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Stochastic partial differential equations describing
neutral genetic diversity under short range and long
range dispersal
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Abstract

In this paper, we consider a mathematical model for the evolution of neutral genetic
diversity in a spatial continuum including mutations, genetic drift and either short
range or long range dispersal. The model we consider is the spatial A-Fleming-Viot
process introduced by Barton, Etheridge and Véber, which describes the state of the
population at any time by a measure on R¢ x [0, 1], where R? is the geographical
space and [0, 1] is the space of genetic types. In both cases (short range and long
range dispersal), we prove a functional central limit theorem for the process as the
population density becomes large and under some space-time rescaling. We then
deduce from these two central limit theorems a formula for the asymptotic probability
of identity of two individuals picked at random from two given spatial locations. In the
case of short range dispersal, we recover the classical Wright-Malécot formula, which
is widely used in demographic inference for spatially structured populations. In the
case of long range dispersal we obtain a new formula which could open the way for a
better appraisal of long range dispersal in inference methods.
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Introduction

Isolation by distance patterns Many populations occupy a geographical area whose
spatial extent is much larger than the typical distance travelled by individuals during
their lifetime. As a result, individuals living close to each other are on average more
related than those living far apart. Genetic similarity between individuals thus decreases
as a function of the geographical distance between them. This is known as isolation
by distance, and the exact speed and shape of this decrease of genetic similarity has
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SPDEs describing neutral genetic diversity

been the subject of many theoretical studies ([Wri43, Wri40, Mal75], followed by [Kim53,
KW64, SF81] and many others).

The quantity that has been most often used to describe this phenomenon is the prob-
ability of identity by descent, which is defined as follows. Given a model describing the
evolution of the genetic composition of a spatially structured population, the probability
of identity by descent is the probability that two individuals sampled from two distinct
locations carry the same genetic material (or allele) at a given locus and that this allele
was inherited from a common ancestor without any mutation between them. If the
dispersion of individuals in the population is very local, this probability is approximately
given by the so-called Wright-Malécot formula, which takes the following form [BDEO02].
If x > 0 is the distance between the two sampled individuals, x is the mutation rate of
individuals and o2 is the average square distance between an individual and its parent,
then, in a two dimensional space,

1 T
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where k is a parameter called the local scale and Ky(-) is the modified Bessel function of
the second kind of degree 0. On the other hand, in a one dimensional space,

1 T
e o (V).

The constant A is called Wright’s neighbourhood size and is defined by

N = 2702N,

where N is proportional to the density of breeding individuals in the population. The
parameter x depends on the details of the specific model under consideration, and is
chosen so that the value of (1) at x = x matches the probability of identity by descent
of a pair of individuals sampled close to each other (see [BDE02] for more details). A
formula similar to (1) appears in the correlations between allele frequencies at two
spatial locations [KW64], as expected from the duality relation between genealogical
and forwards-in-time models [BEV13].

The Wright-Malécot formula allows one - if a large enough number of individuals are
sequenced at a sufficient number of loci - to estimate the demographic parameters A/
and o of real populations by fitting (1) to pairwise identity matrices [Rou97, BEKV13].
More sophisticated inference methods have also been recently developed, using long
continuous tracts of shared genetic material (called blocks of identity by descent, or IBD
blocks), and these also rely on the Wright-Malécot formula [RCB17].

In some species, however, individuals can disperse their offspring arbitrarily far
away from their own location, and the average square distance between an offspring
and its parent might be very large, violating one assumption of the Wright-Malécot
formula. Evidence of long range dispersal has been found for example in plant species
[CMSO00] and fungi [Bus07] (see also [NPCT03]), but, up to now, no analogue formula
was available for such populations. One of the aims of this paper is to fill this gap.

Modelling evolution in a spatial continuum In this paper, we use a model called
the spatial A-Fleming-Viot process (SLFV in short), introduced by N. Barton, A. Etheridge
and A. Véber in [Eth08, BKE10] (see also [BEV13] for a review). This model describes
the genetic composition of a spatially structured population by a measure on R% x [0,1],
where R? is the geographical space and [0, 1] is the space of genetic types. The density
of the population is tightly regulated so that, at any time, the spatial marginal of the
measure is always the Lebesgue measure.
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The population then evolves through a sequence of reproduction events, where each
of these events affects a ball drawn according to a Poisson point process. During these
events, a fixed proportion of the individuals in the ball die and are replaced by the
offspring of an individual chosen at random within the same ball. We also include
mutations by assuming that individuals change their type to a new one, chosen uniformly
in [0,1], at some fixed rate p > 0. As a result of this construction, if we start the process
from the Lebesgue measure on R? x [0, 1], two individuals share the same genetic type if
and only if they share a common ancestor which is more recent than the last mutation to
occur in their genealogy.

This way of encoding the genetic composition of a spatially structured population as a
measure on R? x [0, 1] was already used in several settings, e.g. in [Han90, Eva97, Lia09].
This particular way of including mutations in the SLFV was also introduced in [VW15].
In particular, the SLFV records the size and geographical extent of all the families in the
population, see Remark 1.2 below.

We consider two separate settings: one in which the radius of reproduction events
is fixed, which corresponds to local dispersal, and one in which this radius is drawn
at random according to some heavy-tailed distribution, corresponding to long range
dispersal.

Large population - rare mutations limit We then consider the limit of this process
as both the mutation rate and the fraction of individuals replaced at each reproduction
event converge to zero. We show that, if we rescale time and space properly, the SLFV
converges to the Lebesgue measure on R? x [0, 1]. In other words, the probability that
any two given individuals are related vanishes. To recover isolation by distance patterns,
we need to look at the fluctuations of the process around its deterministic limit.

We do this by proving a central limit theorem for the SLFV. More precisely, we show
that the rescaled difference between the SLFV and its limit converges to a distribution-
valued Gaussian process, given as the solution to a linear stochastic partial differential
equation on R?x [0, 1]. The coefficients of this SPDE are functions of the parameters of the
SLFV, and more importantly, the driving noise depends on the dispersal assumption. In
the case of a fixed radius of reproduction events (i.e. short range dispersal, Theorem 2.1
below), the driving noise is white in space and time, and has a Fleming-Viot component
at each spatial location. In the case of heavy-tailed radius of reproduction events (long
range dispersal, Theorem 2.3), the driving noise becomes correlated in space and the
strength of these correlations depends on the decay of the radius distribution.

These results extend previous results obtained in [FP17], where rescaling limits
as well as central limit theorems were obtained for the two-types SLFV with natural
selection. The main difficulty in the present paper compared to [FP17] is the fact that,
while the SLFV with selection took values in a space of measurable maps from R? to
[0, 1], the SLFV with mutations takes values in a space of measurable maps from R? to
M;([0,1]), the space of probability measures on [0, 1] (see Section 1.1 below).

The Wright-Malécot formula We are then able to use our results on the asymptotic
fluctuations of the SLFV with mutations around the Lebesgue measure on R? x [0,1] to
deduce the asymptotic behaviour of the probability of identity of two individuals sampled
from two different regions. The formula for this probability is obtained by computing the
singular part of the Gaussian process given by the central limit theorem for the SLFV with
mutations. In the case of short range dispersal, we recover the classical Wright-Malécot
formula (1), albeit without the term involving «. This is because we are considering a
limit where the population density tends to infinity, hence this term becomes negligible
compared to N in our result. In the case of long range dispersal, we obtain with the
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same method a new formula for the probability of identity of two individuals sampled
from the population, as a function of the decay of the radius distribution.

It is worth noting that, in this paper, we never use the genealogical dual of the SLFV,
but we are still able to obtain estimates of the probability of identity of two individuals in
the population. This is important because, in some situations, a proper genealogical dual
may be hard to find, or even non-existent (see for example [BEK21]). Our techniques
might then allow one to recover genealogical information about certain populations even
in the absence of a dual.

Demographic inference We hope that this result will permit new developments in
demographic inference methods in order to better take into account long range dispersal
in natural populations. Current parametric estimation methods could be adapted to
include this effect and estimate the strength of long range dispersal as an additional
parameter (through the exponent of the fractional Laplacian appearing in the limiting
equations below). A first step in this direction has been made by [SW20], who derived
asymptotic approximations for the probability of identity by descent in a related model
(in discrete space) including long range dispersal, but, contrary to the model studied
here, without long range coalescence. An upcoming paper will focus on the study of a
family of SLFV processes which display a variety of behaviours, including the regime
studied in [SW20].

The paper is laid out as follows. In Section 1, we define the SLFV with mutations. In
Section 2, we state our main results, namely two central limit theorems (one for short
range dispersal and one for long range dispersal) and we give the two corresponding
formulas for the probability of identity. We also state a central limit theorem for the
SLFV with mutations in a slightly more general setting which is of independent interest.
The two central limit theorems are proved in Section 3. We introduce general notations
which allow us to prove the two results at the same time, following a general strategy
which is outlined in Section 3.1. The two formulas for the probability of identity are then
proved in Section 4. Finally, in the Appendix, we recall a few useful results and we show
how to adapt a particular result of [Wal86] to our setting.

1 Definition of the model

Consider a population occupying a continuous geographical space (here R?) and
where each individual carries a genetic type belonging to [0, 1]. The state of the popula-
tion at time ¢t > 0 can then be represented by a (random) map

pe: RT — My ([0,1]),

where M, ([0, 1]) denotes the space of probability measures on [0, 1]. In this way, p;(x, dk)
is the probability measure corresponding to the distribution of genetic types at z € R?
at time ¢ > 0. More precisely, for A C [0, 1],

[ it

is the probability that an individual sampled uniformly from those present at z € R?
at time ¢ carries a type belonging to A. The evolution of (p;,¢t > 0) is then governed
by births and deaths in the population, along with migration, mutations, and possibly
natural selection. Barton, Etheridge and Véber introduced the spatial A-Fleming-Viot
process (SLFV in short) in [BKE10] as a framework to describe the evolution of (p;,¢ > 0)
as individuals die and reproduce in the population.
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1.1 The state space of the process

Before giving the formal definition of the SLFV, let us precise its state space and
its topology. In particular, we identify two measurable maps from R? to M,([0,1]) if
they coincide up to a set of Lebesgue measure zero. Let = denote the corresponding
quotient space. Then = is in one-to-one correspondence with the set of non-negative
Radon measures on R? x [0, 1] whose spatial marginal is the Lebesgue measure on R?
[VW15, Section 2.2] via the relation

m(dx dk) = p(z,dk)dx. (1.1)

Forp € Zand ¢ : R? x [0,1] — R, let (p, ¢) denote the integral of ¢ against the measure
p-

We equip the space = with the topology of vague convergence and the associated
Borel o-field (i.e. p, — p € Z if and only if (p,,, #) — (p, ¢) for any ¢ : R x [0,1] — R that
is continuous and compactly supported). Endowed with this topology, the space = is
both compact and metrisable [VW15, Lemmas 2.1 and 2.2]. More precisely, if (¢,,n > 1)
is a sequence of uniformly bounded continuous and compactly supported functions
én : R x [0,1] — R which separates points in = (in the sense that (p, ¢,,) = (¢, ¢,,) for
all n > 1 if and only if p = p’), then

noxe L , -
d@m)=§:ﬁﬂm@ﬁ—@,%ﬂ7vﬁp€:, (1.2)
n=1

defines a metric on = which induces the vague topology.
For ¢ : R? x [0,1] — R and ¢ > 1, define

1/q
lollg = (/R sup |¢(x,k)lqdw> (1.3)

ke[0,1]

whenever the right hand side is finite, and let I, be the space of all measurable real-
valued functions ¢ such that |[¢[|; < oo and sup(, x)eraxjo]|¢(®, k)| < oco. Also for a
multi-index 3 € N9, let Jz¢ denote the partial derivative of ¢ : R x [0,1] — R with
respect to the space variable, and let |3| = Zle B;. We can (and do in the rest of the
paper) assume that the ¢,, are all smooth and that there exists a constant C; > 0 such
that, for alln > 1, ¢ € {1,2} and for any 8 € N? with 0 < 3] < 2,

[0p¢nll, < Ch, (1.4)
(note that, when 8 = (0,...,0), dz¢p = ¢).

1.2 The SLFV with mutations

Let us now define the SLFV with mutations. Fix u € (0, 1], ¢ > 0 and suppose that
v(dr) is a finite measure on (0, co) satisfying

/ rdz/(dr) < 00. (1.5)
0

Then, starting from an initial state pg € =, the SLFV is defined as follows.

Definition 1.1 (The SLFV with mutations). Let II be a Poisson random measure on
R x R? x (0,00) with intensity measure dt ® dx ® v(dr). For each point (t,z,r) € II, a
reproduction event takes place in the ball of centre x and radius r at time t. At each
reproduction event, we do the following:
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1. choose a location y uniformly in B(z,r) and sample a parental type ko € [0, 1]
according to the probability distribution p,- (y, dk),

2. update p inside B(x,r) as follows:
Vz € B(x,r), pi(z,dk) = (1 —u)ps-(z,dk) + udy, (dk). (1.6)

Furthermore, for all s < t and x € R? such that x does not find itself in the region
affected by a reproduction event between times s and t,

pe(x, dk) = e P p (. dk) + (1 - e—““—s)) dk, (1.7)

where dk denotes the Lebesgue measure on [0, 1].

In other words, at each reproduction event, a proportion « of the individuals present
in the ball B(z,r) dies and is replaced by the offspring of an individual sampled uniformly
from inside this ball, while each individual, at rate p, mutates to a new type sampled
uniformly from the interval [0, 1]. Indeed, equation (1.7) says that, informally, between
reproduction events, p, solves the following

Ovpi(x, dk) = p(dk — pi(x, dk)).

The parameter u is called the impact parameter, and p is called the mutation rate.

The following remark will be crucial for the derivation of the Wright-Malécot formula.
Note that, even though the SLFV is a continuous model in which there are no discrete
units which correspond to “individuals”, this model has an intrinsic genealogical struc-
ture, in the sense that the ancestry of random sample (of types) from the population can
be described by a set of lineages. These lineages form what is called a “dual process”,
and take the form of a system of coalescing random walks on R4, see [VW15]. When it
finds itself in the region affected by a reproduction event, each lineage then jumps with
probability u to a new location sampled uniformly in this region, and if several lineages
jump during the same reproduction, they coalesce.

This dual corresponds to the intuitive notion of ancestry which is implicit in Def-
inition 1.1. For the model of Definition 1.1, a type sampled from the population at
some location z is determined by sampling a lineage starting at x, which is affected by
mutations at rate p. The sampled type is then determined either by the type sampled
at the last mutation along the lineage, or by the distribution of ancestral types at the
location of the lineage at time zero if no mutation has affected the lineage. Since the dual
process of the SLFV is not used in the present work, we refer to [BEV10] and [VW15]
for a more rigorous discussion.

Remark 1.2. If we take po(z,dk) = dk for all x € RY, then, almost surely, at any time,
two types sampled from the population are equal if and only if the corresponding lineages
share a common ancestor at some point in the past and if neither of them has undergone
a mutation since then. The process (p;,t > 0) can then be seen as tracking the size
and geographical spread of all the “families” in the population, where a family is a
macroscopic fraction of the population sharing the same type, i.e. a portion of the
population of the form f(z)dg,(dk) with f > 0 such that

<pt - f6k07 ]lk:k0> =0.

One may see this as a generalisation of what is called tracer dynamics, as introduced in
[HNO8] (see also [DF16]).

Proposition 1.3. There exists a unique Z-valued Hunt process (p;,t > 0) satisfying
Definition 1.1.

This proposition follows directly from Corollary 2.4 in [VW15] where the authors use
a genealogical construction of the SLFV with mutations (see also [EK19, Theorem 4.1]).
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2 Main results

Let us now present our main results. First, we obtain a central limit theorem for the
SLFV with mutations of Definition 1.1 in two different regimes of reproduction events,
each corresponding to a type of intensity measure v(dr). The first case, called the “fixed
radius case”, corresponds to v(dr) being a Dirac measure at some fixed value R. In the
second case, called the “stable case”, we choose a measure v(dr) with a density which
decays like a power of r as 7 — oco. In both cases, we rescale the SLFV in such a way that
the measure p, is very close to the Lebesgue measure on R¢ x [0, 1], which we denote by
A€EZ, ie.

Nz, dk) = dk, Yz e R (2.1)

Furthermore, we rescale the difference p; — A so that it converges to a limiting process
which we characterise as the solution to a stochastic partial differential equation (SPDE).

From these results it then becomes possible to compute the asymptotic behaviour of
the so-called probability of identity by descent, that is the probability that two individuals
sampled from two prescribed locations share a common ancestor which is more recent
than the last mutation to have affected their lineages.

2.1 The central limit theorem for the SLFV with mutations

We are interested in the asymptotic fluctuations of the SLFV with mutations from Def-
inition 1.1 when both the impact parameter v and the mutation rate i tend to zero. As we
let these two parameters tend to zero, we also rescale space and time, so that the process
is observed at times of the order of 1/x and over spatial scales of the order of y/u/u (or a
different power of this quantity in the stable case), assuming that u/y; — co. We state the
result separately for the fixed radius case and the stable case, since the exact scalings
differ slightly, but we shall provide a single proof covering both results in Section 3.

Let us introduce some basic notations which will be used throughout the paper. Let
S(R? x [0,1]) denote the Schwartz space of rapidly decreasing smooth functions on
R? x [0, 1], whose derivatives of all order are also rapidly decreasing. More precisely,
# € S(R? x [0,1]) if, for any p > 1 and 3 € N,

sup (1 + [|z]|) [Op¢(z, k)| < oo.
(2,k)ERI X [0,1]

Also if ¢ and 1 are two functions defined on R? x [0, 1], we set

¢ @ P(x1, k1,2, ko) = @21, k1) (22, k2).

Accordingly, let S’(R? x [0, 1]) denote the space of tempered distributions and let D(R.,
S’(R? x [0,1])) denote the Skorokhod space of cadlag distribution-valued processes (see
Chapter 4 in [Wal86]).

2.1.1 The fixed radius case

Fix u € (0,1], » > 0and R > 0. Let (65, N > 1) be a sequence of positive real numbers
decreasing to zero and set, for N > 1,
_u
un = N?
Further, for N > 1, let (p, ¢ > 0) be the SLFV of Definition 1.1 with impact parameter
uy, mutation rate py and with v(dr) = §g(dr), started from p{’ = ). Define the rescaled
process (pl¥,t > 0) by setting, for N > 1,

piN(x’ dk) := p%t/éf\] (z/oN,dk) .

i
UN = 512VN' (2.2)
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Let A denote the Laplace operator acting on the space variable, i.e., for ¢ : R¥x[0,1] — R
twice continuously differentiable in the space variable,

Finally for r > 0, let V,. denote the volume of the d-dimensional ball of radius r. The first
important result of this paper is the following.

Theorem 2.1 (Central limit theorem for the SLFV with mutations - the fixed radius case).
Suppose that 6y — 0 and Néfv_d — o0 as N — oo (note that the second condition is
automatically satisfied when d > 2). Then, for all T > 0,

lim E

N—oo te[0,T]

'] <0

Furthermore,
ZN = (Nox7 92 (p) = \)

defines a sequence of distribution-valued processes which converges in distribution in
D(Ry,S'(R%x [0,1])) to a process (Z;,t > 0) which is the unique solution of the following

SPDE: )

o
dZy = | —AZy — uZy | dt + dW (),
t [ B) t— M t:| ( ) (2.3)

2 _ 2R?
where 0 = uVg )

measure given by

and (W (t),t > 0) is a Wiener process on R? x [0, 1] with covariation

Q(dxydkydxodky) = u?VA day 6y, (dy) (dki 0k, (dks) — dkidks) . (2.4)

In other words, as the impact parameter and the mutation rate tend to zero according
to (2.2), the rescaled SLFV converges to the uniform measure A and the asymptotic
deviations from this uniform measure are given by the process (Z;,t > 0), where, for all
€ S(RT x [0,1]),

t 2
0 2d) = [ (2.5 80 no) ds

is a continuous square-integrable martingale with quadratic variation

t<Q,¢®¢>:tu2V§/

R

2
<qz5(x, k- | ¢, k’)dk’) dadk.
ax[0,1] [0,1]

Note that the existence of W is stated in Proposition A.1, and the above martingale
problem uniquely characterises the distribution of the process (Z;,t > 0), from [Wal86,
Theorem 5.11].

Theorem 2.1 is proved in Section 3. The proof relies on a semimartingale decomposi-
tion of ((Z}N, #),t > 0), and a convergence theorem for sequences of stochastic integrals
with respect to martingale measures.

Remark 2.2. 1. Theorem 2.1 is also true if we replace the measure v(dr) by any finite
measure on (0, c0) with a compact support. The coefficient o2 in 2.3 should then
be replaced by

azzdzfz/o 2V, v(dr),
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and the coefficient UQVJ% in the covariation measure Q should be replaced by
u? / V2 v(dr).
0

2. Different mutation mechanisms can also be considered. For example one could
assume that, at each reproduction event, some proportion (say p) of the offspring
chooses a type uniformly in [0, 1], or that all the offspring chooses a different type
with some probability . We could also assume that mutants pick a new type
according to a more general probability measure on [0, 1], say 7. We would then
need to replace \ by = +— 7(dk) in the definition of ZV, and the covariation measure
Q should be replaced by

V32 day 84, (dg) (w(dky) Ok, (dk) — m(dky) w(dks)).

Since the main purpose of this paper is to study the stationary behaviour of the SLFV
with mutations, we have assumed that pé\’ = Aforall N > 1. In Section 2.3, we state
a more general version of Theorem 2.1 (and of Theorem 2.3 below) where the initial
condition p)) is assumed to converge to some p, € =. In addition, we also consider a
more general mutation mechanism, where the trait distribution at each spatial location
evolves according to a Feller semigroup on [0, 1] between reproduction events (which
amounts to assuming that the trait of each individual evolves according to a Markov
process on [0, 1] during its lifetime).

2.1.2 The stable case

We now want to extend the previous analysis to a situation in which reproduction events
can affect arbitrarily large regions and such that these large scale reproduction events
take place often enough to significantly alter the qualitative behaviour of the SLFV. This
will result in increased correlations between the genetic compositions of different spatial
locations, both through non-local diffusion and correlations in the noise driving the
fluctuations of the limiting process.

First fix @ € (0,d A 2) and set

1,
2Ly

Ve (dr) = L

It is straightforward to check that v, satisfies (1.5). Also fix u € (0,1] and g > 0 and let

(0n, N > 1) be a sequence of positive numbers decreasing to zero. For N > 1, set
u
N )

uy = iy = %% (2.5)

and let (p¥,¢ > 0) be the SLFV of Definition 1.1 with impact parameter uy, mutation
rate un and with v = v,, started from py = A. Define the rescaled SLFV as

pi\/(x’ dk) = p%t/éy\‘, (z/6n, dk).

Before stating our result, we introduce some notations. First, for z,y € R?, set

‘/277‘(may> = /]Rd ]1{Hx72|\<r,\|yfz\|<r}dz (2.6)
and
< Vau(z,y) dr
Calllo—yl) = [ A
zzyH r T
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Let D, be the fractional Laplacian acting on the space variable, i.e. for any ¢ : R? x
[0,1] — R admitting uniformly bounded spatial derivatives of order at least two (see
[SKM93]),

Dop(x, k) = / i‘l’a(HfU =yl (B(y, k) — d(x, k) = Lfjjo—y|<1y VO(2, k) - (y — 2))dy.  (2.7)

R(

For z,y € RY, also set

i dr Cd o
K — V = d 2.8
Oz(x?y) /:2y 2,T‘(x3y) T’d+a+1 ||CC _ y”a ( )
where Cy , is a positive constant depending only on d and «.

We now state our second main result.

Theorem 2.3 (Central limit theorem for the SLFV with mutations - the stable case).
Assume that 6y — 0 as N — oo. Then, forall T > 0,

Iim E
N—o0 te[0,T)

sup d(py, A)} = 0.

Furthermore,
2 =VN(p =)

defines a sequence of distribution-valued processes which converges in distribution in
DRy, S'(RYx[0,1])) to a process (Z;,t > 0) which is the unique solution to the following
SPDE:

(2.9)

Zo =0,

where (W (t),t > 0) is a Wiener process on R? x [0,1] with covariation measure on
(R? x [0,1])? given by

Qa(dl‘ldkldl’gdkg) = u2 Ka(l’l, Ig)dl’ldl’g(dklékl (dkg) — dkldkg) (210)

The martingale problem associated to (2.9) is the following. For any ¢ € S(R9 x [0, 1]),

t— <Zt7¢>_/0 <Z67upa¢_lu‘¢>ds

is a square integrable continuous martingale with quadratic variation

t<Qa,¢®¢>:tu2/

(R)?x[0,1]

<¢($1, k) — o(xq, k’)dk’)

(0,1]
Cd,a

d.l?ldxgdk‘.
21 — 2ol

X <¢($2, k‘) — ¢(Z‘2, k/)dk/>

0,1]
We recall why there exists such a W in Proposition A.2, and as before, there exists a
unique process (Z;, ¢ > 0) solving (2.9), by [Wal86, Theorem 5.11].

Theorem 2.3 is proved along with Theorem 2.1 in Section 3. The main differences with
Theorem 2.1 are that the Laplacian is replaced with the non-local operator D, and that
the Gaussian noise driving the fluctuations is now correlated in space, with correlations
decaying as ||z — y||~*. These two changes result from the large scale reproduction
events which take place rarely enough that the population retains a signature of isolation
by distance but often enough to induce these strong spatial correlations. The index « is
a convenient measure of the strength of these correlations: the closer it is to zero the
stronger they are and the closer it is to 2 the more localised the correlations become.
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2.2 The Wright-Malécot formula for isolation by distance under short range
and long range dispersal

Despite their apparent complexity and lack of direct reference to ancestry, Theo-
rems 2.1 and 2.3 are deeply linked to previous results on the sharing of recent common
ancestors in a spatially distributed population. These include results on the stepping
stone model [KW64, Saw77] and the SLFV [BEKV13], also see [BDEO2]. Indeed, The-
orems 2.1 and 2.3 can be seen as results on the correlations between the genetic
compositions of the population at different spatial locations.

To see this, consider the following. Let ¢ and v be two probability density functions
on R?. Sample two locations z;, 2 according to ¢ and 1, respectively, and sample one
genetic type at each of these locations according to the distribution of types in p at
some time ¢ > 0. Let PtN (¢, 1) be the probability that these two types are the same.

In the vocabulary of population genetics, PN (¢,) is the probability of identity in
state of two “individuals” sampled according to ¢ and . In view of Remark 1.2, this
coincides with the probability of identity by descent, i.e. the probability that the two
sampled lineages share a common ancestor that is more recent than the last time either
lineage experienced a mutation.

This probability can be written more explicitly in terms of the process (p,t > 0) as
follows. Let 14 : [0, 1]2 — R denote the indicator function of the diagonal, i.e.

La(k1, ko) = L =k, -
Then,
PN(¢,4) =E [(p) @ pl, (¢ @¢)1a)], (2.11)

where
(¢ X ¢)1A(T/1a klv T2, kQ) = ¢(T/1)¢($2)1k1:k2'

The following is then a consequence of Theorems 2.1 and 2.3. Let G,Ea) ‘RY - R
denote the fundamental solution associated to 9; — D,, i.e. such that

0,G\ = DG\ (2.12)

and

G (@ — y)d(y)dy — o(x),

R4 t—0

for any twice continuously differentiable ¢ : R — R.

Theorem 2.4 (Wright-Malécot formula for identity by descent). Assume that ¢ and 1) are
two smooth and compactly supported probability density functions on R®. Then, under
the conditions of Theorem 2.1,

lim lim No% 4PN (¢,) = “ZVI%/ F (12280 b)) (2.13)
t—00 N—o0 Nt ’ o (27T02)d/2 (Rd)? o nvyeray, ’

2R>

27z and the function F' depends only on d and p and is given by

where 0% = uVg
o\ 1472
F(z) = (\/ﬂ> Ki_a/2 (\/ 2M$) )
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where K, denotes the modified Bessel function of the second kind of degree v [AS64].
On the other hand, under the conditions of Theorem 2.3,

lim lim NP (¢, ) = U/ . Fia ((u/U)l/“ l|lz — yH) () (y)dedy, (2.14)

t—00 N—oo (R4

where F;, : Ry — Ry is such that, for any x,y € RY,

° (a3 (03 C «
Frallo =yl = [ [ 6 =26 (g - ) =2 dendzat
0 J(R4)?

|21 — 22|

(The fact that the right hand side only depends on ||z — y|| can be seen by a change of
variables.)

We prove Theorem 2.4 in Section 4. The convergence (2.13) should be compared
to equations (10) and (15) in [BDE02] (originally due to Malécot [Mal75]) or (1.13) and
(2.22) in [KW64]. This is known in the literature as the Wright-Malécot formula, and is
widely used to infer both the mean-square displacement of individuals in the population
(i.e. 0?) and the effective population density from genetic samples [Rou97]. Figure 1
shows the behaviour of the function F for d € {1, 2, 3}.

Isolation by distance under short range dispersal

0.10
— d=1
— d=2
0.08 g =3]

0.06

0.04

0.02

Probability of identity by descent

0.00

0 1 2 3 4 5 6 7
Distance between individuals

Figure 1: Deacrease of the probability of identity by descent as a function of the distance
between individuals. The graph shows a plot of the function F for d € {1,2,3}. We can
see that it decreases much more rapidly for larger values of d than for smaller values.

Remark 2.5. It can be noted that for d > 2, the function F' is degenerate at zero, i.e.

lim F(z) = +o0.

z]0
This can be surprising since P (¢,v) was defined as a probability. This reflects the
fact that the Wright-Malécot formula breaks down if we try to sample two individuals
from exactly the same location. That is why we need to integrate against the probability
density functions ¢ and ¢ (it can be shown from the proof of Theorem 2.4 that the right
hand side of (2.13) is bounded by a constant times ||¢||2]|%|2)-
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The second part of Theorem 2.4 is a very important step towards developing statistical
inference procedures from genetic data adapted to species undergoing long range
dispersal. Indeed, with this result it could become possible to estimate the parameters u
and o from a sample of genetic markers from different spatial locations in the population.
One hurdle which remains in the way is that we have to find an efficient way to compute
numerically the function Fy . This might be done using Fourier transforms, but the
heavy tail of the function GEQ) (1) makes any rigorous analysis quite daunting.

Remark 2.6. The Wright-Malécot formula has been shown to hold for a wide variety
of spatial models in population genetics [BDE02, BEKV13]. The proof of Theorem 2.4
shows that this formula is directly linked to the limiting behaviour of the fluctuations in
the genetic composition of the population, and that any model which displays the same
asymptotical behaviour as the SLFV in Theorem 2.1 should satisfy the Wright-Malécot
formula.

2.3 The SLFV with general mutation mechanism and in the non-stationary
regime

Theorems 2.1 and 2.3 allowed us to derive the Wright-Malécot formula from the
Gaussian fluctuations of the SLFV of Definition 1.1 (Theorem 2.4). The aim of this section
is to restate Theorems 2.1 and 2.3 with more general assumptions on the mutation
mechanism and on the initial condition of the process. For simplicity, we still assume
that mutations take place during an individual’s lifetime, and not at birth. We shall
suppose that the type of an individual follows a Markov process on [0, 1]. Since there are
no individuals per se in the model, this translates to the following definition.

Definition 2.7 (The SLFV with general mutation mechanism). Suppose that (75,s > 0) is
a Feller semigroup acting on bounded measurable real-valued functions defined on [0, 1]
(hence T, acts on M1 ([0, 1])). We then define a process (p;,t > 0) which evolves exactly
as in Definition 1.1, except that, for all s <t and x € R such that = does not find itself
in the region affected by a reproduction event between times s and t,

pe(T, ) = 7:f(tfs)/’s(xa )-
Let G denote the generator of the semigroup (7;,s > 0), whose domain will be
denoted by D(G). We shall consider the same scaling as before, i.e. we assume that

u el
Na UN = NN7

where o = 2 in the fixed radius case, and we suppose that (p¥,t > 0) is the SLFV of
Definition 2.7 with impact parameter u, mutation rate uy, and with v = 0 in the fixed
radius case, and v = v, in the stable case. Then let

Py (a,dk) = P%t/é;; (/0N dk).

Recall the definition of Gﬁ“) in (2.12) and let G,EQ) : RY — R be the fundamental solution
associated to 0; — %A, ie.

@y _ 1 =l
Gt = (27rt02/u)d/2 eXp( 2t0%/u)’ 219

where ¢? is as in Theorem 2.1. Assume that pé\’ converges weakly to a deterministic
po € Z in probability as N — co. We then define p(®) = (pﬁ(’), t >0) by

unN =

P (@, dk) == | G (x—y)(T}; po)(y, dk) dy. (2.16)
R4

The following generalises Theorems 2.1 and 2.3 to the present setting.
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Theorem 2.8. Let ny = 612\,_d in the fixed radius case and iy = 1 in the stable case, and
assume that Nny — oo as N — oco. Also assume that p converges weakly (as a measure
via the correspondence (1.1)) as N — oo to a deterministic py € = in probability. Then,
forallT >0,

lim E
N—oo  |e[o,1]

sup d(piv,pga))l =0. (2.17)

Furthermore, there exists a deterministic sequence (p", N > 1) of elements of D(R., =),
which converges (locally uniformly in time) to p®), such that

ZN = (Nqw)' 2 (pY — pi)

converges in distribution in D(R.,S’(R% x [0,1])) to a process (Z;,t > 0). In the fixed
radius case, for any ¢ € S(R? x [0,1]) such that k + ¢(x, k) € D(G) for all x € RY,

t 2
*%<Zm¢f—ﬂ;<zmizA¢+Mg¢>d3

is a square-integrable continuous martingale with quadratic variation

. 2
(uVg)? / / oz, k) — oz, KNpP (x,dk') | pP (x,dk)dzds.
0 JRIx[0,1] [0,1]
In the stable case, on the other hand,

t
= <Zt7¢> _A <Z87UDO¢¢+,UQ¢> dS

is a square-integrable continuous martingale with quadratic variation

(a dr
// £, 0r5) Trara ds; (2.18)

where

2
Onlet)im o [ [ (oeh = [ sGrp Gar) ) ds)| dy.
Ve JB@r) /By [0,1]

The proof of Theorem 2.8 is almost identical to that of Theorems 2.1 and 2.3. Details
on the specific adaptations which are needed in the proof are given in Section 3.8.

The main differences with Theorems 2.1 and 2.3 are that the deterministic limit of p™¥
and the centring term p" are no longer constant. This affects the limiting fluctuations
trough the covariation measure of the limiting driving noise, which now depends on
p(®). Furthermore, the term —;Z; has now been replaced by ;G*Z; in the limiting SPDE,
which accounts for the more general mutation mechanism. We note that, for the mutation
mechanism considered in Theorems 2.1 and 2.3,

Gok) = /[O (08 = o

Hence G*Z; # —Z;, but we see that, if ¢(x, k) = ¥(z), then (Z;, ¢) = 0 almost surely, and

it follows that (G*Z;, ¢) = —(Z,, ¢), hence the two equations admit the same solution.
Note that the deterministic limit p(®) has the following interpretation: if (Xt(a),t >0)

is a Markov process on R? with generator D, in the stable case and ”—;A in the fixed
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radius case, and if (K, ¢ > 0) is a Markov process on [0, 1] with generator uG, then, for
any smooth and compactly supported ¢ : R? x [0,1] — R,

0= [ B [005.0)] pola by
R?x[0,1]

where IE(, ;) -] denotes the expectation with respect to the joint distribution of the pair
of independent processes (X(*), K) started from (z, k).

Remark 2.9. In classical central limit theorems, the centring term is usually equal to
the deterministic limit of the process whose fluctuations we are interested in. Here
we introduce a sequence of centring terms (p”, N > 1) because, while p)¥ — pY is of
the order of (Nny)~'/2, the difference p"V — p(® is at least of the order of (§y)?, where
v = 2 in the fixed radius case and v = 2 — « in the stable case (see Proposition 3.12).
It follows that the centring term in the definition of Z" can be replaced by p(® only
when (Nnyx)Y/?(6x) — 0 as N — oo and if p{’ converges to p, sufficiently quickly (and
uniformly over R¢). The condition on d, translates to N(x)%~¢ — 0 in the fixed radius
case and v/ N(Jx)>~® — 0 in the stable case. A similar issue arose in [FP17], where a
similar sequence of centring terms had to be defined.

3 Proof of the central limit theorems

The proof of Theorems 2.1, 2.3 and 2.8 is similar in spirit to what was done in [FP17]:
we write (p, ¢) as the sum of a predictable term and a martingale term, and we use
martingale convergence theorems to show tightness and convergence in distribution
of ((ZN,#),t > 0) for any ¢ € S(R? x [0,1]). It is then easy to generalise this to the joint
convergence of ((ZN,¢1),...,(ZN,¢,)) and obtain the convergence in distribution of
(ZN,t > 0)in D(Ry,S' (R? x [0,1])).

In the next subsection, we outline the strategy of the proof of the first two central
limit theorems, stating a semimartingale decomposition of the process (Z}Y,¢ > 0). This
decomposition is proved in Subsection 3.2. Subsections 3.3 through 3.6 then prepare
several intermediary results needed for the proof. In particular, the convergence of
(pXN,t € [0,T)) to its deterministic limit ) is proved in Subsection 3.5. The two central
limit theorems are then proved in Subsection 3.7, while the small adjustments needed
for the proof of Theorem 2.8 are detailed in Subsection 3.8.

3.1 Outline of the proof

To avoid repetitions, we prove both Theorem 2.1 and 2.3 at the same time, using
general notations. The parameter « will thus be set equal to 2 in the fixed radius case,
in agreement with (2.2) and (2.5). Recall the definition of F, in Section 1.1. For ¢ € F;
and r > 0, let ¢(-,7) be defined by

— 1

<m&wfvé(¢mwy 3.1)

Then, g(x, k,r) denotes the average of the average of ¢, i.e.
= 1
e N R O
er B(z,r) J B(y,r)
We then set, for any ¢ € Fj,

LY (2, k) == 5y /°° V. (E(x, k,onr) — é(z, k)) va(dr), (3.2)
0
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where v, = 0y for o = 2. Note that the operator u.£"'* is the generator of a continuous-
time random walk (X;"® ¢ > 0) on R¢ which jumps at rate u 6" 15 Ve va(dr) from its
current position = to z + Iy R(Y1 + Y2), where R is a random variable with distribution

Vi v (dr)
o~ Ve valdr')’

and Y; and Y; are two independent uniform random variables on B(0,1) Cc R, also
independent from R. In the following, (PtN *t > 0) denotes the strongly continuous
semigroup generated by u£N® — 1, i.e.

PN(, k) = e M E, [¢(va’°‘, k)} , (3.3)

for any ¢ : R% x [0,1] — R bounded and measurable, where E, [-] denotes the expectation
with respect to the distribution of (XtN’a,t > 0), started from Xév’a = z. As we shall see
below (Lemma 4.1), PtN’a is a contraction from E, into itself.

For p € Z and r > 0, we also define a map [p], : RY x R — M,([0,1]) as follows,
recalling the definition of V5 ,.(z1, z2) in (2.6),

1 ) .
ol (a1, w0, d) = { Vo Garz) J3mnean) Ve Ity o2, ARy A8 foy =zl < 2r

0 otherwise.
(3.4)
If v is a finite measure on (0,00) satisfying (1.5) and p € =, we define a map I'V(p) :
R? x RY — M([0,1]?) as follows

Fy(p)(l‘l, ZTo, dkldkg)

o0

= ‘/2,7"(5817 IQ) |:[p]7"('r17 Z2, dk1)6k1 (de) - p(zla dkl)[ﬂ]y»(iﬂh €2, dk?)
0
— [plr(z1, 22, dk1) p(22, dk2) + p(x1, dk1)p(x2, dks) |v(dr). (3.5)

When v = §,, we also write I'V = I'". Finally, for N > 1, define the measure l/év by

/ " (ar) = / T FOnm)oN D dr). (3.6)
0 0

The following proposition then gives the semimartingale form of the rescaled fluctuations
process Z™. It will be proved in Subsection 3.2.

Proposition 3.1. Define ny = (5]2\,*‘1 in the fixed radius case and ny = 1 in the stable
case. Then there exists a sequence of worthy martingale measures (M~ ,N > 1) on
R, x R? x [0,1] such that, for any ¢ € E,

t
(ZN,¢) = / (ZN uL ¢ — pg)ds + M (¢) (3.7)
0
and the predictable variation process of M (¢) is given by
t
(MY (9)), = v’ / (NI (pl), & © ) ds. (3.8)
0

Note that the predictable part of (Z}, ¢) in (3.7) is linear in Z~. We can use this and
the semigroup defined in (3.3) to write, for ¢ € E; [Wal86, Theorem 5.1],

(ZN, ¢) :/ PN (2, k)YMN (ds dx dk), (3.9)
[0,¢] x R4 x[0,1]
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where the right hand side is defined as a stochastic integral against the martingale
measure M” (see Chapter 2 of [Wal86]). This reduces the convergence of (Z}¥, ¢) to the
convergence of a sequence of stochastic integrals. The main ingredients for this are the
convergence of the sequence of martingale measures M” and the convergence of the
semigroups (Pt > 0) as N — oc.

After proving Proposition 3.1 in Subsection 3.2, we shall prove that the sequence of
semigroups (PtN’O‘, t > 0) converges as N — oo to a semigroup (Pt(a), t > 0) satisfying

Pt(a)¢($, k) = M E, [QS(X?’ k)] ’

for any bounded and measurable ¢ : R? x [0,1] — R, where (X, > 0) is either Brownian
motion or fractional Brownian motion, according as o = 2 or not. This convergence is
proved for an appropriate norm in Subsection 3.4 (Lemma 3.5).

Using a result adapted from [Wal86] (Theorem 3.7 below), this will allow us to
prove, in Subsection 3.5, that {({(Z),#),t > 0), N > 1} is tight in D(Ry,R) for any
¢ € S(R? x [0,1]), as well as the convergence of (p,¢ > 0) to )\, in probability locally
uniformly in time, as N — oo.

Finally, we shall see in Subsection 3.6 that the right-hand-side of (3.8) converges to
t(Qa, d® ¢) as N — oo, where Qs := Q is defined in (2.4) and Q,, is defined in (2.10) for
« # 2. We then deduce from this (in Lemma 3.9) the convergence in distribution of the
sequence of martingale measures (M”~, N > 1) to a continuous martingale measure M
such that, for any ¢ € S(R? x [0, 1]),

(M(9)), = t(Qas ¢ © ).

Using this, (3.9) and the convergence of the semigroups PY®, we will apply a
result on the convergence of stochastic integrals (recalled in Appendix E) to prove the
convergence in distribution of (Z}, ¢) to (Z;, ¢), where

(Zi, 0) 32/ Pt(fz(b(x,k)M(ds dz dk),
[0,t]x R4 x[0,1]

for any ¢ > 0 and ¢ € S(R? x [0, 1]). This convergence will easily be generalised to vectors
of the form

(200 (2 00))

with t1,...,t, € Ry and ¢1,...,¢, € S(R? x [0,1]). We shall then conclude using the
following theorem, which can be found in [Wal86, Theorem 6.15].

Theorem 3.2. Let (X, N > 1) be a sequence of processes with sample paths in D([0, T},
S’'(R® x [0,1])). Suppose that

i) for each ¢ € S(R¢ x [0,1]), {((XN,),t € [0,T]), N > 1} is tight,

ii) for each ¢1,...,¢, in S(RY x [0,1]) and t1, . ..,t, € [0,T], the distribution of

(XD, 01), - (XD, 6p))

converges weakly on RP.

Then there exists a process (X;,t € [0,T)]), with sample paths in D([0,T],S’(R? x [0, 1]))
such that X~ converges in distribution to X.

This last step is detailed in Subsection 3.7.
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3.2 The SLFV with mutations as a semimartingale

Before proving Proposition 3.1, let us first state the semimartingale decomposition of
the SLFV with mutations of Definition 1.1, before rescaling space and time. Recall that A
was defined in (2.1) as the Lebesgue measure on R4 x [0, 1].

Proposition 3.3. Let (p¢,t > 0) be the SLFV with mutations of Definition 1.1 started
from some py € =. Let (F;,t > 0) denote its natural filtration. For any ¢ € E,

(pt, ®) — (po, ®) —/Ot {u(A—pS7¢>+u/OOO v, <ps,$(-,r) —¢>u(dr)}ds (3.10)

defines a (mean-zero) square integrable F;-martingale with predictable variation process

f[}wwﬁ¢®@m

The different terms appearing in this decomposition each correspond to a distinct
evolutionary force. The term pu(\ — ps, ¢) results from the mutations, the second term
inside the integral in (3.10) is the spatial mixing resulting from the reproduction events
(i.e. the migration term) and the martingale part captures the fluctuations due to genetic
drift, that is to say the randomness due to reproduction in a (locally) finite population.

Proof of Proposition 3.3. From Definition 1.1, we have

1
lim —1IE [(p¢ 456, P) — )| pe = p]

5t10 Ot {pe: ¢
* 1
A —p, ¢ / / / (ul B(z,r) Ok — p), @) p(y, dko)dyv (dr)dx
R4 (z,r)x[0,1]

pih= .0+ [V (g3 = o) an),

It follows (see e.g. [EK86, Proposition 4.1.7]) that (3.10) defines a martingale. To
compute its variation process, write

}5}%0 5 {(<pt+§t7¢> —{pe, ) ‘ pt = P}

% 1
:/ / 7/ / G(x1, k1)d (w2, k2)u L e, ol <r} L {as—af <r)
riJo  Vr JB(z,r)x[0,1] J(RIx[0,1])2
X (5k0 (dkl) — p(:l?l, dkl))(éko (dkg) — p(l‘g, dkg))dl‘ldl‘gp(y, dko)dgV(dT)dT

Rearranging the integrals with respect to kg, k1 and ks, this becomes

1
(lslffé 5 E [((ptm,fb ) — (pe, B))° ’ pt = p]

<1
:/ / 7/ / ULy~ <r) Lo -l <) V $(a1, ko)p(x2, ko)p(y, dko)
RreJo  Vr JB(zr) J(R?)2 [0.,1]

- ¢(1‘1,k0)p(y7dk0) Qs(ﬁg,kg)p(ﬂjg,dk?)
[0,1] [0,1]

- d(z1, k1)p(x1, dky) P(x2, ko)p(y, dko)
0,1] 0,1]

+ d(x1, k1) p(x1, dkr) o(xa, kQ)ﬁ((EQ,de)] dzydxodyv(dr)dx.
[0,1] [0,1]
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By the definition of [p], and I'V(p) in (3.4) and (3.5), this is

lim < [ (prrsns ) = o0 0 | 0= ] = 20" (0), 0. 9.

This concludes the proof of Proposition 3.3. O
We now use Proposition 3.3 to prove Proposition 3.1.
Proof of Proposition 3.1. Recall that we have set
Py (x,dk) = pi¢)sq (/0N dk)
where o = 2 in the fixed radius case. For ¢ € Ej,
(P, 0) = (PN1/s5,» ON) (3.11)
with
on (2, k) = 5% d(onw, k). (3.12)
Let (M} (¢),t > 0) denote the martingale defined by (3.10) in Proposition 3.3, i.e.
MY (0) = (pr’,6) = (b, 6)
[ [TV (o Br) — 6) valan bt

0

where we recall that v, = di for @ = 2. Then, by (3.11),
(P’ 0) = (pd', o) + My 56 (9N)
Nt/5% o —
+ / {MNO‘ —pN,on) + UN/ Ve <Piv7 On(y1) — ¢N> Va(dr)} ds.
0 0
But, by a simple change of variables,

QS*N(xv k/f’) = 6%%(51\{{1}7 ka (SNT)'

As a result, replacing pny = 0% & and uy = & and changing variables in the time integral,

t
(o', 0) = (py s 0) + /0 (A= o 0) +ulp  LY¢) } ds + MY, 50 (0n)  (3.13)
recalling the definition of £V in (3.2). Recall also that Z was defined by
ZtN = (N77N)1/2(Piv - )\)~

Subtracting (), ¢) on both sides of (3.13) and multiplying by (Nny)'/2, we see that ZV
satisfies (3.7) where the martingale measure M N is defined by

MtN((?) = (NUN)l/ZM%t/é% (on).

Then, by Proposition 3.3,

N _ o [NV Va( N
(MF(0)), = (Nnw)uy | (T (p7), 0w @ o) ds.
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Again, by a change of variables,

(L7 (0N j52.): o8 © 6x) = 0% (D™ (p1), 6 © )

where vV

- was defined in (3.6). As a result,

(M™ (), = u2/0 (NI (), ¢ ® )ds. (3.14)

Together, (3.13) and (3.14) yield (3.7) and (3.8).
We are left with proving that A" is worthy (see the definition in Chapter 2 of [Wal86]).
To do this, define |T'|” (p) by

01" (p) (1, w2, dkydky)
-/ Vi (ns 22) [[ole (w1, 20, 4k )i, () + plr, dka) ) (1, 2, i)
+ [p]r(z1, 22, dk1) p(22, dke) + p(a1, dk1) p(22, dkz):| v(dr).
Then the measure
Ky (dtdzydkidradks) = uny |F|”‘1’Y (ptl\i)(ml, X, dk1dks)dxidrodt (3.15)

is positive definite and symmetric in (z1, k1), (22, k2). In addition, for any A, B ¢ R¢x|0, 1],
(Kn([0,t] x A x B),t > 0) is predictable and for any rectangle A C [0,00) x (R? x [0, 1])2,

QN (A)] < Kn(A), as.

where )y is the covariation measure of M N see (3.14). Thus, Ky is a dominating
measure for MY, and M?" is a worthy martingale measure. This concludes the proof of
Proposition 3.1. O

3.3 Bound on the dominating measures
We now prove the following.

Lemma 3.4. For N > 1, let Ky be the measure defined in (3.15). There exists a constant
Co > 0 such that, forall N > 1, forall 0 < s < t and for all $ € S(R® x [0,1]),

(KN, s g¢ @) < ot = s[ (@l |91l + ¢l [1l2) -

Proof of Lemma 3.4. From (3.15),

t N
(s g6 ® ) = / (e [T (oY), 6 ® ).

This is bounded by

du? |t_5|/ / Vsyr(x1,22) sup |p(x1, k)| sup |w(x2,k)|dacldmgnN(SX[(dJra)ua(dT).
0 (R4)2 kel0,1] kelo,1]

(3.16)

We split the integral over  on [0,1/dx] and (1/6n,00). In the first integral, we use the
Cauchy-Schwarz inequality and the fact that

‘/2,7“(‘%1) $2)d$2 = V,?,
R4
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to obtain

J o, Vo) sup (6610 sup (6o, )| derdas < Vi, 161 9]
R €[0,1 €[0,1

In the second integral, we simply use V2 ,(x1, z2) < V,.. As a result, (3.16) is bounded by

18w —(d+a)
4u2|t—s\/0 V2w ™ (dr) | 6ll2 1191l

v / Vi rtin O v (dr) | 6] ||w1}.

/N

In the fixed radius case, clearly the second integral vanishes for N large enough and the
first one is

V2 o83 2853 = V2 < 0.

In the stable case, ny = 1 and

since d > «. For the second integral,
e} oo
(d+a d
V};NréN(dJr )Va(dT') = / V, _a < 00.
1/0n 1

The statement of Lemma 3.4 then follows. O

3.4 Convergence of the semigroups PV:*
Let us begin this subsection by the following observations. Recall the definition of
LN in (3.2). In the fixed radius case, substituting v, (dr) = dr(dr) in (3.2),

£¥24(a, k) = 2 (3, kS B) — 6, B)).

N

Recalling the notation (3.1) and writing a Taylor expansion inside the spatial average,
we obtain (see Proposition B.1)

dS
17 6 = Dagly < ViR T-(6n)? max |59, (3.17)

for any ¢ : R x [0,1] — R which admits continuous and || - ||,-bounded spatial derivatives
of order up to four, where D; is defined as

2

R
'Dg(b = VR

T30 (3.18)
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On the other hand, in the stable case,

o —« > = dr
LYY p(x, k) = by /1 vy (¢($, k,oNT) — éf)(%k)) TTratd
o = dr
= /(SN Ve (fﬁ(%kﬂ’) - (25(937@) Tratd
= [ 95 e = (60 ) = o

with

© Vor(z,y) dr
5 _ 2,’1" b
R e

Hence, from Proposition B.2,

1£4%¢ = Dadllq < Co(dn)*~ max 105¢1l4; (3.19)

for any ¢ : R? x [0,1] — R twice continuously differentiable in the space variable and
such that the right hand side is finite.

Moreover, the operator uD, (or uD-, in the fixed radius case), defined on the set
of twice continuously differentiable functions, is the generator of a Markov process
on RY, denoted by (X2, t > 0), which is Brownian motion in the fixed radius case and

fractional Brownian motion in the stable case. We thus let (Pt(a),t > 0) denote the
strongly continuous semigroup acting on the space of bounded and measurable functions
on R? x [0,1] generated by uD,, — pu, i.e.

P (x,k) = e M E, [$(X7, F)]

for any bounded and measurable ¢ : R? x [0,1] — R and where E, [] denotes the
expectation with respect to the distribution of (X2,t > 0) started from X§ = z.
Using this, we now prove the following lemma.

Lemma 3.5 (Convergence of the semigroups P:®), Forany q > 1, ¢ € E, and for all
t>0,N>1,

1B 0llg < e @llg- (3.20)
Furthermore for any multi-index 3 € N? and ¢ € S(R? x [0, 1]),
195 P 0l < e [[958l4- (3.21)
Finally, there exists a constant C's > 0 such that forall N > 1 andt > 0,

N,« a _
IB6 = P{V6lly < Cote™"(0n)" max 10301l (3.22)

where v = 2 in the fixed radius case and y = 2 — « in the stable case.

Proof of Lemma 3.5. Recall (3.3) and the definition of (XtN’aJt > 0). Since the jumps of
XN« do not depend on its initial position,

E, [¢(X5V=“, k)} — T, [¢(x L xNe k)} : (3.23)
and so, by Fubini’s theorem,
/ E, [¢(XtN = k)] dr = | ¢(x, k)dz. (3.24)
Rd Rd
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Moreover, for ¢ > 1, using Jensen’s inequality in the second line,

1/q
il = ([ o fo ] )

d kel0,1]

<e M (/ E,
Rd

Then, applying (3.24) with ¢(-, k) replaced by SUPke(0,1] lo(-, k)

1/q
N,« 4
sup |p(X, ,k;)‘ 1dm> .

ke(0,1]

9, we obtain

N,« —
12 6llg < e[| llq-
This proves the first part of the statement of Lemma 3.5. Using (3.23) again, we see that

P9, k) = e, [050(X[ K)
= PN0gp(x, k).

Thus (3.21) follows from (3.20) applied to dg¢. To prove (3.22), we note that the above
inequalities also apply to the semigroup Pt(o‘), replacing XtN " by X2, and we let

=PV — PV,
Then
Ontpr = (LN = )iy + u(LN = Do) PV,

Together with ¢y = 0, this implies
t
Y = u/ PN (LN —D,) P ¢ ds.
0
Using (3.20) and the triangle inequality, we obtain

t
|Wt||q < u/ e~ H(t—s)
0

(£~ D) P

ds.
q

Using (3.17) in the fixed radius case and (3.19) in the stable case, we see that there
exists a constant C4 > 0 such that

i
< —n(t=5) 0 (5x )Y H pla) H d
Joll, < u [ eI max 03P s

where v = 2 in the fixed radius case and v = 2 — « in the stable case. Finally, using (3.21)
applied to P we obtain

18l
< uCyte M (5n)" Az .
< uCyte " (0n) lr/gl‘fgill 59|,

t
el < uCi(Bn)" / e~ 1I=5) =5 o 950 ds
0 <4

This concludes the proof of Lemma 3.5. O
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3.5 Convergence of the rescaled SLFV to a deterministic limit

With the above results, it becomes possible to prove the first part of the two central
limit theorems, i.e. the convergence of (p¥,t € [0,T]) to A.
Proposition 3.6 (Convergence to the deterministic limit). Under the assumptions of
either Theorem 2.1 or Theorem 2.3, for any T > 0,

lim E

N—o00

sup_d(p} ,A)] =0.
t€[0,T]

To prove this, we apply the following result, which is adapted from [Wal86, Theo-
rem 7.13]. We detail its proof in Appendix E.

Theorem 3.7 (Adapted from Theorem 7.13 in [Wal861). Let (M~ , N > 1) be a sequence
of worthy martingale measures on R x [0, 1] with dominating measures (Ky, N > 1)
such that there exist Cy > 0 and k > 1 with, forany 0 < s < t, ¢ € S(R? x [0,1]) and for
all N > 1,

k
/ b, k)b (w2, ko) Koy (drdandidadi) < Co [t — 5| S 62, (3.25)
[5,6] x (R x [0,1])2 =

almost surely. Let N : {(s,t) : 0 < s <t} x R? x [0, 1] — R be a sequence of deterministic
functions such that:

i) forany0 < s <t, N >1, 9, € SR x [0,1]),
i) botht — 2, and s — Y, are continuous,

iii) there exist C5 > 0, C¢ > 0 and p > 0 such that, forall N > 1, for all 0 < s < t and
q € [1,k],

[, < Cse=) (3.26)
and, forall0 < s’ <s<t<¢¥,
[ = oll, < Co [t —tle™=2) [lod, — 9|, < Cols’ —sle™=9), (3.27)
Then the sequence of real-valued processes (U} ,t > 0) defined by
UN = / Ny (@, k)M N (ds dz dk)
[0,t] xR [0,1]

satisfies, forallT >0, N > 1,

E| sup ]va|2

t€[0,T]

< CrCyk (C2+C3), (3.28)

where the constant Cr only depends on T. In addition, the sequence (UN, N > 1) is
tight in D(R4, R).
Using this, we can prove Proposition 3.6.

Proof of Proposition 3.6. We first check that the assumptions of Theorem 3.7 are satis-
fied with

oY, = PN

s,t
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Clearly, (3.25) (with k = 2) follows from Lemma 3.4. Conditions i and ii are also clearly
satisfied. In addition, (3.26) follows from (3.20) with

Cs = qg%;i};} ||¢Hq (3.29)

To prove (3.27), write, for ¢t > 0,

t
PNeg_ = / PN (ufN — ) ds,
0

By the triangle inequality and (3.20),
t
1PN 0 = ol < [ 1PN - woluds
0

t
< [ e lwee — pods.
0
Using Proposition B.1 in the fixed radius case and Proposition B.2 in the stable case,

N,ao <
| (ul wollg < Cogﬂ;@ 10591lq:

for some C' > 0. As a result, there exists a constant C; > 0 such that

phNeag < Crt 50|,
P %) — oy < Cr Ogl;gll 594

Then, for0 < s <t < ¢,

N, N,
é\,]t/ - ?,It q = t’—as - t—sOZ q
K% Vorlla = 1Py 50 — P2l

<Cht —t 9PN
< (7| \Ogﬁg@\\ 5P Bl

< COr |t —tle ™5 max ||O
< rlY 1 mas 19561,

where we have used (3.21) in the last line. This proves the first part of (3.27) with

Ce=C 0 : 3.30
O o5 10l 30

The second part is proved in exactly the same way. We can thus combine Theorem 3.7
with (3.29) and (3.30) to obtain

1/2
E | sup ’(ZtN,qb)’z] < (201 Gy (C2 + 062))1/2

t€[0,T]

< C! 9
< Co mos s 0561,

for some Cg > 0 forall N > 1, T > 0 and ¢ € S(R? x [0,1]). Then by the definition of the
metric d in (1.2) and that of ZV, we have

E| sup d(p{¥,))

C
s max - max ||9senll, -
t€[0,T)

=1
< 7° il
- ()2 ,; 2" ge{1,2} 0<|BI<2

But recall from (1.4) that ||9g¢,|l, < C; for alln > 1, ¢ € {1,2} and B € IN? with
0 < |B| < 2. Hence

E | sup d(p},))

te[0,T)

< Cs(Cy
~ (Non)V%

and Proposition 3.6 is proved. O
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Note that, in passing, we have also proved the following.
Lemma 3.8 (Tightness). For any ¢ € S(R¢ x [0, 1]), the sequence of processes
{(Z),¢),t > 0),N > 1}
is tight in D(R+, R).

3.6 Convergence of the martingale measures
The aim of this subsection is to prove the following result.

Lemma 3.9 (Convergence of the martingale measures). The sequence of martingale
measures (M, N > 1) converges in distribution in D(R,,S'(R¢ x [0, 1])) to a continuous
martingale measure M such that, for any ¢ € S(R? x [0,1]),

(M(9)); = t(Qa,¢ @ ).

Lemma 3.9 will result from the following, which we prove below.
Lemma 3.10. For any ¢ € S(R? x [0,1]),

sup | MY (¢) — MY (¢)] 2.0 almost surely (3.31)
t>0 — 00

Furthermore, for any t > 0,
(MY (), ot (Qa,d @ @) in probability, (3.32)
— 00

where @), is defined in (2.10) in the stable case and Qs = Q is defined in (2.4) in the
fixed radius case.

Let us show how this implies Lemma 3.9.

Proof of Lemma 3.9. Lemma 3.10, together with Theorem C.1 (in Appendix C) implies
that, forall ¢ € S(RYx [0,1]), (M} (¢),t > 0) converges to (M;(¢),t > 0) in distribution in
D(R,,R). The sequence (MY, N > 1) is thus tight in D(R,,S’(R? x [0,1])) by Mitoma’s
theorem (Theorem D.1 in Appendix D).

Also, by polarisation, we can recover (MY (¢;), MY (¢;))+ from (MY (¢; + ¢;))+ and
(M~ (¢; — ¢)):, and Theorem C.1 is also satisfied by vectors of the form

(MF (1), MY (1))

As aresult, M¥ satisfies the assumptions of Theorem 3.2, and the sequence (M~ N > 1)
converges in distribution to M in D(R,S’(R¢ x [0,1])). O

We now turn to the proof of Lemma 3.10.

Proof of Lemma 3.10. We first find a bound on the jumps of (M} (¢),t > 0), i.e. (3.31).
By the definition of M?" in Proposition 3.1,

MY ($) — MN(¢) = (Non) 2 (), 0) — (P, 0))
= (NT]N)l/2 (<P%t/5]av7¢N> - <Pé\1f\rt/5;\v,)ﬂ¢N>) )

using the notation introduced in (3.12). By Definition 1.1, if (¢,z9,7) € II,

’<p£V’¢N> - <pi\£»¢N>’ < sup
]{:06[0,1]

/ N (@, K)uNL 5o < (Oko (dK) — ppL (z, dk))da
R4x[0,1]

< 2uy 6% sup |p(ON, k)| 1 |p—py|<rda. (3.33)
R4 kel0,1]
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By the Cauchy-Schwarz inequality,

1/2
5}'{, sup |p(0nz, k)| 1jg_gy|<rdr < ‘/,,1/2 512\,51 sup |p(onz, I€)|2 dx
R ke[0,1] R4 ke[0,1]
< o2V 6l -
Hence in the fixed radius case,

sup [M¥ (9) = MY (9)] < 26V N~ 263020

< 2uV*N7V28x 6], — 0.

In the stable case, we use 1);_;, <, < 1 to obtain

651\7 sup |¢(6N-Ta k)' ]1|acfz7[:o|<7‘daj < ||¢H1
R4 kel0,1]

and so

sup | MY (¢) = MY (9)] < 2uN""2[ ¢y — 0.
t>0 —00

This proves (3.31). For the rest of the proof of Lemma 3.10, we treat the fixed radius
case and the stable case separately.
Recall that

t
@), = [t (o). 6.
In the fixed radius case, this is
t
(MN(9)), = w53 / (TR (p), 6 @ ¢)ds, (3.34)
0

where we define I'"(p) as in (3.5) with v = §,.. Given the definition of [p], in (3.4), we see
that (I'"(p), ¢ ® ¢) contains four terms. The first one is

1
/ / v/ o(x1,k)d(x2, k) p(z, dk)dzdydxidxs
(R4)2 J B(z1,r)NB(z2,r) V7 JB(y,r) J[0,1]
— 1
:Vf/ ¢(y7k77‘)27 p(Z,dk‘)dZdy
R4 x[0,1] Vi B(y,r)

Introducing the notation

1
po(x,dk) := —/ p(z,dk)dz,
B(z,r)

T

this takes the form
‘/;‘2<ﬁr7$('7 T)2>'
The second term in (I'"(p), ¢ ® @) is

1
/ / 7/ / d(x1, k1) d(x2, ko) p(x1, dk1)p(z, dks)dzdydxidao
(R)? J B(w1,m)NB(za,r) Ve J By,r) J[0,1]2
:/ (/ (w1, k1) p(xy, dky)day
Re \JB(y,r)x[0,1]

1
></ / ¢(x2,k2)dx2—/ p(z,dkg)dz> dy. (3.35)
0.1/ B(y.r) Ve [y,
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Now note that

/ (a1, k1) = d(y, k1)) p(x1, dkr)dzr | < Vi max [|956)|oo-
B(y.r)x[0.1] 8l=1

Thus, if one replaces ¢(z;, k;) by ¢(y,k;) in (3.35), the difference between the two
expressions is at most

2rV;? max 1059l |91l

After this substitution, (3.35) becomes
V2 [, O RO R 0k i)y = (5162 6,
R7x[0,1]2

setting

Pr* ﬁr(y? dkldk?) = ﬁr(y? dkl)ﬁ'r(ya de)

We also note that the same reasoning applies to the last two terms in (I'"(p), ¢ ® ¢),
modulo the sign in the front. It follows that

[(T7(p), & @ &) = V2 [P, &%) — (P - Py 0 @ O)]| < 81V max 108000 [|#]]1-

Coming back to (3.34), this implies

<MN(¢)>t - UZVJ%/O [<@6NR7¢2> —{(PY)sxr (P )syrr & @ ¢>} ds

< 8tu’Vi Roy max 1089 lsc 1111,

which vanishes as N — co. By Proposition 3.6, (p¥,t € [0,T]) converges in probability
to A as N — oo. It follows that ((p7")s, .t > 0) converges to the same limit and that

2
(N5 (PN )supi @@ @) — ( ¢(x,k)dk) dz
R4 [0,1]

N—o0
in probability, uniformly for s € [0,¢]. As a result, recalling (2.4), for any ¢ > 0,
(MY(9)), > (Qo@o)t
—00

in probability. Lemma 3.10 is then proved in the fixed radius case.
In the stable case, by the definition of l/(iv ,

t o (e d
(), = [ [ 0w 0y s

_ .2 ! Oorr N dr d
=u ; 5N< (Ps)a¢®¢>m S.

Recall from (3.16) that

706000 <4 [ Varlow) sup [oleh)] sup lo(y. )] dady
(R4)2 ke[0,1] kel0,1]

2
<4V2|9l;-
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It follows that

oN
/ / FT ps (b ®¢> 1+a+dd8 —> O

almost surely. We then prove that

toroe rr N dr toree ” dr
[ [ wedesdoimes = [ [Trwesosime e

in probability. To do this, we first show that the integrand converges. From the definition
of I'"(p), we can write,

(L"(p), ¢ @ @) = V2 {p, (6)2(-,7)) — (p® p, V)

where
W (o a, b k) = o) | By, ks, r)dy
B(z1,r)NB(x2,r)

+ ¢(x2, k2) / Oy, kv, r)dy — ¢(x1, k2)p(w2, k2).

B(z1,r)NB(z2,r)

By Proposition 3.6, pY¥ converges to A in the vague topology in probability and uniformly
for s € [0,t]. Hence pY ® pY¥ converges in the same sense to A\® A as N — oc. As a
consequence, for any r > 0,

! r( N ! T
[eee s = [@.eeoan

in probability. Then, by the bound on (3.16), we can use dominated convergence to
obtain (3.36). To conclude, we note that

FT()\)(CEl, Zo, dk‘ldkg) = ‘/2’7‘(1‘17 .TQ) [dklékl (dkg) — dk‘ldk‘g] .

Integrating over r, and recalling from (2.8) that

> dr
Ka(z,y) =/0 Var (@ 9) e

we see that

@ [ 0).000) g = (Qab @ 0)
This concludes the proof of Lemma 3.10. O

3.7 Proof of the central limit theorems

Let us now prove Theorem 2.1 and 2.3, applying Theorem 3.2 to (ZV, N > 1).

Proof of Theorem 2.1 and 2.3. Firstly, condition i) of Theorem 3.2 is satisfied by Z~
by Lemma 3.8. To check condition ii), let ¢1,...,$, be elements of S(R? x [0, 1]) and
t1,...,tp € [0,T]. We shall apply Proposition E.1, with

FN(s,2,k) = Toey, PN (, k), fils, 2, k) = Toay, P (. k).
Then, by (3.9),
MT (fN) <ZtNa¢Z> MT(fZ) = <Zti’¢i>,
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where (Z;,t > 0) is defined by
(Zy,8) = / P g, k) M(ds da di). (3.37)
[0,t]x R4 x[0,1]

By Theorem 5.1 in [Wal86], (Z;,t > 0) is the unique solution in D(R,S’(R? x [0,1])) to
the stochastic partial differential equation (2.3) in the fixed radius case and (2.9) in the
stable case. The assumptions of Proposition E.1 are then straightforward to check with
the help of Lemma 3.5 and Lemma 3.9. This yields the convergence

(<Zt{\1[v ¢1>> CRRE) <Zi{:7 d)p>) — (<Zt1ﬂ¢)1>a R <thv ¢p>) ) (3.38)
in distribution as N — occ. Hence, by Theorem 3.2, there exists a process (Zt,t €10,77)

with sample paths in D(R,S’(R¢ x [0,1])) such that Z" converges to Z in distribution.
By (3.38), for any ¢1,...,¢, and t1,...,t, as above,

(<Zt17¢1>7 B <th’¢11>> —d (<Zt17¢1>7 EERE) <th7¢p>) )

where =, stands for equality in distribution. It follows that Z =; Z, and we conclude
that ZV converges in distribution to Z. O

3.8 Proof of the central limit theorem in the non-stationary regime with gen-
eral mutation mechanism

Let us finish this section by outlining the main adaptations needed to prove Theo-
rem 2.8. Recall that, between reproduction events,

Pfev(l” )= ﬁN(tfs)PiV(% )
As a result, adapting the proof of Proposition 3.3, we obtain
W=t [ w0 s [TVl Fr) - vatan) ds-+ 1Y),
and (MY (¢),t > 0) is a square-integrable martingale with predictable variation process
WY@ = 1, [ 0000
Since G does not act on the space variable, we have

Go(On+,) = (G9)(On-, ).

As a result, for the rescaled process p{\’, using the notation (3.12) from Section 3.2,

t
(o, 0) = (bt 0) + /0 (P, nG ¢ +ul™p)ds + MYy sq (6). (3.39)

We now let (PtN’O‘, t > 0) be the semigroup acting on continuous and bounded functions
on R? x [0,1] defined by

PO (k) = B [0 K0)]

where XV and K are two independent Markov processes taking values respectively
in R? and [0, 1] and with generators u£"* and pG, and E, 1) [] denotes the expectation
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with repect to their joint distribution, with the initial condition Xév =z and Ky = k. We
then define

pl (x,dk) := (PN*) plY (x, dE). (3.40)

With this definition, for any ¢ € S(R¢ x [0, 1]),

t
. 6) = (ol 6) + /0 (B, 1Gé + ul™N o )ds.

Subtracting this to (3.39) and multiplying by (N7y)'/? yields
t
(2.6) = [ (25,060 +uL s + 21 (0),
0

where we have set MM (¢) = (NUN)l/QM%t/(;X, (én). The predictable variation of M (¢)
is unchanged and is given by (3.14).

Lemma 3.4 does not require any modification, and we can adapt the proof of
Lemma 4.1 to obtain the following, where (Pt(o‘),t > 0) now denotes the semigroup
acting on measurable and bounded functions on R? x [0, 1] generated by uG + uD,.

Lemma 3.11. Forany ¢ € S(R? x [0,1]),t >0, N >1andq > 1,

1Bl < N1¢lg-

Moreover, for any 8 € IN¢,

N,
108 P;“ollq < 1950llq:
and there exists a constant C3 > 0 such that, forall N > 1 andt > 0,

pPNey _ p@g < g
[P — P, ¢lly < Cst (dn) 0§g§4\\3ﬁ¢|\q:

where v = 2 in the fixed radius case and v = 2 — « in the stable case.

With this result, and noting that the definition of p(o‘) in (2.16) is equivalent to
i (, dk) = (P{*)* po(w, dk),
we obtain the following.

Proposition 3.12. Under the assumptions of Theorem 2.8, for any T > 0,

lim E

N—oc0

Nl =o.

sup d(py ,p;
t€[0,T]

Furthermore, if

sup drv (pg (,+), po(,-)) < C(on)7,
zeR

almost surely for some constant C' > 0 where v = 2 in the fixed radius case and y =2 — «
in the stable case and dyr denotes the total variation distance, then for any T' > 0 there
exists another constant, still denoted C > 0, such that, almost surely

sup d(pY,pl™) < C(6n)".
t€[0,T]
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Proof. By the definition of the distance d in (1.2),
=1

pt 7p§a) Z on

- <p§o¢), ¢7z> .

Then, by the definition of p in (3.40) and that of p\*’ in (2.16),

BN, dn) — (B, b0)

S A )

+ (o, PV ) = (oo, P 60)]

For the first term on the right, we use the definition of the norm || -
(1.4) to obtain

¢ Lemma 3.11 and

< |1PN°¢, — P{%yl10
< O3t (On)7CY.

(o PN = P,

For the second term, we note that

(o, P 60) = (o, PV )| < 21 P uls

< 2(Chy,

using Lemma 3.11 and (1.4). As a result, for any € > 0,

sup d(pY,pl™)| < C5C1t(6n)" +¢

t€[0,T]

E

1 a o
+20122,L1P< sup {(p', P 6u) = {po, PV 6n)| >

te[0,T]

In addition, since p{\ converges weakly to p, in probability and Pt(a)qbn is continuous and
bounded, for any € > 0, as N — o0,
s) — 0,

n=1

1P< sup |(pd P 6a) = (po. P 0)| >
t€[0,T]

for each n > 1. Hence, by dominated convergence,

limsup E

N—o0

sup d(p{' ,pia))] <e,
te[0,T]

and the conclusion follows by letting ¢ — 0. The second part of the statement is trivial
since

< sup drv(pd (z,-), po(x, ) [|1PL b1
zeRd

(P, PY%.) — (po, P )

This concludes the proof of Proposition 3.12. O

We can then use Theorem 3.7 as in the proof of Proposition 3.6 to obtain

C

E - -
= o) 72"

sup d(py,p;’)
te[0,T]

for some C' > 0, and (2.17) follows from the above combined with Proposition 3.12.
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The convergence of the sequence of martingale measures (MY, N > 1) is identical to

the proof of Lemma 3.9, replacing the convergence of pl¥ to pga) instead of A and noting

that (2.18) coincides with

2 t > (o) dr
u/o/o (I (ps )7¢®¢>md8~

The convergence of the sequence (Z%, N > 1) then follows exactly as in the stationary
setting. This concludes the proof of Theorem 2.8.
4 Derivation of the Wright-Malécot formula

The aim of this section is to prove Theorem 2.4. Recall that

PN(¢,9) =E [(p) @ py, (¢ @) 1a)],

where ¢ : R* - R, and ¥ : R — R, are two smooth and compactly supported
probability density functions and

Ta(kr, ko) = T, =g,
Since the Lebesgue measure of {(ky, k2) € [0,1]2 : ky = ko } is zero, (A® ), (¢ @) 1a) =0
and this is equivalent to
PN (¢, 9) = (Nuw) B [(2 © Z[, (9 @ ¥) 1a)] - (4.1)
But, by Theorem 2.1 and Theorem 2.3, we have the following.
Lemma 4.1. For any fixedt > 0, and ¢, v satisfying the assumptions of Theorem 2.4,

Jim (Ngn) B (9,4) = B[(Ze @ 21, (0@ 4) 1)), (4.2)

where (Z;,t > 0) solves (2.3) in the fixed radius case and (2.9) in the stable case.

We prove Lemma 4.1 below, but first we make the following observation. By the
definition of Z; and (3.37), for any ¢ € S(R?x [0, 1]), (Z;, ¢) is a Gaussian random variable
with mean zero and variance

[ @a (P0) @ (P0)) s

Using Lemma 3.4 and Lemma 3.5, we see that, as t — oo, this converges to

(9, ¢ @ ) = /O +OO<QQ, (P§a>¢) ® (P§a>¢>)> ds. (4.3)

Hence (Z;, ¢y — (Z, ¢) in distribution as ¢ — co, where Z is a Gaussian random field on
R¢ x [0, 1] with covariation measure QE)?O). It is straightforward to extend this to vectors
of the form ((Z:, ¢1),...,{(Z:, ¢r)) to obtain the following result.

Corollary 4.2. Let (Z;,t > 0) solve either (2.3) or (2.9). Then, ast — oo, Z; converges in
distribution in S'(R¢ x [0,1]) to a Gaussian random field, denoted by Z, with covariation
measure O, defined by (4.3).

The proof of Theorem 2.4 then goes along the same lines.

Proof of Theorem 2.4. From (3.37), we see that

E[(Z ® Z;, (¢ ® ) 1a)] = /Ot<Qa, (Pg%) ® (PS(%) 1a) ds,
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where we have used the fact that, if U(x, k) = ¢(z)h(k), then
P (2, k) = (P ¢(x))h(k).

Since |1a| < 1, we can again use Lemma 3.4 and Lemma 3.5 to show that the above
expression converges to

CENCERINEY) 100 (P90 & (P) 1a) s,

as t — oo. To conclude, we need to show that the right-hand-side coincides with the
expressions given in the statement of Theorem 2.4.

Let us first do so in the fixed radius case. Recalling the notation (2.15), by the
definition of P\, for any ¢ € S(R? x [0,1]),

PP = e [ G~ oty Ky,
R,
Also recall that, by (2.4),
Q(dl’ldkldl'gdk’g) = dscléml (dl‘z) (dk15k1 (dkz) — dkldkz) .

As a result, using the convolution rule for Gaussian kernels,
(@ e ta) =wVi [ [ Gt~y dadyds
0 R:

Then, using [Erd54, p. 146, Eq. 29], for a,p > 0,

(0%

0o v/2
/ efpttuflefa/éltdt -9 (> K, ( /Oép) ,
0 4p

and this yields (2.13).
In the stable case, similarly;,

Fo( k) = [ G =)oty Ry,
R L
where GEO‘) was defined in (2.12). Recalling the definition of Q. in (2.10), we obtain

(QL), (¢ @) 1a)

= u? /(]Rd)4 /OOC e G (@1 — y1) G (w2 — yo)ds Ko (w1, 22)d(y1) ¥ (y2) dar dadyy dys.
We then use the fact that, from the a-stability property of D,
GiY (@) = A~ G ) (Y e), YA >0,
and simple changes of variables to obtain (2.14). O
We now prove Lemma 4.1.
Proof of Lemma 4.1. By (4.1), (3.9) and Proposition 3.1,

t
0

Noy PN (6,0) = E {uQ | e (o), (PY6) o (RY0w) 1A>ds] .
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Combining Lemma 3.4 and Lemma 3.5, we see that there exists a constant C' > 0
(depending on ¢ and ) such that

[T (o), (PY0) @ (BYSw) 1a) = v (o)), (P2)o) @ (P0) 1a)]
< C(6N)(t — s)e 2=,

Furthermore, we can easily adapt the proof of Lemma 3.9 to show that, for any ¢ > 0,

(Qu. (P0) @ (PCw) 1a)ds,

t
N—o0 0

w [ T (o). (P20) @ (PL) Ta)ds —

in probability. Then using Lemma 3.4 and Lemma 3.5 again, we can apply the dominated
convergence theorem to show that this convergence holds in expectation. This proves

Jim Nay P 00) = [ (@, (P10) & (PI) 1a)ds

The result then follows from (3.37) and the definition of the martingale measure M. O

Supplementary Material

Appendix A Wiener processes on R¢ x [0, 1]
Recall the definition of Q in (2.4):
Q(dx1dkydxodky) = u?VAdr10,, (das) (dkidy, (dks) — dkydks) .

Proposition A.l. There exists a Wiener process (W (t),t > 0) taking values in D(R+,
S’'(R® x [0,1])) such that, for all ¢,1 € S(R? x [0,1]),

E[(W(t),o)(W(s), )] =t A s(Q, ¢ @ ).
Proof. By the definition of Q, for any ¢ € L?(R¢ x [0, 1]),

(Q,6® 9) :uQVI%/

2
o(x, k' )dk' | dadk > 0.
R4 x[0,1]

((b(l’, k) -

[0,1]

The corresponding (self-adjoint) covariance operator Q is then given by

Q¢(l‘, k) = UZVI% <¢(x7 k) - (;5(:6, k/)dkl> ,

[0,1]

and the reproducing kernel of (W (t),t > 0) is given by

{¢EL2(Rdx [0,1]) : ¢(x,k)dk:0forallerRd}.

(0,1]

Then, by Proposition 1.4.7 in [PZ14], if (e;,i > 1) is a complete orthonormal basis of
L*(R? x [0,1]) and if (8;,4 > 1) is a sequence of independent standard Brownian motions,
then
W(t) = Zﬁl(t) Ql/Qei
i>1
defines a §'(R? x [0, 1])-valued Wiener process with covariance Q. This concludes the
proof of Proposition A.1. O
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Note that it is easy to construct a complete orthonormal basis (e;,7 > 1) on which Qis
diagonal, simply by taking it of the form e; ; = f; ® g; where (f;,i > 1) (resp. (g;,7 > 1))
is a complete orthonormal basis of L2(R9) (resp. of L2([0,1])) and with g; = 1.

Proposition A.1 is extended in a straightforward manner to Wiener process with
spatial correlations as follows. Recall from (2.10) that, for « € (0,2 A d),

Qo (dzydkyduadks) = u? Cia

u 7d131d132(dk15k1 (dkg) — dkldkg)
21 — 2

Proposition A.2. For any « € (0,2 A d), there exists a Wiener process (W(t),t > 0)
taking values in D([0,T],S'(R¢ x [0, 1])) such that, for all ¢,7) € S(R? x [0,1]),

E[(W(t), 6){(W(s), )] =t A 5(Qa, ¢ @ ¢).

The proof is identical to that of Proposition A.1 and is omitted.

Appendix B Approximating the Laplacian and the fractional
Laplacian
The following was proved in [FP17, Proposition A.2] for functions defined on R¢ and
is easily generalised to functions defined on R? x [0, 1].

Proposition B.1. Let ¢ : R? x [0,1] — R be twice continuously differentiable with
respect to the space variable and suppose that ||03¢|; < oo for 0 < || < 2 for some
1 < q < . Then, forallr > 0,

— d
I8¢, = éll, < 37 max (10501,

If in addition ¢ admits continuous and || - ||,-bounded spatial derivatives of order up to
four;

2
d+2

Hasc,r) ¢ A¢Hq < St 93 (8.1)

In addition, the following was proved in [FP17, Proposition A.3] for functions defined
on RY and is likewise easily generalised to functions defined on R? x [0, 1] (in [FP17], the
result is stated with ¢ € {1, 0o} but the proof also applies to 1 < ¢ < o0).

Proposition B.2. For a € (0,d A 2), let £LV® be the operator defined in (3.2). Let
¢ : R4 x [0,1] — R be twice continuously differentiable and suppose that 104, < oo for
all 0 < |p| < 2 for some 1 < ¢ < co. Then, for all o € (0,2 A d), there exists constants
Cy, Cp > 0 which do not depend on ¢ such that, forall N > 1,

&2l < ca (161, + maliosal, )
and

HﬁN’O‘(b—Da(qu < Cro(0n)*™™ ‘T/glli>§||aﬁ¢||q~ (B.2)

Appendix C Martingale convergence theorem

Here we recall the following result, which can be found in [JS03].

Theorem C.1 (Theorem VIII 3.11 in [JS03]). Suppose that (X;,t > 0), X; = (X},..., X{)
is a continuous d-dimensional Gaussian martingale and that for eachn > 1, (X}*,t > 0)
is a cadlag, locally square-integrable d-dimensional martingale such that:
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i) sup;>g |X[L — XZL_’ is bounded uniformly for n > 1 and converges in probability to 0
asn — oo,

ii) foreacht € Q, (X"™' X™J), — (X' X7J), in probability.

n— oo

Then X" converges to X in distribution in D(R,R%).

Appendix D Mitoma’s theorem

The following result is due to Mitoma [Mit83, Theorem 4.1], and can also be found in
[Wal86, Theorem 6.13].

Theorem D.1 (Mitoma’s theorem). Let (X,t € [0,T]) be a sequence of processes
whose sample paths are in D([0,T],S’(R? x [0,1])) almost surely. Then the sequence
{XN N > 1} is tight if and only if, for each ¢ € S(R? x [0, 1]), the sequence of real-valued
processes {((XYN, ¢),t € [0,T)), N > 1} is tight in D([0,T], R).

Appendix E Convergence of convolution integrals

Let us first give the proof of Theorem 3.7, which is adapted from that of Theorem 7.13
in [Wal861.

Proof of Theorem 3.7. We first extend ¢V to R, x Ry x R x [0, 1] by setting, for s > ¢,
wéﬂ = 1/’2;

Then the extended 1/)N still satisfies i)-iii) with the obvious modifications (in particular
replacing e #(t=5) by e~#max(t=s.0) jn the right-hand-sides in (3.26) and (3.27)). Then fix
T > 0 and define, for ¢ € [0, 77,

VN = / No(z, k)MN (dsdzdk).
[0,T]xRdx[0,1]

Then, by (3.25) and (3.27), for ¢,¢' € [0,T],
N N2 TS N N |12
E[VY v < co [ 30 ol — ol as
qg=1

T

< kCQOGZ/ e*Z,u(t/\t’fs)Jr |t/ _ t‘QdS
0

< KCoC2T |t — 7.

Then, by Kolmogorov’s continuity criterion [Wal86, Corollary 1.2], for all N > 1 and for
any 8 € (0,1/2), there exists a random variable Yy > 0 such that, for all ¢,¢' € [0,7],

VN VN <Yn |t - #° almost surely (E.1)
and, forall N > 1,
E[Y3] < CiikC2CET,

for some constant C;; > 0.
Let (F,t > 0) denote the natural filtration associated to the martingale measure
MN. Then

vl =E[VN|FN].
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It follows that, for all ¢ € [0, T,

|UtN‘ <IE| sup ‘VSN|

s€[0,T

ftN].

Noting that the right hand side is a local martingale, we can apply Doob’s maximal
inequality to write

2
E | sup |UtN|2 <JAE |E | sup |V5N| ]:zjy‘|
te[0,T) s€[0,T]
<4E | sup |[VN[]. (E.2)
t€[0,T]

We then use (E.1) to obtain

sup |VtN| < YNTB + ‘V0N| .
te[0,T]

But, from (3.25) and (3.26),

T k

B[] < [ 3 0] as
qg=1
< CoTkCE.

From which it follows (together with (E.1)) that

1/2

E < (kCyT)"? ((011)1/206T5 + 05) .

sup ‘VtN’Q
te[0,T)

Together with (E.2), this concludes the proof of (3.28).

It remains to prove the tightness of the sequence (UY, N > 1) in D(R,,R). To to
this, we use Aldous’ criterion [Ald78] as stated for processes indexed by R in [JS03,
Theorem VI 4.5]. More precisely, we check that the following two conditions are satisfied.
For T > 0, let 72¥ denote the set of all " -stopping times that are bounded by 7.

i) Forall T € IN*, € > 0, there exist Ny € IN*, K € R, such that

N>Ny = P| sup [UV|>K|<e.
te[0,T]

ii) Forall T € IN*, ¢ > 0,

lim lim sup sup IP(|U§;7U§1| >€):0.
010 N0 Sl,SQGTZ{V:51§32§51+9

Condition i) clearly follows from (3.28) and the Markov inequality. To prove ii), let S}
and S5 be two stopping times in 7'TN such that §; < S5 < 57+ 6. By the optional sampling
theorem,

Us, —Us =E[V4, | Fo] B[V | 73]
=E[Vy -V§ | FEI+E[VE | F& ] -E[VE | F&]. (E.3)
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By (E.1),
Vil — V& | < Ynb”.

On the other hand, by the definition of V7,

E[VY| FE] -E[VE | 7§ ::]f No, (2, k)M™ (dsdxdk).
[Sl,SQ]X]RdX[O,l]

Note that s > 57 in the integral, so the integrand is always stl 5 (z, k). Using (3.25) and
(3.26), we then have

E[[B[vE | 78] -E[V& | FE][’] < Coom

k
Zuwa,&uj

q=1

< C,C2k0.

Coming back to (E.3), we have shown that there exists a constant C'i5 > 0 such that, for
all N > 1,

1/2
E (U - Ul ] < cu (07 +012).
And ii) follows, concluding the proof of Theorem 3.7. O

The following result is adapted in the same way from Proposition 7.12 in [Wal86],
and we omit its proof.

Proposition E.1. Let (M~ ,N > 1) be a sequence of worthy martingale measures on
R4 x [0, 1] with dominating measures (K, N > 1), and which converges in distribution to
M in D([0,T],S8"(R¢ x [0,1])). Suppose that the dominating measures K satisfy (3.25)
for some constant Cy which does not depend on N. Let ( iN,l <i<pN>1)bea

collection of deterministic real-valued functions on [0, T] x R? x [0,1] such that
i) foreach N >1,1<i<pandsc0,T], fN(s,-) € S(R? x [0,1]),

i) suppnsq supsepo. 7y 17 (5,-)llq < 400, forg € [1,k] and 1 <i < p,

iii) there exist f; : [0,T] x R? x [0,1] — R, 1 < i < p, such that, for any q € [1,k],

A}im sup || N (s,-) = fi(s, g =0.
—© s€[0,T]

Then, letting MY (fN) = |,

[0, xR x[0,1] N (s, 2, k)MN (ds dz dk),

(MtN(le)77MtN(f;;V))te[0’T] — (Mt(fl)v'"aMt(fp))te[QT]

N—o0

in distribution in D([0,T],R?), where M;(f;) = f[o HxRax[0,1] fi(s,x, k)M (ds dx dk).

Remark E.2. In [Wal86, Proposition 7.12], the convergence of MN(fiN) is stated in
D([0,T), S’(R%)), and the f" are not assumed to take values in S(R?). Since the
statement is proved by integrating against a test function in S(R?), the content of the
statement is essentially identical.
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