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Clustering of consecutive numbers in permutations
under Mallows distributions and super-clustering
under general p-shifted distributions

Ross G. Pinsky”*

Abstract

Let Al(;? C S» denote the set of permutations of [n] for which the set of [ consecutive
numbers {k,k + 1,--- ,k + 1 — 1} appears in a set of consecutive positions. Under the
uniform probability measure P, on S,,, one has Pn(Agf,?) ~ nl”,l as n — oo. In one
part of this paper we consider the probability of clustering of consecutive numbers
under Mallows distributions PZ, ¢ > 0. Because of a duality, it suffices to consider
q € (0,1). We show that for g, = 1—-%, withc¢ > 0and a € (0,1), P,‘f(Am)”) is of order

—a=1 uniformly over all sequences {k,};2,. Thus, letting N™ = nolty

A
denote the number of sets of [ consecutive numbers appearing in sets of consecutive
positions, we have

lim Ei"N™ =

n— o0

{oo, ifl < “fT"‘;
. 1+
0, if I > e,

We also consider the cases o = 1 and o > 1. In the other part of the paper we
consider general p-shifted distributions, Pipj b =', of which the Mallows distribution is
a particular case. We calculate explicitly the quantity

{pj }ji1

lim lim inf P\ (A7)

l—00 n—oo

= lim limsup Pipj Y= (Al(,",? )
=0 nooo n

in terms of the p-distribution. When this quantity is positive, we say that super-

clustering occurs. In particular, super-clustering occurs for the Mallows distribution

with fixed parameter q # 1.
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Clustering under Mallows and general p-shifted distributions

1 Introduction and statement of results

Let | > 2 be an integer. Let P, denote the uniform probability measure on the
set S, of permutations of [n] := {1,--- ,n}, and denote a permutation ¢ € S,, by 0 =
0109 --0,. The set of | consecutive numbers {k,k + 1,--- ;k +1 — 1} C [n] appears
in a set of consecutive positions in the permutation if there exists an m such that
{k,k+1,--- k+1—1} ={om,0m+1, "+ ,Om+i—1}. Let Az(;? C S,, denote the event that

the set of [ consecutive numbers {k,k+ 1,--- ,k + 1 — 1} appears in a set of consecutive
positions. It is immediate that for any 1 < k,m < n — [ + 1, the probability that
{k,k+1,--- Jk+1—1} ={om,0m+t1, ** ,Omyi—1} is equal to “(7;77”' Thus,
n N(n—=10) I
Pu(A)) = (n—1+1) =~ ey as 0o, for 1 > 2, (1.1)

where a,, ~ b, means lim,_,, > = 1. Let Al(") = U’,;‘;iHAE,’Z,) denote the event that there

exists a set of [ consecutive numbers appearing in a set of consecutive positions, and let

Nl(”) = Z;iﬂ 1, denote the number of sets of / consecutive numbers appearing in
Lk

sets of consecutive positions. Then

Nn-0 1

B N™ = (n—1+1)2=——% ~ -, asn — oo, forl > 2. (1.2)
n. n
Using the inequality
n—k+1 n—k+1
YoorAih - Y RPA AR S PAM) < Y PaAl),
k=1 1<j<k<n—I+1 k=1

along with the fact that for j, k, m,r, with {5, j+1,--- ,j+I1—-1}N{k, k+1,--- [ k+1-1} =
¢ and {m,m +1,--- , m+1—1}Nn{r,r+1,---,7r+1— 1} = (), the probability that
both {k,k+1,--- ;k+1—1} = {om,0m+1, "+ sOmyi—1tand {j,j+1,---,j+1 -1} =

(12 (n—21)!
n!

{or,0041,++ ,0r41-1} is equal to, , it is easy to show that

!

Pn(Al(n)) ~ n172a

as n — oo, forl > 3. (1.3)

It follows from (1.2) (or from (1.3)) that for ! > 3, the sequence {Nl(") 152 | converges to

zero in probability. On the other hand, when [ = 2, {N, ;")};;0:1 converges in distribution to
a Poisson random variable with parameter 2. This result on the clustering of consecutive
numbers in permutations goes back over 75 years; see [10], [5].

In one of the two parts of this paper, we obtain results in the spirit of (1.1) and (1.2)
in the case that the uniform probability measure P, is replaced by the Mallows measure
PI" with parameter ¢,, where g, —+ 1 at various rates. The Mallows measures P! are
described below. The Mallows measure with ¢ = 1 is the uniform measure. N

In the other part of this paper we consider so-called p-shifted distributions Pipj b=
on S,, of which the Mallows measure P/ is a particular example. Here {p;}?2,, with
p; > 0, for all j, is a probability distribution on IN: Z;; p; = 1. We calculate

lim lim inf Pépj}":l(Al(_Z? ) = lim limsup Pipj}j:l(Al(_T,? )
l—o0 n—oo Rn 1500 n—soo ikn

explicitly. This reveals a necessary and sufficient condition on the distribution {p;}$2, in

order for the above limit to be positive. When this limit is positive, we say that super-

clustering occurs. In particular, super-clustering occurs for the Mallows distribution for
fixed ¢ # 1.
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We turn now to a description of the results in this paper, beginning with those
concerning specifically the Mallows distributions.

Mallows distributions and the behavior of the probability of Az(?ﬂ For each ¢ > 0,
the Mallows distribution with parameter g is the probability measure P? on 5,, defined
by

P 7 s 1.4
= > 7\ S ) .
n(a) Zn(CI) o n ( )
where
(o) = Y lojco,= > 11, (1.5)
1<i<j<n 1<i<j<n ! !

is the inversion statistic on S, that is, the number of inversions in o, and Z,(q) is the
normalization constant, given by [6, 9]

n 1_qk
Zn(q) =[] —
k=2 q

Thus, for ¢ € (0,1), the distribution favors permutations with few inversions, while
for ¢ > 1, the distribution favors permutations with many inversions. Of course, the
case ¢ = 1 yields the uniform distribution. Recall that the reverse of a permutation
o = o010, is the permutation ¢™ := ¢, - - - 01. The Mallows distributions satisfy the
following duality between ¢ > 1 and ¢ € (0,1):

1

Pi(o) = Pi(c™), for¢q>0,0 € S,andn =1,2,--- .

Since the set Al(f;) is invariant under reversal, for our study of clustering it suffices to
consider the case that ¢ € (0,1).

When ¢ — 0, the Mallows distribution P! converges weakly to the degenerate
distribution on the identity permutation, and of course the identity permutation belongs
to Al(;"k,) for all k¥ and [. Because the smaller ¢ is, the more the distribution favors
permutations with few inversions, and as such, the smaller ¢ is, the more the distribution
favors permutations which are close to the identity permutation, it seems intuitive that
the smaller ¢ is, the more clustering there will be. However, whereas the structure
of the Mallows distribution lends itself naturally to proving theorems concerning the
inversion statistic [7], it is less transparent how to exploit that structure with regard to
this clustering statistic. For example, the set Al(s? is the disjoint union of the n — [ + 1
sets {k,k+1,--- k+1—1} ={om,Om+1," " ,am;l_l}, m=1,---,n—1+ 1. In the case
of the uniform distribution, these n — [ + 1 sets all have the same probability. However,
in the case of P4, q € (0,1), we expect that for certain m, these sets will have probability
less than what they have under the uniform distribution, and for other m these sets will
have probability greater than what they have under the uniform distribution. (For results
concerning the behavior under a Mallows distribution of other permutation statistics,
such as cycle counts and increasing subsequences, see [1], [2] and [3].)

Our first theorem gives asymptotic results in the case that ¢ = ¢, =1 — ;5 withc >0
and o € (0,1). We use the notation a,, < b, as n — oo to indicate that limsup,,_, ., > < 1.

~ b

Theorem 1.1. Let Al(,rl? C S, denote the event that the set of | consecutive numbers

{k,k+1,--- ,k+1— 1} appears in a set of | consecutive positions. Let ¢, = 1 — -%, with
¢>0anda € (0,1). Then
2
(=11 =1 ) 1 el
< pin <> v
(21)! nod—=1) ~ P (Al;kn> ~ 1 pe-1)7 (1.6)
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for any choice of {k,, }52_,, and the asymptotic behavior is uniform over all {k,}5 ;. If ky,

satisfies w oo, then the upper bound in (1.6) can be improved:
1 -1
n( A(M) -1_—(I-1az c !
Pir (A ) S (/o A dx) D) (1.7)
Recall that N (n) Z i+1 A(n) denotes the number of sets of [ consecutive numbers

appearing in sets of consecutive posmons Theorem 1.1 yields immediately the following
corollary.

Corollary 1.2. Let ¢, = 1 — ;% withc > 0 and a € (0,1), Then there exist constants
Cl(_), Cl(+) > 0 such that

Cl(f)n1—(1—1)a < EZ"Nz(n) < Cl(Jr)nl—(l—l)oz.

In particular;,

lim Eq"N( n =

n—roo

oo, ifl < 1+°‘
0, ifl > HST‘X

Remark 1.3. For 7 € Sl, let Al(i) s C A( ") denote the event that the set of | consecutive

numbers {k,k+1,---  k+1— 1} C [n] appears in a set of consecutive positions in the
permutation and also that the relative positions of these consecutive numbers correspond
to the permutation 7. That is, {k,k+1,--- ;k+1—1} = {om,0m+1,** ,Om+i—1}, for some

m,and o, yi 1 —(k—1)=m7, i=1,---,1. Then A(',LC) = Ures, Al("r),C Small changes in the
proof of Theorem 1.1, which we leave to the reader, show that (1.6) and (1.7) hold with
P (Az( ». ) replaced by P (Az( +:k,,) and with /! deleted from the numerator in the upper
and lower bounds, for all 7 € S;. In particular, if 7 = id, then Al@_ %, is the event that the
numbers {k,--- ,k + 11— 1} form an increasing run in the permofation, and if 7 satisfies
7% = id, then Al(i) x, s the event that the numbers {k,--- ,k + 1 — 1} form a decreasing
run in the permu’tation.

2
Remark 1.4. Let K(_)(l) = % K1) = f1 z!= e~ (=D dy respectively denote

the coefficient of c! = 1) on the left hand side of (1.6) and in (1.7). We have K~ )(l)
V717247 as | — co. One can show that

! 1—1)! L (1—-1)
K(+) :/ -1 _—(-1)z _ ( 1— —(1-1)
(1) ; x' e dx (=1 ( e ?zo — )

Thus, K (1) < glz i)' V2mel 2e7!, as | — co. On the other hand, a rudimentary

asymptotic analysis we performed on the interval [— —172,1] yields K1) (1) > ez [ ze !,
as | — oo.

Now we consider the cases ¢g=¢, =1 - andg=g¢q, =1 - o(%).

Theorem 1.5. Let Al(:,? C S,, denote the event that the set of | consecutive numbers
{k,k+1,--- ,k+1— 1} appears in a set of | consecutive positions.

i Letg, =1— %, withc¢ > 0. Let k,, ~ dn withd € (0,1). Then

n’

1 -1 lfl Il (n)
(/—cmax(d,l—d) (y(1—)) ldy) < porgs SR CONTIS

(1.8)
1 e—cd* l 1
1 ( Y1 ollog = Jed” (1— Dy g ) I!
(1 _ efcd*)l o—cd* n( -1)’
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where d* can be chosen to be eitherd or1 — d.

ii. Let ¢, =1 —o(L) < 1. Then for any choice of {k,}°%,,

n
I
-1

(AR < (1.9)

n

Remark 1.6. In part (i), we certainly expect that the asymptotic behavior of PI" (Al(:;c)n),
when k,, ~ dn, is in fact independent of d € (0,1). We note that the expression

—cd* *
m(ﬁ,m yl—1ello8 e (l_l)cydy)cl_l, which multiplies -+ on the right
hand side of (1.8), converges to 1 when ¢ — 0, for all d* € (0,1), thus matching up
with (1.9). For each c and [, the expression on the right hand side of (1.8) can be shown
to be larger for d* = d than for d* = 1 — d, if d is sufficiently close to 1. We didn’t try to
analyze this for general d, as it is quite complicated and in any case the bound is not

precise, but rather an artifact of the method of proof.

Remark 1.7. In the case of the uniform distribution (¢ = 1), we have from (1.1) that

P,}(Al(:}c)n) ~ nf—',l for any choice of k,,. Since we expect Pg(A}j;L) to be decreasing in ¢,

we certainly expect that the asymptotic inequality in (1.9) is an asymptotic equality.
We now turn to a description of the results of the other part of the paper, concerning

p-shifted random permutations.

p-shifted distributions and super-clustering. Denote by S, the set of permutations
of IN, that is, the set of bijective functions from IN to itself. We build random permutations
in S, and then project them down in a natural way to S,,. Let p := {pj};?‘;l be a
probability distribution on IN whose support is all of IN; that is, p; > 0, for all j ¢
IN. Take a countably infinite sequence of independent samples from this distribution:

ni,ng, . Now construct a random permutation I € S,, as follows. Let II; = n;
and then for k > 2, let II;, = v, (nx), where 1, is the increasing bijection from IN to
IN — {Iy, -+ ,Hx-1}. Thus, for example, if the sequence of samples {n;}32, begins

with 7,3,4,3,7,2,1, then the construction yields the permutation II beginning with
I, =71, = 3,113 = 5,11y = 4,115 = 11,1l = 2,II; = 1. The probability measure
Piri}i=i on S is then the distribution of this random permutation II. We call P{Pi}i=:
the p-shifted distribution on S, and II a p-shifted random permutation on S,..

For o € S, we write ¢ = 0102 ---. For n € IN, define proj,, (o) € S, to be the permu-
tation obtained from o by deleting o; for all ¢ satisfying o; > n. Thus, forn =4 and ¢ =
2539461 - - -, one has proj, (o) = 2341. Given the p-shifted random permutation II € S
that was constructed in the previous paragraph, define Pipj Fi as the distribution of the
random permutation 1) := proj,, (IT); that is, P,;{pj};il(a) = P{Pi}i= (proj, 1(0)), o € S,.
We call Pipj s the p-shifted distribution on S,, and II™) a p-shifted random permutation
on S,. A more efficient and useful construction of II("”) is given in Proposition 2.1 in
section 2.

We note that in the case that p; = (1 — ¢)¢’ !, where ¢ € (0, 1), the measure Pipj
is the Mallows distribution on S,, with parameter ¢; see [8], [4].

12

Remark 1.8. We assume in this paper that p; > 0, for all j. In fact, the p-shifted random
permutation can be constructed as long as p; > 0, with no positivity requirement on
pj,J = 2. The positivity requirement for all j ensures that for all n, the support of the
p-shifted measure P, is all of S,,.

It is known [8] that a random permutation under the p-shifted distribution plritiz
is strictly regenerative, where our definition of strictly regenerative is as follows. For
a permutation m = o 41Mat2 Tatm, Of {a + 1,a+ 2,--+ ;a + m}, define red(r), the
reduced permutation of 7, to be the permutation in S,, given by red(n); = mo4; — a.

EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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We will call a random permutation II of S, strictly regenerative if almost surely there
exist 0 = Tp < Th < Ty < --- such that II([T}]) = [T;], 7 > 1, and II([m]) # [m] if
m & {T1,T5,---}, and such that the random variables {7}, — T}_1}32, are IID and the
random permutations {red(Il|7j—(7,_,)) }72, are IID. The numbers {7}, };>_, are called
the renewal or regeneration numbers. Our definition of strictly regenerative differs
slightly from that in [8].

Let u,, denote the probability that the p-shifted random permutation II has a renewal
at the number n; that is, u,, = P{Pi}i%1 (0 € S : o([n]) = [n]). It follows easily from the
construction of the random permutation that

n 7 n oo
un =[O pi) = H > pi (1.10)
j=1 i=1 j=1 i=j+1

See [8]. Thus, u,, > 0, for all n. (Note that this positivity, and the consequent aperiodicity
of the renewal mechanism, does not require the positivity of all p;, but only of p;.)

The strictly regenerative distribution PiPi}i=1 is called positive recurrent if 7; has
finite expectation: EPi}iZi Ty < co. From standard renewal theory, it follows that

1
lim u, = ————. (1.11)
n—00 E{PJ i T
Since Z;’;l Zfijﬂ D = Z;‘;ljij, it follows from (1.10) and (1.11) that
Plpitizi ig positive recurrent if and only if Z np, < 00. (1.12)
n=1

We now state our theorem concerning super-clustering.

Theorem 1.9. Let Al(;? C S, denote the event that the set of | consecutive numbers
{k,k+1,--- |k +1— 1} appears in a set of | consecutive positions. Let {p,}>>, be a
probability distribution on IN with p; > 0, for all j € IN. Also assume that the sequence
{pn}22, is non-increasing. Then for all k € N,

{pi}52, {pj}32
Jim i P (A) = Jn i PP A ) =
E—1 j 0o j (1.13)
(TT>_p) (TT > rs)-
j=11:=1 Jj=11=1
Also, iflim,, o, min(k,,n — k) = oo, then
o J
{p;};2 j=1 (n) \ _ {p;};2 j=1 (n ) 2
llirgo hnrr_1>1£fP (A ) lggc hrrln%solcl)pP A I;IZ::pl) . (1.14)

Furthermore, the limits in (1.13) and (1.14) are positive, that is, super-clustering oc-
curs, if and only if "7 np,, < oo, or equivalently, if and only if the p-shifted random
permutation is positive recurrent.

Remark 1.10. If one removes the requirement that the sequence {pJ}oo be non-
increasing, then it follows immediately from the proof of the theorem that

S (T30

j=11i=1

k
lim lim P{pj 9= 1(A(")) > (
J

l— 00 n—00

and

J
{37 n 2
Jim 22 A5 = (T3 m)™

oo
j=1i=1
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Thus, for this more general case, the finiteness of fo:l np, is a sufficient condition for
super-clustering.

Remark 1.11. Consider Theorem 1.9 in the case of the Mallows distribution P? with
parameter ¢ € (0,1); that is, the case p; = (1 — ¢)¢’~*. From (1.13) and (1.14) we have

l—00 n—00 Nn— 00

a( Ay — q( M)
lygingggjj @4L ) lgginggifp LAln+2 k— 0
1;[ 1—¢%) 1;[(1—(]])), for all k € IN; (1.15)
lim lim PI(A H (1—¢%) if lim min(k,,n — k) = oc.

In particular, super-clustering occurs for the Mallows distribution for fixed parameter
q# 1.

We now establish a connection between super-clustering and the inversion statistic
Z,. Fork >2and o € Sy, or o € S, with 2 < k < n, let I.,(0) denote the number of
inversions involving pairs of numbers {{i,k} : 1 <i < k}:

Ioi(o 21’

1<i<k

The statistics {1, }%2, are called the backward ranks. The following result was proven
in[7].

Proposition P. Under P{?i};=1, the random variables {I.;}?°, are independent. Fur-
thermore, the distribution of I, is given by

100 Pi+1
PPl =1) = k+ ,1=0,1,---
Remark 1.12. As noted in [7], from the constructions, it is immediate that Proposition
P also holds with the probability measure Pri}izi on S+ replaced by the probability

measure P{I{pj}":l on S, and with {7}, replaced by {I.;}}_,, foranyn =2,3,---

k1. (1.16)

The inversion statistic Z,,, defined in (1.5), can be represented as

o) = I0). (1.17)
k=2
Let X be a random variable on Z™ whose distribution is characterized by 1 + X having
the distribution {p;, iy that is,
P(X =j)=pj+1, =0,1,---. (1.18)

Noting that the distributions in (1.16) are truncated versions of the distribution of X, it
follows readily from (1.17), Proposition P and the remark following the proposition that
the inversion statistic Z,, satisfies the following weak law of large numbers as n — oo:

g

T ; o
— under Pipj =1 or under P%i}i=1 converges in probability to
n

) (1.19)
EX = npni € (0,00].

n=1
For a proof in the case of the Mallows distribution, see [7]. Theorem 1.9 and (1.19)
show that for p-shifted distributions, super-clustering occurs if and only if the inversion
statistic Z,, has linear rather than super-linear growth.
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In [7] it was shown that Z,, under the Mallows distribution P?", with ¢, =1 — n% for
¢ > 0and a € (0,1], grows on the order n'*®. One can make cosmetic changes in the
arguments in this paper to conclude that super-clustering does not occur in these cases.
(These measures PI~ are a little different than the p-shifted measures on S,, discussed
in this paper. The ones in this paper are constructed from one distribution p on IN, which
is not the case with these measures because the parameter ¢, is changing with n.)

In section 2 we present an alternative construction of p-shifted random permutations
that is motivated by Proposition P and that, in the context of the Mallows distributions,
can be found, for example, in [6]. This alternative construction will be important for
the proofs of all three theorems. Section 2 also includes a useful duality result that
will be needed for the proof of Theorem 1.1. The above-noted alternative construction
of p-shifted random permutations will be used for both the upper and lower bound
calculations in the proof of Theorem 1.9. The same type of upper bound calculations,
specialized to the case of a Mallows distribution, will also be used in the proof of the
upper bound in Theorem 1.1 and in Theorem 1.5. On the other hand, the original
p-shifted construction, specialized to the case of a Mallows distribution, will be used for
the proof of the lower bound in Theorem 1.1 and in Theorem 1.5. In light of this, it will
be convenient to begin with the proof of Theorem 1.9, which is given in section 3. The
proof of the upper bounds in Theorem 1.1 are given in section 4, and the proof of the
lower bound in Theorem 1.1 is given in section 5. The proof of Theorem 1.5 is given in
section 6.

2 Two auxiliary results

We begin this section with an alternative construction of the p-shifted distribution.
Let X be a random variable on Z' whose distribution is as in (1.18). Let {X,,}>°,
be a sequence of independent random variables with the distribution of X,, being the
distribution of X truncated at n — 1:

. Di+1 .
PX,=i)==—,1=0,1,---n—1. (2.1)
> j=1Dj
To construct a p-shifted random permutation in S,,, set the number 1 down on a hor-
izontal line. Now inductively, if the numbers {1,--- ,n — 1} have already been placed

down on the line, where n > 2, then sample from X,, and place the number n on the
line in the position for which there are X,, numbers to its right. Let II denote the above
constructed random permutation in S., and let II®) denote the random permutation in
S, obtained by terminating the above construction after n steps.

Proposition 2.1. The random permutations II and 1™ generated above are distributed
respectively as the p-shifted distributions P{?i}i=1 and Pipj =t

Proof. By the construction, the random variables {/.,(II)}5°, are independent and
I, (1) is distributed as X,,. As is well-known, a permutation is uniquely determined by
its backward ranks. This fact along with Proposition P and the remark following it prove
that II has the p-shifted distribution on S, and that II(™ has the p-shifted distribution
on S,,. O

The following duality result will be used in the proof of Theorem 1.1.
Proposition 2.2.

PUANY = PUAN ), k=120~ +1. (2.2)
Proof. We defined earlier the reverse ¢™ of a permutation o € S,,. The complement
of o is the permutation ¢°™ satisfying 0" =n+1—-o0;, ¢ = 1,--- ,n. Let g™Vm™
EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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denote the permutation obtained by applying reversal and then complementation to
o (or equivalently, applying complentation and then reversal). Since ¢;*"°™" < g}® ™
if and only 0y,41—; < 0ny1—4, it follows that ¢ and ¢™V°°™ have the same number of
inversions, and thus, from the definition of the Mallows distribution in (1.4), Pi({c}) =

Pi({c"¥cm1). Using this along with the fact that o € Al(;;) if and only if o™V €

A(”)

lint2—k—1 PTOVES (2.2). 0

3 Proof of Theorem 1.9

‘We note that the final statement of the theorem is almost immediate. Indeed,
Siapi=1-=7 piand 307, (3272, pi) = 52, jpj+1- Thus, the infinite product
[152, 327, pi is positive if and only if Y2 | jp; < oc.

We now turn to the proofs of (1.13) and (1.14). We use the alternative method
for constructing the p-shifted random permutation, as described at the beginning of
section 2. Thus, we consider a sequence of independent random variables {X,,}>2 ,, with
X, distributed as in (2.1). For the proof, we will use the notation

N,=)» pi=P(X<n-1),neN, and Ny =0, (3.1)
i=1

where X is as in (1.18). Note that /V,, is the normalization constant on the right hand

side of (2.1). Although Pipj =1 denotes the p-shifted probability measure on S,,, we will
also use this notation for probabilities of events related to the random variables { X }7_,

since these random variables are used in the construction of the Pipj };C:l-distributed
random permutation. However, probabilities of events related to X will be denoted by P.

We begin with the proof of (1.13). Fix £ € IN. Consider the event, which we denote
by By, that after the first £ + [ — 1 positive integers have been placed down on the
horizontal line, the set of  numbers {k,k+1,--- ,k+[—1} appear in a set of [ consecutive
positions. Then By, = U’;;lBl;k;a, where the events {Bl;k;a}’;;l are disjoint, with By,
being the event that the set of [ numbers {k,k + 1,--- ,k 4+ [ — 1} appear in a set of |
consecutive positions and also that exactly a of the numbers in [k — 1] are to the right of

this set. We calculate P71~ (Blka)-

Lemma 3.1.
-1

.10 Na ] _Na
Pip]}jzl (Bl;k;a) — H L (32)

=0 Nk

Proof. Suppose that we have already placed down on the horizontal line the numbers in
[k — 1]. Their relative positions are irrelevant for our considerations. Now we use X},
to insert on the line the number k. Suppose that X, = a, a € {0,--- ,k — 1}. Then the
number k is inserted on the line in the position for which a of the numbers in [k — 1]
are to its right. Now in order for k + 1 to be placed in a position adjacent to k, we need
Xk+1 €4{a,a+1}. (If Xr11 = a, then k + 1 will appear directly to the right of &, while if
Xk4+1 = a+1, then k+ 1 will appear directly to the left of k.) If this occurs, then {k, k+ 1}
are adjacent, and a of the numbers in [k — 1] are to the right of {k, k + 1}. Continuing
in this vein, for ¢ € {1,---,] — 2}, given that the numbers {k,--- ,k + i} are adjacent to
one another, and a of the numbers in [k — 1] appear to the right of {k,--- , k + i}, then in
order for k£ + ¢ + 1 to be placed so that {k,--- ,k + i+ 1} are all adjacent to one another
(with a of the numbers in [k — 1] appearing to the right of these numbers), we need
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Xktit1 € {a, -+ ,a+1i+ 1}. We conclude then that

P{pJ}J "B HP{pJ}J Y(Xeyj €{a,--a+75}). (3.3)
7=0

Using (2.1), we have

Na+j+1 - Na

(3.4)
Ny

PP (K € {a o at g)) =

The lemma follows from (3.3) and (3.4). O

We now consider the conditional probability, Pipj b= "4 ") |Bl .k:a), that is, the proba-

bility, given that By.;,, has occurred, that the numbers £ + l - ,n are inserted in such a
way so as to preserve the mutual adjacency of the numbers in the set {k, -+, k+1—1}.
We have the following lower bound.
Lemma 3.2.
—k—
PP AR B > H Natsit (3.5)

Nititj

Proof. The conditional probability in the statement of the lemma is larger or equal to
the probability of the event that all of the remaining numbers are inserted to the right of
the set {k,--- ,k + [ — 1}. This event is given by ﬂ?;é“*l{XkHH <a+j}. We have

n—k—l1

5ot A= Na j
P O Ky < a+i) = [ FE (3.6)
j=0 k4143 O

It is clear from the construction that Pipj b= (Al(f,? |Bi.k;q) is decreasing in n. Thus,
since P;Epj = (Bi:k;a) is independent of n, it follows that Pipj = (Al(:,?) is decreasing in
n. Consequently lim,, plrhi= (AY,?) exists. Since P71 (Al“,?) is clearly decreasing
in [, it then follows that lim;_, oo lim,,_, o P,Epj Yiza (Al(rl?) also exists. Using Lemmas 3.1

and 3.2, we now obtain a lower bound on lim;_, o lim,,_, o P{Epj Vs (Al(;',?). Writing

k—1
Pip]}j:l (Al(,rllc)) = Z Pipj}j:l (Bl;k;a)Pipj}j:l (Al(;rl?|Bl;k;a)v (3.7)
a=0

(3.2) and (3.5) yield
n—k—l1

PP kz ﬁi‘lﬂ“ Moy (T et (3.8)
= Nitj ico Nkt

We have Hn k=l N“““ = NN““ N"“ ]i, Using this along with the fact that lim,, ., NV,, =
1 and the fact that the limit of the left hand side of (3.8) as n — oo exists, we have

(ps} k—1 -1 N k+1—1
i, P ) = S (T e =N (] )
e a=0 j=0 Nk+J 1=a+1 3.9
k-1 1-1 k—1 (3.9)
Z(H(Na+j+1_Na)>( H Nz)
a=0 ;=0 i=a+1
EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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We now let | — oo in (3.9). We only consider the term in the summation with a = 0,
because it turns out that the terms with a > 1 converge to 0 as [ — co. We obtain

k—1 00 k-1 j oo J
Jim lim P AR = (TN (TT ) = (T e (TT Do) @310)
j=1 Jj=1 j=11:i=1 Jj=11=1

We now turn to an upper bound on P,Epj}J:l (AE,T,? | Blk:a)-
Lemma 3.3.

—k—
Pipj}j:l (Al(;rlbg)|Bl;k;a) < H - a+]+l 1 +N”+J) (3.11)

Proof. For the proof of this upper bound, we note the following facts. By the assumption
that {p,}>2, is non-increasing, it follows that P(X & {j+1,---,j+1—1}) is increasing in
joAlso, P(X & {j+1,-- j+1—-1}) > PP (X, ¢ [j4+1,--,j+1—1}), for j+1 < m.

Recall that Pipj b (Al(.7 ,? |Bi.k.a) is the conditional probability, given Bj..,, that the
numbers k +[,--- ,n are inserted in such a way so as to preserve the mutual adjacency
of the set {k,--- ,k + 1 — 1}. First the number k + [ is inserted. The probability that
its insertion preserves the mutual adjacency property of the set {k,--- ,k +1— 1} is
Pipj}ﬁl(Xk+l ¢ {a+1,--- ,a+l—1}), which isless than P(X & {a+1,--- ,a+l—1}). If the
insertion of k 4| preserves the mutual adjacency, then either X3 ; € {0, -+ ,a} or X4, €
{a+1,--+ ,k+1—1}. If X4q; € {0, - ,a}, then in order for the mutually adjacency to be
preserved when the number k + 141 is inserted, one needs {Xk+1+1 Z{a+2,--- ,a+ l}}
while if X,y € {a+I,--- ,k+1—1}, then one needs { Xy1141 & {a+1, - ,a+1—1}}. The
probability of either of these events is less than P(X & {a+2,--- ,a+1}). Thus, an upper
bound for the conditional probability, given B;.j.,, that the insertion of k +/and k+1+1
preserves the mutual adjacency is P(X ¢ {a+1,--- ,a+1{—1})P(X €{a+2,--- ,a+1}).
Continuing in this vein, we conclude that

- n—k—Il+1
PP AW B < [ PXg{a+i,-atj+1-2}). (3.12)
j=1
We have
P(X¢{a+j,---,a+j+1-2})= (1= Nayjri—1+ Nayj) (3.13)
The lemma now follows from (3.12) and (3.13). O

We now use Lemmas 3.1 and 3.3 to obtain an upper bound on
limy o0 limy, o0 P71 (A). From (3.7) (3.2) and (3.11), we have

k-1 [1-1 —k—
j 90—1 n NEL
plrais (Ag;;) qu—[ +;V+k1+ H — Natjti-1+ Nayj)). (3.14)
a=0 ;=0 +J j=1

Letting n — oo and using the fact, noted above in the proof of the lower bound, that the
limit of the left hand side of (3.14) exists as n — 0o, we have

k—1 l—1 )
. {ps};2 o a+J+1
1 P, — N, 3.15
ngrc}o GZ:;) H Nk+] 1;[ a+J+l 1+ a—H)) ( )
We have N N N N N
atj+1 = Na _ . Na + (Nk+j — Natjt1) <1-N,e(01),

Niyj Niyj

forallj >0andac {1,--- ,k—1}.
EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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Therefore, when letting [ — oo in (3.15), a contribution will come from the right hand
side only when a = 0. We obtain

-1 %s)
L i1, (n) Njn AL ) —
o Jin, P40 < fin (1] 5 ) (110 = Vw4 ) =
k—1 00 k=1 j o j (3.16)
(TT M) (T ™) = (TT>_p) (T12>_»)
j=1 j=1 j=11i=1 j=1i=1

Now (1.13) follows from (3.10) and (3.16).

We now turn to the proof of (1.14). As with the proof of (1.13), the term with a = 0
will dominate. Thus, for the lower bound, using (3.8) with k = k,, and ignoring the terms
with a > 1, we have

-1

—kn
{pi}j2i, 4(n) J-‘rl ]+1
P70 ALY ) > . (3.17)
( lyk?n) (]HO k?,r‘rj g Nkn+l+3

Letting n — oo in (3.17) and using the assumption that lim,,_, . min(k,,n — k,) = oo, it
follows that

llIHlIIfP{ Pitia AZ(T,? ) > H HN
j=1

n— oo
Jj=1

Now letting I — oo gives

00 < J
Jim timint 22 (42 > ([T)" = (T 90)” @19
j=1 j=11i=1

For the upper bound, let £ = k, in (3.14). The second factor in the summand,

(Hé;t N“%TN“)(HJ (1 — Nagjiio1 + Nogy)), is less than 1, while the first
nTJ

factor in the summand satisfies

-1
H Notj+1 — Ny < Not1— Ng _ Pat1 _ Pa+t1
o Nes T DNk, Ne, = p1’
fora € {0,--- —1}and n > 1. Since Y7 p;ifl < 0o, the dominated convergence

theorem and the assumptlon that lim,,—, oo min(k,,n — k,) = co allow us to conclude upon
letting n — oo in (3.14) with k = k,, that

oo I-1 oo
lim sup P57 Z H atj+1 — H Nayjri-1+ Nayj)). (3.19)

n— oo

For a > 1, we have Ny4,4+1 — N, € (0,1 —p1). Consequently, when letting [ — oo in (3.19),
a contribution will come from the right hand side only when a = 0. We obtain

0o co J
lim lim sup P{p] i= 1(Al(7,? ) < (H Nj)2 = (H Zpi)z. (3.20)
=00 n—oo j=1 j=1i=1
Now (1.14) follows from (3.18) and (3.20). O
EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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4 Proofs of upper bounds in Theorem 1.1

We begin the proof of (1.7) and the proof of the upper bound in (1.6) in tandem, and
then consider each case separately at an appropriate point in the exposition. We also
need to show that the upper bound in (1.6) is uniform over all sequences {k,}52 ;.

Recall that (1.7) is stated to hold under the assumption W = o0, while (1.6)
is stated to hold with no assumption on {k,}5 ;. In fact, for our proofs, we will always
need to assume that

lim k—n = 0. “4.1)

What allows us to make this assumption is Proposition 2.2. Thus, in the sequel we will
always assume that (4.1) holds.

We follow the same construction used in the proof of the upper bound in Theorem 1.9.
We start from (3.14) with k replaced by k, and with {p;}52, satisfying p; = (1 — ¢.)¢},” ",
since the Mallows distribution P?" is the p-shifted distribution with this choice of p-
distribution. Thus, it follows from (3.1) that for the case at hand,

b

Ny=> (1—gqu)gi ' =1—q. (4.2)
=1

Substituting (4.2) in (3.14), we obtain

-1 41 k=1 n—ku—it1

1- dn a a+j at+j+i—
Pqn < H k77+_7 Z qnl H (1 - qn+J + qn+]+l 1)' (4.3)
a=0 j=1
We have b
17qn,17(17n%)b~n—cx,forb€]N, (4.4)
and
1-— q” nt = =1- (1 - n%)kn*‘rj Z 1- E*W' (45)

From (4.4) and (4.5) along with the assumption on ¢, and the assumption (4.1) on k,,
the term multiplying the summation in (4.3) satisfies

-1

1—g*t Ut
11 M]iqk-w el (4.6)
j=0+ —dn

Using (4.4), the summation in (4.3) satisfies

kn—1 n—k,—1+1 kn—1 n—kn,—1+1

Z fo H (1 — CIZ” 4 qz+j+l—1) ~ Z qzl H (1 _ W) 4.7)
a=0

j=1 a=0 j=1

We split up the continuation of the proof between the upper bound in (1.6), in which

case no assumption is made on k,, (accept for (4.1), as explained above), and the bound

in (1.7), in which case k,, is assumed to satisfy %a"_k") = 0o. We begin with the

former case. In this case, from (4.3) along with (4.4), (4.6) and (4.7), we have

1
l'c et 1 1 et

PIAR ) S = D gt < ~ ,
Uik nal prd nal 1— q% l na(lfl)

which is the upper bound in (1.6).
It is clear from the above proof that if we fix o/ € (a,1) and let k&, = [n*'], then
the upper bound in (1.6) is uniform over sequences {k, }>° ; satisfying k,, > k/,. From

EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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this along with (2.2), it follows that the upper bound in (1.6) is in fact uniform over all

sequences {k,}5 ;.

Now consider the bound in (1.7) and assume that k,, satisfies mm(kzw = 0. In
the previous case, we simply replaced the product on the right hand side of (4.7) by one.
For the current case, we analyze this product. We write

o n—kﬁl+1 (1 M) ) n—kifzﬂlog (1 M) (4.8)

] ne ‘ ne
J:] j:l

We have

n—ky,—Il+1

/On—kn—l+1 log (1 7a+¢ga_ Le )d:c < Z log (1 7{&33(; Le ) <

J=1 (4.9)
n—ky,—I1+2 (L+’I‘ — e
/ log (1 #)dx
1 ne

Making the change of variables, y = ¢~, we have

B atx (] _ ait 1 1— gp(I=1)c
/ log ( M)dw __ ! / 8 ( ) dy. (4.10)

A ne log dn Yy

From (4.10) and the assumptions on ¢, and k,,, both the left and the right hand sides
1 log( a(f;;”"‘y)

Y

1 _ B —
[HltBy, [0 g g,
0 Y 0 u

of (4.9) are asymptotic to 2~ f dy. A change of variables gives

Therefore,

log qn(l 1)c )
—/ dy ~ —(I — 1)qp, uniformly over a € {0,--- , k, — 1}.

Consequently, the middle term in (4.9) satisfies

n—kp,—I1+1 a+z 1—1
og =L~ )~ —(] = q,unlormyovera€ sttty Rp — . .
1 1-— (a )e l—1)q, ife I 0 k 1} (4.11)
n

i=1

From (4.8) and (4.11), we have

n—ky,—Il+1 a+j -1 .
I1 (1 M) ~ ¢~ =D45 yniformly over a € {0, -k, — 1}.  (4.12)
na
j=1

From (4.3) along with (4.6), (4.7) and (4.12), we obtain

l|
PI(AS ¢ Z gile= (=D, (4.13)

By the assumptions on &, and ¢y, ZZ"B qle=(=1)

7 is asymptotic to
f " gtle —(=14. 4z, Making the change of variables y = q~, this integral is equal to

—@ i) 173” y'~te~(=D¥dy, which in turn is asymptotic to

%fo I=1e=(=Dyqy. Thus,

kn—1 1
Z gale—1-a 7/ Y le= =Dy gy, (4.14)
0
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From (4.13) and (4.14), we conclude that

1 I—17n
n) -1 —(I— c
Pff(Az(;kn) S (/0 y' e hvdy) al-1)

which is the upper bound in (1.7). O

5 Proof of lower bound in Theorem 1.1

We need to prove the lower bound in (1.6), and we need to show that it holds uniformly
over all sequences {k,}5° ;. As in the proof of the upper bounds, we will assume that &,
satisfies (4.1), which is permissible by Proposition 2.2. The method used in the proof of
Theorem 1.9 and in the proof of the upper bounds in Theorem 1.1, via the alternative
method for constructing a p-shifted random permutation, is not precise enough to be
of use in the proof of the lower bound in Theorem 1.1. For the lower bound, we utilize
the original construction for p-shifted random permutations on S,,, specializing to the
Mallows distribution with parameter ¢, for which p; = (1 —¢,,)¢/,~!. We use the notation
Pi» not only for the Mallows distribution itself, but also for probabilities of events

associated with the construction. With regard to this construction, for j € {0,--- ,k, —1},
let Cj.1, 1 denote the event that exactly j numbers from the set {1,--- ,k, — 1} appear
in the permutation before any number from the set {k,, - ,k, + [ — 1} appears. We

calculate P2 (Cj,, 1) explicitly.
Lemma 5.1.

1— kn—1—j Hkn 1 ( qi) .

( q%lql T ST —, j€{0,1,--- 1 -1}
PI(Clgo 1) = 1-qn 1‘[2 Ko — i+’(1 qa5)
" Jifins (1—g!)ghn—1=7 TI,2 kn+] Y(1-4%)

k; T T—
1—gkn— 1—j+ an: 1(1,q2)

(5.1)

,je{li+1,-- Kk, — 1}

Proof. For a,b € N, let r,;, denote the probability that in the construction, the first

number that appears from the set {1,--- ,a + b} comes from the set {1,--- ,a}. Then
i =a)a™t  1—go
Tab = Zatb -1 atb’ (5.2)
ijl(l - Qn)Qn 1—gn

For convenience, define ry;, = 0. Then from the construction, it follows that

P (Cjik, 1) HTk i) =Th—je1), G=0, ky — 1. (5.3)

From (5.2) and (5.3), we have

J kn—i  kn—j—1 fon—j—141
. 1 _ q q n—J— q n—J
P (Cna) = (1 1 qk,,—m) - P e T
i=1 n 4n (5.4)
kp—j+l—1,kn,—1 :
(1 — gk =27 T '(1-g})
kn—1—j+1 kp+l—1 .
l—qn ! b=max(kn—j+1,kn )( q%)
The right hand side of (5.4) is equivalent to the right hand side of (5.1). O
We now obtain a lower bound on P (Al(’;)n 1Cjiken 1)
Lemma 5.2.
(n) 1=1)(kp—1—j i(1—qb)
P (A, 1Cjik, ) = qff V7179 g — S (5.5)
Hb:nflfjJrl(l -q5)
EJP 27 (2022), paper 87. https://www.imstat.org/ejp
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Proof. In order for the event Al(?n to occur, the / numbers {k,, - -- , k, +{—1} must appear
consecutively (in arbitrary order) in the construction. Thus, given the event Cj;, ;, in

ny

order for the event A( ") to occur, all of the other [ — 1 numbers in {kn, - ,kn+1—1}
must occur 1mmed1ately after the appearance of the first number from this set. Given
C.k, 1, after the appearance of the first number from {k,, - -- , k, + [ — 1}, there are still
k, —1 — j numbers from {1,--- , k, — 1} that have not yet appeared, as well as a certain
amount of numbers from {k, +[,--- ,n}. Thus, a lower bound on P (Al(:;c)n|cl3knal) is
obtained by assuming that none of the numbers from {k,, +[,--- ,n} have yet appeared.
(Here it is appropriate to note that if we calculate an upper bound by assuming that all
of the numbers from {k, +,--- ,n} have already appeared, then the upper bound we
arrive at for Pi» (Al(;r,”c)n) is not as good as the upper bound in (1.7).)

In order to calculate explicitly this lower bound, for a,b,c € NN, let r, 3 . denote the
probability that the first number that appears from the set {1,--- ,a + b+ ¢} comes from
theset {1,---,a}U{a+b+1,---,a+b+c}. Then

— +b+ j—
2?21(1 - Qn)q% ! + Z?:a+g+l(1 - qn) gz ! 1 - qn + qa+b qg+b+c
_ qn)qzl—l 1— qa/+b+c .

Tab,e = ZaerJrC(l
j=1

From the construction, the lower bound on P~ (Al(;',i |Cj:k.,,1), obtained by assuming that
none of the numbers from {k,, + [, - ,n} have yet appeared, is given by

(n) ks L ghn—1=0 _ ghn—1-j+i

dn n X _ .. — n n —

P (AR 1Chin) = T = mh—1-gim—tn—11) = [ | = =
i=1 i=1 dn

-1

(=D (k=13 (1 —qb)
\ = .
Hb:g—l—j-&-l(l —q5)

We now use Lemmas 5.1 and 5.2 to obtain a lower bound on P;{”(Al(:}c)n). From (5.1)
and (5.5), we have

kn—1
P (AL ) = > PI(Cjin, )P (A} 1Cjie ) >
=0 (5.6)

— _ knf‘]Jrl 1 -1
Z S q" " - H =kn—J (- ”) (I—=1)(kn—1-7) b:1(1 — qf;)

n —1—j+I kn+1—1 n —i 1 .

J=l B - b=k, (1—ap) HZ:T{*[*j#’l(l —q5)

Using the assumption on ¢, in the last step below, the right hand side of (5.6) satisfies

kn—1 n ]+l 1 -1
Z (1—g)gin "7 H (1-4qp) (1=1)(kn—1-7) b:l(l_QEL) >
kn—1—37+1 k +l 1 n —j—1 =
i - por, (11— ) HZ:r]szjH(l —qh)
l kn—1 kn—7+1—2
(H —qb) Z e U | (5.7)
=1 b=kn—j
l kn—1 l'cl kn—1 o
Ukn— k — U(kn— kpn—
(10 ) 52 a0~ T S 9 1)
And
kn—1 ) -1 kn—1-—1
Z q’fql(kn—l—]) (1 _ q’fin_]) ~ / qz,ll(l _ qz)l—ldx' (58)
j=t 0
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Making the change of variables y = ¢, and using the assumption on ¢,, and the assump-
tion on k,, in (4.1), we have

kn—1-—1 1 1
/ fﬂf(l - Qﬁ)lildx = — / yl*1(1 _ y)lqdy N
0 q

log g, J hn—1-1
L B4 " 5 (5.9)
L T LU (et
¢ Jo (20 c @n
From (5.6)-(5.9), we conclude that
2
Loy s (@=DY7
Pg (Al;kn) Z (2[)' na(l_1)7

which is the lower bound in (1.6).

It is clear from the proof that if we fix o/ € (o, 1) and let k&, = [n®], then the lower
bound in (1.6) is uniform over sequences {k,}>° , satisfying k,, > k/,. From this along
with (2.2), it follows that the lower bound in (1.6) is in fact uniform over all sequences
{kntnzs O

6 Proof of Theorem 1.5

Proof of part (i). We begin with the upper bound in (1.8). We follow a slightly more
precise version of the construction that was used in the upper bound in Theorem 1.9,
and then reused for the particular case of the Mallows distribution in the proof of the
upper bounds in Theorem 1.1. As with the proof of the upper bounds in Theorem 1.1, we
use the construction from the proof of Theorem 1.9 in the particular case of the Mallows
distribution, with parameter ¢,,; namely, with p; = (1 — ¢,)¢/~!. Then from (2.1), the
random variables { X;}32, have truncated geometric distributions. Although P~ denotes
the Mallows distribution with parameter ¢,,, we also use this notation for probabilities of
events related to the random variables {X;}7_, since these random variables are used
in the construction of the Pi~-distributed random permutation. It is easy to check that
Pin(X,, ¢{j+1,---,j+1—1}) is monotone increasing in j. Thus, the argument leading
up to (3.12) in fact gives the following slightly more precise version of (3.12):

n—ky,—Il+1

Pl (Az(fi)nle;kn;a) < JI Pr(Xe,si-1veiéfatiati+l—2})=
i=1 (6.1)
n—kn—I+1 a+i _ jatitl—1
(- b
n 1=
i=1 1 —gn
From the assumption on ¢,
—kp—l+1 . g —kp—l+1 _ »
! [ - & e ' (1_M) 6.2)
Pl 1 _ q’rkln"l‘l"rl—l Py 1 _ q"]fln"rl"'l_l
We have
n—k,—1+1 ~1 a+i n—k,—1+1 —1, a+i
(I—=1)en~tg® (I—1)en"'q
log ] (FW): ) 1og(1—W)~
i1 an i—1 n (6.3)

n—kn,—1+1 (l _ 1)cn—1qa+x )
/o log (1 - W)dw, uniformly over a € {0,--- , k, — 1}.

Making the change of variables y = ¢, using the assumptions on k,, and ¢,, and defining

1—
Y(e,d) =log —— <0, (6.4)

EJP 27 (2022), paper 87. https://www.imstat.org/ejp
Page 17/20


https://doi.org/10.1214/22-EJP812
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Clustering under Mallows and general p-shifted distributions

in order to simplify notation in the sequel, we have
n—kp—I1+1 (l _ ].)CTL anrz
log (1 -0 )dm =
/0 1— qul ntl+z—1

(l—l)cn’quly

1 log (1 — 7)
1 / I—gpn Ty dy <

- log In

n—k,,—z+1 Y
/ (I—1)en—t q"d (6.5)
log qn Jyn—in-t+1 1 — ghn =1y
1
-1 ——dy =
( ) /efc(lfd) 1—ecdy 4
a cd 1- e_Cd a cd :
(I —1)gre“ log T .= (I —1)gre“*~(c,d), uniformly over a € {0, - ,k, — 1}.
—e (&

From (6.1)-(6.5), we conclude that

Pin (A( sa) S e=Dagetr(e, 4 uniformly over a € {0,--- ,k, — 1} (6.6)

Recall that for the particular case of the Mallows distribution with parameter g,
the quantity IV, is given by (4.2). Thus, in this particular case, and with k replaced by
k., (3.2) becomes

-1 a+j+1

qn —4q
pgn (Bl;kn;a) = - T

EEpe (6.7)
j=0

Using (6.6) and (6.7), along with the assumptions on k,, and ¢,,, we have

kn,—1 l b
n a H = (1 - qn) aecd c
P;f"(Al( k)n) N Z e b ellmmeted)

= bk, (1= a3) (6.8)

1 dn
lle / qu (I-1)g%edy(c, d)d
nl(l _ e—cd)l 0 n

Making the change of variables y = ¢> and using the assumption on ¢,,, we obtain

dn x cd 1 1 cd
/ qxle(l 1)qre““vy(c, d)dl’ _ / yl—le(l—l)e 'y(c,d)ydy ~
0 dn

log qn
1
n / i Te=Des ey gy
C Je—cd

(6.9)

From (6.8), (6.9) and (6.4), we obtain the upper bound in (1.8).

We now turn to the lower bound in (1.8). We follow the proof of the lower bound in
Theorem 1.1 in section 5 up through equation (5.6), as the proof in that section up to
that point makes no assumption on ¢,. The next equation in section 5, equation (5.7),
contains «a, which arises from the fact that ¢, = 1 — wTa' Equation (5.7) also holds in
the present situation, where ¢, = 1 — % if we set @« = 1 in (5.7). Equation (5.8) and
the first line of equation (5.9) continue to hold in the present situation. However, in
the present situation, the first term on the second line of (5.9) must be changed from
n2 fo =11 —y)- 1dy to a el .y (1 — y)!~1dy, because in the present situation a = 1
and hrnrHOO ar Kon 1 L= . Of course, in the present situation, we ignore the rest of the
second line. Thus, from (5.6)-(5.9), with the above noted changes taken into account, we

conclude that
1 =

P (Al(:;c)n) 2 (/ (y(1 - y))lildy) n(z—l)"

—cd

which is the lower bound in (1.8). O
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Proof of part (ii). We write ¢,, = 1 — €(n), where 0 < €(n) = o(L). We follow the proof of
part (i) through the first three lines of (6.5), the only change being that the term en~! is
replaced by €(n). Starting with the inequality between the first and third lines there, we

have Ky — 141
e (I = De(n)gn™®
log (1 - —”)dx <
/0 1 qk Flta—1
1 J—
lOg dn q;L*kn*l‘Fl 1 qkn"l‘l 1y
(1= 1De(M)an —(k,+1-1) —
71 n 1 n .
108 4n dn Og(l —q,’i"“*l)

Since €(n) = o(1), we have 1 — ¢ ~ ne(n), 1 — ¢k =1 ~ kye(n), g " L1 and
q% ~ 1, uniformly over a € {0,--- ,k, — 1}. Using this with (6.10), we have

n—kn,—I+1 _ atzx
/ log<1—w)d:ﬂ§(l—l)logk—n,
0 n

1 — ghntire—t (6.11)
uniformly over a € {0,--- ,k, — 1}.
From (6.1)-(6.3) (with en~! replaced by ¢(n)) and (6.11), we conclude that
P (A |Biksa) S (-7)'"", uniformly over a € {0, k, — 1}. (6.12)
Using (6.12) and (6.7), along with the assumption on ¢,,, we conclude that
kn—1
n k
P™ (A (n) al Hb 1 n) Fnyi-1 |
S 2 T Ty
kn—1 .
1!(e(n))! (kl)l—l S g = I!(e(n))’ (ﬁ)z_ll —at (6.13)
e ) 22 = (o) 0 1=}

I kade(n) 0
n'=1k, le(n)  ni-1
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