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Abstract

We introduce a family of stationary coupled Sasamoto-Spohn models and show that,
in the weakly asymmetric regime, they converge to the energy solution of coupled
Burgers equations. Moreover, we show that any system of coupled Burgers equations
satisfying the so-called trilinear condition ensuring stationarity can be obtained as the
scaling limit of a suitable system of coupled Sasamoto-Spohn models.

The core of our proof, which avoids the use of spectral gap estimates, consists in a
second order Boltzmann-Gibbs principle for the discrete model.
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1 Introduction, model and results

The purpose of this work is twofold. First, we introduce a spatial discretization of
coupled Burgers equations with an explicit invariant distribution. Second, we show that,
at stationarity and in the weakly asymmetric regime, this model converges to the energy
solution of coupled Burgers equations.

Respect to the first point, the most elementary spatial discretization of the single
component Burgers equations is known as the Sasamoto-Spohn model [23, 25, 30]. Our
model consists in a generalization to the multi-components setting. As we discuss below,
the crucial point consists in providing a careful definition of the non-linear term at the
discrete level to obtain a tractable invariant distribution (see Proposition 1.2 below).

Respect to the second point, the convergence of the Sasamoto-Spohn model to the
Burgers equation in the weakly asymmetric regime was shown in [18] and [21]. Our
main result, Theorem 1.3, is a generalization of the second of these references and, as
such, belongs to a long tradition of convergence results inside the KPZ universality class,
dating back at least to the seminal work of Bertini and Giacomin [4]. We refer the reader
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to [5, 29] for extensive reviews of the literature on the KPZ universality class, including
convergence theorems for several models.

We start with a brief presentation of coupled Burgers equations in Section 1.1. Then,
we introduce our model and state our main result in Section 1.2.

1.1 Coupled Burgers equations

We consider systems of coupled Burgers equations i.e. processes u = (uy,...,uk)
with K > 1 components satisfying systems of stochastic partial differential equations of
the form

K
1
Opup = 5321% + Y T 0u(uiug) + W, 1<k <K, (1.1)

ij=1

where (¥} )i is a family of independent space-time white noises. Here, the space variable
runs either on R or on the one-dimensional torus T.

Coupled Burgers equations first appeared in the physics literature at the beginning of
the nineties in the study of random interfaces [7]. A few years later, they reappeared in
several contexts, including dynamics of crystals [24], magnetohydrodynamics [2, 10, 32]
and sedimenting suspensions [26]. Later, they were used heuristically to compute the
asymptotics of correlations in anharmonic chains [27, 31] and multi-species particle
systems [9]. We point the reader to [31] for a deeper review of the physics literature. As
in the one-component case, coupled Burgers equations can be seen as the evolution of
the slope in systems of coupled KPZ equations.

At the mathematical level, they share the same ill-posedness problems as the usual
one layer Burgers equation, namely, the solutions are distribution-valued, which makes
the non-linear terms ill-defined in principle. They were formalized in the framework
of paracontrolled distributions [16] in [11] on the torus, where it was also proved that,
under the so-called trilinear condition,

Iy, =Tk =T}, (1.2)
they admit the product of independent space white noise as an invariant distribution.
Under this condition, the theory of energy solution, which is the point of view we adopt
in this work, was developed in [20]. Existence and uniqueness is shown on the torus but
uniqueness on the whole line is still an open question. Recently, this theory was applied
to show the convergence of stationary multi-species zero-range processes [3]. We point
the interested reader to [12] for a deeper discussion.

We will state the precise definition of energy solutions of coupled Burgers equations
in Section 2.

1.2 Coupled Sasamoto-Spohn models and main result

First, we recall the one component Sasamoto-Spohn model. This is a spatial dis-
cretization of the stochastic Burgers equation (i.e. (1.1) with K = 1) consisting of a
system of coupled diffusions u = (u;); that satisfy

1
de = §Au] + ij(u) + dfj — dfj_l

where the index j runs either on Z or Zy; = Z/MZ, (&;); is an i.i.d. family of standard
one-dimensional Brownian motions,

Auj = ujr1 +uj—1 — 2uy,
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is the discrete Laplacian and B(u) is a discretization of the non-linear term in Burgers
equation defined as

. 1
B](u) =w; —wj—1 with w; = g(’d? + UjUj41 + U?+1).

This model was introduced in [23] (see also [25]) and further studied in [30]. It is
known that the product of independent Gaussians is stationary. At a first sight, there
would be much simpler ways to discretize the non-linear term. However, this precise
definition seems to be the simplest one such that the product of Gaussians is invariant.
Convergence to the stochastic Burgers equatlon was obtained in [18] and [21] in the
weakly-asymmetric regime i.e. scaling time by n?, space by n and taking e =€, =n -3,

We consider the following generalization: let u = (u1, ..., ux ) be a vector of stochastic
processes, where each uy, = (us,;); satisifies

1 .
duk,j = EAuk,j + ka,j(U> + dfk)j — dgk,jfh ke ZK, J e Zin. (1.3)

As above, Auy ; = ug j41 + Uk j—1 — 2ug ; and (x ;)i ; are independent Brownian motions.
Now, By, ;(u) is a quadratic polynomial in the variables uy ; defined as

Br; = Grkj— Gkj-1,
_ l k—1,k=1 ll/
Grj = opwg;+ E B1.bl, gt E Vkrkg‘*‘ E E Ak Dk j»
= 1€z, €23 ' €T

l’;él

where Z% = Zk\{0}, operations are considered modulo K, and

_ 2 . . 2

Wk,j = g(“k,j + Uk iUk, 41+ U ),

;
bk = o(UkgUisrg + Uk g1t g4),

!
Tk = Uk—ljUk—1j+1,

g 1
Prj = 6(2Uk 1LiWk—1/ j + Uk—1 jUk—1 j41 & Wk—l j+1Uk—1 j F+ 2Uk—1 j41Uk—1/ j+1)-

Remark 1.1. At first glance it would be easier to write )\ifl’ instead of A',:*l’kfl/ above,

but this would complicate the correspondence between our model and the coupled
Burgers equations (1.1). This is discussed in Lemma 1.5 below.

Our model can look overly complicated but, as in the single component case, the
discretization of the nonlinear term has to be carefully performed in order to obtain a
tractable invariant measure. We make the following assumptions on the coefficients,

Br = 2%i4a (1.4)
)\l]z—a,k—a' _ )\Z—a’,k—a _ )‘Zfa_a/ (1.5)
forall k,a,d’ € Zk.
22
Let ux v = (p®%r)®2m, where dp(z) = \/%e*de. We denote the density of px u

by px -
Proposition 1.2. Assume (1.4) and (1.5). Then, the law pk s defined above is invariant
for the dynamics given by (1.3).

This is proved in Section 3.1. The assumptions (1.4) and (1.5) are discussed below in
Remark 1.6.
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We now state our main result. We fix K > 1. Let S(T) denote the space of Schwartz
functions on T and S&’(T) the corresponding space of tempered distributions. Let M =n
and, for each k € Z, define the fluctuation field A}’ acting on test functions ¢ € S(T)
as

) = Y ety whero o = (2)).
nz . n
J€Zn,
Let P,, be the law of the process u = (uy,...,ux) with M = n, €, = n~% and initial

law i ,,. The notion of energy solution alluded in the Theorem below will be properly
defined in Section 2.

Theorem 1.3. Assume (1.4) and (1.5) and letT > 0. Then, if M = n and ¢,, = n‘%, the
sequence (X™),, converges in law in C([0,T],S'(T)¥) to the unique energy solution of
the coupled stochastic Burgers equations

1
Opu = 507 + 0 Bi(u) + 0: Wk, k € L, (1.6)
where #4, ..., Wk are independent white noises and
By (u) = akui + Z {BiukukH + Véui_l} + Z Z )\Z_l’k_l U —Uf—1 - (1.7)
leZ3, lEZ3 1V eZ,
U'#l

The scaling in the definition of the fluctuation field corresponds to a diffusive regime:
time is sped-up by n? while the mesh of the discrete torus Z,, is set to % As, at each fixed
time, the uy, ;’s are independent Gaussian random variables, the pre-factor n /2 insures
that the sum is order one. The strength of the asymmetry ¢, is then carefully tuned
so that the discrete non-linear terms converge to the non-linear term of the coupled
Burgers equations.

As usual in this setting, the central ingredient of the proof is a certain second order
Boltzmann-Gibbs principle (see Theorem 4.3 and 4.4). This technique originated in [13]
where energy solutions for the one-dimensional Burgers equation were introduced. Our
approach to the proof of this result is inspired by [15], [21] and [22], and avoids the
use of spectral gap estimates. However, we adopt a slightly different though equivalent
path to construct the quadratic term in the continuum which allows us to give a much
simpler proof. This is briefly discussed in Remark 2.5. Convergence to coupled Burgers
equations for multi-type zero range processes was obtained in the recent work [3].

Remark 1.4. Our techniques can be easily extended to the whole line Z with mainly
notational modifications, showing tightness of the fluctuation field and that any limit
point is an energy solution of the coupled Burgers equations. However, the uniqueness
of energy solutions is not yet proved in this setting.

Note that our way of writing the coupled Burgers equations in (1.6) is equivalent
to (1.1) once we make the identification

_ 1k Br _ vk I _ 1k k—Lk—l' _ 1k
ap =Ty, o = Dyt e =Tiies Mg =y i prv-

Our assumptions on the coefficients of the model are in fact equivalent to the trilinear
condition.
Lemma 1.5. The trilinear condition (1.2) and conditions (1.4)-(1.5) are equivalent.

The proof is deferred to Appendix A. In particular, this shows that any system of
coupled Burgers equations satisfying the trilinear condition can be obtained as the
weakly asymmetric limit of suitable coupled Sasamoto-Spohn models.
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Remark 1.6. The trilinear condition (1.2) was considered in [11, 20] to guarantee
that the product of independent white noises is stationary for the coupled Burgers
equations. As seen in [3], it also follows from scaling limits under natural assumptions
at the level of the discrete process. In our case, (1.4)-(1.5) arise as a set of algebraic
conditions allowing us to verify the hypothesis of Echeverria’s criterion when the product
of independent Gaussian variables is taken as a candidate for invariant distribution, a
choice that is justified by the well-known fact that the product of independent Gaussians
is invariant for the single-component Sasamoto-Spohn model. While the precise physical
meaning of (1.4)-(1.5) remains unclear, it is natural to expect that some condition on the
coefficients is required to maintain the whole system of equations in equilibrium. For
instance, the relation 3}, = 2}, guarantees that, when a quadratic contribution in uy, is
added to the equation for uy4;, a suitable term depending on uy4; is introduced in the
equation for uy.

1.3 Related problems

In this work, we prove the convergence to the energy solution of coupled Burgers
equations in the weakly asymmetric limit for a very natural discretization which extends
the usual Sasamoto-Spohn model to the multi-component setting. While convergence to
the single-component Burgers equation has been obtained for several models (see the
many references above), the first example of convergence to coupled Burgers equations
was only recently obtained for multi-species zero-range processes in [3].

It is expected that coupled Burgers equations should arise as the scaling limit of a
variety of weakly-asymmetric models with more than one conserved quantity, as opposed
to the single conservation laws satisfied by many standard models such as the exclusion
process. Consider, for instance, the Markov process {u;(t) : t > 0, j € Z,}, with state
space R%» and generator given by L = S + ¢, 4, where

Sf(u) = Z(f(uj’”l)*f(U)),
Af(w) = Y (V' (w31) = V'(1)) 9, f(w).

J

Here, /1! is obtained from u by exchanging the values of u; and u;1, d; denotes
the partial derivative with respect to u; and V : R — [0, 00) is a suitable potential
(for instance, V(z) = %xQ). We refer the reader to [12] and references therein for a
deeper discussion of this model. It is standard to show that this process admits product
stationary measures. Furthermore, it can be proved that the two quantities

Yo Y Vi),

J€Ln J€Zn

are conserved by the dynamics. An interesting open problem consists in obtaining the
joint scaling limit of the fluctuation fields corresponding to (u;); and (V(u;)); under
suitable scaling of space and time, and under a suitable choice of the asymmetry
parameter ¢,. As explained in [12], the precise choice of meaningful fluctuation fields
is in fact a delicate matter. A variety of possible limiting equations is discussed in [12],
along with a thorough discussion of the available literature.

On a different vein, we note that the theory of energy solutions can be applied beyond
stationarity [20]. It is therefore natural to seek for extensions of our main result to
more general initial conditions. Such extensions could also be attempted within the
framework of paracontrolled distributions, the point of view adopted in [11]. Contrarily
to the single-component case, it is unlikely that general systems of coupled Burgers
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equations can be related to the stochastic heat equation via a Cole-Hopf transformation,
a cornerstone of the approach initiated in [4], which would then be unavailable in the
present setting. Moreover, discrete versions of the Cole-Hopf transform are not currently
available for the Sasamoto-Spohn model, even in the single component case.

1.4 Structure of the article

We start by providing the precise definition of energy solutions in Section 2. Then, we
introduce the coupled Sasamoto-Spohn models along with some of their basic properties
in Section 3. Our core estimates are proved in Section 4. In particular, the second order
Boltzmann-Gibbs principle is proved in Section 4.3. As far as we know, we provide the
simplest proof of such a result in the literature.

In Section 5, we prove the tightness of the fluctuating field by showing the tightness
of each term in the martingale decomposition given in Section 3.2. In Section 6, we
identify the unique limit point. Finally, the two appendices contain the proofs of the
equivalence between conditions (1.4)-(1.5) and the trilinear condition, and a key identity
in the proof of stationarity, respectively.

1.5 General notations

We work on the torus T = R/Z. At the discrete level, we write Z,, = Z/mZ and
Zr, = Z,,\{0}. We denote by S(T) the space of Schwartz test functions on T and by
S'(T) the space of tempered distributions. For n > 1 and a smooth function ¢, we define
©F = @(L), V' =n(pf 1 — ¢}) and A" = n2(90§?+1 + ¢} 1 — 2¢7). We also define

&) = [ Pade. &)= 3 vk

jeZ’!L
for o € L%(T) and ¢ € I?(Zy,) respectively and, with a slight abuse of notation,

Enlp) = 3 (1)

J€Ln

for ¢ € L*(T).

We denote by % the space of twice continuously differentiable functions from R*"
to R with polynomial growth of their derivatives up to order two, where we identify
REM with R%x*%m  For a function g : REM — R, we denote by supp (g) the smallest set
S C Zy X Zjs such that

if uy ; = g, ; for all (k,j) € S.

We denote by P,, the law of the process u = (uy,...,ux) with M =n, e, =n~
initial law uk ,, and we let If,, denote expectation with respect to IP,,.

As usual, C' denotes a constant which value can change from line to line.

1
2

and

2 Energy solutions of the coupled stochastic Burgers equation

The theory of energy solutions for the (one-layer) Burgers equation originated in [13]
and was subsequently developed in [17]. Uniqueness was proved in [19] on the whole
line. The corresponding result in the multi-component setting on the one-dimensional
torus was provided in [20]. Below, we follow the exposition given in [3], which is
equivalent (see [15] for the one-component case).

The theory of energy solutions has been extremely successful to show convergence of
stationary discrete models to the Burgers equation. See for instance [6, 13, 14, 21, 22].
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We recall the system of coupled stochastic Burgers equation,

K
1
Oy, = iﬁiuk + > TF 0u(uiuy) + 0¥k, 1<k <K, (2.1)
i,j=1

where the initial condition is taken as the product of independent space white noises on
the one-dimensional torus.

We start with two definitions:
Definition 2.1. We say that a process {u; = (u1¢,--- ,ux,.) : t € [0,T]} taking values
in C([0,T),S'(T)¥) satisfies condition (S) if, for all t € [0,T], the S’(T)-valued random
variables {uy ;}rez, form a family of independent white noises of variance 1.

For a process {u; : t €[0,T], 0 < s <t < T} satisfying condition (S), ¢ € S(T) and
e > 0, we define

e (0) f fT U o ( L_g (z) u] (L_g(o:))argo(x)dxdv, ifi # j,
s,t (<,0) ? — ioe
f Jp i (Ve (2))ui (42 (%)) Opp(2)dadv,  ifi = j,

where Z(x) = iﬂ(z—az] and Q(IL‘) = éﬂ(m’z+5].

Definition 2.2. Let {u; : t € [0,T]} be a process satisfying condition (S). We say that
{uy : t €10,T)} satisfies the energy estimate (EC) if there exists a constant x > 0 such
that, forany ¢ € S(T), any0 < s<t<Tandany0<od<e<1,

E |40 (0) — A% ()| < w(t - 5)e€ (D 2.2
s,t ((P) s,t (@) — ‘%(t 5)6 ( T@)? ( . )

foralli,j € Zg.

Conditions (S) and (EC) are the key to define the quadratic term. The following
corresponds to [13, Theorem 1] in the multi-component context. The proof is identical.
Theorem 2.3. Assume that {u; : t € [0,T)} satisfies (S) and (2.2) for some i,j € Zk.
Then, there exists an §'(T)-valued stochastic process {A; : t € [0,T]} with continuous
paths such that N

AEZ’J)( ) = lim AE (w)( ),

e—0
in L?, for any t € [0,T] and ¢ € S(T).
In this way, all the components of the quadratic term are well-defined for processes
satisfying (S) and (EC). We can now state the definition of energy solutions.
Definition 2.4. We say that {u; : t € [0,T} is a stationary energy solution of the coupled
Burgers equations (2.1) if

e {u; :t € [0,T]} satisfies (S) and (EC).
e Forall p € S(T), for all k € Z, the process

1

t
wel) = o) = 5 [ s (@Eods = Af(e),

is a martingale with quadratic variation t€(0,), where
Z F ,J)
3,j=1

the processes Aff’ are given by Theorem 2.3 and (T'¥ )l .k are the coefficients
from the coupled stochastic Burgers equations (2.1).
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¢ The time-reversed process i = {ur_; : t € [0,T]} satisfies that, for each k € Zk
and ¢ € S(T),
1

t
i) = o) = 5 [ s (@Epds + (o)

is a martingale with quadratic variation t£(0,) in the filtration generated by 1,
where A; = Ar — Ar_y.

Existence and uniqueness of energy solutions are proved in [20].
e,(i,1)

Remark 2.5. Our quadratic term A
which is usually defined as

E(” //u“, 12 ()20, (x)dxdv.

However, it can be showed that lim._, A}’ D fim, A;'"". This can be seen, for
instance, by combining our second-order Boltzmann-Gibbs pr1nc1p1e Theorem 4.3 with a
version of the corresponding result in [21] in the multi-component setting, and taking the
weakly asymmetric limit. The required modifications of Theorem 2.3 are straightforward.

is slightly different from the standard one,

e,(,1)

3 Coupled Sasamoto-Spohn processes

3.1 The generator and the invariant measure

Let ¥ be the space of twice continuously differentiable functions from RX to R
with polynomial growth of their derivatives up to order two. The following lemma follows
from a simple application of It6’s formula.

Lemma 3.1. The generator of the dynamics (1.3) acts on € as

1
= 3 Y LS00 Gk~ ) P~ Ohg) By (1) ().

k€ZKk jEZM
(3.1)

12
We recall that px pr = (p®%%)®%m, where dp(z) = \/%e*de. It is a standard fact
that we have the integration-by-parts formula

[ at@iota) = [ 0.5(@yipta)

for all f € C'(R), such that f and 0, f grow polynomially. We also recall that the
coefficients of the model (1.3) are assumed to satisfy conditions (1.4)-(1.5), namely,

a __ a k—a,k—a’ _ \k—a',k—a _ \k,k—ad’
BE =290 A — A —

forall k,a,d' € Zk.
Lemma 3.2. Assume (1.4)-(1.5). The adjoint of the generator L in Lz(,uK,M) is given by
1
=> > { (Okj+1—0k,5)% = 5 (kg1 = tkj) (O 1 —On.j) —ﬁBk,j(U)ﬁk,j}f(U)-

k€Zk j€EZ N

Proof. First, we compute the adjoint of J; ; in LQ(M K, M). Let f and g be twice differen-
tiable. Then,

[ ettt = [ ot {atuom
= —/]RKM S (W) 5 (g(w)pre,na (w))du
= / f(u){(_ak,j + uk,j)g(u)}dMK,M(u)~
.
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We conclude that J;; ; = —0k,; + uy,;. Hence,
(O 41— 0k,3)*)" = (Orjr — Ok g)")
= Oy = Ok + e jsr — uk)?

(3k g1 = O)? F (Org — Onejn) (k1 — ui )
— (Ukj41 — Uk ) (Ok i1 — Ohg) + (Unj1 — ukj)*.

On the other hand,
(Ok,j = Ok 1) (i1 — ung) f(w) = =2f 4 (urj+1 — Ur,j)(Or,j — Ok,j11) f(w).

Combining the last two displays, we conclude that

((Or,j1 = Ok,5)?)" = (Ok a1 — On ) — 2(ukju1 — i) Ok ja1 — Ok ) + (U jr1 — uk,;)? — 2.

Next,

((wkjr1 = Uk ) Ok j+1 — Ok 3))" = (Okjr1 — Ok )" (Uk j41 — uk ;)"
= (Ok.j = Okjr1 + Uk jy1 — Uk j) (Uk j41 — Uk )
= =2+ (up 1 — k) (Oj — O jyr) + (ukjp1 — ur )’

Finally,
(Br.j(w)Ok,;)" f(u) = 0 (B (u)) f(u)
= (=0Ok.j + unj) Brj(u) f(u)
= —(Ok,jBr,j(u)) f — Bk,j(w)0k,; [ + up,j B j(u) f(u).
Putting the above computations together, we obtain

1
= 3 3 {50~ 00— Sk — )@k — Oeg) — By ()

k€ZKk jEZ M

(=0 B (W) + e Brog () | £ (),
We conclude the proof by noticing that

> D e(=0k;Brj(u) + uk ;B j(w) =0,

k€Zk jE€EZ
which is the object of Lemma 3.3 below. O
The next lemma summarizes a key identity in the proof above and will be used once
again in the proof of stationarity of the Gaussian distribution.
Lemma 3.3. Let By, ; be defined as in Section 1.2 and assume (1.4)-(1.5). Then,
> Y (ukBrj(u) — 0k Brj(uw) =0.
k€Zk jE€EZ

The proof is deferred to Appendix B.
Now, we introduce the operators

§fw) = “2E )

= Z Z {;(@mﬂ — Oj)? - %(uk,jJrl — ;) (O j+1 — 3k,j)} f(w),

k€ZKk jEZM
(3.2)
L
Af(u) = = > > B (W, f(w), (3.3)
k€Zx jE€EZ M
EJP 27 (2022), paper 96. https://www.imstat.org/ejp
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which correspond to the symmetric and anti-symmetric parts of L with respect to px ar.
Their adjoints are simply given by

We can now prove Proposition 1.2. We formulate it once again for the convenience of the
reader.

Proposition 3.4. Assume (1.4)-(1.5). The measure i, s is invariant for the dynamics
(1.3).

Proof. The lemma follows from Echeverria’s criterion ([8], Theorem 4.9.17) once we
show that

[ o T asta) =0

for all f € ¥. We will prove this for the symmetric and anti-symmetric parts of L
separately. First,

[ Stduent) = [ sipeatdn= [ 508 ol

REM

where ST is the adjoint of S with respect to the Lebesgue measure on RX. Using
standard integration-by-parts, one can easily show that

STf(u) = % S kg1 = 03) + (kg1 — k) Ok jir — Org) + 2} f(u).

k€ZK jEZ

A tedious but rather straightforward computation then shows that STpK v =0. As a
result,

/]RKM Sf(u)dpg a(u) =0,

forall f € €.

We now prove the corresponding identity for A. This time, it will not hold that
ATPK,M = 0 in general and the argument relies heavily on the explicit structure of the
non-linear term. Using standard integration-by-parts,

/IRKMAfdMK’M B 6/]RKM D> > Bij(wh f(w)dps(w)

k€ZKk j€EZm

- € Z Z /RKMBk,j(U)PK,M(U)ak,jf(u)du

k€ZK jEZ N

- Y ¥ /R £ ()05 (B () prc ar ()} du

. KM
k€ZK jEZ M

= > > /RKM f(w) {0 j By,j(u) — ug, ; By,j(w)} pre, v (w)du.

k€Zk jE€EZ

An application of Lemma 3.3 then shows that

/ Af(u)dpg p(u) =0,
]RKM

forall f € ¥. O
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3.2 The Martingale decomposition

Let ¢ € S(T) be a test function. Remember that the fluctuation field is given by

Xl (o Zukjtn )py, k€ Zk,
" jez,

where it is understood that uw corresponds to the solution of (1.3) with € = n~3. We

decompose X,:jt(@) into its symmetric, anti-symmetric and martingale parts defined as

ste) = [ msaos= [ D3 wsntiaryg

J€EZn
k() = / n?AX] (p)ds = — /ZGkan )V lds,
JELn
ka(0) = A(p) = Xio(p) = Siule) — ALi(0),

respectively. Note that the martingale part of the dynamics is explicitly given by

/ S (07 — @) (5),

JEZLy,

and has quadratic variation

1
(M (9)e = t€a(V"6"), where £,(V"o") = = 3 (V"¢")"

JE€ZLn,

4 Dynamical estimates

The goal of this section is to prove the second order Boltzmann-Gibbs principle
(Proposition 4.3), which is our main technical estimate. This will be a consequence of
the one-block estimates Lemma 4.1 and 4.2. We start by recalling some general results.

4.1 The Kipnis-Varadhan estimate

We recall the Kipnis-Varadhan inequality in our context: there exists C' > 0 such that

/F u(sn?))ds

where the ||-||_, ,-norm is defined through the variational formula

sup < OT|IF()|Z, .

0<t<T

7l

£, = sup {2/ F(u) f(u)dpr a(u) + nz/ f(U)Lf(U)dMKM(U)}
fe€ REM

REM

where we recall that % denotes the space of twice continuously differentiable functions
from RXM to R with polynomial growth of their derivatives up to order two. The proof
of this estimate in our context can be obtained by a straightforward adaptation of [19,
Corollary 3.5]. Now, using the definition of S and A, we can see that

/ f)Lf(u)dux = / F(u)Sf(u)dpg ar.
]RKJ\/I ]RKIM

Using Gaussian integration-by-parts, one can show that the above is equal to

9 Z Z / (O 1 — O j) f () dpre ar (u) =: *%DM,K(f),

kEZK JE€EZMm
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where Dy k(f) corrresponds to the Dirichlet form of L. This way,
n2
1Pl =supd2 [ P - 5Da(f) i
fe€ REKM

4.2 The one-block estimates

We prove the key estimates in the proof of the second-order Boltzmann-Gibbs princi-
ple. We define

N\H

l =

I _
E , Uk,j+q> %k,j =7 E Uk,j—q-
q=1 q=0

We also define the canonical shift 74 juy ; = uy,; ;47 acting on functions as 7 ; f(u) =
f (T u).

Lemma 4.1 (One-block estimate - forward version). Let 1 <1 < & and let g : R"M — R
be a function with zero mean with respect to iy such that Supp( ) does not intersect
{(0,1),...,(0,0)}. Let gx,; = g(7&,ju). Then, there exists a constant C' > 0 such that, for
all p € 12(Zyy),

tld
<C— ||g||L2 (urean)En(©);

2
/ ds Y grj(sn®)[ukjar(sn®) — Wh ;(sn?)]g;

J€Znm

where d denotes the diameter of the support of g.

Proof. Let y; = %,i:07...,l—1. Then,

l
1
L
Uk ji1 — Uk = 7 > (U jr1 — Uk, jig)

q=1

1 I qg—1 1 — 1

= 7 (Uk j+i — Uk j+1+1 7 g E Uk,jJri - uk,j+i+1)

q=11=1 =1 q=1

-1

= > iUk jri — Uk jrit1)-

Hence, writing p := j + 4,

-1

Z 91,05 (Un g1 — Uk ;) = Z 9k, Pj Zd)i(uk,j—o—i — Uk jrit1)

JE€EZMm JE€EZMm =1

-1
> (Z wi@p—igk,p—i> (Wkp — Uk,pt1)

D =1

= Z Fp(ukyp — uk7p+1).

p

Now, for f € ¥, using Gaussian integration-by-parts,

/ Z Ik,iP5 (Wk,j+1 — 7gc,j)fd,UK,M

]GZM

/]RKM zp: p(Ukp = Uk pi1) fdpre

EJP 27 (2022), paper 96. https://www.imstat.org/ejp
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B 2/ > FoOkp = Onper) fdprc
REM >

/ Z{Ong ((Ok,p — Ok, p+1)f)2}dMK,M’
RK]Vf

by the weighted Young’s inequality. Taking o = we find that the above is bounded by

7L2'

2 n?
3 Z/}RKM Frdpg,n + > > /]RKM((ak,p — Op1) f)dpirc v
p P

By the Kipnis-Varadhan inequality, there exists C' > 0 such that

Ct ,
< EZ/ deﬂK,M-
p

' 2
Ed|| [ ds 3 guslomlunsealon) - T (sl

0 JE€EZ

REKM

We are then left with estimating the right-hand side above:

-1 2
Z/KM ng'uK’M - Z/KM (Zwigap—igk,p—z) ik -
p R p 'R i=1

Observe that, as supp (g) N {(0,1),...,(0,1)} = 0, it holds that, if d denotes the diameter
of supp (¢) and if |j — j'| > d, then g ; and g; ;- are independent. Assume first that
d < l. Denoting a; = ¥;p—igk,p—i, decomposing | — 1 = md + r with 0 < r < d and using
Jensen’s inequality, we have

En [F] =

z=02'=0 i=md+1

d—1m—1 -1 2
<om, (z S e ) 2, ( > )|
z=0 z’=0 i=md+1
d—1 m—1 2 -1
S QdZEn < Z azm+z’+1> + 27"]En Z az2‘|
z=0 z'=0 i=md+1
d—1 m—1 -1
= 2dz ]En Z a§m+z/+1 + 2T]En Z a?]
z2=0 2'=0 i=md+1
-1 -1
< 2dE, Z aﬂ =2dE, | ) w%iigim}
7 =1

-1
<2dz% i gkp i —QdZ‘pP ’HQHL?‘(MKM)’

i=1

where we used that ¢; € [0,1] in the last inequality. If d > [, we use the crude bound
F2<2d307) ©>_i9r i In any case,

-1
t ) 2td ) )
= Z/RKM Fdurnn < T332 Op-illalliauen
P

p =0

2Uld <~ 5, o
< Sr 22 M9 e
J
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2tld ,, | o
< T||9||L2(HK,M)5n(<P)-

This finishes the proof. O

Lemma 4.2 (One-block estimate - backward version). Let1 < [ < % andletg: REM - R
be a function with zero mean with respect to u such that supp (g) does not intersect
{(0,-1),...,(0,-0)}. Let gx,; = g(7x ju). Then, there exists a constant C' > 0 such that,
for all ¢ € I>(Z),

2
t
tid
< 2
En / ds D g g(s0)uk i (sn®) = 5 (s0”)ps| | < O ZllglEa gy ) En(9)-
0 jezZu
Proof. The proof is completely analogous to the proof of Lemma 4.1. O

4.3 The second order Boltzmann-Gibbs principle
We now prove our main estimates.

Proposition 4.3 (Second-order Boltzmann-Gibbs principle). Let 1 <1 < % There exists
a constant C' > 0 such that, for all p € 1*(Zyy),

En,

/0 ds 3 g (smungea (sm) — T4 (sm) T4 (5m)]ios

JE€ZMm

Proof. We use the factorization
l l l ! l
Uk,jUk,j+1 — vk,jﬁlm = up j(Uk jy1 — 7k,j) + 71@(“1@1’ - %k,j)'

We handle the first term with Lemma 4.1 with g ; = u; ; and the second one with
Lemma 4.2 with g, ; = 72 ;- noting that the diameter of the support of u;, ; and 72 ;is1
and [/ respectively, and noting that

2 log2 1
”uk’j”Lz(/‘K,M) =1, ||7k,j||L2(HK,M) - j =

Proposition 4.4 (Second-order Boltzmann-Gibbs principle for crossed terms). Let [ > 1.
There exists a constant C' > 0 such that, for all ¢ € I>(Zys) and k # k,

2

B | [ s 3 b tomug, (om) = Wy 1 (sm T,y (ol | | < CTLE().

JE€Zp

Proof. This time, we use the factorization
_ l l — (- . — 7L L 7!
Uk, jUE,5 — k,jqﬁk,j_l = uk,;(ug 7“_1) + 7;@7]-_1(1%7] 71@4‘71)7

and proceed as in the proof of Proposition 4.3. O

5 Tightness

In the following, we will use Mitoma’s criterion [28]: a sequence of random distri-
butions (v"),, is tight in C([0,T],S’(T)) if and only if v"(y) is tight in C(]0,T],R) for all
p € S(T). We will show tightness of the symmetric, anti-symetric and martingale parts
separately. We fix ¢ € S(T') for the remainder of this section.
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5.1 Martingale term

We recall that (M} (¢))r = t&,(V"¢™). From the Burkholder-Davis-Gundy inequality,
it then follows that

P
2

En [[M74(0) = MEL(@)] < CEn (MR (0))E] = Cylt = 5)EEa (976,

for all p > 1, some constant finite constant C}, > 0. Tightness then follows from
Kolmogorov’s tightness criterion by taking p > 3.

5.2 Symmetric term
This term can be handled by an L? estimate:

¢ — sl

En[ISE4(¢) = Sta(9) En(A"e"),

Z ug j(Tn? A"cp"dT‘ }
JE€Zar

1
2nz |

where we used Jensen’s inequality and the fact that {uy ; }jez,, is an ii.d. family of cen-
tered Gaussian random variables. Tightness then follows once again from Kolmogorov’s
criterion.

5.3 Anti-symmetric term
We state our main estimate on the anti-symmetric part.

Proposition 5.1. The anti-symmetric part of the dynamics satisfies
2 3
En[|Bia(e)|’] < Ctt.

for every p € S(T). Furthermore, each term in By, ;(¢) satisfies the same bound by itself.

The rest of this section is devoted to the proof of this proposition. Recall that

=By () / Z Gy, j(sn )V"gp”ds

0

JE€EZMm
—ozk/ Z wg; ( sn?)V"p ds—|—Zﬁk/ Z b (sn? V”go"ds
0 JE€EZM q#0 JE€Z M
=Wi L (e) =By { ()
DI AP DENEELEIES 3 ol LT
q#0 JE€Zm a#0 ¢’ #£0 JE€ZMm
7 d'#a -
=Ry (#) =P ()

We begin with a lemma which will allow us to switch from terms involving uk to terms
involving wy jug, j+1, to which we can apply the second-order Boltzmann- GlbbS principle.
This will not be needed for products of terms depending on different components of the
process.

Lemma 5.2. Let

Yy (e / Z %{Uk] sn )ukﬁ_l(sn )—u,”(sn —|—1}ds (5.1)

JE€Z M

There exists a finite constant C' > 0 such that
n 2 Ct
o [V ] < ZEale). (5.2)

In particular; Y,gft(ap) goes to zero in the ucp topology.
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Proof. Using integration by parts,

/ Z @ (ks j Uk, j+1 — uk] )fdp = / Z ©j(Uk j1 — g j)u,j fdp

JE€EZMm JE€EZMm
/ Z @5 (Ok,j+1 — On,j) (.5 f)dp
JE€ZMm
/ Z <pj{uk,] ak,]+1 ak,]).f f}d/.t
JE€ZMm
Hence,
/ > i{unjur e —uj ; + 1} fdp = / > pjuri(Okj41 — Ok j) fdp.
J€Znm JE€EZ N

By Young’s inequality,

/ Z ;i {t,juk,j+1 — +1}fdu—2/ Z @ik, (Ok,j+1 — Ok,j) fdu

JE€Z M JE€EZ

/Z{oap Ui + (ak,JJrl i) f)? du

J€Znm

/ Z{ 290 ((ak,gﬂ i) f)? }dp

J€Znm

= 2 “r* Z / ((Ok,j1 — ak])f) dp,

JE€Znm

by taking o = % and using that uy ; ~ N(0,1). The estimate (5.2) then follows from
the Kipnis-Varadhan estimate (Section 4.1). We then obtain the convergence to 0 in ucp
topology by Chebyshev’s inequality. O

This means that we can switch the term wy ; in the anti-symmetric part of the
dynamics by uy jug, ;+1 modulo a vanishing term. Note that, as we apply the previous
lemma to a gradient, the constant term 1 in (5.1) will disappear. Hence, to handle the
term W}, (i) it is enough to prove the tightness of

Wkt / Z uk] sn® U ]+1(STL )V” ds.

JE€Znm

From the Boltzmann-Gibbs Principle (Proposition 4.3), we have that

VV“ /0 Z %,” (sn? kj(sn )WVlds

JE€EZ M

2
E, 1 < c%lgn(vw“). (5.3)

2 2
] <t°E, o5 ]

Next, as in the proof of Lemma 4.1, a careful L? computation, taking dependencies into
account, shows that

On the other hand, by Jensen’s inequality,

> Tk, O )V

JE€EZy

k g (sn*) Wt j(sn2)V"gz)?ds

JGZM

> k0T 0V )

JE€Znm

2
] < %sn(vnw).
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Hence,

2
2
] < il lnﬁn(vnw")- (5.4)

/Z%M sn? ,”(sn)V” "ds

JE€Z M

Combining (5.3) and (5.4), we obtain

2
E, (#)

2
n l

for some finite constant C' = C(¢) > 0. If tn? > 1, we choose [ ~ v/tn, which yields

2

E, |[W,.(p)| | <C#/2

For tn? < 1, a crude L? bound gives

T

< OPnE,(Vel) < Ct32E, (Vo).

E, Z ug,;(sn)ug j+1(sn)V"g0"ds

JEZM

W, ()

This shows that (sz,t(cp))n is tight.

We now consider the terms R;’/. We use the Boltzmann-Gibbs Principle (Proposi-
tion 4.3) once again to obtain

. 2
/ D kg (507 kg j41(sn®)V Y / D Wy (sn®) W (sn®) V@) ds ]
0 jezn J€ZMm

and follow the same process as before. This yields the tightness of (R}’/(¢)),, for every
q#0.

For the terms B}/ (¢) and PZf’q/ (¢), we use the Boltzmann-Gibbs Principle for crossed
terms (Proposition 4.4) to obtain

E

tl

¢ n, .n tl n, .n
/ ds Z [uk7j(8n2)ul_f,j(sn2) —727]._1(an)ﬁﬁaj_l(an)W @J S ngn(v ¥ )a

0 JE€EZy

for all k # k’. Noticing that

kj L (sn? 72] L(sn? )Vl

o

2
<C{ tn}7
n l

from which we get the tightness of (B}}(¢)), and (PZ_’?’q,(ga))n following the same
process we used for W};t(@). Finally, the tightness of each of its components yields
tightness for By ,(¢).

2
] < L nﬁn(V"ap”),

JGZM

we conclude that
2

/ Z ug,;(sn )u,”(sn )WVhplds

J€Znm
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6 Identification of the limit
From Section 5, we get processes S, W, R, B, P and M such that

lim M} = My, lim S = Sy, lim W} = Wy,
n—oo n—oo n—oo
7 !
lim R;"? = RY, lim B! = Bj, lim P % =PL?,
n—o0 n—oo n—oo .

along a subsequence that we still denote by n. We will now identify these limiting
processes. By the convergence of these processes, we obtain that lim, . X} = X},
where & }Ls a weighted sum of the previous processes. Additionally, by Lemma 5.2,
lil’nn_)oo Wk = Wk.

6.1 Convergence at fixed times

We will show that A}, converges to a white noise for each fixed time ¢ € [0,7] and
each k € Zg. Let ¢ € S(T). Recall that, for each fixed time ¢ € [0, 7], (ux,;)x,; is an i.i.d.
family of standard Gaussian random variables. Hence,

1
lim En[exp (i)\Xﬁt((p))} = lim E, [exp i)\—% Z ug,;(tn) e}

J€Znm

)\2

. O _ n)2
= exe | =50 2 @)
J€Z N

= tim o (-5 8a(0)) = (-3 [ ot
= lim exp 5 Enlp) | = exp 5 | el@)de).

This shows that X', converges in distribution to a white noise and, in turns, proves that
X satisfies property (S).

6.2 Martingale term
The quadratic variation of the martingale part satisfies

i (M3 () = lim t8,(V"6") =t [ (@pla))Pdo = t 10,3

n—roo T

forall ¢ > 0 and ¢ € S(T). By a criterion of Aldous [1], this implies that (M} (¢))n

. . . . 2 .
converges to a Brownian motion with variance |J,¢||;.. Hence, (M7 ), converges in
distribution to the derivative of a white noise.

6.3 Symmetric term
A second moment bound and a simple Taylor expansion show that

2

1 i n
E[|Se) — 5 [ AR

for some finite constant C' = C(y) > 0. Together with the convergence of the fluctuation
field, this shows that

.
Sule) = Jim St(e) = 5 [ (@20

n—oo
6.4 Anti-symmetric term

We will identify the limit of each term separately.
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6.4.1 Limit of W}

For the term WY, it suffices to identify the limit of the process Wk (¢). Remember that
t( ) - ]l(w €,x] and Le( ) - ]l[w,ere) Hence,

X (12 (L)) = n2 %) ;(tn?), and X7, (2 (L)) = n2 W}, (tn?).

Then, if | = tn, we have

/stn <snwyds—/ S A (2 (2) A0 (7 (L) Vs

JE€EZ M ]EZn
o / / XKoo (12 (2)) X o (12 () Dpip(z)dads
As ,(k, k) )

Remark 6.1. Given that I (z), 72 () ¢ S(R), the limit does not follow immediately from
the convergence of the field. However, it follows by a suitable approximation by S(R)
functions (see [13], Section 5.3 for details).

Now, we show that A (k%) () satisfies the energy condition (2.2). From the Boltzmann-
Gibbs Principle (Proposition 4.3) and stationarity, we have that

2
E| Wy, (9) — W (¢ / Y W (sn®) W (sn®)Vpds| | < ! ;S)lgn(vn%’")
S j€ln
Taking | = en, we obtain
2
E W:t(gp) —Wk N / Z ﬁ,” (sn) kj(sn)V"tp?ds < C(t — s)e,
5 j€Zn
from some finite constant C' = C(p) > 0. Therefore, by Fatou’s lemma,
_ a-
E | W) = Wis(p) = AT ()] | <Ot = 9)e. (6.1)

In the same way, if 0 < d < ¢,
- 2

E | Wi () — Wi () — AP ()| | <Ot - 9)6.

Collecting the last two estimates, we obtain

2

E| ALY (0) - ALY ()

87

< C(t— s)e,

for all 0 < § < e. This shows that A%(**) satisfies the energy estimate (2.2) for all

k € Zk. Hence, by Theorem 2.3, taking ¢ — 0, Aijgk’k)(go) converges in L? to a process
2
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E| [Wi,i() = Wia(p) — A () Wi (i) = Wialp) —AZ" ()

e—0

2
] < lim E

concluding that the limit of the process Wy, () is Agk’k)(w).
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6.4.2 Limit of B,/

Recall that

t
BIY(p) = / ST b (st Vs,

J€EZ M
where

1
bij = §(Uk,juk+q,j + Uk 1 Ukt q,5+1)-
By a simple L? computation, we note that it is enough to identify the limit of the processes
. t
. 2 2
Upie) = [ 32 wnon®)ug, (sn®) V"5,
0 jeZn

for k # k. We denote U} ; (¢) = lim, oo U, 7 (). As above, it holds that

t
/0 Z 7%—_1 (sng)ﬁg—wil (sng)V”gayds

JEZ N

t
! izl — i1
= - X I )\ xr J Vod
/0 \/ﬁjeZZn ka(LE(\/E)) k,5<Ls(\/ﬁ)) pjas

t

’H_O%/ /Xk7s(L—g(x))XEvs(L_‘S)('r))aaf(ﬁ(«r)dl'ds
0 JT

= AT ().

From the Boltzman-Gibbs Principle for crossed terms (Proposition 4.4), we have that

2
E ] < c%lenwnw).

t
Ui - [ s 3 @) )

J€Ln

Hence, taking | = en, applying Fatou’s lemma and using stationarity, we obtain that

2

E Uli,/}(@) — Ui krq(0) — Ai:gk’k) (@) | <C(t—s)e.

As above, this shows that Ai;ﬁ’“’;)(@) satisfies the energy condition. Hence, Ag’ff)(gp) =
lim. 0 A (
ALY ().

In particular, we conclude that the limit of the process B,/ (¢) is ARkta) ().

) exists and, proceeding again as above, we conclude that lim,,_,o U, ;Z =

6.4.3 Limit of R}"“

Recall that .
R (p) :/ Z rg7j(sn2)V”g0?ds,
0 jeZn

where

L — . .
Tkj = Uk—q,jUk—q,j+1-

Following the argument used to compute the limit of the term VVZ (p), we obtain that
the limit of the process R (i) is A= ek=a) ()
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6.4.4 Limit of P/"%7

Recall that
PZ:;LQ / Z pq7q sn V"(p"ds
0 J€Znm

where

(Lq —
Prj = E(Qkaq,juqu',j + Uk —g,jUk—q/ j+1 F Uk—qj+1Uk—q’ j T+ 2Uk—q j+1Uk—q’ j+1)-

Following the argument used to compute the limit of the term BZ:_‘](@), we obtain that
the limit of the process PZ:,‘Z"ZI () is AP ().

Remark 6.2. As all our arguments apply to the reversed process with straightforward
modification, this finishes the proof of Theorem 1.3.

A Proof of Lemma 1.5

Proof of Lemma 1.5. First, we show that conditions (1.4)-(1.5) imply the trilinear condi-
tion. The equations for ug, ugyq, Uk—q are

1 k—1,k—1'
Oru, = §3§Uk+3r (OékUi-l—Z {Bllcukukﬂ‘i‘%lcui,l + Z )‘k s Ulcflukfl/}) + 800%’
10 120
£l
Otipya = 3Iuk+a + 0 (ak+auk+a + Z {Bk+auk+auk+a+l + 7k+auk+a .
10
+ Z AQIZ bita-t Upta—iUWhta—t' }) + O Wita,
1'£0
U'#£1
1
Opug—a = iaﬁuk_a + 0y (h—qui_o + Z {Bh— otk —atik—ati + Vi alh—a—i
1#0
Z )\k a— lk a—l1 Uk_a_l’u,k_a_l/}) +8x%_a.
' #0
U'#1
Hence,

ko _ k+a -
Fk7k = Ok, Fk+a k4+a — = Qk+ta, Fk a,k—a = Qk—a,

a
k _ 1k _ /Bk _ 1kta _

Piktra =Thpar =5 =Tk =Yhtar

a
_ a_T1k—a _ pk—a __ Bk—a
Fk ak—a = Tk *Fk—a,k *Fk,k—a* 9

k k—a,k—a’ k—a',k—a _ pk—a _ \k,k—a'
Fk:—aJc a’_/\ _Fkak:a_)‘ Fk:k a’_)\ a

The trilinear condition simply follows from the identity v¢, , = %’? for every a,k € Zx.
Now, consider a system of coupled Burgers equations satisfying the trilinear condi-
tion,

1
Dyup = §a3uk + Y TF0u(uiw) + Wk, k€ L,
1,j€2K
Iy, =r% =T}, foralli,jkeZg.
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We rewrite the equations for ug, Ugtq, Uk—q @s

1
Opur, = 5331% + 0, (TF jujy + Z {TF ks runtins + Dfyp punting
1£0
+P§4,k4u24 + Z FZ—l,k—l’ukflukfl’}) + 0: W,

U'#£0
Ul

1o k ket

Opkya = §8zuk+a + Oy (Fkii k+auk+a + Z {Fk—i-a k+a-+1Wk+alk+atl
10

k 2
+Fk+a+l kraUWhktalktatl Ui i bra—iWita—i

k+
+§ D htat Ukta— Uk ta— z}) + 0 Wk+a)

1'£0
U'#1

1
_ 2 k—a k—
Oug—aq = §8a;uk—a+8 (Fk ak— SUi—a + E :{Fk a,k—atlUk—aUk—a+l
10
+Fk atlk—aWk—aUk— a+l+rk a—lk—a— z“k a—l

+ZF2 a—l,k—a— P Uk—a—1Uk—a— l’}) +8x%—a7
U'#£0
Ul
which satisfies the way of writing the equations in Theorem 1.3 and also satisfies

g

k _ 1kt+a _ _a
9 Fk kta = Dhtak = Fk,k = Vk+as
k—a,k—a’ k—a',k—a _ 1k Kk, k a _ tk—a
/\k Fk a,k—a’ — >‘k - Fk—a’,k’—a )‘ Fk,k—a’

which imply conditions (1.4)-(1.5). O

B Proof of Lemma 3.3

Proof of Lemma 3.3. First, we will prove that

l
Ok, Br,j(u) = Ok, (ak(“’kj Wk, j—1 +Zﬂk b kg 1 +Z’Yk g~ Thj—1)
140 140
k—l,k=0', 1 1,1 _
D IPIR Py — pk,j—l)) =0.
170 1'£0
I'#1
Recalling the definition of w, we can see that
1
D Ohjlwpy —wi 1) = 3 > (kg1 — k1) =0.
J€Z M VISYAY

Next, recalling the definitions of b,  and p, we can see that

! l I Ll 1,1
ak,j(bk bk] 1) = ak,j(rk,j - Tk,j—l) = ak,j(pkg Dy j— 1) =0.
We are left to prove that

S0 wiBey= Y > Ulm(ak Wy — Wi 1) + Y BL(bh; — bl 1)

k€ZKk jEZ M k€ZK jEZLM 1#£0
Lol l k—l,k=l"/ Ll 1,0 o
+ Z“Yk(rk,j = Thj-1) Z Z Ak (s ; *pk,j_ﬂ) =0.
1#0 1#0 1’40
U'#1
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We will divide the proof in several steps. In each one of them, we will highlight terms
that produce telescopic sums.

ZjEZM Ug,j(Wk,; — W j—1) = 0 Vk € Zk: by the definition of w,

Uk, j (Wi j — Wi j—1) = guk,jmi,j + Uk Uk 41+ U 1)
1

2 2
- guku(uk,jq + Uk, j—1Uk,j + Uk ;)

1
_ 2 . 2 . - 2 a2 .
= g( k,jUk,j+1 — uk,j—lukJ) + 3(Uku“k,j+1 Umuk,y—l)-

Both summands yield telescopic sums when summing over j € Z,.
* ZkeZK ZjeZM <Ez¢0 “k,jﬂllc(bgc,j - b%c,j—l) + Zl;ﬁo uk’ﬂllc(%,j - ch,j—l)) = 0: first,
by definition of b,
171 17l
“k,j(ﬁkbm - 51@51@7]‘—1)
l 1 1 1

B B B B
i (G Wk Ut Wk 1 U, 1) W (55U 1 k11 S U U4 5)

2
l !

k k
?Uk,juk,jﬂukﬂgﬂ - Euk,juk,jflulwrl,jfl .

1 2
Next,

11 11 1 !
Uk, (VeTk,j — VEThj—1) = VieWh,jUk—1,Uk—1,j+1 — Vi Wh,j Uk—1,j—1Uk—1,j -
3 4

Now, looking at the terms for k£ + [ instead of k, we obtain

Il ol Al T | o )
Uk+l,j(7k+ﬂ‘k+z,j - 7k+lrk+l,j71> = Vi1 Uk+1,j Uk, j Uk, j+1 — Vg i Uk+1,5 Uk, j—1Uk,j -

2 1
Similarly for k£ — [, we obtain
gl 1 gl
Uk—l,j(ﬂk—lbk—l,j - 5k—zbk—z,j—1)
l l
o Bre—i Br—i
= 7uk7j+1uk—l,j+luk—l,j - ?Uk,j—luk—l,j—luk—l,j .
4 3

Terms marked with the same number underneath are telescopic when summing
1
over j € Zy; by recalling that %’“ =Yy

k—lLk—1", LI/ LU "
* ZkeZK ZjeZM Zl;éo D120 Uk, j A, (Pk,j - pk,j—l) = 0: by definition of p,

U'#l
S N A S R e
g, j(Ag Py ; k k,j—l)
k—1,k—1'
Ak
= U,j 6 (U1 gun—rj + Ut gUR—v 1 F U1 g1 UR-
+ 2Uk— 1,41 Uk— j41)
k—1,k—1'
Ak
— Uk,j 6 (2Up—1,j—1Uk—1 =1 F Uk— j—1Uk—1 j F Uk— jUR—1 j—1
+ 2Up—1,jUk—1,5)
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6

AF Lkl
k
= Uk | = (kU1 1+ Ukt Uk 2Uk—l Ukt j41)
5 6

6

P
k
— U | Uk 1 Uk j—1 F Uk—1 1 Uk—1 j F Uk—1,jUk—17 j—1) |-

5 6

Terms marked with 5 will cancel when summing over j € Zy;, k € Zk, | € Zi and

' € Zk by recalling that )\z_l’k_l/ = )\Z_l/’k_l = )\zfl_l,. The same will happen for
terms marked with 6. O
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