorohod integrable with
respect to W, if the following series is convergent in L?((2),

5(u) = /O /R ult, )W (d, dr) = /0 [ folto)W (o) + 3 L ().

n=1

where fn denotes the symmetrization of f, in (R, x R¢)"*!. Additionally,  is said to be
a (mild) solution to the parabolic Anderson model (1.5), if for every (¢,z) € Ry xR, as a
random field with parameters (s, ), pi—s(2 — y)u(s,y)1jo+(s) is Skorohod integrable and
the following equation holds almost surely,

u(t,z) =1 —l—/o /le pi—s(x — y)u(s, y)W(ds, dy).

It has been proved (see [16, Section 4.1]) that u is a solution to (1.5), if and only if it
has the following Wiener chaos expansion

U(t, 3?) =1+ Z In(ft,a:,n)a (2.5)

n=1

where the integral kernels f; , , are given by

1
ft,ﬂﬂ’n(s’m Xﬂ) = Eptfsﬁ(n) (1‘ - xo(n)) U Psooy—sa1y (mo(Q) - xg(l))7 (2.6)

with o the permutation of {1,...,n} such that 0 < s,(1) < -+ < 845(») < t and p;(x) being
the heat kernel in R?. The chaos expansion (2.5) and the expression (2.6) will be used
frequently in this paper.

2.2 Fractional Sobolev spaces and an embedding theorem

In this subsection, we give a basic introduction to fractional Sobolev spaces. They
are closely related to the Hilbert space H; under Hypothesis 2. We also provide an
embedding theorem for H,. These will be used in Section 4. For a more detailed account
on applications of this topic to SPDEs, we refer the readers to papers [13, 14, 17] and
the references therein.

Following the notation in [10], given parameters s € (0,1) and p > 1, the fractional
Sobolev space W?*P(R) is the completion of C'¢°(RR) with the norm

T =

I¢llwsr = (I8lI7e + [Elfy-s) 7

where [o]s.» denotes the Gagliardo (semi)norm

[Blwes = (/ dxdyM)%. 2.7)
-

o=y
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In particular, if p = 2, W*? turns out to be a Hilbert space. By using the Fourier
transformation, one can write (c.f. [10, Proposition 3.4])

1 —cos(¢)

6o =) [ aelePid@, win ot =t [ L

R

Here the constant C(s) is slightly different from that in [10], because we use another
version of the Fourier transformation. Therefore, assuming Hypothesis 2, we see
immediately that

1 .
w2 Hi

M%=%A&W”WMW=W 2 (2.8)

In this paper, we will use both representations of the norm in #; via the Fourier
transformation and the Gagliardo formulation.

In the next part of this subsection, we introduce an embedding property for the Hilbert
space Hg. Assume Hypothesis 2 with Hy € (%, 1), thanks to the Hardy-Littlewood-Sobolev
inequality, there exist a continuous embedding L/ (R, ) — H, (see [26, Theorem 1.11),
namely, there exists a constant cy, depending only on Hj such that

1\ Ho
mmMS%wmwmm%:mxéymwm@W) 2.9)
+

for all f,g € Hp. Combining this fact and Cauchy-Schwarz’s inequality on the Hilbert
space H1, we can show that for all H, € [$,1),

’<¢aw>f)| < /]R? dsdt yo(t — S)‘<¢(t>°)a¢(5,°)>m‘

< /RQ+ dsdtrolt — ||6(t, 9|, % [65,9)

S CH, ||¢HL1/H0 (Ry3H1) ||w||L1/H0 (Ry3H1)"

By iteration, we can write
|<¢a ¢>YJ®"| < C?IO||¢||L1/H0(RQL_;H§’")‘W”Ll/Ho(]RQL_;y?") (2.10)

forall ¢, € H®" andn =1,2,3,....

2.3 Second-order Gaussian Poincaré inequalities

In this subsection, we provide two versions of the second-order Gaussian Poincaré
inequality (see [28, Theorem 1.1] for the first version). As stated in Section 1, they will be
used in estimating the total variance distance in regular and rough cases respectively.

Denote by D the Malliavin differential operator (see [29, Section 1.2]). Let D% stand
for the set of twice Malliavin differentiable random variables F' with

IFII3. =IF 14+ [[IDF s |3 + 1D Fllows ||y

=E[F"] + E[|DF||§] + E[| D*F||§ 5] < cc.

We denote by ]Df’4 the set of random variables F € D?* such that we can find
versions of the derivatives DF and D?F, which are measurable functions on R, x R
and (R; x R%)?2, respectively such that |[DF| € $ and |D?*F| € $ ® £ almost surely.

Let F' and G be random variables. The total variance distance between F and G is
defined by

drv(F,G) = sup{|p(A) —v(A)|, A C R is Borel measurable}, (2.11)
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where u, v are the probability laws of F' and G respectively.
The next proposition cited from [1, Proposition 1.8] will be used in the regular case.

Proposition 2.3. Assume Hypothesis 1. Let F' € D?* be a random variable with mean
zero and standard deviation o € (0,00). Then

4 —~
dTV(F/O',Z) S ; A,
where Z ~ N (0, 1) and

A= drdr’ dsds'd9df’ dzdz' dwdw' dydy'vo(6 — 6" )yo(s — s')yo(r — ')
R§ xR64
x(z =2 )m(w—w)n(y — )| Dr-DowF|,
X || Doy Do F || || Do F| | Dot F

Inspired by [35, Theorem 2.1], we also have the following proposition, which will be
used in the rough case.

Proposition 2.4. Assume Hypothesis 2. Let F' € D?* be a random variable with mean
zero and standard deviation o € (0,00). Then,

drv(Flo,Z) < 2(7@\/,71,
where Z ~ N(0,1) and

A= [ dsds'dodd’ drdr'vo(s — s )vo(0 — @ )yo(r — ')

RY
X / dydy' dzdz' dwdw' |y — y' |PH1 72|z — 2/ P72 — P2
IR()'
X ||Dr’,zF*Dr’,z’F||4||D0’,wF*DO’,w’F”4
X |Dy2:DsyF = Dy..Dg y F — Dyt Dg yF + Dy Dy o F|,
X || Dg,wDsr yF — Do .wDst y F = Do Dyt y F + Dy oy Dr o/ F | . (2.12)

Proof. We begin with the Malliavin-Stein bound3

dTv(F/O', Z) < %\/V&I‘«DF, —DL71F>5)

with L~! denoting the pseudo-inverse of the Ornstein-Uhlenbeck operator. Denote by
P, the Ornstein-Uhlenbeck semigroup. Then, following the arguments verbatim in [1,
Appendix 2], we have

(oo}
Var((DF,—DL™'F)s) §2E/ dte "(D*F @, D°F, P,(DF) ® P,(DF))

®2
0 9

+ QE/ dte *"(P,(D*F) ®, P,(D*F),DF ® DF) (2.13)
0

55@27

where the two terms on the right-hand side can be dealt with in the same manner. In
what follows, we only estimate the second term. Put

g(r,2,0,w) : = Py(Dy.DeF) @1 Pi(Dg Do F)

= / dsds'vo(s — s’)/ dydy'|y — o' P72
R% R?

X Pt (Dr,zDs,yF - Dr,zDs,y’F)Pt (DO,st',yF - D9,st’,y’F)a

3See [27, Theorem 5.1.3] and also equation (1.26) and footnote 4 in [1], where the latter reference points
out that we do not need to assume the existence of density for F'.
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where we have used the expression (2.7) for the inner product in $;. With this notation
we can write

(P(D*F) @1 P,(D*F),DF ® DF)_ ., = (9 ®1 DF) @1 (DF)

— / dfde’ drdr'~o (6 — 6" )yo(r — ')
R

:
X / dzd?' dwdw' |z — 2/ P 2w — ' |*=2(D,s ,F — Dy F)
R4
X (Dg F — Dy o F) [g(r, z,0,w) —g(r,2',0,w) — g(r, z,0,w") + g(r, z’,&w’ﬂ

= dsds'd0de’ drdr'~o(s — s )yo(6 — ) yo(r — ')
RY

X dydy'dzdz dwdw'|y — y'|*7 72|z — 2/|PH 72w — o' P12
Rﬁ

X (D7.17ZF — DT/7Z/F)(D9/,wF — D9/7w/F)

% Py(Dy.DyyF — Dy.Dyyy F — Dy Dy yF + Dy Doy F)

% Pi(Dp.wDy yF — DgwDs o F — Dy oy Dy yF + Dot Dy o F).

Therefore, by using Holder inequality and the contraction property of P; on L*(), we
get

21 / dte *"(P,(D*F) ®, P,(D*F),DF ® DF)
0

<.

X / dydy' dzdz' dwdw'|y — ' [PH1 72|z — 2/ P 72w — )22
RG

582

dsds'd0do’ drdr'~o(s — ' )70 (0 — 6')yo(r — ')

6
+

X ||D7",2F_Dr’,z/F||4||D0/,wF_DG’,w/FH4
X ||DyzDsyF — Dy.. Dy F — Dy ./ Ds yF + Dy Dy F||
X || Do,wDs yF — DDy yy F = Dp . Dyt yF + Dg oy Dyr oy F| .

We have the same bound for the first term (2.13) except for the multiplicative constant 2,
due to 2 f0°° dte~! = 2. Hence, the proof of Proposition 2.4 is complete. O

Remark 2.5. (i) Compared to the regular case, the expression of A is much more

complicated in the rough case, where we need not only to control | D, ,u(t, )| ,, but we

also have to estimate the more notorious differences || D, ,u(t,z) — D, u(t, )|, and

| Dy 2Ds yu(t,x) — Dy, Ds yu(t, ) — Dy o Ds yu(t, x) + Dy o Dg yu(t, z)||, for the proof of

part (3) in Theorem 1.3. This is the current paper’s highlight in regard of the technicality.
(ii) When ~ is the Dirac delta function at zero, the expression of A reduces to

A= dsd@dr/ dydy' dzdz dwdw'|y — y'|? 72|z — 2/ [PH 2w — o' P2
R3 RS

X || Dy 2 F' = Dy 2 Flla|| Dp,w F' — Do o F |4
X ||DyzDsyF — Dy . Dy F — Dy 2/ Ds yF + Dy Dy F||
X HDG),UJDs,yF_DQ,st,y/F_DG,U:’DS’,yF+D0,w’DS7y/FH4'
This case corresponds to the white-in-time setting where the driving noise W behaves

like Brownian motion in time, so as an alternative to using Proposition 2.4, one may
adapt the general strategy based on the Clark-Ocone formula (see [19]) to establish the
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quantitative CLT for Fg(t); however, the roughness in space will anyway force one to
use the Gagliardo formulation (see (2.7)) of the inner product on §) when estimating
the variance of (DFg(t), Vi r)s. This will lead to almost the same level of difficulty as in
bounding the expression .4, while our computations will be done for a broader range
of temporal correlation structures that include the Dirac delta function (white-in-time
case).

(iii) One may notice that in either Proposition 2.3 or 2.4, the random variable F
needs to be in the space D?*. Observe that Theorem 3.1 in the regular case and
Proposition 4.1 in the rough case provide sharp estimates for the (iterated) Malliavin
derivatives and their increments of the solution u(¢, z) to (1.5). By using these estimates
one can easily show that E[|| Du(t, z)||%] + E[[| D*u(t, 2)||3 5] < co in all the cases (1)-(3).
This implies that F = Fg(t)/or(t) € D¥* for all R € (0, 00). Therefore, it is legitimate for
us to apply Proposition 2.3 and 2.4 throughout this paper.

2.4 Technical lemmas

In this subsection, we provide some useful results related to the heat kernel and
gamma functions. They will be used in Section 4. Let us first introduce a few more
notation. Set

Ay(z,2") = po(xz + 2") — pe(2), (2.14)
Ri(z, 2’ 2") =pilx + 2" —2") — pe(x + 2') — pr(z — 2") + pi(2), (2.15)

and
Ny(a) = 63720002 5Ly o+ L v (2.16)

forallt € Ry and z,2’,2” € R. The next lemma provides further estimates for A; and
R;. This lemma, as well as operator A (see (2.27) below), will be used in Proposition 4.1
combined with the simplified formulas in Lemmas 4.2 and 4.3.

Lemma 2.6. Let A, R; and N; be given as in (2.14)—(2.16). Then, the following results
hold:

2| |2H1—2 1-H py 1
N, 12y =4—— 14t 2.17
[ ) el = 4, @.17)
|Ay(z,2")] < cﬁ(¢ﬁz,p4t)(x), (2.18)
and
|Ri(z, 2", 2")| < cp(®] O] _par)(x) (2.19)

for any g € [0,1], t € Ry, z,2',2” € R with some constant cg depending only on 3, where
@fm, is the operator acting on M(R), the real measurable functions on R, given by

_8
(@719 (@) = 0w g (@)L 015ty + 9) [Loviy + 1 T2 L <y ]

with 0 denoting the shift function, that is, (6, g)(z) = g(x + ).
Remark 2.7. For any ¢t > 0 and z € R, operator <I>§Z can be expressed as

- B
Qﬁzg:1{‘Z‘>\/g}(92+I)g+1{‘z‘§\/{}(|z|t Y4 1g, g€ M(R)

with Ig = g. It is easy to check that the following commutativity property holds (I)f, Z(I)f)y =
o7 @) on M(R). Furthermore, it is also clear that (®;.1g)(0) < 2NN, (2).
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Proof of Lemma 2.6. Equality (2.17) follows from direct computations, which we omit
here. In what follows, we first derive the estimate (2.18) for A;. If |2/| > Vt, it follows
immediately that

|Ay (2, 2")| < pe(e +a") + pix) < 2[par(e + ') + par()]. (2.20)

On the other hand, suppose now that |z’| < v/t. Notice firstly that

Nl

|A(z,2")| = |pe(x + 2") — pe(x)] < max{pi(z),pe(z + 2")} < \/%t

By the mean value theorem, there exists a point z between 0 and z’ such that,

INE. ’ o ‘x + ZI _@t2)?
|At(2,2")| = |pe(x + 2") — pe(2)| = [ \We .
In view of the fact that for all o > 0,
supz®e”? = a%e ¢, (2.21)
x>0
xr z 2
we know that %e* et is uniformly bounded, from which it follows that
2| (@422
|A¢(z,2")] < Cl‘t—‘e_ T
. 2 2 2
Since % > L — 2 and |2| < || < V1, we get
(242)2 22 g2 1 a2
e T 4t < et e 8t Seie_w7
and thus

for some universal constant ¢ > 0. As a consequence, if [2/| < /%, for any 8 € [0, 1], we
have

B
1A (2, 2)] < ept™ 2|2 |Ppas (), (2.22)

where cg depends only on 3. Putting together the estimates (2.20) and (2.22) yields (2.18).
Next, we prove the inequality (2.19) by considering the following four cases.
Case 1. If [2'| > v/t and |2”'| > \/t, we use the estimate

|Ri(z, 2, 2")| < pe(x + 2" —2") + pr(x +2") + pe(z — 2") + pe(2). (2.23)
Case 2. If 2’| < v/t and |2”| > /t, we deduce from (2.22) that

|Re(@,2",2")| <|pi(x + 2’ — 2”) = pr(z — 2")| + [pe(2 + 2') + pe()]
=|Au(z — 2", 2" + |Ad(z, 2")|

_B
<ept™ 2|2 |P (par(2) + par(z — 27)). (2.24)
Case 3. If |2'| > /t and |2”| < v/, then the same argument from Case 2 leads to

|Ri,2!,a")| < cat™%[a"|? (pau(@) + pu(a + ). (2.25)
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Case 4. If |2'| < v/t and |2"| < V/t, we write

Ry(z,2',2") =/ [pi(z + 2" +y) — pi(z +y)|dy
0

with the convention [, f( = — [, f(—t)dt for a > 0. By mean value theorem, we can
write

pilr+a’ +y) —pi(r+y) =pf(z +y+ )
L C=S = Ly N2 _ 4—3/2
= e 2t 52y + 22—t ,
Nirs (P @ +y+2) )
where 2’ is some number between 0 and y. Using (2.21) and (z+y+2')? > 12— (y+2')?,
we have

(I+y+z

e - Pz +y+2)? <ce”

<z+y+z (y+z?
i,

- 32 < cpy(a)tle

Since |y + 2'| < 2|2”| < 2V/t, we get

_ (ztytz
+y+7t—5/2(x+y+z) §0p4t($)t_1
and
e_<z+y;trz’)2 -3/2 < Ce(y+2§’>2 p2t() < Cp4t(x).
- t - t
It follows that
|Ri(z, 2", 2")| < cpt™P |2’ |P |2 |Ppas (), (2.26)

provided |2'| < v/t and |2”| < V/t. Therefore, inequality (2.19) follows from (2.23)-(2.26).
The proof of this lemma is complete. O

We also introduce the operator A : M(R) x M(R) — M(IR?) as follows. This operator
will be used in Section 4. Let 0 < r < s and let 2/, ¢’ € R. Then,

Arzr s (91, 02) (@, 9) = 91(2) (D0, 1g2) W)No () + gr(2) (@2, @0 g2)(v)
+ (B, 91 (@) 0y g2) )N () + (@7, 90)(2) 0y @], _g2)(y)  (2.27)

for any (g1792>x7y) € M(R) X M(R) x R?.
Remark 2.8. It is not difficult to see that if ||g; (|71 (r) = 1, then

[ @) @i = (@],1)0)

with 1g(z) = 1 for all z € R. As a result, we have

/ d‘TAr,z’,s,y’ (glv 92)(x7 y) = Ar,z’,s,y/(]-]Ra 92)(0a y)
R

provided HngLl(]R) =1.
We complete this subsection by the following results about the gamma functions.
Lemma 2.9. Let

(oo}
I'(x) :/ v le Vdy, x>0
0
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be the usual gamma function*, then we have the following bounds.
(i) (Stirling’s formula; c.f. [21, Theorem 1]) For all x > 0, the following inequality holds,

\/27rx"”*%e*“5 <TI'(z) < \/27mcw*%efﬁ+ﬁ.

(i) (Asymptotic bound of the Mittag-Leffler function; c.f. [23, Formula (1.8.10)])

o0 Zn S
FE, = E — < o
(Z) —~ F(om + 1) = C1 €Xp (CQZ )
for all z € Ry and « € (0,2), where ¢1,c2 > 0 depend only on .

3 Regular cases under Hypothesis 1

In this section, we prove the first two error bounds in (1.12). As already mentioned
in the introduction, the majority of this section will devoted to proving the following L?
estimates of Malliavin derivatives.

Theorem 3.1. Assume that Hypothesis 1 holds true. Given (¢,z) € (0,00) x R? and
(p,m) € [2,00) x IN*, then for almost every (s,,,ym) € ([0, x RY)™, we have

1Dg) y, ut,2)||, < CW) fram(Sm,¥m), (3.1)

where f; ;. is the chaos coefficient defined as in (2.6) and the constant C(¢) depends on
(t,p,m, 0,71 ) and is increasing in ¢.

The proof of Theorem 3.1 is deferred to Section 3.2. In Section 3.1, we prove the first
two error bounds in (1.12) by using Theorem 3.1.

3.1 Proof of quantitative CLTs in regular cases

Assume Hypothesis 1. With

Fr(t) = /B fu(t,z) — de and op(t) = \/Var(Fa(t)),

we have the following facts from [31].
(i) Under Hypothesis 3a, og(t) ~ RY2.

(i) Under Hypothesis 3b, one has or(t) ~ RI-5.

3.1.1 Proof of (1.12) under Hypotheses 1 and 3a

Using Minkowski’s inequality, we have

D, ,D, ,u(t,z)dz

||DT,zDs,yFR(t)||4 = ‘
Br

< [ 1DDeyutt.o) .
4 Br

Then it follows from (3.1) that
|Dy2Ds yFr(t)|a S ; frzo(r, 2,8, y)de, (3.2)
R
with
Jta2(r,z,8,y) = % [Pt—r(@ = 2)pr—s(z — W)l pssy + Pe—s(@ — Y)Ps—r (2 — Y)1frcsy] -

4This shall not be confusing with I'; defined as in Lemma 2.1.
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In the same way, we have
Doy POl S [ pielo = )i @.3)
Br

where the implicit constants in (3.2) and (3.3) do not depend on (R, r, z,s,y) and are
increasing in t.
Apply Proposition 2.3 and plugging (3.2) and (3.3) into the expression of A, we get

AS / drdr'dsds'd0de’ dzdz' dydy' dwdw'~o(r — ") yo(s — 8')y0(0 — 0" )y1(z — 2")
[0,4]6 x R64

X /4 dX4’Yl (w - w/)’Yl (y - y/)ft,wl,Q(rv Z, 97 w)ft,$2,2(85 Y, 9/1 w/)ptf’r’ (SUJ - Z/)
B

R

X pr—g (xa —Y').

Taking the expression of f; , o into account, we need to consider four terms depending
on r > 6 or not, and depending on s > 6’ or not. Since the computations are similar, it
suffices to provide the estimate for case r > 6 and s > #’. In other words, we need to
show that

A= / drdr’ dsds' d0de’ dzdz' dydy’ dwdw'~o(r — 1")yo(s — s )y0 (6 — 6')
[0,£]6 x R64
x| dxapi—r (21 = 2)pr—o(2 = w)pe—s (22 = Y)Ps—0r(y — W' )p— (23 — 2)
BR
X prog(za — Y ) (w —w)n(y —y)n(z —2)
< R%

In fact, the above estimate follows from integrating with respect to dz1, dxs, dz4, dy/,
dy, dw', dw, dz, dz’, dr3 one by one and using the local integrability of ~y. The desired
bound follows immediately. O

3.1.2 Proof of (1.12) under Hypotheses 1 and 3b

Similarly as in Section 3.1.1, we need to show A* < R*~38, Making the change of
variables

/ / / / / /
(x4,z,z7y,y7w,w)—>R(X47z,z,y7y7w,w)

and using the scaling properties of the Riesz and heat kernels?® yields

A* = R1=368 / drdr'dsds’'d0d0"vo(r — " )yo(s — s')y0(0 — 0')Skg,
0.4

with
Sp:= / dxydzdz dydy dwdw'|w — w'| Py — /| 7P|z — 2| 7P
B xR6d
X g (21— 2)Prp (2 — W)Pis (22 — Y)Pazor (Y — W)Pi=y (x5 — 2)Piwr (21 — 1)
R R R R2 R2 R2

Making the following change of variables

/ !/ /
?76:(27‘%1,Z*w,y*1’2,y*w,2’ —x3,Y 71’4)

Spi(Rz) = R™9p, p—2(z) for z € R4,

EJP 27 (2022), paper 120. https://www.imstat.org/ejp
Page 17/43


https://doi.org/10.1214/22-EJP847
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Quantitative CLTs for the PAM driven by colored noises

(sow =mn1 —n2 +x1,w =n3 — 1y + x2) yields

Sk = / dxqdnep =y (m)pr=e (N2)P =g (N3)P oo (1M4)P1—r (N5)P e—sr (6)
B xR6d R R R R2 RZ "2

X | —n2 — 3 +ma+ 21— 22| PNz — e + 22 — 24| P |1 — M5 + 11 — 2377

Vi—r Vr—0 Vt—s Vs—60 -B
= [ dxE ‘72 - Zy — Z Z - ’
/34 X4 { R 1 R 2 R 3+ R 4+ T — 22
Vi— Vi—¢ —BI\T— t—r/ -8
X’ RSZ?)* RSZG+SC2*I4‘ ‘\/R 7ﬁZl*\/RTZ5+I1*933‘ }
where 7, ..., Zs are i.i.d. standard Gaussian vectors on R?. Notice that

_ _ -8
K = sup / ly+ 2 Pdy < Lypojen / =Py + 12 / (12l - Iyl) " dy
zeR4 J B, B3 By

g/ |y|’ﬁdy+/ 1dy < oo.
Bg Bl
Therefore, we deduce that

Sk < /c3/ 1 dx; = K3Vol(By).
B1

So A* < K3Vol(By)(tT;)3 R*=38, with Ty = fit v0(s)ds. Hence applying Proposition 2.3
yields the desired conclusion. O

3.2 Proof of Theorem 3.1

Recall the Wiener chaos expansion (2.5) and (2.6) for u(¢, ). Then, for any positive

integer m, the m-th Malliavin derivative valued at (s1,¥y1,-- -, Sm, Ym) iS given by
Dg:mymu(t’ Jf) = D517y1 DS?ayZ U Dsnu!hnu(t’ x)
= Z mln—m (ft,m,n(sm; Ym; .))7
n=m

whenever the series converges in L?. By definition, it is easy to check that f; ; ,(Si, Ym.,
o) € HOM=m) and by symmetry again, we can assume t > S,,, > Sy_1 > -+ > 81 > 0.
For any n > m, we make use of the notation,

['fl]< = {im = (ilw"aim)71 < Z.1 << im < Tl}

We also define the function f(i’”) (Sm,ym;®) : RT™™ x (RY)"~™ by

t,x,n

(Em) (i1)

t,z,m (Sm7 Yms .) =Jt,zi, (Sma Ym; .) ® fg(j:;:?u_“ (smfh Ym—15 .)

@@ fUm i) () 11 @) @ fay i (3.4)

82,Y2,0m —tm—1
where ft(,lm),l(r’ z;8) =pi_,(x — z), and for all k > 2,

. 1
) sk, Yk ) = Pt=so 1) (& = Yo (hm1))Pso sy sz o (hm1) ~ Yo (k-2)

X X psa((l)fr(ya(l) - Z)>
and o denotes the permutation of {1,...,k — 1} such that r < So(1) < 0 < Sgk—1) <t

Let h{*) (Sm, Ym;®) be the symmetrization of ft(’i;:,{(sm, ¥m;e®). Then, for any p € 2, 00),

t,x,n
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we deduce from Minkowski’s inequality and (2.3) that

m - n—m n!
HDS7mymu(t7 x)”;, < ;n(p - 1) 2 In—m (m-fﬁﬂ%n(sm,sz o)) H2
and
! )
ﬁftﬂ:,n(smvbﬁq%.) = Z hgf;pnzy,(SWL7Ym7.)

im€[n]<

It follows that

. )!ft’fv”@m’ym"))lrﬁ(”) S e (FE s ymi ) [f5- (3.5)

In—m
((n -m 2 m) .
im €[n] <

Additionally, due to Lemma 2.1, we deduce that
o (£ (S Y3 OB < T8 T (£ (S Y @) 3. (3.6)
The inequalities (3.5) and (3.6) together with the product formula given in Lemma (2.2)

and the decomposition (3.4), imply

oo

D5 g uto)ll < > [(p— 1] = oz, (3.7)

n=m

where
n i 2
%= (1) X () smvmi o)}
":me["]<

Using the independence among the random variables inside the expectation, see
Lemma 2.2, and the notation (ig, Spm+1, Ym+1) = (0,¢, ), we can write

11E o () (S yms @) ||

m
= HIx(fSl,yh"*im)Hz X H
j=1

o 2
X (ij—ij-1) ) .
Iij*ij—lfl <f57n—j+27ym,—j+27i_7 —ij—1 (sm*JJrl’ Ym—j+1; ') 5

Thanks to the isometry property between the space $H©” (see (2.2)), equipped with the
modified norm /n!|| @ || ge», and the n-th Wiener chaos H,,, we can write

Qr:f,m = <n> Z (n - im)!HfSlvylvn_i'm H;@("—ﬁn)

my) .
im€[N]<

m
L —ij_1) NI
x H(lj A 1)!||fs(jv‘i—j7li2:1yvnfj+2;ij_ijfl(Sm_j+1’ym'_j+17.)||_’{®('ij*ij71)' (3.8)
j=1

We first estimate || fs y || v and begin with

[lon = |

Ts dr’“HfSay,k’(r’f’ .)Hi?k

k
1 ~
T ) | (GRS LX)
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with rp41 = s and p(§) = e~tI€1°/2 In the current regular case, we can deduce from the
maximal principle (c.f. [31, Lemma 4.1]) that

supd/dp(dy)e‘sly“‘z‘2 = /du(dy)e_s‘y|2 < oo.
z€Rd JR R

Then, preforming change of variables w; = ;41
have

—r;, and using Lemma 3.3 in [15], we

—wjy ‘51

2 1 k
||f37y,k||x®k SE /Tk(s)dwk/ H

£=0

k
<255 e 20w (3.10)

£=0

where Ti(s) == {wy € RX tw; + - +w, < s} and
d
Cn = /d NJ|(§|§)1{§2N} and Dy := ,U,({f € Rd : ‘£| < N}), (3.11)
R,

are finite quantities under Dalang’s cond1t10n (1.6).
Finally, in what follows, we estimate || fS o k( ®)|| o1 It is trivial that for k = 1,

1), 250) || 200 = Ps—r(y — 2)2. (3.12)
For k = 2, we can write
1 S
112tz ls = [ dvllpesty = oprts =2,

fl _ )2 * v ps—v(yf.)pv—r(°*z) 2
_4ps—r(y ) /T d || p87r(y_z) H’H1

Using the fact (c.f. [7, Formula (1.4)]) that

pt(a)ps(b) S
PROPsO) (b= ——(a+D)), 3.13
Peys(a+D) Pot/(t+9) ( s+t (a )) ( )
we get
L Ps—v (y - x)pvfr(x - Z) - L v—r .
f(x) = ps_r(y — Z) = Pw—r)(s—v)/(s—7) (1' z PR (y Z))

The Fourier transform of f is given by

Fl&) =exp (—i(z+-

This implies that

‘ psfv(y - ‘)Pu—
ps—r(y_ Z)
and thus
Hfsy? ;')Hx CH14ps r(
1
< Z H,Ps— r(y

EJP 27 (2022), paper 120.

(0= 2) |, =en /]R u(de) exp (—(

— (- z))g) exp <_(“;(Z)(Sr—)“)§|g> |

=e=ig),

/ dv/ (d¢€) eXp( i )( )|§|2>

2)*[(s = r)Dy + 4Cn], (3.14)
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for any N > 0. Indeed,

/ dv/ (d€) eXp( i )( )|§2)

S LS / vexp (== gp)

and
s _ _ s—r o
/ v exp (_Mwmz) :/ dv exp (—”(S’"”)W)
r s§—T 0 s—r
1 1/2
— (S _ ,,,)/ dve—v(l—v)(s—T)‘5‘2 — 2(8 _ ’I") / dve—v(l—v)(s—r)|£|2
0 0
1/2 (s=m)¢l? 4 4
§2$—r/ dve v = = (1 = e~ ()P4 =
=), e ( )< @
so that

/ of dgexp<( N - )5|2)

(s—r / dv/ (d€) exp (—(s —r)v(1 —v)[¢]?) < (s —r)Dy +4Cy,
forall N > 0.
For k£ > 3, we obtain

Hfs(ffy),k(nZ; ’)Hi@(mm = k!/IF’"’S drk}—l”fs(’];{k(ra Z;rk—la.)HrQH?k—l

k—1

In order to estimate ||f8(2k(r, 2 Tk_1, .)‘||H?k—1, we apply formula (3.13) several times

and get another expression for f S(’Z) w(T5 25 T8—1,2,—1) as follows,

Z)pS*Tk—l (y - Zkfl)ka—lfrk—Q(Zkfl - Zk*Q)
psfrk_g(y - Zk:72)
% ps—kaz(y - Zk:—2)prk,2—rk,3 (Zk—2 - Zk—3) N Ps—ry (il/ - Zl)prlfr(zl - Z)

k 1
fs(,;,k(r,z;rk_l,zk_l) = Hps_r(y _

Ds—ry_5(Y = 2k—3) Ps—r(y — 2)
1 s —r; T, — Ti_1
'pe r l_Ip(g ri)(ri—ri—1) ( : ——&i—1— ¥y>7 (315)
s—Ti_1 S—Ti—1 S—Ti—1

where by convention, rg = r and zp = z. In the next step, we compute the Fourier trans-
form of f(k) (r z;1,—1,). Using the representation (3.15), we integrate the following
expression f* " ) (r, 2511, 21 )et€—1:%—1) subsequently in z,_1, zx_a,. .., 21 using some
elementary Fourier computation formulas (c.f. [14, Section 3.2] for similar computations)
and get

k—1 k1

(k) ) 1 . sS—T S — T
fsyk(r,zark—l,fk—l) 71 Ps— r(y —z)exp ( —iz P Z &y H ﬁ
k=1 ko=2 27
kfl,r , k—1 k1 s
. = Ti—1 — Tk
[z > (o 11 55)
=1 I71 k= ka=j+1 k2 —1
k— 1 ) k—1 k1 s 9
i—1 — Tk
I I e DI CR | e | N ANCAT
i=1 J—1 kimj ka=jt1 ka—1
EJP 27 (2022), paper 120. https://www.imstat.org/ejp

Page 21/43


https://doi.org/10.1214/22-EJP847
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Quantitative CLTs for the PAM driven by colored noises

. 7 5—Tky _ .
where by convention Hk2:j+1 T T 1. Notice that
k—1 k1 o k—1 k1 s— 1
— T — T
Z(fkl H P— : ):SjJr Z (Ekl H PU— : )
ki=j  ke=jt1 k2 —1 Fimj+1  ka=jt1 k2 —1

Thus, by the the maximal principle ([31, Lemma 4.1]) again, we have

Hfs(,ky),k<rvz5 °)H§e®<k—1> :k!/m drkfl/RkﬂM@(k_l)(df k—1)] Syk(nZ;rkfly{kfl)‘
k—1

2

1 2
Sgps—r(y - Z)Iv

where, by the change of variables v; = -~ foralli=1,...,k,
k-1
(s —rj)(rj —7rj-1)
I:/ dry_1 / u(df»)exp(— €] )
i1 ]1;[1 R4 ! (s— Tj—1 1) !

k—1 +1

k-1
:(S _ T,)kfl / defl/ N®(k71)(d£k71) H exp ( . (5 - T)(U]+1 - v]) |£J|2)
T1 R(k—1)d j=1 Vj
We estimate the term 7 as follows. First we make the decomposition

I=(s—r)"" Z / dvi— 1/ pEE ()
T! R(k—1)d

Jc{1,....,k -1
x (Hl{msw})( I1 1{|&\>N}) Hexp( S—T)Ml&lg)
jeJ teJe v+l
S(S 77,)]6‘71 Z Dkfjl/ dvk—l/ < H i d&z )
JC{l, k—1} Th s 17eld N pe e
< I 1qesm exp(— (s —T)(Wﬂwwﬁ | )
tege

where Dy and Cy appearing below are introduced as in (3.11) and J¢ = {1,...,k—1}\ J.
Suppose J° = {¢1,...,¢;} forsome j =0,...,k—1with ¢; < --- < {;. Then, performing
the integral with respect to v, , yields

Veq+1
/ dwlexp<_(3_r)w|§l| )
0

UZ1+1

=Vg, 41 /01 du exp ( = (s = r)[u(l = u)]vg, 41 e, ‘2)

1/2
<2 [ duesp (= (s = n)lull = wlon lé P)

1/2 1 , 4
<2, 1/ dueXp(—fus—Tve 11&e )Si.
1+ 0 2 ( ) 1+ | 1| (5*7‘)‘€[1|2
Applying this procedure for the integrals with respect to the variables vy,, ..., vy, succes-

sively, we obtain

/Tl dvy_ 1/]R] H p(dée) 1{|@\>N}9Xp< (s —T)MKAQ)

k—1 LeJge Ve+1
4C' 1
< (M)
s—r/ |k—j—1]!
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It follows that
k—1 < b 1>

which implies
21 2 [ ¢
(w=2"> "~ . (3.17)

Tpsfr
’ =0

Hfgﬂy),k(ra Z; .> Hi@(k—l) S

Combining (3.8), (3.10), (3.12), (3.14) and (3.17), we can write

N—1im ¢

, S —,, —

O, <ecs Y Y Sohc
im€[n]c €=0

. (3.18)

m t—ij—1—1 Cijfi_,»_lfffl
- [($m—jt2 = Sm—j+1) DN foyim (Sms ym)?

I > =

£=0

]

j=1
If Cy = 0 for some N > 0, then, we have
X n S?_im N—Tm
Onm <t 2 Gy
im€ln]<
X T iy W\em—y — Sm—j D tj—ij—1—1 o . (S Ym
G = =ilCnsez = omes) D] Fesgm (S ¥im)
Thus
> p-vr] 7y /ex,,
n=m
T(n—im)
=81 3 (n—in
< > agle-nn] TS py )
1<y <<y <n<00 [(n—im)!2
% 3 1 i [(Sm_-j+2 B Sm_j'f'l)DN]5(“_“_1_1)fs,?/7m<smaYm)
jl;[l [(ij —ij—1 — 1)Y=
> >0 0 2(n—im)
n—m g2 L(n—i,,
=> > D adp-1ry L 'lD;,(” im)
i1=lis=i1+1  n=im+1 [(n —im)]2
1 1 LG . —
X . ; L [(Sm—j+2 - 5m—j+1)DN]2( -1 1)fs,y,m(sm,ym).
s L — 50 = Y
Notice that, by using Lemma 2.9, we have
> L(n—im)
n n—m 52 1 .
Z C1Cy [(pfl)rt] 2 17|1D]2\/( )
P41 [(n—im)!]?
. i —m 0 k k sl%(k) 1k;
:CC“YL p_l]_" 2 ¢ p—lr 3 DE
15 [(p— 1)T] ,; 50— 1)1 TR

< clcgm [(p — 1)I‘t] Tz sl
https://www.imstat.org/ejp
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Thus, by iteration, we conclude that

oo

Z [(p - 1)Ft] % \/ Qim S Cleczrttfs,y,m(sm7Ym>- (319)

n=m

Inequality (3.1) is a consequence of inequalities (3.7) and (3.19).
On the other hand, suppose that Cy > 0 for all N > 0. From inequality (3.18), we
deduce that

N—1im

4

— S _

0%, <aci Y Y Aney
im€[n]< £=0 ’

m ’L‘j*i]‘_lfl C_[

x H Z T]\{[(Sm—j-ﬂ - Sm—j-i-l)DN]gfs,y,m(smvym)2
J

j=1 £=0
Dn Dn
E n—m ot 2 n—m ot 2
Sclcg C'N eon fs,y,m(sm.aym) Sclc;lCN eon fs,y,m(smvym) .
im€[n]<

Notice that by definition limy+., Cn = 0. Therefore, we can find N large enough such
that c;((p — 1)I'})2Cy < 1, and thus,

o0 o0

n—m Dy no
Z [(p - 1)Pt] 2 \/ Q%{,m <cicy'en th,y,m(SmaYM) Z [(p - 1)Ft] ey Cn
n=m n=0
., ot
c1c5'e N

= 1 fs,?,m(sm;}’m)-
L—co((p—1I'y)2Cn Y

This completes the proof of Theorem 3.1. O

4 Rough case under Hypothesis 2

In this section, we will deal with the rough case. That is, we consider the parabolic
Anderson model (1.5) under Hypothesis 2 and, as already mentioned in the introduction,
extra effort will be poured into for the spatial roughness. Taking advantage of the
Gagliardo representation (2.7) of the inner product on H;, we apply a modified version of
the second-order Gaussian Poincaré inequality (see Proposition 2.4). In order to estimate
the quantity A in Proposition 2.4, we need the next proposition about the upper bounds
of the Malliavin derivatives and their increments.

Proposition 4.1. Assume Hypothesis 2 and let u be the solution to (1.5). Givent &€
(0,00), for almost any 0 < r < s <t, x,y,vy’,2,2" € R and for every p > 2, the following
inequalities hold:

||D8,y+y’u(ta x) - DS,yu(t7 l’)Hp <G (t) ((I)tfs,*y’p4(tfs)) (-T - y) (4.1)
and
||Dz,z+z’,s,y+y’u(t7 JJ) - Dg,z+z',s,yu(t’ LL') - D7%7z,s,y+y'u(t7 37) + Dz,z,s,yu(t7 ‘r)”p
SCI (t)Ar,z’,s,y’ (pél(t—s)7294(3—7’))(:Ij —YY - Z)v (4.2)

where we fix & = @Hﬂ‘i, defined as in Lemma 2.6, A is defined as in (2.27), and
2Hp+H{—1
C1(t) = 1 exp(cat S ) for all t > 0 with some constants ¢; and ¢, depending on Hy

and H;.

The proof of Proposition 4.1 is based on the following lemmas. We firstly show how
these lemmas imply Proposition 4.1. The proofs of Lemmas 4.2 and 4.3, which heavily
rely on the Wiener chaos expansion, are postponed to Section 4.2.
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Lemma 4.2. Assume Hypothesis 2 and let u be the solution to (1.5). Then, for almost
every (s,z,y,y') € (0,t) x R? and for any p > 2, the following inequalities hold:

[ Dsyu(t, )|, < CrLt)pi—s(z —y) (4.3)
and
||Ds7y+y’u(ta I) - DS,yU(tv x)”p S Cl (t) (|At—s(y -, y/)| +pt—s(-r - y)Nt—s(y/))a (44)

where A, and N, are defined as in (2.14) and (2.16), respectively, and C1(t) is the same
as in Proposition 4.1.

Lemma 4.3. Assume Hypothesis 2. Let u be the solution to (1.5). Then, for almost any
0<r<s<t z,y,y,2 2 € R and for every p > 2, the following inequality holds:

I1D;

T,Z+Z’,s,y+y’u(t’ T) — Dg,erz’,s,yu(tv T) — D?

T’Z’S,yﬁLy'u(t’ .%‘) + Dg,z,s,yu(t’ x)”p

<Gl = DN 1A = 50 4 2l = 2V, )
+ p-s(@ = ) [[Rery = 2,9/, )] + 1Bury = 2.9 |Ner ()
185 (2= 5 INe () + oy = )N ()N ()]
Py 9 = DN 180y = 2,8 + peeslz = YN ()]
+ [IAS_T(Z —y=y )+ sy +y — Z)Ns—r(Z')}
ety = 2+ sl = 0] (4.5)

where A;, R; and N; are defined as in (2.14)—(2.16), respectively, and C is the same as
in Proposition 4.1.

Proof of Proposition 4.1. Let us first recall from (2.16) that
11 _1
Ni(w) = 57200 o 0750y + s vry-

Then applying Lemma 2.6 with § = Hy — i yields immediately that

By rg(r) = 0% g(x) = Ourg(a)L (o py + Nila)g(@) > Ni(a')g(z)  (4.6)

for any nonnegative function ¢ € M(R). Now combining inequalities (4.4) and (2.18),
we get (4.1) immediately.

In the next step, we prove inequality (4.2) that contains more terms. This is because
the bound in (4.5) is a sum of 4 terms, which we denote by R;, R2, R3 and Rj.

Firstly, we estimate R; and R» by using inequality (4.6) and Lemma 2.6 as follows,

Rl ::pt—s(x - y)Nr(Z/)(|As—r(y - % y/)| +ps—7‘(y - Z)Ns—r(y/))
SCp4(t—s) (x - y)NT(Z/) ((I)S—T,y’p4s—4r(y - Z) +p4s—4r(y - Z)Ns—r(y/))
SCpél(t—s) (:C - y)Nr(Z/) ((I)s—r,y/p4s—4r) (y - Z)v

EJP 27 (2022), paper 120. https://www.imstat.org/ejp
Page 25/43


https://doi.org/10.1214/22-EJP847
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Quantitative CLTs for the PAM driven by colored noises

and taking into account Remark 2.7 and the inequality p;(z) < 2p4:(z), we can write

Ry :=pis(x —y) URS—T(y -2y, Z/)| +[As—r(y — 2, y/)|N9—r(3/)
A (2= 4, 2) [ Noep(tf) + Por(y — 2)Naer (4 )N (2')]
<epr—s(@ — Y) [(Pomry Poep—2Dags—r) (Y — 2) + (Ps ry/m(s (Y = 2)Ner(2)
(P Pa(s—r)) (2 = Y No—r (¥) + Pas—ar(y — 2)Ns—r(y ) N (2")]
<epr—s(@ —y) [(Poriy Psr—2Page—r) (Y — 2) + (Ps—r— 2Py Pas—r)) (Y — 2)
+ (Ps—r—y Po—r o Pa(s—1)) (2 = Y) + (Pocry Ps—r,—2rPas—ar) (y — 2)]
<epa—s) (@ — Y) (Ps—ryy Ps—r—2Pa(s—r)) (y — 2).

Following a similar argument, we also get

RS =Ps— T(y + y - Z) ( )[‘At 9( - x,y')| +pt—s(x - y)Nt—s(y/)]
<epa(o—r) (Y + Y — 2N () (Pr—s,—yPag—s)) (z — ¥)
=C (9y1p4(s,r))(y - Z)NT(Z/) (q)tfsﬁy’pzl(tfs)) (m - y)

and
Ry =[|Ac—r(z =y =, ) + pser(y + ¥ — 2)Noer (2')]
X [[A—s(y — 2,y )+ pe—s(z — y) Ne—s(v/)]
< (Ps—r,—2Pas—ar) (Y + Y — 2)(Pt—s,—yPa—s)) (* — y)
=C (ay’q)s—r,—z/p4s—4r)(y ) ((bt—s,—y’p4(t—s)) (- y).
Using the above estimates, inequality (4.2) follows immediately. O

In what follows, we first give the remaining proof of (1.12) in Section 4.1. Later, in
Section 4.2 provides proofs of several auxiliary results.

4.1 Proof of (1.12) in the rough case

According to Proposition 2.4, we need to estimate the quantity .4 defined as in (2.12)
with F' = Fy given as in (1.10). Our goal is to show A < R for large R. Indeed, we
already know from Theorem 1.1 that 012%(15) ~ R, then the desired bound (1.12) (in the
rough case) follows.

In what follows, we only provide a detailed proof assuming ~o(s) = |s|?#0~2 for
Hj € (1/2,1), while the other case (y9 = dp) can be dealt with in the same way. We first
write

A< / dsds'drdr'd9df’|s — s'|2Ho 2|y — ¢/ |2Ho=2|g — ¢/ |2Ho=2 4.
[0,t]6
where, using a changing of variables in space,

Ao == / dydy'dzdz'dwdw’/ dz1dzedrzdry
RS [-R,R]*
% |y/|2H172|Z/|2H172|wl|2H172
X ||Dr’,z+z’u(t7xl) - Dr’,zu(t7x1)||4HD0’,w+w’u(t7$2) - DO’,wu(t7x2)H4
X HDs,yﬂ/Dr,erZ’u(tu 23) — Ds yty Dy 2u(t, 3)
- Ds,yDr,z—i-z’u(ta %3) + Ds,yDT,Zu(t7 z3)H4

X ||D8’,y+y'D9,w+w’u(ta 24) = Dyt yty Dowu(t, ©4) — Dy 3y Do i u(t, 24)
+ Ds/nyngu(t, I4) H4
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Next, we will estimate Ay. Suppose 0 < r < s <t ,and 0 < 0 < s’ < t. We deduce
from Proposition 4.1 that

Ao 5/ d$1d$2dx3d.%‘4/ dydy'dzd7 dwdw’
[~ R,R]* RS

X |y/|2H172|Z/|2H172|w/|2H172

X ((I)tfr’,z’p4(t—r’))(x1 - Z)((I)tfﬁ’,w/p4(t—0’))(w2 —w)
X Ar,z’,s,y’ (p4(tfs)7p4(sf7“))(x3 Yy — Z)
X A@,w’,s’,y’(p4(tfs’)ap4(s’79))(x4 - Y,y - ’UJ)

Now we first integrate out x3, x4 and x> one by one (see Remark 2.8):
R
Ao < / dzy dydy’ dzdz' dwdw’
R

RS
/|2H1_2|Z/‘2H1_2‘w/‘2H1_2

x|y
X (P4—ys 2 page—r)) (@1 — 2) (Pe—gr 1R (0)
X Ay 2 sy (IR, Pags—r))(0,y — 2)

X Mo w5y (1R Pa(sr—0y) (0, y — w),

and then integrate out w, y and z to get

R
Ao 5/ dwl/ dy'dz dw’
_R R3

% ‘y/‘2H1—2‘z/|2H1—2|w/|2H1—2

X (@t 2 1R) (0) (Ps—gr 00 1R) (0)Ar 21 sy (1R, 1R) (0, 0)
X Mg sy (1R, 1R )(0, 0).

Applying Cauchy-Schwarz inequality, we can further deduce that
AO ,S R/ dy/|y/|2H12</ dz/dw/|zl|2H172|w/|2H172
R R?2
) 1/2
|11 1) O) (B 1) O
% / dz/dw/|zl‘2H172‘w/‘2H172
R?2
2
X A,y (1R, 1r)(0,0)Ag sy (1, 1R)(0,0)| )

SJ R(/ dzldw/‘zl|2H1—2|w/|2H1—2 | (¢t—r’7z’ 1]R) (0) ((I)t_9/7w/1R) (O) ‘2>
R2

1/2
1/2
9N\ 1/2
y (/ 4y 2|y P2 P2, L (1 1) (0,0))
RQ
o " o\ 1/2
y (/ dy'duly 2 =20 P2 A (L, 1) (0, 0) )
RQ
Due to the fact that 2H; + 2Hy — % > —1and 2H; < 1, we have

/ dZI|Z/|2H1_2 ‘ ((I)tfr’,z’ 1]R)(0) |2
R

o0 t—r’/
- 8/ dz' |2/ |22 +2(t—r’)i7H°/ |22 =5 g0 < (¢ — ¢ Y13 (4.7)
t—r’ 0

EJP 27 (2022), paper 120. https://www.imstat.org/ejp
Page 27/43


https://doi.org/10.1214/22-EJP847
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Quantitative CLTs for the PAM driven by colored noises

We can also deduce the next inequality by definition of A and Remark 2.7,

Az sy (1, 1R)(0,0)° S (N (8 )N (2') + No (4 ) No—r (2')
+ Nies ()N (2) + Nieeo (4 )No - (2))
,S str(y/)QNr(Zl)2 + str(y/)2NS*T’(Z/)2

+ ]\/vth(yl)QJ\/'r(Z/)2 + Ntfs(y/)Qstr(Z/){
which, together with (2.17), implies

/ dy/dzl|y/|2H1_2|ZI‘2H1_2‘AT,Z’,S,y/(1]R, ]-]R)(07 0)|2
R2

S(s— r)Hl_%rHl_% +(s— r)2H1_1

(4.8)

2 .

+(t—s)zpMims L (- s)f1m3(s — r)ih
As a consequence of (4.7) and (4.8), we get Ay < By R with

Notice that with yo(s) = |s|?"0=2 for Hy € (1/2,1). This allows us to apply the embedding
inequality (2.9) and get

/ ! 10! ’ ’ ’
0<rcset drdsdOds /[0 . dr'dd vo(s — s")yo(r — r')v0(0 — 0/) By
0<O<s' <t )

L NHL 1 oy
5{/ drds/ o' (t — 0')
0<r<s<t 0

H,
T s s _r)%fi)l/Ho}Z 0
< +o00.
Therefore,
/ ! 10! o o o <
/)<r<s/<t drdsdfds /[0 " dr'df’~vo(s — s")vo(r — )70 (0 — 0") A0 S R.
0<o<s’ <t )

For the case vy = dg, the expression for B, reduces to

Bo=(t—r)2 1(t—0)2 t[(s—r)7 tr2 i 4 (s—p)2
+(t— 5)%*i7ﬂ%7Z +(t— 8)%*%(3 — T)%*%]
x [(s—0) 7407 4 4 (s— )3 4 (1 —5) 7 191
H H
+(t—s)2 (s —0) 2 7H]
and for the same reason as above,
drdsdfAy < R drdsdfBy < R.
0<r<s<t 0<r<s<t
0<O<s<t 0<O<s<t
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The remaining three cases

0<s<r<tandO<fl<s <t
O<r<s<tandO<s <0<t
O<s<r<tand0<s <8<t

can be estimated in an almost same way and finally we can get the same upper bounds.

That is, we obtain the desired bound .A < R and hence conclude the proof of (1.12) under
Hypothesis 2. g

4.2 Proof of some auxiliary results

In this subsection, we introduce some auxiliary results and provide the proof of
Lemma 4.2 and 4.3 in Section 4.2.2.

4.2.1 Estimates for fixed Wiener chaoses

FixO0<s<t<ooandz,y € R. Foranyn=1,2,..., let g;’m’n and giy’t’m’n be functions
on [s,t|™ x R™ given by
Iston(Sns¥n) = 0l fr e n(Sns ¥n) s i (Sn), (4.9)
and
oyt (SnsYn) = Ps,y—sWUo(1) = Y) s .00 (Sns ) (4.10)

where f; ., is defined as in (2.6) and o, because of the indicator function 1 ;, is now a
permutation on {1,...,n} such that s < s,(1) <+ < 5,(,) < t.

In Section 4.2.2 below, we will see that ¢' and g2 are closely related to the chaos
coefficients of the Mallivain derivatives of u. In fact, the next lemmas, which give some
estimates for g. and g2, are essential to the proofs of Lemmas 4.2 and 4.3.

Lemma 4.4. Let 0 < s < t < co and let z € R. Fix a positive integer n, and let g} be
given as in (4.9). Then, the following equalities hold.

1

ey 2Hg
([ dsallgdintsnalfn.) " < Catimt =) @.11)
[5,¢]™ Y 1

and

1

2H,
( /[ ) Aul9% 1 001 (500 ®) = 0 (om0 ) < Calnyt = 9)Ne (@), (412)

where N; is defined as in (2.16) and Cy(n,t) = c;c3T((2Hy + Hy — 1)n + 1)tHo+Hi—1)n
for all positive integers n and real numbers t > 0 with some constants c;, co depending
on Hy and H;.

Proof. Fix s < 51 < sy < --- < 8, < t. Denote by g} the Fourier transformation of g} with
respect to the spatial arguments. Following the idea in [14, Theorem 3.4], we can show
that

n
195 e sy =, [ e TTIEI 560

j=1
n n—1
. p— . . 2 — p— 2
<ch Z / dnn|m|1*2H1H|nj|% X He%sﬁl )i 1% 5 o= (t=sn)l7nl
areD, " R” j=1 j=1
n
n 72—2H1+a1 71+0t_7’
§0102 Z (82 — 81) 2 X H(Sj+1 — Sj) 2, (4.13)
a, €D, Jj=2
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where D, is a collection of multi-indexes e, = («, ..., ay,) with
a1, an € {0,1—2H}, a; € {0,1 — 2H,,2(1 — 2H,)}, Vi=2,...,n— 1, (4.14)
and
Zal (n—1)(1 — 2Hy). (4.15)

Applying [15, Lemma 4.5], and the fact that

m ~ m
(Zazl) < m"’sz
i=1

i=1

forallm=1,2,..., and z1,...,Zmn,v > 0, we get from (4.13) that

/[ L dsul (o g =t [ dsullgd (sl
s,8n

2Ho+H -1 2Hg+ Hy — 1 -
<ciegnl(t — s) Y 1"(0—’_7111—1—1)

4.16
5T, (4.16)

Inequality (4.11) is thus a consequence of inequality (4.16) and the next inequality

1

9H, + H, — 1 ~2H _
F(Hiln + 1) " <o T((2Hy + Hy — )n+1) . (4.17)

2H,

Inequality (4.17) can be proved as a corollary of Lemma 2.9 (i). Denote by H =
Thanks to Lemma 2.9 (i), we have

2Ho+H;—1
2Hg °

[(Hn +1)~2H0 < (\/%(Hn n 1)H"+%e*<H”+1>)_2H° — Ay x Ay, (4.18)
where
Ay =(27) "% (2HoHn + QHO)*QHoH”*%e@HOHnH)—W
and

A (2’/T) HO(QH )2H0Hn HO(2H0HTL+2H0)77HO (2Ho— 1)+12(2H0Hn+1) < 6102, (4.19)

with some constants c¢; and ¢ depending on Hy and H;. Notice that Hy > l It follows
that (2HoHn + 2Hy) " 2HoHn—3 < (2HoHn + 1)~2HoHn=3 and thus due to Lemma 2.9 (i)
again,

- n—1 1) -
Ay < (2m) 73 (2HoHn 4 1) 210072 CHHM D) = saemms < T(2H,Hn 1), (4.20)

Then, inequality (4.17) follows from (4.18)—(4.20). The proof of (4.11) is complete.
The proof of (4.12) is quite similar. Fix s < s; < --- < s, < t. By the Fourier
transformation, we can write

Jn :Hg; t,x+x’, n(sn? .) - gslt T n(S"’ ‘)H;i@n

_CHl / dfﬂ ‘f |1 2H1|gs t,x+x’, n(sﬂaén) - gi,t,x,n(sn’gnﬂz

<CH Z / dnn, |771‘1 2H, H|n ‘ou X He*(sjﬂ s5)|m;1? |€7l o4z ) o= i®n

acD,
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where D,, is a set of multi-indexes defined as in (4.14) and (4.15). Using the elementary
calculus, we can show that for all z € R,

| —ir 1| < ‘$|1{‘I|<1} + 2 X 1{‘w‘>1}, (4.21)
and thus,
JoZacs Y [l / ||~ 2H1H|m|%|n \2H (o= 1<y
acD,
+/ dy |y |72 H|77 | % H6 Commllly,, \>1}}
R™ j=1 j=1
" 2— 2H1+nl - 1ty
<cicy Z (52 —s1)" H Sjt1 — 2
a, €Dy, Jj=2
/12 a1 2 t 2 > t 2
x (I / i [+ 772 +/ i€~ .
0 le‘—l

Preforming the changing of variable /t — s,,n, = 7, we can write

o]~ 1
0
P 1 x 2
e / dnfn[2+en e
0

—3—Zan - o ,—n°
S(t—sn) 272 (/ dnln*tem e 1< iy
0

+/0 d77|77|2+a"1{|x/|>\/7tfsn})
_3_1, 3+
é Cl(t - Sn) 2 20 (1{\1’|§\/t75n} + (t - Sn) 2
< ((t - Sn)_i_%an_Ho|x/|_%+2HO1{\a;’|§\/7t—sn}

" s i)

_ltap _
(= 50) | L s i )

Similarly, we can also show that

‘xl‘—l

oo

_1_1 _n?
=(t—s,) 272 /\/fi dnp |1 |7 €™
—

[l

a1
Salt—sn)TiTH ((\/ti) Le<vimany + L vimen)

gcl((t—sn) i gan—Hojg/|=5+2H, Lo < vi=sn}

_ltoap
+(t_5n> 1{|I/|> /7t75n}>.
Therefore,
n 2— 2H1+a1 — 1+aj
I <ci1ch Z (s3 — 1)~ H Sj+1 — 3

an€D,

_1_1 _ _1 _ltan
X ((t—Sn) 17 2% Ho|$/| 2+2H01{|5€'\§ *t—sn}_k(t_sn) 2 1{|:c’\> ﬁ—sn})'

EJP 27 (2022), paper 120. https://www.imstat.org/ejp
Page 31/43


https://doi.org/10.1214/22-EJP847
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Quantitative CLTs for the PAM driven by colored noises

By using [15, Lemma 4.5] again, we get the following inequality,

2H 2H, H —1 —1 2Hg+H 1
(n!/ ds, ZHO) ’ <cicy {n!l"(ﬁiln + 1) (t—1s) ELT
TS t

2H,
| Zlt4Hg 1—4H 2Ho
xQxrﬂﬁwpﬂyﬁfhwgﬁ:y+hWDﬂgﬁ] . (4.22)
Hence, inequality (4.12) follows from inequality (4.22) and Lemma 2.9 (i). The proof of
Lemma 4.4 is competed. O

Lemma 4.5. et 0 < s <t < oo andletx,y € R. Foranyn = 1,2,..., let g, be given
in (4.10). Then, the following equalities hold.

1\ 2H,
( /[ 62050 OIE.) < Calnst = S)pe(a =) (4.23)
s,t]"

2 2 ; 2Ho
(/[ ] dsn“gs,y+y’,t,m,n(sn7 .) - gs,y,t,z,n<s’ﬂ7 )”H@n)
s,t|™

<Co(n,t — 5)(|Ar—s(y — 2, 9)| + pros(z — y)Ne—s (), (4.24)

2Hy
([ | ds"”giy,t,a:-‘rw/,n(S”? ) gbﬂ!ytﬁn Sn, ® ’H®">
s,t|m
)2

<Ca(n,t — s)(|Av—s(z — y,2")| + p—s(x — y) Ni—s(2")) ", (4.25)

and

([ | dsn||g§7y+y’,t,w+:v’7n(s7l7 .) - gg,y,t7w+w’7n(sn’ .)
s,t]™

2 2 ; 2Ho
- gS,ery',t#Em(sn’ .) + gs,y,t,a:,n(sn, )”H@“)
SCQ(’I’L,t - S)(’Rt,S(CE - Y, $/7 yl)’ + ‘Atfs(x -, .’L' ‘Ntfs(y/)
2
+ ‘Atfs(y -, y/)’Ntfs(x/) +pt75(x - y)Ntfs(m/)Ntfs(yq) ) (426)
where A, R; and N, are defined as in (2.14)-(2.16) and Cy(n,t — s) are the same as in
Lemma 4.4.

Remark 4.6. In what follows, one may find some structures that are almost the same
as in Section 3.2. However, because of the rough dependence in space, the maximal
principle is not valid under Hypothesis 2. Therefore, we provide the estimates via a
different approach, which involves more careful computations.

Proof of Lemma 4.5. We divide the proof of this lemma into three steps. In Step 1, we
prove inequality (4.23), and then inequalities (4.24) and (4.25) in Step 2. Finally, the
proof of inequality (4.26) is left in Step 3.

Step 1. Fix s < 51 < --- < s, < t. Taking into account formulas (3.15) and (3.16), we
can write

k1
. t— s t— s
P pnlonte) = pisa— e (~ =22 30 (g, T A2))
k 2 -

=1 kp— t— Sk2 1
s " hoy g
cexp |~ UL S (6, [ )]
j=1 Si—1 S ko=j+1 ka—1
n n k1
(t —sj)(s5 —sj-1) [ ( L — Sk, )]
X exp | — 4.27
H p{ 2(t —sj-1) Z Sk H t— Sp1 ) ( )
j=1 ki=j ka=j+1 2
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where by convention s; = s and yy = y. Recall that the maximal inequality is not
applicable in this situation and we need to apply another method. Notice that the
spectral measure yu(d¢) of Hilbert space H; has a density |¢|'~2/1 under Hypothesis 2.
This allows us to perform a change of variables. For any j = 1,...,n, let

n k1 t—sp
= kal H ?

ki=j  ka=j+1

Then, it is clear that &, = 7, and

t78'+1
&=mn— (*ﬂ )n-+17
J j t—s; j

forallj = k+2,...,n. Denoteby ¥ =%, afl" the Jacobian matrix of the transformation
£, = ny,. Then, we have det(X) = 1 and thus

Hgf Y.t n(sn7 .)”i{@”

—c, / d/anw 2HAGR ()

n—1

n t—sit1 1=2M -
=Cy, Pt—s(T — y)g/ dn [T |mi — ﬁmﬂ‘ [
" i=1 K
- (t—5i)(56 — 5i-1) o
x [J exp ( D 77) (4.28)
i=1

Using the trivial inequality that |a + b|' 251 < |a|' =251 4 |p|' =251 for all Hy € (0, 3)
and a,b € R, we get

n—1

t— Sit1 1=2H, _ s (t —si)(si — si-1)
R (e e | B e
R™ i=1 7 i=1 1—1
< > Tpoi> (4.29)

Brn-1=(B1,..,Bn—1)€{0,1}n~1

where

S

n 1

Jg, = / dnn
(t—s)(si —si-1) o
XEGXP(— (t*Si_l) ,'71)

n—1
:/]R iy |02 T [ (1 8e- 1490 Q=280 (250 -0)(1=210)

t— si-l—l ‘(lfﬁi)(172H1)>
t— S; T]H_l

=2
n—1
y (t—SiJ,-l) - 2H1)Hexp( —5i)(8i —51‘—1)772)
SN t—si (t—si—1) v
i=
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Fix B8,,—1 € {0,1}""!. Then, we can show that

7 o (t — 5) 3+361(1-2H1)
Bno1 =C102 ((t —s1)(s1 — s)>

n-l 1 1
(t —si-1) 3+3(1—Bi_1+Bi)(1—2H))
<1l (i )

t— Sl)(Si — 57;_1)

( (t—sp—1) $+3(2—Bn1)(1-2H) t—s; \(1=Bim1)(1-2H1)
X .
< ) 162

t_sn)(sn_sn—l) s t—s;_1
After simplification, we get
n—2
T,y Scrch(t —s)E+aA=2m) (¢ )3 (G021 TT (¢ - 5,)3 (B =) (1-2H0)
i=2

x (t— Sn_l)%(l—ﬁn—ﬂ(l—?Hl)(t — Sn)—%—%ﬁn—l(l—QHl)(sl — 3)—%—%51(1—215’1)

n—1
x [ (si = sicg) 72720 Amti0=20 (g ) =5=3C@=A-0(=2H0) (4 30)
=2

Recalling that s < s; < --- < s, < t, we can write, with the convention sy = s,

n—2

(t— S)é+%B1(1—2H1)(t _ Sl)%(ﬁz—l)(1—2H1) H(t _ Si)%(ﬁwl—ﬁi—l)(l—QHl)
=2

X (t — Snil)%(l—ﬁnfz)(l—2H1)(t _ Sn)—é—%ﬁn,lu—zm)

n—1 1
1 1 t— i *Bi(l_QHl) 1 1
—(t— )} (¢ —s1) 202D ] (LY (t— sp_1) 30200 (4 _ g =%

i1 t— Si+1
g( t—s >% (t - sn_1>%<1*2Hl> 1:[ (@) 3(1-2H) ( t=s )Hh_ (4.31)
t— sy t—s1 i M Sig t—sn

Therefore, combining (4.28)-(4.31), we have

192 (Sn, ®, s,y,t,x)”il?n < e1eBpi_s(x — 2)%(t — )L (t — 5,) 11

% Z (s1 — s)~ 2~ 3A(-2H) H i — §_q) 23 (1= BB (1-2H)
Bn-1€{0,1}"~1

X (Sp — Sp_1) 2227 Bn-1)(1=2H1)

In the next step, we estimate the time integral of | g2(s,,e, s,y,t, x)||,H®n Fix B,—1 €
{0,1}""1. Put

—5 — 3611 —2M) —5 —5(1—Bi1 + Bi)(1 — 2H))

1= y Q=
2H, 2H,
foralli=2,...,n—1, and
Qy = —%—%(2—6,,_1)(1—21{1) and « _ -l
n = 2 H, ) Y

Then, as a consequence of Hypothesis 2, one can show that «; € (—1,0] for all
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t=1,...,n+ 1. This allows us to apply the beta function iteratively and get
J i ( oo = IEE T + 1)t = )20 e
S S; — Si—1 - —
=T P(CE e+ 1)

(t — §)Xih autn
NS ai+n+1)

where by convention convention s, ;1 = t and positive constants c;, co depend on Hy
and H;. The above inequality is true for all o; € (—1,1), ¢ = 1,...,n+ 1, and [15
Lemma 4.5] is a special case when a,,+1 = 0. It follows that

< cieh

. TT (t — s) g e
/Tf;" Sn 11;[1(8@ - Si—l) < 0102 F(QHO;FIglfln i Ié};ol T 1).
Therefore,
ds. 11a2 5 c1chnlpe_s(z — y) ™o (t — S)%n
/[s,m sullgn (sn, . 5,5, t 2|2 < D(ZRAI=, | BT ) . (4.32)

Thus, inequality (4.23) follows from inequality (4.32) and Lemma 2.9 (i) by a similar
argument as in the proof of Lemma 4.4.

Step 2. Fixs < sy <+ <s, <t. Let

Jn = ||gi(sfl7.7s7y+y/at7x) _QEL(Sﬂ/?.?Svyat?x)”i‘l@”'

Taking into account formula (4.27), we obtain the next equality analogously to (4.28)

JIn :C?—Il / d”ln
]R”VL

— pr—s(r —y) exp ( - Zy

) t— 51
pt—s(x—y—y’)exp(—Z(y+y’) P m)

o)

. t—5i)(8i — Si— n
« Hexp ( _ ( S )(3 S 1)7712> < 1} (Gl +G2),
i=1

2n—1 s
[hm |12 g 120
Z

(4.33)
(t —si-1)
where
— Sit+1 1 - 1
Gy =lpr-s(x—y—y) —p-slx—y)|* [ dnn H i — —— i [ g |2
]RIL
. (t—5i)(5i —5i-1) o
» TT exp ( - 77) (4.34)
g (t— 81_1)
and
2 . ’ — 81 ot — S1 2
Go =pi—s(z — y) dnn exp(—z(y+y)t75m) —eXp(—zytfsm)‘

777,+1

— Sit1 ’1—2H1

1;[ N il;[lexp ( _¢ —éi)_(s(;_—jiﬂn?). (4.35)

Using inequalities (4.28) and (4.32), and Lemma 2.9, we can write

(n! dSnGQHO) ° < Co(n,t — ) (pr—s(x —y —y) —pt_s(x—y))Q. (4.36)
Tst
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To estimate (G2, we apply inequality (4.21) and get

t—
G Sptfs(x—y)Q/ dnn(\y’IQ‘ =
R™

Al -

771+1

’71‘ Lt yg<y T2 X 1yema “ny\>1})

(t—si)(si — si
7) |1 2H1Hexp( 8)(8 S 1)711_2).

(t—si—1)

Using the same idea as in (4.29) and (4.30), we deduce that

Ga < c1ehpi—s(x — y)*(Ga1 + Ga2),

(4.37)
where, with 8, =1,
(t—s1)(s1—3)
Gu=lyP 5[ [amm P e (- )
Bn_1€{0,1}n~1
n—1
x (t— 8)72(t — 5p) 3 T2 (P (1-2H1) H (t — ;)3 (Birr=Bi-n)(1-2H1)
=2
n
X (t — )" 2T 21 (1-2H1) H(Si — 5;_q) 2218 (1-2H)
=2
and
(t—s1)(s1—9)
Gu= 2 /dm’“‘ﬁl(1 S s )]
ﬁn 16{0 1}” 1
n—1
X (t— 81)%+%(ﬁ1+52—1)(1—2H1) H(t _ Si)%(ﬂi+l_5'i—1)(1_2Hl)
=2
X (t — s) "2 FEBn-1(1=2H) H(Si — §i_q) " 2" 2(1-Bini+B)(1-2H)
=2

Preforming the change of variable (%)%m =1, we can show that

, (t —s1)(s1 —s)
/]R A PP g exp ( - TU%)

(t—s)(s1—5s)

t—s S4+1B1(1-2Hy) (#) ly/| =t ) i
:2<m) /0 dn|n|2+61(1 2H1) ,—n

t—s 3+381(1-2H,y) o0 2
i)
(t—s1)(s1—8) 0 ayl {ly'I< 1}

((t*i)jzifs) ) 3 /|t

+ d77|’7\2+51(172H1)1{\y'\>m})

341 _
<ci [( t=s )2+2ﬁ1(1 2Hl)(sl _ o) Eima-2m)

— Ly <vam=s)
t—s\3HAA=20) g 5 1om
+ (t — 81) |72 \>\fs1775}:|'
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It follows that Ga1 < c1c5(GE; + G3,), where

_3_1 _ L -
Gy = Z ly'(s — s)" 2720 2H1)1{|y/|gm}(t—8) 3+381(1—2H))
Bn-1€{0,1}n~1
n—1
X (t — 31)1+%(132—1)(1—2H1) H (t _ Si)%(ﬁi-%—l_ﬁi—l)(l—QHl)(t _ sn)_%"‘%ﬁn—l(l—?Hﬂ
i=2
X H(Sl — SZ-71)_%_%(1_ﬂi—1+ﬂi)(1—2Hl)
i=2
and
G%l = Z |y,|_1_B1(1_2H1)1{\y’\>m}(t _ 8)1-1-,61(1_2]{1)

ﬂnfle{ovl}n_l

n—1
x (t — 31)_%4-%(52—51—1)(1—2}[1) H(t _ si)%(ﬁi+l_ﬂi—1)(l_2Hl)

=2
n

X (t — s) "3 T3Bn-1(1=2H0) H(Si — §_q) "2 2B +B)(1=2H)

i=2
Notice that on the set {|y/| < v/s1 — s},

|y/|2(81 _ 8)—%—%61(1—2H1) < ‘y/‘QHO_%(Sl _ S)—%—%ﬁl(l—QHl)—HO.

Combining this fact with inequalities (4.31) and (4.32), and Lemma 2.9, we get

1 1 2Hg
(n! ds, |G, |77 )
!

D S I O
B1€{0,1} [s,t]™

n 1

t—31 _1_11_g. ] _ 2H
|
i=

2Hg
} Ly <vi=sy

< 02(77,77‘) - 8)(t - S)%iHO|y/|2H07%1{\y'\§\/t73}'

Following the same arguments, we can also deduce that

(n! /
T,

< Cy(n,t —s) Z (t— s)%72Ho+%B1(172H1)|y/|71761(172H1) [(t —8)A ‘y/‘Q]ZHO
B1€{0,1}

1_ _1
< Ca(n,t —s)((t — )5 Moy |PHo2 Ly <vi=s) + L{jy|>viss))

2H,

dsn|cgl|ﬁ)
t

and
_1 \ 2H
(n! dsnGgIO) ’
" (4.38)
1_ _1
< Co(n,t—s)((t— )T oLy P21 0 < sy + Ly s visy)-

Therefore, inequality (4.24) is a consequence of inequalities (4.33) and (4.36)—(4.38).
Inequality (4.25) is just another version of (4.24), if one make the change of variable
si=t+s—u; foralli=1,...,n. Thus we can conclude that (4.25) holds true.
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Step 3. Due to formulas (4.27) and (4.28), we can write

Hgi(sm ®,5Y+ yl7t7x + CE/) - g?z(sm °, sy, t,x+ x/)
- g?L(Snv ®,S,Y + y/vtvx) + gi(Sn, o, 57y7t7$)

2
oy

=cly, / dn, bz + 'y + o) — hz + 2, y) — h(z,y+y') + h(z,y)|”

= t—s - (t—s:)(si — 8i—1)
— Sit1 — _ —5;)(8i — Si—1
(RIS | B L ICELER R
i=1 i=1

where h(x,y) = hy(z,y)h2(y)hs(x), with

. t—s
hi(z,y) =pi—s(x —y), ha(y) =exp (—zy — Sl m)

and

Notice that we can bound the rectangular increment as follows:

|h(x +2y+y)—hz+2y) - h(z,y+y) + h(x,y)|
<[hi(z+a2y+y) —hi(z+2',y) = hi(z,y +y) + bz, y)||h(y + y)l|ha(z +2)]|
+ (@ + 2", y) — haz, y)|[ha(y + y') = ha(y)[|ha(z + 27)]
+ b2,y +¢') = bz, y)|[ha(y + y)|hs(z + 2") — ha(2)]
+ [l (@, y)|[ha(y +y') = ha (W)l ha(@ + 2") — ha(2)] := hu + ha + hig + ha.

Following similar arguments as in Step 2, we can estimate the expressions

n—1
t— Sj11 _ _
{/ fdsn(/ dnnhi II |n; — ; T; Dipr |72 | |12
st R™ =1 — 9%

T (- szl )

forall kK =1,...,4 and obtain inequality (4.26). The proof of this lemma is complete. O

4.2.2 Proof of Lemmas 4.2 and 4.3

Having Lemmas 4.4 and 4.5, we are ready to present the proof of Lemmas 4.2 and 4.3.
By [29, Proposition 1.2.7], we can write the chaos expansion for the Malliavin derivatives
of u as follows. Fix (t,z) € R4 x R, then for all s, s1,s2 € [s,t] and y, 1,92 € R,

o0

Doyu(t,z) =Y I((n+1)frzmnti(e,5,y)) (4.40)
n=0
and
D} . o yult,z) = i Li((n+2)(n+ 1) frznta(e,r,s,2,9)), (4.41)
n=0
where f; ;. is defined as in (2.6).
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Proof of Lemma 4.2. Suppose that p = 2. By the chaos expansion (4.40) of D; ,u(¢, ), in
order to prove inequality (4.3), we need to estimate the following expression

1 ((n+ 1) framsi(e 5,93 = (n+ 10! framnr1(e, 5,9) | 5en-

Due to the embedding inequality (2.10), we know that

1 2Hg
1 fezmt1(® 8, 9)[5en < c’,}o(/[ | dsn||ft,x,n+1(sm.757y)”;(§§n> :
0,t]"

Notice that we can decompose the integral region in time as follows,

n

[0,¢]" = U U {sn €0,¢]",0 < So1) < < Sok) <S8 < Sok+1) <+ < Sg(n) < t}UN,
k=0o0c€X,

where 3, denotes a set of permutations on {1,...,n} and A is a subset included in
[0,t]™ of zero Lebesgue measure. On the other hand, freezing 0 < s; < -+ < s < § <
Sk+1- - < sy < t, we have

1
ftawm+1(Sn, Yns $,Y) :mgé,s,y,k(sla }’k)giy,t,m,n—k(sk;m Ykin) (4.42)

where g} and g2 , are defined as in (4.9) and (4.10). It follows that

||ft,a:,n+1 (0,5,9) ||32'3®"
n

" n Hio 2Hg
<cin, (Y1) [ dse [ dsuallfrnna (e s w)lg. )
P .51 Jls,tnr !

=0

n n 2H0 1 2H,
cic n 0
Trr k) (ot li)
k=0 S

1

) L 2H,
([ sl sl o)
[S)t]n_k 1

As a consequence of Lemmas 2.9 (i), 4.4, 4.5, we deduce that

gt 2Hot =Dy, (2 —y)?

ci1C
<

(n+ 1) fr 041 (9, 8, 9) [[3en < (4.43)

Finally, it follows from the asymptotic bound of the Mittag-Leffler function (see Lemma
2.9 (ii)) that

[ Dy zult, 33)”% = Z E|In ((n + 1) framt1(e,m, Z)) |2

n=0
o)
=S D2l fona (05,9 B
n=0
el 7 (2H0+H171)n
c1cyt
< B _ 2

2Hg+H —1

<cy exp (02t ZHy )pt,r(x —2)%,
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This proves inequality (4.3) in the case p = 2. For p > 2, using (2.3), we can write
2
Dy ult, )2 < (Z (24 D oo 2)]],)

<( X0 VF I Dfesator )’

2H0+H1 L

S(clpt_s(z — ) Z iU kL

2
; < CL(t)pe_s(z —y)*

The proof of inequality (4.3) is complete.
In the next step, we provide the proof of inequality (4.4). Firstly, by chaos expan-
sion (4.40) and embedding inequality (2.10), we have

| Ds, y+y/“(t z) — Ds yult, 1’)”%

cicy B
j{j 4 ( ) T skl in s
[s,t]n—k 1

1 1 7y ) 2Ho
X/[ " dSkHQO,s,y-i-y’,k(Sk’.) —go,s,y,k(sk7')||ﬂ®k)
0,s

1

1 2Ho
—+ (/ dSk-:nHgg,y-i-y’,t,a;m_k(sk:na .) - gg,y,t,w,n—k(ski'ﬂ? .)HZ%(H*M)
[O,S]"fk' 1

% 2Hy
< dowsmp o aton 155 | (@.40)

z€R

As a consequence of Lemmas 4.4, 4.5 and 2.9 (ii), we obtain inequality (4.4) for p = 2
and thus for all p > 2 due to inequality (2.3). The proof of this lemma is complete. O

Proof of Lemma 4.3. It suffices to show this lemma for p = 2. Denote by LH S the left

hand side of (4.5). Then, by the chaos expansion (4.41), we get the following inequality,
in the same way as for (4.44),

LHS < Z 6102 zn: Z ( )2HO (k2>2H0 (4.45)
I ky '

k2=0k1=0

1\ 2Ho
X (/ dskl / dskl:kg / dskg:n(Kl + KQ + K3 + K4)TO> 3
[O,T]kl {T,S]k27k1 [S,t]"ik?

where

1 :||g§,y,t,x,n—k2 (Sk'zlna .) H'H?("*’Q) Hg(l),r,z-i-z/,kl (Sk'l’ .) - g(%,r,z,kl (Slﬁ ) .) ||H?k1

X ”gg,z,s,y—o—y/,kg—kl (Skl5k2’ .) - gg,z,s,y,kg—kl (Sklikz ) .) ||H‘§’(k2_k1) )

K2 :”gz,y,t,x,nfkg (stva .) HH?(”*’Q) Hgé,r,erz’,kl (Skl, .) H'H?kl

X ||g£,z+z’,s,y+y’7k27k1 (Sklikz’ .) - g?,z+z’,s,y7k27k1 (Slﬁikz’ .)
- g?,z,s,ery’,kgfkl (SklikQ’ .) + gz,z,s,y,szh (Sk1ik27 .) H'Hi@(’“Z*klh
K :Hgiyﬂ-y',t@»n—kz (Skz:na .) - giy,t,m,n—kz (Sk‘zim .) HH?("*’%)
X ||g72",z,s,y+y’,k:2—k’1 (Sklik’g ’ .) ||H‘1®(k2_k1) Hgé,r,z-&-z’,kl (Skl ’ .) - g(l),r,z,kl (Skl ) .)”H?kl )
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and

K4 :”giy-&-y’,t,w,n—kz (SkziTH .) - g?,y,t,m,n—kg (Sk217l7 .) HH?(”*’“?) ‘|gé,r,z+z’,k1 (S’ﬁ ) .) ”H‘?kl
X ||912~,z+z/,s,y+y/,kz—k1 (Sky:hsr®) — g?,z,s,y+y’,k2—k1 (Sky ks ‘)HH?(’Q—’H) .

By Lemmas 2.9 (i), 4.4, and 4.5, we get

1 \2H
(/ dskl/ d5k1:k2/ dSk2:nK1HO> ’
[0,r]*1 [r,s]F2 k1 [s,t]™~F2

<Cy(n, t)pi—s(x — y)er(zl)quS—r(y -z 7/)| + ps—r(y — Z)NS—r(y/))zv (4.46)

1\ 28,
(/ dSkl/ dSkl:kz/ dskg:nKQHU) '
[O,T’]kl [T,S]kQ*l"l [syt]nfkg

§C2(n7 t)ptfs(x - y)2(|R87T(y - % y/7 Z/)| + ’AS*’I‘(y - % y/)|NS*”’(zl)

+ |A87T(z - Y, Z/)’str(y/) +psfr(y - Z)str(y/)str(Zl)){ (447)

d d )
( Sk‘l Skltkg dsk2:nK3 )
[0,7]™ [r,s]F2—F1 [s,t]"~*2

<Co(n, O)ps—r(y + ¥ — 2)°No ()| (|Ar—s(y — 2,9)| + pros(@ — 9)*Nies(y)))°  (4.48)

d d 5 ) >
( sk‘l skllk‘g dskz:’nK4 )
[0,7]%1 [r,s]k2—F1 [s,t]" k2

and

2
<Cs(n,t) (‘As—T(Z -y—v, Z/)| + ps—r(y + y — z)Ns_,.(z'))
2
X (|Ar-s(y —2,0)| + peeslz —y)Ne—s(¥))" (4.49)
Therefore, inequality (4.5) is a consequence of inequalities (4.45)—(4.49), and Lemma 2.9.
This completes the proof of Lemma 4.3. O
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