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Abstract

Recently there has been significant interest in constructing ordered analogues of
Petrov’s two-parameter extension of Ethier and Kurtz’s infinitely-many-neutral-alleles
diffusion model. One method for constructing these processes goes through taking an
appropriate diffusive limit of Markov chains on integer compositions called ordered
Chinese Restaurant Process up-down chains. The resulting processes are diffusions
whose state space is the set of open subsets of the open unit interval. In this paper
we begin to study nontrivial aspects of the order structure of these diffusions. In
particular, for a certain choice of parameters, we take the diffusive limit of the size
of the first component of ordered Chinese Restaurant Process up-down chains and
describe the generator of the limiting process. We then relate this to the size of the
leftmost maximal open subset of the open-set valued diffusions. This is challenging
because the function taking an open set to the size of its leftmost maximal open
subset is discontinuous. Our methods are based on establishing intertwining relations
between the processes we study.
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1 Introduction

The construction and analysis of ordered analogues of Petrov’s [15] two-parameter
extension of Ethier and Kurtz’s [3] infinitely-many-neutral-alleles diffusion model has
recently attracted significant interest in the literature [7, 8, 20, 21, 23]. Recall that for
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The leftmost column of ordered Chinese restaurant process up-down chains

0 <a<1land®f > —a, [15] constructed a Feller diffusion on the closure of the Kingman
simplex

Voo = x = (11,9,...) : 112x22~'2072:17,;§1
i>1

whose generator acts on the unital algebra generated by ¢.,(x) = 2@1 i, m > 2 by

(o] 62 o0 82 (o] 6
(v,0) 2 . 01
g ; x 927 sz:l T,T; D0z, Z:( T + @) T

We will call a diffusion with generator G(@f) an EKP(«, ) diffusion. In [20], for each
0>0,0<a<1, and a+ 60 > 0, we constructed a Feller diffusion X(*? whose state
space U is the set of open subsets of (0, 1) such that the ranked sequence of lengths of
maximal open intervals in X(*?) is an EKP(«, ) diffusion. This was done by considering
the scaling limit of integer composition-valued up-down chains associated to the ordered
Chinese Restaurant Process.

While many interesting properties of X(*?) can be obtained from the corresponding
properties for EKP(«, 6) diffusions, properties that depend on the order structure cannot
be. In this paper we begin to study nontrivial aspects of the order structure of these diffu-
sions. Motivated by [6, Theorem 2 and Theorem 19] and [5, Theorem 5], which consider
similar properties in closely related tree-valued processes, we consider the evolution
of the leftmost maximal open interval of X(**) in running in its (a, 0)-Poisson-Dirichlet
interval partition stationarity distribution. Recall that the («, 0)-Poisson-Dirichlet interval
partition is the distribution of {¢t € (0,1) : Vi1_; > 0} where V; is a (2 — 2a)-dimensional
Bessel process started from 0. We prove the following result.

Theorem 1.1. Define £: U — [0,1] by &(u) = inf{s > 0:5 € [0,1]\u}. If X(*" is running
in its (a, 0)-Poisson-Dirichlet interval partition stationarity distribution, then ¢(X(®9)) is
a Feller process®. Moreover, the generator of its semigroup L: D C C[0,1] — C[0,1] is
given by

Lf(z) = 2(1 - 2)f"(2) - af (z)
for x € (0,1), where the domain D of L consists of functions [ satisfying
(D1) f € C?(0,1) and z(1 — z) f"(x) — af'(z) extends continuously to [0,1],
(D2) [, (f(z) — f(0)z~* (1 —z)*~'da =0, and
(D3) f'(z)(1 —x)* - 0asx — 1.

We consider only the («,0) case because the known stationary distribution of X(*:%) is
an («, 0)-Poisson-Dirichlet interval partition and, except in the («, 0) case, with probability
1 interval partitions with these distributions do not have leftmost maximal open intervals.
We remark that our theorem statement could be slightly simpler if we knew that X (*:?)
had a unique stationary distribution, but this is currently an open problem.

Our proof is based on taking the scaling limit of the leftmost coordinate in an up-down
chain on compositions based on the ordered Chinese Restaurant Process, which are the
same chains that were used in [20] to construct X (0,

Definition 1.2. For n > 1, a composition of n is a tuple o = (o1, ...,0k) of positive
integers that sum to n. The composition of n = 0 is the empty tuple, which we denote by
@. We write |o| = n and ¢(o) = k when o is a composition of n with k components. We
denote the set of all compositions of n by C,, and their union by C = U,,>( C,,.

SRecall that a Feller process is a Markov process on a (locally) compact state-space E with a transition
semigroup that is a strongly continuous semigroup on Co(E).
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Figure 1: The diagram corresponding to the composition 7 = (2,3,1,1,2,2).

Each composition has a corresponding diagram of boxes: the diagram corresponding
to o has || boxes arranged into /(o) columns so that the i** column contains o; boxes.
See Figure 1 for an example.

An up-down chain on C,, is a Markov chain whose steps can be factored into two parts:
1) an up-step from C, to C, 4 according to a kernel p' followed by 2) a down-step from
Cny1 to C, according to a kernel p*. The probability T}, (o, 0’) of transitioning from o to
¢’ can then be written as

Ty (o,0') = Z p' (o, 7)p*(1,0"). (1.1)

TECH 41

Up-down chains on compositions, and more generally, on graded sets, have been studied
in a variety of contexts [2, 6, 9, 10, 11, 15, 16], often in connection with their nice
algebraic and combinatorial properties.

In the up-down chains we considered, the up-step kernel pzaﬁ) is given by an («, 6)-
ordered Chinese Restaurant Process growth step [18]. In the Chinese Restaurant Process
analogy, we view the initial composition 7 = (74,...,7;) € C,, as an ordered list of the
number of customers at k£ occupied tables in a restaurant, so that 7; is the number of
customers at the i*" table on the list. An up-step from 7 then corresponds to the entrance
of a new customer to the restaurant who chooses a table to sit at according to the
following rules:

» The new customer joins table i with probability (r; — a)/(n + ), resulting in a step
from 7 to (Tl, ey Tim1,Ti + 17TZ'+1, . ,Tk).

* The new customer starts a new table directly after the table ¢ with probability
a/(n+0), resulting in a step from 7 to (71,...,7i—1,Ti, L, Tt 1y -5 Tk)-

* The new customer starts a new table at the start of the list with probability 6/(n+6),
resulting in a step from 7 to (1,71, 72 ..., 7%).

A pictorial description of the up-step is given in Figure 2. We note that, for consistency
with [7, 8], this up-step is the left-to-right reversal of the growth step in [18].

The down-step kernel pt we consider can also be thought of in terms of the restau-
rant analogy. As before, we view the initial composition 7 € C,,; as describing the
arrangement of customers in the restaurant. A down-step from 7 then corresponds to a
uniformly random customer being chosen to leave the restaurant. Hence,

* the seated customer is chosen from table i with probability 7;/(n + 1), resulting in
a step from 7 to

(Tl,...,TZ',hTZ' — 1,T¢+1,...,Tk), lf’Tl > ].,
(7-1’---7Ti7177_i+17-~-a7-k:)7 llezl
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Figure 2: Left. An («, ) up-step from o = (2,3,1,4) inserts a box into a position above
with probability proportional to the respective weight. Right. A down-step from o
reduces a column by one box with probability proportional to its size.

A pictorial description of the down-step is given in Figure 2. Note that, in contrast to
the up-step, the down-step does not depend on («, 6).

Let (X! (k))x=0 be a Markov chain on C, with transition kernel 7" defined as
in Equation (1.1) using the pgaﬁ) and p* just described. A Poissonized version of this

chain was considered in [21, 23]. It can be shown that ngy’e) is an aperiodic, irreducible

chain. We denote its unique stationary distribution by Méa’a) and note that this is the
left-to-right reversal of the («, #)-regenerative composition structures introduced in [12].
The projection ¢(c) = o1 for ¢ # & gives rise to the leftmost column processes,
defined by ¥;{*" = (X Let 1{*? = M{*" 0 $~1, the distribution of the leftmost
column when the up-down chain is in stationarity. The following result, interesting in its
own right, is a key step in our proof of Theorem 1.1.
Theorem 1.3. For n > 1, let u,, be a distribution on {1,...,n}. Then, for all n, the
up-down chain XS{"’O) can be initialized so that Y,&‘“’) is a Markov chain with initial
distribution u.,. Moreover, for any such sequence of initial conditions for X%a’o), if the

sequence {n—%“’o) (0)}n>1 has a limiting distribution 11, then we have the convergence

() = (F(E)eo

in the Skorokhod space D([0, ), [0,1]), where F' is a Feller process with generator L (as
in Theorem 1.1) and initial distribution u.

While there are many ways to prove a result like Theorem 1.3, we take an approach
based on the algebraic properties of the ordered Chinese Restaurant Process up-down
chains. In particular, our proof is based on the following surprising intertwining result.
For a positive integer i and composition o, we use the notation (i, 0) as a shorthand for
the composition (4,01, 02, ..., 04()).

Theorem 1.4. Forn > 1, let A,, be the transition kernel from {1,...,n} to C,, given by
An(i, (i,0)) = M7 (o),

n—

and let K,, be the transition kernel from [0, 1] to {1,...,n} given by

Ko (2,4) = (’Z) 21— )" 4y () (1 — 2)™.
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If the initial distribution of XS{“” is of the form pA,, for some distribution p on
(e,0)

{1,...,n}, then the process Y, is Markovian. In this case, the following intertwining
relations hold:
() AT = QYA where Qna’o) is the transition kernel of V,\*"”), and

(ii) K,etn(+DQ"=1) — [, K,, fort > 0, where U, is the semigroup generated by the
operator L defined in Theorem 1.1 and 1 denotes the identity operator.

This paper is organized as follows. In Section 2, we show that the («,0) leftmost
column process is intertwined with its corresponding up-down chain and describe its
transition kernel explicitly. This establishes part of Theorem 1.4. In Section 3, we
state a condition under which the convergence of Markov processes can be obtained
from some commutation relations involving generators. In Section 4, we analyze the
generator of the limiting process. In Section 5, we show that our generators satisfy
the commutation relations appearing in the result of Section 3. In Section 6, we verify
the convergence condition appearing in the result in Section 3. In Section 7, we
provide general conditions under which commutation relations involving generators
lead to the corresponding relations for their semigroups. Finally in Section 8, we prove
Theorems 1.1, 1.3, and 1.4.

The following will be used throughout this paper. For a compact topological space X,
we denote by C'(X) the space of continuous functions from X to R equipped with the
supremum norm. Finite topological spaces will always be equipped with the discrete
topology. Any sum or product over an empty index set will be regarded as a zero or
one, respectively. The set of positive integers {1, ..., k} will be denoted by [k]. The falling
factorial will be denoted using factorial exponents — that is, 2+* = z(z — 1) -...- (x —b+1)
for a real number x and nonnegative integer b, and 0 = 1 by convention. The rising
factorial will be denoted by (), = 2(z+1)--- (z 4+ b— 1). We denote the gamma function
by I'(z). Multinomial coefficients will be denoted using the shorthand

a
(|a|) ( i ) o+ o,
= 0'17...70'2(0-)

o
1, oc=d.

2 The leftmost column process

Our study of the leftmost column process will be mainly focused on the # = 0 case.
However, it will be useful to study the distribution of the (a, ) leftmost column process
when the up-down chain is in stationarity. As we will see, this distribution has a role in
the evolution of the («, 0) process.

Proposition 2.1. The stationary distribution of X\™*®) is given by

£(o)

1
MT(Loc,a)(o'): <Z>@Ha(1a)gj_17 UGCn, n > 0.
()

Moreover, the following consistency conditions hold:

M) = MEVpl = MSYp, > 2.1)
Proof. The stationary distribution of Xg{x’e) is identified in [20, Theorem 1.1] and the
formula in the special case a = 6 follows from [12, Formula 48]. The consistency
conditions follows from [18, Proposition 6]. O
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Proposition 2.2. I£ X% has distribution M*®, then Y,\**® has distribution

P () = (77)6“(1_,0‘)1'11(1 <i<n), i>0,n>1
i) (n—i+a)

Proof. Let1 <i<nando € C,_;. It can be verified that

Mr(La,a)(Z” 0.) _ VT(La,a)(Z')M(aa_a) (O‘) (2.2)

n—1
Summing over ¢ concludes the proof. O

Letn >i>1and o € C,,_;. Consider taking an («, 0) up-step from (¢, o) followed by
a down-step. Let U be the event in which this up-step stacks a box on the first column
of (i,0), and let D be the event in which the down-step removes a box from the first
column of a composition. Then, 7; ;41 = P(UND°), r; ;-1 = P(U°N D), rg}i) =P({U°N D),

r® = P(UND),and r;; = r) 4+ rgi) do not depend on ¢. Indeed, we have the formulas

1,1 1,7

o i(n—ita) 1) (n—i+1l)(n—ita)
Tii—1= et 0 Tii = T nlntl) 0
(i—)(n—i)  (2) (i—a)(i+1) (2:3)
Tiit1=  “ptmtn) 0 Tig T Talnt1)

(1) .(2) — 0 (2
We use these formulas to define ro —1, 70,1, 75 9, 7o g, @nd ro0 = ¢ o + 7o o. Moreover,

we extend r; ; to be zero for all other integer arguments ¢ and j.
The following is a useful identity relating the transition kernels of the («,0) and (o, «)
chains.

Proposition 2.3. Forn > 1 and (i,0), (j,0’) € C,, we have the identity

70 ((z, o), (4, U’)) = ri,jpgma)(a, oN1(j=i—1)+7ri;p"(0,0)1(i=i+1)
+ T (0,0) 410 = oG = 1)
¥ riop a0, (.01 = 1)

Proof. Given a composition 7 = (71, 72,...,Ty()), let ¢ = (12,73, .. , Te(r)) be the com-
position obtained by removing the first column of 7. Fix (i,0) and (j,0’) in C,,. Let CT
be the composition obtained by performing an («,0) up-step from (i, s) and C* be the
composition obtained by performing a down-step from C'. As before, let U be the event
in which the up-step adds to the first column of a composition and D be the event in
which the down-step removes from the first column of a composition. Then, we have that

U={C'=(i+1,0)}, U°={C] =i}, D°C{Ci=Cl},
and
DcC {c{ >1,CH= (CI - 1,(CT)§) } U {CI —=1,CH= (CT)g}.
To obtain the identity, we note that
T ((i,0), (j,0")) = P{C* = (j.o")},

and rewrite this probability by conditioning on the above sets. Of particular importance
will be the following observations:

(i) Conditionally given U¢, (CT)4 has distribution p? )(o, -) and is independent of D.

a,a

(ii) Conditionally given D¢ and (C")4, (C*)} has distribution p* ((C")§, -).
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Figure 3: Top. An (o, 0) up-step from (i, o) describes C'. Bottom-Left. A modified up-step
describes C' conditionally given U¢. Bottom-Right. A column of size i and an (o, )
up-step from o describe CI and (C")%, respectively, conditionally given U°.

These facts can be established as follows:

(i) Recall that C' is the result of an (o, 0) up-step from (i, o), which increases a compo-
nent i,01,...,0y) by 1 with probability proportional to i — o, 01 — «, ..., 045) — @,
respectively, or inserts a component of value 1 after a given component with proba-
bility proportional to «. When we condition on U¢, C' is the result of an up-step
that uses the above rule but excludes the possibility of increasing the component .
The value of (C")§ resulting from this modified up-step is described in the table

below.
weight™ type of up-step resulting value of (C1)4
oj —«a  increase the component o; in (i,0) (o1,...,0-1,0;+1,0511,...,040))
o inserta 1in (i, 0) after o; (01,05, 1,041, .., 00(a))
@ insert a 1 in (i, o) after i/before o1 (1,0)

Meanwhile, an (o, «) up-step from o results in the composition described below.

**each type of up-step occurs with probability proportional to the respective weight
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weight type of up-step resulting composition

0j —a increase the component o ino (01,...,05-1,05 +1,0541,...,040))
«o insert a 1 in o after o; (01,005, 1,0541, ..., 00e))

@ insert a 1 in o before o4 (1,0)

A direct comparison establishes the first claim. See also Figure 3. For the second
claim, observe that the occurrence of D depends on (C")4 only through its size,
which is constant on U*.

(ii) This fact can be proven similarly. A modified down-step from CT (that does not
remove from the first column) will describe C* conditionally given D¢, and the
resulting value of (C*)4 will be described by the composition resulting from a
down-step from (CT)5.

We also make use of the fact that the events {C" = (n+1—|p|, p)} and {(C")§ = p}
are identical, since the size of C' is known to be n + 1.

Our first conditional probability is given by

P(CY = (4,0")|U, D) = P(C* = (j,0")|C" = (i + 1,0), D)
=P((i,0) = (j,0")|CT = (i +1,0),D)
=1((j,0") = (i,0)).

Next, we will condition on U N D€. Notice that this is a null set when : = n. When
i < n, we have

P(C* = (j,0')|U,D%) = P(C] = 4, (CY)s =0
=1(j =i+ D)P((C")5 = o'|(CT)y = 0, D°)
=1(j =i+ 1)p*(o,0).

YA
)
(j =i—1)P(Chs =0'|U, D)
P((Chs =o'|U°)

and for s = 1, we have

P(C' = (j,0")|[U%, D) = P(C* = (j,0")|C] = 1, D)
P((Ch§ = (j,0")|U°, D)
P((C§ = (j,0")|U°)
Plooy (@ (,0)).
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Finally, we condition on U° N D¢. We have that
P (C* = (j,0)|U", D) = P (C] = j. (C"); = o’|C] = i, D°)
=1(j =) P ((C")y = o'|U*, D°)
=1(j=1i) Y P((Cy=7U, D) P ((C*)5 = o’|C" = (i, 7), D°)

TE€Ch1—s
=1(j=1i) Y P((Cy=7|U°) P((C*); =0o'|(C"); =7,D°)
TE€CH 41—
=1(j=1) D Plyo(o:TP* (70"
TECh 41—
=1( =) 1,2 (0, 0").
Collecting the terms above with the appropriate terms in (2.3) establishes the result.
O
Let n > 1. We define a transition kernel A,, from [n] to C,, by
An(i, (i, 0)) = M (),
and a transition kernel ®,, from C,, to [n] by
D, (0,i) = 1(oy =1).
Proposition 2.4. Forn > 1, the transition kernel Qna 0) AnT,(LO"O)@n satisfies
AT = QU OA,,. (2.4)

Consequently, if the initial distribution ofX(a 0 is of the form ul,, then Y(a 9 jsa
time- homogeneous Markov chain with transition kernel Qn . Moreover, the transition
kernel Qn ) is given explicitly by

QO (i, §) = ri; + 11,00 ()10 = 1).

Proof. Let C,, be the kernel on [n]| defined by the right side of the above equation. Fix
i,j € [n] and ¢’ € C,—;. Using Proposition 2.3 and the identities (2.1) and (2.2), we
compute

(AT ) (i (5, o))
= > A, (4,0) T ((i,0), (j,0"))

UECn 2

=iy 3 MED0) (b )00 = i 1)+ 0,01 = i+ 1)
0€Cn_;
1= 3 M7 (0) (L7 0.0 () +1(0 = o))
o€Cn—i
—|—7"1012—1 Z Méaloz p(aa)( ( U/))
c€Cp_i

=i (MG =i - >+M<w>< N =i+1)

+1G =) (M5 @) + M (0 ) + 101l = DM (o)
= 1M, T(La )(0/ +riol(i = )T(la,a)( )M(aa)( 0)

" (o")
= Cn(i,5)An(j, (4,0"))
= (CnAn) (i, (4,0")).
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The final equality follows from the fact that A, (j, -) is supported on {o € C,, : 01 = j}.

This establishes the identity AnT,(La’O) = CpA,. Observing that A, ®,, is the identity kernel
on [n], we find that

lea’o) = AnTrg,a70) (I)n — CnAncI)n = Cn’

from which we obtain (2.4) and the explicit description of QSLO"O). The final claim follows

from applying Theorem 2 in [22]. O

3 Convergence from commutation relations

In this section, we provide a condition under which commutation relations between
operators implies the convergence of those operators in an appropriate sense. In the
interest of generality, we first state this condition in the setting of Banach spaces, but we
then reformulate it in the context of Markov processes to suit our purposes. The general
setting is as follows.

Let V, Vi, Vs, ... be Banach spaces and 7, 79, ... be uniformly bounded linear oper-
ators with 7,: V — V,,. These spaces will be equipped with the following mode of
convergence.

Definition 3.1. A sequence {f,},>1 with f,, € V,, converges to an element f € V (and
we write f, — f) if
Ifrn — 7 fll m 0,
where for convenience, we denote every norm by the same symbol || - ||.
Proposition 3.2. Forn > 1,let L,: D,, CV — V,, and A,,: V,, — V,, be linear operators
in addition to A: D C V — D. Suppose that for every f € D,
(i) A,L,f = L,Af forlarge n, and

(i) (L, — m,)f — 0 asn — oo (the sequence need only be defined for large n).

Then for f € D, the sequence f,, = L, f (defined for large n) satisfies
fn—f and A,f., — Af.

Proof. Let f € D and n be large enough so that (i) holds. In particular, we can define
fn = L, f. Writing
an - an” = ”Lnf - 7Tn.f||a

it is clear that f,, — f. Writing

HAnfn - 7TnAf” = ”AnLnf - 7TnAfH
= ||LnAf - 71—'rLAfH
= [|(Ln — mn) AS||

and noting that Af € D, we obtain the other convergence. O

In the probabilistic context, the above result has some additional consequences.

Theorem 3.3. Let E be a compact, separable metric space, A be the generator of the
Feller semigroup S(t) on C(FE), and D be a core for A that is invariant under A. For
eachn > 1, let E,, be a finite set endowed with the discrete topology, Z,, be a Markov
chain on E,, ~,: E, — E be any function, and L,,: D, C C(E) — C(E,) be a linear
operator. Denote the transition operator of Z,, by S,, and the projection f — f o, by
m: C(E) — C(E,). Let {6,,}n>1 and {e, }n>1 be positive sequences converging to zero
such that ¢, '5,, — 1. Suppose that for f € D, the following statements hold:
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(@) 6;%(S, —1)L,f = L,Af for large n, and
() (L, — m,)f — 0 as n — oo (the sequence need only be defined for large n).
Then,

(i) the discrete semigroups {1, S,,S2,...},>1 converge to {S(t)};>o in the following
sense: forall f € C(F) andt >0,

Si/enlm, f —— St)f
n—oo

(ii) the above convergence is uniform in t on bounded intervals, and

(iii) if A is conservative and the distributions of v, (Z,(0)) converge, say to u, then we
have the convergence of paths

Yo (Znt/en]) = F(t)

in the Skorokhod space D([0,0), E), where F(t) is a Feller process with initial
distribution p and generator A.

Proof. This is a combination of Proposition 3.2 and standard convergence results. In
particular, for f € D, we can define the sequence f,, = L, f for large n and obtain the
convergence

fn — f and 61 (S — 1) fn — Af.

Recalling that €,6, — 1, we then obtain the convergence ¢,'(S, — 1)f, — Af.
Applying Chapter 1 Theorem 6.5 in [4] then yields the convergence of semigroups in (i)
and (ii). Applying Chapter 4 Theorem 2.12 in [4] yields the path convergence in (iii). O

4 The limiting generator

In this section, we introduce the generator of a Feller process on [0, 1] that will
be identified as the limiting process. We describe this generator both on a core of
polynomials and on its full domain. However, the core description is sufficient for the
analysis that will follow.

Let P denote the space of polynomials on [0, 1] equipped with the supremum norm.
We will study the operator B: P — P and the functional n: P — R given by

(Bf)(z) = x(1 — ) f"(z) — af (), €01,

and
1
n(f) = / (f(2) — FO)z (1 - 2)> 1 de

1
= / f(2)z=*(1 — x)*a * da. (4.1)
0
Letting N = {0,1,2,...}, we define a family of polynomials {%, },em {1} by

hn(x) = Z 25 (—1)"* (n ;Us (5(n_04)sf;!—57 z € 0,1].

s=0

Note that hy = 1 and h,, has degree n. Moreover, these polynomials are related to the
Jacobi polynomials P,(La’b) and the shifted Jacobi polynomials Jna’b) [19, 24] by the identity

ho(z) = Jo~bma= () = pla=b-a=b (9, 1), z € 10,1].
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Proposition 4.1. Let H = kern and w,, = —n(n — 1) forn € N\ {1}. The following
statements hold:

(i) Bhy = wnhy foralln € N\ {1},
(ii) the family {hy},cw\ (1} is @ Hamel' basis for H and
(iii) H is a dense subspace of C'[0, 1].

Proof. The claim in (i) can be obtained from the classical theory of Jacobi polynomials
(e.g. (4.1.3), (4.21.2), and (4.21.4) in [24]).

Noting that h,, has degree n shows that the family { },,em\ {1} is linearly independent.
Since hy = 1, it clearly lies in H. To see that the other h,, also lie in H, we use (i) to
identify them as elements in the range of 5 and observe that this range lies in . Indeed,
this can be verified using (4.1): for f € P, we have that

n(Bf) = / (2(1 - 2)f"(2) — af (2) + af ()2~ (1 — 2)° dx

1 1
_ / f(@)a(1 - 2)*dz — o / (@) — Oz (1 - 2)° " da
0 0

=an(f') —an(f)
=0.

To obtain equality from the containment span{hn}new\{l} C H, we observe that the
former space is a maximal subspace of P (it has codimension one) while the latter is a
proper subspace of P.

The claim in (iii) will follow from showing that 7 is not continuous (see Chapter 3

Theorem 2 in [1]). To see that this holds, notice that the functions f;(z) = (1 —z)7, j > 1,
have norm 1 but their images under n are unbounded:

1
—/ (1 —z) e de
0

B _F(l —a)(j+ «)
- al(G) .

n(f5)

Proposition 4.2. The operator B|y is closable and its closure, Bly, is the generator of
a Feller semigroup on C[0, 1].

Proof. We show that B|y satisfies the conditions of the Hille-Yosida Theorem. For A > 0,
Proposition 4.1(i)-(ii) show that the range of A — B|y is exactly H. Proposition 4.1(iii)
then tells us that this range, as well as the domain of 8|y, is dense in C[0, 1].

To establish the positive-maximum principle, suppose that f € H has a nonnegative
maximum at y € [0, 1]. If y # 0, the tools of differential calculus show that (ZS’|H Hy) <0,
as desired. When y = 0, consider the element F € L'[0, 1] given by

F(z) = (f(z) = f0)z™ 7 (1 —2)*7"

TRecall that a Hamel basis for a vector space V is a subset K C V such that every element of V can
be written uniquely as a finite linear combination of elements of K. In particular, although A is infinite
dimensional, we are only considering finite linear combinations of elements of {hn}nem\{l}.
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almost everywhere. Since f(z) < f(0) on [0, 1], the norm of F is given by
1
17 = [ 17@) = FO)e 1 =) o

- / (F(2) — FO)a " (1 - 2)* L da

= —n(f).
Recalling that f € H = ker, it follows that ' = 0 almost everywhere. Together with
the continuity of f, this implies that f = f(0), and consequently, (B’H fy) <0. O

The final result in this section is the explicit description of the generator m and its
domain Dom(B|).
To begin, we define an operator £: C[0,1] N C?(0,1) — C(0,1) by

Lf(z) =a(l —a)f"(z) - af'(2).

We will write £f € C[0,1] whenever £f can be continuously extended to [0, 1]. Recall-
ing the definition of £ and D from Theorem 1.1, we see that L is the restriction of £ to
D. We also define functions m: (0,1] - R and s: (0,1] — R by

m() = /1 - ) e = —a e (1 - )

and

s(z) = /190 t*(1 —t)"*dt.

Note that £ admits the factorization

e8]

from which we obtain the formula

- c:f/(c)s:rfsc . 2)m/(2)dz s’ z,c
f@) =10 = L@ s+ [ [ 2rom @iy, zec0). @2

Another identity that will be useful is

/11/ m'(2)dzs'(y) = m(y) s'(y) = —a ™1, y € (0,1). (4.3)

Proposition 4.3. The identity B| = L holds, where L is as defined in Theorem 1.1.

Proof. We begin by showing that the following holds:

F) = F(1) :/12 [yﬁf(z)m'(z)dzs’(y)dy, FeD ze01]. @.4)

To do this, we will take limits in (4.2). First we take the limit ¢ — 1. The term 2
converges to zero due to (D3) (see Theorem 1.1). The limit of the integral is handled by
the dominated convergence theorem - a suitable bound follows from the boundedness of
Lf and (4.3). This establishes the formula for = € (0, 1). Taking now the limit # — 0 (the
dominated convergence theorem can be applied as before) establishes the x = 0 case.

The x = 1 case is trivial.
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Now we show that Dom(B|y) C D. Fixing f € Dom(B|3), there exists a sequence
{fn}n>1 of functions in A such that

fo—f and  Bf, — Bluf. (4.5)

Noting that f,, € D for all n, we can apply (4.4). In this case, the identity Bf, = Lf,
yields

Ful@) — fa1 :/ / B (2)m'(2)d= o' (y)dy, = € [0,1]. 4.6)

Using (4.5) and the dominated convergence theorem, we can take the limit n — oo above.
A suitable bound follows from the boundedness of the sequence {Bf,} and (4.3). We
obtain

f) - /L/Bhf (2)dz s (y)dy, = € [0,1]. @7

Together with the fact that B[ f € C(0,1), m € C'(0,1) and s € C?(0, 1), this expression
implies that f € C?(0,1). Differentiating the expression yields the identity

Blnf = i, <f,> =Lf on(0,1). (4.8)

m S

This shows that f satisfies (D1). To obtain (D2), we recall that

/O (@) — £a(0)a==1(1 — 2)°~ L dz = 0

for all n and extend this to f by taking the limit n — oco. Once again, we apply the
dominated convergence theorem. A preliminary bound can be obtained from (4.3) and
(4.6):

’x_l(fn( ) fn( -

/ Bfn(z 2)dz s (y)dy

f%MALMMMWy

= HBfn”O‘_l'

The boundedness of the sequence {Bf,} then provides a suitable bound.
To obtain (D3), we differentiate (4.7) and compute

‘mewwz

L 1
gwmjwa
— 1Bl s | (—m(=))

— 0.
x—1

f'(x)

s'(z)

We have shown that Dom(B|y) C D and B|y = £ on Dom(B|#) (see (4.8)). Therefore,
it only remains to show that Dom(B|) = D. From Lemma 19.12 in [13], it suffices to
show that L satisfies the positive maximum principle. To this end, suppose that f € D
has a nonnegative maximum at y € [0,1]. If y # 1, then the desired inequality can be
obtained as in Proposition 4.2. If y = 1, we use (D1), L'Ho6pital’s rule, (D3), and (4.3) to
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establish the existence of limits

Lf(1) = lim L£f(z)

x—1
1y
=i (5) @
1 f'(z)
= lim
= m(z) ()
= lim —af’ ()
z—1
= lim —« )~ (1)
z—1 x—1
= —af'(1).
Noticing that f’(1) > 0 concludes the proof. O

5 Generator relations

In this section, we show that our generators satisfy the commutation relations
appearing in Theorem 3.3. Here, we rely on an alternative description of the limiting
generator in terms of Bernstein polynomials.

For k > 0, let P be the subspace of P consisting of polynomials with degree at most
k. Similarly, define

Hi = H NPy, k> 0.

Recall the Bernstein polynomials

AN ,
big(z) = <i)xl(1 —x)f ez, k>0

Note that b; , = 0 whenever ¢ < 0 or ¢ > k. For each k > 0, the collection {b,;7k}fzo
forms a basis of P, and a partition of unity - that is, Zf:o bir = 1. We also have the
relations

b g = k(bi—1k—1 — big—1), (5.1)

bik = BEF biggr + 255 big1krs (5.2)
and 4 4

(1l —z)bix = % bit1 k42, (5.3)

which hold whenever the relevant quantities are defined.
For n > 1, we define a transition kernel from [0, 1] to [n] by

K, (z,4) = bin(z) + Vr(l“’a)(i)boﬁn(as).

Proposition 5.1. Let n > 1. As an operator from C([n]) to C|0, 1], K, is injective and

Hy = { chbj,n 1¢o,....Cn ER, o= Zuﬁla’a)(j)cj} (5.4)
j=0

j=1
= range K,,. (5.5)

Proof. Let n > 1. From the independence of the Bernstein polynomials and the identity

n
=1’

range K, = span{b;,(z) + plee) (i)bo,n () }
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it follows that the range of K, is an n-dimensional space. As a result, K, is injective.
Observing that the right hand side of (5.4) has dimension at most n and contains the
range of K, it follows that these two spaces are equal. Since H,, also has dimension n
(see Proposition 4.1(ii)), it only remains to show that the range of K, is contained in H,,.
The containment in P, is clear. For the containment in #, we simply compute, for i € [n],

0
Nt —a)l(n—i+a)
I(n)

I'l—a)'(n+a)

— -1, (a,a) (;
na” v, (1) Tt 1)

1 1
) xi—a—l(l _ x)n—i+a—1 dr — TLOé_11/7(1a’a)(7;)/ l‘_a(l _ x)n—l—&-oz dr
0

Proposition 5.2. The action of B on the Bernstein polynomials is given by

Bbim =n(n+1)> (rpi— 1k =) bn, 0<i<n.
k=0

Proof. Letn > 2 and 0 <17 < n. Applying (5.1) twice, we see that

b;'/,n = n(b’/i—l,'n—l - b;,n—l)
=n(n—1)(bi—an—2 — 2b;—1,n—2 + b; n—2).
Applying now (5.3), we have that
z(1 —2)b},,(x)
= n(n— 1) (RO b (@) - BOD () 4 GO0 @) (5.6)

=@—1DMn+1—-0)bi—1pn(x) —2i(n =) bin(z)+ G+ 1)(n—1—10)bit1n(x)
Using (5.1) and (5.2), we find that

Vi = n(bi—1,n-1 = bin-1)
_ n(% biin+ Lbiy — 2ip,, — L bm,n) (5.7)
=Mm+1—=)bi—1n+2i—n)bip— G+ 1)big1n.
As a result,

Bbi’n = (Z -1 a)(n + 1-— Z) bifl’n — (04(22 — n) + 21(71 — Z)) bi,n
+E+1)n—1—i+a)byin
=n(n+1)(ric1,ibi—1.n+ iy — 1) bin + Tig14 bit1.0)
i1
=nn+1) > (rei— 1k = 1)) bpn.

k=i—1

Recalling that 7 ; — 1(k = ¢) is zero unless i — 1 < k < i + 1 and by ,, = 0 unless
0 < k < n, we can change the lower and upper limits of the sum to 0 and n, respectively.
This establishes the n > 2 case. When n = 1, we observe that (5.7) still holds and the
first and last quantities of (5.6) are still equal. When n = 0, the claim is trivial. O

Proposition 5.3. Forn > 1, the following relation holds on C([n]):

BK, = K,n(n+1)(Q™" —1).
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Proof. Letn > 1 and i € [n]. Define ¢;: [n] - R by e¢; = 1(¢ = -). From Proposition 5.2,
we have that

n~t(n+1)"'BK,e;
=" (n+ 1) B(bin + b (1))

= (rri— Lk =) + v (i) (rk0 — 1(k = 0))) b,
k=0

= (ro; + v\ (@)(ro0 — 1)) bom + Y (e — 1k = i) + o5 (i)r1 01 (k = 1)) by .
k=1

On the other hand, Proposition 2.4 gives us that

(Bresn + b0 () (QL = 1)es) (k)

M=

Kn(QEzOC’O) —1)e; =

b
Il
—

(B + bo.us™ ) (R))(Q5" — 1) (k, )

Il
wms

Sl

—

bk + o\ (B)) (rs — 1 = k) + 9 (@)ry o1(k = 1)).

>
Il
—

To show that the two expressions are equal, it will suffice to show that the coefficients
of by, are the same in each. For k£ > 1, this is immediate. For k = 0, we observe that
each of the above functions lies in H,, (see Proposition 4.1 and (5.5)) and apply (5.4). O

6 The convergence argument

In this section, we verify the convergence condition appearing in Theorem 3.3. We
rely on a description of the inverse of the transition operator K, in terms of a variant of
the Bernstein polynomials.

These variants fall into the class of degenerate Bernstein polynomials [14] and are
given by

0<i<k<n.

*(@:(@vm“m—mwmo

i,k,n i nik )

Proposition 6.1. For k > i > 0, we have the expansions
n
bik = bpn(L)bjn, n>k
=0

Proof. The expansions of a Bernstein polynomial in the Bernstein bases are given in
Equation (2) in [19]. Let us verify that the coefficients in those expansions match the
coefficients in the above expansions. Fix n > k > ¢ > 0. The coefficient of b; ,, in the
above expansion is given by

o (2 (F)i =)D
hn\n ) U ntk '
When 5 < i or j > n — k + 1, it is clear that this coefficient is zero. If instead
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1 < j <n— k+1i, this coefficient is reduces to

L N L(k—i it (=)t

(n—k)!
(n—k)!

; n!
‘ =7t

In either case, this coefficient agrees with the coefficient in [19]. O

Let ¢,,: [n] — [0,1] be defined by j — < and p,: C[0,1] — C[n] be the associated
projection, f +— fou,.

Proposition 6.2. Forn > k > i > 1, we have the identity
K pn (b g+ VA (0065 1) = b + 04 (i)bo k.

Proof. It follows from definition that

n

Knpn (o + VS (@005 1.0) = D (b + 05 (3)b0,0) (0 o (2) + o4 (00 4,0 (L))
=1

Meanwhile, Proposition 6.1 gives us the expansion
bik + i (Dbo =Y (05 (2) + i (D05 4 (£)) b
§=0

Upon comparison, we find that the coefficient of ; ,, is the same in both expressions
whenever j > 1. Since both functions lie in #,,, the coefficients of by, must agree as
well (see (5.4)). As a result, the two functions are equal. O

Proposition 6.3. For k > i > 0, we have the convergence

zkn blk?

Proof. We write

and handle each factor separately. The constants "z converge to 1 and each factor in a
product converges to either u(z) = z or v(z) = 1 — «. O

Proposition 6.4. Let f € H and fix m > 1 such that f € H,,. Then we have the

convergence
n>m

(K ! —pn)f—>0

in the sense of Definition 3.1.
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Proof. 1t suffices to consider the case when f = b; ; + V,E,a’a) (7)bo,, for some ¢ and k

satisfying 1 < i < k. Defining f, = b’ (o,)

ikem e (005 k., for n > 1, it follows from
Proposition 6.2 that

(Kn_l - pn)f = pn(fn - f)

Since the p,, are uniformly bounded, the result follows from Proposition 6.3. O

7 Semigroup relations from generator relations

In this section, we provide general conditions under which commutation relations
involving generators lead to the corresponding relations for their semigroups.

Theorem 7.1. Let A and B be the generators of the Feller semigroups V; and W,
respectively, and let £ and F denote their respective domains. Suppose that there is a
subspace E C &, a linear operator L: E — F, and a set I C (0,0) such that

(i) L is bounded,
(ii) I is unbounded,
(iii) E C (A\— A)E for A € I, and
(iv) LA=BL on E.
Then LV, = W,L on E for eacht > 0.

Proof. Fix A € I and let Rf and Rf be the resolvent operators corresponding to A and
B respectively. It follows from (iii) that F is invariant under Rj\“. Combining this with
(iv), we obtain the following relation on E:

REL =RBL(\— ARy
= R¥(\ -~ B)LR}
= LR3.
It then follows easily that
LAXARY — 1) = \(ARY —I)L on E,

or equivalently, LAy, = B,L on E, where A, and B, are the Yosida approximations of
A and B respectively. Noting that F is invariant under A,, this extends to nonnegative
integers k:

LAY = BYL onE.

Applying now (i), we have for f € E and ¢ > 0 the identity

LM f=1%" v (A% F)

Letting A become arbitrarily large (see (ii)) yields LV;f = W;Lf. This establishes the
result on E. The extension to F follows from the boundedness of L. O
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Corollary 7.2. Let A and B be the generators of the Feller semigroups V; and Wi,
respectively, and let £ and F denote their respective domains. Suppose that there is a
subspace E C &, a linear operator L: E — F, and a filtration of E by finite dimensional
spaces {Ej }r>1 such that

(i) AE, C E}, for all k, and
(ii) LA= BL on E.
Then LV, = WL on E for eacht > 0.

Proof. Let k > 1. It follows from (i) that F}, is invariant under the injective operators
{A — A}»>0. Together with the fact that F, is finite-dimensional, this implies that

()\—A)Ek:Ek, A>0.
Letting Ly : Ey — F denote the restriction of L to Fj, it follows from (i) and (ii) that
LkA = BLk on Ek.

Since E}, is finite-dimensional, L;, is bounded and E; = Ej. Applying Theorem 7.1,
we find that LV; = W,L on E} for each ¢t > 0. Taking a union over k£ extends the identity
to E. O

8 Proofs of main results

Proof of Theorem 1.4. The first claim was proved in Proposition 2.4. For the second
claim, we appeal to Corollary 7.2. We take A = n(n + 1)( {e0) _ 1), B=L,L=K,, and
E = C([n]) = Ej, for all k. The containment AFE), C Ej holds trivially and the identity
LA = BL was established in Proposition 5.3. Applying Corollary 7.2, we obtain the
desired identity in terms of transition operators, which implies the same relation in

terms of transition kernels. O

Proof of Theorem 1.3. The claim about the existence of initial distributions for Xgla,o)
follows from Theorem 1.4. The second claim follows from applying Theorem 3.3 with
E=[0,1,A=L D=H, E, =], Z,=Y\"", 7,(j) = L, D, = H,, L, = K;*, 6;' =
n(n+1), and e;;* = n?. To verify that A is the generator of a conservative Feller semigroup
on C[0,1], Disa core for A, and D is invariant under A, we appeal to Propositions 4.3, 4.2,
and 4.1. Condition (a) can be obtained from the identity in Proposition 5.3 by recalling
that K, is injective (see Proposition 5.1) and that each f in D = H lies in D,, = H,, for

large n. Condition (b) is exactly the result of Proposition 6.4. O

Proof of Theorem 1.1. Define +: C — U by

Wo) = (0, Ul) U (01, 7 +"2) U...U ('Ul _U“"),l).
|o| lo|” o] o

From [20, Theorem 1.3], we have that if

U(XD(0)) = X@D(0),

then

(XD (%))

where |a] is the integer part of a and the convergence is in distribution on the Skorokhod
space D([0,00),U), where the metric on !/ is given by the Hausdorff distance between

= (X(""e) (t))

>0 >0’
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the complements (complements being taken in [0, 1]). If £ were continuous, the result
would follow immediately, but ¢ is discontinuous. However, it is straightforward to show
that if u,, = v in ¥ and &{(u,) — ¢ > 0, then {(u) = c.

Assuming now that X{* is running in stationarity, the fact that L(X%O"O)(O)) con-
verges in distribution to an («, 0) Poisson-Dirichlet interval partition distribution follows
from [18] and the fact that ¢(X£f“*°)) is a Markov chain follows from Theorem 1.4.
Observe that (p?a)o))"_l((l)7 ) is the stationary distribution of X\ and, in the (a,0)
ordered Chinese Restaurant Process growth step, no new table is ever created at the
start of the list. Thus, for every k, d)(X%"’O)(k)) is distributed like the size of the table
containing 1 in the usual (o, 0) Chinese Restaurant Process after n customers are seated,
see [17]. Consequently, since our chain is stationary, for each ¢,

%¢(X55”0)(Ln2ﬂ)) = E(uX O (1n?t))) =a EWXO(0)) = W,

where W has a Beta(1 — «a, «) distribution, see [17].

Therefore, from Theorem 1.3 with F' as defined there and F'(0) =4 W, passing to a
subsequence if necessary, and using the Skorokhod representation theorem, we may
assume that

(@O (), XD (In2s)))))) =5 (X0 (0), F(s))

t,s>0 t,s>0

in D([0,00),U) x D([0,00),[0,1]). Fix ¢t > 0. Since Feller processes have no fixed dis-
continuities, F' is almost surely continuous at ¢ and, therefore, since convergence in
D(]0,>),U) implies convergence at continuity points,

EUXO ([n®t]))) = F(b).
Since F(t) =4 W, P(F(t) > 0) = 1 and, since
(XD ([nt])) = X0 (2),

it follows that F(t) =, &(X(*0(t)). Consequently, F(t) is a modification of &(X(*9(¢))
and since F has a Feller semigroup, so does £(X(*:9)), O
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