n b
Electr® 8biljty

Electron. J. Probab. 27 (2022), article no. 80, 1-23.
ISSN: 1083-6489 https://doi.org/10.1214/22-EJP799

*

Norms of randomized circulant matrices

Rafat Latata® Witold Swiatkowski*

Abstract

We investigate two-sided bounds for operator norms of random matrices with non-
homogenous independent entries. We formulate a lower bound for Rademacher
matrices and conjecture that it may be reversed up to a universal constant. We
show that our conjecture holds up to loglogn factor for randomized n x n circulant
matrices and that the double logarithm may be eliminated under some mild additional
assumptions on the coefficients.
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1 Introduction and main results

Study of random matrices is one of the central issues of probability theory and
its applications. Classical random matrix theory, initially motivated by mathematical
physics, is mostly concerned with the investigation of homogenous matrix ensembles,
possesing a large degree of symmetry [1, 12]. In many applications one needs however
to consider highly non-homogenous random matrices. In such situations one cannot
expect as precise results as for the classical ensembles, nevertheless in recent years
there was made a significant progress in this area and many important estimates were
derived, cf. [2, 13, 14] and references therein.

The aim of this paper is to discuss bounds for the operator norm of non-homogenous
random matrices X = (Xj;); j<», with independent entries. It is easy to reduce to the
case of mean zero random matrices, i.e. when X;; are independent centered r.v’s.

The Gaussian case was solved in [8], where it was shown that if X;; ~ N(0, afj) are
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independent Gaussian r.v’s,

I~ B x|

n

2
2. X5
i=1

o7+ max  min max/log(k + 1)]oy].

— 1<k<n IC[n],|I|<ki,j¢I
i=

- || denotes the operator norm, unless indicated
otherwise. The last estimate above differs slightly from the one formulated in [8], but
it is not hard to see that it is equivalent to it (see the proof of the second bound in
Proposition 4.4 below).

The most interesting case left are Rademacher matrices, i.e. random matrices with
coefficients X;; = a;;¢;;, where ¢;;, 1 <4, j < n are independent symmetric £1 r.v’s. The
main body of the paper consists of results proved in this setting. A lot of things may be
however done in a bigger generality, as we show in Section 4.

Our first result is the lower bound for the operator norm. For two nonnegative
functions f and g we write f = g (or g < f), if there exists an absolute constant C such
that C'f > ¢g. Notation f ~ g means that f > g and g 2 f. We use C and c to denote
universal constants and their values might be different at each appearance. We write
S|, = (E|S|P)L/? for the L,-norm of a random variable S. The same notation is used for
the ¢,-norm of a vector: ||x||p = (|z1]P 4 ... + |xq[P)'/?, where & = (x1,...,1q4) € R%

Theorem 1.1. Let (a;;); j<» be any real matrix and X,;; = a;j¢;;. Then

1/2
n 1/2
2
E[[(Xij)ij<nll 2 mfix ZEX +1I£jagxn <Z;IEX”)
max min sup X;isit; . (1.1)
1<k<n ICn] ISk ||g||o,|It]2<1 Z 7

Ligl log(k+1)

Remark. Since ||N(0,02)|, ~ /po for p > In2, in the Gaussian case we have

sup Zgijgijsitj ~ /pmax |oj|.
sll2: M2 <1 {7575 J
p
where g;; are i.i.d. N(0,1) r.v's. Thus the main result of [8] states that (1.1) may be
reversed if X;; are independent centered Gaussian r.v’s.
Theorem 1.1 and the remark above motivate the following conjecture.
Conjecture 1.2. We have
1/2

n 1/2
2
Ell(aieis)ig<nll ~ =i Zau * 1<% <2 aij)
i—

+ I<Ilaz( min E a;;€i5Sit;
1<k<nICn]|I|<k |5 Hg HtHz<1 Iy N~
) og(k+

Seginer [11] proved that

Bl (aijeij)ij<nll < V1og(n + 1)(
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and that one cannot improve the factor logl/ 4(n + 1). This shows that Conjecture 1.2
holds up to log/*(n + 1) factor.

Our main result states that if coefficients (a;;) form a circulant matrix then Conjec-
ture 1.2 is satisfied up to loglogn factor.

Theorem 1.3. Suppose that (a;;)i j<n is a circulant matrix, i.e. a;; = b;—; mod n for a
deterministic sequence (b;)_; . Then

Z b? +  sup . Z a;j€i;Sit; S Ef(aijeq;)|l
: sl It T
=0 HQHQ H HQ_ i,j=1 log(n+1)

n—1 n

263 +loglog(n +3)  sup Z a;j€i;Sit;
j=0 [Isll2,[[tll2<1

< Vloglog(n + 3)
hi=1 log(n+1)
Moreover; loglog factors may be eliminated in the case when b; takes only values 0 and 1
(i.e. when (a;;) is an adjacency matrix of a directed circulant graph).

In order to apply such a result it would be nice to have a simple two-sided bound for
the quantity

n
[Allep:= sup Z a;j€i5Sit;|| - (1.3)

p 2<1 |5
sll2s M2 <1 ], 5=y ,

Two-sided bounds for L,-norms of Rademacher sums were derived in [5] on the base of
tail bounds [10] (see also [6] for a discussion of various equivalent norms):

n 1/2 n
Saen| ~ 3 aj+ \/1-7(2(@22)2> ~ sup { S axbi: bl < 1, [}z < m},
k=1 k=1

p k<p k>p
where (a})7_, denotes the nonincreasing rearrangement of (|ax|)7_,. It is however
nonobvious how to apply the above bounds to get a simple two-sided estimate for || A4]|c ;.
We were able to derive such bound when A is an adjacency matrix of a (directed) graph.

Proposition 1.4. For any E C [n] x [n] and p > 1 we have

Eijsit]‘
(i,J)€E

~ max |[(Tyqu en)ll- (1.4)

]l =
11Eep sup ICE)I|<p

lIsll2,lItll2<1

In the general case, a similar result holds. However, here the upper and lower bounds
are not of the same order.

Proposition 1.5. For any matrix A = (a;j); j<n andp > 1,

1

2 ij 1L .
2 1c[n) (@i 1 gen)ll

max I(laij L en)ll < [[Allcp S VIn(p+1)

max
[n],|1|<p IC[n]x[n],|T|<p

We do not know whether the logarithmic factor is necessary.

Organization of the paper. In Section 2 we prove the main results of the paper, i.e.
Theorems 1.1 and 1.3. In Section 3 we study norms ||A||.,, and establish Propositions 1.4
and 1.5. We also provide there estimates for || A||. , in the case when A are adjacency
matrices of hypercubes Z¢ and more general discrete tori Z¢,. The adjacency matrix of
Z¢ is not circulant, however it is very close to have such a property and Corollary 3.5
shows that we may apply previously derived estimates to get two-sided bounds on
E||(Li~j€ij)i jeze |- In the last section of the paper we extend Theorem 1.1 and Con-
jecture 1.2 to the case of random matrices with independent entries X;; satisfying the
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mild regularity condition ||.X;;||2, < | X, for p > 2. We show that results of [8] imply
that more general Conjecture 4.3 holds in the case when X;; are mixtures of Gaussian
variables. We also show that to establish formulated conjectures it is enough to prove a
slightly weaker bound (4.4).

2 Proofs of main results

We will frequently compare L,-norms of real and vector-valued Rademacher sums
S = 3" | x;e;, where z; are vectors from a normed space (F, ||-||) and ¢; are independent
symmetric +1 r.v’s. The classical Khintchine (in the case when coefficients x; are real)
and the Kahane-Khintchine inequalities, cf. [9, Section 4.3], state that for p > ¢ > 0,

151lg < 151y < Cp.qllSllg,
where | S||, = (E||S|)'/? and C,, is a constant depending only on p and g. Moreover
forp>q¢>1 Cpq < ‘/%' therefore for p > 2, C,,» < /pand forp > 1+ (e — 2)7*,

Capp < Ve.
Markov’s inequality yields P(]|S| > e||S]|,) < e~P. Using the Paley-Zygmund inequal-

ity

1 1 (EZ)?
P(22BZ) >

-2 — 4 EZ2

one may derive a reverse lower tail bound for ||S|| (similar estimates can be found in

[3, 7], we present details for the sake of completeness). For any p > 1 + (e — 2)~}, by

taking Z = ||S||? we obtain

for nonnegative r.v. Z,

1 LIS, N o1
> = > - > —e P .

2.1 Proof of Theorem 1.1

We start with a simple observation.

Lemma 2.1. For any p > 2,

sup E aijeijsitj
sl [l <1} 755 )

1/2

1/2

2 2

< sup E a;5€i58it;|| + max E aj; + max E aj; .
[[sll2<1,|supp(s)|<p, ij L i J P
Itll2<1,[supp(t)|<p " ~ P

Proof. For a vector z € R™ put [,,(z) := {i <n: |z* >p~ '} If ||z]|]2 < 1, then |I,(z)| < p,
o

sup E aijsijsitj < sup E aijeijsitj
lIsll2:tll2<1 ||, I lIsll2<1,|supp(s)|<p, ||
- s t = = )
el (I Pt <tisupp()l<p | 7 p

The Khintchine inequality yields

1/
sup Z a;j€i58it;|| < sup D Z afjsftjz-)

[EIENLIEES | Py lsll2oliel <2 5 555 )
1/2
2 .2 1/2 2
< sup (Z aijsi) = max Zaii
szt % < j
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In a similar way we show that

1/2
sup Z a;€i58it;|| < max (Z a%) . O
lIsll2;lltll2<1 i@ I, (), €1, (t) . J i

Proof of Theorem 1.1. The estimate

1/2

1/2
2\1/2 2 2
(E[[(X:5)[?) " > max { max ;IEXM max (Z EXZ.j> } (2.2)
is trivial. Moreover, by the Khintchine-Kahane inequality, | (a;;e:;)|| ~ (B (aizei;)||?)Y/2.
To establish the last term in the lower bound let us fix 1 < k£ < n. We need to show
that

7= min sup Z Xijsit; < CE[|(Xij)|l-
ClnLITI<E ||s]|5, 1 t]2<1 il
’ log(k+1)
Observe that by the Khintchine inequality
1/2

v < Cy/log(k+1) sup ft? 12] = C'v/log(k + 1) max |a;;|
ij

sllzslitl2<1 \ 755

< Cy/log(k + DE[|(Xq5) ],

so we may consider only & large, in particular we may assume that 2log(k + 1) < Vk and
slog(k+1) > 1+ (e—2)7!

If
1/2 1/2
7§2<mlax<2afj> +mjax<2alzj> )
j i

the estimate follows from the trivial bound (2.2). In the opposite case for any |I| < k by
Lemma 2.1 (applied to Zi’ jer instead of > ;,;) there exists a set J of cardinality at most

2log(k + 1) < Vk disjoint from I and unit vectors ¢, s such that

1
Z Xijtisj Z 5’7
“i€d log(k+1)
Thus we may inductively construct disjoint sets J; and unit vectors s, ¢, 1 <[ <k
such that
S > L here S := Dl x,
” l||10g(k7+1) = 577 where 1= Z Sl Ay
,J€L
Let p = flog(k + 1). Then p > 1+ (e — 2)~! and by the Khintchine inequality
||S|l2p < +/€||S]|p- Thus the lower tail bound for Rademacher sums (2.1) yields

c

1 1 1
P(151 2 77=7) 2 P(1S1 2 5z ISihestern) 2 P(1S02 5151 gy 2 72 @)

Hence we have

1 1
Bl (X)]| > *VIP(maXISll ) =1 (1= TI e(1s < 77)

4 1<VE 4 4

1<Vvk
1 c \Vk 1
> L (- (-2 s L e,
>3 (1-(1- )" ) 2 ja -
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where the consecutive steps follow by Chebyshev’s inequality, independence of the r.v’'s
S;, the tail bound (2.3) and the inequality 1 —y < e™ Y. O

2.2 Proof of Theorem 1.3

Let 1 < p; <...<pg < n/2Dbe fixed natural numbers. Consider a circulant graph
G = (V,E) where V = [n] and (i,j) € F if and only if i — j = £p, mod n for some
1 < k < d. Although G is an undirected graph, we treat it as a directed graph for
notational simplicity. It is a regular graph of degree 2d or 2d — 1, when p; # n/2 or
pa = n/2 respectively. Therefore it has either |E| = 2dn or (2d — 1)n (directed) edges.
The matrix (1g(4, 7)) j<n is the adjacency matrix of G. For simplicity of notation we will
denote it by 1. If I C V, then we will also write just I for a subgraph (I, (I xI)NE) C G.

For fixed k € [n] we introduce the following two subsets of [n]:

:{le[n]:l:kJer,; mod n for some ) C I C [d]},
iel

k:{le[n]:l:k—Zpi mod n for some ) C I C [d]}.
iel

Note that the cardinalities of Uy and D; do not depend on k and they are both equal
m < 2¢. Observe also that for any [ € Dy, there are at least d distinct elements of D;,
connected to ! with an edge. Moreover i € Dy, if and only if k¥ € U;, hence any i € [n]
belongs to exactly m of the sets Dy, k € [n].

There is a significant similarity between Uy, Dy, (as subgraphs of G) and the hypercube
Z§. 1Y pi # X jcspj modn whenever I,J C [n] and I # J, then maps 1;
k+ Zie ;pi mod n are isomorphisms between Zg and Uy, or D;, respectively. Otherwise,
the maps are not injective and two vertices of Z¢ may be pasted into one vertex of U}, or
Dy, which inherits neighbours of both. Nevertheless, the degree of a vertex in U or Dy,
never exceeds its degree in G, which is at most 2d. Due to this structural similarity, we
will refer to Uy and Dy, as ‘the upper cube’ and ‘the lower cube’ at k respectively.

For a fixed sequence ky, ..., ks € [n] we define the modified, disjoint version of the
lower cubes:

I, = Dy, =D, \(|JDx), 1=2,....s
r<l
We are going to show that ki,...,ks can be chosen in such way that |gf€|| = % > g
1

for any [/, while at least 3 of the edges from E connects vertices belonging to some

Il,lglgs.

Lemma 2.2. Fix a number ¢ € (0,1) and a set J C [n] of cardinality |J| < cn. Then there
is k € [n] such that |[Dy \ J| > (1 —c)m

2

Proof. Recall that any ¢ € [n] belongs to exactly m of the sets Dy, k € [n]. Therefore

L—on<|n\J= > anDk %Z > ]le(i):%Zwk\J\. O
k=1

i€[n]\J k=1 k=1ie[n]\J

Lemma 2.3. There are s > ¢~ and ki,..., ks € [n] such that |I;| > Im forl=1,...,s.

Moreover,
S

U@ xnnke

=1

dn
> -
16

Proof. Let s := [g~]. We construct inductively ki, ...,ks. For k; we choose arbitrary
element of [n]. Assume that k;,...,k, are chosen and r < g*-. Then the set J = | J,, D,

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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has at most rm < %n elements. Therefore, by Lemma 2.2, there is k.1 € [n] such that
Dy, ., \ J has at least Zm elements.

Notice that since I; C Dy,, we have |Dy, \ I;| = |Dy,| — |I;| < $m. Recalling that
| Dx,| = m and each vertex has degree at most 2d, we have

|(I; x It) N E| > |(Dg, x Dy,) N E| = |([n] x (D, \ 1)) N E| = [((Di, \ 1) x [n]) N E|
dm

2dm—2d@—2d@:7.

Since [;,1 <1 < s are disjoint and s > g-, we obtain the result. O

It follows that the graph G contains a subgraph G’ = (V, E’) which consists of s
mutually unconnected parts (I;, (I; x I;) N E),l = 1,..., s having at most 2¢ vertices each,
and it contains at least 3% of the edges from E. In other words, the incidence matrix
I’ of the graph G’ is a block diagonal matrix (possibly after permutation of rows and
columns), which cuts out at least 3% of ones from 1. We are going to further improve
this result. In what follows we write (a;;) < (b;;) if a;; < b;; for any i, j.

Lemma 2.4. There are block diagonal matrices By, ..., By, N < oo, with blocks of size
at most 2¢, such that By, is an incidence matrix of a graph (V,Ey),E, C E,k=1,...,N

and
N
e < 5 2 B
k:

Proof. We set N = n and as By, £k = 1,...,n we take the adjacency matrix of the
subgraph | J,,(L;, (I; x I;) N E) C G, with coordinates shifted cyclically & times. In the
whole proof, if we write ‘+’, we mean addition mod n. In particular, here for X ¢ N
andy € Zwewrite X +y={z+y modn:xz e X}.

We start with deriving the following estimate

1 n
E Z]l Di+k)x(D;+k))NE > 27]1E for any l S [n] (24)
k=1

To this aim observe first that D; + k = D;; ;. Hence we have

1 & I
= n Z]I(Dl+kXDl+k)nE = n le(DkXDk)mE
k=1 k=1

Let us fix r € [d],i € [n]. Let k € [n] satisfy ¢ € Dj,. By the definition of the lower cubes,
there is J C [d] suchthati=k—3_,;p;. Ifr € J, theni+p, =k—3 ", ;\ (3 Pj € Dy, s0
(i,i 4 p,) € Di X Dg. Otherwise i = k + p, — Zje]u{r} pjand i +p, =k +p, — Zjejpj'
s0 (i,i + py) € Ditp, X Diip,. Since [{k € [n]: i € Dy.}| = m we get

n

1 m

4= n ];(]l(DkXDk)ﬂE + LDy, ><Dk-+pr)ﬁE) > %]l(i’iﬂ?r)'

In a similar way we show that A >
follows.

Sincei € J+ kifand only if k € i — J and |i — J| = |J| we have

1 ¢ ]
- Z L1y xmpnE = o
k=1

5o1(;i—p,) for any r € [d],i € [n] and (2.4) easily
1g forany J C [n]. (2.5)

Now fix [ € [n] and I C D; such that |D; \ I| < em. Then

Lrrryxa+iyne 2 Lok x0i+e)nE — LD\ 14k < n)nE — L(n)x (D \I+k)NE>

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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hence (2.4) and (2.5) imply that

1 — m(1 — 4c
- Z Y1) q+m)nE = %HE- (2.6)
k=1
Let us take kq,..., ks as in Lemma 2.3 and set

By = Z L1 40)x (1, +k)NE-
=1

Then, since | Dy, \ ;| < %m and s > %, estimate (2.6) implies that

8
1 1-4/8 1
,ZBkZSL/)]lEzi]lE. 0
n 32

In the next lemma we prove a useful norm estimate for block diagonal matrices with
blocks of fixed size. We are going to use the Hadamard product: C = A - B if ¢;; = a;;b;;.
By € = (¢;;) we denote a matrix with independent symmetric +1 entries (its size may
change from line to line). Recall definition (1.3) of the norm || A p.

Lemma 2.5. Assume that A is a block diagonal matrix of size n X n, n > 2, with matrices
Aq,..., A, on the diagonal. Then
(i) forany p > 1,

14 ]z p = max || A p,

(ii) for any m < n,

E||€ . A” < CI}%%SL( (EHE : AlH + ||Al 5,10g(n+1)) <C (%%EIE : AlH + ||A||E,log(n+l)) .

Proof. The proof of (i) is an easy exercise. For (ii) we set p = log(n + 1) and observe that
1/p m 1/p
Bl Al = Byl 4 < (Eppaxlle- aP) < (;Ene-mnp)
< m? max(Elle - AilP)7 < emax(E]l - A)7.

A well known result for Bernoulli processes (cf. [3] or more general bound [7,

Theorem 1.1]) states that
py\ 1/p py\ 1/p
> < C | Esup )

IE sup tic;

i
for some constant C. Therefore

Ztigi

i

+ sup (E
teT

Ztiai
i

(Elle - A|P)!/7 < C (Elle - Aill + Cll Atll< tog(n1))
and the second part of the assertion easily follows. O

Estimation of the operator norm E|je - 4| is basically as difficult as Theorem 1.3 itself.
A comparison between Bernoulli and Gaussian processes gives an upper bound of the

form
Z tigi Z 1ig;

% A

< CEsup
teT

Esup , (2.7)

teT
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where ¢; are independent standard Gaussian random variables. This bound is far
from optimal in general. However, under some specific assumptions on the matrix 4,
it becomes a sufficient tool for our considerations. Recall that two-sided bound for
E||/(a;;gi;)|| was obtained in [8]. In particular, it holds that if (a,;) is an n x n matrix and
|Cl,ij| <1, then

/ 2 / 2
Ell(aijgi)|| < C max zj:aij+mjax zi:aij+ log(n) | . (2.8)

Corollary 2.6. Let A = (a;;); j<n be a matrix of size n x n and d < n/2 a natural number.
Assume that
(¢) There are natural numbers 1 < p; < ... < pg < n/2 such that if a;; # 0, then
1 —j ==pr mod n forsomel <k <d,
(i1) |a;j| <1 for any i, j.
Then

Elle - All < C(Va + [ All- ogns):

Proof. Assume that By = (b;;(k)), k =1,..., N are the block diagonal matrices given by
Lemma 2.4. Then we have

Elle- A = Elle- A-1p[| < E

N
32
eAN];Bk

< 32maxE|e- A- B,
k<N

32 Y
<y LBl 4Bl

where the first inequality follows by Lemma 2.4, since, by the contraction principle [9,
Theorem 44], EH((SUCW)H < E||(€ljd1])“ if |Cij| < d7j| for all Z,]

Each of the matrices ¢ - A - By, is block diagonal, with blocks of size at most 2¢. Let
I (k),...,In(k) C [n] be such that the diagonal blocks are of the form (a;;b;;(k)es;); jer, (k)-
The blocks have coefficients of absolute value at most 1 and in any row at most 2d of
them are nonzero. Hence, using (2.7) and (2.8) applied to the matrix (a;;bi;(k)eij)i jer, (k)
with |I;(k)| < 29, we obtain

E[(aijbij(k)ei)ijenm| < CVd, k=1,...,N, l=1,...,m.
Therefore, by Lemma 2.5,
Elle- A-By|| < C(Vd+||A- Byl

log(n+1))-

Since By has 0-1 entries, it holds that || A - Bi||: 10g(n+1) < |Allc,10g(n+1) @nd we finish the
proof. O

Remark. If we fix § € (0,1), then the upper bound in Theorem 1.3, without log log terms
and with a constant depending on J§, follows from Corollary 2.6 under the assumption
that either a;; = 0 or ¢ < |a;;| < 1 for any i, j.

Corollary 2.6 not only proves Theorem 1.3 in this special 0-1 (or a bit wider) case.
In general situation, the proof relies on dividing the matrix (a,;) into parts, where
all nonzero coordinates differ at most by a constant factor. Then again Corollary 2.6
provides the crucial estimate.

Proof of Theorem 1.3. The lower bound can be deduced from Theorem 1.1. To this aim
it is sufficient to show that

sup Zaijfsijsitj <C min sup ;5€:5Sit; R
lIsllz lItl2<1 || ICInLII<n/4 is|lz, It <1 || 52T
J log(n+1) J log(n/4+1)
EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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since the term on the right hand side is trivially bounded by the third term on the
right hand side of (1.1). We denote by 5, unit vectors realizing the supremum in the
Rademacher norm:

E (IUEUSt = E aijsijEitj

lls |\27Ht||2<1 i
i log(n+1) hJ

log(n+1)

Such pair (5, 1) is not unique. Observe that circulant matrices have the following shift
invariance property (equality is meant in law)

d
Zaijsijsitj = Zaijeijsi+ktj+k, k= 1, ey Ny S,t S R™. (29)

Here and in the whole proof addition inside indices is mod n.
Fix arbitrary subset I C [n] with |I| < n/4. For any pair (¢, j) € [n] X [n] we have
{k:itkelVithe N <Y ({kitk=0+|{k:j+k=1}]) =2/ < g
lel

Hence i,j ¢ I — k for at least n/2 distinct values of k. It follows that

2 n
|aisitj| < ‘n > aisiti L ger-i
k=1

and the following estimate holds:

n
> aijeisid; DD aiseisitiLli ek
i

k=1 i,j

n
DY) [DURHCEY
z QiiEsi Gt
n 1)=1y=tt)

k=1 ||i,j¢l—k

IN
Sl

log(n+1) log(n+1)

IN

log(n+1)

< 2 max E ;€575
=235 ij€ijSily
,J¢1—k log(n+1)

S C sup Z aijs,;jsitj ,

Isllz,lItll2<1 ||,
wIEl log(n/4+1)

where the last inequality follows from (2.9) and the Khintchine inequality. This proves
the lower bound.

Now we will show the upper bound. Since the problem is homogenous, we may
assume that max; ; [a;;| = 1. Let A®) = (al(-f)) for 0 < k < ko := |loglog(n + 3)], where
k k
al) = b =i Lk, j<erir, k=1, ko,
o© 0
al = b = b1 <o

Clearly A®) are n x n circulant matrices, (aij) =" A) and for any 4, j there is at most
one k such that a(k) # 0. Applying (2.7) and (2.8) to the matrix eko A0) we obtain

Ele- A9 <C max / 1(2) + max / fg) Viog(n)
< C | max /Za?j —l—mjax /Zafj =20 /Zb?.
J i J

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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For k > 1 we assume that d;, is the degree of A*). Then Corollary 2.6 applied to the
matrix e*~1 A% gives

Elle- AW| < C(e™* vy + | AW - jog(n+1))

k
<Cle 3082+ 1AD | togni) | - (2.10)
J
It is not hard to see that || A(*) lletog(nt+1) < 1(@ij)||e 10g(n+1)- Moreover, by the Cauchy-
Schwartz inequality, for any ¢ we have

log log(n+3)

S 3002 < Viglog(n+3) D02,
k=1 J J

Now the triangle inequality yields

log log(n+3)

E|(aijei;)|| < Z Elle- A®)|
k=0
log log(n+3)

| k
< ¢ be +C Z Z(bE ))2 + ||A(k)||6,log(n+1)
J k=1

J
< C | Vloglog(n + 3) /Z b% + loglog(n + 3)||(aij)lle jog(n+1) | - O
J

Remark. The crucial observation in the proof of Theorem 1.3 was that for a (directed)
circulant graph (V, F) of degree d there exists matrices Bjy,..., By such that 15 <
% Zgzl By and By, are adjacency matrices of graphs with components of cardinality at
most exponential in d. We do not know how broad is the class of graphs of degree d with
such property.

3 Estimates for Rademacher norms

In this section we will show estimates for the quantity

E aijsijsitj
J

.9

[(aij)llep =  sup
[Isll2,llt]l2<1

p

and apply them in few concrete situations.
We begin with the proof of Proposition 1.4, which gives two-sided bound for ||4||. , in
the case of 0-1 matrices.

Proof of Proposition 1.4. To get the lower estimate let us fix I C FE of cardinality at most
p. Then for s,t € R™ we have

E E,‘jsitj

(i,7)eI

1/ 1
> Y 1sillty [P (Vi per €05 = sgn(tis;)) 'F > 5 D7 Isillt]-
p  (j)el (i,.5)el

Taking the supremum over s,¢ € S"~! we get |[1g|., > 1[/1/].
To establish the reverse estimate define

M = Lies s .
IC%}»?}TSPH( el

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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Bounding the operator norm of a matrix by its Hilbert-Schmidt norm we get ||1;| < W )
so that M < ,/p. We will also assume that p > 2 is an integer (since we may change p to
max{2, [p]} < 2p - observe that the RHS of (1.4) is sublinear with respect to p).

To show the upper bound in (1.4) it is enough to prove that

M? M?
3 min{sftg, 7} <O = for |s||a, |It]]2 < 1. (3.1)
(i9)eB u P
Indeed, suppose that (3.1) holds. Let us fix s,¢ with ||s||2, |[t||s < 1 and define I :=
{(i,j) € E: |s;tj| > M/p}. Then by (3.1) we have |I| < Cp, so we may decompose [ into
sets I, Iz, ... I}c,) of cardinality at most p each and get

E €ijsitj

(i,5)el

[C1]
< Y st < >0 gl < [ChM.
( =1

P i,j)€l

On the other hand the Khintchine inequality yields

1/2 1/2
Z £ijsit; S\/f)< Z 51215?) gﬁ( Z min{s?t?,if}) <\VCiM.

(i,5)€E\I (i,5)€EN\I (i,4)eEE

P

Thus by the triangle inequality,

< ([C1] ++/C1)M.

p

sup
lIsll2;lltl[2<1

€ijSit;
(i.j)€E

Let us now make two simple observations on the cardinality of intersection of the set
E with rectangles. To make the notation more concise set r := p?/M? > p.

i) Every rectangle R = .J; xJ, such that |.J;||.Jz| < r contains at most (|.J;||.J2|)'/2M < p
edges from E. Indeed, if we take s := |J;| /%1, and t := |Jo|~/?1;, and take I C ENR
such that |I| = min{p, |E N R|} we get

M > |[(La el = D [tiss| = (]l Ja) 2.
(i,5)€I

This shows that |I| < (|J1||Jo])Y/2M < r'/2M =pso |I| = |ENR| < (||| J2])'/? M.

ii) Every rectangle R = J; x J, C V x V such that |J;||J2| > r contains at most
8p|J1||J2|/r = 8M?2|.J1||J2|/p edges from E. Indeed we may decompose R into a union of
k < 8|Ji1||J2|/r rectangles of area smaller than r and use i). (To see such decomposition
we consider a few cases. Case |J1| = 1 is pretty obvious. If |Jz| < r we find 2 <[ < | ]3]
such that |J1||J2]/l < r < |J1]|J2|/(l — 1) and partition J; into at most 2 < 4(I — 1) <
4|J1||J2|/r sets of cardinatlity at most |J;|/l. Finally if |J2| > r and |J1]| > 2, we may
decompose J, into at most 2|.Jz|/r sets of cardinality smaller than » and use the method
of further decomposition described in the previous step).

Since it is only a matter of permutation of rows and columns of the matrix 1 (recall
that we do not assume any symmetry) to establish (3.1) we may assume without loss of
generality that |si| > [s2| > ... > |sp| and |t1| > |t2] > ... > |t,|. We also put ¢, = s =0
for k > n. Let Dy := {2¥,2¥ +1,...,2k*! — 1}. Then by the monotonicity assumption and
above observations,

M? 1
> min {22, pT} < > min{s%3, ;}\Eﬂ (Dy x D)

(i,9)€E k,1>0
kil 1 M? . 1
< Z M2~ mm{sgkt;,;} + Z 8 —_okt! mm{sgktgl,;}. (3.2)
k+l<log, T k+1>logy T
EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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Observe that by monotonicity of (s;) we have

dooksd <2 st 2Kl | <2) sp<2
k>0

k>0 k>0

In the same way it follows that 3, 2kt2, < 2. Therefore

Z okt min{sgkt;,%} < Z 2k+lszkt2l = (Z szk) <Z2lt ) <4. (3.3)

k+1>log, r k,1>0 E>0 1>0
Now we will estimate the second term in (3.2). To this aim fix x > 0 and define
(k) = l,(k) == max{l > 0: sjt3 >z} for ke A(z):={k>0: s3t;> >z},
k() = ky () :=max{k > 0: I(k) =1} for [e B(x):={l(k): k€ A(x)}.
Note that the function k& = k(1) is strictly decreasing on B(z). We have

1(k)

D2 Mg < D 28y 25 < 3 2

E,1>0 k€A(z)  1=0 keA(z)

V2 i k V2 N2 kW4
R 12_22<<\/§—1) 2 2

(k)
2

g

_lleB(r) ki l(k)=l leB(z)

S( V2 )2 PR [sora ol

V21 leB(x) Vv

1 V2 N2 1/2 1/2
S*( > ( Z 2k(l)sgk(l) Z Zs;)

T\V2-1 leB(x) leB(z)
<i( \/é )2(Z2ks2k)1/2(z l821)1/2
> 2 2

T\V2-1 k>0 1>0

2

<2 V2 ).

T\y/2 -1

Finally observe that

SO

() A )

—. 4
i1 7 (3.4)

Estimates (3.2)-(3.4) imply (3.1), which completes the proof. O
The proof of the upper bound in Proposition 1.4 strongly relies on the assumption

that a;; € {0,1}. In the general case we can prove the same lower bound, but the upper
estimate that we provide is significantly weaker.

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
Page 13/23


https://doi.org/10.1214/22-EJP799
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Norms of randomized circulant matrices

Proof of Proposition 1.5. The lower estimate follows by the same argument as in Propo-
sition 1.4.
To get the reverse bound set

Ic[n]gl[%ﬂgpll(lagl (el

By the Khintchine inequality we have

<Vp sup a2l gia, 1< 522
ep Isll2<1, [[£]2<1 %: 1] {lai;|< /\/17} 177

H(aij]l{lamSM/ﬁ})
= Vpmax|aij| Ly, <n/ 5y < M,

so it is enough to estimate ||A||. ,, where a;; = @ijl{ja,; >/ py- Observe that

M > max max<{ max E a?;, max E a?; b,
¢ 7 c 17
JC[n],|J|<p i ° J ‘
jeJ ieJ

so in each row and column there are at most p nonzero elements of matrix A and the
length of each row and column of A is at most M. Thus by Lemma 2.1 we have that

”AHE,I? <2M+ sup Zdijeijsitj <2M+ sup Zaijsijsitj
sll2<1,|supp(s)|<p, || 5 lsll2<1,|supp(s)|<p, || 5
ltll2<1,[supp(t)|<p P Itll2<1,[supp(t)|<p P

To estimate the latter quantity take vectors s,t € S”~! with support at most p and define

I := {(i,5) € [n] x [n]: |aijsitj| > 27F}, ko :=sup{k: |I}| <p}.

Then |I,| < p and

E aijaijsitj

(4,5) €1k,

< D0 aigllsillts] < l(lass g6 yeng 1) < M.
p (i,j)elko

Taking I C I, of cardinality |p| > p/2 we see that
M > agsity| > 27 7R p| > 272 Fop, (3.5)
ijel

By the Khintchine inequality we have

E aij«sijsitj

(ivj)¢1ko

1/2
s@( ) agjsgzg) .

(iaj)glko

p

Let (i,7) € [n] x [n] be such that 2'~! > |a;;s,t;| > 27! for some | > ko. Then

afsit; <227 =33 2 =3 3 2 M e,

k>l k=ko+1
therefore
00 1/2 s 1/2
-2k —2k
(,5) &1k p i.j  k=ko+1 k=ko+1
EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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Obviously |I| < |supp(s)||supp(t)| < p?, so using (3.5) we obtain
P Z 2-2k| 1| < p? Z 92k < p291-2ko < 95 )72,
k>ko+4 log, p k>ko+4 log, p
Let us take k > ko, then we may partition [n] into disjoint sets Jy,. .., J,, such that
p< N (S x [n])| <p+lsupp(t)| < 2p, I=1,...,n5 =1, [N (Jn, x [0])] < 2p.
Observe that p(ng — 1) < |I| so n, < |Ix]|/p+ 1 < 2|I;|/p. We have

Nk Nk
27F|1,| < Z laijsit;| < Z Z |laijsits] = Z Z |s:] Z Ly genylaijt;l

(‘,j)elk =1 (i,5)€lLN(J; X [n]) =1 i€eJ, j€[n]

< Z I(si)ienll2ll(lais L6 gernnxmp)ll < 2Myaglsllz < 2V2M /|| /p

=1

Thus p2~2*|I;,| < 8M? and

p > 2728 |1, < 4M? log, p. O
ko<k<k0+% log, p

Propositions 1.4 and 1.5 provide bounds for ||A||. ,, however they involve suprema
of operator norms that are quite hard to estimate. In the sequel we will discuss more
conrete estimates, concentrating on the case when A is the adjacency matrix of d-
dimensional hypercube or more general d-dimensional discrete tori.

In the case when A = 15 is the adjacency matrix of a graph G = (V, E) we will denote
|15]lep by Nop(G), ie.

)

P

N.p(G):= sup

e, Linjeijsit
lIsll2,llEll2<1

i,j€EV

where i ~ j means that (¢,j) € E.
The next simple lemma presents general bounds that work well for small values of p.

Lemma 3.1. Let G be a graph of maximum vertex degree d. Then N, ,(G) < min{d, /p}
foranyp > 1 and \/p/8 < N, ,(G) < \/p for1 < p < d.

Proof. We have

E Tijeij8it;

i,jEV

d
<Z|Sz||tg|<z (s7 +13) < 5 (11813 + [1113)-

i~j i~j

Moreover, by the Khintchine 1nequa11ty,

1/2
Y ivjegsity| < f(ZS ) < VPpllsll2[[t]]2-
i,jEV inj
Hence the bound N, ,(G) < min{d, \/;5} easily follows.

To obtain the last part of the assertion let us fix 1 < p < d, choose a vertex iy of
degree d and let J be a set consisting of |p] of neighbours of iy. Set s := 1y;; and
t:=[J|~%/?1;. Then

Nep(G) = || - Linjeigsity|| = 172D iy >|J|1/2IP(5i0j:1forj€J)1/p
,jEV jeJ
1
> 212 > 1/2. O
> 2\ =23 7P
EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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The next lemma gives bounds on N, ,(G) in terms of expansion and sparsity parame-
ters of G.
Lemma 3.2. Letp > 1 and G = (V, E) be any graph. Then
i En(IxJ
Ngvp Z Sup mln{p7 | ( X )‘} (3.6)

O£IICV VI

Moreover, if G has maximum vertex degree d, then

. E I I 1/2
Ns,pg\/&< sup i [EO (] )|}> . (3.7)
0£ICV ‘[l

Proof. To show the lower bound let us fix ) # I,J C V and choose E; C EN (I x J)
such that p > |Ey| > 1 min{p, |[EN (I x J)|}. Let s = [I|7*/?1; and t = |J|~*/21 ;. Then by
Proposition 1.4

_ Bl lmin{p|En(I x )]}

Neo(@) 2 (T per)l = 32 sty = s > 5 1]

(i,J)EEL

and we get (3.6).
Now we will prove the upper bound. To this aim define

min{p, |[E N (I x I)|}

M =
W#ICV |I|

By Proposition 1.4 to establish (3.7) it is enough to show that

sup sup Z |sit;| S VdM. (3.8)
E1CE,|E1|<p HSHZ’HthSl(iJ)EEl

Let us fix £y C E of cardinality at most p and vectors s, ¢ with ||s||2 < 1 and ||¢|]2 < 1.
Set
Lo(u):={ieV: 27F < |us| <2'7%}, we{st}, k=1,2,....

Then

o0

S Isity] < Y 2V R E A (Tk(s) x L(t))-

(4,§)EEL k,l=1
Observe that

[E1 N (Ik(s) x Li(2))| < [Er N ((k(s) UL(E)) x (Ie(s) U Li(1)))] < M|Ii(s) U L (t)].
We also have
|Ex 0 (Ik(s) x L) < |[E N (Te(s) x L(2))] < min{d[Ix(s)], d|L ()]}

Therefore

Yo lsitgl <4 ) 27F min{ M| (s)], dI1i(t) [} + min{d| I (s)|, M|L(D)]}).

(i,)EEL k=1
We have
> 27 min{ M| I,.(s)], d| ()|}
k=1
(oo} oo
<MY 27FI(s)] > 27! 4 d) 27 ()| > Pl
k=1 1: 2-1<2-k\/d/M =1 k:2-k<2-1/M/d
< MY 2" Lu(s)|VAM +d Y 2 21 (1)] /M d < 2V/aM (||slf3 + ||t]3) < 4V
k=1 =1
EJP 27 (2022), paper 80. https://www.imstat.org/ejp
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In a similar way we show that

i 27t min{ M|L,(¢)|, d|I(s)|} < 4VdM

k=1
and (3.8) easily follows. O

The next proposition shows how to apply previous general bounds to the case of the
Hamming hypercube.
Proposition 3.3. Let G = (V, F) be the Hamming hypercube V = Z4 = {0,1}¢. Then
N.,(G) ~ /p for2 <p <d, N.,(G) ~d forp > d2* and

Inp
ln( ed )

Inp

d < N.,(G) £ /dlnp for max{d,2} < p < d2%. (3.9)

Proof. If p > |E| = d2¢ then (3.6) applied with I = J = V shows that N, ,(E) > |E|/|V| =
d. Since N, ,(G) < d by Lemma 3.1 we get the first part of the assertion.

To see the lower estimate in (3.9) define, for 0 < [ < n, V; as the set of all vertices
from V with exactly ! coordinates equal to 1. Then a; := |V}| = (‘f) There are exactly kay,
edges in V}, x Vj,_1, so for 1 < k < d/2 such that p > ka; we have by (3.6)

N.p(G) 2 kayPa)* = /(d =k + D)k ~ Vdk.

We have kay = kz(g) < (2ed/k)*, hence the condition p > kay, holds (recall that d < p <
d2?) for k of the order Inp/ In(ed/In p) and the lower bound in (3.9) follows.

To get the upper bound we will use the second part of Lemma 3.2. Harper’s edge-
isoperimetric inequality on the hypercube [4] states that for any set I C V with cardinality
at most 2%, |[E N (I x I)| < k2*. So for p > 2,

i ENn(IxI ENn(IxI
minfp [EO( D _y o IBAUxD]
0£ICY 1] 0AICV,|I|<p 1|
and (3.7) yields the upper bound in (3.9). O

We may easily extend bounds from the previous proposition to the case Zﬁl, due to
the following simple lemma.

Lemma 3.4. For any p > 1 and positive integers k,d we have
NE’P(Zg) g NE,P(ng) S 2N€7P(Zg)7 NE,P(Zg) S NE:p(ngJrl) S 3N5,p(Zg)

Proof. Lower bounds follow from the fact that Zg is a subgraph of Z¢, for any m > 2.

To show the upper bound, we first consider the case ng. Then there are two partitions
of Zoy, = {1,...,2k} into pairs: I; := {21 —1,2{}, 1 <1 < k and I,; = {2[,2] + 1},
1 <1 < k (we identify m + 1 with 1). For a fixed i = (iy,42,...,i4) € {1,2}% we may
treat Ijy = Iy 0y X Liggy X - X Ly, 1= (lh,...,1q) € {1,.. .,k}¢ as disjoint subgraphs
of Z4, isomorphic to Z$. Let E; denote edges of Z4, joining vertices from I;; for some
1€ {1,...,k}¢ and let A; be the adjacency matrix of ({1,...,m}% E;). Then 4; is a block-
diagonal matrix with k%-blocks such that each block Aj; 1 is isomorphic to the adjacency
matrix of Zg. Thus part (i) of Lemma 2.5 yields

[ Aille,p = m?X | Aiallep = Ns,p(Zg)-

Observe that every edge of ng belongs to exactly 2?1 sets E; (if vertices of this edge
differ at the cooordinate k, there is only one way to choose i, and all other i; j # k

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
Page 17/23


https://doi.org/10.1214/22-EJP799
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Norms of randomized circulant matrices

may be chosen in an arbitrary way). Hence we have 4 = 2'793". 4; (where A is the
adjacency matrix of Z¢ 5) and

Ns,p(ng) = [|Alle,p < 21_dz ||Ai||6’p = 21_d2dN6,p(Zg) = 2N6’p(Zg)~
i

In the case ngﬂ we proceed in a similar way, but we consider 3 types of disjoint
families of pairs 7; = {{2l — 1,2{}, 1 <1 < k}, I, = {{2l,21 + 1}, 1 <[ < k} and
Iy = {{2k+ 1,1}}. O

Corollary 3.5. Let d,m > 2 and G be the torus Z¢,. Then
E[(Linjeis)igeza | ~ Vd + Nediogm(Z3). (3.10)

In particular for 2 < m < e we have

Vdlog(dlogm)/log(ed/log(dlogm)) < El|(Liw;ci;)i jeza || < v/dlog(dlogm).

Proof. We may identify {1,...,m}? with {1,...,m%} by (i1,...,iq) = S ¢_, irm*~1. After
such identification the graph Z? becomes a subgraph of a circulant graph on n = m?
vertices defined via 4d bands corresponding to +m*~!, £(m — 1)m*~!, k =1,...,d. Thus
by Corollary 2.6 we have

E”( 1~351J) JEZS, || < V4 +NE dlogm( ) \f‘i‘Ne dlogm(Zd)

where the last equivalence holds by Lemma 3.4.

For m = 2,3 by Lemma 3.1 we have Nyiogm(Z3) ~ Vd < E[|(Li~j€ij)i jeza | which
shows the lower bound in (3.10) for such m. For m > 4 observe that an contains at least
(Im/2])¢ > m%/3 := k disjoint copies of Z¢. Thus Theorem 1.1 yields that for such m

EH( z~J<€zJ) elog(kJrl)( ) \f"'Ne dlogm(Zd)

The last part of the assertion follows by (3.10) and Proposition 3.3. O

4 Extensions
In this section we will consider a more general class of random matrices with entries
satisfying the condition

| Xijll2p < ]| Xij]lp foralli,j <nmandp>1, (4.1)

where a > 1 is a fixed constant. We may generalize to this case the bound from
Theorem 1.1.

Theorem 4.1. Let (X;;); j<» be independent, mean zero r.v’s satisfying condition (4.1).

Then
1/2 . 1/2
D >a 2,
B)(Xi) | Za max ZEX + max (ZEX)
+ max min sup X;isit; . 4.2)
1Sk<n ICIn]LTI<E |s||o, |It]2<1 Z I

Ligl log(k+1)

In order to show this result we need the following generalization of Lemma 2.1.
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Lemma 4.2. Let 5 := max{1/2,log, o}, then for any p > 2,

sup E Xijsit]‘ S sup E Xijsitj
sl llEll2<1 | 755 lIsll2<1,lsupp(s)|<p®?, || 55
P tll2<1,|supp()|<p>? P

1/2 1/2

+C(a)<max ZEXZQJ + max ZEXZQJ )
i , j ,
j j

Proof. We proceed in the similar way as in the proof of Lemma 2.1. We change p~' to
p~2% in the definition of sets I;(z) and use the following extension of the Khintchine
inequality (cf. Lemma 4.1 in [7])

B

E ’U,inij S C(a) (g) E uinij fOI”p Z q Z 2. (43)
i5J ,J O
p q

Proof of Theorem 4.1. The proof of Theorem 1.1 works here with the following modifica-
tions:

¢ The constants depend on «;

* We use the generalized Khintchine-Kahane inequality: E|[(X;;)|| ~o (E[(X;)]?)/?
(ct. [7D);

Instead of the Khintchine inequality we apply (4.3);

To get P(S; > ¢(a)|St|log(k+1)) > (@) e use the Paley-Zygmund inequality

and (4.3) as in the proof of (4.6) in [7]. O

=

Theorem 4.1 motivates the following generalization of Conjecture 1.2.

Conjecture 4.3. Let (X;;); j<» be independent, mean zero r.v’s satisfying condition (4.1).
Then

1/2

1/2
E[[(Xj)|| ~omax | ) EXF +mjax<§ IEX%)
J 7

+ max min sup Xij8t;
tsksn ICILITISE ol o<1 || 57 g 41
’ og(k+

The operator norm is trivially bigger than maximum length of columns/rows. In [8] it
was shown that in the case when X;; are mixtures of Gaussian r'v’s then this bound may
be reversed in expectation:

E[(X)]| ~ Bmax |3 X3 + Emax [37x2,

i
J J
J

The proposition below implies in particular that Conjecture 4.3 holds for mixtures of
Gaussian variables.

Proposition 4.4. Let (Xij)i’jgn be independent, mean zero r.v’s satisfying condition (4.1).
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Then
1/2
Emax [) X2 <, max EX? + max mi Sup max X, it
i Z i~ Z v 1<k<n I1C[n], \I\<k|‘t‘|221 il Z v
J J J log(k+1)
1/2 1/2
2 2
<a max ZEXZ-J- + max (Z EXZ-J->
J K2
+ max min max ZXl]t
1<k<n IC[n],|I|<k Ht|\2<1 ¢l
log(k+1)
Proof. Let
‘= max min max Xijt;
7 1<k<nICln ]|I|<k|\t||2<1 il Z Y
log(k+1)

Let us put rows/columns of X in such a way that for 1 <[ <logn,

max ZX itill <.
a1 22000 Y !
l

The weak-strong concentration result [7] shows that

1/2
E X <, max E IE)XZ-QJ- + sup max E Xt
21+1<,L<21+2 7 - HtH2<1 2l+1§i§2l+2 -
J = J

Finally it is not hard to observe that

Emax E X2 <max max E X2 .
i>4 . TN I>T Qi< <2+ - 7
J == J ;

To see the last estimate in the assertion let us fix 1 < k < n and choose I, C [n] such
that |I;| < k and

l

min max Xijt; = max Xty
Cln],|I|<k \|t|\2<1 i¢l Z Y \|t|\2<1 g2 ; ”
log(k+1) ke log(k+1)

For any j € Iy let I(j) be the subset of [n] containing indices of (k — 1) largest elements

of the sequence (EX?);c[n)- Put I, =1, U Ujer, 1(j). Then |I.| < k? and by (4.3)

v < max sup max ZXijtj < C(a) max sup max ZXijtj
1<k<n [[t]2<1 i¢ Iy - 1<k<n Itll2<1 igl, -
log(k2+1) J log(k+1)
We have
sup max Z Xijt; < sup max Z Xijt;
[tll2<1 g1 jel lltl|a<1 i¢1k idl
k log(k+1) k log(k+1)
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and, applying again (4.3),

sup max ZX”t < C(a)log’ (k+1) sup max ZX”t
Iella<t €5 ||eT, log(k+1) lelz<1 il ||ieT, 2
= C(a)log’(k+1) maxmax(IEX2 )1/2
7,¢Ik Jelk

< Cla)log?(k+1 EX2)'/?
< C(a) log”( )Eré%fiélﬁiﬁ( i)

< C(a)log? (k+1) —max(ZEX )

JEIk
< C'(« max(ZE ) 2. O

Remark 4.5. The decomposition/permutation trick of [8] shows that in order to show
the upper part of Conjecture 4.3 it is enough to prove that

1/2

1/2
E[[(Xij)ij<nll So max E EX?, + max <§ EX%)
J 7

+ sup X,;jsitj . (44)
lsllzslitll2<1 |55
log(n+1)
Sketch of the proof. The standard argument (cf. proof of [8, Corollary 4.1]) shows that
we may consider symmetric matrices X = (X;;), i.e. the case when X;; = X,; and
(Xij)i>; are independent mean zero r.v’s satisfying condition (4.1). We assume that (4.4)
holds for any square submatrix of X and we will show that

E[[(Xij)l| Sa a+7,

where
1/2
- 2
@ 1= max ZEXU , 7Y :=max min sup Z Xijsit;

k21 11<k 15|z, 1t 2<1
B¢l log(k+1)

il < ap'©82%)| X, (l2 < ap®|| Xijl|2, where B = max{1/2,log, a}.
Thus the proof of the upper bound in [8, Theorem 4.4] shows that

El(Xij)ijll Saa+ maXlOg (i )mj‘dx [ Xijl2- (4.5)

Now we construct a permutation (i1, ...,4,) of indices {1,...,n} in a similar way as
in the proof of [8, Theorem 3.9]. We set Ny = 1 and Ny = 22" for k > 1. We choose
I = {i1,...,in, } in such a way that

sub Z Xijsity <.
[Isll2,[[tll2<1 iGah
’ log(N1+1)
Suppose that we have selected I}, = {i1,...,in, }. Then first among the remaining indices

we choose N;Nj_; indices ¢ that contain the Nj_; largest Lo-norms ||Xij|\2 of each

EJP 27 (2022), paper 80. https://www.imstat.org/ejp
Page 21/23


https://doi.org/10.1214/22-EJP799
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Norms of randomized circulant matrices

column j € [;. Finally among remaining indices we choose Ny11 — Ny — NpyNi_1 > Ni

indices i in such a way that Iy1 = {i1,...,in, ., } satisfies
sup Z Xijsit; <.
llsllz;l[tll2<1 |,
17J¢1k+1 log(NkJrl)

The above construction implies in particular that
Xl < aN, ?=a272""  whenj < Nyandi> M, := Ny + NeNy_1. (4.6)
We set
By = [1,My]> U | [Nk, Magsa],  Ea:= | J[Nok—1, Mai] \ E1, Es:=[1,n]*\ (Ey U Ey)
E>1 E>1

and write X =U +V + W, where
Uij = XijLigjyerys Vij = Xijl{ajery, Wij = Xijl{i jers)-

Matrix U is block diagonal with the first block U; = (Xj;)i jes, of dimension |J;| = M;
and blocks Uy = (X;;)i jes, for k > 2 of dimension |Ji| = Mag_1 — Nog_o + 1. We have

1/2
Elog2< (> BXE) T <M
iv.je[lel]

and fork =2,3,...

k 27k
(BIT) ~a BT+ s [ 3 Xigsits)

H5H27”tHZS1 i,jeJk

Saa+  sup H Z XijsithQk Sa a+7,
HSH%Ht“‘le i7j¢12k—3

where the first equivalence follows by comparison of weak and strong moments [7,
Theorem 1.1] and the last one by the construction of /. Therefore

oy 1/2F
E|U| = Esup U] S sup (ENUKE) ™ Saa+7.
E>1 E>1

In a similar way we show that E||V|| < a + v. Finally observe that if (i,j) € E5 and

M, < i < Ng4q then either j < Ny or j > My and if Ny < i < My then 57 < Nj or
c—2

j > Myo. In all this cases || X2 < a2=2" by (4.6). Thus (4.5) yields

E|W| <o a+suplog’(My1)  max  max || Xijl2 Saa+sup2¥a272"" < 0. O
k Mp<i<Mgy1 J k
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