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Logarithmic Sobolev inequalities for Dunkl operators
with applications to functional inequalities for
singular Boltzmann-Gibbs measures®
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Abstract

In this paper we study several inequalities of log-Sobolev type for Dunkl operators.
After proving an equivalent of the classical inequality for the usual Dunkl measure p,
we also study a number of inequalities for probability measures of Boltzmann type
of the form e“z‘pduk. These are obtained using the method of U-bounds. Poincaré
inequalities are obtained as consequences of the log-Sobolev inequality. The connec-
tion between Poincaré and log-Sobolev inequalities is further examined, obtaining in
particular tight log-Sobolev inequalities. Finally, we study application to exponential
integrability and to functional inequalities for a class of singular Boltzmann-Gibbs
measures.
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1 Introduction

The non-tight logarithmic Sobolev inequality (or log-Sobolev, for short), on a general
measure space ({2, F, u) with a quadratic form ) defined on a suitable space of functions
on €, states that

2 f? 2
/Qf IOngN<CQ(f)+D/Qf du, (1.1)

for some constants C' and D. If D = 0, we say that (1.1) is tight and we call it simply the
log-Sobolev inequality. Although this inequality was used before, it was first explicitly
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Logarithmic Sobolev inequalities for Dunkl operators

recognised in Gross’s seminal paper [10]. His main result was the equivalence of log-
Sobolev inequalities to hypercontractivity. For more information about the properties
and uses of log-Sobolev inequalities, as well as some historical background, see [4] and
[11] and references therein.

Dunkl operators are differential-difference operators which generalise the usual
partial derivatives by including difference terms defined in terms of a finite reflection
group. Although originally introduced to study special functions with certain symmetries,
they have found other applications, for example in mathematical physics where they have
been used to study Calogero-Moser-Sutherland (CMS) models of interacting particles. A
short introduction to the theory of Dunkl operators is given below in Section 2. More
information about applications to CMS models can be found in [18], and an overview of
their use in probability theory is contained in [9]. For more recent work on functional
inequalities for Dunkl operators see [19], [20], [3], [1], [7], [21], [15], and references
therein.

We begin our study with a log-Sobolev inequality for the Dunkl measure p; which we
prove using the Sobolev inequality for Dunkl operators and Jensen’s inequality:

f2 log —2——duy, < C/]RN Vi f)? dug. (1.2)

fod
Here duy = wy dx is the Dunkl measure with weight w; and Vi is the Dunkl gradient
(see Section 2 for a definition of these terms and an introduction to Dunkl theory). Here
and in most inequalities proved in the paper, the constants we obtain depend on the
dimension N and are not necessarily optimal.

The log-Sobolev inequality (1.2) will be the basis of many of the subsequent inequali-
ties. Our main aim is to study functional inequalities for the Boltzmann-type probability
measures

1
dvy = Ze*U du, (1.3)

where 7 is just a normalising constant and U is a function (in this paper, we mainly
consider U(z) = |z|? for some p > 1). The strategy to prove (non-tight) log-Sobolev
inequalities for such measures is to apply inequality (1.2) to a function with a suitable
weight. This will indeed almost prove the inequality we desire, except for a few residual
terms. In order to estimate these terms we use U-bounds, which were introduced in [12]
as part of powerful machinery to study quite general functional inequalities.

We also exploit the connection between the log-Sobolev and Poincaré inequalities. In
general, it is known that the tight log-Sobolev inequality implies the Poincaré inequality.
On the other hand, a non-tight log-Sobolev inequality, in the presence of a Poincaré
inequality, can be improved to obtain a tight log-Sobolev inequality. For a detailed
discussion of this connection, see [4]. We use these ideas both to produce new Poincaré
inequalities for Dunkl operators, and to deduce tight log-Sobolev inequalities from our
previous results.

Let us summarise our main results. Firstly, for dvy defined by (1.3) with U(x) = |z|?
for some p > 1, we shall prove in Proposition 6.4 the Poincaré inequality

Jo

For the same measures but for p > 2, we shall prove in Theorem 7.1 the tight log-Sobolev
inequality

2

f- fdvy

RN

dI/U S C/ |ka|2d1/U.
RN

f2 log —5——dwy < C/ Vi f|? dvy.
]RN

ff2d
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Such an inequality cannot hold for 1 < p < 2 (see the Remark at the end of Section
8.1), and in this range we shall prove in Theorem 7.3 a more general tight ®-Sobolev

inequality
/ B(f2) dvy — @ ( f? dvU> <c / Vi f I duy,
RN RN RN

where ®(z) = z(log(x 4+ 1))° and s = 2”}'%1. Finally, we also prove, in Theorem 7.3, a
log-Sobolev type inequality in L*:

/ f /]
RN

f|f|dVU

where p > 1 and s = %. Note that here, and everywhere below, we use the shorthand

S

log

dvy < 01/ |ka|dVU+C2/ |fldvy,
RN ]RN

J == Jg~ in order not to overcomplicate the notation.

In terms of applications, we first prove exponential integrability of Lipschitz functions
for probability measures of the form (1.3), as well as a Gaussian measure concentration
property for the same family of measures.

Finally, we also study applications of our inequalities to singular Boltzmann-Gibbs
measures. A good expository paper on functional inequalities for such measures is [5]. In
this paper, the probability measures in question are of the form %]l pe~V dz, where Z is a
normalising constant, 1p is the indicator function of D = {x € RN |z; > 7o > ... > an},
and

V(z)=U(z)+ > Wz — ).
i<j
In this notation, U is the confinement potential and it is assumed to be strongly convex
(i.e., U — m|z|? is convex for some m > 0), and W : (0,00) — R is the interaction
potential, which is assumed to be convex. This setting can be naturally interpreted in
terms of Dunkl theory, with particular interaction potentials arising from the weight
function wy, that appears in the Dunkl measure u;. Indeed, the set D corresponds to a
Weyl chamber associated to the root system Ay _; (see (2.2)), and the canonical choice
W (u) = —2klog u produces exactly the Dunkl measure for the same root system:

e~ Zicg Wlri=zj) — 1_[(:cZ — xj)% = wg(x).
i<j

Using this idea, from our results we obtain functional inequalities similar to those of
[5], for confinement potentials of the form U(z) = |z[P. Note that in our case U is not
strongly-convex for 1 < p < 2, so our results complement those of [5].

Moreover, our results hold for any root system and so they allow for different new
types of interaction potentials. For example, using the root system By (see (2.2)), we
obtain the probability measure

N
1 T i

dvy,p = 71{11>...>IN>0}6 le1? H |35i|2k1 H(a:l - xj)%z H(iﬁz + xj)2k27
H i=1 i<j i<j

for some k1, k2 > 0. A more detailed discussion of examples corresponding to different
root systems is Section 8.2.

This paper is organised as follows. After a short introduction to Dunkl theory in
Section 2, we prove the main log-Sobolev inequality for the Dunkl measure u; in Section
3. In order to introduce the method of U-bounds in a simple framework, in the same
section we also prove the log-Sobolev inequality for the Gaussian measure e~lel® dpg.
More general U-bounds are proved in Section 4, which we then apply in Section 5
to obtain the desired non-tight log-Sobolev inequalities for Boltzmann measures. In
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Section 6 we prove Poincaré inequalities which we then use in Section 7 to obtain tight
log-Sobolev inequalities. Finally, in Section 8 we discuss applications to exponential
integrability and singular Gibbs measures.

2 Introduction to Dunkl theory

In this section we will present a very quick introduction to Dunkl operators. For
proofs of fundamental results mentioned below and for more details see the survey
papers [16] and [2].

A root system is a finite set R C RY \ {0} such that RNaR = {—a,a} and 0,(R) = R
for all « € R. Here o,, is the reflection in the hyperplane orthogonal to the root o, i.e.,

(o, 7)

(@, )

(2.1)

Oq =T — 2

The group generated by all the reflections o, for « € R is a finite subgroup of the
orthogonal group O(N), and we denote it by G.

We say that a root system is irreducible if it cannot be written as a disjoint union
of two orthogonal root systems. Irreducible root systems are fully classified and they
consist of four infinite families and a number of exceptional cases. The first three infinite
families can be defined in RN for N > 2:

AN_lz{ei—6j|1§i<j§N}
By = {V2e]1 <i < N}U{e; +ej|l <i<j<N} (2.2)
DN={€¢i€j|1§i<j§N},

where the ej, es, ..., ey are the standard orthonormal basis of RY. The fourth infinite
family is best described in C and it is given by

Ir(m) = {ei%\O <j<m}.

Let k : R — [0,00) be a G-invariant function, i.e., k(«) = k(ga) for all ¢ € G and
all @ € R. We will normally write k, = k(«) as these will be the coefficients in our
Dunkl operators. We can write the root system R as a disjoint union R = R, U (—R4),
where R, and —R are separated by a hyperplane through the origin and we call R,
a positive subsystem; this decomposition is not unique, but the particular choice of
positive subsystem does not make a difference in the definitions below because of the
G-invariance of the coefficients k.

The Weyl chambers associated to the root system R are the connected components of
{z € RN : (o, x) # 0 Va € R}. It can be checked that the reflection group G acts simply
transitively on the set of Weyl chambers so, in particular, the number of Weyl chambers
equals the order of the group, |G|.

From now on we fix a root system in R" with positive subsystem R_. We also assume
without loss of generality that |a|?> = 2 forall « € R. Fori = 1,..., N we define the Dunkl
operator on C'(RY) by

Tf(x) = 0f () + Y koo LS (002)

aER <Oé, $>

N
We will denote by Vi, = (11, ...,Ty) the Dunkl gradient, and Ay = Z T? will denote
i=1
the Dunkl Laplacian. Note that for £ = 0 Dunkl operators reduce to partial derivatives,
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and Vo = V and Ay = A are the usual gradient and Laplacian. Note also that if f is
G-invariant, i.e., f(z) = f(gz) for all g € G, then T; f = 0;f, so, in particular, Vi f = V.

We can express the Dunkl Laplacian in terms of the usual gradient and Laplacian
using the following formula:

Apf(x) =Af(x)+2 > ka

a€Ry

— . (2.3)

[<Vf($)»0<> f(z) = floa)
(v, x) (o, )2

The weight function naturally associated to Dunkl operators is

we(e) = [T laz) .

a€ER

This is a homogeneous function of degree 2+, where

v = Z k-

aERy

We will work in spaces LP(u), where duy = wg(z) dz is the weighted measure; the norm
of these spaces will be written simply |-||,. With respect to this weighted measure we
have the integration by parts formula

[ ngdm == [ mi . 2.4)
RN RN

This formula holds for f € C>°(RY) and g € C*(R") and can be extended (see below) to
frg € HY(RN).

For any f € L] .(ur) we say that T; f exists in a weak sense if there exists g € L{, . (ux)
such that

[Tipduy = —/ gedu, Vo € CX(RY)
RN RN

and we write T;f = g. Higher order derivatives are defined similarly and we use the
notation 77 f = T/ T,* ... T3 f for n € IN)Y. We can then define a Dunkl Sobolev space
W"P(RY) for alln € N and 1 < p < oo as the space of all functions f € LP(uy) for which
T"f exists in a weak sense and 7" f € LP(uy) for all n € N} with |n| < n. It can be
checked (following, for example, the ideas of [8, Section 5.2]) that this is a Banach space
under the norm
1/p
I lwrreny = > 17717

neENY |n|<n

In the particular case p = 2, we write H*(RY) := W,;"*(R"). More generally, for any
measure ;. we can define W;"”(u1) as the space for which 7" f € LP(u) for all 0 < || < n.

Note that for £ = 0, when Dunkl operators reduce to usual partial derivatives, then
Dunkl Sobolev spaces also reduce to the standard Sobolev spaces, i.e., Wy (u) =
WP ().

One of the main differences between Dunkl operators and classical partial derivatives
is that the Leibniz rule does not hold in general. Instead, we have the following.

Lemma 2.1. If one of the functions f, g is G-invariant, then we have the Leibniz rule

Ti(fg) = fTig + gTi f.

In general, we have

B f(crax))(g(x) — g(crax))'

(o, )

T(f9)(@) = T:f (@)g(a) + f@)Tig@) = 3" ks L

aERyL
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A Sobolev inequality is available for the Dunkl gradient (see [19], which also contains
a discussion about the optimal constant C'pg):

p(N+27)
N+2y—p*

Proposition 2.2. Jlet1 < p < N + 2y and q = Then there exists a constant

Cps > 0 such that we have the inequality

I£l, < Cos IVRfIl,  ¥f € WIP@RY).

3 The main Log-Sobolev inequalities

To begin with, we have the following Dunkl equivalent of the classical log-Sobolev
inequality.
Theorem 3.1. Assume that N + 2+ > 2. Then, there exists a constant ¢ € R such that
for any § > 0 and for any f € Hé(RN) we have

/f21og T dukgé/ \ka|2duk+0(6)/ 12 duy, (3.1)
RN RN

where C(8) = 242 (log 1 — ¢).
In particular, by choosing § = e~ ¢, we obtain the following tight log-Sobolev inequality:
there exists a constant C' > 0 such that

f2 log ———dug < C/ |ka\2dpk, (3.2)
]RN

ff2d
holds for any f € H}(RV).

Proof. Fix f € H}(RY), f # 0. Then fwj}iidm duy is a probability measure, and so by
R -,
Jensen’s inequality we have, for any r > 0,

2 f2 _1 2 . f2 ( f2 )T
]RNflogfod,u d _T/]RNfd'uk ]RfoQdﬂklog ff2d“k dﬂk

1 ) f2 147
< Z dug, -1 . d
,T/RNf Kk og/RN<ff2de) ik
o+l 17121 ||f||§+2r
- 2
ST

We then use the elementary inequality
1
logx < 5$—|—10g5 -1,

which holds for all z,§ > 0. Thus

2
r+1 1
2log 1 dp < L |5 +(log = — 1) |IfI17] .
[ T 108 g < 113420+ (log 5 = 1) 1£11
Finally, by choosing » > 0 such that 2 4 2r = ?V(f;y 2]%, we can apply Sobolev’s inequality
to deduce
2
2 / r+1 / 2 / 2
1 d ——C%6 \Y dug,
RNf %% T T, i < Ds IV f] f= duy

where Cpg is the Sobolev constant. A simple relabelling of the constants finishes the
proof. O
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Remark 3.2. From the proof above we can compute the constant ¢ appearing in C'(9) in
terms of the Sobolev constant: ¢ =1 — log (%Cﬁ) s)‘ Thus, we can also compute the

constant in the tight log-Sobolev inequality (3.2): C' = N ;f'y 3 g- Note that this constant
is not necessarily optimal.

Using the results of [6], from the non-tight inequality (3.1) which holds for any § > 0,
we can deduce a more general LP result, as well as the ultracontractivity property.
Here we use the fact that the Dunkl heat semigroup (H;):>o has generator A; and
associated quadratic form Q(f) = fRN |V f|? dug (for a discussion of this semigroup, see
[16, Section 4.2]).

Corollary 3.3. Assume that N + 2+ > 0 and let 2 < p < co. Then, for any § > 0 and for
any f € C>®(RY) such that f > 0, we have

o logfffd dukg/R Vif - V(P 1)duk+c< )/ 17 du,

where C(9) is as in the previous theorem.
Proof. This follows from the previous theorem and [6, Lemma 2.2.6]. O

Finally, we recover the ultracontractivity property for the Dunkl heat semigroup.
This was already established in [19] using properties of the heat kernel; using the new
log-Sobolev approach, no a priori bounds on the heat kernel are necessary.

Corollary 3.4. The Dunkl heat semigroup (Hy);>o on L*(pu) with generator Ay, is ultra-
contractive. More precisely, there exists a constant C > 0 such that for all t > 0 and for
all f € L?(uy) we have

N+2~,

[Hiflloo < CE 1 flly -

Proof. This follows from the previous Corollary and [6, Theorem 2.2.7]. O

In what follows, we want to study inequalities for probability measures of the form

1 _
dvy = Ee Udu;€7

where U(x) = |z|P and Z = / e~V duy. To illustrate the method and to motivate the
N

R
study of U-bounds in the next section, we first consider Gaussian weight in the following
theorem. This result will be further refined and generalised in the next sections, but the
main lines of the proof will remain the same.

Theorem 3.5. Assume that N + 2y > 2 and consider the probability measure vy with
U(x) = |x|?. Then, there exist constants Cy,Cy > 0 such that the following inequality
holds for all f € HL(RY):

2
f210g£7d1/(] §C1/ Vi f|? dvy + Co 2 duy.
RN f f dI/U RN RN
Proof. Applying inequality (3.2) to the function ﬁ fe~U/2, we have

2 1
dvy < fc/ Vi (e Y2 dpg
Z ]RN

+log Z f2dvy + / f2U dvy.
RN RN

f
fPlog —5——
RN J 12 dvy (3.3)
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Since U is G-invariant, we can use the Leibniz rule from Lemma 2.1 to obtain the identity
1
Vi(fe V%) = e U2y, f — gfe’U/QVU. (3.4)
Thus, we have
1 1
7 [ Ve P = [ 19is - 31v0P dug
Z ]RN IRN 2
1
<2 [WuPay [ PIVUPaw
]RN 2 ]RN
:2/ |ka|2dVU+2/ f2U dvy,
RN RN

where, in the last line, we used the fact that VU (x) = 2z, so |VU|? = 4U. Replacing this
inequality in formula (3.3), we have

2
f? logfidl/U <2C |V f)? dvy
RN J f2dvy RN (3.5)
+log Z fAdvy + (1+20) f2U dyy.
RN RN
Using the identity (3.4) again, we deduce
1 1
[ vt =2 [ 19 ape g [ P90R
RN RN RN
1 (3.6)
+= - YU -Vi(fe Ve V2 dpy.
Keeping in mind that VU (x) = 2z, this equality implies that
/ Vi fl? dvy > / fPU dvy + A, (3.7)
RN RN
where
1
A= - YU -Vi(fe Ve V2 dpy,

We now compute the quantity A. Firstly, by the integration by parts formula (2.4) applied
to the pairs of functions fe~Y/2 x;fe~Y/? € H}(RN) for each 1 < i < N, we have

N
1 _ _
A= —ZE/]RN fe V2T (22 feY/%) dpg (2).
i=1

Using Lemma 2.1, we have
Ti(zife”"/?)

= 5T (fe V) 4 fe VT (a) = Y haaue V@2 (f(z) = foaz))(zi — (0a)i)

aER <a’ :L.>
= (fe”"P) + fe P+ Y kaad) = Y kaafe VO (f(2) — floaw)).
CKGR+ OCER+
(3.8)
Thus, recalling that |a|? = 2,
A—A—2 42 [ Paw+a S k[ @@ - f(o0) dusle),
RN aER RN
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and so

A= —N/]RN Pav =23 ko | f@)f o) dus(a).

acRy

Using the elementary inequality 2XY < X2 + Y? and the fact that the measure vy is
G-invariant, we obtain

A> —(N+27)/ fAduy.
RN

Replacing this in equation (3.7), we obtain

fQUdz/Ug/ \ka|2duU—|—(N+27)/ fAduy. (3.9)
RN RN RN

Finally, using this in (3.5), we have

2
Plog——aw <o / Vs I? dvy + C / £ vy,
RN RN

RN f f2 dl/U
for some constants C,Cy > 0, as required. O
4 U-bounds

Looking back at the proof of the weighted log-Sobolev inequality in Theorem 3.5, we
can see that inequality (3.9) was the key element. Inequalities of this form are called
U-bounds (cf. [12]). In this section we will prove more general U-bounds by adapting
our proof slightly, and these will later be used to deduce log-Sobolev inequalities.

Proposition 4.1. Let p > 1 and consider the probability measure vy with U(z) = |z|P.
Then, there exist some constants C, D > 0 such that for any f € H](vy), we have the
inequality

2= dyy < c/ Vi f2dvy +D/ 2 duy. (4.1)
RN RN RN
Proof. We follow more closely the proof of (3.9). We have
VU (z) = plz|P" 2.

From (3.6), we obtain

2
b [ Pl Dan < [ Vi - a
RN RN

where )
A=— VU - Vi(fe U2)e V2 dpy.
Z ]RN

As in the proof of Theorem 3.5, using integration by parts and Lemma 2.1, we have
24 = —[p(p - 2) + p(N + 27) — 27p] /N fPlalP? dvy
R

3 ha [ e (@) (o) dus(a)

acRy RN

> — [P+ p(N +2v—2)] /N P2 duy.
R

Thus
4 2 [p* +p(N + 2y -2
| Pl i < o [ vt + LS CRR ) [, £l an.
RN b7 JrwN p RN
(4.2)
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Assume first that p > 2 and let € > 0. Then, using Holder’s 1nequa11ty with coefficients
p 2(” 1) 2(’” 1) , and then Young’s inequality XY < X , we have

p = and g :=
D B
( f2duu> < / f2|x\2<” 1 duU)
RN

p —e=2 2 2(p—1)
< ——€ 7 f“dvy + / F2z2P=Y dyy.
-0 s v

Thus, by choosing ¢ > 0 small enough such that

(p=2)[p* +p(N +27-2)]
p*(p—1) ’
we obtain inequality (4.1) for some constants C, D > 0.
The case 1 < p < 2 requires more care. Let ¢ : R? — [0, 1] be defined by

IN

/N fZ\:z:|p*2 dvy
R

1>

0, x| <1
dle)=qlz| -1, 1<z <2 (4.3)
1, |z| > 2.
Note that ¢ is radial, so G-invariant, and V¢(z) = 7 on 1 < [z| < 2, and it vanishes

elsewhere; in particular, . Then, writing f = f¢ + f(1 — ¢), we have

FPaPP dvy <2 / |fo]2z2P~ dvy + 2 / |F(1 = @))2z2P D dvy,  (4.4)
RN RN

RN

and we estimate each of the terms on the right hand side separately. Firstly, by (4.2), we
have

/ Ol 20V duy < & / ()P dvy + Cy / O Ay (45)

where C), := w. By the Leibniz rule (since ¢ is G-invariant) and using the

properties of the function ¢, we have
IVi(fo)I* < 20°|Vif? +2f%|Vel* < 2|V fI* +2f. (4.6)

Moreover, note that f¢ = 0 on |z| < 1 and outside this region we have |z|P~2 < 1 (since
p < 2),so

j/ |f¢FLﬂp72dVU’§!/ﬂ fAdvy. (4.7)
RN RN
Thus, combining inequalities (4.5), (4.6) and (4.7), we have obtained
21 12(p—1) 8 2 8 2
| fol°|z] dvy < — Vi f|"dvy + (— + Cp) [oduy. (4.8)
RN p* JRrN p RN

We now turn to the second term in (4.4). Here we simply note that the function f(1 — ¢)
is supported on |z| < 2, and thus

/IR = @)l vy < 22070 /R MU= OP dry <2070 | vy (4.9)

Therefore, putting (4.4), (4.8) and (4.9) together, we obtain the U-bound (4.1) for some
C,D > 0. O
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From this result we can obtain another type of U-bound which will be essential in the
later study of log-Sobolev inequalities. Note however that this bound holds in the more
restricted range p > 2.

Corollary 4.2. Let p > 2 and consider the probability measure vy with U(z) = |z|P.
Then, there exist some constants C, D > 0 such that for any f € H,%(IRN) we have the
inequality

/ PlalP dvy < C’/ |V f|? dvy +D/ fAduy. (4.10)
RN RN RN
Proof. We employ the same idea as in the last part of the previous result. Namely, let ¢

be the function defined by (4.3) and consider the decomposition f = f¢ + f(1 — ¢). We
have

/ meWsz/|mmwww+g/|ﬂuwmmmw. (4.11)
RN RN RN

The function f¢ vanishes on |z| < 1 and outside this region we have |z|P? < |2|?(P~1) (since
p > 2). Thus

[ reblapan < [ 176Plle D du < [Pl du.
RN RN RN

On the other hand, the function f(1 — ¢) is supported on |z| < 2 and thus

[ sa-oapan <2 [ faw.
RN RN
Putting these inequalities together, we obtain

P dvy < 2/ PPV dvy + 207 [ 2 duy.
]RN

RN RN

Finally, using inequality (4.1) for the first term on the right hand side, we obtain (4.10),
as required. 0

The two bounds we have proved so far are both in L?(vy). In the last result of this
section we prove an L!(vy;) bound whose proof will require a slightly different approach.

Proposition 4.3. Let p > 1 and consider the probability measure vy with U(z) = |z|P.
Then, there exist some constants C, D > 0 such that for any f € Wkl’l(]RN) we have the
inequality

/ \f|-\x|p‘1dz/U§C/ |ka\duU+D/ 1] dve.
RN RN RN

Proof. In order to avoid a singularity that will arise at the origin, we first consider a
function f that vanishes on the unit ball. As before, we start with identity (3.4). Noting
that in this case we have

VU(z) = plaP~'V (|a]),

the identity in the previous section now reads
Vi(fe ) = e UVf = pflafPlem UV (|a]).
Taking inner product with V(|z|) and integrating on both sides, we have
1 U
= [ Vzl) - Vi(fe™™) dp
RN

(4.12)
— [ Vlla) - Vs dus —p [ 9D flal " v
RN RN
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We can use integration by parts on the left hand side to obtain

7 |, VeVl i = = [ Ay,

Replacing this in (4.12), and using also the fact that |V(|z|)| = 1 for « # 0, we have
- 1 1
flz|P~ dvy = = V(|z|) - Vifdvy + - Ag(|z)) f dvy
RN P JRrN P JrN
1 1
< f/ |ka‘dl/U+*/ A(|z]) f dvy.
P JrN P JRrN

Finally, we have

Tf(lxl)ﬂ(’) S
EVCETE ZR 2]

) )
Ap(lz]) = (N +2y-1)—

x|

Therefore, from the above we deduce that (recall that f vanishes on the unit ball)

_ 1 N+2v—1
/ flalP~! dvy < f/ |ka\duU+i”/ £l dve.
RN D JrN p RN

Writing f = fy — f_, where fi(r) = max(f(z),0) and f_(x) = —min(f(x),0), we can
apply this inequality to f; and f_ separately. Adding the two resulting inequalities, we
have

/ Lfl - P~ dvy < 01/ Vi fldvy +D1/ |fldvy,
RN RN RN

where C; = % and D; = Y+£2=1

Having proved the result for functions that vanish on the unit ball, let us now consider
a general function f € L!(dvy ). To prove this more general result, we once again employ
the method from the end of the proof of Proposition 4.1. More precisely, let ¢ be the
function defined in (4.3) and consider f = ¢f + (1 — ¢) f; the first term vanishes on the
unit ball so the above can be applied to it, while the second term has compact support
and it is easy to bound. We have

/ ] Lo duy < / 6] - 2P~ dus + / (1= $)f]- 2P~V dvy
RN RN RN
< / V(6f) dvy + Dy / 6f|dvy + 27! / fldvy
§C1/ \ka|dVU+(Cl+D1+2p_1)/ |fdvy.
RN RN

Here, in the last step, we used the Leibniz rule (which holds because ¢ is G-invariant)
and the fact that |[V¢| < 1. This completes the proof. O

5 Non-tight log-Sobolev inequalities for Boltzmann-type measures

In this section we use the U-bounds obtained above to deduce non-tight log-Sobolev
inequalities. To begin with, from Proposition 4.1 and Corollary 4.2 we obtain a log-
Sobolev inequality for probability measures dvy = +e~Y(®) dyy, for U(z) = |z[P and with
p > 2, and in the range 1 < p < 2 we prove a $-Sobolev inequality. Similarly, from
Proposition 4.3 we obtain a ®-Sobolev inequality in L'(vy;) for general 1 < p < co. The
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approach in these results is similar to that of Theorem 3.1: first employing Jensen’s
inequality to take the logarithm outside the integral, and then using the classical Sobolev
inequality. U-bounds will be used to control residual terms arising from the introduction
of a weight.

Theorem 5.1. Assume N + 2 > 2. Let p > 2 and consider the probability measure dvy
with U(z) = |z|P. Then there exist some constants Cy,Cy > 0 such that for all f € H} (vy),
we have the inequality

2
f2 log fi dvy < 01/ ‘ka|2 dvy + CQ/ f2 dyy. (5.1)
RN ff2 dvy RN RN

~U/2

Proof. We apply inequality (3.2) of Theorem 3.1 to the function % fe and thus we

obtain

f2 log f72

dvy < 20 24 log Z 2d
[ Pon g <20 [ Vs g [ g

+ fodyUJrQC/ VU dvy.
RN RN

Note that in this case we have |VU|? = |z|?(*~1) and thus by applying Proposition 4.1 and
Corollary 4.2 (hence the restriction p > 2), we obtain inequality (5.1) for some constants
C1,C5 > 0, as required. O

Theorem 5.2. Assume N + 2v > 2. Let 1 < p < 2 and consider the probability measure
vy with U(z) = |z|P. Let s = 2”771. Then there exist some constants Cy,Cy > 0 such that

for all f € H{(vv), we have the inequality

[ e
.

[ f2dvy
Proof. Consider the function h = —= fe~Y/2. Then fPdvy = / h? duy,, and
vz RN RN

S

log

dvy < C4 / |ka‘2 dvy + Cg/ f2 duy. (5.2)
RN RN

S S

2 h2
2N T d :/ h?llog ——— +U +1logZ| d
/RNf og T2 vu . ogfhz i +U + log e 5
hz |° ’
< [ oy | dmt [0t log 2 [ i,
RN J h? duk RN RN

where in the last inequality we used the fact that since s € (0,1], then the function
X — X* is subadditive, i.e., we have (X +Y)* < X* +Y* for X, Y > 0.

Before we start the usual procedure of applying Jensen’s inequality, we note that the
function z |log z|® is bounded on (0, 1), and let

D= sup zl|logz|’ < co.
z€(0,1)
Consider now the function log, # := max{0,log z}. Then the above observation implies
that
zlogz|® < z(log, z)°* + D forall z > 0.

With this in mind, we have

2 s 2 2 s
h? [log ——5———| dux = h? dp, - 1 d
/RN % Th2du,| M /RN PR Jon TH2 gy |8 Th2 dpe | 1
) h? h? °
< heduy - — | 1 — | d D).
_/]RN . Vnwfhzduk<og+fh2duk> et ]
(5.4)
EJP 27 (2022), paper 89. https://www.imstat.org/ejp
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For the fixed function h the measure fh’;ifm duy is a probability measure. Thus, we
can apply Jensen’s inequality to the concave function (log, t)® in the below as follows

h? h?\® 1 h? 2o\
0 (log, o) dpp == [ o [log, () ] d
/RN Thzdpu, <Og+fh2duk) HE = s /RN Th2duy, | O8F (fh2 duk) Hk
1 B2 146 $
<[ 2 ) a
R <0g+/]RN <fh2duk> e

2 S
(1+6)° ( llhIIMs)
= " log .
0 Tl

By standard calculus methods we can show that

log, z|*
Cs := sup | 8+ |
>0 T

Applying this in the previous inequality, we obtain

2 ( 2 \* (1+6)* [1h]13 405
- ]og+ ) d,ulc < cs P
v 2 i Th? dpus ( 5 ; [ (5.5)
1+6)° 1 2 2
< 5 h? dﬂkECDSHth“z'

Here in the last step we used the Sobolev inequality of Proposition 2.2, which holds if
_ 2(N+2v)
we choose § > 0 such that 2 + 2§ = N+27_72.
Next, we have

A
Combining (5.3), (5.4), (5.5) and (5.6), we have

/ 12 f?
RN

[ f2duy

1 1
IVh|2 = 7/ Vi (fe=U2)2 dpy, < 2/ IV f[2 dvy + 7/ PIVURdvy.  (5.6)
]RN ]RN 2 RN

s

N +2v\°
log dvy < ¢ ( + 7) 201275/ Vi f|? dvy + |10gZ\S/ 2 duy
2 RN RN

N +2v\° C2
+C5( + 7) %/ fQ‘VU‘QdVU—‘r/ f2Usdl/U.
2 2 RN RN

But |[VU| = plz|P~! and U® = |z|>=Y), so the last two terms can be computed as follows
1
AU dvy = / 2P dyy = 7/ VU dvy.
RN RN p* Jry

Finally, from Proposition 4.1 we obtain inequality (5.2) for some constants Cy,C5 > 0
which depend on v and the dimension N. This concludes the proof. O

Theorem 5.3. Assume N + 2v > 1. Let 1 < p < oo and consider the probability measure
vy withU(z) = |z|P. Let s = %. Then there exist some constants C,Cy > 0 such that

forall f € Wkl’l(uU), we have the inequality
/ f £
RN J1fldvy

Proof. The proof is similar to that of the previous result except for in this case we rely
on the Sobolev inequality

S

log dl/U < 01/ |ka| dl/U + Cg/ |f| dl/U.
RN RN

1Bl < ClIVEAIl,

where ¢ = N]i;ﬁl (see Proposition 2.2), and the U-bound of Proposition 4.3. O
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6 Poincaré inequalities

In this section we discuss Poincaré inequalities for Dunkl operators. These will be
used in the next section to improve some of our previous log-Sobolev inequalities, but
are also of independent interest.

Using a standard argument (see for example [4]), the non-tight log-Sobolev inequality
(3.1) of Theorem 3.1 implies the following Poincaré inequality.

Theorem 6.1. Assume N +2v > 2. Let R > 0 and consider the ball Bg := {z € RY : |z| <
R}. There exists a constant C' > 0 independent of R such that for any f € H}(Br, ) we
have the inequality

2

1
[l [ fm] dm<ort [ 9P d.
BR l’l’k (BR) BR BR
Proof. To simplify the notation, let fiz := —— 1 be the Dunkl probability measure on

14 ,(B )
the ball Bgr. Note that it is enough to prove ktheRtheorem for f that satisfies the additional

assumption || B fdiig =0, in which case the inequality takes the form

f?djig < CRQ/ Vi f|* diig. (6.1)

Br Br

To obtain the general case it is then enough to replace f by f — fBR fdigin (6.1).
For any € > 0 consider the function g = 1 + ¢f. A Taylor expansion shows that

2

2 202 2 2 3~ 2
g log —— =2¢f +3¢“f“ — ¢ fedig + o(e*),
fBRQQd:u’R BR
and thus
2

/ gzlog%d[j]g:%2 f2dpir + o(€?), (6.2)

BR fBRg d/.lR BR
ase— 0.

From Theorem 3.1 we have that

2
/ Plog —L ——djip <6 / Vgl djig + (C(6) + log(jui (Br)) / o diin,
Br fBRg dN’R Br Br

holds for all § > 0. However, using the fact that u(Bgr) = px(B1)RY 127, we find that
§ = ¢/R?, for a constant ¢ > 0, solves the equation C(J) + log(ux(Br)) = 0 (the exact
formula for ¢’ is given in the remark below). Therefore, we have the tight log-Sobolev
inequality

2
/ g%og%dﬂp{gc’ﬁ/ V1g]? djin. (6.3)
Br fBRg dIJ’R Br

Combining (6.2) and (6.3), and letting ¢ — 0, we have obtained (6.1), as required. O

Remark 6.2. The constant ¢’ obtained above can be computed and we obtain

c/:N+27

2 () .

where Cpg is the Sobolev constant. The volume of the unit ball u;(B;) can also be
computed explicitly using the Macdonald-Mehta integral, see formulas (2.4) and (2.5) in
[19] for details.
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Remark 6.3. This Poincaré inequality corresponds to the classical Neumann-Poincaré
inequality. A Dirichlet-Poincaré inequality for Dunkl operators was also proved in [20].
Namely, we have the result:

11w < c@) [ 9P ape.

Q Q

which holds on any bounded domain 2 C R” for a constant C(Q2) > 0 and for all
f e CERY).

We can now use the previous result together with the U-bounds proved above to
obtain a Poincaré inequality for the weighted measure vy .

Proposition 6.4. Assume N + 2v > 2. Let p > 1 and consider the weighted probability
measure vy with U(z) = |z|P. Then, there exists a constant C' > 0 such that for any
f € H}(vy) we have

Je

Proof. It is known that

vary, (f) = /RN f_/]RNdeU

Indeed, this can be proved by considering the minimum of the quadratic function

2
dvy < 0/ Vi f? dvy. (6.4)
RN

f—/RNfduU

2
d U — II]]..II ? - dbl . 6.5

(— |f — ¢|* dvy over R. Thus, it is enough to prove the inequality
RN

/ |f = ¢PPdvy < C/ (Vi fI? dvy (6.6)
RN RN

for some ¢ € R.

Let R > 0 and let By = {|z| < R}. We will prove (6.6) with { = m fBR fdpy for
large enough R. Firstly, we have
2

1 1
focPaw<t [ - —E [ raw| am
/BR| | v=z Br 1k (BR) Br
C
S 6.7)
A Br

< CR%™ / Vi f)? dvg.
Br
Here we used the Poincaré inequality of Theorem 6.1 and the bounds e /" < e~V <1 on
Bg.
On the other hand, we can use Proposition 4.1 applied to the function (f — {)lg~\ g,
where 1 x is the indicator function of set X, to obtain

Joo 1R < B ) - Rl av (o

lz| =R

§CR—2<P—1>/ \ka|2dyU+DR‘2(p‘1)/ If —¢)?duy.
lz|>R

|| >R

But R was an arbitrary positive number so we are free to choose it such that DR~2(P—1) <
1. Then we have

CR-2(-1)

2 2

- dry < —————— \% dvy. 6.8
/]RN\BR |f C‘ vy > 1 _DR_Q(p_l) /T|ZR| k:f' vy ( )
Adding the inequalities (6.7) and (6.8), we obtain (6.6), and therefore, by the observation
above, the Proposition is proved. O
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7 Tight log-Sobolev inequalities

We now have all the ingredients to obtain tight log-Sobolev inequalities. The first is a
tight version of the log-Sobolev inequality from Theorem 5.1.

Theorem 7.1. Assume N + 2y > 2. Let p > 2 and consider the probability measure vy
with U(x) = |z|P. Then there exists a constant C' > 0 such that the inequality

2 f? 2
/]szf logifﬁdvu dvy SC/RN Vi f|* dvy (7.1)

holds for all f € H} (vy).

In order to prove this result we will need the following inequality, known as Rothaus’s
lemma (see [17, Lemma 9]).

Lemma 7.2. Recall that

Ent(g) ::/ gloggdz/Uf/ gdl/Ulog/ gduy,
RN RN RN

for g > 0. Then, for all f measurable with / fdvy =0, we have the inequality
RN

Ent((f + 0)2) < Ent(f2) +2 2 duy,
RN

forallc e R.

Proof of Theorem 7.1. By Rothaus’s lemma we have

Ent(f?) < Ent ((f—/RNfduU)2> +2/RN <f—/]RNfduU)2dyU.

Furthermore, from Theorem 5.1, we have

2
Ent(fQ) <Cy /]RN |ka|2dVU+(2+CQ) AN (f—/]RNdeU> dvy.

Finally, using the Poincaré inequality of Proposition 6.4, we obtain

Ent(f2) < (Cy + C(2 + Cy) /]RN Ve f 2 dve,

which is exactly what we wanted to prove. O

As we shall see in the next section, the condition p > 2 in the previous theorem is
necessary. However, in the range 1 < p < 2 we can still obtain a $-Sobolev inequality.
This is the object of the following theorem, which is a tight version of the generalised
log-Sobolev inequality of Theorem 5.2, and it is obtained from this result in a manner
very similar to the proof that we have just seen.

Theorem 7.3. Assume N + 2y > 2. Letl < p < 2 and s = 2”1);1 and consider the
probability measure vy with U(z) = |z|P. Let also

O(x) = z(log(x 4+ 1))°.

Then there exists a constant C' > 0 such that the inequality

/ O(f?) dvy — c1>( f? dyU> < C/ Vi f)? dvy,
RN RN RN
holds for all f € H}(vy).

EJP 27 (2022), paper 89. https://www.imstat.org/ejp
Page 17/25


https://doi.org/10.1214/22-EJP810
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Logarithmic Sobolev inequalities for Dunkl operators

As before, we need the following generalisation of Rothaus’s lemma (see [14, Lemma
A.1]).

Lemma 7.4. Let ® be as in the statement of the theorem and define, for g > 0,

Ente(g) == /]RN ®(g)dvy — @ (/RN ngU) :

Then there exist constants Ay, By > 0 such that for any f with / fdvy = 0 we have
RN

Entg,((f + 0)2) S A]_Ent(@(fQ) + Bl f2 dl/U
RN

forall c € R.

Proof of Theorem 7.3. The proof of this goes along the same lines as the proof of Theo-
rem 7.1. From the previous Lemma we have

2 2
Ente(f?) < Ente ((f—/]RNdeU> > +2/RN (f—/RNfduU> dvy. (7.2)

However, here we cannot apply Theorem 5.2 directly to bound Ente ((f — [ fdvy)?)
since the quantity on the left-hand side of (5.2) is not the same as Ente(f).
Instead, we note that

Buta(s) = [ o|og(1+9)" (1og (14 [ g>)] vy
" s

where we used the inequality (a + b)° < a® + b® which holds for all a,b > 0 since
s € [0,1]. We compute the integral on the right hand side separately over X =

{x:g(w) 2/ gdz/U} and X = RV \ X. On X we have
RN

dVU7

g+1
log —2 "~
ngngU+1

9+1<g

1< ,
= Jgdvwy+1 7 [gdwy
so . .
g+1 | g |
g |log ——| dwvy S/ g |log ———| dwy.
/x ’ Jgdvy +1 RN Jgdvy
On the other hand, on X we have
d 1 d
Lot | fodn
g+1 g

SO

S

where we first used the inequality log(1 + z) < z for all z > 0, and then the fact that
s<1,so0 (fggd”U) < fg;"”. Thus

9

I
o8 [ gdvy

Entq>(g)§/ g dZ/U+/ gduy.
RN

RN
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We can now apply the same strategy as before. First, by Theorem 5.2, we have

Ent‘p(gZ) < 01/

Vig|® dvy + (Ca + 1)/ 9> dvy.
RN RN

Taking g = f — / f dvy in this inequality and applying (7.2), we have
RN

2
EIltcp(fQ) S A101 / |ka‘2 dl/U + (Al(CQ + 1) + Bl)/ (f — / fdl/U> dVU.
RN RN RN
Finally, using the Poincaré inequality of Proposition 6.4, the proof is complete. O

8 Applications

8.1 Exponential integrability and measure concentration

As a consequence of the tight log-Sobolev inequality of Theorem 7.1, we can prove
exponential integrability for Lipschitz functions (note that we say a function f is a-
Lipschitz if |f(x) — f(y)| < alz — y|). The proof of this fact uses the classical Herbst
argument (see [4]); for completeness, we give a sketch of the argument here.

Theorem 8.1. Assume N + 2y > 2. Let p > 2 and consider the probability measure vy

with U(z) = |z|P. For any a-Lipschitz function f and for any b < \/ 2= (where C is the

constant in (7.1)) we have
/ eb2f2/2 dry < .
RN

Proof. Step 1: assume f is G-invariant (in addition to the assumptions above). Then,
for any s € R we have

2
/ e dvy < exp (5/ fdvy + aZC’S) . (8.1)
RN RN 4

It is enough to prove this inequality for a bounded function f. Indeed, the general
case can then be obtained by defining f, (z) = max{min{f(z),n}, —n} for all n € N, and
taking the limit n — oo in (8.1) using Fatou’s lemma.

From inequality (7.1) applied to the function e*//? (recall that f is G-invariant, so
Vi(e3//?) = £e51/2V f) we obtain

2
/ e’ log el dvy —/ el dvy log/ et duy < CS—/ e |V 2 duy. (8.2)

Define X(s) = / ¢*/ dvy and hence X'(s) = s fe*! dvy. Using this new notation,
RN RN
inequality (8.2) becomes

sX'(s) — X(s)log X(s) < agCSZX(s).

Here we also used the fact that since f is a-Lipschitz, then |Vf| < a a.e. Letting
Y (s) = tlog X(s) (with Y (0) = [ fduvy), this further becomes

T s

2
, a*C
Y < —.

Integrating this inequality we obtain (8.1).
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Multiplying (8.1) with e—*"/(26") we obtain

00 o2 e 2 L o2 4
/ / e 22t dupds < / e mp T O s [ fdvu gg
—oo JRN —00

Using Fubini’s theorem and computing the integrals with respect to s, it follows that

/ebez/QdV <Lex L fdv :
R V="a—pac Pl2—we2c \ g ' TY) )

To conclude the proof in this case, it is enough to check that f is integrable. We refer to
the proof of [4, Proposition 4.4.2] for a discussion of this using the Poincaré inequality.

Step 2: general f (not necessarily G-invariant). Before we prove this case, let us
note here that for any G-invariant function g and any Weyl chamber H we have

/ gdpk 22/ gdu = IGI/ g dpk, (8.3)
RN o JH H

where the sum goes over all Weyl chambers H' and recall that |G| is the number of Weyl
chambers. Indeed, this is because for any Weyl chamber H' there exists a € R such that
H' = 0, H, so by a change of variables y = o,z we have

/gdukz/ g dpg.
H H'

For any Weyl chamber H, let f’H : H — R be the restriction of f to H, and let
f 1 : RN — R be the G-invariant function equal to f |  on each Weyl chamber, i.e.,

fH(Uax):f’H(iU) Ve € H, Va € Ry.

Then fy is also a-Lipschitz. Indeed, let z,y € RY. As the Weyl group G acts simply
transitively on the set of Weyl chambers, there exist g1, g2 € G such that g, x, g1y are both
in H. Then, from the definition of fyz and using the fact that f is a-Lipschitz, we obtain

\fu(@) = faW)| = |f|;(912) = f| 1 (920)] = | F(912) — f(929)| < algrz — goyl.  (8.4)
Since g1« and g2y belong to the same Weyl chamber, by Lemma 8.2 below we have
12 — g2yl < g1z — (9195 g2yl = |12 — gyl = |& — ], (8.5)

where in the last step we used the fact that G is a subgroup of the orthogonal group
O(N), so it is distance-preserving. From (8.4) and (8.5) it follows that

|fr(a) = fuy)] < alz =y,

which proves that f 7 is a-Lipschitz.
As fy is a-Lipschitz, from Step 1 above, we have

|G|/ 112 quy :/ i duy < oo
H RN

Here in the first equality we used property (8.3) and the fact that f g = f on H. Finally,

we have
/ eb2f2/2 dVU — Z/ eb2f2/2 dVU < 00,
RN 7 JH
where the sum goes over all the Weyl chambers H. This completes the proof. O
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For the reader’s convenience, we include the proof of the following lemma. For a
similar approach, see the proof of Theorem 2.12 in [13, Chapter VII].

Lemma 8.2. Let 2,y € RN belong to the same Weyl chamber associated to the Weyl
group G. Then, we have

minle — gyl = |z~

Proof. Suppose for contradiction that mingeq |z — gy| = |z — ¢'y| for some non-identity
element ¢’ € G. Then x and ¢’y must belong to different Weyl chambers, so, by definition,
there exists a root a € R such that («, ) and («a, ¢'y) have different signs, i.e.,

(o, ) - {a, g'y) <O. (8.6)
On the other hand, we can compute
2 —0ag'yl* = (z — 0ag'y,x — 0ag'y) = 2> + |y* — 2(x,0ag'y), (8.7)

and similarly
|z = g'y* = |z + |y* — 2(z, g'y). (8.8)

Furthermore, using formula (2.1) (recall that |04|2 = 2), we obtain

<x7aag’y> = <$7g/y> - <a,g/y><a,x>.

This implies, using (8.6), that (z, 0,9'y) > (x,¢'y), so, from equations (8.7) and (8.8), we
obtain
[z —0ag'yl < |z —g'yl,

which contradicts the choice of ¢’. This concludes the proof. O
As a by-product of the proof of Theorem 8.1, we next obtain a Gaussian measure

concentration property.

Corollary 8.3. Assume N + 2v > 2. Let p > 2 and consider the probability measure vy
with U(x) = |z|P. For any G-invariant a-Lipschitz function f and for any r > 0 we have

v (f > [ fduy + r> < e /(e*0), (8.9)
IRN

Proof. By Markov’s inequality and (8.1) we have, for any s € R,

vy (fZ/RNdeU+7“> =y (eSfZeXp<S/RNdeU+s7‘>)

< efsffduufsr/ esf dI/U < efsr+a2C§
RN N

The right hand side is minimised for s = a%—’“c and replacing this in the above inequality
we obtain exactly (8.9), as required. O

Remark 8.4. Using exponential integrability we can see that the condition p > 2 in
Theorem 7.1 is necessary. Indeed, assuming that (5.1) holds for some 1 < p < 2, then
Theorem 8.1 can be extended in exactly the same way to this case. In other words, this
shows that e?*f*/2 is integrable if f is a Lipschitz function. In particular, taking f (z) = |z|
which is 1-Lipschitz, we have that

. 2.2
/ el a2 gy < oo
RN
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for some b > 0. Since the weight w; of the measure pj is homogeneous of degree 2+,
using polar coordinates (see, for example, formula (2.4) in [19]), the above implies

o0
2 2
/ rN+2'y—le—rp+b /2 dr < 0,
0
which contradicts the assumption p < 2.

8.2 Functional inequalities for singular Boltzmann-Gibbs measures

As discussed in the introduction, the Dunkl setting allows us to rephrase some
functional inequalities related to Boltzmann-Gibbs measures. We exploit this connection
here to obtain such applications. The inequalities in this subsection are all stated for the
classical gradient V f, and the probability measures we consider are supported on the
closure of a Weyl chamber H, and take the form
_|‘,I|P

1
dI/U’H = Z]l]-[e duk, (810)

where Z = / e 17171 m duy is a normalising constant, 15 is the indicator function of
RN
any Weyl chamber, and p > 1. The spaces H'(vy i) used in this section are classical
Sobolev spaces defined in terms of partial derivatives.
Firstly, as a corollary of Proposition 6.4, we obtain a Poincaré inequality for this

setting.

Theorem 8.5. Assume N + 2y > 2. Letp > 1. Let H be any Weyl chamber associated
with the root system R and consider the probability measure dvy, i defined by (8.10).
Then there exists a constant C > 0 such that for any f € H'(vy ) we have

2

/ ff/ fdvum duU,Hgé/ V2 dvy g (8.11)
RN RN RN
Proof. As in (6.5) we have
2
/ f—/ fdvum duU,Hg/ |f — ¢ dvom (8.12)
RN RN RN

for any ¢ € R.
Let f | 5 - H — R be the restriction of f to H, and let f : RY™ — R be the G-invariant
function equal to f ]  on each Weyl chamber, i.e.,

floax) = f|, () Vz€H, YaeR,. (8.13)
Since fis G-invariant, we have ka = Vf. Moreover, since f € H'(uy i), it can be

checked that also f € H} (uy).
Applying the Poincaré inequality (6.4) to the function f we obtain

Jo

Using Vi f = Vf and property (8.3), the inequality (8.14) becomes

/H’flGl/HfduU
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Using now the fact that 15 dvy = 27H dvy g, this inequality becomes

VA
/ ‘f— \G|7H/ fdvum
RN RN

Taking ¢ = |G| Z7H / fdvy i in (8.12) together with the previous inequality imply (8.11)
]RN

2
dvy g < C’/ IVfI?dve.g.
RN

with C' = 4C. O

Similarly, from Theorem 7.1 we obtain a tight log-Sobolev inequality for this setting
when p > 2.

Theorem 8.6. Assume N + 2v > 2. Let p > 2. Let H be any Weyl chamber associated
with the root system R and consider the probability measure dvy, i defined by (8.10).
Then there exists a constant C' > 0 such that the inequality

2

f? logf dvy g < c/ IV fI>dvom (8.15)
IRN

RN f2 dVU,H

holds for all f € H' (v p).

Proof. Consider the G-invariant function f : RY — R defined by (8.13). Applying the
log-Sobolev inequality (7.1) to the function f and using property (8.3), we obtain

2
/fQIngdeUSC’/ |Vf|2dVU—|—log|G|/f2dVU.
H fo dvy H H

Using now the fact that 15 dvy = Z7H dvy, g, this inequality becomes

2 Z
210 14 <c/ Vf|2d 1 G—H/ 2 dvy .
/}RNf 8 T2 dyy g VUH S ]RNI fI7dvu.n +log { |G]— ]RNf VU,H

To obtain a tight log-Sobolev inequality we use the same method as in the proof of
Theorem 7.1, making use of the Rothaus lemma and the Poincaré inequality (8.11). O

Example 8.7. Let us consider the case of root system Ay _; where we have R, = {e; —
e;]1 <i < j < N} and one choice of Weyl chamberis H = {x € RN |z; > 25 > ... > an}.
In this case, all roots belong to the same orbit of the reflection group G = Sy, so
the multiplicity function reduces to a constant, i.e., k, = k > 0 for all @ € R, and
wi(x) = [ (@i — z;)?*. Thus, the measure vy becomes

1
— —|z|? ) )2k
dvy,p = ZHﬂ{x1>z2>...>xN}€ (zi — )"
1<i<j<N

Example 8.8. In the case of root system By we have R, = {v/2¢;]1 <i < N} U {e; £+
ej|1 <i < j < N} and a choice of Weyl chamberis H = {z € R¥|zy > 29 > ... >ax > 0}
Here, the multiplicity function reduces to two constants, say ki,k; > 0 (depending
on whether the root is of the form v/2e¢;, or e; + e;) and the Dunkl weight becomes
wi(z) = 2PN [T, | 200 [Lo,(xi —x;)*2 1, (i + x;)***. Thus, the measure (8.10) in
this case equals

N
1 _
v = - Le>. >an>0)€ T s T s = ) [ [ (i + ).
H i=1 i<j i<j

Finally, we note that we can obtain a $-Sobolev inequality in the range 1 < p < 2
which complements Theorem 8.6. The proof of this fact uses Theorem 7.3 and goes along
the same lines as above so we omit it here.
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Theorem 8.9. Assume N +2y > 2. Let1 < p < 2ands = 2%. Let H be any Weyl
chamber associated with the root system R and consider the probability measure dvy, g
defined by (8.10). Define

O(x) = z(log(x 4+ 1))°.

Then there exists a constant C > 0 such that the inequality
/ O(f?) dvy u q>< 12 duUﬂ) < c/ IVf|?dvym (8.16)
RN RN RN
holds for all f € H' (v pr).
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